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PREFACE 

The present book is intended to form part of a comprehensive treatise on 
Physical Chemistry in three or four volumes. The treatment lays emphasis 
on the experimental side, which has been rather neglected in some recent works 
on Physical Chemistry. In addition to descriptions of apparatus and experi¬ 
mental methods, collections of numerical data are given, including material not 
easily accessible and scattered through a large number of publications. Very 
full references to the literature are given; these cover periodical publications, 
proceedings of academies, books, dissertations, and all sources which were 
thought useful, and include most of the interesting classical publications as well 
as more recent work, in the case of Vol. I to the end of 1948. The text aims at 
being concise yet readable, and all points which are likely to offer difficulty are 
carefully explained. 

Although the book is comprehensive it also aims at being intelligible, the 
title “ Advanced ” referring rather to the size and scope of the work than to its 
difficulty. For this reason the mathematical parts have been treated with 
great care. The Mathematical Introduction, together with special sections in 
the text dealing with more advanced mathematical apparatus, should enable a 
reader having only a very elementary knowledge of mathematics to acquire 
what is necessary. At the same time, the developments of statistical mechanics 
and wave mechanics are fully utilised, and the text is modern and comprehensive 
from this point of view. The symbols used are uniform, a full list of these being 
given, and equations as given in the literature have been reproduced in accord¬ 
ance with this systematic symbol list. 

Although the relevant theory is fully dealt with in all parts, details of specula¬ 
tive material or formulae which contain undeterminable quantities and are 
without practical significance are omitted. There are, however, literature 
references to most of these. The space so set free has been used in assembling 
empirical or semi-empirieal formulae which are likely to be of interest to labora¬ 
tory workers, or to chemists or engineers engaged in large-scale work, who often 
require quantitative data not available which can be calculated with sufficient 
approximation for their needs by means of such formulae. The book, there¬ 
fore, diverges from a tendency to treat the subject round a few theoretical ideas 
which may or may not be correct, and so to neglect a large mass of important 
practical material lying outside the immediate interest. Only those who, like 
the author, have had to search for such aids to research can fully appreciate 
their value. 

The present volume begins with a Mathematical Introduction containing a 
condensed treatment of the parts of that subject required, commencing with the 
elements of the calculus (no knowledge of which, or of trigonometry, is assumed), 
and ending with differential equations and Fourier’s series (spherical harmonics 
and other special functions being taken up in the later section on Wave Mech¬ 
anics). This is followed by accounts of the principles of Thermodynamics, the 
Kinetic Theory of Gases, Statistical Mechanics, and Wave Mechanics. This 
fundamental theory is followed by sections on Thermometry, High and Low 
Temperatures, and a long section on the Properties of Gases, dealing with 
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pressure-volume-temperature relations, characteristic equations and critical 
phenomena, density and molecular weight, specific heat, viscosity, thermal 
conductivity, diffusion, and the properties of gases at very low pressures. The 
second volume, which is in the press, deals with the corresponding properties of 
liquids and solids. After this brief statement of the character of the book, some 
indication of its plan and of some special features which have formed a part of 
its contents may be given. 

The time has long gone when the great Continental masters found the in¬ 
clination to present a detailed integration of the subject in which they laboured; 
the treatises of Berzelius, Dumas, Liebig, and Kekul6, to name only a few, stand 
as lasting monuments to the energy and genius of their authors. In the preface 
to his famous work,^ Thomas Thomson noted that the production of such 
works was regarded in Britain as “ a piece of drudgery, below the dignity of a 
philosopher.” This spirit, still very much in evidence in the land of its birth, 
seems to have spread to the New World.^ The modern style perhaps began in 
Lavoisier’s “ Traite filementaire de Chimie ” (Paris, 1789), in which a limited 
amount of material, mostly the author’s own work, is skilfully arranged around 
his own theories (many of which are erroneous) to give a more readable and 
attractive volume than one which covers a more extensive field. Books of this 
kind are well suited to beginners, but the more advanced require something 
more substantial. Opinions differ widely as to what is then most desirable. 
Every teacher who has not himself written a book has decided opinions as to 
what such a book should contain—usually one or two favourite topics which 
are “ not properly understood ” by others—and how it should be written, but 
no two opinions agree sufficiently to help an author in his task. Some authori¬ 
ties ^ believe that “ our graduate student body is very heterogeneous as to 
objectives and abilities and it may well be doubted whether there is any real 
place for text-books in the graduate field. Timely monographs, covering more 
limited fields, would seem preferable.” Reference has been made ^ to “ German 
. . . thoroughness, which means the attempt to get into the book at least a 
reference to every article no matter how obscure the source, or how worthless 
the material,” as contrasted with “ the American tradition ” of a “ treatise or 
monograph ” which “ deals, in general, with the material with which the author 
has had intimate personal contact,” and is “ sure to be fully charged with its 
author’s personality and prejudices.” The “ hea\7 diet offered by up-to-date 
Teutonic or pseudo-Teutonic treatises ” is also deplored.^ The present work, 
it may be confessed, to some extent continues pseudo-Teutonic traditions, 
formerly held in more respect,^ and will be found unsuited to the needs of many 
classes of readers. 

A word of praise has been given ^ to those who resist “ the temptation, so 
insidious to the Teutonic mind, to write a ponderous ‘ Handbuch ’ in many 
instalments,” although innumerable references to such works abound in present- 
day literature, and they do, in fact, seem to fill some need. Those who dig 
deeply in this mine of ready-made material for their slimmer and more attractive 
volumes mostly omit to say where they have been for their material, and, if they 

1 ” A System of Chemistry,” Edinburgh, 1802,1, pref. 
2 Huntress, Chem, Eng, News, 1949,27, 76. 
3 Kraus, J,A,C,S,, 1936, 58, 537. 
4 Maclnnes, J.A.C,S., 1926, 48, 538; Waters, Nature, 1946,157, 605: references “ included 

with Teutonic frequency.” 
5 Kendall, J,A,C.S„ 1926,48, 1778. 
« P, F. Frankland, B,A. Rep,, 1901, 584. 
7 Foites, J,A,C,S„ 1922,44.1602. 
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give references, usually reproduce those of their unnamed sources, all the 
inaccuracies being carefully copied. It is, however, a mistake to assume that a 
capacity to present a field of science as a whole, and not merely a small part in 
which the author himself has worked, is incompatible with originality when this 
is joined with versatility; of Thomas Young (1773-1829), whose originality was 
of such a high order that most of his speculations, now commonplaces of 
scientific theory, were wholly beyond his contemporaries, it was said ^ that the 

ample pages of the ‘ Encyclopedia Britannica ’ provided a fitting storehouse 
for arranging the treasures of his truly encyclopedical mind, and an oppor¬ 
tunity of allaying that thirst for labour which haunted him throughout life as a 
passion.” 

There is no real need for a comprehensive work to contain “ a hodge-podge 
of everything the authors have ever heard about, unilluminated by any clear 
understanding of the theoretical basis upon which they are proceeding”; nor 
for it to be “ the work of minor scientists who hurry into print with the com¬ 
plicated applications of theories they do not understand.” ^ It is not necessary, 
nor is it always desirable, to have a theoretical basis for all scientific knowledge, 
and those who have passed beyond the elementary stage know quite well how 
much valuable material will not fit in the shop-window display of the systematiser, 
yet often proves very handy in everyday laboratory or works experience. 
There is in the present volume an unusually large amount of such material in 
tables of data or empirical equations, and only those who have been faced with 
the urgent need to find some approximate value of a quantity can realise how 
much better such figures or equations are than theoretical formulae which 
contain unknown, and perhaps unknowable, constants. In any case, the 
material cannot be said to have, been hurried into print. For many years the 
author has had to deliver courses of lectures and to supervise the work of 
research students, and in such work has required information not easily found 
in the standard treatises. In many cases the theoretical apparatus needed was 
found in a very abstract and unnecessarily mathematical form, and had to be 
reduced to a shape in which it was intelligible and useful to chemists who were 
not mathematicians. A large field had to be traversed and a body of informa¬ 
tion slowly came into being which is now presented in a systematic form. 
Whether it will be as useful to others must be judged by the readers. Those 
who have at their disposal all the large treatises and complete sets of journals, 
and have the ability to find in them rapidly all the information they need, will 
probably judge the book of little value and may well make no use of it. Those 
less favourably situated may find it of use, and it is mainly intended for such 
readers. It will not, therefore, be a valid criticism to say that all the information 
in it can be found in a better form elsewhere. 

It is emphasised that the work deals with Physical Chemistry, not Chemical 
Physics or Mathematical Physics. Van’t Hoff^ defined Physical Chemistry 
as the science devoted to the introduction of physical knowledge into chemistry, 
with the aim of being useful to the latter,” and it is so understood here. The 
treatment is often mathematical, but the mathematics is a means to an end, and 
not the primary interest in the treatment. Even as late as 1889 it could be said,"^ 
with some justification, that: “Chemistry, being more concrete, is less exact 
than physics; mathematical methods can scarcely as yet be applied to purely 

1 Anon., Edin. N. Phil. 1855, 2, 149. 
2 Tolman, J.A.C.S., 1930, 52, 3742. 
3 /. Phys. Chem., 1905, 9, 81. 

Muir, Principles of Chemistry,” Cambridge, 1889, 5. 
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chemical data.” It is true that, long before, in 1789, in his Koenigsberg 
Inaugural Dissertation, ” De Usu Matheseos in Chymia,” Richter said that 
“ chemistry belongs in its greatest part to applied mathematics,” ^ and in his 
later work, “ Anfangsgriinde der Stochyometrie, oder Messkunst chemischer 
Elemente ” (1792), he complained that “ the most prominent chemists occupy 
themselves little with mathematics, and the mathematicians feel that they have 
little business in the province of chemistry,” so that he began the book by 
expounding the elements of arithmetic and algebra. The first part of Richter’s 
statement is not so true now as it was, but the second part still remains, unfor¬ 
tunately, very nearly correct. 

It is now impossible to make any progress in Physical Chemistry without a 
knowledge of the calculus. As Ostwald ^ said: “ Of course one can with the 
help of more or less cumbrous mathematical apparatus give an ‘ elementary ’ 
proof of almost everything; but experience has shown that such diffuse page- 
long calculations are of no real aid in the comprehension of the subject.” 
Whilst a treatment which “ cannot get rid of the confused train of equations 
which constantly veil a positive comprehension of the results of the analysis ” ^ 
is unsuited to the needs of chemists, the attempt to express mathematical 
operations in words (as found for example in Maxwell’s “ Theory of Heat ”) 
is no more successful, and “ to most people, analysis without equations and 
geometry without figures are particularly trying.” The need to express the 
physico-chemical problem to be solved in a Ibrm amenable to mathematical 
treatment always presents difficulties to the pure mathematician, and it is now 
no longer true, as it might have been for de Morgan,^ thatKant’s space and 
time and Berkeley’s matter are sufficient outfit for the mathematician.” It has 
been said ^ that “ the fall of a stone cannot be represented without employing 
the calculus, and it is hardly likely that the more complex problems of chemical 
reactions will prove any easier.” 

The form in which mathematics may be introduced can vary. Although a 
great experimenter appealed for “ learning put lightly like powder in jam,” 
it has also been said ^ that ” some object to being made to consume enormous 
quantities of jam to get a little valuable medicine.” Most teachers agree that: * 
“ Even those who have taken college mathematics commonly have difficulty in 
thinking of a derivative as anything else than the slope of a curve or of an 
integral as anything except the area under a curve. Most of them have trouble 
when the independent variable is time or temperature, or pressure or volume, 
or mole fraction.” 

Many topics are probably beyond the capacity of the ” average ” student, 
and teachers should not spend too much energy on his peculiar difficulties. It 
has been said ^ that “ a very small—but not insignificant—minority of the very 
large number of those who have ‘ had ’ courses in thermodynamics ever use it 
readily,” and the teacher should remember that very few of his hearers will 
make any use of material he has tried with so much trouble and care to make 

1 For a similar view, see Crum Brown, B.A. Rep,, 1874, 45. 
2 “ Outlines of General Chemistry,” 1895, pref. v. 
3 Pictet, Phil, Mag., 1876, 1, 477. 
^ Barus, J. Phys. Chem., 1905, 9, 420. 
5 Trans. Camhr, Phil. Soc., 1871, 11, 165 (read in 1864). 

Partington, /. Phys. Chem., 1924, 28, 1007. 
2 H. B. Dixon, in Mclior, ” Higher Mathematics for Students of Chemistry and Physics, 

with Special Reference to Practical Work,” 1902, pref. 
8 Grinell Jones, J.A.C.S., 1940, 62, 456. 
9 Johnston, J.A.C.S., 1927,49, 1609. 



PREFACE IX 

intelligible and accurate; they will go to the text-books. The present book, 
therefore, contains the material of many undelivered as well as delivered 
lectures. 

Much of the book was written during the war period, and in more than one 
case a visit to a library during an air-raid alert proved a trying experience. The 
manuscript was kept together, and during the worst hours it was taken to base¬ 
ments or shelters and, in a suitcase, served as a seat for the author. In such 
circumstances, chances of error are bound to occur, but it is hoped that the 
carefully revised text as finally printed shows little sign of the unfavourable 
times during which some of it was first written down. 

In the older treatises on Physical Chemistry, such as Ostwald's “ Lehrbuch 
der allgemeinen Chemie,” a proper balance between theory and experiment was 
observed, but the later tendency has been to write books more and more devoted 
to the mathematical theory, without any regard being paid to experimental 
methods or their results, which are introduced merely for the purpose of proving 
or disproving the theories set out. Although such a book is much easier to 
write (and probably to read) than one in which experimental methods are 
described, it is little suited to the needs of physical chemists concerned with the 
development of the science. ^ The descriptions of experimental methods are, 
necessarily, brief, but enough is said to indicate the methods which have been 
used in investigations, and to point the way to the possibility of their adaptation 
to new problems or to improvements of them. The literature references will 
enable anyone to obtain full details of the methods. 

The “ advanced ” character of the work implies that the principal aim has 
been to give information to those in search of it, and not to train students or 
even to “ make readers think.” It has no educational pretensions, except 
perhaps one. What is, apparently, an ideal of education as understood in 
some circles 2 is to “ produce an attitude of scepticism and unreceptiveness.” 
This attitude is natural and requires conscious and constant checking rather 
than inculcation. A cursory study of the history of science may be of some 
value in refuting such a suggestion as the above, since the acceptance of new 
ideas such as the theory of electrolytic dissociation and the quantum theory led 
to rapid and fruitful advances which left the sceptics far in the rear. Some 
new ideas prove to be mistaken, but the harm done in taking them up and 
working in the directions they suggest is much outweighed by the positive gain 
resulting from an open and receptive attitude towards original thought. It 
is believed that no careful reader of the book can be left in any doubt as to the 
truth of this assertion. 

One tendency which has been avoided is to “ build ” the discussion of a topic 
around a theory which has been selected from among many alternatives. This 
is a favourite method in many modern treatments, and usually gains commenda¬ 
tion on the ground that everything becomes “ clear,” and a mass of experi¬ 
mental data can be “ co-ordinated ” and reduced to a comprehensible unity. 
In reading through literature, old and new, many such attempts have been en¬ 
countered, and in a large number of cases they have since foundered on newer 
experimental data, so that the discussion gives a completely distorted and 
inaccurate view of the subject. It is hoped that readers who believe that some 
such procedure should have been adopted, and feel impatient with a less elegant 

1 Demorest, J.A.C.S., 1930, 52, 4177: “ there is all too great a tendency to neglect the facts 
and deal too much in theory in present-day pedagogy and book writing.” 

2 Dr. R. H. Thouless, Lecturer in Psychology in Cambridge University, quoted in Cambridge 
Daily News, 21 August, 1944. 
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treatment, will bear in mind that an author who has read far more literature 
than they have may have good reasons for his own procedure. 

The relation between theory and experiment can have two aspects. In one, 
the interest is in theory, and the experiments are regarded merely as verifying it. 
In the second, theory is regarded as providing equations by means of which 
experimental results can be calculated and interpreted, equations which are not 
capable of experimental test being of little interest. The second view is generally 
adopted in this book. According to Sosman,^ “ the pragmatic philosopher 
prefers to base his electromagnetics upon a piece of lodestone and a stroked cat; 
they can always be depended upon . . . even though one’s notions of magnetic 
and electric fields have changed.” 

It has been truly said ^ that: “ If one is interested in the theoretical side of a 
subject, it is necessary to go back a good many years in the journal literature. 
As a broad statement, only those things get into text-books which fit into the 
existing theory.” These are usually known as “ significant ” or “ timely.” 
Another tendency is to confine the treatment almost entirely to very modern 
work, and completely ignore all the classical researches. It has been remarked ^ 

that, in a book of about 200 pages on the phase rule, the name of Gibbs is not 
once mentioned. Many older papers contain important material which has 
long been forgotten; some of it has had a revival of interest since its rediscovery 
in later years. It has been said that “ a good idea at the wrong time or by the 
wrong man, which is perhaps the same thing, is apparently as much wasted as 
though it had never occurred.” Whether this is better or worse than a poor 
idea at the right time is a debatable question. 

Day and Sosman remarked that, in the history of science, ” instances can 
be brought forward in about equal number, on the one hand of good theoretical 
judgment which disregarded existing data and was afterwards justified by the 
results of more exact measurement, and on the other hand of apparent dis¬ 
crepancies in experimental results which, though carefully explained away by 
the experimenter himself, subsequently proved his experimental to 
have been better than his judgment.” 

In some cases, wAiv^usions in the literature of a particular topic occurred 
during the preparation of the book. In such cases, the bibliography has 
usually been brought up to date, but it would not have been possible to extend 
the text without deranging the whole plan of the book. The responsibility for 
such new information must necessarily rest with the authors of the references 
cited.^ 

Since the author is interested in the history of science the treatment in a 
section often begins with a short historical survey. Many of these cost much 
trouble in preparation, since the original sources were often inaccessible, and 
modern literature, when it mentioned the pioneers at all, did so with inaccurate 
statements of the literature and its content. All inaccuracies found were 
corrected without special mention unless it seemed necessary. A zealous urge 
to the correction of other authors is a failing which is tiresome in print. The 
historical sections are quite small and may not be to the taste of all readers, 
yet Ostwald ^ correctly said: “ It cannot be too often emphasised how much 

1 In “ Temperature. Its Measurement and Control,” New York, 1941, 43. 
2 Bancroft, J. Fhys, Chem., 1929, 33, 320. 
3 J,A.aS., 1927, 49, 1607, 
4 Bancroft, /. Fhys, Chem,, 1924, 28, 262. 
5 In Glazebrook, ” Diet, of Applied Physics,” 1922,1, 864. 
6 Cf. Kohlrausch, Ann. Fhys., 1906, 20, 798. 
7 phys. Chem., 1899, 28, 187. 
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better a fact or relation stays in the memory when some sort of persona) touch 
can be attached to it.” 

Since the author read most of the literature, checked most of the references, 
and wrote all the text, he has little to add in the way of acknowledgments. His 
son. Dr. R. G. Partington, is responsible for the ingenious mnemonic of Max¬ 
well’s equations on pages 189-90. Mr. A. F. J. Light gave valuable assistance 
in checking many references in the earlier stages of the work, and both he and 
the author met with great courtesy and help from the officials of the many 
libraries used, with only one exception. Mr. B. Pullman, of the British Non- 
Ferrous Metals Research Association, very kindly obtained otherwise inac¬ 
cessible publications and directed attention to several valuable papers which 
otherwise would have escaped notice. It is inevitable that many more such 
papers have been passed over through ignorance, although the author looked 
through several complete sets of journals and the relevant sections of Chemical 
Abstracts from their commencement. Thanks are due to Mr. Higham and 
Mr. J. C. Longman, who gave the author every help and encouragement in 
difficult times. The compositors of Messrs. Clowes deserve mention for the 
very skilful and accurate way in which they dealt with the difficult copy. 

Cambridge and London, June 1949. 
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LIST OF LITERATURE ABBREVIATIONS 

In the footnote references a uniform plan has been followed. In the case of 
periodicals, the year and volume number usually fix the volume exactly, and the 
specification of the series in the case of journals such as the Amales de Chimie, 
the Journal de Physique^ the Annalen der Physik^ etc., which begin a new num¬ 
bering of the volumes in each series, is unnecessary. In some cases, such as the 
Annalen der Physik, a continuous enumeration of the volumes appears on the 
title-pages as well as those of the separate series numbers, but this was not 
usually continued, and would be inconvenient. In at least one case, the 
American Journal of Science, the continuous enumeration was suddenly adopted 
in place of the previous series numbers, and (since the latter have been dropped), 
this has then been used. In some cases a journal has changed its name, some¬ 
times more than once. The format has not been given either for books or 
journals, except when it is necessary; in one case an octavo and a quarto appeared 
side by side with the same title, but are quite separate publications. In some 
cases (e.g. Proceedings and Philosophical Transactions of the Royal Society, 
Zeitschrift fur physikalische Chemie) an A and a B series are involved; to avoid 
unnecessary repetition only the B series is specified, the A series (mostly used) 
being without letter. In other cases (e.g. Gazzetta Chimica Italiana) there are 
two parts to each volume, which are denoted by i and ii; in others (e.g. Sitzungs- 
berichte der Akademie der Wissenschaften in Wien) there are class numbers and 
letters, denoted by II A, etc.; in case an Academy issues publications dealing 
with scientific and linguistic matters, only the former is understood. It is 
believed that no difficulty will be found in any case in tracing the reference.^ 

In quoting names of authors, initials are not usually given; these can be 
found by turning up the publication. An exception is often made in the case 
of books by authors with names such as Smith, for convenience in consulting 
library catalogues. References which are grouped are usually in order of 
date, but an exception is made in some very long reference groups, where the 
order is that of authors’ names. There is much to be said for the first practice, 
since it makes clear the priority of discovery, a matter which is not always 
obvious in modern accounts. It should not be necessary to say that every 
reference given has been checked with the original whenever this was possible. 
In some cases, however, when the abstract of a paper in an easily accessible 
abstract journal was unusually good, a reference to this is given as well as the 
original. A very large proportion of the references have been seen by the 
author personally, but in spite of every effort, recent Russian journals and 
nearly all Japanese journals of the war period proved to be unobtainable. In 
such cases, when the paper seemed from the abstract to be interesting, a 
reference is given even though it could not be checked. 

In the case of very long papers, two page references are often given, one for the 
first page of the paper and the second (in brackets) for the page on which the 
statement in the text is to be found. In some works of reference the actual 
page in a paper is quoted, so that many apparently different references are 

I The pitfalls in citing literature, and the confusion in numbering volumes of journals, 
etc., are feelingly described by Mohr, Z. anal. Chem., 1870, 9, 236. 

XV 
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really to the same paper. This has led to error in authors who have quoted 
from such works and have never seen the originals. A surprisingly large number 
of references given in standard works were found to be incorrect, usually in 
exactly the same form in different books, and in some cases quotations in inverted 
commas were not found in papers, sometimes not in any form, in others in a 
different form and sense. It is hardly necessary to say that references which gave 
the most trouble in locating were the least important to the modern worker. 

In the case of book titles, a reasonably complete form has been given, such 
words as “ An Elementary Treatise on . . being often omitted. In old 
books, the full title sometimes practically fills the title-page. The place of 
publication has usually been given, but if the title is English and no place is 
specified, London is to be understood, and if in French, Paris. A full list of 
journal abbreviations is given below. It is believed that any worker interested 
in a particular theory or experimental method should, by an afternoon’s work 
in a good library, be able to acquire a useful foundation for a knowledge of the 
subject. He is strongly recommended to see all the references which he can, 
since it is only in this way that a comprehensive picture of the subject can be 
gained. Some references contain valuable bibliographies of the subject, and 
this has mostly been noted. For work later than the date of the volume, a 
study of the subject index of British Abstracts or Chemical Abstracts^ the 
Zentralblatt, and Science Abstracts will provide an opening into the literature, 
and on consulting the originals many new references will be found. 

Since the statement of cross-references by page numbers would have been an 
enormous additional task after the page-proofs had been made up, all such 
references are by paragraph and section. There are seven main sections, shown 
in the table of Contents, each with its own paragraph numbers. The section 
number will be found on the inner margin of the left-hand page, and the para¬ 
graph number on the inner margin of the right-hand page, so that the place can 
be found very quickly. Equations are numbered in each paragraph, so that 
(5), § 8.VI B means equation (5) in paragraph 8 of section VI B. The subject 
of the main section is given on the left-hand page, and that of the paragraph on 
the right-hand page. The figure (illustration) numbers are also separate in each 
sub-section. A glance at a few pages of the book will make this simple system 
quite clear. A subject index is provided, but an author index would have been 
of little use, since some names would occur in it so many times that it would 
have taken a very long time to turn them all up in the text. 

The book contains 18,145 separate references to literature (some of which are 
repeated in dealing with different topics), distributed among countries of 
publication of the sources as follows: 

Germany, 6012 India, 44 
Great Britain and Ireland, 4139 Poland, 41 
The United States of America, 3701 Denmark, 29 
France, 1779 Australia, 18 
Holland, 1070 New Zealand, 11 
Switzerland, 289 Rumania, 7 
Austria, 213 Czechoslovakia, 6 
Russia, 198 Finland, 6 
Italy, 175 Norway, 6 
Japan, 124 Brazil, 4 
Belgium, 87 China, 4 
Canada, 61 Argentina, 3 
Spain, 61 South Africa, 2 
Sweden, 54 Latvia, 1 
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Since in many sections (e.g. in Section IV), American references greatly 
outweigh all others, and often run on for pages, the magnitudes of the first 
three items are of considerable interest. 

Abhl Akad. Munich, Abhaudlungen der mathematischphysikalischen Klasse 
der Koniglich Bayrischen Akademie der Wissenschaften, Munich. 

Abhl d, D, Bunsen Ges, Abhandlungen des Deutschen Bunsen Gesellschaft, 
Halle. 

Abhl K, Akad, [Wiss] Berlin, Abhandlungen der Kgl, Akademie der Wissen¬ 
schaften zu Berlin, physikalisch-mathematische Klasse, Berlin. 

Abhl Phys. Techn. Reichsanst. See Wiss, Abhl 
Acta Chem, Scand, Acta Chemica Scandinavica, Copenhagen. 
Acta Comment. Univ, Dorpatensis. Acta et Commentationes Cniversitatis 

Dorpatensis. 
Acta Erudit, Acta Eruditorum, Leipzig. 
Acta Phys. Polon, Acta Physica Polonica, Warsaw. 
Acta Physicochim, U.R.S.S. Acta Physicochimica U.R.S.S. 
Acta Soc. Sci. Fenn. Acta Societatio Scientiarum Fennicae, Helsingfors. 
Acta Univ, Latviensis, Acta Universitatis Latviensis, Riga. 
Alembic Club Repr[ints]. Alembic Club Reprints, Edinburgh. 
Amer. Chem. Ahstr, Chemical Abstracts, published by the American Chemical 

Society, Easton, Pa. 
Amer. Chem. J. American Chemical Journal, Baltimore. 
Amer, Inst, Min, Met, Eng, See Trans, Amer, Inst, Min. Met, Eng, 
Amer. Inst. Min. Met. Eng. Contrih, American Institute of Mining and Metal¬ 

lurgical Engineers, Contributions, New York. 
Amer. Inst, Mm. Met. Eng. Techn. Puhl American Institute of Mining and 

Metallurgical Engineers, Technical Publication, New York. 
Amer. J. Pharm. American Journal of Pharmacy, Philadelphia, Pa. 
Amer. J, Phys. American Journal of Physics, Lancaster, Pa. 
Amer. J, Sci. American Journal of Science, New Haven. 
An. Acad. Brasil Cienc, Anais Academia Brasileira de Ciencias, Rio de Janiero. 
An. Assoc. Quim. Brasil Anais de Associacao Quimica de Brasil, Sao Paulo. 
An. Fis. Quim. Anales de la Real Sociedad Espanola de Fisica y Quimica, 

Madrid. 
An. Soc, dent. Argentina, Anales de la Sociedad Cientifica Argentina, Buenos 

Aires. 
Anal Chem. See Ind. Eng. Chem, Anal. 
Analyst, The Analyst, London. 
Angew. Chem. See Z. angew. Chem. 
Ann. Annalen der Chemie (Liebig’s Annalen), Leipzig. 
Ann. Acad. Sci. Fenn. Annales Academiae Scientiarum Fennicae, Helsingfors. 
Ann. Chim. Annales de Chimic (formerly combined with Annales de Physique), 

Paris. 
Ann, Chim. Anal. [Appl], Annales de Chimie Analytique et de Chimie Appliqud, 

Paris. 
Arm, Chim. Appl Annali di Chimica Applicata, Rome. 
Ann. de T£cole Norm. Annales Scientifique de I’ficole Normale Superieure, Paris. 
Ann. de Phys. Annales de Physique, Paris (see Ann. Chim.). 
Ann. des Mines. Annales des Mines, Paris. 
Ann. Entomol Soc. Amer, Annals of the Entomological Society of America, 

Columbus, Ohio. 
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Am. Erg zb. Annalen der Chemie Erganzungsbande. 
Ann. Fac. Sci. Toulouse. Annales de la Faculte des Sciences de Toulouse. 
Ann. Mines. See Ann. des Mines. 
Ann. Phil. Annals of Philosophy, London. 
Ann. Phys. Annalen der Physik, Leipzig (several series; formerly Annalen der 

Physik und Chemie, etc.). 
Ann. Phys. Beibl. Beiblatter zu den Annalen der Physik (1881-1919), Leipzig 

(continued as Phys. Ber.). 
Ann. Phys. Boltzmann Festschr. Ludwig Boltzmann Festschrift gewidmet, 

Leipzig, 1904 (uniform with volumes of Annalen der Physik). 
Ann. Phys. Ergzb. Annalen der Physik Erganzungsbande. 
Ann. Phys. Pogg. Jubelband. Annalen der Physik. Poggendorfl' Jubelband, 

Berlin, 1874. 
Ann. Rep. C[hem.]. *S[oc.]. Annual Reports of the Chemical Society, London. 
Ann. Sci. Univ. Jassy. Annales Scientifique de FUniversite de Jassy, Jassy, 

Rumania. 
Annals New York Acad. Sci. Annals of the New York Academy of Sciences. 
Annals of Sci[ence]. Annals of Science, London. 
Annali di Chimica. Annali di Chimica e Storia Natural!, edit. Brugnatelli, 

Pavia. 
Appl. Sci. Res. Applied Science Research. 
Apotheker Ztg. Apothekerzeitung, Berlin. 
Arch, di Fisiol. Archivio di Fisiologia, Florence. 
Arch. exp. Path. Pharm. Archiv fur experimcntelle Pathologic und Pharma- 

kologie, Leipzig. 
Arch. Mus. Teyler. Archives du Musee Teyler, Haarlem. 
Arch. Nierl. Archives Neerlandais des Sciences Exactes et Naturelles, Series III 

(Sciences exactes), The Hague, Holland. 
Arch. Pharm. Archiv der Pharmazie, Leipzig. 
Arch. Sci. Phys. Nat. Archives des Sciences Physiques et Naturelles, Geneva 

(continuation of Bibl. Univ). 
Arch. Techn. Messen. Archiv fur technisches Messen, Munich. 
Archiv Eisenhuttenw. Archiv fiir das Eisenhiittenwesen, Diisseldorf. 
Archiv Gesch. Naturwiss. Technik. Archiv fiir die Geschichte der Naturwissen- 

schaft und der Technik, Leipzig. 
Archiv Mat. Naturvidenskab. Christiania. Archiv for Mathematik og Natur- 

videnskab, Christiania. 
Arkiv Kent. Min. Geol. Arkiv for Kemi, Mineralogi och Geologi, Stockholm. 
Arkiv Mat. Astron. Fys. Arkiv fdr Matematik, Astronomi och Fysik, Stock¬ 

holm. 
Astrophys. J. The Astrophysical Journal, Chicago. 
Atti Accad. Ital. [i?. Sci.]fis. mat. [nat.]. Atti della Reale Accademia dTtalia. 

Memoria della Classe di Scienze Fisiche, Matematiche e Natural!, Rome. 
Atti Accad. Torino. Atti della Reale Accademia delle Scienze di Torino, Turin. 
Atti Accad. Veneio. Atti del Reale Instituto Veneto di Scienze, Lettere ed 

Arti, Venice. 
Atti Congr. Naz. Chim. Pura Applic. Atti del Congresso Nazionale di Chimica 

Pura ed Applicata, Rome. 
Atti R. Accad. Lincei. Atti della Reale Accademia dei Lincei, Rendiconti 

Classe di Scienza Fisiche, Matematiche e Natural!, Rome. 
Austral. J. Sci. Res. Australian Journal of Scientific Research, Ser. A, Physical 

Sciences, East Melbourne. 
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AvhL Norsk. Videns. Akad. Oslo. Avhandlinger uitgitt av det Norske Viden- 
skaps-Akademie i Oslo. 

B.A. Rep. British Association for the Advancement of Science, Reports, London. 
B.A. Rep. Coll. Chem. Reports on Colloid Chemistry, British Association for 

the Advancement of Science, London. 
Beitr. Kryst. Min. Beitrage zur Krystallographie und Mineralogie, Heidelberg. 
Bell Syst. Techn. J. Bell System Technical Journal, New York. 
Bell Telephone Syst. Techn. Monogr. Bell Telephone System Technical 

Monographs, New York. 
Bell Telephone Syst. Techn. Publ. Bell Telephone System Technical Publica¬ 

tions, New York. 
Ber. Berichte der Deutschen chemischen Gesellschaft, Berlin (name changed 

to Chemische Berichte). 
Ber. D. Phys. Ges. See Z. Phys. 
Ber. Oberhess. Ges. Natur- u. Heilkde. Bericht der Oberhessischen Gesellschaft 

fiir Natur- und Heilkunde, Giessen. 
Berlin Ber. Sitzungsberichte der [Koniglich] Preussischen Akademie der 

Wissenschaften, Physikalisch-mathematische Klasse, Berlin. 
Berlin klin. Wochenschr. Berliner klinische Wochenschrift, Berlin (continued 

as Klinische Wochenschrift). 
Bibl. Univ. Bibliotheque Universelle de Geneve, Geneva. 
Bihang Kgl. Svensk. Vet. Akad. Handl. Bihang till Kongliga Svenska Veten- 

skaps-Akademiens Handlingcr, Stockholm. 
Biochem. J. The Biochemical Journal, Liverpool. 
Biochem. Z. Biochemische Zeitschrift, Berlin. 
Biodynamica. St. Louis, Missouri. 
Bol. Acad. Cienc. Argentina. Boletin de la Academia Nacional de Ciencias de 

la Repiiblica Argentina, Cordoba. 
Brennstoff Chem. Brennstoff-Chemie, Essen. 
Brit. Chem. Abstr. British Abstracts, Bureau of Abstracts, London. 
Brit. Pat. British Patent. 
Bui. Soc. Chim. Roman. Buletinul SocietSjii de Chimie (din Romania), 

Bucarest. 
Bui. Soc. Roman, de Stiinte. Buletinul de Chimie pura ?i applicata, Societatea 

RomSlna de Stiinte (formerly Buletinul Societatii Romane de Stiinte). 
Bui. Soc. Stiinte Cluj. Buletinul Societat,ii de Stiinte din Cluj, Cluj, Rumania. 
Bull. Acad. Polon. Bulletin Internationale de I’Academie Polonaise des 

Sciences et Lettres, Section A, Cracow (formerly Bulletin Internationale 
de I’Academie des Sciences de Cracovie). 

Bull. Acad. Roy. Belg. Bulletin de 1’Academic Royale de Belgique, Classe des 
Sciences, Brussels. 

Bull. Acad. [5d.] St. Petersb. Bulletin de FAcademie Impdriale des Sciences 
de St. Petersbourg, St. Petersburg (continued as Bull. Acad. Sci. Russe). 

Bull. Acad. Sci. Russe. Bulletin de FAcad6mie des Sciences de Russie, Petrograd. 
Bull Acad, Sci. U.R.S.S. Bulletin de FAcademie des Sciences de FU.R.S.S. 
Bull. Amer. Inst. Min. Met. Eng. Bulletin of the American Institute of Mining 

and Metallurgical Engineers, New York. 
Bull Assoc. Chim. Bulletin de FAssociation des Chimistes de Sucrerie et de 

DistiUerie de France et des Colonies, Paris. 
Bull, Chem, Soc. Japan, Bulletin of the Chemical Society of Japan, Tokyo. 
Bull, Eng, Expt. Stat, Univ, Illinois. Bulletin Illinois University Engineering 

Experimental Station. 
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BulL Inst. Phys. Chem. Res, Tokyo, Bulletin of the Institute of Physical and 
Chemical Research, Tokyo. 

Bull, Inst, Intern. Froid, Bulletin Institut Internationale du Froid, Paris. 
BulL Nat, Res. Counc, Bulletin of the National Research Council, Washington. 
BulL Sect. ScL Acad. Roum\aine\. Bulletin de la Section Scientifique de 

TAcademie Roumaine, Bucarest. 
BulL Sci. Pharmacol. Bulletin des Sciences Pharmacologiques, Paris. 
BulL Soc. Chim. Bulletin de la Societe Chimique de France, Paris. 
BulL Soc. Chim. Belg. Bulletin de la Societe Chimique de Belgique, Brussels 

(since 1944 Bulletin des Socidtes Chimiques Beiges, Liege). 
BulL Soc. Chim. Biol. Bulletin de la Societe de Chimie Biologique, Paris. 
BulL Soc. Encourag[em.]. Ind. [Nat.]. Bulletin de la Societe d’Encouragement 

pour ITndustrie Nationale, Paris. 
Bull. Soc. GeoL Bulletin de la Societe Geologique de France, Paris. 
BulL Soc. Imp. Naturalistes de Moscow. Bulletin de la Socidtd Impdriale des 

Naturalistes de Moscow, Moscow. 
BulL Soc, Ind. Min. Bulletin de la Socidtd de ITndustrie Minerale de St. 

fitienne, Paris. 
BulL Soc. Int[ernat.]. Elec. Bulletin de la Socidtd Internationale des filec- 

triciens, Paris. 
BulL Soc. Min. Bulletin de la Socidtd Fran^aise de Mindralogie, Paris. 
BulL Soc. Philomath. Bulletin de la Societe Philomathique, Paris. 
BulL Soc. Phys. Bulletin de la Socidtd Frangaise de Physique, Paris. 
BulL Soc. Phys. Stances. Bulletin de la Socidtd Frangaise de Physique, Seances, 

Paris. 
BulL Soc. Roy. Sci. LUge. Bulletin de la Socidtd Royale des Sciences de Lidge. 
BulL Soc. Sci. Cluj. See Bui. Soc. Stiinte Cluj. 
BulL Univ. Illinois Eng. Expt. Station. Bulletin of the University of Illinois 

Engineering Experimental Station. 
BulL U.S. GeoL Survey. Bulletins of the United States Geological Survey 

(Department of the Interior), Washington. 
Bur. Mines BulL Bureau of Mines Bulletin, Washington. 
Bur. Mines Rep. Invest. Bureau of Mines Reports of Investigations, Wash¬ 

ington. 
Bur. Mines Techn. Paper. Bureau of Mines Technical Papers, Washington. 
Bur. Stand. BulL Bulletin of the Bureau of Standards, Washington. 
Bur. Stand. Circ, Bureau of Standards Circulars, Washington. 
Bur. Stand. J. Res. Journal of Research of the National Bureau of Standards, 

Washington. 
Bur. Stand. Misc. Publ. Bureau of Standards Miscellaneous Publications, 

Washington. 
Cambr. and Dublin Math. J. Cambridge and Dublin Mathematical Journal. 
Cambr. Math. J. Cambridge Mathematical Journal (continued as Cambr. and 

Dublin Math, /.), Cambridge. 
Canad. Chem. J. Canadian Chemical Journal, Toronto (name changed 1921 

to Canad. Chem. Met.). 
Canad, Chem. Met. Canadian Chemistry and Metallurgy, Toronto (continued 

as Canadian Chemistry and Process Industries). 
Canad. Chem. Process Ind. Canadian Chemistry and Process Industries, 

Toronto. 
Canad. J. Res. Canadian Journal of Research, Ottawa. 
CarVs Repert. d. Phys. See Repert. Phys, 
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Carnegie Inst. Publ Carnegie Institution of Washington Publications. 
Centr. Min, Centralblatt fur Mineralogie, Geologie und Pal^ontologie, 

Sects. A (Mineralogie und Petrographic) and B (Geologie und PalMonto- 
logie), Stuttgart. 

Centr, Zuckerind, Centralblatt fur die Zucherindustrie, Magdeburg. 
Chaleur et Ind, Chaleur et Industrie, Paris. 
Chem, Age, Chemical Age, London. 
CAeni, App, Chemische Apparatur, Leipzig. 
Chem, and Ind, Chemistry and Industry, London. 
Chem, Ber, See Ber, 
Chem, Centr, Chemisches Centralblatt (name changed to Chemisches Zentral- 

blatt), Berlin. 
Chem, Eng, Chemical Engineering, New York (continued as Chem, Met, 

Eng), 
Chem, Eng, Mining Rev, Chemical Engineering and Mining Review, Sydney. 
Chem. Eng, News, Chemical Engineering News (American Chemical Society). 
Chem, Fabr. Die chemische Fabrik, Berlin. 
Chem, Gazette, Chemical Gazette, London. 
Chem, Listy. Chemicke Listy, Prague. 
Chem, Met, Eng, Chemical and Metallurgical Engineering, New York. 
Chem, News. Chemical News, London. 
Chem, Obzor. Chemicky Obzor, Prague. 
Chem, Rev, Chemical Reviews, Baltimore. 
Chem, Techn, Die Chemische Technik, Berlin. 
Chem, Trade J, Chemical Trade Journal and Chemical Engineer, London. 
Chem, Weekbl, Chemisch Weekblad, Amsterdam. 
Chem. Zentr, See Chem, Centr, 
Chem, Ztg, Chemiker-Zeitung, Cothen. 
Chemist-Analyst, The Chemist-Analyst, Phillipsburg, N.J. 
Chim. e Ind. Chimica e ITndustria, Milan. 
Chim, et Ind. Chimie et Industrie, Paris. 
Chinese Chem. J, Chinese Chemical Journal. 
Chinese J, Phys, Chinese Journal of Physics. 
Chymia. Chymia, Annual Studies in the History of Chemistry, Philadelphia, Pa. 
Civilingenieur, Freiburg. 
Coll, Czech. Chem. Comm, Collection of Czechoslovak Chemical Communi¬ 

cations, Prague. 
Coll, Rep, See B.A, Rep. Coll, Chem. 
Comm, Kodak Res. Lab. Communications of the Kodak Research Laboratory, 

Rochester, New York. 
Comm, Leiden. Communications from the Physical [Kamcrlingh Onnes] 

Laboratory of the University of Leiden, Leiden. 
Comment. Phys. Math, Soc, Sci, Fenn, Societas Scientiarum Fcnnica Com- 

mentationes Physico-Mathcmaticae, Helsingfors. 
Compt. Rend. Comptes Rendus hebdomadaires des Stances de I’Acad^mie 

des Sciences, Paris. 
Compt, Rend. Soc. Biol. Comptes Rendus des Stances de la Societe de Biologic, 

Paris. 
Compt. Rend. U.R.S.S. Comptes Rendus de TAcadimie des Sciences de 

ru.R.s.s. 
Coftf. Lab. de Friedel. Conferences faites au Laboratoire de M. Friedel, 

4 vols., Paris, 1888-94. 



xxn LIST OF LITERATURE ABBREVIATIONS 

Congres Internal, Electricity, Proces-Verbaux Congrfes Internationaux, Paris, 
1900-02. 

Congres Internat, Phys. Congres International de Physique, Paris, 1900-02. 
Conseil Solvay, Institut Internationale de Chimie Solvay, Conseil de Chimie. 

Rapports et Discussions, Paris. 
Cosmos, Paris. 
Current ScL Current Science, Bangalore. 
Dansk, Vidensk, Selsk. ForhI. Det Kongelige Danske Videnskabernes Selskab 

Forhandlinger, Copenhagen. 
Deutsch, Apothek, Ztg, Deutsche Apotheker Zeitung, Berlin. 
Die Chemie, Berlin. 
Die Technik, Berlin. 
Die Wissenschaft, Brunswick. 
DingL J. Dingler’s Polytechnisches Journal, Berlin. 
Discuss, Faraday Soc, Discussion, Faraday Society. 
Dissert, Dissertation. 
D,S.I.R. Fuel Res. Paper. Department of Scientific and Industrial Research, 

London, Fuel Research Paper. 
Eclair, Elec, ficlairage filectrique, Paris. 
Edin. J. Sci. Edinburgh Journal of Science, Edinburgh. 
Edin. N. Phil. J, Edinburgh New Philosophical Journal, Edinburgh. 
Elec[tr.]. Rev. Electrical Review, London. 
Elec, World. Electrical World, New York. 
Electrician. The Electrician, London. 
Electrochem, and Metall. Ind. Electrochemical and Metallurgical Industry, 

New York. 
Elektrochem. Z. Elektrochemische Zeitschrift, Berlin. 
Electronics, New York. 
Elektrotechn. Z. Elektrotechnische Zeitschrift, Berlin. 
Elster-Geitel Festchr. Arbeiten aus den Gebieten der Physik, Mathematik, 

Chemie, Festschrift Julius Elster und Hans Geitel, Brunswick, 1915. 
“ Ency. Brit.” Encyclopaedia Britannica. 
Endeavour, London. 
Energia Ter mica, Milan. 
Eng. Boiler House Review. Engineering and Boiler House Review, London. 
Eng. Mining J. Engineering and Mining Journal, New York. 
Engineer. The Engineer, London. 
Engineering, London. 
“ Enzykl. d. math. Wiss.” Enzyklopadie der mathematischen Wissenschaften, 

Leipzig. 
Ergebn, [d.] exakt. Naturwiss. Ergebnisse der exakten Naturwissenschaften, 

Berlin. 
Essays and Obs. Phys. and Lit. Essays and Observations Physical and Literary 

Read before a Society in Edinburgh, and published by them, Edinburgh. 
Experientia, Basel. 
Farbe u. Lack. Farbe und Lack, Hanover. 
Foreign Petrol, Techn, Foreign Petroleum Technology, Linden, New Jersey. 
Forhl. Vidensk.-Selsk. Christiania. Forhandlinger i Videnskabs-Selskabet i 

Christiania, Christiania. 
Forschmgen u[nd]. Fortschritte. Forschungen und Fortschritte, Berlin. 
Forschungsarb. Gebiet Ingenieurw, (also other abbreviations). Mitteilungen 

liber Forschungsarbeiten auf dem Gebiet des Ingenieurwesens, Berlin. 
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Fortschr, Phys. Fortschritte der Physik, Berlin, 1846-1919; continued as 
Physikalische Bericht. 

Fysisk Tidsskr, Fysisk Tidsskrift, Copenhagen. 
Gas Age, New York. 
Gas Ind. Die Gas-Industrie, Halle. 
Gas J, Gas Journal, London. 
Gas Research Board Comm, Gas Research Board Communication, London. 
Gas u, Wasserfach. Das Gas- und Wasserfach, Munich. 
Gas Worlds London. 
Gazz, Gazzetta Chimica Italiana, Rome. 
Gen, Elec, Rev, General Electric Review, Schenectady, N.Y. 
Germ. Pat. German Patent. 
“ Ges. Abhl.” Gesammte (or Gesammelte) Abhandlungen. 
Gesundh. Ing, Gesundheits-Jngenieur, Munich. 
Giorn. Chim. Ind. AppL Giornale di Chimica Industriale ed Applicata. 

Milan. 
Glas u. Apparat. Glas und Apparat, Weimar. 
Glastechn. Ber. Glastechnische Bericht, Frankfort. 
Gott Nachr. Nachrichben der Akademie der Wissenschafter zu Gottingen, 

Mathematisch-physikalischer Klasse, Berlin. 
Hand u. Jahrb. [d., der] chem. Phys[ik]. Hand- und Jahrbiicher der chemischen 

Physik, Leipzig. 
Heidelberg Ber. Sitzungsberichte der Heidelberger Akademie der Wissen- 

schaften, Mathematisch-Naturwissenschaftliche Klasse, Heidelberg. 
Helv. Chim. Acta. Helvetica Chimica Acta, Basel. 
Helv. Phys. Acta, Helvetica Physica Acta, Basel. 
Hist, Acad, Berlin. Histoire de I’Academie Royale des Sciences et des Belles 

Lettres de Berlin. 
Hist. Acad. Sci. (Paris). Histoire de I’Academie Royale des Sciences, Paris. 
Ilium. Eng. Illuminating Engineer, London. 
Jnd. Eng. Chem. Industrial and Engineering Chemistry (to vol. 14, 1924, 

Journal of Industrial and Engineering Chemistry). 
Ind. Eng, Chem. Anal, Industrial and Engineering Chemistry, Analytical 

(name changed in 1948 to Analytical Chemistry). 
Indian J. Agric. Sci. Indian Journal of Agricultural Science, Delhi. 
Indian J. Phys. Indian Journal of Physics, Calcutta. 
Industria Chimica, L’Industria Chimica, Turin. 
Instruments, Pittsburg, Pa. 
Int. Kongr. angew. Chem, Kongress fiir angewandte Chemie, Berlin, 1903. 
Internal, Congr. Refrig. Proceedings of the International Congress of Refrigera¬ 

tion, The Hague. 
Iron Age, New York. 
Iron and Steel Carnegie Schol. Mem. Iron and Steel Institute (London) 

Carnegie Scholarship Memoirs, London. 
Isis. Ghent, etc. 
J.A.C.S, Journal of the American Chemical Society, Easton, Pa. 
J. Acoust. Soc, Amer. Journal of the Acoustical Society of America, Lan¬ 

caster, Pa. 
J. Amer. Ceram. Soc. Journal of the American Ceramic Society, Easton, Pa. 
/. Amer. Inst. Elec. Eng. Journal of the American Institute of Electrical 

Engineers, New York. 
J. Amer. Orient. Soc. Journal of the American Oriental Society, New York. 



XXiv LIST OF LITERATURE ABBREVIATIONS 

J, Amer, Soc, Mech, Eng. Journal of the American Society of Mechanical 
Engineers (name changed to Mechanical Engineering). 

J. Amer. Soc. Refrig. Eng. Journal of the American Society of Refrigerating 
Engineers, New York. 

J. Appl. Mechan[ics]. Journal of Applied Mechanics, issued as part of the 
Transactions of the American Society of Mechanical Engineers, New York. 

J. Appl. Phys. Journal of Applied Physics, Lancaster, Pa. 
J. Appl. Phys. Moscow. Journal of Applied Physics, Moscow. 
J. Asiat. Journal Asiatique, Paris. 
J. Chem. Educ. Journal of Chemical Education, Easton, Pa. 
J. Chem. Ind. U.S.S.R. Journal of Chemical Industry of the U.S.S.R., Moscow. 
J. Chem. Phys. The Journal of Chemical Physics, American Institute of 

Physics, Lancaster, Pa. 
J. Chem. Phys. (Schweigger). Journal fiir Chemie und Physik, Niirnberg, etc. 

(continued as J. prakt. Chem.). 
J.C.S. Journal of the Chemical Society, London. 
J. Chem. Soc. Japan. Journal of the Chemical Society of Japan, Tokyo. 
J. Chim. Phys. Journal de Chimie Physique, Geneva, and (from 1906) Paris. 
J. Chinese Chem. Soc. Journal of the Chinese Chemical Society. 
J. Colloid Sci. Journal of Colloid Science, New York. 
J. de P£c()le Polytechn. Journal de I’ficole Polytechnique, Paris. 
J. [de] Math. (Liouville). Journal des Mathematiqucs pures et appliquees, 

Paris. 
J. de Phys. Journal de Physique theorique et applique, continued as Journal 

de Physique et le Radium, Paris. 
J. der Pharmacie. Journal der Pharmacie, Leipzig (1794-1817). 
J. der Phys. Journal der Physik (preceded Annalen der Physik), edit. Gren, 

Halle and Leipzig. 
J. Exptl. Theor. Phys. U.S.S.R. Journal of Experimental and Theoretical 

Physics, U.S.S.R. 
J.f. Math. (Crelle). See J. reine angew. Math. (Crelle). 
J. Franklin Inst. Journal of the Franklin Institute, Philadelphia. 
J. Gasbeleucht. Journal fiir Gasbeleuchtung, Munich (name changed 1922 to 

Gas- und Wasserfach). 
J. Gas Lighting. Journal of Gas Lighting and Water Supply, London (name 

changed to Gas Journal). 
J. Gen. Chem. U.S.S.R. Journal of General Chemistry, U.S.S.R. 
J. Gen. Physiol. Journal of General Physiology, Baltimore. 
J. Imp. Coll. Chem. Eng. Soc. Journal of the Imperial College Chemical 

Engineering Society, London. 
J. Indian Chem. Soc. Journal of the Indian Chemical Society, Calcutta. 
J. Indian Inst. Sci. Journal of the Indian Institute of Science, Bangalore. 
J. Inst. Elec. Eng. Journal of the Institution of Electrical Engineers, London. 
J. Inst. Fuel. Journal of the Institute of Fuel, London. 
J. Inst. Met. Journal of the Institute of Metals, London. 
J. Inst. Petrol. Journal of the Institute of Petroleum, London. 
J. Inst. Petrol. Techn. Journal of the Institution of Petroleum Technologists, 

London. 
J. Iron Steel Inst. Journal of the Iron and Steel Institute, London. 
J. Math. See J. de Math. 
J. Math. Phys. Mass. Inst. [Techn.]. Journal of Mathematics and Physics, 

Massachusetts Institute of Technology, Cambridge, Mass. 
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J. Oil, Colour Chem, Assoc, Journal of the Oil and Colour Chemists Associa¬ 
tion, London. 

Opt, Soc, Amer, Journal of the Optical Society of America, Lancaster, Pa. 
J, Pharm, Chim, Journal de Pharmacie et de Chimie, Paris. 
J, Phys, Chem, The Journal of Physical Chemistry, Ithaca, N.Y., and 

Baltimore. 
/. Phys, Chem. U.S.S.R, Journal of Physical Chemistry, U.S.S.R. 
J, Phys. U.S.S.R, Journal of Physics, U.S.S.R. 
J. prakt, Chem, Journal fiir praktische Chemie, Leipzig. 
J, Proc. Roy, Soc, N.S, Wales, Journal and Proceedings of the Royal Society 

of New South Wales, Sydney. 
J, reine angew. Math. (Crelle). Journal fur die reine und angewandte Mathe- 

matik (Crelle’s Journal), Berlin. 
J. Rheol[ogy], Journal of Rheology, Easton, Pa. 
J, Roy, Astron, Soc, Canada, Journal of the Royal Astronomical Society of 

Canada, Richmond Hills, Ontario. 
J, Roy, Inst, Journal of the Royal Institution of Great Britain, London. 
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Z. techn. Phys. Zeitschrift fur technische Physik, Leipzig. 
Z. Verein D. lng[enieure]. Zeitschrift des Vereins Deutscher Ingenieure, Berlin. 
Z. Verein. D. Zuckerind. Zeitschrift des Vereins der Deutschen Zuckerindus- 

trie, Berlin. 
Z. wiss. Photogr. Zeitschrift fiir wissenschaftliche Photographic, Photophysik 

und Photochemie, Leipzig. 
Zavodskaya Lab. Zavodskaya Laboratoriya, Moscow. 





LIST OF SYMBOLS 

This list incorporates the relevant symbols from the recommended list ^ and 
also includes other symbols in common use. Symbols used in the meanings 
given in round brackets were proposed by the British Standards Institute for 
engineering symbols and those in square brackets for electrical engineering 
symbols; they are not generally used in the present work. The didactic and 
aesthetic value of well-chosen symbols was emphasised by Leibniz ^ in 1678. 

o 

A. Angstrom unit=10“8 cm. 
A atomic weight; surface area; moment of inertia; compressibility 

coefficient; (1//, where /= mechanical equivalent of heat); 
{alternative symbol for free energy}, 

atm. atmosphere. 
a activity; van der Waals’s and Berthelot’s constants; pressure 

factor; cells in phase space; radius; constant of Morse 
equation; accommodation coefficient. 

B beta function. 
B moment of inertia; [susceptance; magnetic flux density]; virial 

coefficient, 
B magnetic induction. 
h van der Waals’s and Berthelot’s constants; [susceptance]. 
C, c specific heat; concentration; velocity; statistical constant; 

moment of inertia; (modulus of shearing rigidity of elasti¬ 
city); [capacitance]; Sutherland’s constant; chemical constant, 

c.g.s. centimetre-gram-second unit, 
cm. centimetre. 
Cv, Cp specific heat at constant volume (pressure) per g. 

1 “ Report of a Joint Committee of the Chemical Society, the Faraday Society, and the 
Physical Society on Symbols for Thermodynamical and Physico-Chemical Quantities,” 
London, 1937 (symbols in {} brackets are given in the above list as alternatives); for 
earlier lists of S5mbols, see Nernst et ai, Z. Eiektrochem., 1903, 9, 685; Luther, ibid., 1906, 
12, 97; Hexing, /. Franklin Inst., 1910, 170, 194; 1911, 171, 129 (long list); Anon., Trans. 
Faraday Soc., 1910, 5, 252; Verhl. d. D. Phys. Ges., 1910, 12, 476; 1913, 15, 143 (AEF= 
Aufschluss fiir Einheiten und Formelgrossen); Neesen, Phys. Z., 1913, 14, 167; Strecker, 
ibid., 1914, 15, 113; Report of Committee, Proc. Phys. Soc., 1914, 26, 381; Martens, 
Verhl. d. D. Phys. Ges., 1914, 16, 97; Lash Miller, Chem. Rev., 1924, 1, 293; Partington, 
” Chemical Thermodynamics,” 1924, 263; Harned and Owen, “The Physical Chemistry of 
Electrolytic Solutions,” New York, 1943, pp. xiii-xxvii; for numerical values of universal 
constants, Karrer, J. Franklin Inst., 1923,196, 79; Birge, Reports on Progress in Physics, 1941, 
8. 90;y.C.5. 1946, 219; Schmidt, Naturwiss., 1947, 34, 62, 

A list of symbols in Ind. Eng. Chem., 1947, 39, 438, is similar to that given here, except that 
no black letters are used, latent heat is A instead of /, coefficient of linear expansion is a and 
of volume expansion quantity of heat is Q, cpjcv is k or k, thermal diffusivity is a, viscosity 
is fi, kinematic viscosity v, and British thermal unit B.t.u. 

The pictorial symbols proposed by Walker, Nature, 1908, 78, 271, would require over 200 
new types for printing. 

2 “ In signis spectanda est conunoditas ad inveniendum, quae maxima est, quoties rei 
naturam intimam paucis exprimunt ad velut pingunt, ita enim mirifice imminuitur cogitandi 
labor in “ Der Biiesfwechsel von Gottfried Wilhelm Leibniz mit Mathematikcm,” edit. 
Gerhardt, Berlin, 1899,1, 375. 
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XXXVl LIST OF SYMBOLS 

C _ 

D 
D' 
d 
dj/dx 
(d;ydx)^ 

d 
D 

Do 
E 
e 

e 
e 
F 

F 
f, F 
f 

/ 

G 
G 

g- 
g. cal. 

g, g 
g 

H 
H 

H 
h 

h 
I 

h 
J 
J 

molecular heat at constant volume (pressure) (per mol). 
velocity of light in vacuum, 
root mean square velocity. 
differential operator. 
integral operator. 
differential. 
total differential coefficient of v with respect to a'. 
partial differential coefficient of y with respect to x when z is 

constant. 
diameter; density. 
density; heat of dilution; dielectric constant; energy of dis¬ 

sociation; spectrum symbol; [electrostatic flux density]; 
diffusivity. 

limiting density. 
energy; Young’s modulus; [e.m.f.j. 
base of natural logarithms==2-7182818 . . (subscript) evapora¬ 

tion. 
electromotive force^; (direct strain); emissivity. 
positive electronic charge. 
free energy=£—TO; number of degrees of freedom; spectrum 

symbol; (aggregate shearing force); force. 
faraday=charge in coulombs per g. equivalent of an ion. 
function. 
(subscript) fusion. 
activity coefficient; fugacity; force constant; acceleration; 

(modulus of rupture); {partition function}; van der Waals’s 
vapour pressure constant, 

statistical weight. 
available energy=£—[conductance], 
gram. 
gram calorie, 
gas functions. 
gaseous state; statistical weight; osmotic coefficient; [conduct¬ 

ance]; acceleration of gravity. 
Hessian functional determinant; Hermite polynomial, 
heat content or enthalpy=£'+PF; (quantity of heat); [magnetic 

field strength]; Hamiltonian function, 
magnetic field strength. 
constant of activity equation; small increment of x; JA=heat 

change per electrochemical g. equivalent; height. 
Planck’s constant. 
ionic strength; moment of inertia; integration constant; ionisa¬ 

tion energy; intensity of magnetisation; (heat content 
[=//]); [current strength]; light intensity. 

(subscript) irreversible; van’t Hoff’s factor; vapour pressure (or 
chemical) constant; 

nuclear spin quantum number. 
Jacobian functional determinant. 
rotational quantum number; [intensity of magnetisation]; 

integral. 

1 The recommended list gives E, but this would occur in equations containing the symbol 
£ for energy. 
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/ 
j 
is 
K. 
K 

k.cal. 
kw 
kwh 
k 

k 
L 
L 

Lf, Zyj, TLjj 

L, 
/ 

4’ 4’ Aj 

h 
h 
h 
h 
Lim 
In 
UQ 
M 

m. 
ml. 
mm. 
m/x 
mA 
m 

N 

N 

Nl 
n 

0 
P 

mechanical equivalent of heat; (moment of inertia (polar)). 
activity function; inner quantum number; 
electronic spin quantum number, 
absolute temperature. 
equilibrium constant; rotational quantum number; (bulk 

modulus of elasticity [=€]); radius of gyration; radiation 
intensity; internal pressure, 

kilogram calorie, 
kilowatt, 
kilowatt-hour. 
distribution coefficient; general symbol for a constant; thermal 

conductivity; modulus of expansion; small increment of y. 
Boltzmann’s constant=/?/A^. 
Laguerre polynomial. 
latent heat per mol; heat of solution; [self inductance]; Lagran- 

gian function. 
latent heats of evaporation, fusion, sublimation and dissociation 

per mol. 
heat of solution. 
liquid state; latent heat per g.; serial quantum number; direc¬ 

tion cosine; mean free path. 
latent heats of evaporation, fusion, sublimation and dissociation 

per g. 
internal latent heat. 
latent heat of pressure change. 
latent heat of expansion. 
generalised latent heat; heat of solution. 
limit. 
natural logarithm (=2*3026 logjo). 
megohm. 
molecular weight; [mutual inductance]; magnetic moment; 

mass, 
metre, 
millilitre.^ 
millimetre, 
millimicron = 10~*V* 
[milliampere]. 
mass; molality; direction cosine; (1/m, Poisson’s ratio); mag¬ 

netic quantum number (m/). 
mol fraction; number of particles; (modulus of shearing rigidity 

or elasticity); normalising factor. 
Loschmidt’s number. 

Avogadro’s number. 
factorial A=A(A-1)(A~2) ... 2.1. 
number of mols; number of components; wave number; direc¬ 

tion cosine; refractive index. 
0rsted. 
spherical harmonic function. 

1 Except in very accurate specifications of larger volumes, the difference between the 
centimetre cube or cm.^ and the millilitre (=1 *00028 cm.3) is insignificant. The old symbol 
c.c. for millilitre is not used. 



XXXVlll LIST OF SYMBOLS 

P,P 

Pc 
P, 
Q 
q 

(<7) 
qd 

R 
R 

R 

S 

s 
s 

T 

n 

T. 
Tm 
Tr 
t 

h 
U 
u 
V 

Vm 

V, 
w 
w 

iw) 

Wj 

w'>r 
r 

X 

pressure (gas or osmotic); spectrum symbol; generalised 
momentum; (aggregate normal force, total pressure); (inten¬ 
sity of normal stress); polarisation (electric), 

parachor. 
critical pressure, 
reduced pressure =/?//?£. 
quantity of electricity; minus q; (quantity of heat). 
heat entering a system (positive); {subscript) adiabatic change; 

generalised position coordinate; (intensity of shear stress), 
heat absorbed in a cycle, 
heats of solution and dilution, 
radial function. 
radius of curvature; [resistance]; molar refractivity; reflectivity; 

resisting force, 
rheochor. 
gas constant per mol. 
radius; distance; (subscript) reversible; number of phases; 

(radius of curvature); gas constant per g. 
tesseral harmonic function. 

entropy; solubility; spectrum symbol; (specific gravity); (sub¬ 
script) isentropic change, 

entropy constant. 
(subscript) sublimation. 
solid; solubility; symmetry factor; spin quantum number; 

(intensity of shear stress); distance, 
absolute temperature; (twisting moment); period; kinetic energy, 
boiling-point (abs.). 
critical temperature (abs.). 
melting-point (abs.). 
reduced temperature=r/r^. 
time; temperature, 
critical temperature 
velocity of sound; {alternative symbol for energy}, 
velocity; velocity component=dx/dt=i:. 
volume; electrical potential; potential energy; velocity; [potential 

difference], 
molar volume. 
volume; velocity component=dj;/d/=^; velocity; (specific 

volume); vibrational quantum number, 
critical volume, 
reduced volume 
thermodynamic probability; weight. 
work done by a system (positive); velocity component=d2/dt=i; 

weight. 
work done in a cycle, 
maximum work — — A F. 
available (net) work= —AG. 
force component in x-direction; generalised force; [reactance], 

partial molar quantity.^ 

1 Except for this use (Lewis and Randall), and a barred symbol denotes an average value; 
note that is different from c^. 



LIST OF SYMBOLS XXXIX 

distance along x axis; generalised coordinate; anharmonicity 
constant; ^v/T; angle; mol fraction, 

surface spherical harmonic. 
force component in >’-direction; [admittance Y=G+jB (7= 

distance along axis; number of faradays transferred in electro¬ 
chemical change. 

force component in z-direction; state sum (‘‘partition func¬ 
tion”); atomic number; nuclear charge; collision number; 

[impedance+7^ (y=V"~l)]* 
distance along z axis; valency of an ion. 

reversible change; coeflScient of expansion; degree of dissocia¬ 
tion; constant in Nernst’s equation; angle; polarisability; 
most probable velocity of molecules, 

irreversible change; coefficient of tension; Duhem-Margules 
constant; activity constant; constant in Nernst’s equation; 
frequency coefficient=A/^ in ^v/T; Bunsen’s absorption 
coefficient. 

surface concentration excess; gamma function, 
ratio of specific heats thermal coefficients; activity coeffi¬ 

cients; [surface tension], 
finite increment; spectrum symbol, 
molar elevation of boiling-point, 
molar depression of freezing-point, 
small increment; lattice constant. 
Jacobi symbol for partial differentiation (if z=f(x, y\ dzjdx^ 

(dz/dx)^, etc.) 
elasticity; energy of a particle, etc.; energy quantum; coefficient 

of external friction, 
coefficient of slip. 
thermodynamic efficiency; coefficient of viscosity, 
surface zonal harmonic function. 
Debye characteristic temperature; quadrupole moment, 
temperature on any scale, e.g. on the Centigrade scale; angle; 

(torsional strain; absolute temperature), 
reduced temperature=77r^; theta operator, 
compressibility; Debye-Hiickel parameter; [permittivity (dielec¬ 

tric constant)]; conductivity (specific conductance); magnetic 
susceptibility (volume). 

compressibility coefficient; variable of extent; Lagrangian 
multiplier; wave-length; equivalent conductivity; root of 
equation; Ostwald’s solubility coefficient, 

chemical potential; Poisson’s ratio; integrating factor; Lagran¬ 
gian multiplier—1/AT; dipole moment; wave number; 
(coefficient of friction; refractive index); [permeability]; 
reduced mass; cosx; micron=10~^ mm.; molecular con¬ 
ductivity, 

microfarad. 
stoichiometric coefficient; frequency (also v). 
wave number, 
concentration in mol/lit. 



xl LIST OF SYMBOLS 

n 
IT 

p 

Pc 
Pr 
E 
a 

O 
<P 

0{E) 
4>{K) 

4> 

w 

X 
Q 
O) 
w 

s 
§ 

V 

product; hydrostatic pressure; spectrum symbol, 
ratio of circumference to diameter of a circle=3-1416...; 

reduced pressure 
density of matter g./ml.; of energy erg/cm.3; resistivity (specific 

resistance); radius of curvature, 
critical density=l/z.v. 
reduced density=p//3f. 
sum; system; spectrum symbol. 
surface tension; atomic or molecular diameter; a=h'^jS7r^JkT; 

system; (Poisson’s ratio); Stefan-Boltzmann constant; specific 
heat of saturated liquid or vapour, 

reciprocal of reduced temperature=]/i9'; [temperature]; average 
life; dr volume element, 

spherical harmonic function. 
[flux (magnetic)]; co-volume, 
partial molar heat capacity, 
partial molar expansibility, 
apparent partial molar compressibility, 
apparent partial molar volume. 
function; reduced volume=z)/z>f; valency factor; angle; (entropy, 

direct shear); phase difference; co-volume; fluidity, 
wave function; (electric flux), 
wave function; space-filling number, 
magnetic susceptibility (mass), 
ohm. 
angular velocity; wave number; Batschinsky’s constant. 
frequency. 
integration. 
integration round a cycle, 
approximate equality. 
del or nabla; Laplacian operator, SJ =dj8x+dldy+dldz; del 

squared, V ^^dx'^ -p d^jdy'^+8^1 dz^. 

THE GREEK ALPHABET 

A a alpha 
B (3 beta 
r y gamma 
A 8 delta 
E € epsilon 
z 1 zeta 
H V eta 
0 6, & theta 
I 1 iota 
K K kappa 
A A lambda 
M P mu 

N V nu 
S xi 
0 0 omicron 
n TT, tU pj 
p P rho 
E sigma 
T T tau 
Y V upsilon 
0 <i> phi 
X X chi 
W 4' psi 
Q 0} omega 



FUNDAMENTAL PHYSICO-CHEMICAL 
CONSTANTS 

The values of the fundamental physical constants ^ have undergone revision 
in recent years, and cannot be said to be satisfactorily established at present.^ 
The follo>ving table gives three sets of figures, proposed by Birge (1941),^ 
Kaye and Laby (1948), and Du Mond and Cohen (1948). All values are on the 
chemical scale of atomic weights 0=16*0000. 

^ J. J. Thomson, PhiL Mag., 1897, 44, 293; 1898, 46, 528; Wiechert, Sitzb. phys, okonom. 
Ges. Konigsherg, 1897, 38; Ann. Phys., 1897, 61, 544; 1897, 62, 596; 1898, 65, 431; Kaufmann 
and Aschkinass, ibid., 1897, 62, 588; Simon, ibid., 1899, 69, 589; Townsend, PhiL Mag., 
1898, 45, 125; Wilson, ibid., 1903, 5, 429; Planck, “ Vorlesungen Liber die Thcorie der Wiirme- 
strahlung,” Leipzig, 1906, 162; Sirk, Wien Ber., 1908, 117, 11 A, 1159; Ann. Phys., 1908, 25, 
894; Millikan, Phys. Rev., 1908,26,197; 1909,29,560; 1911,32, 348; PhiL Mag., 1910,19,209; 
Rutherford and Geiger, Proc. Rov. Soc., 1908, 81, 141, 161; Phys. Z., 1908, 10, 1; Regener, 
Verhl. d. D. Phys. Ges., 1908,10,18; Perrin, Ann. Chini., 1909,18, 5; “ Les Atomes,” 1914, 154, 
174, 244,281; Ehrenfest, Ann. Phys., 1918,56,1; Ladenburg, Jahrb. Radioakt. Eiektronik, 1921, 
17, 93, 273; Porter and Hedges, Trans. Faraday Soc., 1922, 18, 91; Phil. Mag., 1922, 44, 641; 
Schrader, jphys. Rev., 1922, 19, 422; Palmer, J. Opt. Soc. Amer., 1923, 7, 873; Gerlach, 
“ Materic, Elektrizitiit, Energie,” Dresden and Leipzig, 1923, 49; Millikan, Phys. Rev., 1923, 
21, 217; Ladenburg, in Landolt-Bornstein, “ Tabellen,” 1923, 2, 8011; Ray, Z. phys. Chem., 
1923, 128, 182; Wolf, Ann. Phys., 1927, 83, 849; Wilson, Phys. Rev., 1929, 34, 1493; Backlin, 
Nature, 1929,123, 409; Compton, J. Franklin Inst,, 1929, 208, 605; Bearden, Proc. Nat. Acad., 
1929, 15, 528; Millikan, Science, 1929, 69, 481; Birge, Phys. Rev. SuppL, 1929, 1, 1; Phys. 
Rev., 1929, 33, 265; Sunicr, /. Chem. Educ., 1929, 6, 299; Feder, Ann. Phys., 1929, 1, 497; 
Grotrian, Naturwiss., 1929, 17, 201; Olpin, Phys. Rev., 1930, 36, 251; Bond, PhiL Mag., 
1930,10, 994; Cork, Phys. Rev., 1930, 35, 128; Shiba, Sci. Pap. Inst. Phys. Chem. Res. Tokyo, 
1932,19, 97; Kirchner, Ann. Phys., 1932,13, 59; Ladenburg, ibid., 1933,16,468; Birge, Science, 
1934, 77, 438; Phys. Rev., 1935, 48, 918; Sdderman, Nova Acta Soc. Reg. Upsal., 1935, 9, 
No. 8; Schaitberger, Ann. Phys., 1935, 24, 84; Ladenburg, Ann. Phys., 1936, 27, 458; Birge, 
Phys. Rev., 1936,49,204; Robinson, Rep. Progr. Phys., 1936,2, 247; 1937,4,212; Van Fricsen, 
Proc. Roy. Soc., 1937, 160, 424; Birge, Phys. Rev., 1937, 52, 241; Ishida, Fukushima, and 
Suetsugu, Sci. Pap. Inst. Phys. Chem. Res. Tokyo, 1937, 32, 57; Shiba, ibid., 1938, 34, 1308; 
Millikan, Ann. Phys., 1938, 32, 34, 520; Wensel, Bur. Stand. J. Res., 1939,22, 375; Dunnington, 
Rev. Mod. Phys., 1939, 11, 65; Goedicke, Ann. Phys., 1939, 36, 47; Du Mond, Phys. Rev., 
1939, 56, 153; Darwin, Proc. Phys. Soc., 1940, 52, 202; Ohlin, Arkiv Mat. Astron. Fys., 1940, 
27 B, No. 10; Bearden, J. Appl. Phys., 1941, 12, 395; Birge, Rev. Mod. Phys., 1941, 13, 233; 
Phys. Rev., 1941, 60, 766; Rep. Progr. Phys., 1941, 8, 90; Hopper and Laby, Proc. Roy. Soc., 
1941, 178, 243; De Groot, Nederl. Tiidschr. Natuurkde., 1942, 9, 497; Amer. Chem. Abstr., 
1944, 38, 3884; Eddington, Proc. Phys, Soc., 1942, 54, 491; Laby, Nature, 1942, 150, 648; 
Panofsky, Green, and Du Mond, Phys. Rev., 1942, 62, 214; Benford, ibid., 1943, 63, 212; 
Birge, ibid., 1943, 63, 213; Amer. J. Phys., 1945, 13, 63; Du Mond and Cohen, Rev. Mod. 
Phys., 1948, 20, 82; Kaye and Laby, “Tables of Physical and Chemical Constants,” 10th 
edit., 1948, 7, 71, 81, 121, 129, 139. Some remarkable numerical relations between funda¬ 
mental constants collected by Mills, J. Phys. Chem., 1932, 36, 1089, were criticised by Birge, 
Science, 1932, 75, 383. 

2 A point at issue is the electrochemical equivalent of F. The older value as found by 
gravimetric methods with the silver coulometer differs appreciably from that found more 
recently by volumetric analysis with the iodine coulometer. The second seems likely to be 
less accurate, and Birge’s procedure of taking a mean value is open to criticism. The values 
of the absolute temperature of 0° C. and of the acceleration of gravity g are far from certain. 

3 Birge, Amer. J. Phys., 1945, 13, 63, changed the value of N from 6-0228x1023 to 
6-02338x1023, which affects many of the other constants in his list; see Du Mond and 
Cohen, Rev. Mod. Phys., 1948, 20, 82. 

xli 
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Birge Du Mond and 
Cohen 

Kaye and Laby 

Avogadro’s number N . 6-0228x1023 6-0235 X10” 6-0226x1023 
Faraday F e.m.u, equiv.~i. 9648-77 9649-6 9648-0 

„ intern, cmb. equiv."^ ... 96501-2 — 96493-7 
Electronic charge e e.s.u. 4-8025 xlO~io 4-8024x10-10 4-8023 X 10"io 

„ e.m.u. 1 -60203 X10-20 1-60199x10-20 1-6020x10-20 

Molar Volume i of ideal gas V^i cm.3 22-4146x103 22-4146x103 22-4151x103 
mol'^i. 

Molar Gas Constant ^ R erg mol"i 8 31436x107 8-31436x107 8-3145x107 
deg.“-i. 

Boltzmann’s constant k erg deg." ^ ... 1-38047x10" 16 1-38032x10 16 1-3806x10-16 

Planck’s constant h erg sec. 6-624x10-27 6-6234x10-27 6-622x10-27 

Velocity of light c cm. sec.~i 2-99776x1010 2-99776x1010 2-99774x1010 
Mass of electron g. . 9-1066xl0"28 ‘ 9-1055x10-28 — 

Ratio ^//Wf for electron e.s.u. g."' ... 5-2736x1017 5-2741x1017 5-2727x1017 
Mechanical equiv. of heat J intern. 4-1847 — 4-1846 

joule 15°g.cal."i 
Absolute temperature of 0° C. 273-16 [273-16] 273-16 

Electrical units adopted by the National Physical Laboratory; 

1 ohra= 1-00049 abs. ohm; 1 watt= 1-00019 abs. watt; 1 volt=l-00034 abs. 
volt; 1 henry=l-00049 abs. henry; 1 amp.=0-99985 abs. amp.; 1 farad = 
0-99951 abs. farad. 

The Bureau of Standards has adopted: ^ 

1 ohm=l-000495 abs. ohm; 1 volt = I-000330 abs. volt; 1 amp.=0-999835 
abs. amp. 

’ With g=980-665 cm. sec.“2. The value of R in 1. atm. ileg.~i mol“' adopted by Birge 
and by Du Mond and Cohen is 8-20544 x lO"^. Kaye and Laby take 8-2063 X 10~2. 

2 Curtis, Bur. Stand. J. Res., 1944, 33, 235; Du Mond and Cohen, Rev. Mod. Phys., 1948, 
20, 82. 



SECTION I 

MATHEMATICAL INTRODUCTION 

As EXPLAINED in the Preface, the present book is preceded by a summary of the 
mathematical methods used later in the text. In dealing with the mathematics 
which could reasonably be assumed to be unfamiliar to ordinary science 
students (some, in fact, to honours mathematics students), it was necessary to 
decide how much of the simpler fundamental material could be assumed to be 
known. This will vary with different readers; some will know a good deal and 
some very little, and in the end it seemed desirable to begin with the simplest 
things. In this way, very elementary calculus and trigonometry are dealt with, 
but more advanced matters are soon encountered. Those readers who are good 
at calculus and trigonometry will pass over the elementary parts, but should 
remember that many readers are not good at these things, and a start further 
along the road would have left them far behind. 

The mathematics required by the physical chemist, it has been said: ^ “is not 
the kind of mathematics that boys are usually taught at school; it is not the kind 
of mathematics that medical and science candidates have to pass at a preliminary 
or first B.Sc. examination; it is mathematics for use. It bears to what we may 
call examination mathematics the same sort of relation that French and German 
for use bear to much of our school French and German, and the way to learn it 
is to work with it.” 

A drawback of many text-books which the author himself felt when a student 
is the undue curtailment of the intermediate steps in the mathematics: most 
mathematicians seem to fear being thought too elementary. It has been said ^ 
that: “Some teachers can bridge the common gaps of text-books and can 
supply the easy-stage background so often taken for granted—generally without 
warrant.” TMs is particularly the case in thermodynamics, and in other fields 
integration by parts is carried out in the background and the result only pre¬ 
sented, whereas in the author’s experience this manipulation, simple as it is, is 
one which presents difficulty to most students of chemistry. Many students 
are also unable to recognise in special cases, where the symbols are different, 
the standard mathematical forms with which they are otherwise familiar; they 
do not see, e.g. that: 

Civ 1 l.-.y , . 

] 1-y 

is simply an example of the standard integral: 

I x^dx = —X"+^ -f- const., 
J n+\ 

unless it is pointed out to them, and, if they are serious students, could waste 

1 Cruin Brown, Presidential Address, 1892, 61, 474; L. H. Adams, /. Wash. Acad. 
Sci., 1926, 266. 

2 Mack,/w4.C.5., 1939, 61, 1298. 
A.TJ?.C.—1 1 



2 MATHEMATICAL INTRODUCTION 

much time and effort in understanding this very simple calculation.^ It is most 
desirable that a chemistry student should have a special course of mathematics 
suited to his needs, otherwise, as has been said,^ he will have no time to learn 
chemistry. 

At the risk of being slightly rude, the author will point out two types of 
mathematical treatment which are particularly wearying to the average physical 
chemist. In the first, many formulae are developed not one of which is expressed 
in terms of measurable quantities, and not one of which is capable of application 
to or test by experimental results. A formula of any use must contain only 
measurable quantities as independent variables. In the second type of treat¬ 
ment, some simple formula in common use is shown to be only an approxima¬ 
tion of a more general formula, which cannot be expressed in usable form; in 
this case, the first formula is usually stigmatised as “ unsound ” or ‘‘ theoretic¬ 
ally incorrect,” without any attempt being made to show that the terms it neglects 
are of very minor importance. Some authors seem to find satisfaction in 
repeatedly deriving results which are well known, and in emphasising the 
“ elegance ” of the new bottles for the old wine. Another fault is that: “ the 
cumbrous phraseology of precise usage, which often involve long parentheses, 
is frequently unnecessary and confusing. This insistence on precision in all 
cases is not unlike a demand that all weighings should be made with the utmost 
accuracy, whether or not the final figures have significance.” ^ The tendency 
to labour at length in showing how not to make mistakes which no one in his 
senses could make, in which ” a man of straw is thoroughly demolished,” ^ is 
also a tiresome conceit. 

One of the main drawbacks of a ” strict ” mathematical treatment, emphasised 
by Clausius,^ is that it necessarily lays most emphasis on the difficulties of the 
mathematical processes themselves, which have little importance for the physical 
principles involved, the latter appearing more satisfactorily in a simplified 
treatment: in other words, it stresses what might be called the pathology of 
mathematics. The simpler treatment is not only more understandable, but is 
scientifically preferable. The strict treatment is, in almost all cases, solely 
concerned with the value of some numerical coefficient and not with the sym¬ 
bolical part of the equation. By the time a subject has reached the stage of 
needing a ” strict ” proof, it has usually moved on into new fields. 

There is no suggestion of impertinence in the above; it is not mathematicians 
who are in question, but their imitators. All the same, it seems that high mathe¬ 
maticians have been known to ” disdain mere experimental information from 
humble ‘ dirt ’ physicists.” ^ 

Almost every young reader should now have at his disposal a working 
knowledge of the calculus. The book, however, is intended to be of use also 
to other classes of readers, who may have had no instruction in higher mathe¬ 
matics in their student days, and who have found no time or inclination to learn 

1 This example also illustrates the general undesirability of rigid adherence to a set of 
“ approved ” symbols; it is only when a Student has learnt to feel at home with any symbols 
that he moves freely through the literature of a subject, where a single quantity, such as 
entropy, has many symbols, such as 5, i?, etc. As Guye, /. Chim. Fhys., 1917, 15, 360, 
said, the over-systematisers have shown “ un 4prete et une passion qui ont generalement paru 
excessives.” 

2 Guye, J, Chim. Phys., 1921, 19, 143. 
3 Marie*/.vi.C.5., 1933, 55, 862. 
4 Beattie, y.^.C.S'., 1937, 59, 770. 
5 Die kinetische Theorie der Case, in Die mechanischc Wftrmctheorie,” Brunswick, 

1889-91,3, 110. 
6 Du Mond, Phys. Rev,, 1939, 56, 153. 
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it for themselves. There are many chemists in industry and elsewhere, leaders 
in their own fields, who are not at ease with even the simpler parts of higher 
mathematics. Even research students, in the author’s experience, have not the 
facility in mathematics which might be expected. For all such readers a short 
mathematical introduction has been provided, which, starting from the simplest 
mathematics, leads rapidly to those parts of the calculus and simple differential 
equations which are used in the book. This section is not intended for readers 
who have an adequate knowledge of higher mathematics, who can proceed 
straight to the text. It has been said ^ that: “ ‘ a little learning ’ is not ‘ a 
dangerous thing ’ in itself, but becomes so when its possessor is ignorant of its 
littleness.” It should hardly be necessary to say that no one will reasonably 
expect an adequate treatise on mathematics in a few pages of a book on physical 
chemistry. What has mostly been done is to divest the material needed of those 
long and, to the practical scientist, often unnecessary discussions which are so 
vital to the mathematician; as one might say,^ the matter is presented with the 
“ apes and peacocks thrown overboard.” It may be true that: ^ “ The examina¬ 
tion of natural phenomena is best effected with the minimum of assumption of 
any kind; and instead of demanding a theory, it would be better to ask how we 
could dispense with one. It is juster and wiser to adhere to facts than attempt 
to transcend them.” Another aspect of this idea is Larmor’s ^ statement that 
“ the infinite variety of nature can be only partially enchained in symbols.” 
The great French mathematician Fourier, whose work was literally rescued by 
physicists from mathematical oblivion, said: ^ . la verite qu’on se proposait 
de d6couvrir n’est pas moins cachee dans les formulas d’Analyse quelle ne 
r^tait dans la question physique ellememe.” The danger of operating with 
mathematical symbols without understanding their intimate relation to the 
experimental material is very real.^ 

In many ways mathematical analysis is a help to the intellect, and if the mind 
were more powerful it could dispense with it. The train of abstract thought is 
mathematically developed in short steps, a process which preserves continuity, 
and enables us to leave the path and return to it again after an interruption of 
thought. The previous steps are marked in symbols, which relieve us of the 
necessity of thinking out the whole sequence in one effort, and of carrying in 
the mind more than it is capable of bearing unless aided by such artificial 
memory. The mathematical apparatus plays the same part as any particular 
language in expressing the imagery of a poet, and although, like language, it 
may have a beauty and intellectual value of its own, it is in no way identical 
with the conceptions it serves to record in its peculiar, and often cumbrous, 
way. On the other hand, a mathematical symbol may, to one who knows its 
meaning, express something which would take many hours to state in ordinary 
language (” plain English If seems as if, ” with truly creative intellects, 
the result is always earlier than the proof,” ^ and that no amount of steady 
plodding along the lines of school-desk mathematics can replace the ” leap in the 
dark ” which is inseparable from the working of genius. 

A much closer approach to ” truth ” is often attainable in chemistry without 

1 Rankine, “ Miscellaneous Scientific Papers,*’ 1881, 432. 
2 T. L. Davis, /.A.C.S., 1928, 50, 3396. 
3 E. J. Mills, P/i/7. Mag., 1876, 1, 12. 
4 “ Mathematical and Physical Papers,*’ Cambridge, 1929, 2, 412. 
5 « Oeuvres,” 1888, 1, 9 (” Th6orie Analytique de la Chaleur,” 1822), 
6 Planck, Phvs. Z., 1909, 10, 195. 
7 L. H. Adams, J. Wash. Acad. ScL, 1926,16, 266. 
8 Ostwald, ” Lchrbuch dcr allgemeinen Chemie,” 1911, 2, ii, 159. 
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mathematics than with it. In physics, it has been said ^“ We have no guarantee 
whatever that nature is so constructed that it can be adequately described in 
terms of mechanical or electrical models: it is much more probable that our 
most fundamental relationships can only be expressed mathematically, if at all.” 
It would, however, be highly inconvenient so to describe, e.g. the simple opera¬ 
tion of peeling a potato, whereas an attempt could be made to describe it so 
that anyone who did not know how to do it could perform the operation after a 
little practice. The same applies to innumerable chemical preparations. A 
large part of chemistry is much too complicated and difficult to offer a successful 
field for the application of mathematical methods, and chemistry cannot afford 
to wait for this to catch it up. After all, the chemists knew that the benzene 
molecule was a flat hexagonal ring long before this had been shown by the 
X-rays, and the concepts of valency and chemical bonds were reached over half 
a century before wave mechanics had come into existence, and is trying to 
represent them in mathematical symbols. 

The point of view presented is that chemistry is a science which can make 
fruitful use of physics and mathematics, but is one which has profitably gone its 
own way, and cannot, even now, submit to be a mere appendage to other sciences. 
Many will disagree with this, and are entitled to their opinions.^ 

Unless an experimenter has a clear idea of the exact nature of a problem, he 
will rarely find a mathematician who is able or willing to solve it for him. He 
must, in general, have arrived at a differential equation or have his ideas clarified 
up to the point where a mathematician can so represent them. The problems 
presented to mathematicians by chemists ignorant of higher mathematics are 
sometimes in a totally unsuitable form, and are often incapable of mathematical 
treatment. In one case the experimenter had ten independent variables, and 
hence ten equations would be necessary for solution, but the worker had only 
one set of results, he not having grasped the simple point that one thing must be 
varied at a time, the others being kept constant. Even Newton could do nothing 
with such material. The modern trend of science tends to eliminate the 
“meaningless question,” e.g. of the type: ^ (a) Is an electron a particle or a 
wave? (6) When will a radium atom disintegrate? (c) What is the molecular 
weight of diamond ? (d) What is the temperature of a hydrogen molecule in 
the gas at O'" C. ? 

The idea that a science is not “ scientific ” unless it is mathematical is an old 
error of the schools going back to Plato. The Greeks emphasised the import¬ 
ance of mathematics, and they never wanted followers. They were fairly good 
at descriptive biology, but they knew nothing of chemistry. In chemistry 
the notion is wrong. Many of the greatest chemists either knew very little 
mathematics or disliked the subject. Emil Fischer, Baeyer, and W. H. Perkin, 
junr., produced work of outstanding eminence without the use of mathematics. 
Even some physicists have not been good mathematicians, the outstanding 
example being Faraday. 

Faraday had no mathematical training and in a curious note jotted down on a 
card he says: ^ “ Pique about mathematics in chemists, and resolution to support 
the character of experiment—as better for the mass. Hence origin of the title 
Exp, researches,^" He knew the value of mathematics, and counselled Tyndall 

1 Langmuir,/.yl.C.S'., 1929, 51, 2847. 
2 On the influence of mathematical speculation on chemistry, see Le Chatelier, Chim. ft 

Jnd,, 1920, 3, 555. 
3 Langmuir, op, cit, 
^ Quoted in S. P. Thompson, “ Michael Faraday—^His Life and Work,” 1898, 239. 
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to work out his experimental results “ so that the mathematicians may be able 
to take it up.” ^ His own long series of Experimental Researches contain no 
mathematical symbols, yet Maxwell, after reading them, was able to say: ^ 
“ When I had translated . . . Faraday’s ideas into a mathematical form, I 
found that in general the results of the two methods coincided . . . also that 
several of the most fertile methods of research discovered by the mathematicians 
could be expressed much better in terms of ideas derived from Faraday than in 
their original form. . . . The way in which Faraday made use of his lines of 
force in co-ordinating the phenomena of electric induction shows him to have 
been a mathematician of high order, and one from whom the mathematicians of 
the future may derive valuable and fertile methods.” 

It is not only in reducing to brief compass the long series of experimental 
results that Maxwell’s mathematical restatement of Faraday’s theory was 
illuminating; it had also a creative function, since his equations contained the 
implication of electromagnetic waves, which were afterwards discovered 
experimentally by Hertz along the way pointed out by these mathematical 
equations. Huxley compared mathematics with a mill which grinds up what 
is put into it: “ What you get out depends on what you put in,” and “ pages of 
formulae will not get a definite result from loose data.” This is true, yet 
Maxwell’s equations can give all the results of experiment beforehand; a more 
striking example is the recent prediction of the existence of ortho- and para- 
hydrogen molecules, which followed from theoretical equations and, otherwivSe, 
would probably still remain unknown.^ 

There have not been lacking cases in which mathematicians have failed to 
understand new mathematical methods applied to scientific problems. Lord 
Kelvin ^ tells how Fourier’s method was considered to be incorrect by some 
mathematicians, and Clausius ^ reports that a professor of mathematics criticised 
thermodynamics as “ an abuse of analysis, and bungling nonsense, . . . 
nothing more than a rotten nut, which looks well from the outside, but in reality 
contains nothing whatever.” It was therefore necessary for Clausius to explain 
in his book the elementary theory of perfect dilferentials, which had escaped the 
attention of the mathematician. There are examples of this type available in 
modern literature.^ The opposite error is also met with. 

The writer well remembers being told, in 1913, by a leading English physicist, 
that the formulae of the quantum theory were nothing but lucky empirical 
equations, with no theoretical foundation whatever. 

It seemed necessary to mitigate as fully as might be the objections of reasonable 
critics that it was useless to give so much space to elementary mathematics 
which could much better be learnt from standard books on the subject. A 
short selection of these works on mathematics is given below. 

1. History and General. 

Ball, W. W. R., A Short Account of the History of Mathematics, 1915; Mathematical 
Recreations and Essays, 1919; Cajori, F., History of Mathematics, New York, 1894, 2nd 

1 Quoted in S, P. Thompson, “ Michael Faraday—His Life and Work,” 1898, 280, 
2 Ibid.y 217, 284; see the Preface to Maxwell’s ” Treatise on Electricity and Magnetism,” 

Oxford, 1873, where he also says: ” I shall avoid, as much as I can, those questions which, 
though they have elicited the skill of mathematicians, have not enlarged our knowledge of 
science,” 

3 ” CoUected Essays,” 1894, 8, 333. 
4 Whitehead, Phil Mag., 1942, 33, 353. 
5 “ Mathematical and Physical Papers,” Cambridge, 1882, 1, 1. 
« ” The Mechanical Theory of Heat,” transl. by W. R. Browne, 1879, 339. 
7 See c.g. Fowler and Steme, Rev. Mod. Phys., 1932, 4, 707, for an amusing case. 
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edit., 1922; Sir T. Heath, A History of Greek Mathematics, 2 vols., Cambridge, 1921; Tropfke, 
J., Geschichte der Elementar-Mathematik, Berlin, 1940; Bowley, A. L., A General Coune of 
Pure Mathematics from Indices to Solid Geometry, Oxford, 1913; Brown, F. G. W., Higher 
Mathematics, 1926; Cracknell, A. G., Practical Mathematics, 1925; Hardy, G. H., A Course 
of Pure Mathematics, Cambridge, 9th edit., 1946. 

2. Algebra. 
Briggs, W., and Bryan, G. H., The Tutorial Algebra, Advanced Course, 1903, revised by 

Walker, G., 1942; Burnside, W. S., and Panton, A. W., The Theory of Equations, 5th edit., 
1904; Chrystal, G., Algebra, Part I, 5th edit., 1920; Part II, 2nd edit., 1922; Hall, H. S., and 
Knight, S. R., Higher Algebra, 4th edit., 1904; Milne, W. P., Higher Algebra, 1913; Smith, C., 
A Treatise on Algebra, 5th edit., 1920; Todhunter, I., Elementary Treatise on the Theory of 
Equations, 1882; Weber, H., and Wellstein, J., Encyclopadie der Elementarmathematik, 
3 vols., Leipzig, 1903-7. 

3. Series and Limits, 

Bromwich, J. T. L, An Introduction to the Theory of Infinite Series, 1908, 2nd edit., 1926; 
Leathern, J. G., Elements of the Mathematical Theory of Limits, 1925. 

4. Exponentials. 

Du Bray, M., Exponentials Made Easy, 1921; see also under Algebra and Calculus. 

5. Theory of Functions. 

Bowman, F., Introduction to Bessel Functions, 1938; Cayley, A., An Elementary Treatise 
on Elliptic Functions, 1876,2nd edit., 1895; Forsythe, A. R., Theory of Functions of a Complex 
Variable, 3rd edit., ^mbridge, 1918; Gray, A., and Mathews, G. B., A Treatise on Bessel 
Functions, 1922; Greenhill, A. G., The Applications of Elliptic Functions, 1892; Harkness, 
J,, and Motley, F., Treatise on the Theory of Functions, 1893; Hobson, E. W., The Theory 
of Functions of a Real Variable and the Theory of Fourier’s Series, 3rd edit., 2 vols., Cam¬ 
bridge, 1926-7; Macrobert, T. M., Functions of a Complex Variable, 1917; Magnus, W., and 
Oberhettinger, F., Formeln und Satze fiir die speziellcn Funktionen der mathematischen 
Physik, Berlin, 1943; Neville, E. H., Jacobian Elliptic Functions, Oxford, 1944; Titchmarsh, 
E. C., The Theory of Functions, Oxford, 1932, 2nd edit., 1939; Whittaker, E. T., A Course of 
Modern Analysis, Cambridge, 1902, enlarged by Watson, G. N., 4th edit., 1927. 

6. Trigonometry. 

Briggs, W., and Bryan, G. H., The Tutorial Trigonometry, 3rd edit., 1928; Hobson, E. W., 
Trigonometry, 7th edit., Cambridge, 1928; Hobson, E. W., and Jessop, C. M., An Elementary 
Treatise on Plane Trigonometry, Cambridge, 1910; Loney, S. L., Plane Trigonometry, Parts 
I and II; Todhunter, I., Plane Trigonometry, 8th edit., 1880, revised by Hogg, R. W., 1919. 

7. Coordinate Geometry. 

Baker, W. M., Algebraic Geometry, 9th edit., 1926; Briggs, W., and Bryan, G. H., The 
Right Line and Circle; Frost, P., Elementary Treatise on Curve Tracing, 1872, revised by 
Bell, R. J. T,, 1918; Gibson, G. A., and Pinkerton, P., Elements of Analytical Geometry, 
1929; Grieve, A. B., Analytical Geometry of Conic Sections and Elementary Solid Figures, 
1925; Loney, S. L., Elements of Coordinate Geometry, 1924; Smith, C., An Elementary 
Treatise on Conic Sections by the Methods of Coordinate Geometry, 1914; Todhunter, I., 
A Treatise on Plane Coordinate Geometry, 5th edit., 1874. 

8. Solid Geometry. 

Bell, R. J. T., Coordinate Geometry of Three Dimensions, 1920; Frost, P., Solid Geometry, 
1886; Salmon, G., and Rogers, R. A. P., A Treatise on the Analytic Geometry of Three Dimen¬ 
sions, 2 vols., 1915-28; Smith, C., An Elementary Treatise on Solid Geometry, 6th edit., 
1897. 

9. Calculus. 

Bacon, H. M., Differential and Integral Calculus, New York, 1942; Bertrand, G. L. F., 
Trait6 de Calcul Diff(6rentiel, 1864; idem.. Traits de Calcul Integral, 1870; Bisacre, F. F. P., 
Applied Calculus, 1922; Burin^n, R. S., and Torrance, C, C., Higher Mathematics with 
Applications to Science and Engineering, New York, 1939; Carey, F. S.* Infinitesimal Calculus, 
1925; Carslaw, H. S., An Introduction to the Infinitesimal Calculus, 2nd edit., 1919; Caunt, 
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G. W,, An Introduction to the Infinitesimal Calculus with Applications to Mechanics and 
Physics, Oxford, 1914; Chaundy, T., The Differential Calculus, Oxford, 1935; Edscr, E., 
Differential and Integral Calculus for Beginners, 1901, 1909; Edwards, J., The Differential 
Calculus, 3rd edit., 1918; Differential Calculus for Beginners, 1893, 1919; A Treatise on the 
Integral Calculus, 2 vols, 1921-2; Integral Calculus for Beginners, 1894, 1898, 1919; Gibson, 
G. A., Elementary Treatise on the Calculus, 1906, 1919; An Introduction to the Calculus, 
1906; Greenhill, A. G., Differential and Integral Calculus, 3rd edit., 1896; Johnson, W. W., 
An Elementary Treatise on the Differential Calculus founded on the Method of Rates, New 
York, 1904; Lamb, H., An Elementary Course of Infinitesimal Calculus, 3rd edit., Cambridge, 
1919 (omits material in 2nd edit., 1902); Lodge, A., Differential Calculus for Beginners, 2nd 
edit., 1905, 4th edit., 1913; Integral Calculus for Beginners, 1905, 3rd edit., 1920; Lorentz, 
H. , Lehrbuch der Differential- und Integralrechnung, transl. [from Dutch] by Schmidt, G. C., 
4th edit., Leipzig, 1922; Loye, A. E. H., Elements of the Differential and Integral Calculus, 
Cambridge, 1909; Mercer, J. W., The Calculus for Beginners, Cambridge, 1910; Middlemiss, 
R. R., Differential and Integral Calculus, 2nd edit., New York, 1946; Morgan, A. dc, The 
Differential and Integral Calculus, 1842; Murray, D. A., Differential and Integral Calculus, 
1927; Perry, J., The Calculus for Engineers, 1897; Price, B., Treatise on Infinitesimal Calculus, 
4 vols., Oxford, 1857-89; Smith. R. H.. The Calculus for Engineers and Physicists, 2nd edit., 
1908; Sokolnikoff, I. S., Advanced Calculus, New York, 1939; idem and Sokolnikoff, E. S., 
Higher Mathematics for Engineers and Physicists, New York, 1934, 2nd edit., 1941; Stewart, 
C. A., Advanced Calculus, 2nd edit., 1946; Stoney, J., Calculus for Engineering Students, 
1919; Taylor, F. G., An Introduction to the Differential and Integral Calculus and Differential 
Equations, 1923; Thompson, S. P., Calculus Made Easy, 2nd edit., 1919; Todhunter, L, 
A Treatise on the Differential Calculus, 1919; A Treatise on the Integral Calculus, 5th edit., 
1878, 1919; Williamson, B., An Elementary Treatise on the Differential Calculus, 7th edit., 
1889 (reprinted); An Elementary Treatise on the Integral Calculus, 8th edit., 1906 (reprinted). 

10. Differential Equations, 

Aircy, G. B., Elementary Treatise on Partial Differential Equations, 1866, 2nd edit., 1873; 
Bateman, H., Differential Equations, 1918; Boole, G., Treatise on Differential Equations, 
1877, and Supplement, 1865; Forsythe, A, R., A Treatise on Differential Equations, 4th edit., 
1914, 6th edit., 1929; Foster, P. F., and Baker, J. F., Differential Equations of Engineering 
and Science, Oxford, 1929; Frank, P., and von Mises, R., Differentialgleichungen der Physik, 
1930; Green, S. L., An Introduction to Differential Equations, 1945; Hitchcock, F. L., and 
Robinson, C. S., Differential Equations in Applied Chemistry, New York, 2nd edit, 1936; 
Hort, W., Die Differentialgleichungen der Technik und Physik, 4th edit, Leipzig, 1944; Ince, 
E. L., Ordinary Differential Equations, 1927; Johnson, W. W., A Treatise on Ordinary and 
Partial Differential Equations, 3rd edit., 1891; Kamke, E., Gewohnliche Differcntialgleichun- 
gen, 3rd edit., Leipzig, 1944; Murray, D. A., Introductory Course in Differential equations, 
22nd impress., 1927; Piaggio, H. T. H., An Elementary Treatise on Differential F.quations, 
6th edit, 1928. 

11. Fourier's Series. 

Byerly, W. E., An Elementary Treatise on Fourier’s Series and Spherical, Cylindrical, and 
Ellipsoidal Harmonics, Boston, 1893; Carslaw, H. S., Fourier’s Series and Integrals, 3rd edit., 
1930; Eagle, A., A I^actical Treatise on Fourier’s Series and Harmonic Analysis, 1925; 
Fourier, J. B. J. de. The Analytical Theory of Heat, transl. Freeman, A., Cambridge, 1878 
(reprint. New York, 1945); Hobson, E. W., The Theory of Functions of a Real Variable and 
the Theory of Fourier’s Series, Cambridge, 3rd edit., 2 vols, 1926-7; Titchmarsh, E. C., 
Introduction to the Theory of Fourier Integrals, Oxford, 1937. 

12. Spherical Harmonics. 

Byerly, W. E., An Elementary Treatise on Fourier’s Series and Spherical, Cylindrical, and 
Ellipsoidal Harmonics, Boston, 1893; Ferrers, N. M., An Elementary Treatise on Spherical 
Harmonics, 1877; Hobson, E. W., The Theory of Spherical and Ellipsoidal Harmonics, 
Cambridge, 1931; Macrobert, T. M., Spherical Harmonics, 1927; Ramsey, A. S,, An Intro¬ 
duction to the Theory of Newtonian Attractions, Cambridge, 1940; Stratton, J. A., Morse, 
P. M., Chu, L. J., and Hunter, R. A., Elliptic, Cylinder, and Spheroidal Wave Functions, New 
York, 1941. 

13. General Treatises on the Applications of Higher Mathematics to Physics and Chemistry. 

Brillouin, L., Notions fildmentaires de Mathematiques pour les Sciences Expdrimentalcs, 
1935; Brown, F. G. W., Higher Mathematics for Students of Engineering and Science, 1926; 
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Chini, L., Lezioni sull’integrazione della equazioni differenziali, ad uso de gli student! di 
Chimica, Livorno, 1921; Cibraria, M., Corso di Matematica per i Chimici ed i Naturalist!, 
Turin, 1937; Courant, R., and Hilbert, D., Die Methoden der mathematischen Physik, Berlin, 
1937 (new edit., 2 vols., New York, 1944); Daniels, F., Mathematical Preparation for Physical 
Chemistry, New York, 1928; Doherty, R. E., and Keller, F. G., Mathematics of Modem 
Engineering, vol. 1, New York, 1936; Eucken, A., Jette, E. R., and La Mer, V. K., Funda¬ 
mentals of Physical Chemistry, New York, 1925, pp. 1-34; Gay, L., Les Math6matiques du 
Chimiste, Paris, 1926; Helm, G., Grundlagen der hoheren Mathematik, Leipzig, 1910; Jeffreys, 
H., and Jeffreys, B. S., Methods of Mathematical Physics, Cambridge, 1946; Margenau, H., 
and Murphy, G. M,, The Mathematics of Physics and Chemistry, New York, 1943; Mellor, 
J. W., Higher Mathematics for Students of Chemistry and Physics, 4th edit., 1931; Partington, 
J. R., Higher Mathematics for Chemical Students, 4th edit., 1931; Riemann, G. F. B., Partielle 
Differentialgleichungen und deren An wend ungen auf physikalische Fragen, edit. Hattendorf, 
Brunswick, 1882, reprinted 1938; Wiillner, A., Lehrbuch der Experimentalphysik, Leipzig, 
1895,1,312; Sherwood, T. K., and Reed, C. E., Applied Mathematics in Chemical Engineering, 
New York, 1939; Sokolnikoff, I. S., and E. S., Higher Mathematics for Engineers and Physi¬ 
cists, 1934, 2nd edit., 1941; Thirring, H. (editor), in Geiger, H., and Scheel, K., Handbuch der 
Physik, 1928, 3. 

14. Method of Least Squares, Computation, etc, 

Chauvenet, W., Manual of Spherical and Practical Astronomy with Appendix on the 
Method of Least Squares [also published separately], Pliiladelphia, 2 vols., 1873; Cox and 
Matuschak, y. Phys. Chem,, 1941, 45, 362 (least squares); Grumpier, T. B., and Yoe, J. H., 
Chemical Computations and Errors, New York, 1940; Deming, Phil Mag., 1931, 11, 146 
(least squares); Egloflf and Kuder, J. Phys. Chem., 1942, 46, 926 (bibl. of theory of errors); 
Holman, S. W., Computation Rules and Logarithms, with Tables of other useful Functions, 
New York, 1896; .lolinson, W. W., The Theory of Errors and the Method of Least Squares, 
New York, 1892; Lipka, J., Graphical and Mechanical Computation, New York, 1918; 
Merriman, M., Method of Least Squares, New York, 1891; Running, T. R., Empirical 
Formulas, New York, 1917. 

15. Determinants and Theory of Groups. 

Burnside, W., Theory of Groups of Finite Order, Cambridge, 1911; Cullis, C. E., Matrices 
and Determinants, 3 vols., Cambridge, 1914-25; Muir, T., Theory of Determinants in the 
Historical Order of Development, 4 vols., 1906-23; Tumbull, H. W., The Theory of Deter¬ 
minants, Matrices, and Invariants, 1928. 

16. Vector Analysis. 

Coffin, J. G., Vector Analysis, New York, 1909, 2nd edit., 1912; Henrici, O., and Turner, 
G. C., Vectors and Rotors, 1903; Runge, C., Vector Analysis, 1923; Shaw, J. B., Vector 
Calculus with Applications to Physics, 1922; Weatherbum, C. E., Elementary Vector Analysis, 
1925; Wilson, E. B., Vector Analysis, New York, 1902. 

17. Calculus of Variations. 

Bliss, G. A., Lectures on the Calculus of Variations, Chicago, 1946; Bolza, O., Vorlesungen 
fiber Variationsrechnung, Leipzig and Berlin, 1909; Carll, L. B., Treatise on the Calculus of 
Variations, New York, 1881, London, 1885; Forsythe, A. R., Calculus of Variations, Cam¬ 
bridge, 1927; Gruss, G., Variationsrechnung, Leipzig, 1938; Jellett, J. H., An Elementary 
Treatise on the Calculus of Variations, Dublin, 1850; idem. Die Grundlehren der Variations- 
rechmmg, transl. Schnuse, C. H., Brunswick, 1860; Todhunter, I., History of the Progress of 
the Calculus of Variations, 1861. 

THE DIFFERENTIAL CALCULUS 

§ 1. Functions 
Suppose that a variable magnitude x (e.g. the volume of a given mass of gas 

at a fixed temperature, jc=®) has a range of values which can be fixed arbi¬ 
trarily, then X is called an independent variable. For each value of x in this 
interval let another magnitude y (e.g., the pressure of the gas, y—p) assume 
one or more definite values, then y is called the dependent variable. The 
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relation between x and y is expressed by saying ^ that is a function of x. If 
there is only one value of y for each value of x, y is called a single valued or 
uniform function; otherwise it is called multi-valued or multiform. By way of 
notation (symbolic representation) the functional dependence is represented ^ 
by y^f(x\ read “ 7 is a function of x:.” Some writers ^ use fx for f(x:), and f is 
often replaced by F, etc. The letters a:, y, z (or immediately preceding ones, 
such as w) or Greek letters 17, ^ (etc.) are generally used for variables, and 
Uy by c (etc.) or a, jS, y (etc.) for constants, although is a common general 
symbol for a constant. The pressure of a gas at constant temperature is a 
single-valued function of the volume Vy the exact form of the functional depend¬ 
ence being given by Boyle’s law: p=:f(v)=klv=^kv~^. The pressure of a fixed 
mass of a gas depends on the temperature 6 as well as on the volume v, i.e./? is 
a function of two independent variables: p=F(v, 0), and in this case Boyle’s 
and Charles’s laws show that if 6 is in "'C.: /?=(/:/z;)(l+ 0/273), where is a 
constant depending on the nature of the gas and its mass. In general, y may be 
a function of several independent variables: j^=f(w, v, w, , . .). In experi¬ 
ments, the dependence of y on each independent variable is found by keeping 
all the others constant. 

If the function can be given in the form j=f(A:), it is called an explicit 
functioHy but if it is in the form f(Xy t)==0, y is called an implicit function of a:. 

§ 2. Continuity 
In Fig. l.I the curve AB runs from start to finish without a break, but CD'DE 

breaks suddenly at the point D', recommencing at D. The curve AB is con- 
tinuouSy whilst CD'DE is discontinuous. If each curve is regarded as the graph 
of a given function: >’=f(A'), then 
two kinds of functions must be ^ 
recognised: (i) continuous func- 
tions, typified by AB, and (ii) 
discontinuous functions, typified 
by CD'DE. 

A criterion of a continuous 
function which expresses ana- , , . , , 
lytically (i.e. in symbols) what ' > 
is shown graphically (i.e. geo- Fig. l.I. Continuity and Discontinuity 
metrically) by these curves reads 
as follows. Let f(A-) be the value of the function when the independent variable x 
has any given value x in the range from Xi to Xi^ and let f(A:+A) be its value 
when X has the value x+hy h being a small increment of a:; e.g. if Xi=0, 

1 The name is due to Leibniz (1692), the definition to John Bernoulli (1718), and the symbol 
fXx) to Euler (1734). For an interesting account of the development of the meaning of 
“ function,” see Hobson, ” Theory of Functions of a Real Variable,” 2nd edit., Cambridge, 
1921-6, 1, 256; Burnside and Panton, “Theory of Functions,” Dublin, 1904-18; Harkness 
and Morley, “ A Treatise on the Theory of Functions,” 1893,51 ;the value ofy must be definite: 
a value of a which makes y infinite is excluded. The independent variable is sometimes called 
the argument of the function. 

2 The letters f, F, etc., are printed in roman type: see the “ Report of a Joint Committee of 
the Chemical Society, the Faraday Society, and the Physical Society on Symbols for Thermo¬ 
dynamical and Physico-Chemical Quantities and Conventions relating to their Use,” 1937, 
obtainable from the three Societies named. 

3 E.g. Greenhill, “ Differential and Integral Calculus,” 1896, 2, and many older authors, 
sudi as Poisson. 

^ The concept and name are due to Leibniz (1687); a “ strict ” definition, given by Bolzano 
(1817), is that used in the text. 

1* 
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jC2=10, let jc=4 and A=s0'01, so that x4-A=4'01. If {(x)^x^, the function 
then has the values 16 and 16-0801. If a value of h, which is not zero, can be 
chosen which makes the absolute value of f(A:+/i)—f(jc) (i.e. its numerical value 
with a positive sign) smaller than any number arbitrarily chosen, but not zero, 
then f(x) is a continuous function of x over the range Xj to X2. It may be that 
the function is continuous for all values of x. 

There are various kinds of functions. Algebraic functions are obtained by 
performing with x and known constants, k, etc., any finite number of operations 
of addition, subtraction, multiplication, division, and extraction of integral 
(whole number) roots, e.g. 2x, x\ ^/x, '^x. If the operations include the 
first four only, the function is called a rational function, and can always be 
reduced to the form F(j:)/f(x:), where F(ac) and f(x:) are rational integral functions, 
each having a finite number of terms of the form Ax^, where ^ is a constant and 
m a positive or negative integer (whole number). The rational integral function 
yi=f(x)=aa+bx, where a and b are constants, is a linear function, since the graph 
of y against x is a straight line. 

A function of jc which is not an algebraic function is called a transcendental 
function, e.g. cos x, or e*, or log x:. These are considered later. 

§3. Limits 
If a variable which changes according to some assigned law can be made to 

approach a fixed constant value as nearly as may be wished, without ever 
becoming actually equal to it, this constant value is called the limiting value, or 
limit, of the variable. ^ 

In the fraction >'=(2x+3)/(x-+l), y is a variable which changes with x 
according to the equation. Divide the numerator and denominator by x: 
y=(2+3/x)/(l + llx). If X is steadily increased, SJx and l/x steadily decrease, 
and if jc increases beyond any assigned value, however great, or as is said, 
“ X tends to infinity ” (denoted by x-^oo), then 3jx and 1 jx both become smaller 
than any assigned values, however small, or as is said, “ tend to zero.” Thus 
the value of the fraction can be made as close to 2 as may be wished by taking x 
sufficiently large. In symbols: (2x+3)/(x+l)->2 when x->oo. By definition 
2 is the limiting value of y when x tends to infinity, or: 

Lim (2x+3)/(x+l)=2. 
X->00 

It should be noted that oo does not denote a definite munber, and it should 
not, strictly speaking, ever be said that anything is “ equal ” to infinity, although 
good mathematicians often write x=*oo, etc,, the meaning being kept in mind.^ 
Zero is, of course, a definite number, and it is strictly correct to write x=0. 
If ? denotes an indeterminate magnitude, the value of which cannot be the 
object of quantitative investigation, then: oo4-<»x=oo, oo —oo=?, nx0=0, 
0x0e*0, nxoosBoo, 0/0=*?, n/0«=<», 0ln=0, oo/Oeaoo, O/ao^O, n/oo*a0, 
oo/«=eoo, oo/ooBs?. These are orders of infinity. The lowest order is the 
enumerable infinity, such as the series of natural numbers, or any set of objects 
which can be enumerated. A higher order is the non-enumerable infinity or 
infinity of the poyeer of the continuum, represented by the number of points in 
any finite portion of a continuum, and immensely larger than the enumerable 
in^ty. 

1 This idea of a limit seems to be due to Wallis, “ Arithmetica Infinitorum,” Oxford, 1656. 
* See de Morgan, TYans. CanAr. Phil. Soc., 1871,11,145 (read 1864; “ On Infinity and on the 

Sign of Equality).” 
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§4. Differentials 
The limitations of elementary mathematics appear in dealing with continuous 

changes. If an object moves with a constant velocity of 10 cm. per sec. (or 
cm./sec., or cm. sec.“^), then after 5 secs, it will have gone 5 x lO—SO cm. Con¬ 
versely, if an object moves with a constant velocity u, this is found by dividing ^ 
the distance s travelled by the time t as u^sjt. If the velocity is not constant 
an average value over a small interval is found by dividing the small distance 

travelled in that instant by the very small time interval S^: u=8sjSt. The 
ratio 8sl8t becomes more accurately equal to the velocity at an instant the nearer 
8t approaches zero. The symbols 8s and 8t do not mean 5 or / multiplied by S, 
any more than log x means log multiplied by x, but are symbols for the very 
small changes, or increments, of s and /. The accurate velocity is the limit of 
8sl8t when Sr-^-O; it is denoted by: 

u= Lim {8sl8t)=dslAt, 
8r->0 

where d^* and dr are called differentials, or infinitesimals. The limiting value of 
the ratio, dsjdt, is called a differential coefficent. Since both 8s and 8t become 
zero together when Sr->0, Bishop Berkeley ^ satirically called them “ the 
ghosts of departed quantities,” but there is no ambiguity in what they mean. 

In the case of the fall of a body from a fixed point, the distance s travelled 
in a time t is given by s^jgt^, where acceleration of gravity. In the next 
very small interval of time 8t, let the fall be through a further small distance 8s, 
making a total fall (.s+S^y) in a time {t+8t): 

(.s+8*y)=|g(r+Sr)2===|gr2+g^Sr+ig(Sr)2. 

Subtract 5=s:|^r2^ therefore 8s^gt8t+^g{8ty. If 8r is very small (e.g. O-Ol), (8r)2 
is of the second order of smallness (O-QOOl), and can be neglected in comparison 
with the other terms, 8s=^gt8t, d.y=grdr when Sr->0, (isldt=gt. 

The velocity at an instant t secs, after the start of fall is thus gxt. It should 
be noticed that the ” neglect ” of the term containing (8/)2 makes the result 
more, not less, accurate, and the retention of differentials of higher order till 
the end of a calculation is a pure waste of time.^ The mathematical concept of 
continuity also appears to be a fiction, since every process occurring in nature, 
whep closely scrutinised, is actually discontinuous, and should be represented 
by differentials which always remain finite. The transition from these to 
“ differential coefficients ” or “ derived functions ” (see below) is a mathematical 
fiction which has no counterpart in physical processes. 

The approximations mth finite small quantities given below should be noted, 
as they are very useful in practice. If a, b, c, d are small compared with unity, 

^ The very convenient solidus notation for division, e.g. sjt, was introduced by Stokes, “ Math, 
and Phys. Papers,” Carnbridge, 1880,1, preface. It is best not used in writing equations, but only 
in printing. 

2 “ The Analyst, or a Discourse addressed to an Infidel Mathematician,” London, 1734; 
in “ Collected Works,” Oxford, 1901,3,44. 

3 Ball, “A Short . . . History of Mathematics,” 1912, 410, quotes Lagrange as saying: 
”... when we have grasped the spirit of the infinitesimal method ... we may employ 
infinitely small quantities as a sure and valuable method of shortening and simplifying our 
proofs.” The usual school-teaching procedure of insisting that dy and dx must never be 
separated in dy/dx, and then freely separating them in more advanced work, including d/dx 
itself as an operator, seems as strange to the audior as it did to Au^stus de Morgan, ” Differ¬ 
ential and Integral Calculus,” 1842, 198. In the case of partial differential coefficients (§ 25) 
the variables must not usually be separated, for if z»=f(x, y), (?zldx)l(pzldy) is not dyjdx but 
—dyidx. 



then (the symbol !=i denoting “ is approximately equal to,” i.e. with approxima¬ 
tion sufficient in the equation in which it appears): 

(1 ±fl)(l i^)(l i;c)(l 1 

(l±fl)(lj:^>). 

(T±c)(l±rf)' 
i\±a±bTcTd 

(\±ayc=i\±na 

[with the special cases: (I±a)^=l±2a, (l±a)^=l±3a, '\/(l±a)=(l±a)'''^c:^ 

l±i-a, i^(l±fl)=(l±fl)''^=il±3^] 
\/{ah)‘:=i\{a+b) 

e'c^l +a 

x^~H-aln X 

\n{\+a)c±a—\a^ 

(where In denotes the natural logarithm to the base e: see § 12). If 1 is replaced 
by a constant, m, the expression is first reduced to one of the above cases by 
division: l/(»i-l-u)=l/(l+u/w)mc:i(l—a/m)/m, etc. 

There is nothing more to understand about a differential or a differential 
coefficient than has been given above, and if sufficient time were available 
it could always be found by this method. An enormous saving of time and 
trouble is gained, however, by learning a few simple rules, which follow. 
Although any multiplication sum can be worked by successive additions, this 
does not justify a neglect to learn the rules of multiplication. In modem works, 
the differential coefficient is often called a derived function or a derivative f but 
the operation of finding it is always called differentiation.'^ 

§ 5. Meaning of Differential Coefficient 
Just as dj/dt in the above example gives the velocity, or rate of change of 

distance with time, so if is a function of x, denoted by j=f(x), the value of 
dj/dx, for a particular value of x, 
gives the rate of change of y with 
X, when x has this value. When y 
is increasing with x, then dj/dx is 
positive; when y is decreasing as x 
increases, then dj/dx is negative. 
When the graph of >'=f(x) is con¬ 
sidered, another interesting mean¬ 
ing of dj/dx appears. 

Let PQ (Fig. 2.1) be part of the 
curve SPQT representing the func¬ 
tion ;;=f(x). Through the points 

o ^ P and Q draw PR and QR parallel 
Fig. 2.1. Gradient of a Curve to the axes, and join PQ. Let 

t See the rigorous definition in Hobson, “ Theory of Functions of a Real Variable,” 2nd 
edit., Cambridge, 1921-6, 1, 330. The name “ derivative ” is due to Leibniz (1677) (“Leib- 
nizens mathematische Schriften,” edit. Gerhardt, Berlin, 1849, 1, 156; see § 56), the symbol 
f'{x) to Lagrange (1797). 

^ Riemann, “ PartieUe Diiferentialgleichungen," 1938,214, has “Derivirten” for derivative, 
i.e. “ the derived.” 
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PRssSx and RQ=:Sy. Then S>^/Sx=:RQ/PR=tan QPR, is the gradient (or 
slope) of the secant PQ. If Q moves along the curve until it coincides with 
P, the secant PQ becomes the tangent PQ' to the curve at the point P, 
and 8x-^; hence the value of 8y/8x becomes dj/dx=RQ7PR, which now 
measures the gradient of the tangent ^ to the curve at P, or (as is said) the 
gradient of the curve at P. If ^ is the angle (measured in radians: see § 40), 
positive when measured counter-clockwise, which the positive direction of the 
tangent line at P makes with the positive direction of the x axis, then: 

d>^/dx=tan <f>. 

Since limit PR/RQ=Iimit 8A:/8;^=PR/RQ'=l/(dv/dA:), therefore dx/d>'=* 
mylAx). 

§ 6. Rules of Differentiation 

The process or operation of finding the differential, or differential coefficient, 
of a given function is called differentiation. Thus, if s^^gt'^, then dslAt^gt is 
found by “ differentiating s with respect to In general, the result of differ¬ 
entiating >'=f(x) with respect to x will depend on the “ form ” of the function. 
Before taking up special forms, some general rules relating to sums, products, 
and quotients of functions will be useful. Suppose u, v, and w are separate 
different continuous ^ functions of jc, which can be denoted by: 

u^fiix), v^fzix), w=^f^ix); 

or u=f(x), z^=F(jc), w=(f){x), etc., 

and let A: be a constant. 

(1) Since the rate of change of k is zero, it follows that: 

dA=0.(1) 

or the differential of a constant is zero. This is often a neater way of showing 
that a quantity is constant than by writing “ k is constant e.g. the condition 
of an isothermal change, in which the temperature 6 is constant, is expressed 
by the equation d0=O. 

(2) Let y^ku be the product of a constant k and a function w=f(x) of x. 
If x changes by 8x, let u change by 8u, Then y becomes >^+87==A:(«+8i/), 
and by subtractingy=A:w it follows that 8y=A:8w; or in the limit, when 8x-^: 

d>'=A:dM.(2) 

i.e. d{ku)^kAu, Division by the increment dx which has produced the incre¬ 
ments du and dy gives: 

dy/dx=k(duldx).(2a) 

The differential of a function multiplied by a constant is equal to the constant 
multiplied by the differential of the function, 

1 Note the distinction between the tangent line PQ' and the trigonometrical tangent of the 
angle <l>, denoted by tan On calculation of tangents to y=^c-^-ax’\‘bx^ by the method of 
least squares, see Gucker and Brennan, J,A,C,S., 1932, 54, 881. 

2 A function which has a differential coefficient, or is “ differentiable,” must be continuous, 
but some continuous functions have no differential coefficient; roughly speaking, if dy/dx is 
interpreted as the gradient of a curve (§ 5), and the curve consists of an infinite number of 
infinitesimally small “ saw-teeth,” its gradient at any point is indeterminate: see Harkness and 
Morley, “ A Treatise on the Theory of Functions,” 1893, 58; Hobson, ” Theory of Functions 
of a Real Variable,” Cambridge, 1907, 264, 620; 2nd edit., 1921,1, 330; 1926, 2, 389. 
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(3) The differential of a sum of functions, hti y^u+v+w-\-. . . 

*'• >’+Sv=(i/+8w)+(2)+S^>)+(vv4-Sh^)+ . . . 

83;=8w+Sz;+S>v4- . . . 

or dj^=dw+dt>+dw+ . . . 

d{u+v+w+ . . .)=dw+d^^4‘dw+.(3) 

or dj^/dA‘=dw/dx+d2;/dx+d>v/dx+.(3a) 

Any of the signs may be negative, when, for example, d{u—v)=^du—dv, etc. 
The differential of a sum of functions is equal to the sum of the differentials of 

the functions. 
(4) The differential of a product of functions. Consider first the product of 

two functions, y—uv, 

y+Sy=(u+Su)(v+8v) 

=uv+u8vw+SwSz) 

8y=wSe;+t;8M+8wSzj. 

The term SuSv is a small quantity of the second order which vanishes in the 
limit: 

/. dys=zd(uv)==^udv+vdu .(4) 

or dy/dx=u(dvldx)+v(duldx) .(4a) 

The differential of the product of two functions is equal to the first function 
multiplied by the differential of the second plus the second function multiplied by 
the differential of the first. 

Ify=zuvw, it is easy to show, similarly, that: 

dy^vwdu+uwdv+uvdw, 

and so on, for any number of functions. (An easier way of obtaining this 
equation is given in § 15.) 

(5) The differential of a quotient of two functions. This is a special case of (4). 
Let yz=zujv, therefore u=^yv^ 

(w+SM)~(y+ST)(^+S^^)^ 

du=ydv+vdy, 
as in (4). Hence: 

dy={du--ydv)lv= [du’—{ulv)dv]lv={vdu—udv)lv^ 

dy=d{ulv)={vdu--udv)lv'^ .(5) 

or dyldx^[v{duldx)—u{dvldx)]/v^ .(5a) 

It would be cumbersome to put this simple result into words. (A simpler way 
of finding (5) is to write and use (4) in conjunction with the rule for 

(where /?= — 1) given in § 7.) 
The notation dy/dx is due to Leibniz.^ Other symbols are y^ y\ or Dy; 

1 The differential method (“ Algorithmo, ut ita dicam, calculi hujus, quern voco different 
tialem **) and notation were explained by Leibniz in a letter to Oldenburg intended for Newton, 
of June 1677 (see “ Leibnizens mathematische Schriften,” edit. Gerhardt, Berlin, 1849, 1, 
154), and published in 1684 {Acta Erudit,, 1684, 467); in 1686 {ibid,, 1686, 292) he called it 
“ caiculo meo differentiali.” He published the integral sign J notation in 1694 {ibid,, 1694, 
364), but It appears in his MS. in 1675 (he did not communicate it to Newton: see “ Leibnizens 
mathematische Schriften,” edit. Gerhardt, 1849, 1,159). Newton referred vaguely to his 
fluxional method in an anagram in a letter to Oldenburg, intended for Leibniz, in October 
1676; he did not publish his method in the “ Principia” (1687): his “ Methodus Fluxionum,” 
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or, if y^f(x), dy/dx is denoted by r(x) or Df(x). Newton used the “ pricked ” 
letter formerly called the fluxion of y, and this is still used for a velocity: 
jc=dx/d/. The symbol d/dx or D may be regarded as an operator which acts 
on the function f(x) to produce the function r(x). 

§ 7. Differentiation of a Power of x 

Let where n may be positive or negative, integral or fractional. If 
y==x^: 

y + Sj; = (x + Sxfl = + 2xSx + (Sx)^ 

dv=*2xdx or dyldx=2x. 
lf>’=A3: 

y+Sy:== (x+Sx)-*+3x2Sx+3x(Sx)2+(8x)^ 

dj’=3xMx or d>^/dx=3x2. 

From these results it could be guessed that when 

d>^=^x”“Mx or dj^/dx=wx”‘"^ 

and this can be proved as follows.^ 

(i) If «is a positive integer, >^=x”=xxx... to n factors, therefore from case (4) 
§ 6: 

dj>=x“ '^dx+ T" Mx+ . . . to/I terms 

d>^=i2x"“Mx or dyjdx^nx^~^, 

(ii) If Az is a positive fraction rfs, where r and are positive integers, put 
x=2^ Then 

.*. d(x’'^^)=:dz^=/*2^“‘Mz. 

But dx=.5z^'"^dz dz^{\ls)z^'~*dx, 

d(x^’^)=irz^~\l/s)dx=={r/s)x^^''^^ Mx=(r/5')x^^^“Mx, 

/. dx”=/zx”~Mx. 

(iii) If « is a negative integer or fraction, put n^—m, where m is positive. 
Then, by (i) and (ii), dx"=d(l/x“), and by the rule for differentiation of a 
quotient, (5) § 6, with w = 1, ^y=x"‘, this is 

(vdu—udv)lv'^= —udvlv^=: —wx”*“V^^"*= — wx“'”*“Mx=/ix”"“Mx. 

(iv) The case when /? is a surd (Latin surdus, deaf), such as \/2 or \/3, is best 
dealt with by logarithmic differentiation (§ 15), writing In y=n In x, where x is 
positive. Thus the formula dx”/dx3=nx”~^ holds for all the above cases. 
This, together with the rules in §6, will serve to differentiate any algebraic 
function (§ 2), F(x)/f(x). E.g. if: 

j=(x2+3x+2)/(x+3) 

put w=x2+3x+2 dw==(2x+3)dx 

and z;=x+3 dz;=dx 

written in 1671, was not published until 1736. Leibniz’s symbols were generally used on the 
Continent, Newton’s were used practically only by conservative English mathematicians. 
(See Love, art. Infinitesimal Calculus, “ Ency, Brit.,” 11th edit., 1910,14, 535; Fleckenstein, 
Experientia, 1946, 2, 262.) 

J Greenhill, ” Differential and Integral Calculus,” 1896,4; Serret and Scheffers, ” Lehrbuch 
der Differential- und Integr^echnung,” 1908, 1, 58; the common proof uses the Binomial 
Theorem (8 33) and assumes its convergency. 
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vdu—udv (x+3)(2jc4-3)dji:—(j:2+3x+2)dx 

^ = (:?+3)2 

If y^ulv^uv~^ 

dyjix == u{dv~^IAx) +t;”^ (d w/dx) = — (w/z’2)(dz^/dx)+(1 /^;)(dw/dx) 

=(zj.di//dx—M.dtj/dx)/z;2, as in (5a), § 6. 

§ 8. Differentiation of a Function of a Function 

Let is a function of x^ which is itself a 
function of x. Put 1 +x'^—u, therefore and, from § 7: 

dj;=d w= 

But dw=d(l+x2)=d(x2)=2xdx, 

/. . 2xdx=(l+x2)~^/^xdx=[x/\/(l+->^^)]dx. 

All cases of this kind may be dealt with by a similar substitution. 
In general, if3;=F(w), where z^=f(x), then: 

dy dF(w) dw 

dx dw dx 

or d;^=F'(w)f'(^)dx. 

Example. y='\/[(l+x+x'^)/(l—x+x^)]. Put l+^+^^=wand l—x+x^=:v, 
therefore dw=(2x+l)dx and d^’=(2x--l)dx. 

y^=ulv 2yAy={vdu—u&v)lv^ from (5), § 6, 

^;dt/=(l —x+x2)(2x+l)dx~(l+x—x24-2x^)dx 

udv=^{\ +x+x2)(2x— l)dx==(— 1 +x+x2+2x3)dx 

^;dw—wdz;=(2—2x2)dx=2(l-~x2)dx, 

2(l-x2)dx (l-x2)(l-X + x2)l/2 

^ 2y(l--X+x2)2 (l+x+x2)^'2^l--x + x2)2 

__1-y^_, 
(i +^ + x2)^/2^1 —X+x2)^^^ 

It should be noted that implicit functions (§ 1) may be differentiated directly. 
E.g. if: 

ax‘^+2hxy+by^+2gx+lfy+c—Q, 

then 2ax+2hy+2hx(dyldx)+2by{dyldx)+2g+2f{dyldx)=^Q, 

from which d>^/dx may be found as usual by algebra as: 

dyldx^{ax+hy+g)l{hx+by+f). 

§ 9. Maximum and Minimum Values 

Certain functions, with continuous increase of the independent variable x, 
either rise to a maximum value and then decrease again, or else fall to a minimum 
value and then increase again. A maximum value of a function for a value 
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is a value algebraically greater than all values in the immediate neighbour¬ 
hood of Xi, and a minimum value is a value algebraically less than all values 
in the immediate neighbourhood of 

Consider the curve y^f(x) in Fig. 3.1, and notice the sign of the gradient or 
slope (see Fig. 2.1) AyjAx as the tangent-line rolls round the crest A and the 
trough C. Let ^ be the angle between the tangent and the x axis (see § 5). 
At a I the tangent-line makes a positive angle (</»>0) with the x axis: 

tan (f>=^6yjAx is positive. 

At A the tangent-line is parallel to the x-axis (<^=0): 

tan <l>=^dyjdx is zero. 

At ^2 the tangent-line makes a negative angle with the x axis (<^<0): 

tan <f)=^dyldx is negative. 

The changes in sign of d>^/djc=tan<^ as the tangent-line rolls round a crests 
corresponding with a maximum value of the function >;=f(x), are [+]->[0]~>[—]; 

Fig. 3.1. Maximum and Minimum Values 

and those when the tangent-line rolls round a trough, corresponding with a 
minimum value of the function, are [—]->[0]~>[-f]. 

Thus, (i) for both a maximum and a minimum value of y=f(x), the value of 
d;;/dx=f'(:^) is zero; and (ii) as x increases through the value for which 3^ is a 
maximum or a minimum, dy/dx undergoes the above changes of sign. 

Example. If 3^=3x2+2x—6, d3'/djc=6x-l-2. For a maximum or minimum, 
d>'/dx:=0, therefore x= — l/3=—0*333... If x=—0*4 (algebraically less 
than —1/3), 

dj;/dx= -(6 X 04)4-2= -04. 

If x:=—0*2 (algebraically greater than —1/3), 

dy/dx^ -(6 X 0-2)4-2= 4-0*8. 

Hence the change of sign is [—]->[0]->[4“], corresponding with a minimum. 
This result is confirmed by plotting the graph of the function >^=3x24-2x—6. 
The principle of the method goes back to Fermat (1638); the discrimination 
between maximum, minimum, and point of inflexion (see below) is due to 
Leibniz (1684). 

It is assumed above that dyjdx or f'(^) is a continuous function of x in passing 
through a maximum or minimum point, but this may not be the case. In 
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B 

Fig, 4J, ABCDEFG is the graph of a continuous function f(jc), with a gradient 
f'(^) which is discontinuous at B, C, D, E, and F. The value of f'(x) changes 
from +00 to —00 in passing B, from — oo to +co in passing C; r(x) changes 

discontinuously from a posi¬ 
tive to a negative value on 
passing D, from a negative to 
a positive value in passing E, 
and at F from one positive 
value to a different positive 
value. In no case does dy/dx 
or f'(x) become zero at the 
maxima B, D, and F, or the 

minima C and E. Such exceptional cases are not often met with, but it should 
be realised that the condition r(x)=0 for a maximum or minimum breaks 
down when fX-^) is infinite or discontinuous. 

§ 10. Point of Inflexion 

If the value of dyjdx does not change sign in passing through the zero value, 
i.e. if the criterion becomes [+]">[0]->[+], or [—]->[0]->[—], the curve 
becomes parallel to the axis at that point, but then continues in the same direc¬ 
tion as at first. At the given point there is a change of curvature^ and the point 
at which this occurs is called a point of inflexion. It is not necessary that the 
tangent-line shall be horizontal 
at this point; in the general 
case a point of inflexion is a 
point where a curve crosses its 
tangent-line. Before it, the curve 
is concave to the x axis, and 
after it, convex (cases A and B, 
Fig. 5.1), or else the reverse (case 
C), and there is no need for the 
tangent to become parallel to the / - z 
X axis (dy/dx=0), as in case A; / 

in cases B and C this does not Piq 5 Points of Inflexion 
happen. 

The consideration as to whether the condition dy/dx=0 corresponds with a 
maximum, a minimum, or a point of inflexion brings in the second differential 
coefficient, or second derivative, of a function, denoted by A'^yjAx^, or ^2* or 

orf"(x). 

§ 11. Differentials of Higher Orders 
The result of differentiating a function of x with respect to x is, in general, 

another function of x, except when the first is a linear function of x (§ 2), when 
the result of differentiation is a constant. The differential coefficient can thus 
usually be differentiated again with respect to x, giving what is called the 
second differential coefficient, and the process may be repeatable to give the 
third, fourth, etc., differential coefficients. These are denoted by: 

s(*)“ <1 •»» j-’ 
d/dM d!>. , „ i’y 
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In function notation the successive differential coefficients are denoted by 
•••/*; orf^x), r"(^), . . . P(a:), the last being sometimes 

written to distinguish it from the «-th power of f(A:). Another notation 
is • • • Jn- Higher differentials were used by Leibniz in 1684 (§ 6). 

If 6x+2, then y"^6x+S, y'"=6, and all 
higher derivations are zero. It is easily seen that l)(m“~2) . . . 
2.1=m! (factorial m) and all higher derivatives are zero. 

Since at a maximum value of y the value of dyjdx goes from a positive value 
through zero to a negative value, its rate of increase with x, that is, dP-yldx^, 
is negative, or d2>'/dx2<0. 

For a minimum^ the change of dyjdx is in the opposite sense, hence 
d2j,ydA:2>0. At a point of inflexion, dyjAx does not change sign, and at that 
point d>^/dx “ pauses ” for an instant, and then goes on with unchanged sign, 
so that d2j/dx2=0; in this case it is not necessary that dy/dx shall be zero, 
although it may be. 

In the example in § 9, y=^3x^+2x+6, dyJdx=6x+2, therefore there is a 
maximum or minimum value of y when x= —1/3. Since d2j/dx2=:6, which is 
positive, the value is a minimum. 

Since dxjdt represents a velocity, or rate of change of position, d^x/dt\ i.e. 
(d/d/)(dx/d/), is a rate of change of velocity, or an acceleration. Hence (§ 6) 
;c=velocity, x=acceleration, the “ pricking ” of the letter in fluxional notation 
denoting differentiation, in this case with respect to time. 

If djdx or D dnotes the operator for acting on f(x) or v to produce f'(x), then 
d^/d.T^ QY etc., denote operators producing f"(x), etc. In the differential 
notation, d(d>’) is denoted by d^v. The reason for writing (dx)^ or dx^ in 
d\v/dx^ is seen by remembering that: 

d>'=f'(x)dx, 

and d^y=d [f'(x)]dx=[f' '(^)dx]dx=f' '(•^)dx2; 

hence r'(^)==d2j/dx2, 

and similarly for higher derivatives, dx being always a constant increment of x. 
It may be noted that, as d^j/dx^ measures the rate of change of the gradient 

d>^/dx, it gives a measure of the curvature of a curve. It will be shown that the 
radius of curvature p (see § 48) of a plane curve is given by: 

/.-[l+(d>'/dx)2]3/2/(d2;;/d;c2), 

and when dy/dx is very small, i.e. the curve is only slightly inclined to the x axis 
(e.g. with a deflected horizontal beam), l/p^d^y/dx^. 

§ 12. The Exponential Function 

In this section a simple working knowledge of the use of logarithms and the 
properties of indices or powers, or exponents, is assumed. In elementary algebra. 
a"* is defined as the product of m factors each equal Xo a: . a. a . . . to 
m factors, where the index m is a positive integer, and a is any positive or nega¬ 
tive, integral or fractional, quantity. It is then shown that if m and n are 
positive integers: 

a”Xa”=c’"^".(1) 
a“/a"=a”-».(2) 

(a")’'=a*’' .(3) 

(abT=d"b’*.(4) 

{aibT=crnr.(5) 
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If these results are assumed to hold for fractional, zero, and negative exponents: 
.(g), 

where m and n are positive integers, 

.(7) 

a“'«=lK .(8) 

Ostwald 1 proposed to write powers of 10 (a=10) by giving the exponent in 
brackets: 3x 10io=3(10), 0-0008 = 8(--4), but this has not been adopted. 

Any function in which the independent variable x is in the index (or exponent) 
is called an exponential function^ the general type being (f, where a is a constant: 

If is a fixed positive quantity greater than unity, then if x ranges from —oo 
to +00, y will range from <2“" = l/a*=0, to a®® = + oo. If a series of indices x 
and powers a^=^y are tabulated for a given fixed value of a, then the indices 
constitute a table of logarithms of the corresponding numbers in the table of 
powers, a being called the base of the logarithms. 

Every positive number N can be expressed as a power of some other fixed 
positive number a, viz. +N=^d"\ where x may be positive, negative, integral or 
fractional. If a=10, then N—W, when x is called the logarithm to the 
base 10 of A, or the common logarithm of N\ i.e. x is the power to which 10 
must be raised to give and x=logio Tables of logarithms to the base 10 
were published by H. Briggs in 1617. Multiplication is then equivalent to 
adding logarithms, and division to subtracting them, as is easily seen. 
E.g., 15=101-1761 and 28 = 10i-'^^72 therefore 15x28=10i-i76ix 10‘-4472= 
10M761+i*4472== 102-6233. jhe number of which 2*6233 is the logarithm is 420, 
i.e. 102*6233=420, hence 15x28=420. 

Instead of a=10, any other positive number could be taken as a base for a 
table of logarithms, which would then be different from the common log¬ 
arithms. If a=2*718281828...=e, JV=(2*718281828...)^=e^, and x=loge N. 

A “ logarithm to the base e ” is called a natural, or a hyperbolic, or a Naperian 
logarithm (after John Napier, 1550-1617, who in 1614 used logarithms closely 
related to these, approximately to the base 1/e); the symbol e is due to Euler, 
who also introduced the general use of the symbol tt in the same year, 1739. 
Besides the symbol log^, it is sometimes written “ Ig,” or (by mathematicians 
only) “log”; but the most compact symbol is that proposed by Ostwald,2 
viz. In, which will be used consistently. 

Since A^=lO^«i«^=e*“^=(2*718281828...)‘"^ and 2*718281828..., or e, 
is less than 10, it follows that In N is larger than logio N, For all values of N 
the two logarithms are in a constant ratio. 

Let log, N=^A and log^, N=B, a and b being the bases of two systems of 
logarithms. Then N=a^^b^, a=b^‘^, .*. log^ a=l=log, 6^'*^= 
(B/A) log, b, log, 6=.4/5=(log, A^)/(log^ N), .*. log^ N^logt Nx log^ b. 

Let a = 10 and i=e, then log lo N= In iVx log joe=In x logio(2 *718281828..,) 
=ln iVx0*43429448.... This number is denoted by fi, hence logio N—filnN, 

1 Z.phys, Chem., 1910, 71, 128. 
2 “Lehrbuch der allgemeinen Chemie,” 1893, 2, 491. Tables of e*: Newman, Trans, 

Camhr, Phil. Sac., 1877, 13, 145; 1883, 14, 237; Glaisher, ibid., 1877, 13, 243; Partington, 
“Higher Mathematics,” 1931, 273; Burington, “Handbook of Mathematical Tables and 
Formulas,” Sandusky, Ohio, 1941, 240; “Handbook of Chemistry and Physics,” Chem. 
Rubber Publishing Co., Cleveland, Ohio, 1941, 139. Table of e"”*: Gruner, Jahrb. Radioakt, 
Elektronik, 1906, 3, 120. 
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or In iV=(l//x) logio A^==logio 2*3025851.... The values /x=0*4343 and 
l//jt=2*3026 are usually sufficiently accurate, and should be remembered, A 
short table of values of e^ and of In jc is: 

X 0 0*25 0-5 1-0 1-5 2-0 30 ' 4-0 5-0 10 

10 1-284 1-649 2-718 4-482 7-389 20-086 54-59 1484 22026 

e-^ 1-0 0-779 0-607 0-368 0-223 0-135 0-0498 0-0183 0-0067 0-0445 

In X — CO -1-386 -0-693 0 0-405 0-693 1-099 j 1 -386 1-609 2-303 

lOgioA — CO -0-602 -0-301 0 0-176 0-301 0-477 0-602 0-699 1-000 

Such special tables are unnecessary, since values of e^ (and e~^=l/e^) and 
In X can be found from ordinary logarithm tables as follows. 

Let Then ln:F=2*3026 log j, log j=0*4343 In;^, and the multiplica¬ 
tion can be performed by logarithms. Taking x as the given number, multiply 
it by 0*4343 and find the number (anti-logarithm) corresponding with the result. 
This is the value of e^. E.g. to find find (by the use of logarithms) 

that — 5 *460 x 0*4343 = — 3 *054=4*946. Anti-logarithm 4 *946=0 *0008831, 
therefore e“5*46o~o-0008831. The reader is advised to draw the graphs of 
e^, e^^' (== 1 /e"^'), and In a* from the table. 

§ 13. Differentiation of the Exponential Function ^ 

Let 

Since 1 is a function of a and dx, and vanishes when dx=0, it may be 
assumed to contain dx as a factor and to be of the form ^dx, where .4 is a func¬ 
tion of and hence a constant, which is to be determined. Hence: 

d(ay==cfAdx.(1) 

The value of A is determined by that of a. Choose a value of a which makes 
>4 = 1, and denote this value of a by e. Then e^ is usually called the exponential 
function, and: 

d(e^)=e^dx or de^/dx=e^.(2) 

The fundamental property of the exponential function is that its derived function 
is equal to the function itself It must now be shown that the value of e is, in 
fact, 2*718281828..., as given in § 12. It is assumed, and justified later in 
§ 33, that e^=f(x) can be represented, to any desired degree of accuracy, by an 
infinite series of integral positive powers of x, or (mathematically expressed) 
that “ e* can be expanded in an infinite power series 

...  (3) 

It is also assumed that differentiation of e^ is equivalent to differentiation of 
this series term by term (which is not generally true for any infinite series): 

d^/dx=«i+2<af2^+3a3x2-f-.(4) 

* The treatment in Lodge, “ Differential Calculus for Beginners,’* 1905, 54 f., is followed. 
It seems to date from de Morgan, “ Differential and Integral Calculus,” 1842, 56, 75. It is 
easily made ” strict,” and is much to be preferred to the usual method involving the use of the 
Binomial Theorem: see Lamb, ” An Elementary Course of Infinitesimal Calculus,” 3rd edit., 
Cambridge, 1927, 72 f. 
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Since by (2), the two series (3) and (4) are identical, and coefficients 
of like powers of .r in them are equal: 

/. ^2=2^1. etc. 

Since e^=l when a'=:0, by (7), § 12, it follows from (3) that hence flfi = l, 
^2=2» ^3=1/3.2, etc. 

If the continued product 1 . 2.3.4 . . . w is denoted by \n^ or n! (read ^ 

“ factorial n ”) it follows that: 

e^=:l 4-x+a‘^/2!+.v^/3!+:^'^/4!+ . . . +.x7r!+ . . . to infinity . . (5) 

This exponential series was published by Newton in 1669. Put 1, then: 

11 1 1 
^ ^ 1 j 2 ^ 12 3 1 2 3 4 ^ 1 2 3 4 5 • • • 

=2+0-5+0-1666+0-0417+0-00833+ . . . 

The value correct to nine places of decimals is 2*718281828, i.e. 2*7 (a part 
which must always be remembered) followed by the figures 1828 twice repeated. 
Thus, e is the same as the base of natural logarithms in § 12. 

To find A in (1), let therefore and b=]n a, 

d^r^=d(e^’^)==e^M(fe.T)==/;e^^d.v==ln a . 

so that A=^\x\ a. Hence: 
(\(fz=za^ In ^7 dx .(6) 

From the series for e^': 

e" = l+x/l!+x2/2!+x3/3!+ . . . 

that for is found by putting bx for x and writing a=e^ A=ln a. Hence: 

a^=l+(l/l!)xlna+(l/2!)x2(lnr/)2+(l/3!)x3(lna)3+ ... (7) 

In the author’s experience, many students find difficulty in working with 
exponential functions (which are neglected in school mathematics). They 
should remember the following Rules: 

(i) The function e^ is like the ordinary of elementary algebra except that 
a now has a particular value e, equal to 2-718281828 . . ., and m instead of a 
constant number is a variable number, x. 

(ii) A logarithm to the base e is like a common logarithm, except that its base 
is e instead of 10, and since e is less than 10, the logarithm to the base e is larger 
than the common logarithm; it is 2-3026 times the latter. This should always be 
remembered; the “ common ” or “ vulgar ” logarithm is “ meaner ” or smaller 
than the natural logarithm. 

(iii) The reason for choosing the base e is that the result of the differentiation 
of e* by X is to be itself. Thus, if f(x)=e^ df(.v)/dx=f(x), i.e. the function 
e^ is increasing with x at a rate equal to itself. In general, a function increases 
with X at a rate proportional to itself, the factor of proportionality being In a. 

(iv) Any expression involving a logarithm may be converted into one involv¬ 
ing an exponential function, or vice versa. For, if y=e^ then ln;^=x, and if 
n=f(x) is put instead of x, viz. y=e”=e^^"^, then ln;7=«==f(x). 

Thus the rule is: to convert a logarithmic expression into an exponential one^ 
drop the In and raise the other side of the equation to an exponent of e. This 

1 In writing, factorials are always denoted by [n, and this is used in some books. The 
notation n\ is due to Kramp. 
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applies however complicated the function may be. With long or complicated 
exponents e“ or e^^^^ may be written exp u or exp[f(x:)], read ‘‘ exponential 
function of u [or of f(x) ],” and having exactly the same meaning. The nota¬ 
tion ^ ln~i27 for e“ is little used. 

A function which has been used ^ to represent many physico-chemical 
processes is: j—^Z—X/Cl + Ce^"^, where d, K, C, and r are constants. 

The Gomperz ^ function: has been used in statistical investigations, 
(v) A constant k can always be represented as /:=e'', where A is another con¬ 

stant. For example, the ordinary equation for a unimolecular reaction is 
\n[al(a--x)]=^kt, where concentration at time t=0, ^7—x=concentration 
after a time r, and k is the velocity coefficient, a constant. Put a=Co, 
the two concentrations, then: 

la(cQlc)=kt Colc=e^\ r/co=l/e^^=e"^^ 

c=roC *'.(8) 

The two equations express exactly the same result. By differentiation with 
respect to time (if necessary, put kt=u): 

dc/d/=d(coe~*0/d^ 

= —■kcQO~^^= --kc, 

which shows that c is decreasing at a rate proportional to itself, which is the 
law of mass action for a unimolecular reaction. If cq is put equal to e\ equa¬ 
tion (8) can be written: c=e^“^. 

The exponential function represents what Lord Kelvin called the Compound 
Interest Law, in which a magnitude is increasing at a rate proportional to itself. 
The most general type of exponential function of one independent variable 
X is where k and yo are constants. Since e^^=l, y^ is the value of y 
where x=0 (i.e. y^ is the initial value of 3^). By differentiation: d3^/dx= 
ky^fi^^^ky, therefore (l/>^)(dj^/dx)=^, so that k is the proportional rate of 
increase of y with x, 

§ 14. Differentiation of a Logarithm 

Lety=lnx, x=e^ .*. dx^&'dy^xdy dv/dA's=l/.Y, or: 

d In A7dx=l/x. 

This result is of the very highest importance, and must be carefully remembered. 
If y=ln i/, where w=f(A:), dlnw/dw=l/w, therefore d In w=dw/i/. But dw= 
df(x)dx=f'(A-)dY: 

.'. d in w/d.Y=d In f(Y)/dA:=f'(x)/f(A'). 

This result is also of great importance: it shows that if an expression obtained by 
differentiation of a function is of such a fractional form that the numerator is 
the differential coefficient of the denominator, the original function differentiated 
was the logarithm of the denominator (with, possibly, a constant added, which 
disappears in differentiation, since d In /:=0). 

1 Oreenhill, “ Diffbrential and Integral Calculus,” 1896, 57. The use of exp u instead of 
e«, when m is a concise expression, is generally considered pedantic. 

2 Reed and Berkson, /. Phys, Chem,, 1929,33, 760. 
3 Gonq)erz, Phil, Trans,, 1825,115, 513; de Witt, Ind, Eng, Chem., 1943,35, 695. 
4 Art. Elasticity in ” Ency. Brit.,” 9th edit., 1878; “Math, and Phys. Papers,” 1890, 

3,27. 
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§ 15. Logarithmic Differentiation 

The differentiation of an expression containing products or powers of func¬ 
tions is often much easier if logarithms are first taken and the sum of the 
logarithms then differentiated. Let y^uvw^ 

In >^=ln w+ln i^+ln w, 

d>y>'=dw/w+dz;/«;+dw/w, 

Ay=^yAulu+yAvlv+y&wl\i 

=^vwAu+uwAv+uvA w, 

a result found with more difficulty in § 7. 
If y=x^\ then lnj=/jlnx, therefore Ayly^nAxjx, therefore AylAx^nyjx^^ 

as found in § 7. 

§ 16. Two Important Limits 

It is required to show that: 

(i) xe^^ when x->oo, i.e. Lim is 0; 
JC->00 

(ii) X In X when x->0, i.e. Lim x In x, is 0. 
x->0 

In (i), when x->oo, e~^=l/e^->l/oo->0, and the function assumes the inde¬ 
terminate form 00 xO (see § 3). In (ii), when x-^, In x->—oo (see § 12), and the 
function assumes the indeterminate form — ooxO. Finite limiting values of 
both functions can, however, be found by the following rule {UHopitaVs 
theorem, 1696). If ujv is the ratio of two functions of x, both of which are 
0 or 00 when x=a, the value of ujv when x=a (i.e., an indeterminate form 
0/0 or oo/oo by direct substitution) is given by differentiating u and v with 
respect to x, and then putting x^a in the ratio (dw/dx)/(dz;/dx). In the first 
case, when x=a, w=0, and z;=0, and when x==flf+dx, w=0+dw, and v^Q+Av. 
Hence the limiting value of ujv when dx-^O (i.e. x->a) is the value of AujAv, 
or (dw/dx)/(dz;/dx), when x^a. In the second case, write ujo as (l/?;)/(l/w) 
and proceed as above. 

(i) xe~^=x/e^=w/z;; thus dw=dx and dz?=e^dx, therefore dw/dz;=l/e^ and 
when x->oo this is zero. 

(ii) X In x=ln x/x~i=w/«;; thus du=d In x=dx/x, and di;=d(x”^)= —x'^dx, 
therefore ujv^AulAv^^—x, and when x=0, this is zero. 

THE INTEGRAL CALCULUS 

§ 17. Integration 

The Differential Calculus provides a process, called differentiation, by means 
of which the rate of change df(x)/dx of a function f(x) of x can be found. The 
Integral Calculus provides a means, called integration, by which the original 
function is recovered if its rate of change, or differential coefficient, is known. 
Integration thus involves “ the memory of differentiation,” ^ and it depends 
more on skill than on rules. Newton, who called a differential coefficient a 
“ fluxion,” called its integral a “ fluent.” 

The symbol d/dx or D denotes an operator which, acting on the function 
f(x), with or without an additive constant C, produces the derived function 

I De Morgan, Trans, Cambr, Phil, Soc,^ 1844,8, 188. 
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i.e. if 7=f(x), AyjAx=^I>y=^f\x), therefore d>^=r(jr)djc. Evidently also 
d(y+C)=dy=!=r(x)dx, where Cis any constant. 

Integration is denoted by the symbol J (the old form of the small letter s), 
and, since y+C=^Jf'(x)dx, it may be regarded as the inverse of dijferentiation. 
Alternatively, integration may be regarded (see § 20) as a process of summation 
(as originally by Newton): y=^Edy=^E{\x)dx, where, instead of 2iddmg finite 
quantities, to which the symbol S properly applies, infinitesimal values of dy are 
added, which approach the limit zero, when 2Y'(A:)d.v passes into /f'(;c)cbr. In 
this case, C is the value of y for any particular value of jc, say Xq, i.e. the initial 
value of y or f(x), and the integral ldy=/f'(A:)dx then adds on the increase of 
y as X increases from xq to x. This is denoted by: 

f f'Mdx .(1) 
J A'O 

and is found by subtracting the value of the integral for x=^Xq from the value 
for x=x, the constant C thus disappearing. The values x^ and x are called the 
limits of the integral, and an integral with two specified limits is called a definite 
integral, since the indefinite constant C (corresponding with an unspecified 
lower limit Xq) has disappeared. (The word “ limit ” is used here in a sense 
different from that in § 3.) 

An integral without limits of integration (such as those shown below, and 
in § 18) is called an indefinite integral. An integral with a specified lower 
limit but an unspecified upper limit is sometimes called a corrected integral. 
The name “integral” is due to James Bernoulli (1690), the process and the 
sign J are due to Leibniz (1686; see § 6). 

If any expression to be integrated can be put in the form dw, where w is a 
function of x, the integral is u+C, If this cannot be done, but a series of 
numerical values of y corresponding with values of x is given, an approximate 
value of the integral can be found graphically or by applying certain rules (e.g., 
Simpson’s rule) given in the text-books. The name “ definite integral ” is often 
used (e.g. by Riemann, “ Partielle Differentialgleichungen,” 1938) for those 
integrals which can be evaluated only between certain definite limits, and the 
indefinite integrals of which cannot be found. Examples of these are given in 
Section III. 

The following General Theorems on Integration follow at once from the 
General Theorems on Differentiation in § 6. Let u and v be functions of x 
and k a constant. Then: 

ikdu=kfdu=^ku+C.(2) 

l{du+dv)^id{u+v)=^u+v+C.(3) 

Jd(w)== l{udv+vdu) .(4) 

.*. fudv=uv^jvdu+C.(5) 

§ 18. Some Important Integrals 
The following special results of integration follow from the previous results of 

differentiation. 
From § 7: 

+c . . . . . (1) 

except when]^n= — 1. 
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From § 14: 
/jc“Mx=/dx/A:=/d In J!-=ln x+C .(2) 

Equation (2) can be found as a special case of (1) as follows. From (7), § 13: 

{a’‘—\)lx=\na+\x(}nay+ . . . 

Change a to x and x to n, then when n approaches zero: (a:"—l)/«=®ln x. 

Put y=(xla)~”, where a is an arbitrary constant, then: 
/*x f^x 

I ^><Ja*=: j (A-/^7)””'d.v= I {xjaY^o^ixld) 
J ii J a J a 

a 

I— 

a 

l-m a 

1 —m 

Expand as above, putting xja^x, therefore «==1, and l--7w=w, then when n 
approaches zero, or w approaches — 1, the integral becomes In x. 

From § 13; 
Je^dx=Jd(e^)=:e’^+C.(3) 

To find the integral of e“'\ where a is a constant, put ax=M and see § 8: 

d (e^^)=ae“'Mx, .'. c'^dx=(1 /a)d (e“^) 

Je“^dx=(l/a)Jd(e^)=(l/a)e“^+C.(4) 

!Q~^dx^ --Jd(e~0= -e'^^+C  (5) 

Je““Mx=(l/a)Jd(e““^)=-^(l/a)e"°-^+^  (6) 

The two following integrals are found by writing x+a^u and {a—x)=v, when 
dwsadx and dv^ —dx: 

C dx Cdu 
.... (7) 

^=—lnw+C=—In (a—a:)4-C ... (8) 

Useful Tables of Integrals ^ are available. The integration of various algebraic, 
exponential, and trigonometrical expressions usually involves a previous 
reduction to a standard form, this generally requiring skill which is acquired 
only by working many examples found in the regular text-books. As G. A. 
Gibson said:^ “Most of the difficulty beginners find in integration is due 
to a deficiency of power in . , . elementary algebraic and trigonometric 
transformations.” 

§ 19. Integration by Parts 
Equation (5), § 17: 

ludv^uv’-^vdu+C.(1) 

is the basis of the very important method of integration by partsy due to Leibniz 
(the idea goes back to Pascal, 1659), which is used when it is possible to pick out 

1 Bierens de Haan, “Nouvelles Tables d’lnt^grales Ddfinies,” Leyden, 1867; Pierce, “A 
Short Table of Integrals,” Boston, 1910; Dwight, ” Mathematical Tables,” New York, 1941; 
Dwight, “ Tables of Integrals and other Mathematical Data,” New York, 1934; Burington, 
“Handbook of Mathematical Tables and Formulas,” Sandusky, Ohio, 1941. Chapter vii 
on Integration in General in Greenhill’s “ Differential and Integral Calculus,” 1896, 383 f., 
gives a good selection of standard forms and methods. 

^ “ An Elementary Treatise on the Calculus,” 1933, 296. 
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of the expression to be integrated a factor which is recognised as the differential 
of a function. 

E.g.: fx^Q^dx. 

By inspection, de“^=(l/a)d(e^, from (4), § 18, 

dv=Q'^^dx and u=x^ are chosen for (1). 

Then, t;=(l/a)e“^ (the constant C is added later), and dM=2A:dx, 

Jx:VMx=(l/a)xV^-(l/a)Je‘^. 2xdx+C, 

To find the integral on the right, put dv=t^dx and m=2x, 

2;=(l/a)e“* and dw=2dx 

J2xe®^dA'=(l/a)e®^ . 2x:—(2/a)/e°^dx 

=(2/a)e“'*^x—(2/a^)e“'^ 

jA:2e“^dA'=(l/a)x^e“'‘^—(2/a).Ye“^+(2/a^)e“‘^ 

=(e“^7a)(:jc^—2a:+2/oc)+C. 

The rule is that one factor is integrated and the other differentiated, and after 
some practice, the successive steps can be written down at once. 

An important special case is Jin x . dA:. Integrate dx and differentiate In a: 
(giving dxjx): 

/lnxdx=A‘lnx—Jxd(ln A:)=A:ln A:~Jdx 

=.Tln X’-x+C. 

Values of the so-called integral logarithm, li a = Jdx/ln x, are tabulated by 
Ekholm.' 

§ 20. Definite Integral as the Limit of a Sum 
An important meaning of a definite integral is that of a limit of a sum (§ 17), 

e.g. a sum of infinitesimal strips giving the value of an area. In Fig. 6.1, let 
PQ represent j=:f'(x) and divide the area under PQ into a large number of very 
narrow strips, each of width dx. Each 
strip is approximately ^ a rectangle of 
area ydx=f'(x)dx. The whole area 
between the curve PQ, the ordinates j^o 
and and the axis of x is the limit of 
the sum of all the strips when the width 
of each strip becomes vanishingly small, 
i.e.^: 

Cxn 

area— f'(j£’)dx=f(x„)—f(jCo)> 

where f(x) is the function from which 
f'(x)dx is formed by differentiation. 
Actually, the area of each strip is re¬ 
placed in the sum by: 

f' (A:)dx=f(x -b dx)—f(x) 

1 Arkiv Mat. Astron. Fys., 1908,4, No. 29. 
2 The top of each strip is bevelled oif to the shape of the curve, but the fragment of the 

rectangle missing is so small compared with the rest that it is quite negligible, and becomes 
accurately zero when dx, the width of the strip, tends to the limit zero. A symbolic “ proof ’* 
of this is merely clothing the idea in mathematical dress. 

3 The notation is due to Fourier; on graphical integration, see Runge, Z. techn. Phys., 
1924,5,161. 

Fig. 6.1. Definite Integral as Limit 
of a Sum 
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and on adding all these contributions, only the difference between the final 
value and the initial value, f(xo), remains, all the intermediate values can¬ 
celling with opposite signs. Since integration finds the values of areas, including 
“ squaring the circle,” its old name was quadrature. It should be noted that the 
value of an integral can be found graphically by plotting ('(x) against .v and 
counting the squares on the graph paper, or cutting out the figure and weighing. 

Besides areas, the definite integral can sometimes be used in Ending volumes. 
The following example shows this and also 
brings in some additional notation used with 
integrals. 

Example. The parabola y=^2x—x^ (Fig. 7.1) 
is rotated about a line AE through its vertex. 
Find the volume of the parabolic hill between 
the curve and the plane containing the .v axis. 
The parabola is symmetrical about the ordi¬ 
nate AE (T=i) at x=l. The volume can be 
found in two ways. 

(i) The circular slab method.^ Imagine the 
solid divided into thin circular slabs or slices 
by planes at right angles to AE, a section being 

shown by PQQ'P'. Let the coordinates of P be (x, y) and those of Q be 
(jc+dx, y+dy). The volume of the slab (neglecting infinitisemals of higher 
orders, due to the slight slope of its boundary) is (since d>^=(2—2.Y)dA'): 

7r(PR)2 . RS=7r(l -a)2 . dy==7T(l-x)^ . (2~2.Y)dA 

=27r(l—A)^cb:. 

The volume V of the paraboloid is the sum of the volumes of the slabs and is 
got by integrating between the limits a=0 and a= 1 {not a=2), 

V=2njy-xy6x. 

Put (1 — a)=z .’. dA= —dz. The limits of integration must always be suitably 
adjusted when a new independent variable is introduced, and in this case when 
A=0, z=l, and when x=l, z=0; 

Volume of a Paraboloid 

F=-27rJVdz. 
Interchanging the upper and lower limits changes the sign of a definite integral; 
if Iq and Ii are the values in the present case for z=0 and z=l, the integral 
above is —(/o—/i), which is equal to (/i—/o); 

V=27r!\Mz==27T i 
Jo L 

where the square brackets mean that the value inside for z=0 is to be sub¬ 
tracted from the value for z= 1; 

F=27r(J—0)=7r/2 unit cubes.^ 

(ii) The hollow cylinder method. Strips such as PQNM revolved about the 
vertical axis AE form a number of thin hollow cylinders, the limit of the sum of 

1 The idea goes back to Archimedes. 
2 The enthusiast in “ dimensions ’* (see §11.11) will be interested in seeing that the number 

TT here seems to have the dimensions of volume. It has been gravely asserted, Trans. Faraday 
Soc,f 1940,36, 139, to have other “ dimensions.” 
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the volumes of which is the volume of the paraboloid. The volume of the 
cylinder is: 

27rPR . PM . MlSi^girth>iheighty. thickness 

=27r(l—jc). p.x—x'^), dx 

=1tt{1x—3x2 ^ x3)dx, 

F=27rf (2x-‘3x2+x3)dx= [27r(x2—x^+ix"^ =7r/2, as before. 
Jo L Jo 

Example. (This uses trigonometrical material discussed later.) To find 

j . dx, put x=fl sin then dx=a cos <f>. dcf). When x=0, sin </»=0, 
Jo 
therefore the lower limit remains 0; but when ^==^77, x=a (since sin ^-77=1), 
and the upper limit must be changed from a to Hence: 

Jo 
-x2).dx 

rnll p/2 

= \/{a^'-a^s\n^(l>).acos(l).dcl)= <3\/(l — sin2^).acos^.d^ 
Jo Jo 

^77/2 rn/2 

= ^2 ^ 1 (1 -f cos2^)d^ from (10), § 41 
Jo Jo 

Cri/2 n TtH 
I d(l>+^a^ cos 2^ . d(/> 
Jo Jo 
Cn/l ^n/2 

=^(72 d</>4'2^^ id(sin 2(/>), from (1), § 42 
Jo Jo 

=i^2|^Jo +i:772|^sin2<^J^ =77^72/4, 

since sin 0=0 and sin 77=0. 
This is the solution of “ squaring the circle,” the latter being defined by the 

curve x2+j^2==^2 (^== radius), therefore y=\/(a'^—x^). If y is integrated from 
0 to a, a quadrant of the circular area (also swept p 
out by the radius revolving from 0 to |7r=90'') is 
found, hence the whole area is 77772. 

If the equation of the circle is given in polar / \ \ 
coordinates (Fig. 8.1): r=277cos0, the area is / \ \ 
given by letting the radius vector r move from the y\e \\ 
direction OP' to the direction OP, i.e. over the ^ ---^ 
angle from —^ to the angle + jtt: \ I 

l*nJ2 rnJ2 \ / 
ir2d0=2n2 cos2 0.d0= \ / 

J -rr/2 J -W2 
M2 -- 

772 (l+cos20)d0=77a2, P' 

^ Fio. 8.1. Area ofthe Circle 
the area of any small triangle between two posi¬ 
tions of r making an angle of d6 being ^(height) x(base)=^r . rdO, very nearly 
(§8.111). 

It should be noted that the value of a definite integral is determined by its 
limits, so that the particular letter used to denote the variable is immaterial. 

r 
Thus, the integral J zMz used in the first example could have been written 
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/•O ro ^7r/2 

I x^dx or I yMy, and the integral I cos 2<^ . in the example above could 

^ ^ 
have been written cos 2a: . dx, etc. 

Jo 

§ 21. Some Properties of Definite Integrals 

The following properties of the definite integral are very important. 

j: f(.v)dv (1) 

since if jf(x)d.x=F(x), the first integral is F(ft)—F(a), and the second F(a)-~F(Z>). 
This implies that a sign must be attributed to an area: if it is traced out in the 
direction of increasing x it is positive, if in the direction of decreasing x it is 
negative. 

rc 

f(x)dx= f(A)dx4- f(.x:)d.Y .(2) 
J a J a J b 

This result is obvious; it merely implies a temporary pause somewhere in the 
work of adding the elements of the integral. 

If the area lies wholly above or below the x axis, and f(.v)=f(—jr), i.e. f(x) 
is an even function of x (like x^), then (Fig. 9.1); 

the area represented by the first integral being bisected by the axis. 
If the area lies partly above and partly below the x axis, and f(x-)= — f(—a:), 

i.e. f(x) is an odd function of x (e.g. x:), then (Fig. lO.I): 

the area above the x axis being equal to the area below it. 
If part of the area lies above and part below the x axis, the total area repre¬ 

sented by the integral is the sum of the areas above the axis less the sum of the 
areas below the axis, the separate areas being found by separate integrations 
between the appropriate limits. .(5) 

If the curve forms a closed loop (or cycle), or several such loops (Fig. 11.1), 
each loop traced out clockwise encloses a positive area (the area under the upper 
curve being numerically greater than that under the lower curve, and the area of 
the loop being the algebraic difference of the areas), and if traced out counter¬ 
clockwise it encloses a negative area. It should be noted that this is not a 
“ convention,” like the sign of an angle, but is a necessary result. . . (6) 
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§ 22. Multiple Integrals ^ 

In Fig. 12.1 let y=^f(x) and let x and x+dx be the jc-coordinates of P and Q. 
Thus NM=dx. The area of the strip PQMN in the limit is ydx. The area 
ABDC is Jj^djc=Jf(;c)djc, taken between the limits of x corresponding with 
A and B. Suppose this cut from the paper, and let a be the mass of the paper 
per unit area, then the mass of the figure is 
crJf(jc)dx. If, however, the mass per unit area 
varies from point to point, so that ct is a func¬ 
tion of the position of a point, or a=^(x, j^), 
this process fails. Now take a small rectangle 
fgkh of height dy on the strip; its mass is 

(7dxd>’=^(x, >>)dxdj^, 

the values of x and y in <f>(x, y) being the 
average values over the very small area fgkh. 
The mass of the strip PQMN is 

y)dx]dy= U4>(x, j)d>’]d.v, 

the integration being with respect to y, with p,g. 12.1. Representation of a 
:!c (and hence d.v) kept constant, the limits of Surface Integral 

y being 0 and the ordinate of P. The mass 
of the area ABDC is now found by adding the masses of all the strips, which 
corresponds with an integration of the above with respect to x from x=xi 
to x=X2, y being now supposed to vary in the first integral from its value 
yi corresponding with A, to its value y2 corresponding with B. The whole 
mass is thus: 

I [ f <f>(x,y)dy dx. 
Jx'i ^>-1 

This is a double (or surface) integral, and the standard notation ^ is: ny;. 

^(x, >^)dxd>'.(1) 
^'1 

which indicates that (/>(x, y) is first integrated with respect to y from y^ to y2, 
keeping x constant, and the result (which is now expressed in terms of the limits 
of y, i.e. constants, and the variable x) is then integrated with respect to x from 
Xj to X2, keeping j constant. 

If a third (z) axis is added, in a direction forward from the plane of the paper 
in the so-called right-handed (or “ English ”) system (used, since Maxwell’s 
time, in all physical discussions),^ then it is possible to represent a volume by a 
volume or triple integral. The volume of an elementary parallelepiped ^ 

1 See e.g. Sokolnikoff, “ Advanced Calculus,” New York, 1939,130. 
2 The notation varies, but the above seems generally used. The integrations are carried out 

in order beginning with the differential on the right, and the integral signs are in the same order 
as the differentials. 

3 Maxwell, “ A Treatise on Electricity and Magnetism,” 3rd edit., Oxford, 1892,1,26. The 
left-handed, or ” Continental ” axes, with the z axis passing backwards through the plane of 
the paper, is used in most mathematical books. T^e standard position is with the z axis 
vertical, the y axis in the plane of the paper, and in the right-handed system the x axis to the 
right-hand, looking from the origin along the positive y axis (or to the right of the zy plane), 
or, in the left-handed system, to the left-hand. The planes through the axes divide space into 
eight cubical octants. 

4 Greek TrapaXXrfXemTrcSov (in Euclid), from TrapctAArjAc? (parallel), im (upon), and 
7r46ov, the ground: misspelled parallelopiped by convention. 



32 MATHEMATICAL INTRODUCTION I 

I 
H 

parallel to the z axis is zdxdy (Fig. 13.1, where the whole coordinate system is 
tilted forward), and if this is divided into rectangular elements of sides dx, 
dy, dz, and volume dxdydz, the density p per unit volume being variable, 

p=<l)(x, y, z), the whole mass 
is easily seen to be given by: 

y, z)dxdydz . (2) 

with suitable limits for x, y, 
and z. 

With four, five, six, . . . 
g —y n variables, quadruple, quin¬ 

tuple, sextuple, . . . n-tuple 
integrals are obtained. In 
such cases, a geometrical 
representation in three- 
dimensional space is impos¬ 
sible, but there is no difficulty 
in imagining the integration 

^ to be carried out in n-dimen- 
Fio. 13.1. Representation of a Volume Integral sional space. In ordinary 

mathematical books the 
triple integral is usually the highest considered, but sextuple and even octuple 
integrals are very common in the kinetic theory of gases (see, e.g., § 22.TIT). 
To avoid the alarming appearance of: 

/njy> w)dxdydzd«d^;dM’, 

two integral signs may be used, with a number in brackets between to show how 
many integral signs should be written, e.g., ^ 
I. (6). /, but it is usual in Continental works 
to represent the «-dimensional volume element 
dxdydzdudvdw ... by dr, and the n-tuple asmO 
integration by /dr, and this notation will 
often be used. Polar, or other, coordinates ® 
may replace rectangular coordinates when odd 
convement. e+d 0 

Example. To find the volume of a sphere. 
Take the coordinate system in Fig. 14.1, but \ 
use polar coordinates as shown (with c=r). \ \ 
The small arc on the sphere between two radii 1^.-1-1->- y 
of length r inclined at an angle d6 is rd0; if 1 i 
these radii are prolonged by dr, a small area / I 
rdOdr is formed. If this is revolved around r, 
the 2 axis through an angle 2Tr, whereby a 
circle of circumference 2wr sin 6 is formed, a _ „ 
sohd nng of volume lirr sin Brdddr is formed. joj Volume of Sphere 
If, however, it is revolved through the angle 
d^, the volume of the elementary parallelepiped formed is d^/ln times this, 
viz. sin 9d<f>dddr. The whole volume is evidently: 

sin dd<f>d6dr. 

Integrate first with respect to r from 0 to a, the radius of the sphere, then 

asinOdcp 

Fig. 14.1. Polar Coordinates 
for Volume of Sphere 
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J r^d/*=^V3. In the other two integrations it is convenient to limit the volume 

to one-eighth of the sphere, i.e. in one octant. Then the limits of 9 are 0 and 

■ "ff 
(a3/3) sin ed<f>dd 

rf ir/2 

'>JJ. " sin ed<f>de=:(ay3) 

since J sin cos 6, and cos 0=1, cos^=0. 
The limits of <f> are also 0 and 

t)=(a3/3) 
rtr/2 

I d^=7ra^/6, 
Jo 

and the volume of the whole sphere is 8x(7ra^/6)=(4/3)7rn^^. 

§ 23. Partial Fractions 
An important method used in the integration of rational algebraic functions 

(§2) is resolution into partial fractions^ which is best illustrated by a few 
examples.! 

1 A B 
Let 7-777 . = —hv— for all values of x. Multiply by (a—x): 

{a—‘x){b—x) a—x h—x 

1 , a—x 
7-=^+j5r—• 
b’—x b—x 

Put x=a, then A^ljib—a) or A^ — \l{a—b) if the letters are kept in cyclic 
order {a, b, c). Similarly, by multiplying by {b—x) and putting x=^b it is 
found that B^\jia—b)\ 

j_i_ 

' a--b\b—x a—x (a—jc) a--b\b—x a—x\ 

dx 1 1 1 , a—x 
—I- a^b b'—x 

Similarly, it is shown that: 

_1__1___1___ 

{a—x){b—x)(c—x) (a—b)ic—a){a—x) (a—b)(b—c){b—x) 

c)(c--a)(c—x) 

1 A B Cx-f-Z). T I • 
(^2+^+ +JZ2+m um ca« *2+,+1 

cannot be resolved into real factors. Multiply by the denominator on the left: 

l=A(x-2){x2-\-x+l)+B{x-l)ix2+x+l)+(Cx+D)(x-lXx-2). 

By putting x=2 and x=1, in succession, find B=^ and A=—^. By substituting 
these in the equation, and giving x any two values in succession, simultaneous 
equations are obtained, which may be solved to find C and D. Such expressions 
as x^+x+l may also be split into linear factors of the form (x-\-ia)(x—ia), 

1 For further details, see e.g. C. Smith, “Treatise on Algebra,” Ch. xxiii.; Chrystal, 
“ Algebra,” 1886,1,147; Todhunter, “ Integral Calculus,” 1878,23. 

A.T.P.C.—2 
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where /= VC—1)> E)e Moivre's Theorem (§ 46) used to remove the imaginary 
quantities. 1 

It is useful to remember that if a rational integral function of x vanishes when 
x=a, then (x—a) is a factor. This is not true for functions in general: 
vanishes when .v=0, but is not divisible by any positive power of x. 

§ 24. Some Remarks 
In its applications to finding lengths of curves, areas, and volumes, the 

Integral Calculus defines these lengths, areas, and volumes as the limiting values 
of sums, and if such limiting values do not exist, the curve is said by mathema¬ 
ticians 2 to have no length, etc. The length of the cutting edge of a very fine 
saw, e.g. does not “ exist ” mathematically when the width of the teeth decreases 
without limit, although the saw-edge remains a saw-edge. The trouble would 
seem rather to lie in the mathematics than in the saw, and in the recent develop¬ 
ments of the quantum theory, some violence has had to be done to cherished 
mathematical creeds in order to make progress on the physical side; in revenge, 
many firmly rooted physical (and even philosophical) beliefs have been pro¬ 
foundly disturbed by the pure mathematics of the quantum theory. 

In some cases, the very proper attempts by mathematicians to obtain rigour 
in definitions seem to the non-mathematical scientist at times overstrained. 
When it is said, for example,^ that: “ a collection of definite distinct objects 
which is regarded as a single whole is called an aggregate,” some difficulty 
may be felt in understanding what is meant by a “ collection ” and how it 
differs from an “ aggregate.” 

A schoolboy would make little progress with arithmetic if he were required 
to busy himself with the theory of numbers, and a beginner in calculus is 
advised ^ to leave the “ fundamentals ” (theories of continuity and limits) 
until he has had some practice in the methods of the subject. A chemist 
knows that ” strict ” definitions of element and compound are difficult, and 
never troubles beginners with them. Experimental science is not much con¬ 
cerned with “ definitions.” 

PARTIAL DIFFERENTIAL COEFFICIENTS 

§ 25. Partial Differential Coefficients 

Let «=f(x, y) be a continuous ^ function of two variables, x and which are 
first regarded as independent. This may be differentiated with respect to x 
on the assumption that y is kept constant, giving what may be denoted by 
(dw/dx)^, and it may be differentiated with respect to y on the assumption that 

^ Sec e.g. Edwards, “ Differential Calculus for Beginners,” 1893, 56. 
2 Hobson, “ Theory of Functions of a Real Variable,” Cambridge, 1907, 37; Borel, Rev. 

Gen. Set, 1912, 23, 842. 
3 Hobson, op. cit., 149. 
^ The late Sir Horace Lamb advised his students, in the author’s time in Manchester, to 

leave the first chapters of his “ Infinitesimal Calculus ” alone until they had become proficient 
in the elementary rules of differentiation and integration. 

5 It may be noticed that if ffx, y) is a continuous function of x when and a continuous 
function of y when y=yi, it is not necessarily a continuous ftmetion of x and y at xi, yi; e.g., 
xy/(x2-f y2) is continuous in either x or y when x=0 or y=s0, but not when both are zero. 
Even Cauchy, the father of modem “ rigour,” fell into this trap. See Harkness and Morley, 
“ A Treatise on the Theory of Functions,” 1893, 61, and Hobson, ” Theory of Functions of a 
Real Variable,” 1907, 301 f. The detail^ theory is really quite difficult, and no attempt can 
be made here to deal with matters of great concern to mathematicians. 
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X is kept constant, giving {duldy)^. E.g. if u^ax^+by^, then (duldx)y^2ax 
and (duldy)x—2by. Again, let pv=RT (the ideal gas equation; ii=const.), 
or p=RTIv, then (dpjdv)T=—RT/v\ and {dpldT\=Rjv. \{—v{dpldv)= 
elasticity e, show that the isothermal elasticity of an ideal gas is equal to the 
pressure: e-j —p. 

The differential coefficients just found, (dw/dx)_^ and (duldy)^, are called the 
partial differential coefficients (or partial derivatives) of the function u=f(:>c, y) 
with respect to x and y, respectively. They are also denoted * by Sujdx, 
dujdy, by ^ dyujdx and d^jdy, by Dpi and Dyu, and by f'*(x, y) and f'/x, y). 
In mathematical books, “ Jacobi’s symbols,” dujdx, dujdy and dujdz are 
commonly used when there are three variables, two of which are understood to 
be kept constant in each case. 

Let 8m be the small change of u consequent on the changes Sx and Sy of the 
variables x and y. Then : 

8M=f(x+8x, y+Sy)—f(x, y) 

=f(x+8x, y+Sy)—f(x, y+8y)+f(x, y+Sy)—f(x, y) 

f(x+8x, y+Sy) - f(x, y+8y) f(x, y+8y) - f(x, y) 

-& -*■>■+-ly ' 

If both 8x and Sy tend to zero, then: 

f(x+Sx, y+Sy)-/(x, y+8y) 

8x. 
=f'^(x, y+8y)=f'^,(x, 

f(.v,y+8y)-f(x,y) 

v)d;^ 

or, in the alternative notation: 

du=^(du/dx)y(lx+{du/dy)y,dy.(1) 

If x and y are both functions of another variable / (sometimes called a 
parameter), then dx and dv are their variations consequent on a change of 
thy dt, and by division of (1) by d/: 

d w/d/={duldx)y{dxldt)+{dujdy^J^dyldt) 

du du dx du dy 

dt dx dt'^dy dt .^ 

If /=x, so that j;=f(x), and u is thus a function of one variable x, then 
dA:/d/=l, and (2) becomes: 

du du du dy 

dx^ dx“^ dy dx 

in Avhich dujdx results from a change of an explicitly named variable x only, 
whilst dujdx is the change of u due both to the change of x and to the change of 

1 Apparently first by Legendre in 1786, then by Euler, “ Institutionum Calculi Integralis/* 
St. Petersburg, 1792. They are usually referred to Jacobi (1841), and are exclusively used by 
mathematicians. They are, however* ambiguous and unsuitable when several independent 
variables are involved, as in thermodynamics. 

2 Clausius, “ Mechanical Theory of Heat,” 1879, 177. An alternative hybrid notation, 
dujdyXy duldxy, etc., proposed by Perry, Nature, 1902,66, 53,271, 520, is cumbersome, and that 
suggested by Muir, ihid., 1902, ^,271, 520, is even less convenient. 
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y consequent on this; dujdx is a partial, and dw/dx a total, differential coefficient. 
In differential notation (3) becomes: 

du—{buldx)Ax+(jduldy)dy.(4) 

and du in (4) is called a total, complete, or perfect differential. 
For more than two variables, say .v, y, and z, the same procedure gives: 

du du dx du dy du dz 
(5) 

.(6) 

It is important to notice that (4) and (6) are true whether the variables x and 
y, or X, y, and z are all independent or are functions of one or more independent 
variables, all functions and all first partial derivatives being supposed con¬ 
tinuous. ^ For if a: y, and z are functions of two independent variables 
(parameters), say s and t, then w=f(.y, t) and: 

du=(du/ds)ds+(duldt)dt.(7) 

dx dx^ 
dx=yds+jdu 

dy dy , dz ^ dz ^ 

Equation (5) can now be replaced by the two equations: 

du 

~d/ 

du 

dt'' 

du dx 

dxds 

du dx 

du dy du dz 

dy ds'^dz ds 

du dy du dz 

dx dt ^ dy dt dz dt 

(a) 

(b) 

Multiply (a) by d.s and (b) by At and add: 

du 

ds 

i du^ duldx. dx. \ duldy dy \ du(dz^ dz \ 
-^1^—dj+-d/j 

. 

from (8). Comparison of (7) and (9) gives: 

Au=^(duldx)Ax+{duldy)Ay+{duldz)Az .... (10) 

which is the same as (6), in which x, y, and z were all supposed to be independent 
variables, while here they are all functions of two independent variables, s and 
Thus it is possible to write: 

Au=^{duldx{)Axi+{duldxf)Axx+{duldx^Ax^+ . . . 

whether each x is an independent or a dependent variable. 
There is one point relating to partial differential coefficients which needs 

care. In (4) put dM=0, then: 

{AulAx)yAx+(dt//d>>)^.djr=0. 

Transpose and divide by djc, then: 

(d«/dy)/d;;/dx)„= -(dw/dx)^ 

1 It is a common mistake in non-mathematical works to suppose that .v, y, and z must be 
independent variables. 

2 See Forbes and Fuoss, J.A.C.S., 1927,49, 142. 



§26 HIGHER PARTIAL DERIVATIVES 37 

since putting dw=0 means that u is constant, hence dyjdx must be written 
(dy/dx\. Hence: 

(dyldx)„=-iduldxy(duldy%.(11) 

and not with a positive sign, as might have been expected. In actual work, 
du is divided out of the quotient on the right, giving dyjdx, but the sign must 
be changed. “ Cancelling ” in differential coefficients is misleading when these 
are partial. This example is very common in thermodynamics. Clarity is 
best attained by using the old notation with brackets, rather than the modern 
symbols with d. 

§ 26. Higher Partial Derivatives 

Since {duldx)y and {dujdy)^ are usually functions of x and y\ they can be 
differentiated again with respect to these variables, and four partial second 
differential coefficients are so obtained: 

{duldx)y=(d'^uldx'^)y, also denoted by d^ujdx^, or u r or f XX9 ^XX9 

-(duldy)x=(dh{ldy^)j,, also denoted by d^ujdy^, or Uyy, or f,,^ 

-[(dw/dv];^]_^=(d^w/d>^dx)^, also denoted by d^ujdydx, or Uy^, or f^,^., 

^[{duldx)y]x={d^uldxdy)xi also denoted by d^ujdxdy, or u^y, or 4^.. 

(Note the order of differentiation in d^ujdydx and d^ujdxdy,) If, however, 
M is a continuous function of .x and y, it can be shown ^ (the proof is rather 
involved), and can be checked by taking examples, that: 

d^ujdydx^d^ujdxdy.(1) 

i.e. the result is independent of the order of differentiation, so that there are 
only three, not four, second derivates, the third and fourth being identical. 
The same result holds for higher derivatives, e.g. d^ujdydx^^d^ujdx^dy, etc. 

It may be mentioned that if z=f(x, y), the partial differential coefficients are 
sometimes denoted by special symbols: 

dzldx=p 

d^zjdx^^r 

dzldy=q 

d'^zjdxdy^s d^zldy^=t. 

A problem which frequently arises is to find d^ujdfi when w is a function of 
two variables x and y, each of which is a function of a third variable (sometimes 
called a parameter) t: 

Let «=f(x, j), x=^(t), y-tKt) 

du_dudx dudy 
di~^'dt'^^dt. 

by (4a), § 6. 

<_d /d«\_ du dx d / 

'^Jfi'^di'dA 
1 , ^ 
'^8ydfi^dt\ 

1 Sec e.g. Gibson, “ An Elementary Treatise on the Calculus,” 1933, 221. 
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Since dujdx and dujdy are functions of x and y, by using these instead of u 
in (2): 

d/^M\ d'^udx d^u dy 

dx'^ dt dydx dt^ 

d / du\ _ dx d^u dy 

dt\dy)'^dxdy dt^dy'^ dr* 

Substitute these values in (2) and put d^ujdydx^^d'^ujdxdy, then 

d'^u dud^x dud^y d^u/dxV^ dxdy d^u/dy^ 

dr^^^x dr2~^^V dr^ "^^x^ydr/ ^ dxdy dt dt~^dyA^dt) 

which is the result required. 

§ 27. Perfect (or Complete) Differentials 

Let f(:r, y) and (/)(x, y) be two functions of the independent variables jc and y, 
and suppose that if x and y suffer small variations, the equation: 

dM=f(x, y)dx+<f>{x, y)dy.(1) 

defines dw in terms of dx and dy. 
It does not follow that du is a differential of a function w=F(x, y) of x and y 

considered as independent variables. In some cases it is, in others it is not. 
When du is the differential of a function of x and y a condition must be fulfilled 
by the functions f(x, y) and ^(x, y). In this case: 

du^(duldx)dx+(duldy)dy.(2) 

and by comparing (1) and (2), the condition that u in (1) is a function of x and y 
is seen to be: 

f(x, >’)=^u/^x and <l)(x^ y)=^du/dy.(3) 

If w is a continuous function of x and y it has been stated in (1), § 26, that: 

d^uldydx=dhildxdy .(4) 

From (3) and (4) it follows that: 

-~fix,y)=^-^^(x,y).(5) 

is a necessary condition that du in (1) is the differential of a function of x and y, 
say m=F(x, y). In this case, du is a perfect (or complete^ or total) differential 
(§25), and equation (5) is called Euler's^ criterion (1734-5). The proof that 
it is also a sufficient condition (i.e. that no other condition is needed) for a per¬ 
fect differential is simple,^ but need not be given here. 

E.g. (f>y^x-'x'^)dy+{y^--2xy)dx is a perfect differential, because 

(c)/^x)(3y^x—x^)=3y2—2x is equal to {dldy){y^—2xy)=3y^—2x. 

F(x, y) in this case is y^—x^y, since (d/dy)(y^—x^y)=3y2— 

and (d/dx)(y^—x^y)=y3—2xy; 

and (3y ^x—x^)dy -f (y^—2xy)dx=d(y ^ x^y). 

1 Pronounced “ Oyler's.” 
2 See §60, and e.g. Johnson, “Differential Equations,” 1891, 22; Hobson, “Theory of 

Functions of a Real Variable,” Cambridge, 1907, 317 (where the result is generalised for higher 
derivatives). 
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But ydx--(x+y^)dy is not a perfect differential, since (dldy)y==:l and 
(d/dx)(x+y^)^y^. There is no function of x and y from which ydx---{x+y'^)dy 
can be found by differentiation, and the coeificients of dx and dy are quite 
arbitrary functions. 

If (5) is satisfied, the expression on the right of (1) is immediately integrable, 
since it is a complete differential of some function F(x, y) of x and y^ in which 
these are treated as independent variables, and such that: 

(d/dx)¥(x,y)=f(x) and {djdy)V{x,y)^(j>{x) ... (6) 

Hence from (1): 
w=F(a:,>^)+const.(7) 

But if (5) is not satisfied, (1) cannot be integrated so as to give the solution (7). 
If, however, some relation exists between x and y, so that they are no longer 
independent, but one can be expressed as a function of the other, then integra¬ 
tion again becomes possible. For if: 

f(x.y)=0.(8) 

.V or V can be eliminated from (1), giving, e.g.: 

du+i/j(x)dx 

w=F(A-)-f-const.(9) 

and (8) and (9) together may be regarded as forming a solution of (1). 
E.g. if du^{2x'^--2ixy)dx+l>x'^d}\ the expression on the right is not a perfect 

differential. If, however, the relation i.e. 4v2)=f(A*, >^)=0, exists, 
then d.v=8AdA, and: 

d w=(2x2 -12x^)dx+2Ax^dx=(12x^ - 2x2)dx, 

w==3x'^—fx^-fconst. 

The distinction between perfect and non-perfect differentials is of great 
importance in the integration of expressions such as (1). For, if it is assumed 
that F(x, y) in (7) is a single-valued f^unction of the coordinates x and y, and that 
the initial and final positions of a point representing the value of the function 
in the plane of x, y coordinates are known points, (xj, yi) and (X2, y^), then the 
change in the value of the function u (which may be regarded as plotted on a 
third axis at right angles to the x, y plane) will be F(x2, yi)j and is 
thus independent of the values of x and y lying between Xi, and X2, y2, i.e. 
of the path of integration, or of the way in which a point passes from its initial 
to its final position. 

In the second case it is quite otherwise. Of the two equations (8) and (9), 
the first may be regarded as the equation of a curve, and since the form of the 
second depends upon it, the change of u during the motion of the point in the 
X, y plane is determinate only when the whole of the path is known, since an 
infinite number of possible curves may pass through the initial and final points, 
(^i> y\) and (X2, y^)* If the point describes a closed loop or cycle, so that 
X2^Xiy and then in the first case the change of u is zero, but in the 
second case it may have any positive or negative value. These important 
results may be illustrated by two examples. 

Example 1. Let 
du=y^dx+2xydy.(10) 

Since d(y^)ldy=^2y and d(2x>^)/dx=2>^, it follows from (5) that du is a perfect 
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diflferential d[F(A:, >’)]. In Fig. 15.1 let A represent Wj (for = yi^b) 
and B represent 1/2 (for JC2=^, 72=^)* Then it will be shown that the change 
of u in passing from A to B is the same if the integration of (10) is carried out 
along any one of three arbitrarily chosen paths: (i) the straight line AB, (ii) 
the circular arc AB, (iii) the broken line AOB. 

(i) The straight line AB satisfies the equation v=f>=:const., therefore 
dj=0, therefore from (10), 

r dw== r dM= r b‘^dx=^b'^(x2--x^==^b\a+a)=^lab'^. 
•/A J X\ J xi 

(ii) The broken line is represented by two equations: 

-^(bja)x along AO and y=(bla)x along OB, 

since the equation of any straight line is y=^x tan 6+c, and in this case c==0 
and tan 0 has the values —-bja and 

^ +i/^. Thus d>^= —{bja)dx or (^/fl)dx. 
Along AO: 

du^y^dx+lxydy^ 
A ^-—-^ B (62/a2)x2dx+2x2(ft2/a2)d;c, 

dM=3(fc2/fl2);r2d;C, 

N. y/ dM=3(i>2/^2) X^dx — 

y/ ^\b^la^)(x2^-xl^)^(bya^)a^==b2a 

_\lx_X since a:i=—a and ^2=0. 
0 Along OB, similarly: 

Fig. 15.1. Integration along Two 
Different Paths 

rx2 
du—b^a, 

J XI 

therefore the sum for AO+OB=b^a+b^a==2b^a, as in (i). 

(iii) Along the circular arc (radius r) the equation of the circle of radius r is: 

-^yl = /•2 = ^2 _|_ ^2^ 

/. >’2=^2.|.^2_j^2^ lydy^^'-lxdx 

dy:=:-{xly)dx, 

.*. du=y'^dx+Ixydy=(a2+i>2_x’^)dx—Ix^dx 

(since2Tdv= ““2,vdA* Ixydy — -~lx^dx\ 
dw=(a2+fe2_3^2)(j^^ 

.‘. Jdw=/(a^+/?2 _ 3x2)dA=aP-x+b^x—x^ 

I dw=2aft2^ as in (i) and (ii), since Xi=—a and X2=fl. 
Jxi 

Example 2. Now take the case: 

du=y^dx+xydy.(11) 

Since ^{y'^)ldy—2y and d{xy)ldx=y it follows from (5) that (11) is not a perfect 
differential. Integrate (11) along the straight line AB and along the broken 
line AOB as before. 

(i) Along AB: y=^b, therefore du^b'^dx 
f«2 Cxt 

du^bU dx^2ab^, 
Jxi J XI 
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(ii) Along AOB: —{bja)x and y=(bla)x. 

Along AO: 
du=y'^Ax-\-xydy=(bya^)x^dx+(b^/d^)x'^dx=2(b^ja^)x'^dx 

rdM=2(/)2/fl^)rx2dx=KZ»2/a2)a3=fai2 
J.vi J —a 

Along OB: 
du^2{b^/a^)xMx, 

x^dx=^ab^, 

along AO and OB the integral is: 

^ab^+jab^^fab^, 

which is different from that along AB, so that the value of the integral now 
depends on the path of integration. 

rdw= 
Jxi 

2(62/a2) j 

§ 28. The Operator 
If w is a function of the three variables x, }\ z, the expression: 

d^uldx^+d^ujdy^+d^uldz^.(1) 

may be regarded as formed by operating on the function u with the operator: 

d^jdx^ + d^ldy^+d^ldz^.(2) 

i. e. {d'^jdx^+d^l dy^ + dz^)u=d^uj dx^ + d'^ujdy'^ -b dz^. 

The operator (2) is generally denoted by the symbol (“del squared 
and (1) is therefore written V^w. 

It is frequently required to transform the expression 

V 2m = d^uj dx^ + d^ujdy^ + d^u/dz^ 

into polar coordinateSy in which /*, 6, and ^ replace Cartesian coordinates 
according to the scheme (see § 22): 

x=^r sin 6 cos <f>; y=r sin 0 sin z=r cos 6, 

The transformation is neatly effected in two steps as follows: 2 

Put x=p cos (f>, and y=p sin (j), but retain z.(a) 

2=/* cos d, and p=r sin d, but retain (f>.(b) 

/. p^'\/(x^+y'^) and ^=tan~i(>^/x), 

/. dp^(xdx+ydy)/\/(x^+y^\ d(f>={xdy—ydx)l(x^+y^)(§44), 

dpfdx=cos^, d<f>ldx^—sin ^Jpy dpjdy =^sin <j>y d<f>ldy=^cos (f>lp 

^ The symbol V was named “ nabla ” (“ from a supposed resemblance to an Assyrian harp ’*) 
by representative British and American physicists in 1884: see Hathaway, Phys. Rev.^ 1902, 
15,127; the name “ del,” used by E. B. Wilson, ” Vector Analysis founded upon the Lectures 
of J. Willard Gibbs,” New York, 1902, 138, is now common. In Continental works is 
very often denoted by A. The expression (1) was used by Laplace in 1787; Mim, Acad. 
ScL, mi (1789), 249 (252). 

^ Serret amd Scheffers, “ Lehrbuch der Differential- und Integralrechnung,” 4th~5th edit., 
Leipzig, 1908, 1, 163. A more direct ” physical ” derivation of (7) is given by Lord Kelvin, 
“ Mathematical and Physical Papers,” 1884, 1, 41, and (still more directly) by Riemann, 
“Partielle Differentialgleichungen,” 1938, 177. The treatment in the present paragraph 
assumes a knowledge of trigonometric functions, discussed later. 

2*^ 
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du du dp _ du df{> du , du sin (f> 

H p dx 

du dp du d<f> du 

du du dp du dj) cos (f) 

dy dpdy'^d(fdy p 

(3) 

(4) 

Since these equations hold for any function of x, and z, u in (3) can be 
replaced by du/dx, and in (4) by du/dy: 

d^u 

dx^ 

d ldu\ sm4> 

P 

d^u d 

dy^ dp 

Since (f> is constant in partial differentiation by p: 

d /du\ , d /du\ 

dp\dx} ^ ^\ax/ 

/du\ . , d /du\ cos <l> 

d^u 8 /du 

8^u 8 /8u 

,\ 1 du cos 

dx p 

du sin (/> 

dy p dy^ dp\dy' 

Add these two equations and, from (3) and (4), put: 

(dujdx) cos ^+{duldy) sin (f>^duldp 

—(aw/ax) sin (f>+(du/dy) cos 0=(l/p)(aw/a^) 

d^u d^u d^u 1 d^u 1 du 

dx^“^dy'^ dp^"^p^ d<f>^'^p dp * 

d^u 1 dhi 1 du d^u 

(5) 

(6) 

Since equations (b) on p. 41 follow from (a) if x, y, p, 4> are replaced by z, p, r, 6, 
it follows by analogy that (5) will give: 

8^u d^u d^u . 1 d^u 1 du 
fi dr 

and from (4) the analogous equation: 

duldp=^(duldr) sin 6+(du/dd)(cos 6Jr) 

is found. Thence (6) becomes: 

d^u d'^u 1 d'^u I du 

dr^^r^ dO^'^r dr p .2 d(f>2'^8r 

du sin 0 du cos 6 

p "^dd rp 

Now put pasr sin d, and obtain the required equation: 

dhi 2 du 1 d'^u cos 6 du 
V^M=*5-;r+r ■^+17 

1 

Since 

d^u 

^~^r ^r'^r^ d^r'^ sin d dd'^r^ sin2 d 

A‘ 
dd 

(7) 

(sin0|)=si 
d^u du 

sin0^2+‘^os^^ 

82^ . Ju 
and 
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equation (7) can be written in the alternative forms: 

1 d ( . 1 d^u 
dOj sin^ d d<f>^ 

1 d / . Bu\ 1 d^u 

43 

^ d^u 2 du 

^ r dr^sin 0 dd 

0Kru) 
r2V2w=r-—. 

dr^ sin 0 30 

(8) 

(9) 

§ 29. Jacobians and Hessians 
If x=f(t/, v) and y—F(u, v) are variables given explicitly as functions of two 

other variables, u and v, then if z is some function of x and y, z^<f)(x, ,v): 

dz 3z 3f 3z 

du dxdu^dydu 

The expression 
3x 3y 3x 3y . 

dz dz di dz 

dv’^dx dv'^dy dv 

du dv dv du 
is called the Jacobian (Jacobi, 1841) of x and y 

with respect to u and v and is denoted by ^7-^ or J(x, y). Hence 

dz d(z, F) /d(f, F) 

d(u, v) 

dz d(f, Z) ld(f, F) 

dx d(u, v) I d(u, v) ’ dy d{u^ v)/ d(u^ v)' 

More generally, if u, v, w be functions of the independent variables x, y, z, 
the Jacobian is compactly written in functional determinant form: 

du du du 

dx dy dz 
dv dv dv 

dx dy dz 
dw dw dw 

dy dz 

the determinant being expanded as explained in text-books on algebra,^ or in 
special works. The first symbol is due to Donkin (1854). 

If the functions u, v, w, are differential coefficients of another function, V: 
u^^dVjdx, v^dVjdy^ w^dVjdz, the determinant: 

d{u, V, w) 
- sj(w, V, w)^ 

d{x,y,z) 

d^ VIdx, dV/dy, dV/dz)_ 

~d(x, y, z) 

dW 02 K 02 F 

dx^ dxdy dxdz 
dW 02 F 02 F 

dydx 0v2 dydz 
dW 02 F 32 V 

dzdx dzdy dz2 

is called the Hessian of V (O. Hesse, 1844). 
IfWi,W29 • • are n functions of the independent variables Xj,X2, 

the determinant: 
dui/dxi duildx2. . , dujdxn 

dUildXy dU2ldX2 . . . du^jdXn 

dujdxi du„ldX2 . . . dujdx^ 

is called a Wronskian. 

^ Briggs and Bryan, “ Tutorial Algebra,” revised by Walker, 1944, 2, 374. 
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These determinants i are used in transforming multiple integrals and in the 
theory of differential equations. 

§ 30. Euler’s Theorem on Homogeneous Functions 

A mathematical theorem due to Euler 2 is used in the more mathematical 
treatment of thermodynamics and other subjects. A function: 

F(Xi,X2, . . . x„).(1) 

of the n variables ^ Xi, X2, . . . x„, is said to be homogeneous and of the mth 
degree with respect to these variables when the identity: 

F(A:xi, kx2, . . . A:Ar^)=A;’"F(xi, X2, ... x„) ... (2) 

is verified for all values of jCj, ^2, . . . x„, and k. Thus, x^+2xy+y^ is 
homogeneous and of the second degree, since if xk and yk are substituted for 
X and y it becomes k^x'^+lxy+y'^). Thus, if : 

F[A:(Xi+8xi), ^X2, . . . ^xJ=A''"F(x 1+8x1, Xj, . . . .x„) 

then (l/A:8xi){F[A:(xi+Sxi), A:x2, . . . kx^—¥{kx],kx2, ■ ■ ■ A:x„)} . (3) 

=A:*'-‘(1/8xi)[F(xi+8xi,X2, . . . x„)-F(xi, X2.v„)J . (4) 

or, proceeding to the limit Sxi-»0, when (3) and (4) become partial differential 
coefficients: 

&¥{kxi,kx2, . . . kx„)_ ciF(xi,X2, . . . x„) 

8(kxj) Vx~i 

Differentiate both sides of (2) with respect to k, put kxi=ui, etc., and write 
F(fcxi, kx2, kxj, . . . , Arx„)=Fi(. Then: 

8FJdk=i8FJdu,)(8u,l8k)+(8FJdu2)(8u2l8k)+ . . . +(8FJ8iO(8uJdk) 

=Xi[dFJ8(>iXi)]+X2[dFJd(kx2)]+ . . . +Xn[8Fk!8(kx„)] 

=mk^^F(xi, X2, . . ., x„), 

from (2) and the result (x=A:) that dxf”/dx=m:>^~^. Hence from (5): 

3F(x,,X2, . . . X„) SF(Xi,X2, . . . X„) , , SF(Xi,X2, . . . x„) 
- +X2--.- --+ . . . +X„ 

=wF(xi, X2, . . . x„) . . (6) 

which is Euler’s Theorem/ Three important special cases are: 

(i) F is a homogeneous function of zero degree: 

Sxid'PIdxi^Q.(7) 

J See Williamson, “Differential Calculus,” 1887, 414, 432; “Integral Calculus,” 1888, 
320; Forsyth, “ Differential Equations,” 1914, 12. 

2 This must not be confused with Euler’s criterion, given in § 27. 
3 For example, x\^x, X2 =y, x^ =z, etc. 
^ For alternative proofs see e.g. Partington, “ Text Book of Thermodynamics,” 1913, 

360; Gibson, “Elementary Treatise on the Calculus,” 1933, 412; Williamson, “Elementary 
Treatise on the Differential Calculus,” 1887, 123; Haas, in “ A Commentary on the Scientific 
Writings of J. W. Gibbs,” New Haven, 1936,2, 302, It may be noted that a rational integral 
homogeneous algebraic function of the mth degree is sometimes called a qumtic* 
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(ii) F is a homogeneous function of the first degree (not necessarily linear): 

Zx^dFIdx^^F .(8) 

(iii) F is a homogeneous function of the second degree : 

2'xiaF/axi=2F.(9) 

§ 31. Mean Value Theorem and Rollers Theorem 
If ;c is any number lying between a and b (a<x<b) then x—a and b—a are 

of the same sign whether a is less or greater than b, E.g. if a=l, and 
a=3, then x—a=l and b—a=2; 
if <2=3, x=2, 6=1, then x—£z='~l 
and 6—a=—2, and so on. Hence 
{x—a)l(b—a) is a positive proper 
fraction, 0, and x=^a+6{b—a). 
Suppose 6=a+6, therefore b—a=hy 
and x=:a+dh. 

Now consider any curve 3^=f(x), 
Fig. 16.1, and take two points A 
[x=flr, J=f(^3!)] and B [x=6, J==f(6)] 
on it. Join AB. The gradient of 
the chord AB is [f(6)—f(a)]/(6—a). 
It is assumed as obvious that 
there is at least one point P [x=xi, 
y=f(xi)] on the curve between A 
and B such that the tangent to the Fig. 16.1. The Mean Value Theorem 

curve at P is parallel to, i.e. has 
the same gradient as, the chord AB. The gradient of the tangent is dj/dx= 
F(xi); hence: 

[f(6)--f(a)]/(6~a)=f'(xi).(1) 

This is called the Mean Value Theorem. Thus: 

[{{a+h)-i{a)]lh^i\a+eh).(2) 

If a continuous function f(x) vanishes when x=a and also when x=6, then 
its derived function f'(^)=df(x)/dx, if 
it is also continuous, must vanish 
for some value of x between a and b 
(Rollers Theorem).^ 

This is sufficiently obvious for our 
^ purposes on inspection of Fig. 17.T, 

whence it is seen that, if f(x) has 
the value 0 for the two values a and 

Fig. 17.1. Rolle’s Theorem b (or b and a') (one of which may 
be 0), it has a maximum or minimum 

value between them, and for this value the tangent is parallel to the x axis, or 
f'(:c)=0. 

§32. Taylor's Theorem 
The binomial series in Algebra and the exponential series (§ 13) are special 

cases of a general form of the expansion of a function in a power series which is 

1 “Trait6 d’Algfebre,” Paris, 1690; Lagrange in 1797 spoke of it as: “ce beau theor^me 
nouveau ” I 
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called Taylor's Theorem, first published by Brook Taylor in his “ Methodus 
Incrementorum ” in 1715 as a corollary from a theorem in finite differences. 
The theorem may be stated as follows. Let f(jf+/i) be any function of a: 
which is capable of expansion in a convergent series of positive integral powers 
of X (when the function is called regular), then: 

{{x+h)=i{x)-\-h 
df(A:) /i2 d2f(jf) /i"d"f(.x) 

'd.r d.Y” 

=f(A')+/if'(-v)+2jf’'(^)+3i^'”W+ • ■ • 

(1) 

J 

provided that f(x) and its differential coefficients (or derivatives) are continuous 
within the range of values of x considered. A proof ^ of Taylor’s Theorem 
is as follows. Let the function f(x+2) and all its derivatives up to the nth 
inclusive: f'(x+z), r'{x+z), . . . f"(x4-2), be finite and continuous within 
the values 2=0 and z—h of the variable increment z. Then it will be proved 
that: 

L2 hn~l l^n 

f(A + /l) = f(x) + Af'(A) + 2,f''(-V)+ . . . + 

where 6 is some positive proper fraction (i.e. less than 1). Assume: 

f(A + /l) = f(A) + /l/'(.x) + ^jf''(A)+ . . . + • (2) 

where /I is a function of .v and h. It is to be proved that the remainder 
R=f”{x+dh). Let the function: 

cl>(z)={{x+z)-zfXx)-Yf’(x)~ . . . 

be differentiated n times with respect to z, keeping x constant: 

r(.v+z)-r(.)c)-2f''(A-)- . I i 

z” ^ . ^n-2 

f"(x+z) -f''(.Y)- . — f” ^(x)" 
• • («-3)!’ -(.^2)1''-'^ « 

p-y.Y + z) -f"-‘(x) —z/?=<;i!»"~^(z) 

f"(jc+z) 1 >
3

 

II 

All the functions ^(z), (f>Xz), . . . <f>%z) are finite and continuous between 
the values 0 and h of the variable z, and . . . <^”“^(0), found by 
putting z=0 after differentiation, are evidently all zero; also, from (2), 
If <f>(z) is continuous between 0 and h, Rolle’s Theorem (§ 31) shows that it 
must have a maximum or minimum value for some value of z between 0 and //, 

1 For an adequate consideration of Taylor’s Theorem see e.g. Hobson, “ Theory of Func¬ 
tions of a Real Variable,” Cambridge, 1907,501, Most mathematical works are, very properly, 
more concerned with exceptions to the validity of Taylor’s Theorem than with its applications; 
the interest is then, it has been said, in the “ pathology of functions.” With certain restrictions, 
it holds for the complex variable z=x+i>, where /= V""! • 
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say hi for which Hence for some value hi of z between 0 
and h (hidh). Further differentiation gives, similarly: 

(f>"(z)=0 for some value h2 of r between 0 and hi {h2<hi), 

/. ^'"(z)=0 for some value h^, of z between 0 and h^ (h^<Ji2)- 

(f>%z)=0 for some value h„ of z between 0 and /r„ 

Thus: P{a+A„)-/?=0. 

Since/?„<;//„_• • • <h2<Jii<Jh, it is possible to put where d 
is some positive proper fraction, therefore J?=f”(x+0/i), which was to be proved. 
If this remainder vanishes with h when n increases indefinitely, the finite series 
(2) can be identified with the infinite series (1). 

Taylor’s Theorem will fail when: (i) f(x) or one of its derivatives becomes 
infinite between the values of the variable considered; (ii) f(x) or one of its 
derivatives becomes discontinuous between the same values of the variable; 
(iii) the remainder (h^ln\)f^(x+dh) cannot be made to vanish when n~>co, or 
the series is not convergent. 

§ 33. Special Cases of Taylor’s Theorem. 

Some important series are special cases of Taylor’s Theorem. 

(1) The Binomial Series. Put y for x in (1), §32, and let f(j)=>^”, so that 
f(y+ft)=0^+A)”. Then: 

dx 
my) 

dx2 
= 7?(/2—l)y”‘^ 

dx^ 
?i(n—\){n—2)y^ ^ etc. 

The coefficients proceed according to a definite plan, and it is easily seen that 
after r differentiations: 

dT(v) 
--^^^n{n--^\){n^2) . . . {n^r+])f-\ 

Now put /i=x and y = 1, then Taylor’s Theorem gives: 

{l+xr=l+/ix+ 
n{n^\) 

i\ 
x2+ 

n{n-\){n-2) 
- -t- 

n{n--l)(n^2) . . . (n-r+l) ^-- . (1) 

where the last term given is the (r+ l)th. This is the Binomial Series^ published 
by Newton in 1669. 

If « is a positive integer the series will terminate at the (A7+l)th term, which 
will contain the factor (n—w)=0, and since all the later coefficients also contain 
this factor, they also are all zero. But if n is not a positive integer, i.e. is nega¬ 
tive or fractional, not one of the factors n, (n—1), («—2), etc., can vanish, and 
the series will contain an infinite number of terms. In this case it is necessary 
to inquire whether it still has a finite sum, when it is said to be convergent or 
whether this is not the case, when the series is said to be divergent. There are 
several tests of convergency of series:^ the following {D'Alemberfs test) is 

t These are treated in works on algebra; the standard treatise is Bromwich, “ An Introduc¬ 
tion to the Theory of Infinite Series,” 2nd edit., 1926 ; see also Knopp, “ Theory and Applica¬ 
tion of Infinite Series,” transl. Young, 1928 or 1944. 
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sufficient for our purpose: the infinite series Ui+U2+u^+ . . . +w«+ ♦ . 
where Wi, t/2> • • • are functions of x, is convergent if the limiting value of 

is numerically less than unity, where j is the rth term of the series. 
In the Binomial Series: 

w(/7-~1)(a2—2) . . . {n—r+2)x''~^ 

(r-l)! .. 

w(n-l)(n-2) . . . {n-r+2)in-r+\)x’ 

r+l)Jc//’= — —(«+ \)lr] 

Lim (m,^. ^Iu,)= —X, since Lim [(n+1 )//']=0. 
r->cx) r->oo 

Thus, for convergence, x must be numerically less than 1. The numerical 
value of X is denoted by |x|, and the Binomial Series for a negative or fractional 
index n is convergent ^ when — K|x|<l. 

It may be noted that the so-called binomial coefficients are often represented 
by: 

\kj Xn—k) k\{n--k)\ 

where is the number of combinations of n distinct things taken fc at a time, 

which is also equal to the number of combinations when they are taken n—k 
at a time: 

Since (^+x:)”=a"(l+x/a)”, where a is a positive constant, there is no loss 
of generality in taking (1+x)" as the standard form of the Binomial Series, 
provided |x/fl|<;l, i.e. x<a. If x>a, the expansion of x^l+a/xY is taken. 

(2) The Exponential Series. Let f(y)=c^, then f(y+A)=e^^'*. Then all the 
differential coefficients of e-^ are equal to e^, from the property of the exponential 
function (§ 13). Substitute in Taylor’s Series, then: 

e^+^^f(j;+A)=e^(l+A+/i2/2!+A3/3!+ . . 

Put A=x and y=0, then 

e^=l+;c+x2/2!-t-x3/3!-h.(2) 

which is the exponential series (§ 13). It is evident from inspection that the 
rth term is Uj=xf~'^l(r—\)\, and Therefore u^xilu^=xlr, which 
vanishes for r-^oo for all finite values of x, for which the series is therefore 
convergent. 

§ 34. Madaurin's Theorem 

In Taylor’s Series (1), § 32, put x=0, then if all the differential coefficients of 
f(x) remain finite: 

m^m+h 
df(0) /|2d2f(0) If d”f(0) 

dx *2! dx2 ‘ * 

==f(0)+Ar(0)+(A2/2!)f"(0)+ 

/i! dx” ' * * ' 

. . +(/,”/«!)P(0)-b 

^ The cases when x«±l are unimportant and their consideration is difficult and tedious: 
see Chrystal, “ Algebra,*' 1900,2,186. They were first considered by Abel in 1826, who also 
considered imaginary exponents. 
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where, e.g. d2f(0)/dx2 or f"(0), means that f(x) is differentiated twice with respect 
to X, and then x put equal to zero in the result after differentiation. Now put 
h=x, then: 

f(x)=f(0)+x- 
df(0) x2d2f(0) 

dx ' 2! dx2 ■ ■ 

=f(0)+xf'(0)+(x2/2 !)f''(0)+ 

X" d"f(0) 

nl dx" * 

+(x"/«!)P(0)+ . (1) 
which is usually called Maclaurin's Theorem. It was noticed as a special case 
of Taylor’s Theorem by Stirling in 1717, and was independently published by 
Maclaurin in 1742 without any claim to originality. i 

Example. Let f(x)=ln(l+x), where |x|<Cl. Then f(0)=lnl=0, f'(0)= 
l/(l+x)=l, f''(0)=-l/(l+x)2=-l, f"'(0)=2/(l+x)3=2, and the general 
term is seen to be (—1)''~'(//—Ol/fl+x)", or f"(0)=(—1)'’~H«—!)!• Hence by 
substitution in (1): 

In (1+x)=x—x2/2+x2/3—x^/4+ . . . +(—l)”“^x"/«+ . ■ - • (2) 

This series, first given by Mercator in 1668, can be found directly as follows: 

In (l+x)=/dx/(l+x)=/(l+x)~idx=/(l—x+x2—x3+ . . .)dx, 

by division. The integral is x—x2/2+x2/3—x'*/4+ . • the constant vanishing 
when the lower limit of integration is x=0. 

By putting x=—x in (2) it is found that: 

ln(l-x)=-x-x2/2-xV3-x4/4-.(3) 

and by subtraction of (3) from (2): 

1+x x2 x5 \ 
ln-^=2(x+3-+-5+ . . .j.(4) 

If x>0, put (H-x)/(l—x)=(y+l)/>', therefore x=l/(2y+l)<l. 

By putting y— 1, In 2 is found by summing the series, which converges rapidly, 
and the natural logarithms of successive integers are so found; e.g. In 4=2 In 2; 
In 5 by putting y=4; In 6=ln 2+ln 3, etc. 

It should be noted that In x itself cannot be expanded, since f(0), f'(0), 
f''(0), . . ., are all infinite, and the series fails. 

§ 35. Symbolic Fonii of Taylor’s Theorem 

For a function of two (or more) variables the expansion takes the form 
(Fontana, 1788): 

{(x+h,y+k)=^ix,y)+h^^+k^^+j^ ... (1) 

as can be shown for conditions in which Taylor’s Theorem holds good. The 
demonstration will not be given. The expression in the brackets may be 
written in symbolic form as (A. djdx+k. djdyYi, the operational symbols 
djdx and djdy being treated like algebraic quantities. Further terms will be 
(1/3I)(A. d/dx+k . d/dyyf, etc. For three variables: 

f(x+A, y+k, 2+/)=f(x, y, z)+{h . d/dx+k. djdy+l. dldz)i 
+(l/2)ih . d/dx+k. d/dy+l . d/dzW+ ■ . etc. (2) 

> The tendency in modem mathematical works is to omit any mention of Maclaurin in 
connexion with tihis series. 
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§ 36. Singularities of a Function 
A function f(A:) is regular (or analytical, or holornorphic) at a point x^a if it 

can be expanded by Taylor’s Theorem in a series of positive integral powers of 
{x—d) in the neighbourhood of a. If the values of f(fl), V\a) ... are 
all zero, and P(x) is the first derivative which is not zero, then: 

where (§ 32), is called a zero of the function, of order n. 
A point x=^a, where f(x) is not regular, is called a singular point, and Taylor’s 

Theorem cannot be applied immediately at this point. But ffx) can now be 
expanded in the form: 

f(x)=(x-fl)“""[^o+^i(-x-a)+ . . .] 

where m is an integer, and the point a where f(x) becomes infinite is called a 
pole of order w. The terms containing the negative powers form the principal 
part of the function relative to the pole a, the coefficient of (x—being called 
the residue, and (x—a)”*f(x) is a regular function. But if m is not finite, the 
point a is called an essential singularity. 

Any function which can be expanded in the form: 

f(x)=(x-fl)^[^o+^i(^'-^)+ • • •] 

where /> is a positive or negative integer, is called a single valued or uniform 
function. If p is fractional, the function is many valued or multiform. The 
simplest uniform function is the rational algebraic function (§ 2), the zeros of 
the function being the roots of the numerator, and the poles, where it becomes 
infinite, the roots of the denominator.^ 

§ 37. Leibniz’s Theorem 

Let be a product of two functions of x: j^=f(x). V{x)^uv, It is required to 
find d”>^/dx”. Denote 

dyjdx, d^yjdx'^, . . . d">^/dx" by y\ y", . . . 

dw/dx, d^u/dx^, . . . d”w/dx” by u\ w", . . . w" 

dvjdx, d'^vjdx'^, . . . d\’/dx” by v\v", . . . 

The rule for differentiation of a product (4), § 6, gives: 

y' =^uv'+vu' 

y" :=(uv"+u'v')+(vu"+u'v')^uv"+2u'v' +vu" 

y'"s=:(uv"'+u'v")+2(u'v"+v'u")+{vu"'+u"v') 

^ uv"' + 3u'v" + 3u"v^ +vu'", 

The coefficients are the same as those in the expansion of (a+by and (a+by, 
and for the «th differentiation we infer that they will be the same as in the 
binomial expansion (§ 33) of {a+bf: 

3;W=wi,(")+nMV"-”+—(1) 

1 The study of singularities may be pursued in Forsythe’s “ Theory of Functions of a Com¬ 
plex Variable,” Cambridge, 2nd edit., 1900, 3rd edit., 1918, or Harkness and Morley’s ” A 
Treatise on the Theory of Functions,” 1893, but is not much required in physical chemistry. 
The most important part of the theory is Cauchy’s Theorem of residues in complex integration. 
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which is Leibniz’s Theorem. This can be written in full as: 

d"© _ dw d”~^v ^ n(n—l) d^u d’‘~^v ^ _ d"t< 

dx” 2! dx^dx"~^^ ' ' ' 

If D„ denotes ^ differentiation of u with respect to x, and differentiation 
of V with respect to x, the equation can be expressed in the compact symbolic 
form: 

d"(uv)/d^=(D„+D^y‘uv.(2) 

where the operator sum is expanded by the Binomial Theorem. 
Leibniz’s Theorem is required in the study of spherical harmonics (considered 

later), and some other cases. 

§ 38. Maximum and Minimum Values of a Function of Two Variables 

Let 
u=f(x,y).(1) 

be a continuous function of x and y which can be expanded in a power series. 
Equation (1) may be regarded as the equation of a surface, u—z being the height 
of any point above the x, y plane. If x and y increase by small amounts 
h and k, respectively, the small increment of u is given by (1), § 35, as: 

. ,3f l/,,e2f OH , S2f\ m 
Since ;c and y are independent, either may be supposed to vary while the other 

is constant, and the condition for a maximum or minimum value of u is thus, 
by §9: 

df/dx=iO and (3) 

if ^o> Jo 2ire values for which z has a maximum or minimum value, and A, B, C 
are the corresponding values of d^fdxdy, and d^jdy^: 

f(xQ+h,yQ+k)-f(xo,yo)=}(Ah2+2Bhk+Ck2)+.(4) 

and when h and k are very small all terms except the one given may be neglected. 
Hence the sign of f(xo+/r, Jo+^)“*f(^o» Jo) depends in general 2 on that of: 

Ah^+lBhk+Ck^^{\lA)[{Ah+Bky+k\AC-B^)] . . (5) 

If this is to be always positive, or always negative, for all small values of h and 
k, (AC—B^) must not be negative, since if it were the expression in the brackets 
[ ] would be positive when A:=0, and negative when Ah+Bk^O, Hence, for 
a real maximum or minimum, AC must not be less than B'^, or (omitting the case 
of equality; see below): 

/ d^f \2 

dx^ dy^^\dxdy/. ^ 

Since, for a maximum value, the left of (4) must be negative, and for a minimum 
value it must be positive, for all small values of h and k (see § 9), and since 
(AC'—B^) is either positive or zero, the sign of the expression must, by (5), be 
determined by that of A, outside the brackets [ ], and hence, when (6) is satis¬ 
fied, the function has a maximum value when d^fjdx^ (or d^fjdy'^) is negative. 

1 The D notation is due to Arbogast, and is best postponed until differential equations are 
reached, when it becomes indispensable. The symbols du and dp are sometimes used, but are 
very confusing. 

2 This condition is sometimes violated, but the results reached below are valid. 
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and a minimum value when it is positive. Equation (6) is called Lagrange^s 
criterion for a maximum or minimum of f(x:, y). 

If Ay By and C all vanish, it is necessary to consider terms of the third and 
fourth degree in h and k in the expansion (2); for this, and the general case when 
f is a function of any number of variables, reference must be made to mathe¬ 
matical works. ^ 

If, instead of > in (6), the sign is <, then d^fldx^ and d^jdy^ have different 
signs (since the expression on the right is always positive), and the function has 
neither a maximum nor a minimum value; on a surface this would correspond, 
e,g. with the top of a “ pass ” going in one direction but bounded by still 
higher “ ground ” on each side; or with the lowest part of a “ ridge,” sloping 
down to lower levels on each side, respectively. The case when the sign in 
(6) is = is dealt with only in advanced mathematical works; ^ it may, but usually 
does not, correspond with a maximum or minimum. 

Let u=x^+y^’-'iaxy (a=const.), then 

duldx^3x^—3ay=^0 y=^x'^la\ duldy=^3y'^—3ax=^Qy 

/, y'^—ax=x^la'^-‘ax=Oy or x(x3—a^)=0. 

The real roots are x=0 and therefore y=:x^la=a or 0. Also: 

d^uldx^=6xy d^ufdxdy^^ —3^, d^uldy^=6y; 

hence (with the notation above) for the two roots: 

x=0: A=0y B=—3ay C=0, 

x=a: A=6ay j&=—3a, C=6a 

(since if x==a, y=a). Hence for x=a: AC=^36a^y B'^^9a\ which satisfies the 
condition for a maximum or a minimum, and as A is positive, it is a minimum. 
The case x=0 makes ^C=0, B^=9a\ and gives neither a maximum nor a 
minimum. The minimum value of u in the first case is a^+a^—3a^=— 

§ 39. Differentiation of a Definite Integral 

Let the indefinite integral of a function f(x, c) involving a parameter (§ 26) c, 
be F (Xy c). Then the definite integral between the limits a and b is: 

J f(x, c)dx=F(ft, c)“-F(a, c). 

If a, by and c are functions of some variable t : 

dJjda^-(dlda)F(ay c)= -f(a, c), 

dJ/db={dldb)F{b, c)=f(6, c), 

dJldc={dldc) f f(x, c)dx= f (dldc)f(Xy c) . dx, 
Ja Ja 

(Lfldt:={8Jl8aXdaldt)+i^JI8b)(dbldt)+(dJ/dcX<icldt) 

=f(fc, c)idbldt)-f(a, c)idaldt)+j[df(x, c)l8c]dx ■ (1) 

^ See e.g. Williamson, “Differential Calculus,’* 1887, 191 f.; Gibson, “Advanced Cal¬ 
culus,” 1931,216. 

2 Goursat, “Cours d’Analyse Math(hnatique,” 4th edit., 1924, 1, 107; Hobson, “Theory 
of Functions of a Real Variable,” Cambridge, 1926,2, 214. 
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TRIGONOMETRIC FUNCTIONS 

§ 40. Trigonometric Functions 

Let ABC (Fig. 18.1) be a right-angled triangle. Then if the angle BAC (positive 
when described anti-clockwise) be denoted by a {6 is often used), the primary 
trigonometric functions, the sine, cosine, and tangent of a are defined by the ratios: 

sin a=BC/AC, cos a=AB/AC, tan a=BC/AB=sin a/cos a. 

What may be called secondary functions are: 

secant a=sec a=l/cos a, cosecant a=cosec a=l/sin a, 

cotangent a—cot a= 1/tan a. 

The angle a is measured in radians, a radian (or unit of circular measure of an 
angle) being the angle subtended by two radii of a circle of unit radius when the 
part of the circumference between them is of unit 
length. Thus, as the total circumference is 2tt, the 
right-angle 90° is i(27T)=7r/2 radians, and x°=(7r/180).v 
radians. The values of the functions for zero angle 
are sin 0=0, cos 0=1, tan 0=0. Since trigonometrical 
tables always give the functions in degrees, minutes, ^ 
and seconds, a circular measure must be converted into ^ 
these in order to find its function from the tables. metric Func7mnT' 

The angle a may be regarded as generated by the line 

AC, the direction AC being always positive, rotating about A from the position 

AB taken as positive. If the region from a=0 to a=90° or 7r/2 radians is called 
the first quadrant, the region njl to tt the second quadrant, the region tt to 37r/2 
the third quadrant, and the region 37r/2 to 277 the fourth quadrant, then all 
possible values of the trigonometric functions are included in these, since after 
a complete revolution (a=27r) the sequence begins again. Thus the functions 
are periodic, the value for a=x+2n7r, where n is any positive or negative 
integer, being the same as the value for x=a; 2tt is called the period of the 
function. The functions tan a and cot a have also the shorter period tt. This 
is best appreciated by drawing the graphs of sin x, cos x, tan x, and cot x. 
When n is any positive or negative integer or zero: 

sin x=sin[/i7r+(-"l)"x] cos x=cos {2n7T±x), 

The signs and limits of the trigonometric functions are tabulated below: 
e.g. if a is between 0 and 7r/2, sin a, cos a, and tan a are obviously all positive, 
since AB and BC are both positive; but if a is between 7r/2 and tt, AB is negative 
and BC positive, hence sin a is positive, cos a negative, and tan a also negative, 
and so on. 

Function Quadrant I Quadrant II Quadrant 111 Quadrant IV 

sin + Oto 1 + ItoO - Otol - ItoO 
cos + ItoO -Otol - ItoO -F Oto 1 
tan •f Oto 00 — 00 to 0 + Oto 00 — 00 to 0 
cot -f 00 toO — Oto 00 -F 00 to 0 — 0 to 00 
sec -h 1 to 00 — 00 to 1 — 1 to 00 + 00 to 1 

cosec •F 00 to I -I- 1 to 00 1 — 00 to 1 — 1 to 00 

It is seen that sin (-~a)= —sin a and cos (—a)=cos a. 
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Important special values of the functions are: 

0" 30" 45' 60" 90" 180" 270" 360" 

sin 0 i v2/2 V372 1 i 0 0 
cos 1 v'3/2 \ 2/2 1 

3 0 -1 0 1 
tan 0 v''3/.3 1 V3 00 0 00 0 

In Fig. 19.1 let the angle xOR=A. Draw TR at right-angles to OR, and on 

it take equal lengths PR and QR, such that POR=QOR=B. Draw perpen- 

Fig. 19.1. Trigonometric Functions of Sum or Difference of Two Angles 

diculars PL, QM, RN, and draw pKq parallel to Ox. The triangles ONR, 
PpR, and R^Q are similar (since P/>±ON, etc.). The geometry of the figure 
shows that: 

sin (A±B)= 
OP 

or 
MQ NR±pP ^ OR ^ RP 

OQ“ OP "^OR OP^RP OP 

=sin A cos B±cos A sin B. 

cos (A±B)= 
OL 

OP 
or 

OM ONTRgr ON OR Rt? RQ 

OQ ~ OQ ” ~OR ■ OQ^RQ ' OQ 

=cos A cos Bq^sin A sin B 

The cases when A or B is greater than a right angle are easily found from 
appropriate figures. Thus, if A and B are any two angles: 

sin (A-f B)=sin A cos B-fcos A sin B.(1) 

sin (A—B)=sin A cos B—cos A sin B.(2) 

cos (A-f B)=cos A cos B—sin A sin B.(3) 

cos (A—B)=cos A cos B-f sin A sin B.(4) 

From these, and the important formula 

sin2 A -f cos2 A=1 .(5) 

(which is merely the trigonometrical equivalent of OR2=ON2-f NR2 in Fig. 
19.1), a number of other equations are easily found. 
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Add (1) and (2), and (3) and (4), then: 

sin (A+B)+sin (A—B)=2 sin A cos B .... (6) 

cos (A+B)+cos (A—B)=2 cos A cos B .... (7) 

fn (l)-(4) put A = B and use (5), then: 

sin 2A=2 sin A cos A.(8) 

cos 2A=cos2 A—sin^ A=2 cos^ A—I = 1 —2 sin^ A . . (9) 

.’. cos2 iA=j(l +COS A).(10) 

sin^ ^A=5(1—cos A).(11) 

by putting A=^A in (8) and (9). By dividing (1) by (3): 

,, sin A cos B+cos A sin B tan A+tan B 
tan (A+B)=--^—t . d= , -jr:—^ . (12) 

cos A cos B—sin A sin B 1—tan A tan B 

by dividing top and bottom by cos A cos B, and similarly from (2) and (4): 

,, tan A—tan B 
tan (A—B)=y-“—. . ^.(13) 

1 +tan A tan B 

(Equations (12) and (13) can also be found directly from Fig. 19.1.) 

sin (A+B) sin (A—B) = (sin A cos B+cos A sin B) (sin A cos B—cos A sin B) 

= sin^ A cos^ B—cos^ A sin^ B 

= sin^ A(l—sin2 B)—(1—sin^ B) sin^ B 

= sin^ A—sin^ B.(14) 
and similarly: 

cos (A+B) cos (A—B)=cos2 A—sin^ B .... (15) 

Put A+B=Cand A-B=D .’. A=i(C+D) and B=i(C-D) 

. ^ . C+D C-D 
.'. sin C+sin D=2 sm cos -— 

^ C+D . C-D 
sin C—sin D=2 cos — sin — 

^ . C+D C-D 
cos C+cos D=2 cos —^— cos —^— 

^ ^ . C+D . C-D 
cos D—cos C=2 sm - ^— sm — 

(Note the reversal of order in the last formula.) 

§ 41. Collected Trigonometric Fonnulae 

A list of formulae is given below for reference, the angles being denoted by 
X and j. Those not proved above are easily found from preceding formulae. 

l+tan2 xsasec* X, l+cot^ x=cosec2 x . . . ■ (1) 

tan xa='\/(l~s®c2 x), cot x='v/(l—cosec^ ,v) . . (2) 

sin (x+y)=sin x cos )’+cos x sin j.(3) 

sin (x—y)=sin x cos >>—005 x sin y.(4) 

cos (x+y)a=cos X cos y—sin x sin y.(5) 

cos (x—y)=cos X cos y+sin x sin y.(6) 

tan (x+y)=(tan x+tan y)/(l—tan x tan y). . . . (7) 
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tan (jc—j)=(tan jc—tan y)l{\ +tan jc tan ... (8) 

sin 2x=2 sin x cos x.(9) 

cos 2x=cos2 x—sin^ x==2 cos^ a — 1 = 1 —2 sin^ x . (10) 

sin 3x=3 sin x—4 sin-^ x.(11) 

cos 3x=4 cos"^ x-~3 cos x.(12) 

tan 2x=2 tan x/(l—tan^ x) .(13) 

cot 2x=(cot2 x-~l)/2 cot X.(14) 

sin ^x=± VK^-’COs x)/2].(15) 

cos ■|■x= ± \/[( 14* cos x)/2].(16) 

tan ix=±\/(l““Cos x)/\/(l+cos x)= 
(1 —COS x)/sin x=sin x/(] +cos x) . . (17) 

sin xitsin y=2 sin ^(x±jl’) . cos ^(xTj') .... (18) 

cos x+cos >>=2 cos -l(x+y). cos j(x—y) .... (19) 

cos X—cos >' = — 2 sin • ^in • • ■ (^®) 

tan xdbtan j^=sin (x±}^/cos x cos y.(21) 

cot x±cot y= ±sin (x± v)/sin x sin .(22) 

sin^ x+cos^ x=l.(23) 

sin^ X—sin2 j.’=sin (x+v). sin (x—>^).(24) 

cos^ X—cos2 ^=—sin (x+>’). sin (x—y) .... (25) 

cos2 X—sin^ j=cos (x+.v). cos (x—>^).(26) 

sin (-f77—x)=cos X, cos (^-tt—x)=sin x.(27) 

tan (^tt'—x)=cot X, cot (^—x)=tan x.(28) 

sin (tt—x)—sin x, cos (tt—x)= —cos x.(29) 

sin (^+x)=cos X, cos (|77+x)=—sin x . . . . (30) 

sin(7r+x)=—sin X, cos (77+x)=—cos X .... (31) 

§ 42. Differentiation of Trigonometric Functions 

In Fig. 20.1 the angle POA=x and the angle QOA=x+dx, therefore 
QOP=dx. The angles are in radians, 
hence dx=QP/r, where r=radius of 
circle. 

sin x=PM/r and sin(x+dx)=QN/r 

d sin x=sin (x+dx)—sin x= 
(QN-PM)/r=QR/r 

=(QR/QP)(QP/r)=(QR/QP)dx 

When dx is very small, the arc QP 
approaches the hypotenuse QP of the tri¬ 
angle PQR and QR/QP=cos QPR== 
cos NQP=cos AOP—cos x, since NQ is 
at right angles to OA and OP is at right 
angles to QP 

d sin x==cos x. dx . (1) 
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Similarly, d cos x===(0N~01vr)//'==--MN/r===~-RP/r===--^p . ~~ r=—sin x . dx 

d cos x=--sin x . dx.(2) 

Also d tan x=d (sin x/cos x) and by the formula for differentiating a quotient, 
(5), §6: 

d tan x=(cos x d sin x—sin x d cos x)/cos2 x 

=(cos2x . dx+sin^x . dx)/cos2x=dx/cos2x=sec2x . dx 

/. d tan x=sec2 x . dx .(3) 

Similarly, d cot x=d (cos x/sin x)= —dx/sin^ x== —cosec^ x . dx , . (4) 

§ 43. Integration of Trigonometric Functions 

The integrals follow at once from the above results for differentiation: 

J sin xdx=J—d(cos x)=—cos x+C.(1) 

J cos xdx==/d(sin x)=sin x+C.(2) 

/dx/(cos2x)=/d(tan x)=tan x+ C.(3) 

Many integrals are easily found by substitution of trigonometric functions. 
E.g. where n is a constant. Put x=^a sin u .*. dx=n; cos uAu 

sin2 u). cos wdu=fl2/cos2 wdw, from (23), §41, 

=|'n2j(i4.cos 2i/)dw, from (10), §41, 

sin 2w)+C. 

(Note that /cos 2MdM=-j sin 2w+C, as is found by putting 2u=v dv=2du 
and the integral is jjcos vdv^^ sin v+C=i sin 2m+C) 

But ^ sin 2w==sin u cos w, from (9), § 41, and since 

sin u=^xja, cos u)=^\/(a^—x^)la sin u cos M=x\/(a2—x^) 

J 2^^ sin^^(x/a)+l‘X\/(a^—x^) 

where sm~^(x/a) denotes an angle the sine of which is xja. 
The following integrals are sometimes required: 

(I) /sin mx sin nxdx. From (20), § 41, writing A and B for x and y: 

cos A—cos B=—2sin^(A+B) . sin |^(A—B) 

=2 sin |“(A+B), sin j(B—A) [since sin (--x)= —sin x] 

Put '^(A+B)=wx and ^(B—A)=/ix 

A=(w—/z)x and B=(w+n)x 

cos (w—/2)x-“COS (/w+«)x=2 sin mx sin nx 

2/sin mx sin nxdx=/cos (w—/7)xdx—/cos (m+n)xdx 

m—n 
sin (/w—n)x- 

m+n 
sin {m+n)x+C 

/ sin mx sin nxdx= • 
sin (m+n)x^sin (m—n)x 

+ C. 
2(m+n) 2(w—n) 

(2) /cos mx cos nxdx. From (19), § 41, writing A and B for x and y\ 

cos A+cos B=2 cos ^A+B) . cos ^(A—B) 
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Put ^(A+B)=mx and ^(A~“B)=wx 

A={m+ri)x and B==(ni—n)x 

cos (m+/7)jc+cos {m—n)x=^2 cos mx cos nx 

2Jcos mx cos wA‘dx=Jcos (w+/7).vd.v+/cos im—n)xdx 

1 ... 1 
m+n 

sin (m+n)x- 
m—n 

sin (w—«)a*+^’ 

Jcos mx cos tixdx- 
sin (m+n)x sin (m—n)x 

~ +C. 
2(m+n) l(m—n) 

(3) J sin mx cos nxdx. From (18), § 41, writing A and B for a* and v: 

sin A—sin B=2 sin |^(A—B) . cos ^(A+B) 

Put ^(A B)=mx and y(A+B)—nx, 

A=(m+n)x and —B=(m—n)x, 

sin (w+«)A+sin (m—n)x=^2 sin mx cos nx 

2Jsin mx cos «A'dA=/sin (w+/?)A:dA*+/sin (m—n)xdx 

cos (m+n)x cos (m—n)x 

2(m+n) 
/sin mx cos nxdx= - •C 

2(m—«) 

By integration from 0 to 2tt it is then easily seen that, since sin 0=sin 2tt=0, and 
cos 0=cos 277=1: 

J/ cos mx cos ztAdA' = sin mx sin nxdx=^ si 
Jo Jo 

sin mx cos A7A'dA=0 

when m^n, a result used in deducing Fourier’s series (§ 73). 
Two functions ipm(x) and f/f„(x), such that j'i/j^(x)i/j„(x)dx==0, when m=j>^n, 

and the integration is taken between suitable limits, are said to be orthogonal, 
and cos mx and cos nx, sin mx and sin nx, are seen to be orthogonal. 

Now suppose that m^n\ the integrals (l)-(3) become: 

(4) / sin^ nxdx=\^{\ —cos 2nx)dx (from (10), § 41) 

=x/2—(sin 2nx)IAn+C, 
rltr 

si 
Jo 

(5) Similarly 

sin^ nxdx=^7T. 

/ cos2 mxdx^\i{\ +COS 2mx)dx (from (10), § 41)) 

=x/2+(sin 2mx)l4m + C, 
rlTT 

c 
Jo 

cos^ nix=Tr. 

Since 
r2ir 

(sin mxj^/rrydx^ (cos mA'/V'7r)2dx= 1 
Jo Jo 

l/V?^ is said to be a normalising factor for sin nx and cos mx, these integrals 
being normalised to unity. 

(6) / sin mx cos mxdx=(l/m) / sin mx d (sin mx) 

=(sin2 mx)l2m+C, 

Jo 
sin mx cos mxdx^O, 
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§ 44. Inverse Trigonometric Functions 

The notation sin' etc., is used to denote * an mg/e the sine of which is x, 
etc. The inverse functions sin~ijc, etc., are much used in the calculus. 

Let j=sin“ix, then x=sin y, dx/dj=cos j;= ^/(l —sin* >')=\/(l —x^), 

d>'/dx=d(sin“’A:)/dA(:=l/\/(l— 

Ifj;=sin~’(x/fl), .'. A=asinj, .'. dx/d>’=acosj=a\/(l—sin*>')= 
flV(l —x^jdX), 

■ (2) 

Let,v==cos~ix ^=cosj^ dx/dy^--'Siny=^’-\/(\--co^^ 

.-. d(cos-U')/dx=:-i/V(i-^'2) 

and, similarly, 

d(cos->^)/d.v=-l/V(«*-.v2) .•.J^^--^=_cos-i^ . (4) 

(The signs apply to the first quadrant. It should be noted that (1) and (3) do 
not show that sin~ix=—cos"^^—^which is not true—because the integration 
constants, here omitted, differ by 7t/2.) 

Let >^=tan~fv, .x=tanj, d.Y/d>^==sec^ j=l+tan2>’=l+x^ 

r dx 
d (tan~^Y)/dY=l/(l+:»^*^), J • • • (5J 

If>’=tan”^ (x/^), x=a'tanj, /. dx/d>’=asec^ (l+tan^^^) 

.-. d(tan-i ^)/dx=a/(a*+x*), •• J^4^2=^an-i ^. . (6) 

If j;=s=COt~^^ X, X = COt>’, dx/d>^=—COSec2x=-~COt2x—1 = —x2—1, 

.-. d(COt-U-)/dx--l/(A2+l) .-. J^|- = -COr>A- . . (7) 

and similarly 

d(cofJ)/di=-„/(,2+»J), . (8) 

These results obviously allow of the integration of some common functions 
of A. 

§ 45. Expansion of Trigonometric Functions 
The functions sin a and cos a may be expanded in series of powers of a by 

Maclaurin’s Theorem (1), § 34. Let f(A)=sin x. Then: 

df(A)/dA=cos A, d*f(A)/dA*= —sin A, d*f(A)/dA3=—cos a, etc. 

Also, f(0)=0, df(0)/dA=l, d2f(0)/dA2=0, d3f(0)/dA3=-]. d4f(0)/dA‘»=0, 
d5f(0)/dA5=*l, etc. 

.-. sin a=a-a3/3!+a5/5!-a7/7!+ . . • • (1) 

Similarly, cos a=1—a2/2!+a^/4!—a®/6!+.(2) 

' Although sin2 A=(sm x)r, etc., sin "'a does not mean 1 /sin a, as might be expected. In 
older books, sin **a, etc., are denoted by arc sin a, etc. 
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Note that sin x is an odd and cos x an even function of x. In (1) x may be 
written xVl!, and in (2) I may be written x^/O!, since x^== 1 and 0! = 1. These 
series were published by Newton in 1669. 

§ 46. De Moivre’s Theorem 

The square of every real number, positive or negative, is positive. Hence the 
square root of a negative quantity is imaginary. If y/i--1)=/ (sometimes written 
t; the symbol / is due to Euler, 1777), then every imaginary number can be written 
as a product of a real number and /; e.g. ■\/(—25)—\/(—\ x25) = 5V(—l)==5/. 
Even powers of / are real, e.g. i'^=P . /2=(—l)x(—1)=1; odd powers of / are 
imaginary, e.g. /3=zz/(/2)~__/ sum of a real and an imaginary number is 
called a complex number., e.g. 3+2/. The expressions {a+ib) and {a—ib) 
are called conjugate, and their sum (la) and product {d^+b^) are real, whilst 
their difference {—lib or +2ib) is imaginary. If x and y are real numbers, 
z=x+/>’ is a complex number. If two complex numbers are equated to one 
another, the real and imaginary parts are separately equal in each; e.g. if 
•^i + (yi=X2+/>2, then Xi=X2, and or 7i==jV2- 

If it is assumed that the exponential series (2), § 33, holds for an imaginary 
exponent /x, where x is real, then: 

e^^=:l+/x+/2x2/2!+/V/3!+/4;c4/4!+ . . . 

= 1+/x-x2/2!-/x^/3!+xV4!+/xV5!+ . . . 

=(l~x2/2!+x4/4!+ . . .)+/(x-x3/3!+x5/5!+ . . .) • (3) 

and hence, from (1) and (2), §45: 

e^=cos x+/sin X.(4) 

The expression on the right (sometimes written as cis x) is a complex number. 
Similarly: 

e“^=cos x—i sin x, 

sin x=(e^—e”^^)/2/ and cos x=(e^^+e'"^)/2 . . (5) 

giving exponential values for the sine and cosine. It is readily found, by squaring 
and adding, that sin2 x+cos2 x=l. Also, e^"^=(e^)”=(cos x+/sin x)" for 
positive, negative, integral, or fractional values of n. Put nx=z, then: 

e‘^=cos z+i sin z=cos nx+i sin /ix.(6) 

(cos x+/sin x)”=cos «x+/sin wx .... (7) 

as may also be found by direct multiplication, and (3) and (5) of § 41. It should 
be noted that the expression on the right of (7) is only one value of that on the 
left, when n is not a positive integer. If n^pjq, where p and q are positive 
integers, there are q qih roots of any quantity, and hence there are q values of 
(cos x+i sin The further discussion is given in books on trigonometry.^ 

Equations (6) and (7) are forms of De Moivre^s Theorem? In (5) put x=/i7r, 
where n is any positive or negative integer. Then: 

sin Ai7r=0=(l/2/)(e'"’'—e“'""), 
• ^inn^^—inTT 

and by dividing by an equation discovered by Euler ^ connecting i and tt is 
found, viz.: 

e2^""=l .(8) 
1 See Hobson, “A Treatise on Plane Trigonometry,” 2nd edit., Cambridge, 1897, 280; 

Durell and Robson, ” Advanced Trigonometry,” 1920, 162. 
2 De Moivre, ” Miscellanea Analytica de Seriebus et Quadraturis,” London, 1730, 1. 
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§ 47. Hyperbolic Functions 
The so-called hyperbolic functions^ often met with, are defined as follows: 

cosh x=cos /x=^(e''^+e'‘^), sinh a:=~ sin 

tanh A:=sinh x/cosh x=(e^—e“^/(e^+e'"'^) . . (1) 

(The names are pronounced “ cosh,” “ shin,” and “ tank.”) They lead to 
equations similar to those holding for trigonometric functions, for example, 
cosh^x—sinh2;v=l in place of cos^ x+sin^ x=l; these equations are given in 
books on the calculus.^ The hyperbolic functions can always be rewritten in 
terms of real exponential functions, and little use will be made of them. It is 
easily shown that: d (cosh x)=sinh x . dx, d (sinh x)=cosh x . d.x, and 
d tanh x=(l/cosh2 x)dx=sech2 x . dx. 

The inverse hyperbolic functions, cosh *U% etc., appear as alternative forms of 
some common integrals. If cosh r=x, then sinh and: 

e-^'=:|^(e^+e~-^)+^(e’'—e"0=^C)shy+sinh y=x+\/(x^—]), 

.*. y=cosh“ix=ln [x+\/(^"^"“l)]- 

Similarly:y=sinh“^x=ln [\/(l+x2)+x]. 

If tanhy=x, 
x=(e^-e'-^)/(e*^+e-->') /. e2>'=(l +x)/(l-x), 

y==tanh-ix=|In[(l+x)/(l~x)] (x<l). 

Similarly: v=coth~kx=^ In [(x+ l)/(x— 1)] (x>*l). 

The values of the derived functions for x/a instead of x are easily found to be: 

y=cosh''^(x/n) x=flcoshy, 

d cosh”^ x/n 1 

dx=asinhy. dy=a\/(co^h^y--]) . dy 

dx 

Similarly: 

d sinh*"^ xfa 

r dx 

dx 

d tanh"^x/n 

^2^_^cosh~^ -=ln [x+V(y^-^?^)]* 

^ —sinh“^~=ln W{x'^+d^)+x], 

dx 

d coth“~^ xja 

dx 

''^/{x'^+a^y ’ ‘ J \/(.x^+^^) 
a ^ ^ f dx 1 , , ^ 1 , a+x 

= -5-5 (x<a), -3-==- tanh~i -=~ln-, 
^ J a^—x^ a a 2a a—x 

a a r dx 
72— y2 x2~.fl2V 

1 , , X 1 x—a 
- coth“i -=—In——. 
a a 2a x+a 

Since cosh x-fsinh x=e*, therefore x=ln e^=ln (cosh x+sinh x). If 6 is 
an angle such that sinh x=tan 6, 

cosh x= VCl+sinh^ x)=\/(l+fan2 0)=:sec d (from (1), § 41), 

then x=ln (sec 0+tan 0)=A(0) 

is called the “ lambda function of 0.” The angle 6 was called by Cayley the 
gudermannian of x (after Gudermann) and denoted by gd (x), when x=gd“i(0) 
or xssamh^K®)* The gudermannian is sometimes called the “ hyperbolic 

1 For a good account of hyperbolic functions, see Greenhill, “ Differential and Integral 
Calculus,” 1896. The functions are sometimes denoted by ch, sh, th, which must be carefully 
distinguished from those of elliptic functions cn, sn. Some mathematicians, e.g. G. A. 
Gibson, “ An Elementary Treatise on the Calculus,” 1933, 140, are less enthusiastic about the 
use of hyperbolic functions than is Greenhill. 
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amplitude” of .t. This function x was used by Edward Wright in 1599 in 
constructing Mercator’s charts. No use will be made of these functions. The 
curve ;V<^=cosh (x/a) is called a catenary, the ordinate yja being the arithmetic 
mean of the ordinates of the two exponential curves yla^€^‘‘^ and yja^e"^’^. 
The catenary is the curve in which a uniform chain (Latin catena) hangs; or (of 
more interest to us), the vertical section of a soap-bubble film (catenoid) drawn 
up by a circular wire from a flat liquid surface. 

§ 48. Curvature 

Let P and Pi be any two neighbouring points on a plane curve (Fig. 21.1). 
In passing along the small arc PPi=S.y, the tangent turns through the small 

angle 8^, which is called the total curvature of the 
arc Bs. The mean curvature is the limiting value 
of 8^/Sj when S5~>0, i.e. d^/dy. 

If QP and QPj are perpendiculars to the 
tangents at P and Pi, meeting at Q, the angle 
(in radians, §40), where QP= 
QPi=7^, the arc PPi being very nearly circular. 
A circle in contact with a curve may be regarded 
as passing through three consecutive points 
infinitely close to one another, as a straight line 
(tangent) touching the curve passes through two 

X such points, and this circle is called the circle of 
curvature, its radius being the radius of curvature. 

For any given curve, tan 9!»=dy/dx, 

d2>^/dx2=d(tan <^)/dx=(l/cos^ <f). dfjAx. 

Also d<^/ds=(d^/dx)(djc/d5')=cos9i. (d^/dx)=cos^ ^(d^^^/dx^), 

since the projection of a very small arc d^ on the x axis is dx=d^ cos 

Hence: l/i^=d«^/d5'=cos^ <f>{A^yldx'^). 

But cos2^+sin2^=I (§41) l-fsin2(/>/cos2(^=l/cos2<;^, 

cos2 1 /(I +tan2 <j>)^ 1/[1+(d>;/dA-)2], 

cos^^=l/[l+(dj/dx:)2p^2^ 

l/i?=[l + (dy/dx)2]3/2/(cl2y/dx2).(1) 

This is the standard formula for the radius of curvature of a plane curve. The 
consideration of the curvature of a surface is more difficult,^ 

If y4x2+5j;2=-l is a conic referred to its principal axes, r, r' the radii corres¬ 
ponding to the vectorial angles 6 and d+njl, so that the radii are at right angles, 
then x=r cos 0,y^r sin 9, hence: 

Ar^ cos2 0^Br^ sin^ 0=1 /. l/r2=^ cos^ 9+B sm\9; 

and similarly 

l/r'^^A cos2 (0+W2)+5sin2 (0+77/2)=^ sin2 0+jJcos2 0 

llr^+llr'^==iA (cos2 0+sin2 0)+B(sin2 0-bcos2 0)=syl+JJs£3const. (2) 

1 See e.g, Grecnhill, “ Differential and Integral Calculus,” 1896,266; Mach, “ The Science 
of Mechanics,” 1893, 388; C. Smith, “ Solid Geometry,” 1897, 213; Frost, ** Solid Geometry,” 
1886, 278; Salmon and Rogers, ” Analytical Geometry of Three Dimensions,” 1914,1, 292; 
Bell, “Coordinate Geometry of Three Dimensions,” 1920, 326; Serret, “Differential- und 
Integralrechnung,” Leipzig, 1908,1, 490. 
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It may be assumed (and is proved below) that the section of any surface by a 
plane which is parallel to, and indefinitely near, the tangent plane to the surface 
at any point O on the surface, is a conic section, since powers of the variables 
higher than the square in 
the equation to the sur- ^ 
face may be neglected. 
The centre of the conic 
is in the normal OV to 
the surface. Let any sec¬ 
tion of the surface by a q' p' 
plane containing OV cut ^-- 
the conic in the diameter ^I- 
QVQ' (Fig. 22.1), and -^ ;\ 
draw a circle of centre ; 1 ^1 / 
O' which touches the \ 1/ 
curve at O and cuts it 
at an adjacent point 
(Fig. 23.1). Then: / 

QV2=0'Q2-0'V2= / 
0'Q2-(0'0-0V)2 / 

=:0'Q2-0'02+ / 

20'O OV—OV2 ^ w V . 22.1. Curvature of a Surface 

But 0'Q=0'0, therefore 
QV2=0V (20'0—OV). When Q moves up to and ultimately coincides with 
O, the circle becomes the circle of curvature at O, and PQ=20'0=2/?, where 
R is the radius of curvature, and OV=0. Hence: 

QV2=2/?. OV.(3) 

This calculation was given by Newton. Hence for different normal sections 
through O, the radius of curvature R is proportional to the square of the semi- 

diameter QV of the conic through which the 
section passes. 

It is shown in (2) above that the sum of the 
squares of the reciprocals of any two perpen¬ 
dicular semi-diameters of a conic is constant, 
hence ^ the sum of the reciprocals of the radii 
of curvature of any two perpendicular normal 
sections through a given point on a surface is 
constant, and is equal to the sum of the 

0 T reciprocals of the two principal radii of curva- 
Fig. 23.1. Circle of Curvature ture, l//?+l/^^ 

An important application of these results is 
to the curvature of a surface.^ If the origin O is transferred to a point on 
the surface where dfldx=0 and dfjdy^O, the equation to the surface being 
2=f(x, y), then if z is small it replaces dw in the notation of § 38; the notation 
may be further changed so that A=x, (where x, y, z are all very small), 

1 Young, in his memoir on capillarity, Phil, Trans,, 1805, 95, i, 65, remarks obscurely that 
this is “ easily shown by calculating the versed sines of two equal arcs taken at right-angles to 
the surface.” 

2 For an elementary discussion, see Cayley, ” On Contour and Slope Lines,” Phil. Mag., 
1859,18,264; and Maxwell, ” Hills and Dales,” ibid., 1870,40,421. 
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Fig. 24.1. The Hyperbolic Paraboloid 

and r, s, and t denote (§ 26) d^zfdx^ S^zjdxdy, and dHjdy^, respectively. The 
equation of the surface in the immediate vicinity of O thus becomes: 

z=^(rx2+2.9A->’+/>^2)+higher powers of and ... (4) 

The tangent plane is the plane xOy itself, and the normal through O is the 
z axis. Equation (4) is the equation of a surface called an osculatingparaboloidy 

and sections of it by planes (a 
constant) close to the tangent plane 
i:=0, which approximate closely to sec¬ 
tions of the surface, are similar conic 
sections: 

+2sxy+ty'^=2c. 

In a plane infinitely near the tangent 
plane, the similar conic section ob¬ 
tained 1 by putting 2c=l, viz.: 

rx'^+lsxy+ty^^ly 

was called by Dupin (“ Developpment de Geometric,” 1813) the indicatrix. 
It is shown ^ that if {rt—s^)>0y the indicatrix-conic is an ellipse, and a plane 
2=c close to the tangent plane will, if it meets the surface, cut off a small cup. 
The point on the surface is then called a synclastic ^ (or cup) point, such as the 
top of a hill or the bottom of a depression, the contour lines being approxi¬ 
mately similar ellipses. The osculating paraboloid is then an elliptic paraboloid.^ 
If (rr—iy2)<;0, the indicatrix conic is a 
hyperbola, and the tangent plane cuts the 
surface in two lines crossing at the point 
of contact, this point being called an 
anticlastic ^ (or saddle) point, such as a 
pass or bar, with contour lines approxi¬ 
mately similar hyperbolas, and the oscu¬ 
lating paraboloid'is called a hyperbolic 
paraboloid^ (Fig. 24.1). 

Let 5 the surface OAP (Fig. 25.1) and 
the osculating paraboloid be cut by a 
plane OMP passing through the normal 
Oz, and inclined at an angle MOK = 0 
with the plane zx\ and let OP be part of 
the section of this plane by the surface. 
If OM=t/, the coordinates of the point 
P are a:=OG=i/cos 0, and y=GM= Fro. 25.1. 

u sin 6. Substitute in (4), then: 

z^\{u'^r cos^ 6+2u^s cos 6 sin O+u^t sin^ 0)-f etc., 

and in the limit when z=0 (in the tangent plane): 

2zlu^^r cos2 0+2s cos d sin d+t sin^ 0. 

Radius of Curvature of a 
Surface 

1 The substitution x=^V{2c)x and y^\/i2c)y obviously alters merely the size of the curve 
and not its character. 

2 E.g. in F. G. W. Brown, “ Higher Mathematics for Students of Engineering and Science/’ 
1926, 221, 328. 

3 Greek avv with, #fAao> to break, dvTt against. 
^ See Frost, “ Solid Geometry,” 1886, 85. 
5 See de Morgan, ” Differential and Integral Calculus,” 1842, 429. 
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If OP is regarded as an infinitely small arc of a circle (the plane of which is 
perpendicular to the xy plane and makes an angle 0 with the plane xOz) of 
radius a, (3) shows that the rectangle formed by PM=2 and the rest of the dia¬ 
meter is equal to and in the limit the diameter is thus la^u^jz^ 
therefore 2z/w2=l/a=l//o, where p is the radius of curvature of the normal sec¬ 
tion (i.e. the section plane passing through and parallel to O2 and perpendicular 
to the xy plane). Thus: 

l/p=r2 cos^ 0+2s cos 6 sin 0+t sin^ 0. 

If another normal section inclined to the first at a right angle (still passing 
through O2) is taken, this has an angle (O+tt/I) with the zx plane, and since 
sin (7r/2-f 0)=cos 0 and cos (77/2+^)=—-sin 9, 

/. l/p'=r sin2 6—2s sin 6 cos 9+t cos^ 6, 

where p' is the radius of curvature of the section normal to the first. Hence: 

l/p4-l/p'=r (cos^ 0-f sin2 6)+t (sin^ 0+cos2 0)=/*+/=const., . (5) 

since, by (23), § 41, sin^ d+cos^ 0=1. This result, due to Euler, shows that the 
sum of the curvatures (reciprocals of the radii of curvature) of two normal 
sections perpendicular to one another is constant. 

If the axes Ox and Oy are revolved around Oz, then xy may be made to 
vanish,! and equation (4) becomes: 

z=^(rx^+ty^)+ . . . =^i[X^IR+^y^lR'+ . . ., 

where R, R' are the principal radii of curvature, or the radii of curvature of 
the normal sections xOz, yOz; and for a normal section making an angle 0 
with Ox: l/p=cos2 0/i?+sin2 The quantity (r+t) or (l/p+l/p'), or 
(1/jR+l/i^') is called the curvature of the surfaced 

If a normal plane to a sphere at any point is drawn, cutting the sphere in a 
great circle of radius and if an oblique plane, inclined to the first at an angle 0, 
is drawn through the same tangent line to the sphere, the radius of the small 
circle cut off by it from the sphere is R cos 0. If an oblique plane z=x tan 0 
cuts the surface z^\(rx^+2sxy+ty'^), the curvature of the section of the surface 
is Lim [(2z/cos 0)1 with y=0, reducing to r/cos 0, so that the radius of curva¬ 
ture is cos 0/r. This is called Meunier's Theorem, The above equations are 
important in the theory of surface tension. 

§ 49. Theory of Simple Harmonic Vibrations ^ 
When a point P moves uniformly in a circular path (Fig. 26.1), its projection on 

any fixed diameter of the circle describes a simple harmonic motion in that line. 
The point returns to its original position once in every complete revolution on 
the circle, the period T being the time taken to describe the circle. If OP passes 
the X axis at a time r reckoned from an arbitrary zero time, and if it is in the 
position OP at a time /, then (since the motion is uniform) the angle 0 between 
OP and the x axis is: 

0/27r=(/-T)/r or 0=(27r/r)(/-T). 

Whenever possible, it is simplest to make t=0, and for the present this will be 

1 This is shown in any work on conic sections; see e.g. C. Smith, “ An Elementary Treatise 
on Conic Sections,” 1914, 226. 

2 W. Thomson (Lord Kelvin), “ Popular Lectures and Addresses,” 1889, 1, 17. 
! E. H. and W. Weber, ” Wellenlehre auf Experimente gegriindet,” Leipzig, 1825; Donkin, 

” Acoustics,” Oxford, 1870, 30 f.; Lamb, ” Dynamical Theory of Sound,” 1910, 8; Coulson, 
“ Waves,” Edinburgh, 1941. 

A.T.P.C.—3 
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assumed, when 0=(27r/r)/. If the angular velocity in the circle is w radians 
per sec., d^cot. 

Since the point makes a complete revolution in T secs., it makes IjT revolu¬ 
tions in 1 sec., this being called the frequency, v, hence therefore 

The projection ON=^ of OP on the x axis is: 

ON=^=OP cos cos 0=A cos (27TlT)t=A cos Invi, 

where A is the radius of the circle; and the projection 0]M'=NP of OP on the y 
axis is: 

ON'=OP cos (7r/2—0)=OP sin 9==: A sin {27rlT)t=A sin Invt, 

If the length ON (or ON') is plotted against /, a cosine (or sine) curve shown on 
the right in Fig. 26.1 is obtained. The two curves are displaced with respect to 
each other by a time interval (|7r/27r)r=^7, called the lead or lag of one curve 
relative to the other, corresponding with a phase angle of ^=90''. As the point 
P moves uniformly in the circle, the point N moves non-uniformly along the 

Fig. 26.1. Simple Harmonic Motion 

X axis, oscillating between the extremes of the circle diameter in a time or 
performing one complete oscillation from its initial position anywhere on the 
diameter back to this position again in a time T. The point N is said to execute 
a simple harmonic motion (S.H.M.). Let the distance of N from O, on either 
side, be denoted by s: this is called the displacement. 

On the cosine or sine curve, the maximum displacement from the axis is 
±y4, called the amplitude. On the cosine curve, this occurs when cos 0=±1, 
i.e. 0=0 or wtt, where n is an integer, and /=0/(27r/r)=«7r/(27T/r)=|^«r. On 
the sine curve it occurs when sin 0= ± I, i.e. 0=«(7r/2), where n is an odd integer, 
or t^\nT. The minimum displacement is 0, which occurs on the cosine curve 
when cos 0=0 or 0 is an odd whole multiple of or t is an odd whole multiple 
of ir, and on the sine curve when sin 0=0 or 0 is a whole multiple of tt and 
t a whole multiple of Since N and N' both execute linear simple harmonic 
motions of the same amplitude and period but differing in phase angle by 
these two simultaneous linear harmonic motions are together equivalent to a 
uniform circular motion, and conversely. 

Instead of considering the curve as giving successive values of the displace¬ 
ment from O at various times, it may be supposed that the horizontal axis is an 
X axis, and that the ordinates represent displacements at right angles of fixed 
points on it at different times, which are those of corresponding points on the 
t axis. The displacement then travels as a wave. The distance between two 
corresponding points is the wave-length, A. The wave travels with a velocity u, 
and since the wave-length is described in the time of the period T, therefore 
Aa=7i/. Since l/r= v, the frequency, «=» vA. The wave number /x, the number 
of waves per cm., is obviously ja=l/A=v/«. 
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The (variable) velocity of the point describing a simple harmonic motion on a 
circle diameter is found as follows. The displacement s is zero when the point 
is at O, and if the time is taken as zero for this position, the point N' must be 
taken, for which: 

s-=^A sin {lirtlT).(1) 

v=^dsldt^s^{dldt)A sin (27TtlT)==(27TAlT) cos (iTrtlT) . (2) 

and the (variable) acceleration is: 

/=di^/d/=d2v/d/2=rS=,(d/d/)[(27r^/70cos {lntlT)]^-{AiTUIT^) sin {iTrtjT) 
= ~(47r2/r2)5«-A'^ . (3) 

if a positive number. Thus, the acceleration is proportional to the 
displacement and is in the opposite direction to the displacement. When the 
point is leaving O it is retarded, when it is approaching O it is accelerated. The 
velocity has a maximum value when 1=0, when the cosine is unity, i.e. when 
the point is passing O. As t increases the velocity decreases, reaching zero 
when cos (27r//r)=0, i.e. t—\T, when the point is at the upper extremity of the 
line of amplitude. With further increase of /, the velocity becomes negative, 
increasing till the point passes O again. From this point, the velocity, still 
negative, decreases in numerical value till the lowest extremity of the line of 
amplitude is reached (when the amplitude is —^), when it is zero. With further 
increase of t, v becomes positive and the point reaches O with its initial velocity. 

If there are two points Pj and P2 moving uniformly on circles with the same 
period T, each describes the circle l/T times per sec., or the frequency^ v, is IjT, 
The corresponding sine waves will be given by (1), but the position of each set 
of waves relative to the other obviously depends on the initial angles made by 
OPi and OP2 with the t axis. Let these angles be ^2» then ^i/27r and 
^2/277 are called the phases of the motion. The angles after a time t will now be 
27rr/r+^i and 2TTtjT+<t>2. or l'TTvt+<i>i and 27rvt+(f>2. If OP reaches the x axis 
from its initial position (supposed below the axis) after a time r, and if t is 
the total time from the initial position, (/—-r) is the time starting from the 
x axis, and the angle 6 turned from the axis is given by 0/277=(/—T)/r, or 
0=(277/7)(/—t)=v(^—r). The angle turned in time r is given by 0/277=t/7; 
or ^=2tttIT, Sometimes r is called the phases here this is rjT, If the ampli¬ 
tudes of the two motions are different, say Ai and Ai, then the displacements 
are: 

Sx^Ai sin (27rvt+<t>i) and S2—A2 sin (277v/+^2) • * (4) 

The sum of the displacements may be regarded as the actual displacement of a 
single point in a medium through which the two sets of waves travel, the motion 
being in a plane ^: 

s=Sx-i‘S2=AI sin (277vt+^i)+^2 sin (277W+<^2) 

=^i(sin 27Tvt. cos ^i+cos 27rvt. sin ^1) 
+yi2(siii 277r/. cos (f>2+cos 27Tvt. sin ^2)> 

by (3), § 41. Let ^ be an angle and A an amplitude such that: 

s^A sin .(5) 

s=^(sin 2TTvt. cos ^+cos 27Tvt. sin ^), 

J The case considered is for two vibrations in the same direction. When two simple har¬ 
monic motions are at right angles, their composition is easily effected graphically, and the so- 
CdXl^d Lissajous figures TtsnW. Lissajous, Ann. Chim., 1857,51,147; Auerbach, in Winkelmann, 
“ Handbuch der Physik,” 1909, 2, 42; Duncan and Starling, “ Text-book of Physics,’’ 1936, 
673, the method being due to Perigal. 
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A COS (f>'=Ai COS (f>i+A2 COS <f>2y 

A sin^=^i s\n<})i+A2 sin <f>2- 

Square and add, remembering that sin^ ^+cos2 (^=1, 

A'^=^Ai^+A2^+2AiA2{cos^(f>i cos (/>2+sin </>i sin ^2) 

=/t j/<2 ^os ^2).(6) 
by (6), §41. 

If -(^2=0 or 2/27T, where n is an integer, i.e. ^1—^2 is an even multiple of 
77, both vibrations are in the same phase, and cos (^i~-<;&2)=cos 0=1, or 
cos 2/177=1, 

A^^A{^+A2^+1A,A2^{A, + A2y, 

^=.4i + ^2.(7) 

and if Ai = A2, A=2Ai. 
If ^i~^2=(2//4-1)77-, an odd multiple ofTT, cos 

A^=Ai-+A2^—2AjA2=(Ai — A2y 

A==A,^A2.(8) 

and if Ai = A2, A===0. 
This is a case of interferences when the crest of one wave coincides with the 

trough of the other, the motion is annulled if the amplitudes are equal and differ 
in phase by an odd multiple of 77. 

If the displacement at the origin (x=0) along a y axis at a time / is ^’= 
A sin 277(//7’), that in the y direction on an x axis will occur at a distance x 
from the origin at a time /'=/—x/w, since the wave-form moves along the x axis 
with a velocity w, and the displacement at x is the same as that at the origin at a 
time xju before. Hence (since uT=X, the wave-length): 

y=A sin 2rr(t'IT)—A sin \(t—x/u)/T] = A sin (2'7TlX)(ut—x) . (9) 

This can also be written as: 

y=A sin 277(w//A—x/A) = ^ sin 277(//r—x/A)=^ sin Inivt—iJLx), 

where v= 1/2"= frequency, and /x=l/A=wave number=number of waves per cm. 
In these equations the amplitude A is supposed to be constant for all values 

of X. If >4(x)=f(x) is a variable amplitude, the variation of the displacement 
with X can be included in it, and the equations written: 

y=:A(x) sin 277(//7")=^(x) sin 27Tvt .... (10) 

Since the cosine function is identical with the sine except for a difference of 
phase, all the above equations can equally well be written with the cosine 
instead of the sine. 

Let 
f(x)=« sin (bx+c)-’b cos (bx+c).(11) 

where b, and c, are positive constants. Put a=r cos <f> and Z>=rsin^, 
therefore and isin <f>=bla. Then: 

f'(x)=r cos <f>. sin {bx+c)--r sin (f>. cos (Z/x-f c) 

=/• sin (bx+c—(ft) (from (4), § 41). 

The differentiation of >;=f(x)=e"^ sin (bx+c) is an important standard case. 
It gives: 

r(x)=cre"^ sin (bx+c)+bc^ cos (fcx+c) .... (12) 
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Let COS and 6=rsin(^, therefore and tan^=i>/ti; 

r{x)^rd^^ cos (f> sin {bx+c)+rd^ sin ^ cos {bx+c) 

=^rd^ sin {bx+c+cfy) (from (3), § 41).(13) 

The operation of differentiation is thus equivalent to multiplication by r and 
adding <{> to the angle. Hence for the nth derivative: 

3/")=f^«>(x)=r"e^ sin (bx+c+ncf)). 

Similarly, if y=i'(x)=Q'^^ cos (bx+c).(14) 

yin) (bx + C + n(l>).(15) 

If f(.x:)=e“‘*^ sin (f^x+c).(16) 

f"(x)=r2e“'*"sin(Z>A'+c-2^).(17) 

f(x) has maximum or minimum values when f'(A)=0, 

.*. —rt~^ sin (6x+c—^)=0, 

and since e""*^ is not zero, sin (6x+c—^)=0 therefore (bx+c-‘(f>)=^mT, where 
^=0, ±1, ±2, ±3 . . the sine of 0 or any integral multiple of tt being 
zero. 

To distinguish maximum and minimum values, consider the sign of 

f"(x)=/*2e-fl^ sin (Z?x+c—2^)=/*%“^ sin (Z>x+c—(^—</>) 

when f(x) is a maximum or minimum. Since sin («7r—^)=—cos wtt sin^, 
by (4), § 41, and since and sin (f» are both positive, the sign of f"(x) is the 
same as that of —cos mr, i.e. (see the table in § 40) of (—1)”’^^ Hence f'X^) 
is negative, or f(x) a maximum, when « is 0, 2, 4 . . . (an even number), and 
f"(^) is positive, or f(x) a minimum, when n is 1, 3, 5 . . . (an odd number). 

§ 50. Group Velocity and Phase Velocity 

Actual waves in a medium are not propagated with an absolutely fixed 
frequency v (which would be called a homogeneous wave) but are rather com¬ 
posed of “ groups ” of strictly homogeneous waves differing slightly in fre¬ 
quency within the limits v and v+Av. The displacement y is denoted (§49) 
by A'=A cos 27r(v/—^x), for an infinite wave train propagated in the direction 
of X with a velocity u. For another wave-train with the same A but slightly 
different frequency and wave number the displacement ^ is: 

A"^A cos 27t[(v-1-Av)/—(jLt-f-A/>i')x]. 

By superposing the two, the displacement of the resulting wave motion is 
found to be: 

y^A'+A" =^A cos 27r(W—/^x)-fy4 cos 27r[(r+ Av)^--(/x+ Afj)x] 

=2A cos 27r(v/—/ix) . cos 7r(A . t— A/>t • x).(1) 

when A V and Aju are infinitesimal compared with v and /x. This follows from 
(19), §41: 

cos x+cos y=2 cos 2(^+7) ^^s j(x—>^). 

Equation (1) represents a train of waves with a displacement varying between 
2A and zero. There will be a series of regions of maximum displacement, the 

1 This is often called the “ amplitude,” but this is properly the quantity A. 
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crests travelling (as what may be called “ wave packets ”) with a group velocity v 
different from the phase velocity: 

u^vjyi^vX.(2) 

in each wave train. Equation (1) shows that y has maximum values for 
Av . t^Afi • X, hence the group velocity is, in the limit: 

t;=:x//= A^'/A/>i'=dv/d/x=dv/d(l/A)= —A2(di^/dA) . . (3) 

§ 51. Plane Wave 

A plane may be defined as the locus of a straight line a which passes through 
a given point P (xj, y^ zi), defined with reference to three perpendicular axes 
(Fig. 27.1), and is perpendicular to a given straight line For, by rotating the 

line a about the point P (xj, jt, Zi) so that 
it remains always perpendicular to the line 
jS, the plane is obviously generated. The 
line jS is the perpendicular OP from the 
origin to the plane: let its length be a. 
Project a on the axes, then Xi, yi, z^ will 
be its projections. The ratios Xi/a=/, 
y^/a=^m, and zila=^n, the cosines of the 
angles which the perpendicular to the 
plane makes with the three axes, define 
the direction of this line, and hence are 
called its direction cosines. Now take any 
point D (x, y, z) in the plane, and join 

PD. The line PD in the plane is perpendicular to OP. The projection of 
OD on OP is the sum of the projections of the coordinates of D on OP, i.e. 
/x+my+«z, and is also obviously equal to OP=a, 

lx+my+nz==^u.(1) 

is the equation of the plane. The expression: 

sin 2TTv[t--{lx+my+nz)lu] 

represents a plane wave. For, it is zero for a time t—f such that 

277 j/[r'—(/x+wy+«z)/w]=/ttt, 

where k is an integer (including zero). Thus: 

—(kujlv)+uf^lx+my+nz. 

But this is the equation of a plane with a perpendicular distance /x+my+nz=a 
from the origin. Hence, the surfaces defined by various values of k form a series 
of equidistant parallel planes distant ^ujv apart, the distance from the origin 
increasing with the time proportionally with the velocity u. This corresponds 
with a wave of length the places of zero displacement being half a wave¬ 
length apart. 

§ 52. Energy of an OsciUator 

Suppose that the point N' in §49 is a massive particle undergoing simple 
harmonic motion. A vibrating mass m has energy which is usually partly 
kinetic, and partly potential, Ep. When at its maximum elongation the 
particle is momentarily at rest, before it moves in the opposite direction, and 
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all its energy is potential; when it passes through the origin all its energy is 
kinetic, since the acceleration, and hence the force acting, is zero. 

The time average of the kinetic energy is found by integrating over a 
period T and dividing by T\ 

E^=^(MT) {\mv^At:={ml2T) Vv^dt. 
Jo Jo 

From (2), § 49, v={2irAIT) cos {iTrtjT), cos^ (IttIIT). 

From (10), § 41: cos^ (277//r)=i-[l +cos (47r//r)] 

7;2 = (27r2^2/r2)[l+COS(477r/r)] 

A=(W27’)(27r2y42/7’2) f ^[1 +COS (A7Tt/T)]dt 
Jo 

£*=(An/2r)(27r2/12/7’2)xr=m7T2y42/7’2.(1) 

since, from (2), § 43, J cosnx . dx=(l/«) sin nx+C, 

L 
cos i^tjT)dt= {TIAtt) sin (47r//7’) = (7/47r) sin 477-0=0, 

since sin 0=0 and sin 477=0; hence the second part of the integral vanishes. 
The kinetic energy on passing through the initial position (when the potential 

energy is zero) has a maximum value equal to the value for 6=2iTvt=7rl2: 

£k0=2'«»0^ = 2"ix (4772^12/72) sin2(77/2) = 2772yl2;„/7’2 = 2772^2^^2 . (2) 

since sin (77/2)=!, and v (frequency)=1/7. From (1) and (2): 

Ek=2^ka.(3) 

But the sum of the kinetic and potential energies is always equal to the maximum 
kinetic energy (when £’^=0): 

.(4) 

^p~iPl^~~Ek)~2^kO~^k.(3) 

i.e. the time averages of the kinetic and potential energies in (undamped) simple 
(linear) harmonic motion are always equal. 

The potential energy of the oscillator for any displacement x from the equili¬ 
brium position is given by integrating the product of the force (=massx 
acceleration) and displacement x, with the sign changed (since energy is gained 
when work is spent). The acceleration is, from (3), § 49, —(4772/72)^= —4772^2^, 
hence: 

Ep=An^v^m i x(Jx=2Tt^v^mx^ ... (6) 
VO 

When x=A, E^ is a maximum, 2n'^v'^mA'^. 

§ 53. Centripetal Force 

Consider a particle of mass m moving with uniform 
velocity ® in a circle of radius r, and let P (Fig. 28.1) be its 
position at any instant. If the particle were not acted upon 
by any force, it would move along the tangent PN with the 
constant velocity v it had at P, and after a time At it would 
reach N, where PN=©.dr. Thus, NQ is the space moved in the time dt 
under the action of the force, which is directed towards the centre O of the 

9 
Fig. 28.1. Centri¬ 

petal Force 
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circle, since the velocity in the circle is constant and there cannot be any force 
acting in the direction of the tangent. If / is the acceleration, the space 
described in time dt is i/(d/)2=:QN. In the limit, from (3), § 48: 

PN2=2QN . OP, (z;. d/)2=20N . OP=:/(d02A‘, 

f=v^lr.(1) 
If ni is the mass of the particle, the centripetal force acting towards the centre of 
the circle is: 

P^mv'^jr .(2) 

§ 54. Gamma Functions 

Two important definite integrals are: 

(I) the first Euler ian integral, or the beta function: 

f (/, m).(1) 
Jo 

(II) the second Eulerian integral, or the gamma function ^: 

I e~^x””^dx=J^(«) .(2) 
J 0 

In (1) put x=l~-2: 

f x^“’(l—f z^~\\ —■zy~^dz, JS(m, /)=JS (/, m). 
Jo Jo 

Integration by parts (§ 19) gives: 

Je~'\v”d.v= —c’^x^+nfQ'^x^^^dx  (3) 

Since ^ (e“'*'A'”)=0 for x=0 and x->oo, (2) and (3) give: 

r(/7+l)==?7r(/7).(4) 
This is the fundamental equation defining the property of the gamma function. 

I*X f*X 

Now 1 e^xd;c= e“^djr=l, by integration by parts, 

r(i)=i, r(2)=r(i)=i.(s) 

from (4); hence if « is a positive integer, (4) shows that: 

I’(ai+1)=/i(ai~-1)(«—2) . . . 1=«!.(6) 
n \ being factorial n. 

It can now be shown that Consider the integral: 

r 

Jo 

Let/:x=z, dx=dz/A:; 
rtoo ^00 

I e~^^xf^~^dx= j lk^~^){dzlk) 
Jo Jo 

.*. I e~^^x"~^dx=(l//:”) I e“^z”"Mz=jr(w)//c” ... (7) 
Jo Jo 

1 The beta function was given by Wallis, Newton, and Stirling (1730), but both functions 
were first fully investigated by Euler (1731 f.). The name Eulerian integrals and the symbol 
r{n) are due to Legendre (1811,1839, respectively). The definition (2) is not the most general 
one of the gamma function, and holds only with some restrictions, but it is the only one required 
here. 

2 The proof is not difficult; cf. § 16. 
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^00 ^00 

u= e~’^dx= I e~^^dy, 
Jo Jo 

/*oa ^oo ^00 foo 

/. I e~^dx . I €r^^dy=^ 
Jo Jo Jo Jo 

•■• n: 
e y^dy=^J, 

^y^^dxdy=^J^, 

Change to polar coordinates (Fig. 29.1) by writing x^+y-=r^, and dxdy=^ 
rdrdcf) (the small element dxd,v being equal in the limit to the small area dr.rd<^). 
The value of r must be taken from 0 to oo, and the angle ^ from 0 to In (a 
complete circle), 

^4*00 /•4-00 /*00 /’2w' 1*00 

I I I e“’^Vdr I d(f>=27T e“'^Vd/‘. 
J—ooj—00 Jo Jo Jo 

Since d(e*"^^)=—2/'e“^Mr, the integral is easily found: 
1^00 ^00 r T oo y 

2j e“^Vdr=~J d(e“^0=~ =U / 

since e“‘” = l/e~ = l/oo=0, ande®=l. Hence 7^=77. dr/\X 
Since e“*^ and are even functions (§ 21), each /^<y^r6<p 

integral between the limits 0 and oo is one-half the / y/ 

value between the limits — oo and + hence: / / 

d(e '0= 

«2= r re-*^-^^dxd>'=7T/4, «=V(’^)/2. 
Jo Jo 

By putting rt—^ in (2) it follows that: 

r(^)= f 
Jo 

PutA:=j2, dA:=2ydy, and x“^^^=l/>’, 

Fig. 29.1. Polar Surface 
Element 

r{\)=2 \ Q~^^dy^2u^y/TT 
Jo 

Several special integrals can be expressed in terms of gamma (or beta) 
functions. 

(I) To find the value of the multiple integral: ^ 

JJ/ . . . • . • dxdydz.(9) 

where the variables have all positive values consistent with the relation 
x+y+z+ ... ^I. Consider the case of three variables x, y, z. Integrate 
first with respect to z, the limits of integration being 0 and 1 — x—y. From (4): 

(i-x^yT m 
r(«+r/^ ^ 7)" • ■ • (10) 

Now integrate with respect to y. The limits of y are 0 and l—x, and the 
value of the integral: 

r 1 —x 

y” 
Jo 

'“^(l—x—>')”d>^ 

1 The notation means that the function is to be integrated in succession with respect to 
z, y, X, beginnmg with z. See § 22. 
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J= j* A:)'"~'dx 
Jo 

fore dx^ady, (a—x)=a(l—y), and w 

fy'-\l-yr~^dy 
Jo 

is to be found. Let: 

and put x=ay, therefore dx=ady, (a—x)=a(l—y), and when x is a, y is 1, 

Now consider the integral: 
noo 

.(13) 
) 

Integrate (13) with respect to x, then from (7): 

Integrate (13) with respect to y, then, from (7): 

y 

(Thf^ 
TTsdv . . (14) 

x^+fff-iyff*-iQ-(^+y)'^dxdy=r(m) ———dx 

^ Jo 
/*00 

=r(m) J =r(m)r{l) . (15) 
Jo 

from (3). Hence, from (14) and (15): 

r(l+m) 
y^-^dy 

(1+3^) 

y^ ^dy r(l)r{m) 

Put yl{\ +y)=x in (1), then [since the limit of y/(y+1) is 1 as y-^ oo] : 

x^ ^(1—jc)"*“Mx= 
y My 

(1+3')'+'”. 

This is an important general equation from which, by special substitutions, 
various special results can be obtained. From (16) and (17): 

. . (18, 

since the value of the definite integral is the same for x or y. This integral is 
the beta function (1), the equation: 

„„ , noAm) 
*<'’'“>=T(l+So. 

giving a fundamental relation between the beta and gamma functions. 
From (1) and (12): 

j==a'+'"-iJS(/, m) (20) 
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In (17) put y=axjb, then: 

y’-^dy 

(f+3^ 
=a'^” 

iax+ty^"' 

x'-^dx ril)r{m) 
I (ax+ft)'**" a'b^ril+m) 

•I 0 
To find the value of (11), put \—x=a, and «=/—!, then 

f y"^*(l — v—:v)"dj= ( y"~^(a—xy~^dy 
Jo Jo j 

j from (12) 
Jo 

Jo 

^ ^ r(m)r(n+]) 
. (22) 

r(m+«+i) • • • • 

from (18). By replacing m in (18) by (m+«), considered as a single constant: 

f'x'->(l -xr'"dx---^-^-^—^ (23) 
Jo ^ ^ r(/+m+n+l) • • • • 

Hence, from (9), (10), and (22): 

fff . . . x'~’y"“’z"“* . . . dxd^dz . . . 

r(n) r(m)r(n+i) r(/)r(m+«+i) 

~T(n+])' !r(/M+«+l) ’ r(l+m+n+l) 

ni)r(m)r(n) ■ . ■ 
r(l+m+n+ . . . +1) 

which is the required result, for all values of x, j, z . . such that x+y+z+ 
. . . ^1. 

(II) To find the value of: 
rnfi rni 

1 sin” xdx^ j 
Jo Jo 

cos" xdx. 

In (18), put x=sin^ 6, therefore 1—:\:=cos2 0, dx=2 sin 0 cos when 
x—O, 0=0, and when jc=l, 0=7t/2; hence: 

ri M2 
j x^~\\-^xY~^dx^l j (sin^ 0)^”'i''2 Sf^-^i^dd, 

Jo Jo 

Put 2l—\=p and 2w—1=^, then the integral is: 
M2 M2 

2 sin^ $ cos* 6 d6=2 sin^ x cos* xdx, 

■ r no. r'”- r - . • iAi(p+1)] .. from (18): J sm'’ x cos* xdx=t—— * 

Put p=n and q<^0, and then q=n and p=0, when the same result is found, 

. „ , r'^ - . ,nK«+i)]Ai) 
. . J sm"A:dx=J cos"xdx=|—— • . (25) 
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(III) To find the value of: 

j ;c"e~'*^dx. 
Jo 

Put ax=z, therefore <lx=dzja and x^^^z^ja^^ and the integral is 
/•CO 

z^e-^dz. 
J 0 

Put 1, when the integral becomes r(m)=r(n+\), by (2), 
/•CO 

.(26) 
Jo 

Table of Gamma Functions 

Values of log r(n) when n lies between 1 and 2 are given to six decimal places 
by Legendre ^; an abbreviated table to four places is given below.^ Any other 
values may be obtained by using the fundamental equation (4) until a value of 
n between 1 and 2 is obtained in r(}i). 

Example. Find r{\). This is given by iAi) —JXl +4)=*25) Ai)— 
4A1*25). From the table, log Al *25)= 1-9573 Al •25)=0*9064 ,*. 
Ai)=3-6256. 

n j 0 00 0*01 0*02 0 03 0 04 0 05 0*06 0*07 0*08 0*09 

10 0 0000 1-9975 1*9951 T-9928 1*9905 1*9883 1*9862 1*9841 1*9821 T *9802 
M 1*9783 1*9765 1*9748 T*9731 1*9715 1*9699 1*9684 1-9669 1*9655 1*9642 
L2 1-9629 lJ-9617 T-9605 1*9594 1*9583 1*9573 T-9564 1-9554 1*9546 T-9538 
1-3 1-9530 T-9523 T-9516 1*9510 1 1-9505 1*9500 T*9495 1*9491 1 1-9487 1*9483 
1-4 1*9481 T-9478 1*9476 1-9475 1*9473 1-9473 1 1*9472 1-9473 1*9473 1-9474 
1-5 T-9475 1*9477 T-9479 1-9482 1*9485 1-9488 1*9492 1-9496 1*9501 1-9506 
L6 1*9511 1*9517 1*9523 1-9529 T*9536 I-9543 1 T*9550 1-9558 1*9566 1-9575 
1*7 T-9584 1 9593 1*9603 T-9613 1*9623 1-9633 T-9644 1-9656 1 *9667 1-9679 

■ 1-8 T-9691 1*9704 1*9717 1-9730 1*9743 1-9757 1*9771 1-9786 1*9800 1-9815 
L9 1*9831 1*9846 1*9862 1-9878 1*9895 1-9912 1*9929 

1 
1-9946 1*9964 1-9982 

§ 55. Dirichlet’s Integral 
This is the integral: ^ 

/=/// . . . . dldT^dC.(1) 

in which the variables . . . 7^, ^. are given all positive values consistent 
with the condition that: 

(|/a)^+(7^/^‘'+(^/y)'^+ ... is not greater than 1. 

Let (f/a)'-=x, (^/yr=z . . 

^=yz^‘’ . . 
di=(v./p)x^'^~^dx, drj=(filq)y^'* My, dl=(y/r)z^’~^dz. 

^ “ Exercises de Calcul Integral,” Paris, 1817,2, 85. The method of calculation is given in 
Lodge, ” Integral Calculus for Beginners,” 1905, 140. 

2 Adapted from the table in Williamson, “ Integral Calculus,” 1888, 169, where 10 has been 
added to all values, as in trigonometrical tables. See Nielsen, ” Handbuch der Theorie der 
Gammafunktion,” Leipzig, 1906. 

3 De Morgan, “Differential and Integral Calculus,” 1842, 678 f.; Williamson, “Integral 
Calculus,” 1888, 316. 
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Therefore (1) may be written: 

T=(a'j3'"/ . . . jpqr . . . )j;j . . . i . . . dxdydr . . 

with the condition that x+y-\-z+ ... is not greater than 1. 
has been found in (24), § 54: 

.'. . . . jpqr . . . ) 
r(llp)r(mlq)r(njr) . 

rillp+mlq+nlr+ . . . 

This integral 

(2) 

Put l=ni==n== . . . ==1, then . . . =1, and the value 
of (I) for all positive values of the N variables consistent with the condition 
that ... is not greater than 1 is found from (2) by putting 
a=:j8=)/= ... =1 and p^q=::r^ . . . =2, to be: 

r-fff H/ -1 _^ n, 
Ji /;j . . . dfdTjdC . . . 2^'T(nI2+1) 2^r(}V/2+l) ’ 

and the value of Ji for all positive and negative values of the variables is found 
by multiplying (3) by 2^, each positive term having a corresponding negative one. 

The value of /// . . . . . . for all positive values of the N variables 
such that _ is not greater than i.e. (^/r)2+(7y//-)2+(^//-)2+... 
not greater than 1, is found by putting a=^=y= . . . =r, and p=q=r= 
...=/■ in (2), and is: 

(r^/2^)[r(l/2)]^/r(Af/2+l).(4) 

and for all positive and negative values of the variables it is: 

r^[r{\l2)]^ir{NI2+\)=r^'n^i^iriNI2+\) .... (5) 

Now, from (4), § 54: 

r(iv/2+i)=(;v/2)r(^/2)=f r(-~+1) 1), etc. 

If A^is odd, the last factor is r'(l/2)= ^/^T, and it is seen that the number of factors 
besides this is ;^(A^+1). E.g. if iV=5, its values are 5, 3, 1, i.e. three or j{5+\); 
if N=7, it is 7, 5, 3, 1, or four values, i.e. -2^(7+!). Hence the expression 
becomes: 

,.N_i_!L_.Njf____!L_ 
' 1.3.5... Nr(})~’^ 1.3.5 ... N ' • • • ^ 

If N is even, the last factor is /’(!)=1, and the number of factors is ^N; e.g. if 
A'^=4, its values are 4 and 2, or two, i.e. ^ x 4; if 6, the values are 6,4,2, or three, 
i.e. i^x6, etc. Hence the expression becomes: 

^ 2W2^,2 ^ (2^)N/2 

' 2.4.6 ... N 2.4.6 ... TV ’ ‘ ' ‘ 
(7) 

If iVs=3, the expression becomes (2^/1 x3)r3=fw/-^ the volume of a sphere; 
hence (4) is the volume of a hypersphere of radius r in A^-dimensional space.^ 

The volume of the hyperellipsoid with semi-axes a^, b', a^, b‘, . . . a^^, b, 
bounded by the equation: 

(jfiVai^)+(^2^/«2^)+(-^37«3^)+ . . . =b^, 

is similarly shown to be: 
.^12 

r{Ni2+T)^^^°^^ . . . fl’N.(8) 

* See Berthoud, /. Chim. Phys., 1919,17, 589, for simple deductions of the surfaces of hyper¬ 
spheres of 4 and 5 dimensions; Lorentz, “ Les Theories Statistiques en Thermodynamique,” 
Leipzig and Berlin, 1916, 80. 



78 MATHEMATICAL INTRODUCTION I 

DIFFERENTIAL EQUATIONS 

§ 56. Differential Equations 
An equation involving differential coefficients of any order is called a different 

Hal equation,'^ and these are of various types. The general methods used for 
their solution belong to advanced mathematics. The problem, in the simplest 
case, is to find a value (or values) of j^=f(A:) which, when substituted in the 
differential equation involving j, dy/dx, d^j/dx^, . . . etc., satisfies the equa¬ 
tion, with suitable values of constants. For example, if: 

.(1) 
this may represent a particle of mass m subject to a restoring force, i.e. mass x 
acceleration^m{d'^xldt'^), proportional to its displacement x from a position of 
equilibrium, n being a constant. The solution: 

x=C cos .(2) 

where C and b are constants, satisfies (1). There must be two constants in the 
solution, because the second differential coefficient appears in (1) and a constant 
will have disappeared with each differentiation, which constants must be 
replaced in the integrations. Differentiate (2) twice with respect to t and 
substitute in (1): 

dx/dt= — C'\/(n/m) . sin • i+b], 

d2x/d/2= —C(«/w) cos Winjm). t+b] 

m(d2x/dt2)= — Cn cos Winjm) . t+b]=^ —«x, 

which is (1). This shows, from § 49, that the particle executes a simple harmonic 
motion. 

A differential equation may (but need not) result from the differentiation of 
a function, sometimes called the primitive, and if this contains arbitrary con¬ 
stants, one of them disappears with each differentiation, so that the final 
differential equation contains no arbitrary constants. An ordinary differential 
equation involves one independent variable, say x, one dependent variable, 

1 Some treatises on differential equations which may be consulted are: Piaggio, “ Differential 
Equations,” 1942 (an excellent introductory treatise); Hitchcock and Robinson, “Differential 
Equations in Applied Chemistry,” New York, 1923, 2nd edit., 1936 (elementary); Airy, “An 
Elementary Treatise on Partial Differential ^nations,” 1866, 2nd edit., 1873 (geometrical 
interpretations); Ince, “ Ordinary Differential Equations,” 1927; Murray, “ Introductory Course 
in Differential Equations,” New York, 1897, and many later editions (the one used being that 
of 1925); Green, “Introduction to Differential Equations,” 1945; Johnson, “Treatise on 
Ordinary and Partial Differential Equations,” 3rd edit,, 1891; Forsyth, “ A Treatise on Differ¬ 
ential Equations,” 4th edit., 1914; Webster, “ Partial Differential Equations of Mathematical 
Physics,” New York and Leipzig, 1927; Woods, “ Advanced Calculus,” Boston, 1934, 216 f.; 
a very good elementary account is given in Edwards, “ Integral Calculus for Beginners,” 
1898, 211 f.; an advanced treatise is Riemann, “ Partielle Diffcrentialgleichungen und deren 
Anwendungen auf physikalische Fragen,” 3rd edit., by K. HattendorfF, Brunswick, 1882 
(reprinted 1938), which is better for most purposes than the elaborated later editions by 
Weber, e.g., “ Die partielle Diffcrentialgleichungen der mathematischen Physik,” 5th edit., 
2 vols., 1910-12; the latest edition by Franck and Mises, “Die Differential- und Integral- 
gleichungen der Physik,” 2 vols., Brunswick, 1925-27, is a pure mathematician’s book; 
Boole’s “Treatise on Differential Equations,” 3rd final edit., 1872, with the (scarce) Sup¬ 
plementary Volume, 1877, is still useful for some purposes. The name “ differential equa¬ 
tion ” (and also “ derivative ”) appears in a letter from Leibniz to Oldenburg of 21 June, 1677, 
intended for Newton: “ Aequationem diffcrcntialem voco talem qua valor ipsius dX cxprimitur, 
quaeque ex alia derivata est, qua valor ipsius x exprimibatur”: “Leibnizens mathematische 
Schriften,” edit. Gerhardt, Berlin, 1849,1,156. 
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say y, and one or more differential coefficients of the latter. The example just 
given is an ordinary differential equation. 

A partial differential equation involves two or more independent variables, 
one dependent variable, and partial differential coefficients of the latter; e.g. 
{dzldx){dzldy)=^Axy, where z=f(x, y). 

If the highest differential coefficient present is the nth (e.g. d”y/dx") the 
equation is said to be of the nth order \ and if the highest differential coefficient 
is contained as the mth power when the equation is cleared of fractions, the 
equation is said to be of the /nth degree. E.g. x{(iylixY—y{(iyjAx)+a^Q, 
where is a constant, is of the first order and second degree. 

In the case of partial differential equations, arbitrary functions of the variables 
as well as constants may have been eliminated in the formation from the primi¬ 
tive. The elimination of an arbitrary function of x and y in forming a partial 
differential equation may be illustrated by taking u^l{at+x), where e.g. 
t denotes time and x distance. Then (with f' denoting f differentiated with 
respect to z^at+x): 

duldt={duldz)(dzldt)=^r(at+x) . a, 

dujdx=^{duldz){dzjdx)=r{at+x) . l=f'(a/+x), 

d^uldfi^~r(at+x). a=^r(at+x). a~=^af"(at+x)a=ia^f''(at+x), 
ct cz ot 

d d dz 
d^uldx'^—--^'{at+x)—Y^'{at+x)-^^—i"{at+x). \=r'{at+x), 

whence 8^uj8fi=a^.d^ujdx\ an important equation (§ 72). This may be proved 
in detail for the special cases u=at+x, M=sin (ot+x), etc. 

The first part of the treatment (up to § 70) deals with ordinary differential 
equations. 

§ 57. Linear Differential Equations of the First Order 

A differential equation is called linear when the dependent variable and its 
derivatives (differential coefficients) occur only in the first degree. The most 
general form of a linear differential equation of the first order is: 

Aylix+Py=Q.(1) 

where P and Q are either constants or functions of x. 

(i) If P is a constant, say /’= —a, then: 

dyldx—ay=Q.(2) 

(a) If Q—0, AyldiX—ay=Q, therefore dy/y—adx=0, therefore In y—ax= 
const.=^, 

>^=06“.(3) 

where C—ef is an arbitrary constant (see §13, Rule iv). 

ib) If Q is not zero, multiply both sides of (2) by e""': 

.'. e“‘“(d>'/dx)—oye“‘“= 6e~**  (4) 

The expression on the left of (4) is equal to (d/dx)(e'“ . y), as is easily found 
by dififerentiation. Hence; 

(d/dx)(e-«'.y)=ee-«, 

and by integration; e'‘'*y=J0e'‘'*dx+C, 
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or (since l/e~'“=e‘'*): 
y=e‘^fQQ-‘^<ix+Ce'“.(5) 

The solution (5) consists of two parts: 

(i) e"/ge'“dx, which is called the particular integral-, 

(ii) Ce“, which is called the complementary function. 

Special cases of solution arise according to the nature of the function 
E.g. if where //and b are constants, dylAx—ay=HQ*’^. Multiply 

both sides by e~", 

e“" . dyjdx—aye ■“=//e‘'’ 

(d/d.x)(e“-‘’*»=ife«' 

. ‘'**dj(:=[///(b—fl)]e*’’ const.. 

y=[HI(b-a)]e‘"‘+Ce‘‘'^  (6) 

If £)=a, (5) becomes: y=e"/Qe~‘^dx+Ce"* 

=e'“//fe“e-“dx+ Ce'’’^ 

=//xe“+Ce".(7) 

(ii) /* is a function of x. In this case an integrating factor p is introduced, 
this being a factor which converts the left-hand side of (1) into the differential of 
a function of x and y (see § 27). Thus, the expression: 

pdy+p(Py—Q)dx=Ndy+Mdx.(8) 

where M and N are functions of x and y, must be the differential of a function 
of X and y. 

The Principle of Undetermined Coefficients (proved in books on Algebra) 
asserts that if two functions of a finite number of terms are equal for all values of 
any letter involved in them, the coefficients of like powers of this letter are equal 
in the two functions. Thence from (8), which is an identity; 

p=N and p(Py—Q)=M. 

By partial differentiation (§ 25): 

dNiex=dpldx, and dMldy=(Py-Q). dpjdy+Pp . . (9) 

Euler’s criterion, (5), § 27, shows that the right-hand side of (8) is a perfect 
differential when dNjdx=8Mj8y, therefore from (9): 

8pjdx=(Py— Q). dpldy+Pp, 

{8pj8x)dx—{Py— Q){8pldy)dx+Ppdx=—{8pj8y)dy-{-PiJLiix, 

since {Py— Q){8pl8y)dx— —(dyldx){8pl8y)dx, from (1) and {dyldx)dx—dy. 

{8pl8x)dx+{dpl8y)dy=Ppdx.(10) 

But the expression on the left is the perfect differential of p, therefore dp=Ppdx, 
therefore P=(llp)(dpldx'), 

iPdx=idpjp=Jdln p=\n p.(11) 

the integration constant being supposed to be included in JPdx. 
Since In e=l, the left-hand side can be multiplied by In e: 

.'. (JPdx) In e=ln e^^=ln p (since n In x=ln x"), 

/A=ef"* . (12) 
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By substituting (12) in (8): 

.(13) 

or y=e~^^^Jc^^^'Qdx+CG . . . (14) 
a solution first given by Leibniz. 

The method of solution of (1) is seen from (13) to be given by the simple 
rule: multiply both sides of (1) by and integrate. This may well be remem¬ 
bered, instead of the formulae. Two examples will be given. 

(1) {\+x^){6yldx)—xy+mx=^, 

/. dy/dA'-fx/(l-fx2)]y=~mx/(l+x2).(15) 

IPdx^i —/xdx/(l +a2)= — In (1 -f'.x:^)=—In VCl +^^)5 

e^^d^=e ^“^<^"-'^>=l/V(l+x2). 

Multiply both sides of (15) by /i=l/V(l+A2): 

1 dy xy mx 

\/( 1 + a2) dA (1 + x^y^^ (i + x'^y^^ 
The expression on the left must be the differential coefficient of some function 
of X and y and the occurrence of dy/dx in one term and y in the other suggests 
that the function is of the form yf(A). If f(A)= 1/V(i: 

(d/dA)f(A)= -.v/(l +x^y^\ 

and the expression on the left is (d/dA)[j/V(1 + a^)], its integral being y/\/(l +x-). 
The integral of the expression on the right is 

—mjdx. x/(l+x^y^^^mj\/(l+x^)+C, 

hcnccyl^(l+x^)=^m/\^(l+x^)+C, ory=m+C\^{l+x^). Since the equation 
is linear, there is only one integration constant. 

The integrating factor has here been picked out by inspection: some rules for 
finding them are given in text-books.^ 

(2) An example of (1) is the equation of motion of a particle in a viscous 
medium, i.e. a massive particle subject to a resistance proportional to the 
velocity v, and to another force which is a given function of the time. Put 
w=mass of particle— 1, for simplicity; the moving force is mass x acceleration^^ 
1 xd7;/d/, and the equation of motion is: 

dvldt—kv=^i{i). 

This is of the form (1) when P=^k (a constant) and Q=i{t). The solution 
is given by (5) (a= --/:): 

{f(i)e^^dt+ Ce“^^ 

If f(/)=^—acceleration of gravity, the case is that of a particle of radius r 
falling in a viscous fluid, k=^6Tn]r, rj being the viscosity: 

v^CeT^^+glk. 

As t increases, v asymptotically approaches the constant velocity gjk. The 
motion of ions in an electrolyte solution is also of this type. 

The determination of the parameters k and n for the equation : 

dxldt^k{a—xyf~ ^ 

from experimental results is discussed by Barredo.^ 

1 Boole, “ Differential Equations,” 55; Murray, ” Differential Equations,” 23. 
2 An, Fis, Quim., 1935, 33, 844. 
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§ 58. Singular Solutions 

The equation (Clairaut’s equation, 1734): 

y=^x{6yl6x)+f{dyldx)y or y=^px+f(p) .... (1) 

where p^dyjdx (§ 26), is of the first order but of degree depending on the form 
of f(p). Differentiate with respect to x, putting df(/>)/dp=r(/?): 

P^P+x{dpjix)+r{p){dplAx\ [;c+r(/7)](d;7/dA0=O, 

either A.fr(p)=0.(2) 

or d/>/dx=0.(3) 

Equation (3) gives /?=d>’/dA‘=const.=c, therefore from (1) 

>’=cA:+f(c).(4) 

E.g. if y=px+alp, (1) gives {x—ajp'^). d77/dA'=0, therefore either x—alp'^=^0 
(2), or d/?/dA=0 (3), therefore /?=const.=c, therefore y=^cx+alc=cx+f{c) (4). 
Equation (2) gives p=\^{alx), and on substitution in (1) p is eliminated, giving 
y=x\/(alx)+a\^{xla), therefore >^2=4^^ (5)^ jhjjj represents a parabola, and 
although it satisfies (1) it is not included in the general solution (4), which 
represents a system of straight lines differing in the value of the constant c. 
All these lines are tangents to various points of the parabola, the latter being 
called an envelope of the family of lines. In general, a family of curves may have 
more than one envelope. Equation (5) is called a singular solution of (1), and, 
in general, the singular solution of a differential equation is geometrically 
equivalent to the envelope of a family of curves representing the general solu¬ 
tion, the equation of each of these curves being a particular solution of the 
differential equation (note that this has a different meaning from “ particular 
integral ” used in § 61). Each particular solution is contained, as a special 
case, in the general solution, but the singular solution is not. 

From (1), xp'^—yp+a=Q^ which is a quadratic equation in /?, the roots being 
;7=(1/2a)[>^±\/(j2—.4^a)]. The condition for equal roots is y'^^Aax, which is 
called the discriminant, and as it represents the locus of all points for which two 
values of p (in this case the gradient of a line and the gradient of the parabola) 
become equal, it is called the p-discriminant of (1). 

If c in the general solution (4) is regarded as variable (giving the various 
straight lines), xc'^--yc+a=^Q, and c^{\l2x)[y±-^{y'^’-^ax)], the condition for 
equal roots being y'^^Aax, which is the equation of the locus of all points for 
which the value of c is the same, or the c-discriminant. 

Various types of loci are encountered: ^ 

(1) The envelope loom satisfies the differential equation, but is not included 
in the general solution (a:a: in Fig. 30.1). 

(2) The tac locus passes through points where two non-consecutive members 
of a family of curves touch {pq in Fig. 30.1). Since these have two equal 
values of p, they appear in the /7-discriminant, but as the touching curves 
are non-consecutive they have different c values, and the tac locus does 
not appear in the c-discriminant, neither does it satisfy the differential 
equation. 

1 See § 59; Hill, Proc. Lond, Math, Soc,, 1889,19, 561 (curves); Phil Trans,, 1892,183,141 
(surfaces); Cayley, “ Collected Mathematical Papers,” Cambridge, 1889, 2, 28; 1895, 8, 529; 
Forsyth, ” Treatise on Differential Equations,” 1914, 35. 
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(3) The node locus passes through different points in which each curve of a 
given family crosses itself in a node (double, triple, etc.) {rs in Fig. 30,1), 
and it does not satisfy the differential equation. It appears in the 
c-discriminant, but not in the /7-discriminant, since the gradients are 
different at the crossing point (hence the /7’s are different), but changing 
c merely shifts the curve without changing its character. 

y 

(4) The cusp (or cuspidal) locus passes through all the cusps (§ 59) of a 
family of curves (Fig. 31.1): it does not satisfy the differential equation, 
but it satisfies both the /7-discriminant (since the />’s at cusps of con¬ 
secutive curves are equal), and as the two curves are consecutive it also 
satisfies the c-discriminant. 

Jf -h denotes the satisfaction and — the non-satisfaction of an equation, the 
results may be summarised thus: 

Envelope locus Tac locus Node locus Cusp locus 

Differential equation + — — 

/7-discriminant .. .. + -f + 
c-discriminant + 

i 

— 

+ *+- 

Only the envelope locus is a solution of the differential equation, and it is a 
singular solution: it can be derived from a consideration of the differential 
quation alone. 

Example, 

4x/?2=(3a:—a)2 . . . . (i) 

/?= ±(3x—cf)/(2v a)= 

By integration; y+c=±.x^’\x—a), 

'• {y+cy=x{x-aY . (ii) 

y 

Fig. 31.1. Cusp Locus 

This is the general solution. Equation (i) is a quadratic equation in p of the 
form ax^—CBaO (the term bx being missing), and the condition for equal roots, 
•\/(h2—4oc)=0, Hornes x(3x—a)^^0, which is the /7-discriminant. The c-dis¬ 
criminant is found from (ii) written as: 

c^+2yc+y^—x(x—a)2=0. 

c— — \l2y±y/[^y‘^—Ay^+Ax{x—ay\, 
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the condition for equal roots being a)2=0, the c-discriminant. The 
condition ^=0 is common to both discriminants, satisfies the original equation 
(with and is a singular solution, the y axis being an envelope; x=a 
satisfies the c-discriminant but not the p-discriminant or original equation, and 
hence represents the node locus; x=ja satisfies the p-discriminant but not the 
c-discriminant or the original equation, and hence represents the tac locus. 
The resulting geometrical representation is like Fig. 30.1 with the x and y axes 
interchanged. Since the p and c discriminants are not satisfied simultaneously, 
there are no cusps. 

§ 59. Singular Points 

Two or more branches of the same curve intersect or cross one another at a 
point where dyidx has two or more real unequal values, and y has at least two 
equal values; the number of intersecting branches is the number of real roots of 

Fig. 32.1. Node Fig. 33.1. Keratoid Cusp 

the first diflferential coeifficient dyjdx regarded as a function of x. The point of 
intersection is called a multiple point (with a double point as a special case). 

If two branches of the curve cross each other (Fig. 32.1), as in the lemniscate 
(Latin, lemniscus, a loop), the point is called a node (Latin, nodus, a knot), or 
by Cayley ^ a crunode (Latin, crux, a cross). 

A cusp (Latin, cuspis, a sharp point), or Cayley's spinode (Latin, spina, a 
thorn) occurs when the two branches of the curve have a common tangent at a 
point of contact and terminate at that point. There are several species: 

A, Single Cusps 

(1) a cusp of the first species or a keratoid cusp (Greek, K€pas, a horn), for 
which d^yjdx^ has two real equal values of opposite sign at the point of 
contact (Fig. 33.1); 

Fig. 34.1. Rhamphoid Cusp Fig. 35.1. Double Cusp. Type A 

(2) a cusp of the second order or rhamphoid cusp (Greek, papxf>os, a beak), 
for which d'^yjdx'^ has two real unequal values of the same sign (Fig. 34.1). 

1 Cambr, and Dublin Math. 1852, 7, 166; “ Mathematical Papers,” Cambridge, 1889, 2, 
28; Salmon, “ Analytical Geometry of Three Dimensions,” 6th edit, (by Rogers), 1914, 1, 
268 f., caUed Cayley’s spinode a parabolic point. See Frost, ” An Elementary Treatise on 
Curve Tracing,” 1872. 



§60 EXACT EQUATIONS 85 

B, Double Cusps, or points of osculation, Cayley’s tacnodes (Latin, tango, 
tactum, touch), for which dyjdx has two or more real equal roots, and y 
has at least two real and equal values on 
each side of the point (Figs. 35, 36.1). 

A conjugate point or acnode (Latin, acus, a 
needle) has coordinates which satisfy the equa¬ 
tion of the curve and yet is itself quite detached 
from the curve. E.g. y'^—x\x--2) has a point 
at the origin (x=0, y=^0) satisfying the equation, 
but the graph lies wholly to the right of the 
origin. 

At a terminal point the curve stops abruptly. 
E.g. In X stops at the origin, when x=0, pio. 36.1. Double Cusp. 
y->— CO, and y does not exist for negative values TypeB 

of X, 

If w=f(x, y), then the value of {d^uldx^)(d^uldy^)-‘{d^uldxdyY is negative 
for a node, zero for a cusp, and positive for a conjugate point.^ 

§ 60. Exact Equations 

The equation: 
Mdx+Ndy^O.(1) 

where M and N are functions of x and y (or of one of these) is said to be exact 
if Euler’s criterion (§ 27) is satisfied, i.e. if: 

dMldy=^dNldx.(2) 

In this case, the equation has been formed by differentiating a function u of 
X and y: u=f(x, y); du^(duldx)dx+(duldy)dy; and 

d^ujdxdy=d^uj dydx .(3) 

which is equivalent to (2), since M^dujdx and N^duldy. The most general 
form of a function, the x derivative of which is M, is obviously: 

2/=/Afdx+y.(4) 

where Y is independent of x, but may be a function of or a constant, since 
(4) gives dujdx—M. The only other condition to be satisfied by u is that 
du/dy^N, 

/. N=id/dy)iMdx+dY/dy, 

dYldy^N-(dldy)iMdx.(5) 

Since 7 is a function of y alone, d'^Yjdydx—O .*. dNIdx—dM/dy, as in (2). 
By integration of (5): 

Y=jmy-j^~jMdK^dy, or 

Y=j(N-~jMdxyy.(6) 

Example 1. 
x(x+2y)dx+(x^—y^)dy=0. 

Since dMjdy=dNldx=2x, condition (2) is satisfied, and the equation is exact. 

/ Mdx=/x(jc+2y)dj:=^x:3+2x'^y. 

> See Williamson, “ Differential Calculus,” 1887, 261. See also Korteweg, IFien Ber., 
1889,98, II, 1154; Arch. Nierl, 1891,24,57,295; Onnes and Keesom, “Enzykl. d. math. Wiss.,” 
1912,5, i, 653; Maxwell. “ theory of Heat.” 1894,200 f. 
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(Note that y is treated as constant in this integration.) 

{8ldy)jMdx=2x2. 

(Note that x is treated as constant in this differentiation.) N=x^—y^, 

J^N—~jMdx^dy=f(x^—y^—2x^)dy=i(—y^—x^)dy= —^y^—x^y. 

(Note that x is treated as constant in this integration). Hence: 

where the integration constant is added to the final result. 
If condition (2) is not satisfied, (1) is called a non-exact equation. In this 

case it is sometimes possible to convert it into an exact equation by multiplying 
by an integrating factor, /j, (see § 57). 

Example 2. 2xydx-\-(y^—x^)dy=0 is not exact, but if both sides are multi¬ 
plied by /* == l/y2 it gives 

2(x/y)dx-\-(l-x2/y2)dy=0, 

which is exact {dMldy=dNldx——2xjy'^), and may be solved as above, or by 
inspection, since the expression is obviously d(y-\-x'^ly), 

y-l-A2/y=C, or x^-\-y^=Cy. 

General methods of finding integrating factors are given in books on differ¬ 
ential equations,1 where it is also shown that if one integrating factor exists, an 
infinite number can exist, the final solutions differing only in the integration 
constants. Thus, if ydx—xdy=0, three integrating factors are x-"^, x~^y~^, 
and which give solutions y=C'x, ln(x/y)=C", and x=C"'y, respectively, 
which are all the same if C'=l/C"'=e*^''. 

§ 61. Linear Differential Equation of the Second Order 

The general linear differential equation of the second order is: 

d2y/dx2-fP(dy/dx)-fCT=7?.(1) 

where P, Q, and R are either constants or functions of x. Take first the case 
when P and Q are constants, and consider the equation: 

d^yldx^+P{dyldx)+Qy=Q.(2) 

The complete solution of (1) is: 

y=u-\-w  (3) 

where w is any function which satisfies (1) as it stands, and u is the general 
solution of (2). For, if u is to be determined and w satisfies (1), substitution of 
(3) in (1) gives: 

d?-ujdx^-\-Piduldx)-\-Qu+d^wldx'^-]rP(dwjdx)+Qw=P, . . (4) 

But, by hypothesis, since w satisfies (1): 

d'^'wjdx^-\-P(dwldx)-{- Qw=iR, 

hence, from (4): d‘^uldx‘^-\-P{duldx)+ 0m=O, 

so that the function u must satisfy (2). 

1 E.g. Murray, “Differential Equations,’’ 1925, 23; Boole, “Differential Equations,” 
1877, 55. 
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The function w is called the particular integral (PJ.)? function u the 
complementary function (C.F,), of the general solution of (1). The particular 
integral is any solution of (1), the simplest being usually chosen; the comple¬ 
mentary function is any solution of (2), which, since this function has been 
twice differentiated in forming (2), will involve two arbitrary constants (see 
§ 56). Obviously, then, the particular integral contains no arbitrary constants. 
If Ui and Ui are two functions which satisfy (2), it is seen that equation (1) will 
be satisfied by: 

y=CxUi + C2U2.(5) 

where Cj and C2 are any two arbitrary constants. This result is verified by 
substitution, when a relation between the constants in (1) and (5) will result.^ 

§ 62. The Operator D 

The operator d/dx=D corresponds to differentiation, and it has been shown 
in § 6 to have the following properties, u and v being any two functions of x, 
and a a constant: 

D(w-f-z;)=Dw+D«y .(1) 

{T>+a)u^{a+Ty)u.(2) 

D(at/)=aDw.(3) 

It must be carefully noted that D(xj?) is not equal to xDy, and equation (3) is 

true only when a is a constant. Further, as can be shown without difficulty: 

.(4) 

Thus, the operator D alone or combined with constant multipliers obeys the 
laws of algebra. This has been illustrated in § 37 in connection with Leibniz’s 
Theorem, and is now assumed generally. Then, if T>u^v, w=D“%=(l/D)e?, 

DD-i = l.(5) 

It follows that 1/D or D~^ corresponds with the operation of integration; e.g. 
D"1x2=}x3+C 

§ 63. Solution of the Linear Differential Equation of the Second Order 

If Ai, A2 are any two constants: 

(D - A i)(D - A2)w=(D - A i)(di//dx- A2W) 

=d^w/cU'^—(A1 + A2)(d uj dx)+A i X^u 

= {D2-(A, + A2)D + AiA2]u. 

Hence, any equation of the form; 

d^yldx^—(a.+P)(dyldx)+xPy=0.(1) 
where a and ^ are constants, can be written in the form: 

(D-a)(D-i8);.=0. 

1 The full treatment pays more attention to independent solutions of the equation than to 
independent arbitrary constants; see Forsyth, “ Treatise on Differential ^nations,” 1914, 
10; Johnson, “ Dififerential Equations,” 1891, 74. For a valuable practical summary of 
methods of solution of differential equations of the second order, see Murray, “ Differential 
Equations,” 1925,118. 



88 MATHEMATICAL INTRODUCTION I 

Thus, equation (2), §61, with P=—(A1 + A2), and ^ 

written in the form: D2>;—(Ai + A2)D;;+AiA2j'=0, or 

[D2^(Ai+A2)D+AiA2]j;=0.(2) 

The operator expression D^—(Ai +A2)D+A1A2, may be treated as a quadratic 
equation, and since its operation on y results in zero: 

—(A|-f” A2)D-}-A|A2=0, or 

D2+PD+e=0.(3) 

Equation (3) is called the auxiliary equation for the solution of (2), § 61. 

The solution of (3) is: 
D=i[~P±V(i^2“40].(4) 

giving two values of D as the two roots of the equation. There arc three cases 
to consider: 

{a) If P^>4Q, the root expression is real, and there will be two unequal real 
roots, so that equation (2) becomes: 

(D-Ai)(D-A2)j=0.(5) 

where Aj and A2 are the roots of (3), i.e. 

.(6) 

Let 
(D-A2)j»=z.(7) 

then (5) becomes: 
(D-Ai)z=0.(8) 

which is a linear differential equation of the first order. A solution of (8) is; 

z=^e^''.(9) 
where yf is a constant, since 

(D- A,)-=(AA,e^>^- Aiz)=Ai(Ae^'"-z)=0, 

which satisfies (8), since Aj is not zero. Substitution of (9) in (7) gives: 

(D-A2)>'=Ae''''.(10) 

This is linear and of the form <lyldx—ay=Q, where Q—Ac^'', already dis¬ 
cussed in § 57 under the form Q=He'’^, where H and b are constants. It was 
there shown in (6), § 57, that the solution is: 

;;=[JT/(6_a)]e''^+Ce“ 

where C=const. Substituting a=A2, 6=Aj, H=A, gives: 

y=Cie^^=^+C2e^^^.(11) 
where Ci=yI/(Ai —A2), and C2 is an arbitrary constant. Since A is an arbitrary 
constant, both Cj and C2 are arbitrary, hence (11) is the most general solution 
of (3). 

(b) If P^=4Q the two roots of (3) are identical: D=—and (10) becomes: 

(D—Ai)y=^e*‘*, or dy/djc—Aiy=y4e^'*. 

This is case (7) of § 57, where the solution was shown to be y—Hx&^+Ce!^, 
which can be written in the form: 

y={Ax+By^’‘^(Ci+C2xy^’‘.(12) 

where A and P, or Cj and C2, are arbitrary constants. 
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(c) If P^ClAQy the roots are imaginary: P^), where 
1. This case leads to solutions in periodic functions and is considered 

below. 

§ 64. Free Vibrations 

Let the differential equation be (1), § 56, mid'^yldx'^)^—ny^ and put njm=^a'^^ 
a positive quantity. Then d'^yjdx'^+a'^y^Q^ or (D^+a^)y^0. The auxiliary 
equation is or (A+/a)(A—/a)=0, where i=^\/—]. The solution is 
found as from (7), § 63, by putting (D—ia)y=z, when where A is a 
constant. The final solution is found as for (11), § 63, and is: 

y=^Cie*^^+C2Q~^^'^.(1) 

where Cj and C2 are arbitrary constants. From De Moivre’s theorem (§46), 
with ax written for x: 

e«**^~cos ax+i sin ax, and e"'^=cos ax—i sin ax, 

;^=Ci(cos ax+i sin ax)+C2(cos ax—i sin ax) 

— (C1 + C2) cos ax+/(Ci —C2) sin ax. 

Put Ci+C2=A, and i(Ci — C2)=B, 

y=A cos ax+B sin ax .(2) 

Let v4=Psine, and 5=Pcos€ (as in §49), where R=\^(A^+B^) and 
^/P=tan e, or€=tan“^(/4/P). This substitution is always possible. Then: 

y=P cos av . sine+jR sin ax . cosc=jR sin (t/x+€) ... (3) 

by (3), §41. This result, however, is much more easily found as follows. 
Multiply each side of d^y/dx^+a^y=0, the differential equation, by 2(dy/dx): 

.*. 2(dy/dx)(d^y/dx^)+2a'^y{dy/dx)=0. 

But the first term is (d/dx)(d>^/dx)2, 

(d/dx)(dy/dx)2+2a2Xd>^/dx)=0, 

which is immediately integrable, giving {dy/dx)'^+a^y^=consi. Put the con¬ 
stant equal to R^a'^, and separate the variables: 

(d>7dx)2=R^a^—ai^y"^=a^{R^—» 

(dy)2/(P2-.^2)=^2(dx)2, 

dy|^f(R^—y^)—±adx. The integral of the left-hand term is (2), §44, 
sin“^(y/P), and the integral of the right-hand term is db<2x+const. Take the 
positive sign and put const.=€, then y=R sin (ax+e), as before. 

§ 65. Damped Vibrations 
The solution of d^yjdx^+ay'^^O, when t (time) is put for x, and x (distance) 

for y, corresponds with the free simple harmonic vibration of a mass-point. 
The amplitude is R, the phase-angle e, and the frequency T—2TTja^2rr\^{klm). 
This equation is a simplified form of (1), § 61, since the linear term P(dy/dx) is 
missing. 

In the more general case, the two roots are (6), § 63: 

A, = -iP+V(i^^-0. and A2=-iP-\/(i^2-e). 
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This case applies to a particle vibrating in a viscous medium which sets up a 
frictional force proportional to the velocity (a damped vibration) (see § 57): 

F=^f(dx/dt), 
where /is a constant, 

m(d^x/dt^)=^--kx--f{dx/dt), or 

d^xldF+(flm)(dxldt)+{k/m)x=0.(1) 

This is of the general form (1), § 61, with /?=0, which may be written: 

d^yldx^+a(dyldx)+by=0.(2) 

where a and b are constants replacing P and Q, The auxiliary equation is: 

(D2+«D+%=0.(3) 

A2+flA+Z?=0, 

If d^>Ab the roots are real, whilst if a?'<Ab the roots are imaginary. Con¬ 
sider the second case. Let i y^zer^^^^^ where 2: is a new variable. Then, by 
differentiation: 

Dy=D -- 2^)Zy and D^y= 

from (3): d^zldx^+{b’-\a-)z=^Q, 

the solution of which is z^A cos fix+B sin ^x, where hence: 

cos ^x+B sin j8A:)=sin (fix+e), 

where A, By R, and e are arbitrary constants, the transformation being carried 
out as in § 64. 

The solution of (1) is, therefore: 

x^^Re-'^^'^sini^t+e).(4) 

where i3=y [/://«— 
The period is T=27rl^=27rl^/{klm—f^l4m'^), which is obviously larger than 

27r/\/(it/m), shown above to be the period of the undamped vibration; hence 
the period of vibration is increased by damping. If t in (4) is replaced by 
/+^r, t+Ty , . ., these correspond with successive vibrations on one side and 
then the other of the / axis (half complete vibrations). The difference between 
any two successive values of time is \Ty and the corresponding displacements 
are of opposite sign: 

sin [j8(/+iT)+€]==sin [^(/-f-7r/^)+€]=sin [(^/+7r)-f€]=sin 03/+c), 

/. Xi^Rer^^^'^sm{^t^+€)y sini^t^+e) 

X,/X2=e‘’^/".(5) 

The value of d'^'^=K is Kohlrausch’s damping ratio, and since it is a con* 
stant the ratio of the amplitude of any one half-vibration to the previous one is a 
constant, less than unity. The natural logarithm of K is Gauss’s logarithmic 
decrement, A=ln K=^aT=frrj2mp. 

Generally, if x=A sin i2rrjT)t is an undamped vibration, and the correspond¬ 
ing uniformly damped vibration is: 

x=^e-2"/^sin(277/7’)t .... 

• Lamb, “ Dynamical Theory of Sound,” 1910, 24, 55. 

(6) 
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where/is a constant, then the ratio of one swing {half a complete vibration) to 
the next (backward) swing is: 

Q~2firr, .(7) 

where k is the damping ratio and In A:=/is the logarithmic decrement. 
If the roots Aj, A2 of the auxiliary equation (3) are real and unequal, a^>4b. 

In this case the solution is not periodic, but is: 

and if the roots are real and equal, Ai = A2=A, say, the solution is: 

x=(Ci + C2t)c~^\ 

both cases having previously been obtained. The motion is aperiodic, and the 
graph of X plotted against t shows that x first rises, reaches a maximum value, 
and then approaches its initial value asymptotically.^ This corresponds with 
strong retarding forces. 

§ 66. Forced Vibrations 

If the particle, in addition to the two forces already considered, is subject to 
an external periodic force which prevents the vibrations dying away, the motion 
is called forced vibration, the preceding cases being called free vibration?- 
This leads to the complete form of (1), § 61, including the term R\ 

d2x/d/2+a(dx/d/)+i?x=f(0, 

but a and b are still constants. This involves a particular integral (§ 61). 

§ 67. Particular Integrals 

The preceding discussion is limited to the discovery of the complementary 
function of equation (1), § 61, since the function R was put equal to zero. The 
particular integral in the general case, when R is not zero, remains to be con¬ 
sidered. Since (1), §61, can be written symbolically as f(D)>'=i?, where f 
denotes a function of D, the particular integral will be: 

y^Rlf(D)^f(D)~^R.(1) 

There are several special cases in which this equation can be solved. The 
general solution is always the sum of the particular integral and the comple¬ 
mentary function. There are two general methods of solution: 

(i) When f(D)"^ can be resolved into factors*, and (ii) when f(D)‘~i can be 
expressed in partial fractions (§ 23); both these cases are sometimes used at once, 
as in the example below. 

Let d2;;/dx2-7(d>Vdx)+12>'=/^, 

(D2-7D+12)7=(D-4)(D~3)> = /?. 

If R^O, the complementary function is (§ 63): 

ji = Cie^^+C2e3\ 

The particular integral is: 

^ Interesting curves of all the cases dealt with, with special values of the constants, are given 
in Mellor’s “ Higher Mathematics,*’ 1931,406 f. 

2 This is not to be confused with simple harmonic motion under no damping forces, but is 
merely the antithesis of forced vibration. 
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Now a) is equivalent to I>y—ay=^R or Ayldx—ay^R, the solution 
of which (5), §57 is: i 

which is, therefore, the result of operating on R with 1/(D—a). This result 
should be remembered: 

/?/(D-^)=e"^/e .(2) 

Hence, in the present example: 

~ e^'^/e" 

As a particular case, take i^=e^% then: 

e^^Je"^"^. e^^ . d,x:=e^7e^dx=e^\ 

e3xje~3.v ^ ^5.v ^ dx=e^''7e^dx=^^\ 

y2=e^■"*~2e^''===2^^’^ 
and the general solution is: 

y^yi +yi^c C2e^^+7e^^ 

If the factor form of f(D)“^: 

_i__ JL L- 

D —tZl’D —^2* * ‘ ‘ — 

cannot be expressed as a sum of partial fractions, it is applied by operating in 
succession with the factors, beginning on the right: 

_1_ _\ 

D—ai * D~-^22 ‘ * D—1 
j c~^-^Rdx. 

Special forms of R, discussed in books on differential equations, include 
(i) where A" is a constant or a function of x; (ii) x^; (iii) xX; and (iv) 
sin (ftx+a) or cos (nx+a). 

(1). Let R^c^\ 

■ J e- 
• • f(D)^ f(Df 

Now, De'''^=ae“, 

D2e“=a2e“, 

D«e«=a"e‘“, 

and if f(D) is supposed expanded in powers of D, every power D' gives a term 
a’, hence: 

f(D)e"=f(o)e‘'', 

where f(a) is now an algebraic multiplier, not an operator. Operate on both 
sides with l/f(D): 

since the order of l/f(D) and f(a) can be changed, because f{a) is a constant.^ 

1 It should be remembered that the particular integral contains no arbitrary constant. 
Sec§61. 

2 It must be carefully noted that the order of operator symbols cannot be so exchanged: 
see § 62. 
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Take the second and fourth terms and divide by the algebraic factor {(d): 

^ p,ax_ ^ 

f(D)® “f(af • 

If a happens to be a root of the equation f(D)=0, then l/{(a)-^co. In this 
case, elementary algebra shows that (D—a) is a factor of f(D), and if <f>(D) is a 
function of D: 

f(D)=(D-n).^(D), 

hence, 
1 1 1 1 

f(DT' 

1 1 
e^sr:- 

1 

D-a • .^(D) D-a ‘ (f>(a) <^(a) ‘ D-a 

1 xe" 

4(a) 4(a) 

(II). Let J?=e‘'*A', where Zis a function of x. Then: 

De“A^=e‘’*DJr+ae‘“JL=e‘“(D+a)3r, 

D[e“(D+a) J]=ae“(D+a)X+e^DCD+a)X 

=e‘'*(flD+a2+D2+aD)3r=e‘“(D+fl)2A' 

D"e“Z=e“(D+n)”A". 

Thus, e"* may be moved from the right to the left of the operator D" if D is 
replaced by (D+n). 

(III). Let: R=x", where n is a positive integer. In evaluating ^^^,(i)f(D) 

is raised to the power —1, the terms are arranged in ascending powers of D 
and powers beyond D" are omitted (since they all give zero * on operating 
on x"); (ii) the several terms in the expansion operate on x". As an example 
of (II) and (III) take: 

d^y/dx^—2(d^’/dx)+>’=x^e^*, 

.-. (D2-2D+ l)y=(D- 1)(D-l)y=x2e^L 

The particular integral is: 

.>'i=r 
1 1 1 

r-v^e^*. 
■f(D)’"' D-TD-r 

By rule II, move e^* to the left of the operator, and put D+3 for D (a- 
hence D— 1 becomes D+2: 

=3). 

yi=e 
1 

■ (D+2)2 

The case has now become (III): 

1 1 

. x^=e^* 
1 

. X"- 

D2+4D+4 
4(1+0+^) 

■ D2+4D+4 

4(1—D-l-fD2+ . . .) 

by division. Operate with this on x^, giving: 

^x2—2x+2)=i^'^~2-^'+8- 

Hence the particular integral is 

e^*(ix^—fx+l). 

1 The result of operating on x” with D" will be a constant. 
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The complementary function is found by solving the equation with the right- 
hand member zero: 

A'^yjAx^—lAyjAx+y=0. 

This is case {b), §63, since (D^—2D+1)>^=0 or (D—l)2j;=0, with two equal 
roots. The solution is (12), §63, i.e. (Ci + C2x)e*, and the complete solution 
is: 

>'=(Ci+C2x)e*+e^*(i;>c^—ix+f). 

(IV). Let R=sin (ax+b), where a and h are constants. Then: 

D sin {ax+b)^a cos {ax+b)^ 

D2 sin {ax+b)=^ sin (^/x+Z>), 

sin {ax+b)^—a} cos {ax+b), 

sin {ax+b)=a'^ sin {ax+b)—{--cfiy sin {ax+b), 

and, in general, as is easily seen L* 

(D^)" sin (^x+fe)=(-“a^)” sin {ox+b). 

If f(D2) is a rational integral function ^ of D^: 

f(D2) sin {ax+b)=^{{--aP') sin {ax+b). 

Since is only an algebraic multiplier: 

f(D2) 

(ax+h)—sm (ax+b) 

by dividing both sides by f(D2). In the same way it is proved that: 

cos (ax+b)=;^j^f^^ cos (ax+b). 

The anomalous case when D^=a^ in D^+a^, which arises in solving 
A^yIAx^+a^y^cos ax, is shown ^ to give x sin axjla. 

The equation: ^ 

A'^y/Ax^—2aAy/Ax+by==cc^^ sin (^x-f-a) 

is important in many dynamical and electrical problems: some cases of it will 
be dealt with as they arise. 

A simple case is ^ A'^ylAx^—k^y=sm mx, 

(D^-’k^)y==(D--k)(D+k)y==^sinmx, 

The complementary function is (putting sin mx=0): CiC^^+C2C'~'^^. The 
particular integral is: 

1 . 1 . 
sin 

and the complete solution is: 

ji;=Cie^^+C2e“i^^—sin mxjini^+k'^), 

1 Note that (D^)” is the operator, not D”. 
2 See § 2; note again that T>\ not D, is concerned. 
3 Murray, “ Differential Equations,” 1925, 78. 
^ See Forsyth, “ Differential Equations,” 1914, 77. 
5 This is a simple case of forced vibration (§ 66) without damping. 
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Another example is: 

d?-yjAx^+mAyldx+rfiy=^a sin nx, 

(D2+wD+w2)^=a sin nx. 

If Ai and A2 are the roots of the auxiliary equation, the complementary function 
is Cie''^^+ C2e^2^. The particular integral is: 

Put D2= ju accordance with the rule, and this becomes: 

1 -1 
—~a sin /2A=—a cos nx. 
mu mn 

and the complete solution is: 

yr=:Cie^^^+C2e^^^—(acos nx)lmn. 

§ 68. Linear Differential Equations of Higher Orders 
So far, linear differential equations of the first order (§ 57), and of the second 

order (§ 61), have been discussed. A homogeneous differential equation of the 
third order is : 

d^j^ A'^y Ay 
2+a2X^+a3>>=Z, 

where ^2, are constants, and X is a, function of x. Since y is a function of x 
containing x to the third power, all terms on the left are of the third order and 
the equation is homogeneous. This is obviously capable of extension to the 
nih order. If e'' is substituted for x, or z=ln x^ where z is a new variable, the 
equation transforms to one with constant coeflBcients, since dz/dx=d(ln x)IAx^ 
l/x: 

Ay^Ay Az Ay 1 

Ax Az Ax Az X 

the term x(AylAx) becomes AyjAz; 

A^y A /dy\ d /Ay 1\ 1 dy 1 d /dy\dz 

dx2~dx:\clx/”~dA:\dz x/^ x^ dz*^x:dz\dz/dx:~' 

x^ Az^ x^ Az^x^\Az^ Az) ’ 

hence the term x^(A^ylAx^) becomes A^y/Az^’-Ay/Az; 

Ax^ dx:\ 

X3\i 

A dp 1/d2y dyV , 1 dy\ 
4.^ 

fd^y jdz 

7“dA'p :2\dz2" "dzP ~ A3\dz2‘ "dz/' ■^a2 dz' idz2' dzj 

d^y 
dz2 

.3^+2^ 
dz2 dz 

and the term x^id^yjdx^) becomes d^>'/d2^—3d2j;/dz2+2d>'/dz, 

§ 69. The Theta Operator 
It is usual to denote the symbol xdjdx by ^ (the theta operator) and (since 

xdy/dx=dy/dz), A;Dy=i9'y. Since the operator symbols are not interchangeable 
(§ 62), x*D2 is not equal to but, as shown above: 

;c2D2y=i^2j;—^>'=^(^— l)y, 

IX^—2)^, and so on. 
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Let x^(d^y/dx^)+Ix^d^y/dx^)+3x(dyjdx)—3y=^x^+x, 

/. +2&^y+—1)(^—2)y+2d'(d' —• 1 )>’+3&y—3y 

=^x^+x=c^+e^. 

The complementary function is found from (??—l)(t9’2+3)j=0, therefore 
(t?—1)(7?+/\/3)(i9’—iV3)=0, which gives: 

Cie"+ 

The particular integral is: 

^_ . __5 

d d 
Now z9'y"=jr^~x^"=/?/A^”, i9‘V"=.\'2 etc., 

dx dx^ 

and if {(&) is a rational integral function of ??: f(i?)x^"=f(m)A:^". 
to both members and transpose the algebraic factor f(m): 

. . (1) 

Apply l/f(^) 

1 1 
• , _ yJtl_ 

• * m ““fM * 

If m is a root of f(i9‘)=0, then f(m)=0. In this case, put f(^)=(^—m)^(^), 
when the particular integral is: 

11^1 1 j_^x^lnx 
T?—w * ^ ^</>(m) * ~~ 

The first term on the right of (1) gives x2/(8~-4+6—3)=:a:2/7, and the second 
gives :|[1 /(r?—■ l)]x=;|^;jc In x. Hence the complete integral is: 

j^=Cie' + C2e'^^^^‘^+C3e ^^^^^'"+-^x2+^x In x. 

Replace z by In x and use de Moivre’s Theorem (§ 46) to find: 

y=CiX+C2 cos (\/3 In x)+C3 sin {\/3 In x)+\x'^+\x In x. 

The operator l/f(i9') may be expressible in factors or partial fractions like 
l/f(D) (§ 67), and the result of the operation of \l{d'—a) upon X may be noted. 
[l/(i?—a)]A" is the particular integral of 

x{dyldx)—ay^Xy or dyldz--ay=X, where 2=In x. 

By (5), § 57, the particular integral is: 

e'^Je'^^Xdz, 

or, by replacing z by In x and dz by dx/x: 

^xjQ-alnxx(dx/x)=X^ix-^ ^Xdx. 

Let x^(d 2>»/dx2)—2x(dyldx)—4j^=x\ 

(x^D2-2xD-4)y=^x\ 

(&-4)(»+l)y=:^x\ 

The complementary function is Cie'‘'*'+C2e"'^=CiX'^+C2/x; the particular 
integral is (using partial fractions): 

^‘ix^/S) In x-x*l2S; 
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and the complete integral is: 

y^CiX^+C2lx+{x'^IS) In x, 

the term --x^jlS being included in the term of the complementary function. 

§ 70. Partial Differential Equations 

Ordinary differential equations have two main classes of solutions: (i) the 
complete integral or general solution (including particular integrals as special 
cases), and (ii) the singular solution, a function of x and y satisfying the differ¬ 
ential equation but not included in the general solution. The singular solution 
commonly represents (§§ 58, 59): (i) a locus of singular points such as nodes or 
cusps, or (ii) an envelope or locus of points of contact with the curve representing 
the general solution, such as the two parallel straight lines which are tangents to 
a family of circles of equal diameter with their centres on a given straight line. 

Various types of partial differential equations are: ^ 

I. f(dzldx, dzldy):=0, with the complete integral z=ax+by+c with b=f(a). 

II. f(z, dz/dx, dzldy)==:0, which can be reduced to an ordinary differential 
equation 6z^<f)(z)dx+a(/){z)dy, therefore x+ay==^ / dz/(/>(z)-f C. 

III. fi(x, dzldx)=f2(yy ^zjdy), leading to z=fi(x, a)+f2{yy a)+C. 

IV. z=(dz/dx)x+(dz/d}^y+f(dz/dx, dzjdy), giving z^ax+by+{{a, b). 

Every ordinary differential equation with two variables is analogous to a 
partial differential equation in the same class, but, in the case of a common 
type of partial differential equation: 

(i) the arbitrary constant in the solution of the ordinary equation is replaced 
by an arbitrary function in the solution of the partial equation; hence 
the latter has an infinite number of particular solutions; ^ 

(ii) the solution Ce'”^ of the ordinary equation, (3), § 57, becomes 
where djdy is the operator, and this expression is called the symbolic 
form of Taylor s Theorem (§ 35). For: 

f(y+mx)=f(y)+mx 
d{(y) m^x^d^(y) 

8y ^ 2f dy2 + 

where .v is regarded as constant, or: 

/ d m^x^ 3^ 
f(y+n,x)==\l+mx^^+ -- - 

where the bracket is an operator which operates on f(v), and, as it is an exponen¬ 
tial series (§ 33, No. 2), it may be represented by This is the central 
point of the whole treatment and must be kept constantly in mind. 

If djdy is represented by D', the symbol D meaning djdx: 

i{y+mx)^€^^%y). 

The general linear partial differential equation of two independent variables is: 

Aoid^zldx^)+Ax{d^zldxdy)+A2(d^zldy2)+Ai(8z/dx) 
+A4(dzldy)+AsZ^A . . (1) 

1 Wien, Phys, Z., 1906, 7, 16; Forsyth, “A Treatise on Differential Equations,” 1914, 
408, 511. 

2 Riemann, “ Partielle Differentialgldchungen,” 1938,107 f. 
A.T.P.C.—4 
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where Aq, A j, . . As, A may be constants or functions of x and y. The com¬ 
plete solution is the sum of a particular integral and a complementary function, 
as in the case of an ordinary differential equation (§ 57). The complementary 
function is found by putting A^Q in (1), which becomes: 

(.4oD2+.4xDD'+^20'2+^30+^4D'+^5)^==F(D,D>=0. 

Consider the case where Aq, >4... are constants. A homogeneous 
equation of this type, i.e. one in which the differential coeflBcients are of the 
same order {djdx, etc., or d'^jdx\ etc.) is, for the second order: 

Ao(d^zldx2)+A^(d^zldxdy)+A2id22ldy^)^R ... (2) 

where J? is a function of jc and y. To find the complementary function put 
i?=0. In the ordinary equation (§ 61), the solution y—e^^ was assumed; in 
the present case the solution will be a function of both x and y. Assume 
z-{(y+mx), 

.’. dzldx=mf'(y+mx), and dzjdy=f'(y+mx), 

and, as in § 56: 

d^zldxdy=m{"(y+tfix), d^zldx^=^m^{"(y+fnx), and d’^z/dy'^^f"(y+^J^)- 

If these are substituted in (2) with i?=0, and the factor {"(y+mx) cancelled, the 
auxiliary equation (§ 63) is found to be: 

A()m^ A" A im-h A 2^0.(3) 

If mi and m2 are the roots of this quadratic equation, then (2) may be written 
(with i?=0), with nil and m2 replacing Ai and A2 in § 63: 

(AoD2+AiDD'+A2D'2)z=^(D-miD')(D-m2D')z=^0. 

Each factor will, as in (10), § 63, give a solution: 

where A is not now a constant but is an arbitrary function of y, say (^i(y). 

Hence: 2=i(y)+ 

^<l>i(y+mix)+<f>2(y+^2x).(4) 

where (f>i and (f>2 denote arbitrary functions, from the symbolic form of Taylor’s 
Theorem. 

If /wj=w2==m, the solution of (D—m)2z=0 is: 

z=^q”^^(Ax+B), 

where A and B are independent of x, and as is seen by analogy with (12), § 63: 

^j (y)+x(f>2(y)]-x<l>2(y+mx)+(f> i(y+mx). 

The equation: 

(A^D^+AiD”‘-^D'+ . . . +A,D'-)z^<f>(x,y) ... (5) 

may be denoted symbolically by F(D, D')z=^cl>{x, y), and the particular integral 
by [1/F(D, D')mx, y), this being a function which gives ^(x, y) when operated 
upon by F(D, D'), so that: 

F(D,D').f(d,d')“^‘ 

Suppose that 1/F(D, D') can be resolved into linear factors: 

1 
F(D,D') r^<Kx, y> 

1 1 1 
D-ffiiD' • D-mzD’ * D—/m„D 

4(.x, y) 
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From (4): y)y-^mx), 

j;)==D^(x,  (6) 

Direct differentiation of jp) gives: 

De ^^^'(j)(x, 3^) = — wD 'e ”*^^'(f>(x, j^)+e ”*^^'D<f>(x, >^) 

=e”«^^'(D~mD')<]6(x, y) .(7) 

and the right-hand members of (6) and (7) are, therefore, equal. Operate on 
each with then: 

e”*^^'D^(x, j—mjc)=e”*^^'. c~^^^^'(D—mD')(f>(x, y), 

/. (D—mD')<l)(x,y)==c'*'''^'D(f)(x,y—mx).(8) 

The corresponding formula for the inverse operator: 

is verified by the application of (D—/wD') to both sides, when: 

(f>(x, y)=(D—mD')c*”^^'~(f>(x, y—mx) 

= (D—mD ')e”*^^ V'C x, y), say, 

=(D—mD')0(x,y+mA'), by t4). 

The expression on the right would be obtained by putting (y+r7jx) for y in 
Dip(x,y) after the differentiation had been performed, and this would be 
(}){x, >’), from the definition of 0: 

Hx, y)=^<f>ix, y-mx), 

D4iix,y)=^(x,y-mx). 

Hence the value of T) found by the following rule: 

(i) subtract mx from y in <l>(x,y), paying attention to sign; (ii) integrate the 
function so formed with respect to x; (iii) change y into (y+mx) in the integral 
obtained. With several factors, this rule is applied to them in succession, 
beginning on the right. 

^ d^z d^z 

i.e. (D^-a^D'2)z=xy, (D-aD')(D+flD')^=xj. 

.. 1 1 
The particular integral is: 

D-aD' • D+oD' 

=^~^-,e~‘^^'^x(y—ax), by subtracting ax from y. 

D-aD 
ri^x^y—lax^), by integration, 

=e‘'*°'p(ix2y+f<wc^), by subtracting —ax from y, 

= by integration. Add —ax to y, giving 

which is the answer. 
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There are several special cases ^ of: 

F(D,Dlz==<f>(x,y)=^R 

(where R is often used for the value of the function <f)(x,y), as in (1), §61 
for f(A-)): 

(i) R^fiax+hy); (ii) /?=sin (ax+by) or cos (ax+by); (iii) 
(iv) J?=.vy, where r and .y are positive integers; (v) where A" is a 
function of a‘. These all use devices explained in connection with ordinary 
differential equations, and do not call for detailed treatment. 

§ 71. The Wave Equation 

Consider a wave motion propagated in the x direction with a displacement at 
right angles to the direction of propagation (see § 49). If the frequency is v, 
the generating point P performs v revolutions per sec. and (if the phase angle is 
zero) the angle 6 swept out per sec. is Irrv, The angle for a time t is 27rvt=6. 
In § 49 the amplitude (maximum displacement) was supposed to be constant 
and equal to the radius A of the circle. Now suppose that the amplitude is a 
function of the distance x travelled by the wave, and denote it by a=f(x); and 

let A now denote the displacement from the x axis, which depends on x and the 
time /, ^ = F(x, r). In §49 (1), the displacement was represented by 
A sin {27rtlT)^A sin 27rW, where T is the period, and the values of d.y/d/= 
2TrvA cos (27rw) and were found. In the present case: 

sin (27rW).(1) 

is assumed, a being variable (Fig, 37.1). Consider the general case 

A^fix.t).(2) 

where A depends on x and t. From § 26: 

dAldt:=::{dAldx){dxldt) 

a2^/ar2=(d/d/)[(ay4/ax:)(dx/d0] 

dAd^x dx d /dA\ dx 

dx dt^^ dt dx\dx) *dr 

={dA jdx){d'^xjd /2)+{dxjdtyib^A jdx^)={dxldf)\d^A jdx^), 

the first term containing the acceleration d^xjdt^ vanishing, as the wave velocity 
is supposed to be constant, dx/dr=w. Thus: 

d^Aldfi^^u^id^Aldx^).(3) 

See W. W. Johnson, “ Differential Equations,'' 3rd edit., 1891, 355. 
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This equation represents a plane wave, travelling along the a: axis in the x, y 
plane. If a spherical wave is considered, the corresponding equation is (see 
§28): 

d2Aldt^=uWAIcix2+d2AI8y2+82Aldz2)=u^\7^A . . (4) 

§ 72. D’Alembert’s Equation 

The partial differentia] equation; * 

d2uldi2=a\82ul8x^) .(I) 

where 2 u=f(x, t) and a2=const. (first solved by D’Alembert in 1747—the first 
use of a partial differential equation) in the case when t denotes time and x a 
distance, is important in the theory of sound, where u may denote the transverse 
displacement of a particle in a vibrating string, or the longitudinal displacement 
of a particle in a vibrating column of gas. It is a particular case of the homo¬ 
geneous partial differential equation already considered, but an alternative 
method of solution will be given.^ 

Let ^=x+at, and -ri—x—at, be two new variables, then d^/d/=fl and 
dTj/dt=-a, d2^/dl2=d27j/dr2=0. Also: 

But 
d 

d/ 

d 

dr 

/d«\ 

\dr /,.'^ld|/, \<it} 

/d2w\ d/dw\ du d^ d/du\ 

\d/2/.,.""dt\d7/ ,'"a| • cfiz '^dl ■ d^al/ 

/8u\_d~u d^’ . 8^u 

(5> 

, CJU dhi dri 

di2 + dr 

. '4 .- - 
didrj dt^drj'^ 

dry 

dr 

d^U dr] 

dr 

Substitute in (2) and put d^ulbr]d^=^d^uld^dr] (§27), then: 

a 

d 

dr\ai7 

8^u 

8/2 

Since d2^/d/2=0, d^ri/dfi 

du d2^ 8u d'h) 8^u W'. oil" ^ 
’^^8^87) ■ dt ■ 

dr] d^u/dr] 

d/ )■ 

(2) 

=0, (d^/d/)2=(dT?/d/)2=a2, and (d^/d/)(dVd/)=-a2 

therefore 

and similarly: 

_ , 82i^ , 

■^8/0,+“ 

d^u 

drp' 

d^u d'^u 82_w 

dr]^ 

(3) 

(4) 

Substitute (3) and (4) in (1), then it follows that d^ujdicrj=0, therefore 
(d/dO(dw/d7y)=(d/d7y)(dw/d^)=0, hence dujd^ depends only on and dulbrj 
only on ry. Thus u must be a function of ^ and rj of the form w=f](^)+f2('^)> 
where fi and {2 are any two arbitrary functions. If ^ is replaced by (x+ai), and 
7] by (x--at): 

u=fi(x+at)+f2ix-at).(5) 

An important result is that the independent variables appear in the functions 
only in the forms (x+at) and (x—at). The forms of the functions fi and f2 

1 This must be distinguished from the equation of heat conduction: duldt=a^{d2uldx^\ 
considered later. 

2 Note that this is not the velocity « of § 71. 
3 Planck, “ Mechanik deformierbarer Korper,” Leipzig, 1919, 70; for another method, see 

Riemann, “ Partielle Diiferentialgleichungcn,’* 1938, 113. 
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cannot be deduced from the diflferential equation, but depend on the particular 
problem to which it is applied. A simple interpretation of (5) can, however, 
be given. If f2(x—^ir)=0, then u=^fx{x+at). Hence u is constant when 
{x+at) is constant, i.e. when d(x+at)^dx+adt^0^ or dx/dt^—a. Now 
dx/dt denotes a motion with a velocity —along the x axis, i.e. with a velocity 
a along the negative x axis, the “ disturbance ” u being propagated along this 
axis with a constant velocity. This corresponds with a wave motion. Similarly, 
M=f2(x—ar) denotes a wave with a velocity a along the positive x axis. 

In any particular problem, the forms of the arbitrary functions fi and f2 

(which, as usual, are eliminated in the partial differential equation) are deter¬ 
mined by the conditions. If the case of a column of gas in longitudinal wave 
motion in a tube closed at one end, x==0, there is a node at this end and one 
at a distance / along the tube. The displacement u is zero for Jc—0 and x=/; 
hence: 

t/=0=fi(uO+f2(—forx=0; 

and u=0=i\(l+at)+f2(l—at), for x=l, 

for all values of t. Put x=at, therefore fi(A)+f2(—•x)=0, and fi(/+:>c) + 
f2(/—A')=0 are valid for all values of x. If {l+x) is written for x in the second 
equation, fi(2/4-A')+f2(—.x)=0, and by comparison with the first, fi(2/+x)= 
{{(x), and f2(2/+.x)=f2(x). 

This shows that fi and f2 have the same values for {2l+x) as for jc, i.e. their 
values repeat themselves when x increases by 2/; hence they are both periodic 
functions of .v with the period 2/. Since: 

w=f i(x+flr/)+f2(x—«/)> 

the motion is also periodic with respect to time, the period being 2//a, since a: 
has increased by 21 when t has increased by 2//a. 

To find the most general form of a function f(A-) with the period 2/, the 
equation f(2/+x)=f(A:) must be solved. The particular solution 

f(x)=e«^.(6) 

where a is a constant, satisfies the equation when e^^“=l, since: 

f(2/+A:)=e“^^^^^^=e“^ . e^^®=f(A:) . e^^". 

The only real solution of e^^“=l is 2/a=0, which is not acceptable, since either 
/=0 or a=0 (which makes f(;c)=1). The exponent of e which suits the problem 
is imaginary,, i.e. it is a multiple of i^y/—\y and is given by Euler’s equation, 
(8), § 46: e^*"’"=l, therefore 2/a=2«7r/, or oL^nnijl. Substitute in (6), then: 

f(;c)=e”"*^/'.(7) 

From De Moivre’s theorem, (6), § 46, when mx is written for at, m being any 
constant number, in this case nirfl: 

f(x)=cos (n7Tx/l)+i sin {mTxjl), 

By separating the real and imaginary parts of f(A:), two particular solutions, 
cos {mrxjl) and sin (nrrxll) are obtained. These can be multiplied by arbitrary 
constants, A„ and B„ for each value of n, from 1 to oo, and the sum of all such 
values will also be a solution of f(jc+2/)=f(x), 

f{x)^AQ+2A„cos(n7rxll)+^B„sin{n7Txll) ... (8) 
1 1 

where A^ is another constant. In (8) the negative values of n are omitted, since 
each term with —n can be combined with the one for -f n to form a single term, 
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and every term in the two sums E then really comprises two terms. The single 
1 

term for (cos 0=1, sin 0=0) is denoted by Aq, 
The series (8) is called a Fourier's series, and is dealt with in the next section. 

The constants Aq, A„, and B„ are to be chosen to suit each particular problem. 
The series has the period 2/ in jc, since if x is replaced by (x+2l), the angles 
increase by mr(x+2/)//“-/i7Tx://=2«7r, and the sines and cosines are then the 
same as for x; and hence every periodic function with the period 21 can be 
represented by (8). 

The solution of the equation . d^uldx^=d^uldfi+2^, dujdt+y^u, where 
and y are constants, was investigated by Nagaoka.^ 

§ 73. Fourier’s Series 

Suppose that any periodic function of x may, by a suitable adjustment of the 
unit of .X, be made to have a period of In and that it may be represented with 
sufficient approximation by a series containing both sines and cosines of 
multiples of the angle x : 

f(x)=y4o+i4i cosx+yi2COs2x+ . . . +AfCOsrx+ . . . 

+ fii sin x+52 sin 2x:+ . . . +^rSinrx:+.(1) 
where r is an integer and the ^’s and B's are constants, which have such values 
that the series shall be valid for values of x lying within the period In, The 
series (1) can also be written in the form (8) of § 72: 

f(A')=^o+ ^ <^os rx+ E Bj sin rx.(2) 
r=I r=l 

Multiply by cos rxdx, assume that the series can be integrated term by term, 
and integrate both sides from — tt to +7r: 

/•w r-n f=n r=^ti 

f(x) COS rx . dx:= [(^o+ ^ cos rx+ E B^ sin rx) cos rx]dx (3) 
J—TT J—n r=l 

The separate integrals on the right are all of one or other of the three forms: 

J Aq cos rxdx.(4) 

j E A.cos'^ rx . dx.(5) 
J - TT r=.l 

and E Bj sin rx cos rx .dx.(6) 
J ~TT r=l 

/•w r l •\-TT 

Now cos rx:. dx=(l/r) sin rx: =0.(7) 
J —TT L J —TT 

since r is an integer and the values of sin (—Trr) and sin (ot) are then both 
zero (§40). Also, from the trigonometrical formula (19), §41, where sx and 
rx are written for the angles ■2(^+.f) ^nd j and r are different 
integers: 

j cos (j;c) cos (/-.v). dA.=|^ j [cos (/•+j)a'+cos (r—5)A]dA' . (8) 
J —w J —W 

But 
iTr , . V . , ^ ,[sin(r+j)A . sin(r-i)A 
ij^jcos (r+j’)A+cos (r-j)A]dA=i|^——7^— 

’ Proc, Phys, Math, Sac, Tokyo, 1906,3,17. 

— IT 
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since and {r—s)x are integral multiples of tt or —n, the sines being zero. 
When s=r the integral (8) becomes, from (10), § 41: 

rxr rit r "I+7r J cosVx . dx=ij (1+COS Irx) . dA:==;|| x+sin (2rx)l2r =7r (10) 

the sines again vanishing and only (—7r)]=7r remaining. 
Hence every term on the right of (3) vanishes except that which involves 

Af (s=r), which appears multiplied by tt. 

cos (rx)dx=TrAfy l,=(l/7r)£f f(x:) cos (rx)dx (11) 

In exactly the same way, by multiplying (2) by sin rx and integrating from —tt 
to TT, it is found that: 

Br=(l/'iT)j f(x:) sin (r;c)djc.(12) 

Integrating (2) from — tt to tt gives: Jir l^tT rn r«=n f^rr r=>=n 

f(.x:)dx:= AQdx+ E Aj cos (rx)dx+ j E sin (rA*)dx. 
— TT J—TT J~JTr=l J--7rr=I 

Equation (7) and the similar equation: 

show that: 

sin (rx)dx= — cos (rv) 
+ W 

= -(-l + l)=0 . 

l*ir 
f(A:)dx= y4odx=27r^o> ^o=(l/27’’) f(x)dA'. 

J —TT J —TT J —TT 

(13) 

(14) 

(Note that the factor in (14) is 1 /27r, whilst in (11) and (12) it is l/n.) Equations 
(11), (12), and (14) give the required values of the coefficients Aq, and 
in the series (1), and if the integrals can be evaluated, all these coefficients are 
explicitly determined for a given function f(A). It must be noted that the 
function is represented only in the range —tt to +7t of x. 

If, instead of taking the range of integration from —tt to +7t, it is taken as 
0 to +2tt, this simply means changing the origin for x from 0 to (—tt, 0), or 
putting (x—tt) in place of x, when the integrals and coefficients become: 

^2rr 

^o=(l/2tr) F(A:)dAr. . . . (15) 

riiT 

>1,=(1 /tt) 1 F(x) cos (rx)dx . . . 
•/ 0 

... (16) 

and 
rln 

=(1 /tt) j F(x) sin (rx)dx . , . 
Jo 

... (17) 

where f(x-~TT) is represented by F(x). If the constant Aq in (1) had been written 
^Aq, then (15) becomes a special case of (16) with /'=0, since cos 0=1, and 
many books use this convention. 

The series (2), with the constants determined by (11), (12) and (14), or 
(alternatively) by (15), (16) and (17), is called a Fourier Series^ after Jean Baptiste 
Joseph de Fourier (1768-1830), who in his famous book “ Th6orie Analytique 
de la Chaleur ” (Paris, 1822), showed that an empirical function, not necessarily 
periodic, defined in the interval —tt to +7t, or 0 to 27r, can be represented by 
such a series, and used it in the study of the conduction of heat. A “ rigid 
proof ” of the validity of the series was first given by Dirichlet in 1829, and the 
conditions which function must satisfy in order that they can be represented by 
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such a series have occupied mathematicians ever since. ^ The general result is 
that if f(x) is single-valued and finite between —77 and a:=7t, and has only a 
finite number of discontinuities (§ 2), and of maxima and minima, in this range, 
then f(x:) is representable by a Fourier’s series (2) with the values of the constants 
given by (11), (12) and (14); and, further, this series alone is equal to f(x) for all 
values of x between —tt and tt, except values of x corresponding to the dis¬ 
continuities of f(x), and to the values —tt and tt themselves if f(7T) is not equal to 
f(—tt). It is said ^ that the announcement of Fourier was received by Lagrange 
“ with astonishment and incredulity ”, and William Thomson (Lord Kelvin) 
in his first (anonymous) publication ^ defended Fourier’s series against the 
criticism of Kelland ^ that they were “ nearly all erroneous.” 

It is essential to test the series for the end values of the period, since it may 
be valid for all values of the variable within the period but not for just these 
boundary values themselves, as will be shown below. It must be carefully 
noted that the general derivative of a Fourier series cannot be found by differ¬ 
entiating it term by term, whilst its integral can be found by integrating it term 
by term. In many physical problems, however, when all the terms of the series 
are multiplied by an exponential factor, the series can be differentiated term by 
term. 

When f(x) is given as a series of numerical values which can be represented 
graphically, the integrals cannot, of course, be evaluated analytically, but special 
methods have to be used. Generally, as in Range's method, the interval between 
A==0 and x^Itt is divided into twelve equal parts on which ordinates y are 
drawn from the experimental values. Then if 0=2TO=7r/6, the coefficients arc 
given 5 by: 

^o= iV ^ ^,=6 ^ cos (rsd), B,=l E sin {rsd) . (18) 
5-0 5-0 5=0 

and a scheme of tabulation due to Runge is used. Details of such methods 
must be sought in special works on Fourier’s series and integrals.^ 

^ See e.g. the dissertation of Harnack, in Serret and Scheffers, “ Lehrbuch der Differential- 
und Integralrechnung,” Leipzig and Berlin, 1911, 2, 540. 

2 Hobson, “ Theory of Functions of a Real Variable,” Cambridge, 2nd edit., 1926, 2, 476. 
3 Cambr. Math. 1841, 2, 258; “ Math, and Phys. Papers,” Cambridge, 1882, 1, 1. 
^ “Theory of Heat,” Cambridge, 1837, 64. 
5 See Gibson, “ Introduction to the Calculus,” 1906, 130; Grover, Bur. Stand. Bull, 1913, 

9, 567. 
^ Fourier, “ Thcorie Analytique de la Chaleur,” 1822; transl. by Freeman, “ The Analytical 

Theory of Heat,” Cambridge, 1878 [reprinted. New York, 1945], 137 f., 262 f.; Fourier, 
Mem. de VInst., 1819-20 [1824], 4,185 (read 1811); Mem. Acad. Set, 1829, 8,581; “ Oeuvres,” 
2 vols., 1888-9; Stokes, Trans. Cambr. Phil. Soc., 1847, 8, 533; “ Math, and Phys. Papers,” 
Cambridge, 1880, 1, 236; Donkin, “Acoustics,” Oxford, 1870, 51; Lord Kelvin, “Math, 
and Phys. Papers,” Cambridge, 1884, 2, 41; Byerly, “ An Elementary Treatise on Fourier’s 
Series and Spherical, Cylindrical, and Ellipsoidal Harmonics,” Boston, 1893 (the standard 
treatise for the applications); Gibson, Proc. Edin. Math. Soc., 1893, 11, 137; Mellor, “ Higher 
Mathematics,” 1902, 360; Auerbach, in Winkelmann, “ Handbuch der Physik,” 1909, 2, 23; 
Lamb, “ Dynamical Theory of Sound,” 1910,87; Rosebrugh and Lash Miller, J. Phys. Chem., 
1910,14, 816; Hobson, “Theory of Functions of a Real Variable,” 2nd edit., Cambridge, 
1921-6, 2, 476; Lederer, Koll. Z., 1928, 44, 108; Carslaw, “ Fourier’s Series and Integrals,” 
3rd edit., 1930; Campbell and Foster, Bell Telephone Syst. Techn. Publ. Monogr., 1931, B 584; 
Lash Miller and Gordon, J, Phys. Chem., 1931, 35, 2784; Titchmarsh, “ Introduction to the 
Theory of Fourier Integrals,” Oxford, 1937 (abstruse); Brill, Grimm, Hermann, and Peters, Ann. 
Phys., 1939,34, 393; von Kdrmdn and Biot, “ Mathematical Functions in Engineering,” New 
York, 1940; Danilson and Lanezos, J. Franklin Inst., 1942,233, 365 (practical Fourier analysis); 
Carslaw and Jaeger, “ Conduction of Heat in Solids,” Oxford, 1947. For tables of functions, 
see McKay, Proc. Phys. Soc., 1930, 42, 547. An interesting elementary account of Fourier’s 
work is given by Mach, “ Principien der Wilrmelehre,” Leipzig, 1900,78 f. 

4* 
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§ 74. Discontinuities 

If the function f(x) has a finite discontinuity (i.e. does not run to + oo or 
•— oo) at a particular value of x, say x^xi, it is 
proved in works on Fourier’s series that the value 
of the sum S in the Fourier series is no longer equal 
to the value of the function (which really has two 
values, at B and Q but to half of the sum 
of the two values of the function f(x)=>' at the 
point of discontinuity: *^=~2(j^i+>'2) 38.1). 

As an example, consider the function having the 
values f(x)=0 from x^—tt to x==0, and fCv)=l 
from x=0 to x=7r. 

Fig. 38.1. Discontinuity 
of a Function 

Aq={\I27t) (* f(x)d.v=(l/27r) r 0 . dx+(l/277)\\ . dx=i 
J—7t J ~n Jo 

eir 1*0 rn 

y4y=(l/7r) j f(A:) cos (rx)dx=(l/7T) j 0 . dx+(l/77) 1 . cos (r.T)dx=sO, 
J —7T J —ar J 0 

BMl/rr) . Si 
Jo 

sin (/*x)dx=(l —cos /*7r)//-7r. 

Hence f(x)=|^+(2/7r)(sin x+sin 3x/3+sin 5x/5+ . . . )• When x=0, the 
series is equal to 1/2, and when x=7r the series is 1/2, but the function f(x) is 1; 
when x=—TT, the series is 1/2, but the function is 0. The value at the dis¬ 
continuity is |^(1+0)=|-. 

§ 75. Fourier’s Sine and Cosine Series 

In some cases, the function may be represented by a series containing either 
sines or cosines only, instead of both, as in (2), § 73. 

(i) Suppose that f(x) in (1), § 73, is an odd function of x (see § 21), so that 
f(—x)=—f(x), e.g. f(x)=x, then: 

(rx)dx= f(x) cos (rx)dx+ f(x) cos (rx)dx 
Jo J —TT 

= f(x) cos (rx)dx— j f(x) cos (rv^dx 
Jo Jo 

-J' f(x) cos (rx)dx+ f(—x) cos (rx)dx 

=0 (since cos (—x)=cos x). 
JO 

Hence, from (11) and (14), § 73, A,=0, and /lo=0 (the latter because the integral 
from —TT to 0 cancels that from 0 to +7r). Thus, all the cosine terms disappear 
from (2), § 73, and, since, (12), § 73: 

B,—(I/tt) j f(x) sin (rx)dx=(l/Tr) j f(x) sin (rx)dx—(l/7r) j f(—x) sin (rx)dx 
J —*r Jo Jo 

=(2/7r)j f(x)sin(/•x)dx (sincesin(—x)=—sinx) • (1) 
Jo 

the series representing f(x) is a sine series: 
fnOO 

f(x)=s S B, sin (rx) 
r-l 

(2) 
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with the coefficients B, given by (I). The series is zero both when jcs=0 and 
x=n, and does not represent the function at these limits unless f(0)=0 and 
f(7r)=0. Note that this formula does not contain the constant term Aq, 

(ii) If f(x) is an even function of x (see § 21), so that f(jr)=f(—x), e.g, f(A:)=x2, 
then: 

J9„=(l/7r) f(x) sin (rx)dx—(I/tt) f(—x) sin (rx)dx=0, 
Jo Jo 

^o=(I/27r) f"f(x)dx=(I/7r) rf(x)dx, 
J -TT Jo 

Ar=(l/7T) f(x) COS (rx)dx=(2/7T) f(x) cos (rx)dx 
' J -7T Jo 

. (3) 

and the function is represented by a cosine series : 

f(x)=^o+ ^ >4yCOS {rx) (4) 

the coefficients being given by (3). This series represents the function both 
when x=0 and x=7r. Note that this formula contains the constant term Aq. 
Since cos 0=1, the equation for A^ will give A^ also if \Aq is used instead of 
Aq in (1), §73. 

As examples of sine and cosine series, three simple functions may be con¬ 
sidered, viz. a constant, f(x)=l, an odd function, f(x)=x, and an even function, 
f(x)=x2. 

(i) Let f(x)=l. Since a period must be assigned, take this from 0 to tt. 
Since f(+l)=l and f(—1)= —1, the function is odd, and (2) applies; therefore 
from (1): 

5,=(2/7r)j sin (rx)dx. 
Jo 

f sin (rx)dx=—(l/r) cos (rx), 

I sin (/‘A')dx= —(1/r) cos (rx) 
Jjc-0 

{l/r)[cos (r7r)-l]=(l/r)[l-cos (rn)]. 

When r is even, cos (/•7r)=l; when r is odd cos (r7r)= —1; hence the integral is 
21 r for odd values of r, and zero for even values, and hence: 

f(x)=l=(4/7r) (sin x-fi sin 3x-f^ sin 5x+ . . .)• 

In Fig. 39.1 the curves for sin x, ^ sin 3x, j sin 5x, and ^ sin lx, each multiplied 
by 4/77, are shown, and the sum of the ordinates is seen to approach the hori¬ 
zontal straight line y=l. For x=0 and x=7r, the value of y is zero, so that the 
function does not represent the curve at the limits. 

(ii) Let f(x)=x. Then Aq^O, Br^(l/7T)j x sin (rx)dx. By integra¬ 

tion by parts (§19): 

J X sin (rx)dx=r“2[sin (rx)—rx cos (rx)] 

(put rx=^u and find jMsinwdw). For x=—tt this is r-^n cos (nr), and for 
+77 it is —-r V cos (r77) (since cos (—x)=s:cos x), therefore 5^== —2 cos (r77)/r. 

When r is even, cos (nr) is +1, and when r is odd cos (rTr) = — 1. Hence: 

f(x)=x=2(sin x/1—sin 2x/2+sin 3x/3—sin 4x/4+ . . .) 
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The functions ji=2sinx, >'2=sin2x, j)'3=3 sin 3x are plotted as curves 
1, 2, and 3 in Fig. 39.1, and by adding the ordinates the full curve 4 is found. 
This is an approximation to a straight line passing through x=0 and inclined 
at an angle of 45° to the x axis (i.e. y=x). It is seen that the series fails at 
x=—7T and x=+7r, since it vanishes for both these values. By taking more 
sine curves a better approximation is found. The separate sine (or cosine) 
curves are often called harmonics, since they represent sines of multiples (or 

Fig. 39.1. Representations of f(x)==l (upper figures) and f(.v)=A' (lower figures) by 
Fourier Series 

“ overtones ”) of the angle .v, and the problem of resolving a function (e.g. the 
height of a tide) into such components is called harmonic analysis, 

(iii) Letf(x)=A:2. Then: 

^o=(l/27r)j'’' x2dx=(l/67r)[7r3-(-,T3)]=i772; 

/: AT^cos {rx)dx==^Ajr\ by integration by parts as before, the signs 

being — or + according as r is odd or even. Hence: 
f(jc)=;c^=-|7r2—4(cos x/P—cos 2x/22+cos 3x/32—cos 4x/42+ . , 

Both when x=—tt and x=+7r, the value of the series is 3772—4(1/12+2/22+ 
3/32+ . . .), which is known to be ;37t2+4(772/6)=772, so that this time the series 
represents the function at the limits ±77. 

By plotting the first three cosine terms and adding the ordinates, a line which 
is an approximation to the curve is found. 

§ 76. Fourier’s Integral 
In problems on vibrating strings or columns of gas, diffusion, etc. (some of 

which are considered later), the limits are given numbers a, e.g. lengths /, and in 
this case x is replaced by x=az/77, where z is a new variable, z=^7rxla, so that 
when z changes from —77 to +77, x changes from —a to +a. The function 
f(x)=f(az/7r) may be developed as a Fourier series (2), § 73, in terms of z: 

{(azj7r)^AQ+AiCos z+A2COs(2z)+ . . . +jBisinz 
+^2 sin (2z)+ ... • • (1) 

where ^,=(l/w)l {{azjir) cos {rz)dz, B,=(l/7r)l f(cz/7T) sin (r2)d2, 
J —J —77 

f(x)=.4o+^icos(7rx/a)+.42cos(27rx/a)+ . . . +5i sin (wx/a) 
+ B2sin (2iTx/a)+.(2) 
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the coefficients A and B being the same as in (1), hence (2) holds in the range 
—a to +ci, and (since Az^ttAxIo): 

l*a ra 

A,={\la)\ f{x) cos inTxld)Ax, 5,=(I/a)j f(x) sin (r7r:v/a)dx . (3) 
J —a J —a 

SO that any arbitrary function f(x) can be represented for all values of x between 
x=—a and .y=« by a series of trigonometrical functions with periods 2a, a, 
2alX ... 

The formulae hold for any value of a, and in the limit for a~> oo should hold 
for any value of x. In order to indicate that equations (3) have been integrated 
it is conventional to replace x in them by A (since the value of a definite integral 
does not depend on the independent variable, but only on the limits): 

f(A) sin dA 
a 

(4) 

On substituting these in (2), writing instead of A^ (sec § 75), and using some 
of the trigonometrical formulae of § 41, it is found that: 

f(.r)=(l/a)|i£ f(A)dA+£Jf(A) 
TtA 7TX 

cos — cos —dA+ 
a a 

1 

r*/’\ N. • A , TTX > 

f(A) sin — sm —dA+ 
a a 

7T 2tT 
■2“i"Cos (A—x)-|-cos (A—x)-l“ 

(since cos (x—.)0=cos x cos j+sin x sin y (6), § 41), 

f(A)dA 
TT 

1 +2 COS “(A—x)+2 cos ‘^(A—x)+ 

l + COS iA-.v) + COS X) + 

(by writing 2 cos (7r/a)(A—x) as cos (7T/a)(A~x)+cos (7r/a)(A—x), and similarly 
2 cos (27r/a)(A—x), joining the second term of the first expression with the first 
term of the second, etc., and using (19), § 41): 

=(1/277)1" f(A)dA{(77/a) cos I(0/a)(A-x)]+(77/a) cos [(7r/a)(A-x)] 

+(77/0) cos [(277/a)(A—x)]... +(77/0) cos [(—77/fl)(A—x)] 

+{jrla) cos [(—277/a)(A—x)]+ . . . } . (5) 

(by transferring 1/a after the integral sign, multiplying each term by 77 and 
dividing outside by 77, and writing cos (0/a)(A—x)=cos 0 for 1). 

As a increases indefinitely to infinity, the limiting value of the expression in 
braces becomes a definite integral (§20): 

j: 
cos [(r7r/a)(A—x)]d(/-77/a), 

and if rj7/a=a (r being any positive or negative integer: see under (8), §72), 
the expression for f(x) finally becomes: 

^00 ^00 

f(x)=(l/277) f(A)dA cos [a(A-x)]da .... (6) 
J —00 J —00 

for all values of x. The double integral (see §22) in (6) is called Fourier's 
Integral, and equation (6), given originally in this form by him, is often called 
Fourier's Theorem. 
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§ 77. Alternative Forms of Fourier’s Series 

Several alternative forms of Fourier’s series, (2), § 73, are derivable by suitable 
modifications. If f(x) is an even function, (4), § 75, is: 

f(x)^Ao+UAy cos (rx)=^(l/TT) |*f(A)dA+(2/7r)i7cos (rx) | cos (A*A)f(A)dA, 
1 Jo 1 Jo 

by changing x to A to indicate that the integration has been effected. Suppose 
X has the range —to +a, change x to ttz/q, or (keeping the symbol x) to 
TTxja, and change A to ttA/a, then: 

f(A)dA+?tcos™f 
a ^ 1 

I cos~™“f(A)dA 
^ Jo ^ 

(1) 

Example, To find ^ an expression equal to v when x lies between 0 and c, 
inclusive,2 and equal to zero when x lies between c and b. That is, f(A)=z; 
from A=0 to A=:c, and f(A)=0 from A=c to \—b. In (1) a—b, 

cos —f(A)dA=z; cos “T-dA==— sin , 
J ^ Jo ^ rrr b 

^ . . VC Iv I TTC TTX . , iTrh ItTX \ 
fW=^+-^sm ycosy+isin-^- cos-^-+ • . .j, 

and when x=c the series becomes which is half the value of the function 
(see § 74). 

Since (§21): 
^00 ^0 /•OO 

cos xdx= cos xdx+ j cos xdx 
J —oo J —00 Jo 
/•o ^0 ri) 

cosxdx= cos (—x)d(—x)==-- cosxdx= I cos xdx 
j*~00 Joo Joo Jo Joo y»oo 

cos xdx=2 I cos xdx. 
-00 Jo 

cos [a(A—x)]da=2 c 
3 Jo £ Similarly: 

and (6), § 76, can be written: 

f(^)=(l/7r)J 

cos [a(A—x)]da, 

f(A)dA f cos [a(A—x)]djc . . . 
oo Jo 

The limits are independent of a and A, and hence the order of integration of 
the double integral is optional, 

(2) 

Now 

AOO ^00 
f(A)dA ( 

J -00 J 0 

AOO ^oo 
f(A) cos WA-j-^dA . (3) COS [a(A—x)]das 

f f(A) cos [a(A—x)]dA= f f(A) cos [a(A—x)]dA+ j* f(A) cos [a(A—jr)]</A. 
J— 5b' J — oo Jo 

f{x)=f(-x), 

If f(;r) is an odd function: 

f(x)=-f(-jc) or 

1 Carslaw, “ Fourier’s Series and Integrals,” 1930, 250. 
2 This is usually represented in mathematical books by 0^;c^, which is not the same thing 

as OCxCc. 
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■■■ j: f(A) cos [(x(A—x)]dA: 

Therefore from (2): 

= rf(-A)cos [a(-A-.x)]d(-A) 
J oo 

1*00 

= —I f(A)cos [a(A+x)]dA. 
Jo 

f(A) sin (aA) sin (ax). dA 

^00 /»00 

f(A-)=(l/7r) j dal f(A)[cos a(A—x)—cos a(A+.\)]dA 
Jo Jo 

^00 ^oo 

= (2/77) I da f(A) sin (aA) sin (ax). dA 
Jo Jo 

1*00 ^00 

=(2/77) j f(A)dA j sin (a A) sin (ax) .da .(4) 
Jo Jo 

from (20), § 41 (put x=a(A—x), and >^=a(A+x), and use sin (—0)= — sin 0), 
Equation (4) holds for all odd functions f(x), and for all positive values of x 

in any function of x. If f(x) is an even function, f(x)=f(—x), a similar process 
shows that (3) becomes: 

fW = (2/77) 
^ 00 

f(A)dA 
Jo Jo 

COS (aA) cos (ax) . da .... (5) 

which holds for all values of x if f(x) is an even function, and for all positive 
values of X in any function of x. 

Finally, Fourier’s series (2), § 73, may be written in the form: 

f(x)==(I/2^) rf(A)dA+-S 
J-a 1 

or, from (6), § 41: 

(1/^) COS (r7Tx/a)j f(A) cos {rirXja) . dA 

+ (1 jo) sin {nrxja)^ f(A) sin {nrXIa). dA 

f(x)=(l/2^) f" f(A)dA+^(I/a) [ f(A) cos [(r77/a)(x-A)]dA . (7) 
J *“ <i 1 J — (I 

where TTxJa can then be replaced by x, and, without loss of generality, the interval 
in which f(x) is defined taken as —77 to 77, when: 

f(x)===(l/277)rf(A)dA+f(l/77)rf(A)cos[r(x-A)].dA . . (8) 
J —1 J ~~7t 

which is sometimes * taken as the “ standard form ” of Fourier’s series. Such 
highly concentrated expressions are, however, less useful in the practical 
applications than the more intelligible series (2) of § 73. 

§ 78. The Rayleigh-Jeans Equation 
An equation giving the number of stationary waves or “ proper vibrations ” 

in unit volume of a medium, was found in connexion with the theory of radia¬ 
tion by Rayleigh ^ and Jeans,^ and is also the basis of the theory of the atomic 

» E.g. by Hobson, “ Theory of Functions of a Real Variable,” Cambridge, 1907, 645. 
2 Phil. Mag., 1900, 49, 539; Nature, 1905, 72, 54, 243; “Scientific Papers.” Cambridge, 

1912, 5,253; Lodge, Nature, 1926,118, 81. 
s Phil. Mag., 1905,10, 91; “ Dynamical Theory of Gases,” 3rd edit., 1921, 349, 359; Rice, 

Trans. Faraday Soc., 1915,11, 1; Rice, in Lewis, “ A System of Physical Chemistry,” 1924, 3, 
313; Rice, “ Introduction to Statistical Mechanics,” 1930, 189, 209; Goldhammer, Phys. Z., 
1913,14,1185, 1188;Brillouin, .4nn. dePhys., 1914,1,433;/. de Phys., 1914, 4, 681; Flamm. 
Phys. Z., 1918,19,116; Preston, “ Theory of Heat.” 3rd edit., 1919, 284; Lorentz, “ Theory of 
Electrons,” 1923,93; Planck, “ Theorie der Warmestrahlung,” 1921, 197. 
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heat of a monatomic solid proposed by Debye. ^ Consider a cubical ^ cavity 
containing a medium (e.g. air) transmitting longitudinal waves, for which the 

directions of vibration are the same 
as the direction of wave propagation, 
the latter represented by a ray ” OS 
(Fig. 40.1). 

The waves are reflected on the walls, 
and by interference set up a system of 
stationary waves which have nodes on 
the surfaces of the box and in parallel 
planes distant from one another by 
half a wave-length {A/2) for each com¬ 
ponent, and such that a w/fo/e number 
of nodal planes are interposed between 
one wall and the opposite one. Since 
most of the rays strike the walls at 
oblique angles and the nodal planes 
are always perpendicular to the ray, 
it is necessary to consider rays travers¬ 
ing the box in all possible directions. 

Take one corner of the box as the 
origin O of a right-handed coordinate 

system (Fig. 40.1) and let a ray OS make angles 62,61 with the x, y, and r 
axes. The components of the amplitude of vibration in the direction of the 
axes are given by the equations (which are not actually required in the present 
deduction): 

niTTX ni^ry n^prz 

Fig. 40.1. Plane Waves in a 
Medium 

X axis: 008 2171^/sincos 
/ 

cos --J - 

yaxis: 

2 axis: ^=C, 

fiynx . ni^ry nynz 
,3 cos liTvt cos j" sm -j- cos 

nyTTX niTry . n-ynz 
«i. «2. n^ cos iTTvt cos "' / 

. (1) 

Here «i, ^^3 are any three whole numbers, v is the frequency, / is the side 
of the cube, A, B, and C are constants depending on n2, /I3; t is the time, and 
.X, y, z are the intercepts of the nodal plane on the axes. 

Consider a point on the x axis which is also in a nodal plane; for this point 
f=0 and a plane through it perpendicular to the x axis and parallel to the yz 
plane is also a nodal plane for the component The next nodal plane parallel 
to it will be distant ^A^, where is the part of the x axis cut off by two nodal 
planes distant iX apart perpendicular to OS. From the figure, it is seen that 

cos =^A. Similar equations hold for the y and z axes, and hence: 

A;^cos0j = A, A^cos02=^> A^ cos 03= a .... (2) 

These sections, however, must satisfy the condition that the cube side / must 
contain a whole number of nodal planes: 

ni(A,/2)=«2(AV2)=«3(A,/2)=/.(3) 

1 Ann. Phys., 1912,39, 789. See Vol. II. 
2 A deduction for a cavity or body of any shape is given by Weyl, Math. Ann.., 1912, 71, 

441; simplified by von Laue, Ann. Phvs., 1914, 44,1197; Kar and Mazumdar, Z. Phys., 1929, 
53, 308. 
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where nj, /I2, Ua are positive whole numbers. From (2) and (3) 

7Ii=2//Ajc=(2//A) cos 01 'I 

«2=2//A^=(2//A) cos 02 r.(4) 
«3=2//A^=(2//A) cos 03 J 

On squaring and adding the three equations (4) it is found that: 

”1^+»2^+«3^ = (2//A)2(cOs2 0i + cos2 02 + COS2 03) . . . (5) 

The values of cos 0i, cos and cos are 
called the direction cosines of OS in the co¬ 
ordinate system, and it is a well-known result 
of analytical geometry that: 

COS2 0j+cos2 02 + COS^ 03=1 . . (6) 

This is easily seen from Fig. 41.1: 

0S2=0Y2+YS2=0Y2+(Y'Y2+Y'S2) 

=OY2+OZ2+OX2 

=(OS cos 02)H(OS cos 03)2+(OS cos 0i)2, 

X' s 

Fig. 41.1. Direction Cosines 

from which (5) follows. From (5) and (6): 

2//A= ±\/(Wi2 + «2^ + W32).(7) 
and from (4): 

cos 0i = ±7Zi/V(«1^ + «2^+^?3^) "I 

COS 02==±«2/V('^1^ + «2^ + «3^) ^.(8) 

COS 03=db«3/v'(«l^ + W2^ + '^3^) J 

Equations (8) show that only wave trains with definite directions and wave¬ 
lengths (given by (7) in terms of the n values) can be formed in the cavity; viz. 
those which satisfy (7) and (8) with given values of A, 02> ^3> ^^d with 
whole number values of Wi, nj^ and n^. The wave-length is related to the 
frequency v and velocity c by (§ 49): 

C=7A.(9) 

(in the case of cavity radiation c=c, the velocity of light in vacuum). Equa¬ 
tion (7) then becomes: 

2/r/c=V(^^+^2^+z2 3^).(10) 

It is easily shown, although it is not required in the present deduction, that 
the equations (1) satisfy the conditions of the problem. At all times the 
amplitude at the origin (x=0, y=0, r=0) is zero, since the sine factors in all 
three equations (1) are then zero. There is, therefore, a permanent node at 
the origin. At any point on the x axis, y=^0 and ir=0, so that rj and ^ vanish. 
The value of ^ is zero for /Zix//=a whole number (since sin n7r=0), i.e. from (3) 
for x=XJ2, 2XJ2, 2XJ2 .... 

Now consider a plane at right angles to the x axis at x= A J2. For all points 
in this plane, x=XJ2y hence it is a nodal plane, since ^ is zero for all values of 
r, y, and z. If a plane is at right-angles to the x axis at x=3XJ4, then along a 
section of this plane with the xz plane (y=0), ^ varies periodically with z for a 
given value of i. For a plane with x=3AJ4 at right-angles to the x axis and 
cutting the xy plane, z=0 along the line of section, and at any instant i varies 
periodically with y. In a similar way it can be shown that in the nodal planes 
perpendicular to OS, the components f, rj, and ^ are zero at all times. 
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It is now possible to find the number of wave trains with frequencies between 
vi and V2 which can be formed in the cavity or in the block of medium, or (as 
it is usually expressed) the number of proper vibrations between these frequencies. 
Consider a cubic lattice of points which are the corners of elementary cubes of 
unit side; then the corners of eight such cubes meet at each lattice point. Since 
the numbers n^, and which will be laid off along the y, and z axes, 
respectively, are all to be positive, only the positive octant in the coordinate 
system (Fig. 42.1) is to be considered. The coordinates give the values of 

and «3, measured in multiples of the cube edge, and every point in the lattice 
space represents a set of three values «i, W21 conversely every set of three 
whole numbers represents a point in the lattice. (In Fig.42.1 four such cubes are 
shown; the other block of four will be laid on the shaded faces.) Every lattice 
point thus represents a wave train of fixed frequency and direction, given by 

(7) and (8), and conversely. All wave trains with frequency correspond with 
points lying on the surface of a sphere of radius rj given by (10): 

ri=(2//c)vi = -v/(ni^+«2H«3^).(11) 

and those with frequency V2 on the surface of a sphere of radius: 

r2=(2//c)v2=V(«i'2+«2'H«3'2).(12) 

All wave trains with frequencies between vj and are represented by lattice 
points inside the spherical shell with radii rj and r^. Since each unit cube 
represents one lattice point (the eight points at its comers being shared with 
eight other adjacent cubes), and the allowed values of Wj, /J2. «3 must lie in the 
positive coordinate octant, the number of lattice points is one-eighth the 
volume of the shell: (l/8)(47r/3)(/-2^—rj^). From (11) and (12): r2^—rx^= 
(2//c)3(»'2^—vi^), and since V2—V] = Av is small, 

(l,23—j/i3) = [(vi-b A v)^—A V, 

all higher powers of Av being negligible. Hence the volume is: 

(l/8)(4/3)ir. 3vi2Av(8P/c3)=(47r/3/c3)vi2Av; 

or, by replacing vj by v and A v by dv, the number of proper vibrations in unit 
volume (/3=1) is: 

dZ=(47r/c3)v2dv.(13) 

This is the solution of the given problem. 
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Leipzig, 1908-12; idem, Lehrbuch der Thermostatik, 2 vols., Leipzig, 1927; Weber, Thermo¬ 
dynamics for Chemical Engineers, New York, 1939; Weinstein, Thermodynamik und Kinetik 
der Korper, 4 vols., Brunswick, 1901-11; Wenner, Thermochemical Calculations, New York, 
1941; Weyrauch, Grundriss der Warmethcorie, 2 vols., Stuttgart, 1905-7; Whetham, Theory 
of Solution, Cambridge, 1902; Williamson and Tarleton, An Elementary Treatise on Dynamics, 
containing Applications to Thermodynamics, 2nd edit., 1889; Winkelmann, Handbuch der 
Phy.sik, Leipzig, 1906, 3, ii; Winston, Thermodynamics, Chicago, 1939; Wormell, Thermo¬ 
dynamics, 1877; Wfillncr, Lehrbuch der Experimentalphysik, 5th edit., Leipzig, 1896, 2 (Die 
Lehre von der Warme), 6th edit., 1907. 

Zemansky, Heat and Thermodynamics, New York, 1937, 2nd edit., 1943; Zernike, Themio- 
dynamica en Statistiek en de Chemie, Deventer, 1942; Zeuner, Grundzfige der mechanischen 
Warme-Theorie, Freiburg, 1860, 4th edit., Technischc Thermodynamik, Leipzig, 1900, transl. 
from 5th edit., Technical Thermodynamics, 1907. [A complete French translation of the first 
edition is contained in Him’s Exposition Analytique et Exp^rimentale de la Th^rie Mccanique 
de la Chaleur, Paris and Colmar, 1862,1,133-299; another French translation by Amthal and 
Cazin was published in 1865.] 

This list is not complete; see the bibliographies by Goransen and Tuckermann, referred to 
above. Articles in journals are referred to in appropriate places in the text. 



118 THERMODYNAMICS 11 

THERMODYNAMIC SYMBOLS 

Heat (entering a system). ... q 
Work (done by a system) . ... w 
Temperature on any scale. ... 6, t 
Temperature, absolute . ... T 
Volume . ... V, V 
Pressure . ... p,P 
Energy . ... E 
Heat Content (or enthalpy) . ... H=E+PV 
Entropy . ... S 
Free Energy . ... F=E-TS 
Available Energy. 
Specific Heat per unit mass: 

... G=H-TS 

at constant volume . . •. Cp 

at constant pressure. ... 

Molecular Heat: 
at constant volume . ... c 
at constant pressure. ... C, 

Ratio of Specific Heats (c^/c,.) . 
Latent Heat: 

... y 

per unit mass. ... / 
per mol . ... L 

Chemical Potential. ... p 
Activity . ... a 
Density . ... p,d,D 
Compressibility . K 
Elasticity . ... e 
Number of Mols . ... n 
Mol Fraction . ... N {ox x) 
Concentration {njV) . 
Equilibrium Constant: 

... core 

in terms of concentrations (or activities) . ... K 
in terms of partial pressures. ... K’ 

Activity Coefficient: 
in terms of molarity i . / 
in terms of molality 2 . ... y 

§ 1. True and Mean Specific Heats 

The science of thermodynamics, as its name indicates (Greek depfws, heat, 
hvmfus, power), is primarily concerned with the relations of transformation of 
heat into other forms of energy, which may, conveniently, be grouped under the 
name work, since they are all directly obtainable from, or convertible into, a 
quantity of mechanical potential energy represented by a raised weight. The 
measurement of quantities of heat and work will first be considered, then the 
ratio of their units (involving the First Law of Thermodynamics), then their 
reciprocal convertibility (involving the Second Law of Thermodynamics). 

If a hot body is brought in conducting contact with a cold body, the tempera¬ 
ture of the hot body falls and that of the cold body rises, and it is said that a 
quantity of heat has passed from the hot to the cold body. 

> Mols/lit. solution. 2 Mol$/kg. solvent. 
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Let a mass m of a given material be heated from the temperature 6i to the 
temperature 62, where B denotes temperatme measured on any scale. A 
quantity of heat q is absorbed, which is proportional to m and to the rise in 
temperature (B2—O1), but varies with the material; hence; 

q—cmidi—Bi).(1) 

where c is the mean specific heat of the material over the interval of temperature 
^2—^ 1; wc is the mean heat capacity of the body. * ^ is positive for heat absorbed 
by the body and negative for heat emitted. 

It is found that c varies with temperature; if 62"^!=^^ is very small, then 
q is also small, 8^, and: 

8q=cm86.(2) 

where, for unit mass (m=l) of material: 

c=L\m{SqlS6)=dqldB.(3) 

is the true specific heat of the material at the temperature B. It must be noted 
that c is also, in general, a function of temperature, c—f{B)=Cg. 

FK5. I.II. True and Mean Specific 
Heats 

Fig. 2.11. Calculation of True from 
Mean Specific Heat 

The heat absorbed during a finite rise in temperature is found by integration 
of (2): 

q=m f Cede.(4) 
J»i 

and by comparison of (1) and (4): 

c=={\edBI(B2-B^).(5) 
Jffi 

showing that c is the mean value of the function c=f(^) over the range (^2—^1) 
of the argument B. This is shown graphically in Fig. 1 .II, in which the abscissa 
is B and the ordinate is Ce. The area \BB2B1 represents ]c^6, and if the hori¬ 
zontal EF is drawn so that area EF02^i=area AB02^i, then the ordinate of 
EF represents c. To find the value of c (true sp. ht.), c (mean sp. ht.) may be 
plotted as a function of B, and at a given value B^ a tangent drawn to the 
curve.2 The intercept AB (Fig. 2.11) is then added to the ordinate giving c 
in order to obtain the value of c. 

The form of the function: 
CB=m .(6) 

1 Cf. Hansel,firoc.i’Ays.5ac., 1942,54,159;Duncanson,/iiel., 1942,54,504,and discussion; 

Phil. Mag., 1944, 35, 81. 
* White,Sc/., 1909,28,334; 1919,47,1,44; Schiibel,Z.anorg. Chem., 1914,87,81. 
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may sometimes be determined theoretically, e.g. from the kinetic theory of 
gases, or from the quantum theory (see Sections III and IV), but is often found 
experimentally by measurements of c or Cq at different temperatures. Since 
Cq is found to vary only slowly with temperature it may often be represented 
empirically by a power series: 

CQ=^CQ+ad+bO^+.(7) 

where Cq is the value of Cq for 0=0, e.g. 0° C., and the terms after a certain 
power of 6 may be neglected. It is obvious that if 0^=0 and 02=0 in (5), 
then: 

c=(l/0) f Cede, r,=(d/d0)(c0) .(8) 
Jo 

Hence the true specific heat is found by multiplying the mean specific heat over 
the temperature range 0 to 0 by 0 and differentiating the product with respect 
to 0. 

The specific heat depends on the conditions under which heat is absorbed, and 
it is usual to distinguish the specific heat at constant volume and the specific 
heat at constant pressure Cp, If M is the molecular (molar) weight of a substance, 
the corresponding molecular heats (specific heats per g.mol. or mol, sometimes 
called molar heat capacities) are: 

C,=Mc, and C^=Mc^.(9) 

In the case of elements, if A is the atomic weight, the atomic heats are: 

C^=^Ac,, and Cp^ACp.(9a) 

In the case of solids and liquids, and Cp are not very difierent; for gases see 
§21. 

The unit of heat is defined by making the true specific heat of water equal to 
unity when the temperature is IS'’ C., i.e. it is the amount of heat absorbed by 
1 gram of water (the normal isotopic mixture), when its temperature rises from 
14y° C. to 15^° C, This is called ^ the IS'’ gram-calorie (g.cal.). The kilogram- 
calorie (k.cal.) is 1000 times this value. In older literature the kilogram-calorie 
is written Cal. The mean calorie is 1/100 the heat absorbed by 1 g. of water on 
heating from 0° C. to 100° C., and is slightly larger than the 1S° g.cal. The 
name mayer proposed by T. W. Richards ^ for the unit of capacity heated by 
r C. on absorption of 1 joule (§ 13) has not been adopted. The British Thermal 
Unit (B.Th.U.) is the heat required to raise the temperature of 1 lb. of water, 
at its temperature of maximum density, 39° F., by 1° F., and the Centigrade 
Heat Unit (C.H.U.) that required to raise the temperature of 1 lb. of water 
by 1° C. 

Example, If the true molecular heat of hydrogen gas at constant pressure 
(1 atm.) is given by Cp=6-S0-f-0*0009r, where T is the absolute temperature, 
f C.+273, to find the heat absorbed when 50-4 g. of hydrogen are heated at 
1 atm. pressure from 0° C. to 500° C. 

1 Warburg, Phys. Z., 1900, 1, 171; P. T. Reichsanstalt, Z, Phys,, 1924, 29, 392; Auerbach, 
Z. angew. Chem., 1925,38, 447. The German name “ Kilocalorie (kcal.) for the kilogram 
calorie is best avoided, as it does not fix the size of the calorie, of which it is the multiple by 
1000. The Ostwald calorie, A'=100 g.cal., is no longer used. Various other “calorics” 
have been used, Regnault’s calorie was the heat required to raise the temperature of 1 g. of 
water from 0° to T C.; for the British thermal unit (B.Th.U. or B.T.U.), 1 lb. of water through 
r F. at 60'^ F., see Powell, Nature, 1942, 149, 525. 

2 Z. phys. Chem., 1901, 36, 358; Richards and Rowe, J,A,C.S,, 1921,43, 770. 
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504 g. H2=25 g.mols. (mols). The heat absorbed is: 
•773 

(6*50+0*{)009r)dr 
/•773 

7=25 (I 
jin 

=25 X 6-50(773-273)+25 x i x 0'0009(7732-2732) 

= 87,135 g.cal. 

Alternatively, the mean molecular heat Cp from 273° abs. to 773° abs., i.e. over 
a range of 500°, can be found: 

r =(1/500) (6-50 + 0 0009r)dT=(l/500) 
J273 

=(l/500)[6-50(773-273)+0-00045(7732~2732)] 

=6*97; heat absorbed=500x 25x6-97 

=87,135 g.cal. 

6-50+1x0 000972 
1773 

273 

§ 2. Latent Heats 

In some cases the definition of q by (1), § 1, fails, since q is finite whilst 02“ 
is zero. Heat absorbed by a body at constant temperature (e.g. in the fusion of 
ice or the boiling of water) is called latent heat. In such cases q is measured by 
the fall in temperature of another body (e.g. hot water) supplying heat, or by the 
energy equivalent of heat supplied by an electric current in a heating coil. 
Latent heat per gram is denoted by / (with an appropriate suffix) and per mol by 
L, where L=AT/. 

§ 3. Thermal Coefficients 

The state of unit mass of a homogeneous body of fixed chemical composition 
is definite when fixed values of any two of the variables ^ pressure /?, specific 
volume V (=l/p, where p=density), and temperature 6 are assigned. It is 
assumed that the pressure on a plane area is at right angles to the area, and that 
the pressure at a point is equal in all directions; the body is then a fiuid, 
which may be a gas, a liquid, or an isotropic solid subjected to a uniform stress. 
These variables are connected by a characteristic equation or equation of state 2; 

.(1) 
In all cases it is assumed, unless otherwise stated, that the effects of internal 

stress (other than pressure), surface tension, electrification, magnetisation and 
gravity, are either absent or negligible. All volume elements are “ physically ” 
small, i.e. include a large number of molecules. It should be noted that the 
characteristic equation, or equation of state, does not give complete information 
about the state, e.g. it does not specify its energy (although it says it has a 
definite value), so that the first name is preferable. 

A small change of state may be defined in terms of a?iy two of the differentials 
dz;, d/7 and d0, multiplied by thermal coefficients, which are usually functions of 
V, p and 6, The small amount of heat absorbed may be represented by any one 
of the three equations: 

8^=c„d0+/,d2;.(2a) 
^Cp6e+lpdp.(2b) 
=y^dz;+y^d/7.(2c) 

1 Called by Rankine, Edin. N. Phil. 1856, 2, 120, “ accidents.” 
2 See Oimes and Keesom, ” Enzykl. d. math. Wiss.,” 1912, 5, i (5), 636 f.; Comm. Leiden, 

1912, SuppL, 23, 22 f: Neumann, “ Vorlesungen uber die mechanische Theorie der Warme,” 
Leipzig, 1875, 43. 
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The physical meanings of the thermal coefficients are found as usual from the 
differential coefficients: (d^/d0)„=c,,, {dqldv)Q^l,, etc.; i.e. r,, and Cp are specific 
heats at constant volume and pressure, respectively; /,, and Ip are latent heats of 
volume and pressure change, respectively; ^ and y, and yp are coefficients which 
must not be confused with the ratio of specific heats at constant pressure and at 
constant volume, written without subscript: 

.(3) 
The equations (2) are definite and their legitimacy follows from the physical 

justification of the concept of “ quantity of heat,’’ which is based on experimental 
calorimetry in the way outlined above.^ Although they rarely appear in the 
later books on Thermodynamics, their correctness admits of a formal proof,^ 
which is not here regarded as necessary. The question of the interdependence of 
the variables is taken up in § 5. Clausius’s use of (dqldv)(), etc., as definite and 
determinate quantities, although it has given rise to some misunderstanding, is 
perfectly correct,^ and will be followed in the sequel. 

§ 4. Reech’s Theorem 

Let unit mass of a fluid undergo two separate changes: 
1. An adiabatic change, i.e. one in which no heat enters or leaves the system. 

Such an adiabatic change may be supposed to be carried out with the fluid 
(e.g. a gas) contained in a cylinder with a piston moving without friction, both 
the cylinder and piston being made of a perfect non-conductor of heat. By 
pressing down or raising the piston the fluid is made to undergo an adiabatic 
compression or expansion, respectively, since no heat can pass out of or into 
the system (the gas in the cylinder). This condition must be carefully distin¬ 
guished from the absence of a generation of heat in the system itself by compres¬ 
sion, viscous motion, or chemical action. The temperature of a body usually 
rises in adiabatic compression, hence the body may be said to have heat generated 
in it, although 8^=0, as no heat crosses the bounding surface of the body. If 
the adiabatic conditions are maintained, the rapidity of the change is of no 
importance. 

The name adiabatic change (Greek a, not; hex^oiLv^LV, to pass through) is due 
to Rankine; ^ Gibbs ^ called it an isentropic change, since in a reversible adiabatic 
change a quantity called the entropy of the system (§ 33) remains constant. 
The two cases are identical only when the change is reversible, and hence both 
names will be retained for use in appropriate cases. 

In practical cases, an adiabatic change usually takes place very quickly, so 
that little time is allowed for sensible communication of heat with the surround¬ 
ings by conduction (which is generally a slow process). Thus, if air is contained 
in a strong glass tube closed by a piston, and the piston is rapidly forced in, so 
much heat is generated that a piece of tinder attached to the bottom of the piston 

1 These must not be confused with latent heats of phase transition, which are heats absorbed 
for unit mass of phase change, not for unit volume or pressure change. 

2 See e.g. Mach., “ Prinzipien der Warmelehre,” Leipzig, 1896, 153; Wiedeburg, Ann. 
Phys., 1897, 61, 705; Kuenen, Arch. Neerl., 1901, 6, 39; Bridgman, “The Logic of Modern 
Physics,” New York, 1927, 108, 117. 

3 Blondlot, “Introduction k ffitude de la Thermodynamique,” Paris, 1888, 26; Tunell, 
/. Phys. Chem., 1932, 36,1744; /. Chem. Phys., 1941, 9,191. 

4 See the careful examination by Tunell, J. Phys. Chem., 1932, 36, 1744. In a different 
treatment by Buckingham, “ Outline of the Theory of Thermodynamics,” New York, 1900, 
68, (dE/dv)^ is denoted by A, so that dE=ac,4^-l-Adi/, where £=energy. 

5 Phil. Trans., 1870,160, 277; “ Misc. Scient. Papers,” 1881, 533. 
<> Trans. Connecticut Acad,, 1873,2, 309; “Scientific Papers,” 1906,1, 3. 
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is inflamed (fire syringe). The rapid change of pressure in a sound wave is 
another example. The genera] condition for an adiabatic change is obviously: 

8^=0.(1) 
Therefore from 2b and 2a, § 3: 

0=c^de+l^dp dp=-(cfilfide.(2a) 

0=c,de+l,dv dv=-(cjl,)de.(2b) 

Divide (2a) by (2b): 
(dpldv)=cfi,.jcjp .(3) 

where the differential coefficient refers to adiabatic conditions, hence the suffix q 
does not mean “ q constant,” but 8^=0. 

2, An isothermal change, i.e. one occurring at a constant temperature. In 
this case the fluid (e.g. a gas) may be supposed to be contained in a cylinder 
closed by a movable piston, both of good conducting material, immersed in a 
large water bath, and the fluid compressed or expanded very slowly, so that any 
temperature changes are reduced to infinitesimal amount by the transmission of 
heat to or from the water bath through the walls of the cylinder. The general 
condition for an isothermal change is 0=constant, 

d0=O.(4) 

Therefore from (2b) and (2a), § 3: 

hqe=lpdp.(5a) 

and hqQ^l^Av.(5b) 

Divide (5a) by (5b): 
.(6) 

where the differential coefficient refers to an isothermal change, i.e. 6 constant 
or d0=O. 

Divide (3) by (6): 
(dpldv)^-^{dpjdv)B=cfiCr=y.(7) 

This equation expresses Reech's theorem,^ and may be rewritten as follows. 
The bulk modulus of elasticity of a fluid, €, is the limiting value of the ratio: 

small increase in pressure/resulting relative decrease in volume, i.e.: 

€=Lim S/7/—8^/z;=—‘jy(d/7/d‘z;).(8) 

In all real cases e is positive; it may refer to adiabatic conditions (e^) or 
isothermal conditions (c^), and since v, the initial volume, is the same in both 
cases, (7) may be written: 

ej€0=Cplc^=y .(9) 

Instead of the elasticity, its reciprocal the compressibility, k, is often used; 

K=l/£=-(l/^^)(dz;/d/7).(10) 

For an ideal gas, Boyle’s law gives: 

/?zj=const.=A:i when 6 is constant.(11) 

Therefore €e^—v{Apldv)Q'=^p. Hence by (9): €^—yp^--v{Apj^v), therefore 
for an adiabatic change: 

^yiAvlv)=^Aplp.(12) 

1 Rcech, J, de Math, (Liouville), 1853, 18, 357 (414); Moutier, “ Thermodynamique,” 
1885, 61; for another deduction, see Burrows, J, Fhys. Chem., 1901,5, 233. 
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If y is constant (which need not be the case even for an ideal gas),^ (12) may 
be integrated: 

—y In i)=:ln /?+const. 

.(13) 

This equation was given by Poisson.^ Conversely, by difierenliating (13), it is 
easily shown that£^=y/?. 

The velocity of sound, u, in a fluid is given by Newton’s equation: 

p^—v'^{dpldv).(14) 

where c=elasticity=—^»(d/)/dz;), p=dcnsity=l/^’. Since sound is propagated 
adiabatically in a gas, c=c^^yp, 

^=Viyplp)=V(yP‘^').(^5) 
which provides a method of measuring y. By substituting in (13) from the 
general gas equation: 

pv=RTIM.(16) 

where J? is a eonstant for 1 g.mol. (mol), M, of gas, it is found that: 

7b^-^=:const.(17) 

§ 5. Relations between Thermal Coefficients 

In equations (2a)-(2c), § 3, Sq is the same element of heat, hence the six 
thermal coefficients are not all independent. The rules of the calculus give: 

de^^ideidpXdp+ide/dvXAv.(la) 

dv=(dvld9)pdd+{dvldp)edp.(lb) 

dp^(dp/d9),d6+(dp/dv)Qdv.(Ic) 

Put d0=O in (la), dt’=0 in (lb), and dp=0 in (Ic), th^5n: 

(dpldv)o=^ --(de/dvy(de/dp),.(2a) 

(dejdp%=-{dv/dp)eKdv/dO)j^^.(2b) 

(de/dvl^--(dp/dv)eKdplddX^.(2c) 

Equation (2b), § 3, may be rewritten by substituting for dp from (Ic): 

Sq=Cpdd+lp[(dp/d O^dd+(dp/dv)edv] 

= [Cp+lp{dp/deyde+lp(dp/dv)edv.(3) 

By comparing coefficients in (3) and (2a), § 3, it follows that: 

c^=c,~/p(dp/d0),; 4=4(dp/d^))^ Ip=^IXdvldp)o . . (4) 

Since is usually negative (heat is evolved on compression) and {dpldv)o is 
always negative for real changes, it follows that Cp>c„ and 4>0. 

In this way the following twelve equations, which are not all independent, can 
be found. They can all be obtained from the four in the column headed v, 6 
by making use of relations between the partial differential coefficients.^ The 
independent variables are given at the head of each column. 

1 Cf. Moreau, Compt. Rend., 1901,133, 732, for the case pv^poVQ(\‘\-OLt^^t^). 
2 Poisson, “ Traits de Mecanique,” 2 edit, 1833, 2, 637, M6; “ A Treatise on Mechanics,” 

transl. Harte, 1842, 2, 511, 593. This material is not in the first edition of 1811; for an align¬ 
ment chart for adiabatic expansions, Cosens, Proc. Cambr, Phil, Soc,, 1922, 21, 228. 

3 For other sets of equations see Baynes, “ Thermodynamics,” O^ord, 1878, 97; Burrows, 
/. Phys. Chem,, 1901, 5, 233; Bridgman, “Condensed Collection of Thermodynamic 
Formulas,” Cambridge (Mass.), 1925. 
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v, 0 P, Q VyP 

Cv^CpA"Ip (d/>/d^)?> Cp^CiB-yiv {dvldO)p yv^lv~\~cv {ddldv)p 

4=//> (dpl6v)o lp=fv(dvldp)o yp^Cv {ddldp)r) 

Cv—yp(dpldO)v cp=vMvld9)p yv—cp{ddl(iv)p 

Iv^yvA-yp (dpldv)0 lp=Vp+Vv (dvldp)g yp=lp-^cp {dBldp)v 

§ 6. Work of Expansion 

Let a given volume of a fluid (e.g. a gas) be enclosed in a cylinder in which 
there is a weightless piston of area A moving without friction 
(Fig. 3.II), and let the force acting on the upper surface of the 
piston, e.g. by a weight P resting on it, be P^pA^ where p 
is the pressure=^iovcQ per unit area. If the fluid expands so 
that the piston moves upwards through a small distance dz, 
and the system remains always practically in the equilibrium 
state, the small amount of work done i is: 

8H'=forcexdistance=Pdz=p^dz=/>dt; . . (1) 

where dv^Adz is the small volume increase. In ail cases the 
work done by a system is taken as positive. For a finite ex¬ 
pansion from an initial volume to a final volume V2, the 
pressure p will usually change continuously, and the work done is given by the 
definite integral: 

The internal and external forces on the piston are assumed equal in the limit, 
since p is identified with the pressure of the gas; the expansion must, therefore, 
occur reversibly (see § 8). 

Equations (1) and (2) apply to expansion with a bounding surface of any 
shape, since the space between the initial and final bounding surfaces of the 
fluid may be divided into a very large number of small cylinders, to each of 
which (1) applies, hence 8w=Ilp8v=^pE8v^ as before. 

Since (2) shows that w is positive (work is done) when vi is greater 
than (expansion), but negative (work is spent) when V2 is less than Vi (com¬ 
pression). In all cases the work done by a fluid for which: 

p==f(z), 0).(3) 

is given by (2), where Vi is the initial and V2 the final volume. The temperature 
may vary during the change of volume. If p is constant during changes of 
volume, e.g. for a saturated vapour in presence of liquid: 

Cvi CV2 
pAv^p\ dv^p(v2-'Vi)=^pAv.(4) 

J Vi J Vi 

where Av is the increase in volume=vol. of vapour—vol. of liquid. 

1 The effect of rapid motion of the piston on the work done, considered by Clausius, Ann, 
Phys,, 1857, 100, 353; Boltzmann, ibid,, 1870, 140, 254; and Meissner and Meissner, ibid., 
1939, 36, 303, does not come into physico-chemical applications. 

Fig. 3.11. Work 
of Expansion 
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The work of expansion can be represented on a p, v-diagram, or indicator 
diagram,^ as an area. In Fig. 4.II the 
curve AB is traced out by a point moving 
as defined by (3). The small strip is phv 
and the integral in (2) is the area between 
the curve AB, the ordinates at and V2, 
and the v axis. If the area is traced out 
from left to right, this corresponds with 
expansion and is positive; if it is traced 
out from right to left, this corresponds 
with compression and is negative. It 
should be noted that this is not a con¬ 
vention, but follows from the choice of the 
positive sign for work done by a system. 

The work done in the isothermal ex¬ 
pansion of an ideal gas is found by putting 
pz?=const.=A:i (Boyle’s law): 

Fig. 4.II. Indicator Diagram 

rv2 rv2 
W0= I pdv=kj I dvlv=^ki In (V2IV1).(5) 

Jvi 

The work done in the adiabatic expansion of an ideal gas is found by putting 

pz)^=const.=/:2‘ 

.... (6) W, 
rv2 

pdv=^} 
J Vl 1—y 

But therefore and y>], 

For 1 g.mol. (mol) of an ideal gas: 

pv—RT . . . 

(7) 

(8) 
where R is the general gas constant and Tis the “ absolute ” gas temperature: 

r=/'’C.+l/a=/°C.+273-l.(9) 

where a is the coefficient of expansion of the gas: 

ix=(v,—Vo)ltVo.(10) 

Hence in (5) ki=RT, and in (7) pv=RT, therefore the isothermal and adiabatic 
works of expansion per mol are: ^ 

Wg=RT In (V2IV1).(11) 

w=R(Ti~T2)I(y-1).(12) 

(Note that Ti>T2 and y>l, hence ^^>0.) 

The work of expansion of a gas may be measured in any units of work, e.g. 
g.cm., ergs, etc., since the dimensions ofp© in C.G.S. units are: 

[(dyne)/(cm.2)] x (cm.3)=(d3me) x (cm.)=(erg). 

1 The indicator diagram was used by James Watt in determining the performance of steam 
engines, for which purpose it is still employed. Its use in Thermodynamics is due to Clapeyron, 
J. del’EcolePolytechn., 1834,14,153 (see § 41). 

2 These equations were given by Clapeyron with C, the “ thermodynamic function,” replac¬ 
ing T. The present form is due to Oausius, Ann. Phys., 1850, 79, 368. They also represent 
the isothermal heat absorption qg for an ideal gas. 



CYCLIC PROCESSES 127 S7 

A convenient unit called the litre atmosphere is obtained by measuring p in 
standard atmospheres (76 x 13*59545 x 980*616=1-013225 x dynes per cm.^ 
at sea-level and latitude 45"’) and v in litres: 

/7=1 atm. = 1 *013225 X 10^ dynes/cm.^ 

= 1033*2525 gm. wt./cm.^ at sea level and lat. 45"’ 

^^=1 litre =1000*027 cm.^ 

/. 1 lit. atm.=pz;=1013225x 1000*027=1013*25x106 ergs 

= 1033*2802x103 g.cm. 

It may be noted that, although p and v are independent variables for the 
definition of the state of a fluid, their absolute variations, from Pj, to 772, V2, 
do not define the path ^ joining the initial and final states; this may be regarded 
as defined by a parameter which is a function of p and 

§ 7. Cyclic Processes 

The name system as used in Thermodynamics denotes, generally, any finite 
body or collection of bodies or any region possessing energy (even a perfect 
vacuum containing radiation), every part 
of which has a definite temperature and 
pressure,^ and is the object of investiga¬ 
tion. All things outside the system are 
spoken of as external bodies. An isolated 
system is one which cannot exchange 
matter or energy with external bodies; it 
may be regarded as enclosed in a perfectly 
rigid envelope impervious to heat, so that 
no work or heat can be exchanged with 
the surroundings. In all that follows, the 
system is supposed to be at rest, chemically 
stable, and appreciably free from the in¬ 
fluence of directed forces, gravity, surface 
tension, electrification, and magnetisation. 

If a system undergoes any series of changes such that it returns to its initial 
state, these changes constitute a cyclic process or cycle. The very important 
conception of a cyclic process is due to Sadi Carnot ^ (1824). 

Let a fixed mass of a gas in a state pi, Vi, represented by the point A(pi, v{) 
on the p, v-diagram in Fig. 5.II, change by expansion to the state pi, ^2 repre¬ 
sented by the point C(j>2, vf) along the path a. The work done: 

rv2 
/7dzj=area AaC£72^i>0.(1) 

aj vi 

1 This name seems to have been introduced by Gibbs in 1873; “ Collected Works,” 1928, 
1, 3, from Trans. Connecticut Acad., 1873, 2, 309. 

2 Tunell, J. Phys. Chem., 1932, 36, 1744. 
3 Neumann, “ Vorlcsungen ilber die mechanische Theorie der Warme,” Leipzig, 1875, 43; 

Luder, /. Chem. Educ., 1946,23, 54. 
4 “ R^exions sur la Puissance Motrice du Feu et sur les Moyens propres 4 developper 

cette Puissance,” Paris, 1824, 17, 33, 38 (first edit., exceedingly scarce; see §22); facsimile 
reprint, 1903 (1912, 1924); another edit., Paris, 1878; Engl, transl. by Thurston, “ Reflections 
on the Motive Power of Heat,” 1890; OstwaJd’s KlmMker, 1892, 37; criticism by Raveau, 
Compt. Rend., 1929, 188, 313. 

Fig. 5.11. Work in a Cycle 



128 THERMODYNAMICS II 

is positive (area traced from left to right). Now lef the gas be compressed from 
C along the path ^ so that it recovers its initial state A. The work done: 

rvi 

pdv=aTcsiC^AviV2'<.0.(2) 
pjv2 

is negative (area traced from right to left). The expansion along a and the 
compression along ^ together constitute a cycle, and the net work, the algebraic 
sum of the amounts of work (1) and (2), is represented by: 

area AaCz?2^i”“area C^AviV2^^vca AaC^=area of the loop. 

This is positive when the loop is traced out clockwise, since then area AaCt^2^i> 
area C^A?;it;2> but if the loop is traced out counter-clockwise, the larger area is 
negative, corresponding with a compression, and the net work is negative. 
This is not a convention but follows from the positive sign of work done. If 
more than one loop is traced out, the net work is the algebraic sum of the areas. 
The net work done in a cycle is represented by the area of the cycle on the 
p, v-diagram, 

§ 8. Carnot’s Cycle 

An important cyclic process, devised by Carnot (1824),i consists of four 
reversible operations, two of which are adiabatic and two isothermal. The 

t t 

Carnot’s Apparatus (Reversible 

so-called “ working substance,” e.g. 1 mol of an ideal gas, is contained in a 
cylinder closed at the bottom by a perfect conductor of heat, and in which a 
piston moves without friction, the cylinder walls and piston being perfect non¬ 
conductors of heat. A stand of a perfect non-conductor of heat is provided. 
A source of heat (“ hot body ”) at a fixed temperature 01=Tj on the “ absolute ” 
gas scale defined in (8), § 6, and a refrigerator (“ cold body ”) at a temperature 
^2=32 0*1** absolute ” gas scale, are provided (Fig. 6.II). In order that 
Tx and T2 {Tx>T-^ may remain constant when finite amounts of heat are taken 
from or added to the heat reservoirs, the source may contain steam and water 
at 1(X)° C., and the refrigerator ice and water at 0° C. 

The expansions and compressions of the gas in the cylinder become reversible 
when: 

(i) the pressure p of the gas differs only infinitesimally from that above the 
piston, when a change ±Sp will send the piston up or down through an in- 

1 “ R^xions sur la Puissance Motrice du Feu,” 1824,32; for a model of Carnot’s cycle, see 
Shedd.FAyj. Rev., 1899,8,174. 

T2 

“ Engine ”) 

T, 

Fig. 6.II. 
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finitesimal distance; (ii) the temperature T of the gas differs only infinitesimally 
from that of the heat reservoir with which it is in thermal contact, when a change 
± Sr will change an absorption into an emission of heat and vice versa (Fig. 7.II). 

It is obvious that as the given change approaches nearer and nearer to a 
reversible change it becomes slower and slower, since the changes of volume 
become smaller and smaller and more and more numerous, and in the limits when 
8/?->0 and Sr-^Q, no change at all occurs, the system being then in equilibrium. 
In a reversible change, it is supposed that the system can move continuously 
through a succession of such equilibrium states, but of course this cannot actually 
occur, since an impulse which moves a system out of an equilibrium state is 
necessarily finite, although it may be very small. A reversible change is, 
therefore, an ideal change, which cannot actually occur, although an actual 
change may approach closer and closer to an ideal reversible change as the 

> 
p+6p 

p+ 6p Ip 
— 4- — —■ 

T T + 6T 

Expansion ^ ^ Compression 

Fig. 7.11. Reversible Expansion and 
Compression 

pressure and temperature differences approach zero. A reversible change may 
be defined as a continuous sequence of equilibrium states. 

The following four reversible operations are now performed in the order * 
stated: 

(1) The cylinder containing gas in the state pi, vi, is placed on the stand 
and the gas compressed adiabatically till the temperature rises to T^, and the 
state becomes p^v^, 7V This compression is represented on the indicator 
diagram (§ 7) by the curve AB (Fig. 8.II) connecting the point A(p2, vi, with 
the point B(pi,vi, T{)\ the work done is negative and is given by (12), § 6: 

wi=[i?/(y-i)Kr2-ri).(1) 

(2) The cylinder is placed on the hot body and the gas expanded isothermally 
to any arbitrary volume ©3, the state being then p^, ©3, Ti, represented by C. 
The Nvork done is positive and is given by (11), § 6: 

H'2=«ri In (©3/©i).(2) 

1 Carnot, Clapeyron, and Clausius all began with operation (2), in spite of some assertions 
to the contrary, c.g. in Preston, “ Theory of Heat,” 1894, 607, for Carnot. The present order 
is that of Maxwell, ” Theory of Heat,” 1875, 140, and removes the uncertainty in the fourth 
operation when the cycle is begun with the second. The cycle is performed without ambiguity 
if carried out as described for the direct and reverse cycles, being then completely defined by 
the isothermals BC and AD (Fig. 8.II), i.e. the only arbitrary element is the quantity of heat 
qx absorbed or rejected to the source. The diagram of the cycle is not given by Camot, and 
is due to Clapeyron (1834; see § 6), who remarks that Carnot’s treatment avoided mathematical 
analysis, and arrived at a result by “ a series of delicate arguments difficult to comprehend,” 
which result can be found without trouble from a general law; cf. Moss, Phys, Rev,, 1903, 
16,28. 

A.t.P.C.—5 
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During this operation a quantity of heat qy is absorbed by the gas from the 
source. 

(3) The cylinder is placed on the stand and the gas expanded adiabatically 
till the temperature falls to T2. The state is 774, represented by D. The 
work done is positive and is: 

H’3-[/?/(y-l)](ri-T2).(3) 

(4) The cylinder is placed on the cold body and the gas compressed isotherm- 
ally until the initial state P2, ^2 is reached at A. The work done is negative 
and is: 

w^=RT2 In (ViM.(4) 

During this operation a quantity of heat ^2 is rejected by the gas to the 
refrigerator. 

The cycle is now completed. The working substance (the gas in this case) 
is unchanged, since its final state is identical with its initial state; the changes 
are confined to the heat reservoirs, one of which has lost an amount of heat qy 
and the other has gained an amount of heat ^2- These changes will have caused 
certain changes of state in the materials of the heat reservoirs, which persist 
when the cycle is completed. 

The net work done in the cycle is represented by the area ABCD (clockwise) 
and is positive: 

(h0=vi^i + vv2+h^3+^^4=^^i In {v^lvy)+RT2 In (V2IV4) . . (5) 

the amounts of work done in the two adiabatic changes (1) and (3) being equal 
and opposite. An amount of heat q 1 —^2 hns also disappeared. 

Since all the volume changes are reversible, the cycle may be carried out in 
the reverse sense, beginning at D, compressing adiabatically along DC till the 
temperature rises to Tj, then isothermally along CB with rejection of heat qy 
to the source, then expanding adiabatically along BA till the temperature falls 
to T2, and finally expanding isothermally along AD till the original state is 
reached at D, the heat ^2 being absorbed from the refrigerator. The work done, 
represented by the area ADCB (counter-clockwise), is negative and is: 

{w')-RTy\n{vylvi)+RT2\n{v^lv2)=-{w) . ... (6) 

An amount of heat qy —^2 has been produced. 
From (17), § 4, for the two adiabatics DC and AB: 

T2V^^~^^TyV^^-'^ and T2V2^''^^TyVy^-^ 

hence by division; 

V3lVi=V^V2 

(w)=R(Ti-T2>ln(v3lvd-(h^') 

(7) 

(8) 

(9) 

In the case of an ideal gas, here considered, the work done during isothermal 
expansion is equal to the heat absorbed {Joule's Law, §54), therefore ?i=m'2, 
and 92=—W4 (the minus sign being taken because 92 is heat given out by the 
working substance). Hence: 

qi^RTy In (03/® 1), and q2=RT2 In {v^lv2)=RT2 In {v^jv^) 

J? In (z>3/»i)=9,/ri=92/r2. 

Therefore from (9): 
w=9i(ri-r2)/ri=92(n-W2 . • 

or 9i/7’i=92/7’2. 

. . (10) 

. . (11) 
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It will be shown later (§ 32) that equations (10) and (11) are true generally for 
any Carnot’s cycle, and are independent of the use of an ideal gas for the work¬ 
ing substance^ Equation (10) shows that if r2==0, w—qi, i.e. all the heat 
absorbed from the hot body could be converted into work. 

§ 9. The Reversible Conversion of Heat into Work 

The conditions for the reversible conversion of heat into work follow from the 
previous discussion: 

(1) The working substance must be left in the same state as at the beginning of 
the process, i.e. the operation must be cyclic. 

(2) If transfer of heat occurs between bodies, their temperatures must differ 
only infinitesimally, i.e. the transfer must be isothermal in the limit. 

(3) If a body is brought successively in contact with other bodies at different 
temperatures, the temperature of the body must first be brought to equality 
with these by reversible adiabatic processes before contact. 

(4) All moving parts (e.g. pistons) must operate without friction (which would 
produce heat irreversibly from work), and in all compressions and expansions 
the internal and external pressures must differ only infinitesimally. 

It is seen that all the conditions for reversible operation are satisfied in the 
reversible Carnot’s cycle, and the description of this in § 8 formally demonstrates 
its reversibility. 

The First Law of Thermodynamics 

§ 10. The Nature of Heat 

It was formerly supposed that heat was an imponderable fluid called caloric^ 
existing between the ultimate particles of bodies, which passed from one body to 
another without loss. Thus, Dalton ^ says: “ The most probable opinion con¬ 
cerning the nature of caloric, is, that of its being an elastic fluid of great subtilty, 
the particles of which repel one another, but are attracted by all other bodies.” 
Many suggestions were made, however, from Lord Bacon’s time,^ that heat is 
really a ” form of motion,” i.e. the same in essence as the kinetic energy of the 

1 On Carnof s cycle for any fluid, see Mordn, An, Fis, Quim,, 1941, 37, 549. 
2 ** A New System of Chemical Philosophy/’ Manchester, 1808, 1, i, 1. For the earlier 

theories of heal see: Boerhaave, “ Elementa Chemiae,” Leyden, 1732,1, 126 f.; Black, “ Lec¬ 
tures on the Elements of Chemistry,” edit, by Robison, Edinburgh, 1803, 1, 30 f,, 117, 157; 
Scheele, ” Chemical Observations and Experiments on Air and Fire,” English transl. by Forster, 
1780, 66, 109, 111; McKie and Heathcote, ” The Discovery of Specific and Latent Heats,” 
1935; Partington and McKie, Annals of Science, 1938, 3, 1, 337; 1939, 4,113; a long summary 
is given by Muncke, in Gehler’s ” Physikaliches Worterbuch,” 1841, 10, 52 f.; the name caloric 
for the ” imponderable matter of heat ” is due to Lavoisier, ” Elements of Chemistry,” English 
transl., 1796, 53. Black favoured a modification of the caloric theory due to Cleghorn, which 
supposed the particles of caloric to be self-repellent but attracted with varying force by different 
kinds of matter. 

^ ” Novum Organum,” 1620; ” Works,” 1901,4,154; more precisely, J. Hermann, ” Phoro- 
nomia sive de Viribus et Motibus Corporum solidorum et fluidorum, libri duo,” Amsterdam, 
1716, 376 (Oehler, Ann. Phys., 1880, 9, 512), who says the heat of a body is proportional to 
its density multiplied by the square of the velocity of its particles: “calor, ceteris paribus, 
est in composite ratione ex densitate corporis calidi, & duplicate ratione agitationis particu- 
larum ejusdem.” Lord Rayleigh, Proc. Roy. Inst., 1894, 14, 216, remarked that a large pro¬ 
portion of outstanding English scientists, including Newton, Cavendish, Rumford, Davy, and 
Young, always favoured the idea that heat is motion [Black and Dalton were notable excep¬ 
tions], while the French school supported the caloric theory. 
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small particles of bodies. Experiments by Rumford ^ in 1798 and by Davy ^ 
in 1799 showed that unlimited amounts of heat can be generated by friction, 
and Him ^ in 1862 proved experimentally that in the operation of a steam engine 
heat disappears when work is done. 

Newton ^ (1687) seems to have had an idea of the conservation of energy 
when mechanical work or kinetic energy is converted into heat by friction, since 
he says: “ Jf the action of an agent be measured by the product of its force into 
its velocity [i.e. the work done per sec., or the power], and if similarly the reaction 
of the resistance be measured by the velocities of its several parts multiplied by 
their several forces, whether these arise from friction, cohesion, weight, or 
acceleration, action and reaction in all combinations of machines will be equal 
and opposite.” 

The statement of Leibniz ^ is more definite and striking: when two soft or 
inelastic bodies collide, part or all of their force ” [=kinetic energy; see § 11] 
“ is received by the particles, they being agitated inwardly by the force of the 
collision. Thus the loss ensues only in appearance. The forces are not 
destroyed, but dissipated among the minute parts [mais dissipees parmi les 
parties menues]. This is not losing them, but is doing what those do who turn 
money into small change.” 

Lomonossov,^ in a memoir written in 1744 and published in 1750, taught 
that heat is always a form of molecular motion: “ calor consistit in motu 
gyratorio particularum corporis calidi.” Cavendish believed that heat con¬ 
sists in the “ internal motion of the particles of bodies”; and although he calls 
this “ Sir Isaac Newton’s hypothesis,’' it is really Francis Bacon's. 

Rumford’s experiments were made as a result of his observation of the great 
amount of heat evolved in the boring of gunmetal cannon, when only a small 
quantity of chips or powder was removed from the metal, so that a mere change 
in the capacity for heat of such a small amount of metal could not account for 
the liberation of heat sufficient to boil a large mass of water. He made some 
special experiments on boring a hollow cylinder of gunmetal with a blunt steel 
borer, and arrived at the following conclusion : 

“ We have seen that a very considerable quantity of heat may be excited by 
the friction of two metallic surfaces, and given off in a constant stream or flux 
in all directions, without interruption or intermission, and without any signs of 
diminution or exhaustion, ... In reasoning on this subject we must not forget 
that most remarkable circumstance, that the source of the heat generated by 
friction in these experiments appeared evidently to be inexhaustible. It is 
hardly necessary to add that anything which any insulated body or system of 

1 Phil. Trans., 1798, 88, 80; “ Works,” Boston, 1870,1, 469. 
- ” An Essay on Heat and Light,” in Contributions to Physical and Medical Knowledge, 

edit, by T. Beddoes, Bristol, 1799; ” Works,” 1840,2,11; ” Elements of Chemical Philosophy,” 
1812, 1, 94; ” Works,” 1840, 4, 67; cf. Andrade, Nature, 1935,135, 359. 

3 “ Theorie mecanique de la Chaleur,” 1865,1, 84. Preston, ” Theory of Heat,” 3rd edit., 
1919, 46: the values 413 and 420-4 g.m. were found for the mechanical equivalent of heat. 

^ Scholium to Third Law of Motion; “Principia,” Geneva, 1739, 1, 60; Tait, Proc, Roy, 
Soc. Edin„ 1863,5, 121; Phil, Mag,, 1864,28, 288; 1865, 29, 55; ” Recent Advances in Physical 
Science,” 1876, 34; Thomson and Tait, ” Treatise on Natural Philosophy,” Cambridge, 1886, 
1, 247; Akin, Phil, Mag., 1864, 28, 470 (also other older hints of conservation of energy). 

5 Letter to Clarke, q. by Stallo, “Concepts of Modern Physics,” 2nd edit. 1882, 81; the 
idea, and name, of “dissipation of energy” are clearly expressed by Liebniz. 

6 Novi Comment. Acad. Imp. Petropol. (1747-8), 1750, 1, 206, 237; Ostwald’s Klassiker, 
1910, 178, 19, 27, 53; A. Smith, J.A.C.S., 1912, 34, 111. 

7 Phil, Trans,, 1783, 73, 303; abdgd. edit., 1809, 15, 424; Maxwell, “Theory of Heat,” 
1897, 73. 
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bodies can continue to furnish without limitation cannot possibly be a material 
substance; and it appears to me to be extremely difficult, if not quite impossible, 
to form any distinct idea of anything capable of being excited and communi¬ 
cated in the manner the heat was excited and communicated in these experi¬ 
ments except it be motion.’' 

Some data given by Rumford lead ^ to the value of 940 ft.Ib. to heat 1 lb. of 
water by T F.; the correct value is about 780 ft.Ib. 

Davy showed that two rods of ice are liquefied when rubbed together by 
clock-work under an exhausted receiver surrounded by ice, and concluded 
that: 

“ A motion or vibration of the corpuscles of bodies must be necessarily 
generated by friction and percussion. Therefore we may reasonably conclude 
that this motion or vibration is heat. . . . Heat . . . may be defined as a 
peculiar motion, probably a vibration of the corpuscles of bodies tending to 
separate them.” In 1812 2 he said: “ The immediate cause of the phenomena of 
heat is motion, and the laws of its communication are precisely the same as the 
laws of communication of motion also that “ it seems possible to account for 
all the phaenomena of heat, if it be supposed that in solids the particles are in a 
constant state of vibratory motion, the particles of the hottest bodies moving 
with the greatest velocity and through the greatest space; that in fluids and 
elastic fluids [gases], besides the vibratory motion, which must be conceived 
greatest in the last, the particles have a motion round their own axes, with 
different velocities, the particles of elastic fluids moving with the greatest quick¬ 
ness; and that in etherial substances the particles move round their own axes, 
and separate from each other, penetrating in right-lines through space. Tem¬ 
perature may be conceived to depend upon the velocities of the vibrations; 
increase of capacity on the motion being performed in greater space; and the 
diminution of temperature during the conversion of solids into fluids or gasses, 
may be explained on the idea of the loss of vibratory motion, in consequence of 
the revolution of the particles round their axes, at the moment when the body 
becomes fluid or aeriform, or from the loss of rapidity of vibration in conse¬ 
quence of the motion of the particles through greater space.” 

Roget ^ in 1829 gave what is essentially a partial statement of the law of 
conservation of energy. “ AH the powers and sources of motion, with the 
operation of which we are acquainted, when producing their peculiar effects, 
are expended in the same proportion as those effects are produced; and hence 
arises the impossibility of obtaining by their agency a perpetual effect; or, in 
other words, a perpetual motion.” This passage was reproduced in 1840 by 
Faraday,"^ who himself never seemed to have distinguished clearly between 

1 Tait, “Recent Advances in Physical Science,” 1876, 44; Preston, “Theory of Heat,” 
1894, 41, 3rd edit., 1919, 42, says Rumford estimated the thermal capacity of the water and 
apparatus as 26-58 lb. of water. One horse was sufficient to turn the machinery and raise the 
temperature from 33*^ F. to 212° F. in H hours, from which Preston finds 847 ft.Ib. as the 
mechanical equivalent, about 10 per cent, greater than Joule’s value. Rumford actually used 
two hoi'ses, but says one would have been sufficient. Tait, “ Sketch of Thermodynamics,” 
Edinburgh, 1877, 11, calculated 940 ft.Ib. from the same experiment. 

2 “ Elements of Chemical Philosophy,” 1812, 95; cf. ibid.^ 213 f.; “ Works,” 1840, 4, 67, 
157 f. Rankine’s “ theory of vortices ” (§ 3.1V), is a development of this hypothesis. 

^ “ Galvanism,” 1829, § 113, p. 32; see also Mrs. Somerville, “ On the Connexion of the 
Physical Sciences,” 1834, 250; 3rd edit., 1836,237,411. 

^ Note in “ Experimental Researches,” 29 March, 1840; 1842, 2, 103; Everyman edit., 314. 
The statement by Roget is in general terms, and its importance has been exaggerated as a result 
of its quotation by Faraday. 
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“ force ” and “ energy,” or to have appreciated the work of Joule. It will be 
noted that Roget says nothing about heat. 

Sadi Carnot, who died in 1832, left some notes which show that he was con¬ 
vinced that the caloric theory (used in his memoir of 1824) is incorrect. He 
says: ^ “ Heat is simply motive power, or rather motion which has changed form. 
Whenever there is destruction of motive power, there is at the same time produc¬ 
tion of heat in quantity proportional to the quantity of motive power destroyed. 
Reciprocally, whenever there is destruction of heat, there is production of 
motive power . . . motive power is in quantity invariable in nature—^that is, 
correctly speaking, never either produced or destroyed.” He estimated that 
1 g.cal. of heat is equivalent to 370 kg.cm. of work (see § 13). 

Mohr 2 in 1837, after pointing out that radiant heat is regarded as an undula- 
tory motion, goes on to say that: “ heat is no longer a substance, but is rather 
an oscillatory motion of the smallest parts ” [really Davy’s theory]. He, like 
Mayer in 1842, used the name “ Kraft ” [force] for energy, and said heat is one 
form of it. He pointed out the relation of the difference of specific heats of 
air at constant volume and constant pressure to this nature of heat, but does not 
(as Mayer later did) calculate the mechanical equivalent of heat from this 
difference. Seguin ^ in 1839 gave data from which it follows that the mechani¬ 
cal equivalent of 1 g.cal. is 650 kg.m. Colding ^ in 1843 found from friction 
experiments similar to Rumford’s the value of 350 kg.m. (Mayer gave 365; 
the correct figure is 427 kg.m.) 

The hypothesis that animal heat is due to oxidation of material in the blood 
by atmospheric oxygen in the lungs was adopted by Crawford, ^ and had been 
supported by experiments similar to those made by Lavoisier and Laplace, 
to which he refers. It was found that the heat of combustion of the carbon was 
insufficient to account for the heat; Crawford supposed this was due to a change 
of heat capacity of the blood; Lavoisier and Laplace later thought the balance 
was provided by the oxidation of hydrogen. Crawford (whose statements 
are not very clear) concluded from his experiments that “ the quantity of heat 
produced when a given portion of pure air [oxygen] is altered by the respira¬ 
tion of an animal is nearly equal to that which is produced when the same 
quantity of air is altered by the combustion of wax or charcoal ” (p. 352); and 
he supposed that the heat is given out in the lungs (p. 355). Others, e.g. Davies,^ 
thought that animal heat was due to the friction of the blood in the veins and 
arteries, and this view, as a complete explanation of animal heat, had already 

1 “ Reflexions sur la Puissance Motrice du Feu,” 1878, 94; before his death in 1832, there¬ 
fore, Carnot had arrived at both the fundamental laws of thermodynamics; Mach, “Die 
Prinzipien der W^rmelehre,” Leipzig, 1896,238,242; D^combe, Compt. Rend., 1918,168,268. 

2 Z./. Phys. u. verwandte Wiss. (ed. Baumgartner and Holger), 1837, 5, 419; Ann., 1837, 
24, 141; Phil. Mag., 1876, 2, 110 (transl. by Tait); “ Allgemeine Theorie der Bewegung und 
Kraft als Grundlage der Physik und Chemie,” 1869. 

3 ‘‘ De rinfluence des Chemins de Fer, et dc TArt de les tracer et dc les construire,” Li6ge, 
1839, 243 f., 385 f.; Tait, Phil. Mag., 1864, 28, 288; Tyndall, ibid., 1864, 28, 25; Joule, ibid., 
1862, 24, 121; 1864, 28, 150, claimed the priority of S6guin over Mayer. 

4 Phil. Mag., 1864,27, 56, referring to communications of 1843 f., which I have been unable 
to trace. 

5 “ Experiments and Observations on Animal Heat and the Inflammation of Combustible 
Bodies,” 2nd edit., 1788, 310 f., 315, 346, 352, 354 f. In the first edition of his book, 1779, 
17 f., 32, 53, 69, 80, Crawford followed the phlogiston theory and attributed animal heat to a 
change of heat capacity of air on phlogistication. 

<» Mem. Acad. Set, 1780 [1784], 355; Lavoisier, “ CEuvres,” 1862, 2, 283; Ostwald’s 
Klassiker, 1892, No. 40. 

7 Quoted by Joule, Phil. Mag., 1843, 23, 435. 
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been proposed by Haller,^ who expressly states that water can be heated by 
friction. In 1821 the Acad^mie des Sciences in Paris olTered a prize for an 
investigation of the problem, and Despretz and Dulong made experiments. 
Despretz received the prize in 1823, and published his results ^ in 1824. He 
concluded, from numerous experiments on animals, that the complete heat of 
oxidation of the carbon and hydrogen leaves unaccounted for about 20 per 
cent, of the animal heat, which he supposed was made up “ by the motion of the 
blood and the friction of its different parts.” Dulong read his paper in 1822, 
and the results were published in extract before Despretz’ paper, but in full only 
in 1841.3 j-je found results similar to Despretz’, but suspected an error in the 
heats of combustion of carbon and hydrogen. He made fresh experiments on 
these, which were published posthumously,^ and although these confirmed the 
previous value for carbon, they showed that the figure for hydrogen was much 
too low (24,000 units per g., whilst he found 34,444). The correction was much 
more than sufficient to remove the supposed discrepancy. 

The physiological importance of animal heat, according to Epstein,^ explains 
the interest aroused by it in Mayer and Helmholtz, both medical men. 

J. R. Mayer ^ (who does not mention Mohr or others) arrived in 1842 by a 
semi-metaphysical argument at the idea that heat and work {Kraft) are two forms 
of an entity (which we now call energy): “ Forces are causes and hence there is 
complete applicability to them of the fundamental law causa aequat effectum. If 
the cause c has the effect e, then c=^.” He calculated the mechanical equivalent 
of heat as 365 kg.m. per g.cal. from the difference of the two specific heats of air, 
as explained in § 21, making an implicit assumption that all the heat absorbed 
in heating 1 g. of air through T at constant atmospheric pressure appears as 
external work. In spite of statements to the contrary,^ Mayer in his publications 

1 “ Elementa Physiologiae,” Lausanne, 1760, 2, 293, 339; cf. Burdach, “Die Physiologie 
als Erfahrungswissenschaft,” Leipzig, 1840, 6, 540; Winn, Phil. Mag., 1839, 14, 174; Epstein, 
“ Textbook of Thermodynamics,” New York, 1937, 30 f. 

2 Ann, Chim., 1824, 26, 337. 
3 Ann, Chim,, 1841, 1, 440. 
4 Ann. Chim., 1843, 8, 180 (edit, by Cabart). 
5 Ann., 1842,42,233; reproduced in Isis, 1929,13, 18; Mayer, “ Die Mechanik der Warme,” 

Stuttgart, 1867,1 f., 26 (2nd edit., 1874; edit, by Weyrauch, Stuttgart, 1893); Ostwald’s Klassiker, 
1911, No. 180; Weyrauch, “Robert Mayer, der Entdecker des Princips der Erhaltung der 
Energie,” Stuttgart, 1890; cf. Partington, “ Chemical Thermodynamics,” 1924,11,26. 

Mayer’s papers were translated, at Tyndall’s instigation, as follows: 
I. [1842]. 1862,24,371 (byG.C.Fostcr);summarybyTyndall,//>/V/., 1863,25,378. 
II [1845]. Summary by Tyndall, Phil. Mag., 1864, 28, 25. 
III. [1848]. Phil. Mag., 1863, 25, 241, 387, 417 (by Debus). 
IV [1851]. Phil. Mag., 1863, 25, 493 (by G. C. Foster). 
Translations of Mayer’s and Helmholtz’s (1847: see below) publications, with reproductions 

of works by Grove and papers by Liebig and Carpenter, with biographical notices, are given 
by Youmans, “ The Correlation and Conservation of Forces,” New York, 1895. According 
to Ostwald, Z. phys. Chem., 1910, 75, 511, the letter of rejection of Mayer’s second paper by 
the German Chemical Society was signed by A. W. Hofmann, the Secretary, and the paper was 
not accepted because of the large number of purely chemical papers in hand awaiting publica¬ 
tion. See also Tyndall, Phil. Mag., 1862, 24, 57. 173, 308; Joule, ibid., 1862, 24, 121; 1864, 
28, 150; Tait, ibid., 1864, 28, 288; Lord Kelvin, “ Math, and Phys. Papers,” 1882, 1, 174. 

Views similar to Mayer’s were put forward by W. R. Grove in January 1842: “ A Lecture 
on the Progress of Natural Science . . . delivered on Wednesday, the 19th of January, 1842. 
Printed by order of the Managers of the London Institution,” 1842 [privately issued], 27; 
“ On the Correlation of Physical Forces: being the Substance of a Course of Lectures delivered 
in the London Institution in the year 1843,” 1846,21, 29, etc. 

^ Tyndall, Phil. Mag., 1864, 28, 25; Clausius, “ Die mechanische W^rmetheorie,” Bruns¬ 
wick, 1879, 2, 324; Bertrand, “ Thermodynamique,” Paris, 1887, 66; Lippmann, “ Abhand- 
lungen und Vortrage,” 1906,1, 551; Chem. Ztg., 1923,47, 807. 
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did not justify this by reference to Gay-Lussac’s experiment of 1807 (see 
§ 23. Vll A) until 1845, after the publication of Joule’s first papers (which are not 
mentioned). Joule pointed out the assumption which had been made by 
Mayer, and justified it by experiment. Letters of Mayer to Baur,^ however, 
show that he appreciated the significance of Gay-Lussac’s experiment in 1841, 
and this is noteworthy.- In the early part of his paper,^ sent to Poggendorff in 
June 1841, the calculation does not appear. The only experiment to which 
Mayer refers is the rise in temperature from 12° to 13° by shaking water in a 
medicine bottle, and he does not explain how the entry of heat from the hand 
was prevented. 

The idea of the conservation of energy was again stated, in 1847, by Helm¬ 
holtz,^ who developed it in several directions. He refers to Joule’s experiments, 
begun in 1840 (see below), which showed by various methods that there is a 
fixed relation between the measure of a quantity of work (or of electrical energy 
directly convertible into work) and that of the quantity of heat obtained from it 
by complete conversion. If these two measures are expressed in terms of the 
erg and the gram-calorie, respectively, there will also be a relation between the erg 
and the calorie, or in general between any two units used for the measurement of 
work and heat, respectively. 

§ 11. Energy 

The erg is the e.g.s. unit of work (or energy), and is the work done by a 
constant force of 1 dyne moving its point of application through 1 cm. in a 
straight line. The dyne is the e.g.s. unit of force, and is that force which imparts 
to a mass of 1 gram an acceleration of 1 cm. per sec. per sec. (i.e. when acting 
for 1 sec., imparts to it a velocity of 1 cm. per sec.). The dimensions ^ of force 
are and of work or energy where m=mass, »5’=length, /=time. 

If a constant force P is applied fbr a time /, during which the particle of mass 
m moves over a distance .y in the direction of the force, the velocity of the par¬ 
ticle changes from Uq to w. Then: ^ 

forces mass X acceleration, 

.(I) 

1 J. R. Mayer, “ Kleinere Schriften und Briefe,” edit. Wcyrauch, Stuttgart, 1893, 131 
(letter of 12 Sept., 1841), 152 (letter of 13 July, 1844), 262, 269, 281 (letters to Paris Acad, of 
Sci. of 1846-9); on the polemic between Mayer, Compt. RencL, 1846, 23, 544 [title only]; 
1848,27,385; 1849,29,534; and Joule, fm, 1847,25,309; 1849,28,132;see Mayer, “ Kleinere 
Schriften und Briefe,” 1893, 258 f., and on Tyndall’s part, ibid., 322 f.; Sarton, Isis, 1929, 
13, 18 f,; on Mayer, see also E. Duhring, *‘Neue Grundgesetze zur rationellen Physik und 
Chemie,” Leipzig, 1878, 1, 99 f. 

2 Haber, “ Thermodynamics of Technical Gas Reactions,” 1908, 35; Hinshelwood, ” Ther¬ 
modynamics,” 1926, 25. 

3 “ Kleinere Schriften und Briefe,” 1893, 100 f. 
4 Ober die Erhaltung der Kraft, eine physikalische Abhandlung, vorgetragen in der Sitzung 

der physikalischen Gesellschaft zu Berlin am 23sten Juli 1847,” Berlin, 1847 (72 pp.), men¬ 
tioning Joule’s publications on p. 25; “ Wiss. Abhl.,” Leipzig, 1882,1, 12; Ostwald’s Klassiker, 
1889,1; transl. in Taylor’s “ Scientific Memoirs,” 1853, 114; Helmholtz, “ Ueber die Wechsel- 
wirkungen der Naturkr^fte,” Konigsberg, 1854; French transl. by P6rard, “Memoire sur la 
Conservation de la Force,” Paris, 1869. 

5 For a concise account of the subject of dimensions, see J. J. Thomson, ‘‘ Elements of 
the Mathematical Theory of Electricity and Magnetism,” Cambridge, 1904, 452; Maxwell, 
“Theory of Heat,” 1897, 74; Maxwell and Jenkin, B. A. Rep., 1863, 130; and the criticism of 
Planck, “Theorie der Elektrizitat und des Magnetismus,” Leipzig, 1928, 14. The study of 
dimensions goes back to Fourier, 1820; see § 73,1. 

On the “ relative ” character of these definitions, see Newcomb, Phil. Mag., 1889,27,115. 
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Multiply both sides by the identity ds=(ds/dt)dt, and integrate, on the assump¬ 
tion (modified in the Theory of Relativity) that the mass is constant: 

( Pds=jni(d^s/dfi)(ds/dt)dt^^mid(ds/dty=^midu^ 
Jo 

.(2) 
since d*s’/d/=velocity=w. The magnitude is called the kinetic energy of 
the particle, hence the work done by a force is equal to the increase of kinetic 
energy of the mass moved by the force. 

The force exerted on a mass m by the gravitational attraction of the earth is 
mg, where g is the acceleration of gravity. In the c.g.s. system, g is approxi¬ 
mately 981 cm. per sec. per sec., and the force exerted on a mass of m grams is 
981/n dynes. In the ft.-lb.-sec. system, g is approximately 32 ft. per sec. per 
sec., and the force exerted on a mass of m lb. is 32 m poundals. Very often the 
forces are given as m grams weight and m lb. weight. A mass of m g. or lb. 
raised through a height h cm. or ft. above the surface of the earth has a potential 
energy of mgh ergs or ft. poundals, or mh g.cm. or ft.lb.; it is, of course, the 
same energy in all these units. In falling freely the mass acquires this amount 
of kinetic energy just as it reaches the earth, and if allowed to fall slowly 
by a string over a pulley, the weight can do this amount of work on some 
other system. Equation (2) (in which —Ps is the potential energy) shows that 
the total mechanical energy of a particle, i.e. the sum of the kinetic and potential 
energies, is constant, provided no work is spent by friction. If there is friction, 
however, some of the mechanical energy is converted into heat. 

The name energy was given by Thomas Young ^ in 1807 to the product 
mv'^y which Leibniz ^ had called vis viva (i.e. twice the kinetic energy of a body); 
Rankine ^ called ^mv^ actual (or sensible) energy, and also used the name 
potential (or latent) energy (which Leibniz called vis mortua)"^ in its present sense. 
The name kinetic energy for half the vis viva, viz. ^mv^, was introduced by William 
Thomson (Lord Kelvin) and Tait.^ The extension of the energy principle to 
optics is due mainly to Fresnel,^ who was in close relation with Young, and the 
meaning of “ energy ” was extended to include its thermodyilamic aspects by 
Thomson,'7 who at first called it the “ mechanical energy ” of a system, but 
later * used the name “ intrinsic energy.” The name “ energie ” in the sense 
used by Young seems to occur first in an article by D’Alembert in the French 
” Encyclopedic,” ^ where it is said: “ il y a dans un corps en mouvement un 
effort ou energie, qui n’est point dans un corps en repos.” 

^ “ A Course of Lectures on Natural Philosophy,” 1807,1, 78; 2nd edit., 1845,1, 59. 
“ Acta Enidit., Leipzig, 1695, 145 (149); cf. ibid., 1686, 161 (where he uses “ Werke,” 

edit. Gerhardt, 1860, iii Folge, 6, 238. 
3 Phil. Mag., 1853, 5, 106; Edin. N. Phil. 1855, 2, 120; Proc. Phil. Soc. Glasgow, 1855, 

3, 381; Ann. Chim., 1868,13, 73; “ Misc. Sci. Papers,” 1881, 203,209, 229. He used the name 
“Energetics” (later popularised by Ostwald; see § 23) for the general science of energy, 
“ whose subjects are material bodies and physical phenomena in general.” 

^ Helmholtz, “ t)ber die Erhaltung der Kraft,” Berlin, 1847, 14, called it “ Spannkraft.” 
3 Thomson and Tait, Good Words, 1862, quoted by Tail, “Sketch of Thermodynamics,” 

1877, 64; Thomson and Tait, '‘A Treatise on Natural Philosophy,” 1873, 1, 53; Maxwell, 
“ Theory of Heat,” 1875, 91; A. Gray, “ Lord Kelvin, an Account of his Scientific Life and 
Work,” 1908,99,114; Thomson, inB.A. Rep., 1854, II, 59, called it “actual” or “ dynamical” 
energy. 

Fresnel, “ Oeuvres Completes,” Paris, 1858, 2, 44. 
7 Trans. Roy. Soc. Edin., 1853, 20, 261 (read 1851); Phil. Mag., 1852, 4, 8, 105, 168; 1855, 

9, 523, 
’ 8 Phil. Mag., 1878, 5, 4; “ Math, and Phys. Papers,” 1882,1, 291. 

^ ” Encyclopedic Methodique,” Sect. Mathematique, Paris, 1785, 2, 82. 
5* 
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§ 12. The Mechanical Equivalent of Heat 

The mechanical equivalent of / (after Joule) is the number of units of work 
which, if completely converted into heat, would give rise to one unit of heat. 
The work unit may be the ft.lb., g.cm., kgxm., or erg; the unit of heat the 
lb."" F. (heat required to raise 1 lb. of water through T F.), lb.° C., g.cal., k.cal., 
etc. That such a mechanical equivalent exists is shown by (i) the fact that heat 
and work are interconvertible, (ii) the fact, first established by Joule, that the 
ratio is a fixed constant, depending only on the units of heat and work and inde¬ 
pendent of the process of conversion. 

Osborne Reynolds, in his memoir on Joule,^ points out that Joule's work was 
“ received in complete silence,” adding that “ ‘ the angels feared to tread,’ and 
perhaps the most remarkable thing is that in this case there were no fools.” 
Joule’s researches may be summarised as follows; the details of the experiments 
will be found in the better type of works on physics.- 

{a) In 1843 ^ the heat produced in a coil of wire by induction currents set up 
on rotation between the poles of an electromagnet was communicated to water in 
which the coil was placed, and was compared with the work done by falling 
weights in rotating the coil. This gave /=459*62 g.m. per g.cal. 

{b) In 1845-78 the heat produced by stirring water, oil, and mercury was 
compared with the work done by falling weights wliich actuated the stirrer. 

Joule’s early water-stirring apparatus, which has great historical interest,^ is 
shown in Fig. 9.II. The water was contained in the copper calorimeter AB with 
a lid carrying two tubes. Through one of these passed a thermometer and 
through the other the spindle of the brass paddle, consisting of eight sets of 
revolving arms working between four sets of stationary vanes fixed to the 
vessel. The spindle was interrupted by a boxwood cylinder, which minimised 
conduction of heat. The paddle was worked by the descent of lead weights ee 
suspended by string from the rollers bb, supported by steel axles cc on brass 
friction wheels ddy and the motion was communicated by fine twine from the 
pulleys aa to the central roller /, which could be detached, for the purpose of 
winding up the weights, by the pin p. The height of the weights (about 5^ ft.) 
was read off on the scales kk. The weights were allowed to fall twenty times, 

^ Manch. Mem., 1892, 77; see also A. Wood, “Joule and the Study of Energy,” 1925. 
Janies Prescott Joule, 1818-89, a pupil of Dalton and a brewer of Salford, near Manchester, 
must be regarded as the experimental founder of the law of conservation of energy. See his 
“ Scientific Papers,” 2 vols., 1884-7; Merz, “ A History of European Thought in the Nine¬ 
teenth Century,” 1912, 2, 95. 

2 Winkelmann, “ Handbuch der Physik,” 1906, 3, 537 f. 
3 Phil. Mag., 1843, 23, 263, 347, 435: “ On the Calorific Effects of Magneto-Electricity and 

on the Mechanical Value of Heat.” 
^ Phil. Mag., 1845, 27, 205: “ On the Existence of an Equivalent Relation between Heat and 

the ordinary forms of Mechanical Power ibid., 1847, 31, 173: “ On the Mechanical Equiva¬ 
lent of Heat as determined by the Heat evolved by the Friction of Fluids ”; Compt. Rend., 
1847, 25, 309; Phil. Trans., 1850, 140, 61, read in June, 1849 (communicated by Faraday); 
Ann. Phys., 1854, Ergzb. 4, 601: “On the Mechanical Equivalent of Heat”; Phil. Trans., 
1878,169,365: “ New Determinations of the Mechanical Equivalent of Heat.” Joule, “ Scien¬ 
tific Papers,” 1884, 1, 123, 202, 277, 288, 298, 632. A German transl. of Joule’s papers by 
Spcngel is “ Das mechanische Warmcdquivalent. Ges. Abhl. von J. P. Joule,” Brunswick, 1872. 
An excellent historical account of the determinations of the mechanical equivalent of heat, 
and a table of the values, is given by E. H. Griffiths, Phil. Mag., 1895,40,431; “ Dictionary of 
Applied Physics,” 1922, 1, 477, dealing with work done to those dates. A table of all the 
values of the mechanical equivalent found to the time of publication is given by Miculescu, 
Ann. Chim., 1892, 27, 202. 

5 An illustration of part of the original apparatus, in the Science Museum, London, is given 
in Edser, “ Heat for Advanced Students,” 1899, 275. 
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taking in all 35 mins. A correction for cooling and one for the velocity of the 
weights on reaching the ground (i.e. having some kinetic energy) were applied, 
as well as minor cbrrections for friction. The method was also used with 
mercury (with an iron vessel), and in the third and fourth series two cast-iron 
rings were rubbed together under mercury. The water friction experiments 
gave 438*3, 428*9, and 423*9, the mercury 424*7, and the friction of iron 425*2, 
g.m. per cal. In 1878 Joule ^ used a method designed by Him,2 afterwards 
used by Rowland ^ and others, in which the calorimeter was suspended by a 
bearing on the vertical axis of the paddle and prevented from rotating by an 
equal and opposite couple applied by a silk cord passing round a groove in the 
calorimeter, and attached, over pulleys, to scale pans containing weights. The 
result was 423*9 g.m. 

In 1850 Joule chose as the best value of /, 772 ft.lb. per lb. of water raised 
through r F., and in 1878 772*6 ft.lb. per lb. of water at 62'' F. raised through 

r F. The modern value is 778*57 ft.lb. per mean B.Th.U. A recalculation ^ 
of Joule’s best experiments of this type, with modern temperature standards, 
etc., gave /=4*1714x 10^ ergs per 15° g.cal. 

(c) Some experiments ^ on the heat and cold produced by compressing and 
expanding air, made in 1844-5, gave 436*1 and 448*2 g.m., respectively, but 
these results were not considered accurate. 

{d) In 1867 Joule ^ measured the heat produced by passing an electric current 
through a coil of wire immersed in a calorimeter, and compared it with the 
electrical energy spent by the current according to the law discovered by 

1 Phil Trans., 1878, 168, 365. 
2 “ Recherches sur I’fiquivalent M^canique de la Chaleur,” Colmar, 1858, 1, 85. 
3 Proc. Amer. Acad., 1879-80,7, 75; “ Physical Papers,” Baltimore, 1902,343,469. 
^ Graetz, in Winkelmami, ” Handbuch der Physik,” 1906, 3, 540 f.; cf. Griffiths, Phii. 

Trans., 1893, 188, 361. 
5 Phil Mag., 1845, 26, 369: “On Changes of Temperature produced by the Rarefaction 

and Condensation of Air “ Scientific Papers,” 1884,1, 171. 
6 B.A. Rep., 1867,1, 512. 
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Joule ^ in 1841, viz. that the energy is proportional to C^Rt, where C=current, 
7?=resistance, /'=time. The result (recalculated ^ on the basis of modern 
electrical units) was y=4T665 x lO'^ ergs per IS*" g.cal. 

The converse of Joule’s experiments, viz. the conversion of a measured 
amount of heat into a measured amount of work, was made with a steam engine 
by Him,'' who found 7=415 g.m. per g.cal. 

In a simple apparatus for determining the mechanical equivalent in the 
laboratory devised by Puluj,"^ the friction between two metal cones develops 
heat which is communicated to mercury in the inner cone, the rise in tempera¬ 
ture being measured by a thermometer. A small apparatus with stirred water, 
similar to Joule’s, is described by Christiansen.^ 

The validity of recalculation of older work has been disputed.^ Very often, 
necessary experimental details are lacking, and there is doubt about the relations 
between units and standards of different periods, particularly in electrical 
measurements. In some cases the actual thermometers used by the experi¬ 
menters are available, and hence some check on the temperature measurements 
is possible. The corrections for heat leak (“ radiation ”) from the calorimeter 
are particularly elusive, and often make up a substantial part (over 2 per cent.) 
of the energy input. 

It may be noted that to warm water just as much heat is required as is 
given out in the reverse process of cooling to the original temperature, so that in 
experiments like Joule’s, the water may be regarded as passing through a com¬ 
plete cycle of changes. 

Work which could raise a weight is the only kind considered in thermody¬ 
namics,^ the so-called internal work, which is supposed to be done against the 
attractions of the molecules, being rigorously excluded. It is equally necessary 
to state exactly what is meant by a quantity of heat q absorbed by a system. If 
a quantity of work w is expended by a falling weight and used to stir water and 
generate heat by friction, the unit of heat may be taken equal to the unit of 
work. The same effect on the water may be brought about by putting it in 
contact with a hot body, and the heat absorbed from the body is w units. If the 
change of temperature of the water is used to define its change of state, the heat 
absorbed may also be measured in calories, 1 g.cal. being the heat which, when 
communicated to 1 g. of water in a given state, raises its temperature T C. It 

1 PhiL Mag., 1841, 18, 308 (abstract of a communication to the Royal Society, which was 
not published); 1841, 19, 260; “ Scientific Papers,” 1884, 1, 60. 

2 Graetz, in Winkelmann, “Handbuch der Physik,” 1906, 3, 540 f.; cf. Griffiths, Phil. 
Trans,, 1893, 188, 361. 

3 “ Recherches sur I’fiquivalent Mccanique de la Chalcur,” Colmar, 1858, 20, 174; ” Exposi¬ 
tion Analytique et Experimentale de la Theorie Mecaniquc de la Chaleur,” Paris and Colmar, 
1862, 1, 84. 

4 Ann. Phys., 1876. 157, 437; Dorn, ibid., 1885, 26, 331; Sahulka, ibid., 1890. 41, 748, found 
426 ±2*5 g.m. with an improved apparatus; Rubens, Verhl. d. D. Phys. Ges., 1906, 8, 77; 
Phys, Z., 1906, 7, 272 (revolving tube); Cremieu and Rispail, Compt. Rend., 1908, 147, 793; 
Rispail, Ann. Chim., 1910, 20, 417 (in an ice calorimeter: J=4185 x 10^); Kann, Phys. Z., 
1908, 9, 263 (student’s apparatus); Paschen and Wolff, Phys. Z., 1911, 12, 113; Waran, Phil. 
Mag., 1920, 40, 386 (PuJuj type). 

5 Ann. Phys,, 1892, 47, 374. 
6 Laby, Proc. Phys. Soc., 1926,38,169; discussion by F. E. Smith, G. M. Clark, E. Griffiths, 

and E. H. Griffiths, ibid., 172 f.; Osborne, Stimson, and Ginnings, Bur. Stand. J. Res., 1939, 
23, 197; see on dissolved air, Jessel, Proc. Phys. Soc., 1934, 46, 747; Laby andHercus, ibid., 
47, 1003. 

7 Porter, “Thermodynamics,” 1931, 10. 
8 The definition of “work” adopted here is that of Carnot, “Reflexions sur la Puissance 

Motrice du Feu,” 1824 (1878), 4. 
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is important to notice, however, that the heat unit is defined primarily without 
reference to temperature. No other meaning will be given to heat absorbed 
than this, 1 

Later work by the water-stirring method indicated that Joule’s result 
(4*1714X 107) is probably about 0*3 per cent, too low: Rowland ^ (1879-80), 
found 4*188x107 (4*187x107); Miculescu^ (1892), 4*181 x 107 (4*183x107); 

Reynolds and Moorby ^ (1898), 4*1845x 107 (4-183X 107). 

There were errors in Joule’s thermometer (compared by Rowland with his 
own) and the specific heat values he used for water and the calorimetric apparatus 
also required correction. Most of the more recent workers used the electrical 
method. Some selected (recalculated) values (ergs/15° g.cal.) are: 

E. H. Griffiths 5 (1893) . 4 186x107 (*4 194x107) 
Schuster and Gannon 6 (1894) ... 4*186x 107 (*4 193 x 107) 
Callendar and Barnes 7 (1902) ... 4*182X 107 (*4 189 x 107) 
Dieterici 8(1905) . 4*193 X 107 (*4*194 X107) 
\V. R. and W. E. Bousfield (1912) 4*181 x 107 
Jaeger and von Steinwehr (1915) 4*186x107 
Laby and Hercus 11 (1927) ... 4*186x 10?(4*184x7at 16*7") 

Dieterici used a Bunsen’s ice calorimeter, which can be very uncertain (see 
Vol. II); Callendar and Barnes used a continuous flow calorimeter” (see 
Vol. II); the Bousfields used a glass spiral filled with mercury as the heating 
element (a device previously used by Pfaundler).^^ The value found by Bous¬ 
field and Bousfield is very low, and W. R. Bousfield afterwards accepted the 
value of Callendar and Barnes as probably more accurate. The lack of accurate 
agreement among recent values of 7 is apparent, and becomes even more striking 
if the values of the specific heat of water at various temperatures are considered. 

Laby and Hercus used an ingenious apparatus comprising an induction 
dynamometer and continuous-flow calorimetry. Their values near 20° seem 
to be affected by some error, and were withdrawn by the experimenters. A 
possible error due to dissolved air in the water was said by Laby and Hercus 
not to affect the results, and as a final value for both air-free and aerated water 
they gave 4*1852 x 107 ergs per 15° g.cal. 

' Cf. Bridgman, “ The Nature of Thermodynamics,” Cambridge (U.S.A.), 1941, 1. 
2 Proc. Amer, Acad., 1879, 7, 75-200; recalculated by Day, Phil. Mag., 1897, 44, 169; 1898, 

46, 1; tile bracketed values are those recalculated by Scheel and Luther, Z. Elektrochem., 1908, 
17,743 (who adopted 4*187 x 107), those starred also involve a recalculation of electrical units 
(difference of international and absolute ohms): Griineisen and Giebe, Ann. Phys. .1920, 63, 
179, who give 4*1842 int. joule. ^ 

3 J. de Phys., 1892, 1, 104; Ann. Chim., 1892, 27, 202; cf Rispail, ibid., 1910, 20, 417; 
Roebuck, Phys. Rev., 1913, 2, 79 (porous plug experiment). 

4 Phil. Trans., 1897, 190, 301, Proc. Roy. Soc., 1897, 61, 293. 
5 Proc. Roy. Soc., 1894, 55, 23; Phil. Trans., 1893, 184, 361; Phil. Mag., 1895, 40, 431; 

“ The Thermal Measurement of Energy,” Cambridge, 1901 (popular). 
6 Proc. Roy. Soc., 1894, 57, 25; Phil. Trans., 1895,186, 415. 
7 Callendar, Phil Trans., 1902, 199, 55, 149; Barnes, ibid., 1912, 212, l ;Proc. Roy. Soc.^ 

1909, 82, 390; Callendar, Proc. Phys. Soc., 1926, 38, 174. 
8 Ann. Phys., 1905, 16, 593; earlier papers, ibid., 1888, 33,417; 1896, 57, 333; cf Cotty, 

Ann. Chim., 1911, 24, 282. 
9 Phil. Trans., 1912, 211, 199. 
10 Berlin Ber., 1915, 424; Verhl. d. D. Phys. Ges., 1915, 17, 362; 1919, 21, 25; Ann. Phys., 

1919, 58,487; 1921, 64, 305; cf Sutton, Phil. Mag., 1918, 35, 27. 
11 Phil. Trans., 1927, 227, 63; Hercus, Proc. Phys. Soc., 1936, 48, 282. 
12 Wien Ber., 1891, 100, II A, 352; cf. von Steinwehr, Z. phys. Chem., 1901, 38, 185; 

Riimelin, ibid., 1907, 58, 449 (both used resistance lamps); Heydweiller, Ann. Phys., 1915, 
46, 253 (Hg spiral.) 

13 Proc. Roy. Soc., 1917, 93, 587. 
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The work of Callendar and Barnes, described by Osborne, Stimson, and 
Ginnings ^ as “ without doubt more pretentious and comprehensive than any 
of the other researches,” has often been reviewed.^ Callendar, who co-operated 
in the design and preparation of the apparatus, and Barnes, who carried out the 
experiments, differed in their interpretations of the heat-leak corrections.^ 
There was also a correction for the standard cells. Barnes ^ in 1909 gave 
4T785 (4T842 at 15°) abs. joules per g. per 1° C. as a definitive value, and 
Callendar ^ in 1925 gave 4T87, both for the 20° g.cal. (a peculiar unit used by 
Callendar, the mean value of the quantity of heat required per 1° per g. of water 
between 15° and 25°). Laby gave 4*1795 at 20°. Osborne, Stimson, and 
Ginnings ^ remarked that: “It is difficult to believe that Barnes’ estimate in 
1909 that the error of the measurements in any part of the range did not exceed 
1 part in 10,000, or Callendar’s estimate of 1 part in 4,000 for the absolute value 
of the mechanical equivalent, took into account all the possibilities for deviations 
from the true values.” 

The temperature scale and electrical units used by Jaeger and von Steinwehr 
were probably substantially the same as the present international standards: 
Jaeger 6 gave 4*1842 int. j./g. 1° C. cal. at 15°, but the individual results 
showed fairly large deviations from the smoothed values.^ 

The choice lies between 4*184 and 4*186, and it is difficult to decide which to 
adopt. The relation to other fundamental units is also involved. In 1924, the 
author adopted the value 4*184x 10“^ ergs/15° g.cal., from the Reichsanstalt 
“ Warmetabellen ” many authors use the (older) value 4*186x 10'^ ergs. In 
1940 the author ^ adopted (with some reserve) the value 4*185 x 10'^ ergs, which 
is also the value found by Laby and Hercus (1927). 

§ 13. Relation between Energy Units 

Energy Units Conversion Table 

Erg Joule (abs.) 15° C. g.cal. Lit.atm. g.cm. 

1 10~7 0*2389x10-7 9*869 X 10-10 1*0197x10-3 
107 1 0*2389 9-869x10-3 1*0197X104 

4*185x107 4*185 1 4-130x10-2 4*2675x104 
1*0133x109 { 1*0133x102 24*21 1 I *0333 X 106 
9*8066x102 9*8066x10-5 2*343x10-5 9-678 X10-7 1 

The modern calorimetric heat unit is essentially a unit of electrical energy. 
The international joule is defined as the product of the international volt by the 

J Bur, Stand, J. Res,, 1939, 23, 243. 
2 Ames, Congris Internat. Phys., 1900,1, 178; Laby, Proc. Phys. Soc,, 1926,38,169; Fiock, 

Bur, Stand, J, Res,, 1930, 5, 481; Roth, Z. phys, Chem,, 1938,183,38; Osborne, Stimson, and 
Ginnings, see ref. J. 

3 See the section on Specific Heats of Gases, § 5.VI1 G, for a disagreement between Callendar 
and other experimenters on a similar problem in gas calorimetry. 

4 Proc. Roy. Soc., 1909, 82, 390. 
5 Proc. Phys. Soc., 1926, 38, 174, discussion. 
^ In Geiger and Scheel, “ Handbuch der Physik,” 1926, 9, 476. 
7 “ Chemical Thermodynamics,” 1924, 10; 4*184 is selected by de Groot, Nederl. Tijdschr. 

Natuurkde., 1942,9,497; Amer. Chem. Abstr., 1944,38, 3884. 
8 “Warmetabellen,” P. T. Reichsanstalt, Berlin, 1919. 
9 “ Chemical Thermodynamics,” 1940, 214; see Mueller and Rossini, Amer. J. Phys., 

1944, 12, 1 (1 “ defined ” g.cal.=4*1833 internat. joules); Birge, Rep. Progr. Phys., 1942, 8, 
90, takes 4 1855x107. 
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international ampere by the second, whilst the absolute joule ^ is 10^ ergs. The 
two are not quite the same. 

The relation 1 internat. joule (or watt)= 1 •00020±0*00005 abs. joule (or watt) 
was given by Rossini,^ who proposed to define the 15° g.cal. as 4*1833 internat. 
joules. The usual relation is 1 internat. joule= 1 *00032 abs. joule. The whole 
matter is in need of international unification, but is hardly one of convention, 
since temperature scales, specific heat of water, and other realities come in as 
well. The therm ^ is 100,000 B.Th.U (1 60° B.Th.U.=250 g.cal.).^ 

An energy unit used in spectroscopy is the electron volt, the energy acquired by 
an electron in falling through a potential difference of 1 volt. In electrostatic 
units 1 volt=3^ e.s.u. and the electronic charge £=4*80 x lO'i® e.s.u., hence 
1 electron volt=4*80x 10“^o/3(X)=i*60x lO"^^ erg. This will be a suitable 
unit for a single molecule; for 1 mol in k.cal. it is 

(1 *60X 10-12x6*03 X 1023)/(4*185x lO^x 103)=23*05 k.cal. per mol. 

(A value 23*053 is adopted by Birge.^) 
It is customary to speak of electron energies in “ volts when electron volts 

are meant, and a confusing nomenclature speaks of the “ velocity ” of a moving 
electron (say in cathode rays) as in “ volts.” In this case, the ratio chargelmass 
=^elm is measured in electromagnetic units per g. and for the electron 
e/m=T76x 10'^ e.m.u. per g. If V is the potential difference in e.m.u. and v 
the velocity of the electron in cm./sec. the energy is Ve, 

v^^lVelm^ielm). 2F, v=^yv. V(2x l*76x 10^) cm./sec. 

Since 1 e.m.u. of potential =10"^ volt, when V is in volts: 

v==x/(V. 108). ^(2x 1*76 X 107)=5*93 X 10 cm./sec. 

When the velocity is said to be “ V volts ” the actual velocity in cm./sec. is 
given by this equation. 

Harkins ^ proposed the micro-erg, 10“^ erg, and micri-erg, lO-i^ erg, as units. 
In Hartree 7 atomic units, unit energy is e^jan, where ^=electronic charge and 
flH=fadius of smallest Bohr orbit in the hydrogen atom; it is 4*307 x 10“^^ erg. 

§ 14. The Specific Heat of Water 

If the specific heat of water varies with temperature the value of /found by a 
method depending on the heating of water by a known amount of energy will 
vary with the temperature. By ixdxing known weights of water at different 
temperatures and finding the temperature of the mixture, Flaugergues 8 found 
a slight decrease in specific heat with rise of temperature, but Neumann ^ found 
that it increased slightly, the value at 100° being 1 *0127 that at 27°. Regnault 

1 Onnes and Keesom, Comm, Leiden, 1912, Suppl. 23,17, proposed to call these electrojoule 
and thermojouie, respectively. Griffiths, Phil. Mag., 1895, 40, 451, proposed to call 4*2 abs. 
joules a rowland. These names have not been adopted. 

2 Bur. Stand. J. Res., 1931, 6, 1; 1934, 12, 735; Chem. Rev., 1940, 27, 1; Sturtevant, in 
Weissberger, “ Physical Methods of Organic Chemistry,” New York, 1945,1, 315. 

3 Couch, Amer. J. Pharm., 1923, 95, 150. 
4 The mean value 251 -98 g.cal. is often taken, or 1054*6 abs. joules. 

Rep. Progr, Phys. (Phys. Soc. London), 1942, 8, 90. A very useful set of interconversion 
tables for energies, wave-lengths, frequencies, etc., is given by Clark, Phil. Mag., 1932,14,291. 

6 J.A.C.S., 1922, 44, 653. 
7 Proc. Cambr. Phil. Soc., 1928, 24, 89, 111. 
8 J.dePhys., 1813, 77, 273. 
» Ann. Phys., 1831, 23, 40. 
10 Ann. Chim., 1840,73, 5 (35); Mem. Acad. Set, 1847,21,729; recalc, by Guillaume, Compt. 

Rend., 1912, 154, 1483. 
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found the mean specific heats in the regions 15°~100° and 0®~20® in the ratio 
1 *00709-1 *0089 in two experiments, and in experiments at higher temperatures 
he deduced for the true specific heat at f C, up to 230° the formula: c==l + 
0*00004/+0*0(^9/2. After correcting the temperatures from the mercury to the 
air thermometer scale, Bosscha ^ deduced the formula: c’=]+0*00022(/—18)^:::::: 
1+0*00022/, and Velten ^ pointed out discrepancies in Regnault’s results 
above 100° which make them doubtful. A large variation with temperature 
found by Pfaundler and Platter ^ was not confirmed. 

Rowland first definitely established the variation of specific heat with tempera¬ 
ture. He observed the variation of / with the temperature of the water and 
found a minimum value at about 30° which he confirmed by the method of 
mixtures. ^ 

The mean gram-calorie or “ Bunsen calorie ” c (0*01 xheat absorbed by 1 g. 
of water on heating from 0° to 100° C.) is somewhat larger than the 15° g.cal. 
(1 mean g.cal. = 1*0002 15° g.cal. according to Scheel and Luther^) but the 
difference is small. 

The specific heats of water determined by Bartoli and Stracciati between 
0° and 35° were represented in 15° g.cal. by the formula 

c,= 1 *006630~ 0*03593962/+0*054338650/2+0*06425520/3-0*0828I9/4. 

Callendar’s ^ results are given in the table; 

0“ L0093 35“ 0-9973 70“ 1-0000 
5“ 1 0047 40“ 0-9973 75“ 1-0008 

10“ 1-0019 45“ 0-9975 80“ 1-0017 
15“ 1 0000 50“ 0-9978 85“ 1-0026 
20“ 0-9988 55“ 0-9982 90“ 1-0036 
25“ 0-9980 60“ 0-9987 95“ 1-0046 
30“ 0-9975 65“ 0-9993 100“ 1-0057 

The values given by the Reichsanstalt ^ (which correspond with a value of 
/of 4*1842 internal, joules per 15° g.cal.) were: 

0° 1-005 15“ 1-0000 25“ 0-9983 
5“ 1-030 18“ 0-9994 29“ 0-9980 

lO'^ 1-0013 20“ 0-9990 

Dieterici ^ gave for the true sp. ht. at 35°-300° in 15° g.cal.: 

c,=0*99827~0*03l0368/+0*0520736/2. 

1 Ann. Phys., Pogg. Jubelband, 1874, 549. 
2 Ann. Phys., 1844, 21, 31. 
3 Ann. Phys., 1870, 140, 574; 1870, 141, 537. 
4 Him, Compt. Rend., 1870, 70, 592, 831; Jamin and Amaury, ibid., 1870, 70, 661; Munch- 

hausen (Wulkier), Ann. Phys., 1877, 1, 592; Stamo, Dissert., Zurich, 1877; Hcnrichsen, Ann. 
Phys., 1879, 8, 83; Baumgartner (Pfaundler), ibid., 1879, 8, 648; Gerosa, Atti R. Accad. Lincei, 
1881,10, 75; Ann. Phys. Beibi, 1882, 6, 222 (table). 

5 See also Liebig, Amer. J. Sci., 1883, 26, 57; Ludin, Dissert., Zurich, 1895; abstr. and table 
in Z. phys. Chem., 1896, 20, 629; corrected by Pemet, Arch. Sci. Phys. Nat., 1896, 2, 531 
(method of mixtures; r=l at O'^C.l; Barnes, Phil. Trans., 1902, 199, 149; Trans. Roy. Soc. 
Canada, 1902, 8, iii, 141 (proposed 16“ g.cal.); Griffiths, Phil. Mag., 1895, 40, 431 (on heat 
unit); Cotty, Ann. Chim., 1911,24,282 (minimum at 2r). 

6 Z. Elektrochem., 1908, 14, 743; cf. Dieterici, Ann. Phvs., 1905, 16, 653; Behn, Berlin Ber., 
1905, 72; Guillaume, Compt. Rend., 1912, 154, 1483. 

7 Gazz,, 1894,24, II, 145; Ann. Chim., 1893,29,285; Z. phys. Chem., 1893,11,429. 
8 Phil. Trans., 1912, 212, 1; Proc. Phys. Soc., 1926, 38,174. 
^ Scheel and Luther, Z. Elektrochem., 1908, 14, 743; Jaeger and von Steinwehr, Ann. 

Phys., 1921,64,305; Landolt-Bomstein, “Tabellen,” 5lh edit., 1923,2,1250; e.m.f. of Weston 
cell = l *0183 volt. 
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The 20® g.cal. is very nearly 0*001 smaller than the 15® g.cal. The values 
for the specific heat of water, it will be seen, are in regrettably unsatisfactory 
agreement. There is, particularly, a divergence between the values of Caliendar 
and Barnes on the one hand, and those of Jaeger and von Steinwehr on the 
other.^ The former seemed to be supported by the measurements of Romberg.^ 
Narbutt,'^ by combining all observations for water, found: 

o(true)=l*0073-0*037416/+0*04l6845/2-.0*079552r3 

c(mean)=l*0073 - 0*033708/+0*055615/2 - 0*072388r\ 

taking Ci5o=l. This gives a minimum at 29®-30® and agrees best with Jaeger 
and von Steinwehr’s results. The latest measurements,^ calculated by Roth ^ for 
one 15° g.cal.=4*1833 int. joules, are (true sp. ht. at r° C.): r= 1 *0066—0*035696/ 
+0*058742/2, which makes 

Temp. C. Caliendar and 
Barnes 

Jaeger and 
von Steinwehr 

Temp. C. Caliendar and 
Barnes 

! 
Jaeger and 

von Steinwehr 

5 1 0047 1-0029 40 0*9973 0*9981 
10 1 0019 1*0013 45 0*9975 0*9987 
15 1*0000 1*0000 50 0*9978 0*9996 
20 0*9988 0*9990 60 0*9987 — 

25 0*9980 0*9983 70 1*0000 — 

30 0*9976 0*9979 80 1*0017 — 

35 0*9973 0*9978 90 1*0036 
100 ! 1*0057 — 

Caliendar and Barnes found a minimum sp. ht. at 37*5°, Bousfield at 25°, 
Jaeger and von Steinwehr at 33*5°, Jessel at 37° (lowered by dissolved air), Roth 
at 35° (0*9974). 

The sp. hts. of heavy water (D2O) were found ^ to be: 

10° 1 *0097 20° 1 *0062 30° 1 *0044 40° 1 *0037 50° 1 *0041 

with a minimum at 41°. 
The calorimeter used by Osborne, Stimson, and Ginnings,'^ shown diagram- 

matically in Fig. 10.II, consisted of a thin gold-plated copper sphere C, 5 in. diam., 
enclosing an electric resistance heater H of nichrome encased in a coiled metal 
tube filled with magnesia, two screw propellers P, and fixed guides for circulating 
the water. The energy input in the heater was measured by the potential drop 
and current. Platinum resistance thermometers and thermo-elements were used 
in temperature measurement and control; a resistance thermometer in a copper 
reference block R provided a reference datum, small differences from this in the 
calorimeter or other points being measured by chromel-constantan thermo¬ 
elements. The calorimeter globe was supported in an evacuated space sur¬ 
rounded by a controlled bath S of saturated water vapour shielding it against 

^ Caliendar, Phil. Trans., 1912,212,1; Jaeger and von Steinwehr, Ann. Fhvs., 1921, 64, 305; 
summary of older work in Winkelmann, “ Handbuch der Physik,” 1906, 3, 165 177; cf. 
Kaye and Laby, “ Tables of Physical and Chemical Constants,” 9th edit., 1941,66. 

2 Proc. Amer. Acad., 1922, 57, 375; 73720°=::= 1 0040. 
3 Phys. Z., 1918, 19, 513. 
^ Osborne, Stimson, and Ginnings, Bur. Stand. J. Res., 1939, 23,197 (Res. Paper No. 1228); 

Jessel, Proc. Phys. Soc., 1934, 46, 747, who emphasised the error due to dissolved air in the 
continuous flow method; see the table by Awbery, ” Internat. Crit. Tables,” 1929, 5, 113. 

5 Z.phys. Chem., 1939, 183, 38. 
^ Cockett and Ferguson, Phil. Mag., 1940, 29, 185. 
7 Bur. Stand. J. Res., 1939, 23, 197, 
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heat exchange. The water sample was introduced from a container WC, and 
the saturated vapour could be withdrawn through a valve TV into a weighed 
glass receiver SR cooled in liquid air. The calorimeter and tubes were evacuated 
through VAC. 

Two types of experiments were made: (i) heat capacity measurements in 
which the calorimeter and water sample were heated over a measured tempera¬ 
ture range, in some cases with the calorimeter nearly full, and in others nearly 
empty, of liquid water; (ii) vaporisation experiments, practically isothermal, in 
which heat was supplied to evaporate water, the vapour being withdrawn at a 
controlled rate, collected in SR, and weighed: 

In the first experiments the change of a quantity a is found: 

a=Tvi(dp/dT) 

where i/=enthalpy or heat content of saturated liquid ^ water, 4=latent heat 
of evaporation, z;/=sp. vol. of saturated liquid, vol. of saturated vapour, 

VAC 

Fig. lO.n, Apparatus of Osborne, Stimson, and Ginnings 

r=abs. temperature, and /7=vapour pressure; dp/dT was evaluated by an 
equation derived by Gerry ^ from Reichsanstalt measurements. In the second 
experiment a value y is found: y=/e+i3. The results in international joules per 
g. per r C. for air-free water at 1 atm. pressure were converted into absolute 
joules by multiplication by 1*00019, and the following equation found: 

r,=4*169828-f0*03364(/+100)5-26xl0-i0+0*046709(10r<^-036r 

In the table, the value of in abs. joules, the heat content at 1 atm. {H at 

0® C,=0), found by integration, H= Cpdt, and the values in g.cal. per g. by the 
Jo 

conversion factor, 1 abs. joule=0*238846 g.cal.,^ are given. 

1 Le. liquid under the pressure of its saturated vapoui* at a given temperature; this value 
requires correction to 1 atm. pressure before Cp==l atm., as given in the table, is obtained. The 
terms are explained in § 8. viii. L, Vol. IJ. 

2 Osborne, Stimson, and Ginnings, Bur, Stand, J, Res,, 1939, 23, 261. 
3 This is the so-called “ international steam tables ” (IT) value, defined as 1 g.cal.=1/860 

internat. watt hour; cf. Mueller, Meehan, Eng, (N.Y.), 1930, 52,139. 



§ 14 THE SPECIFIC HEAT OF WATER 147 

c. Cp i/abs. j. H g.cal. tC. 
j 

Cp i/abs. j. ii g.cal. 

0 4-2177 0-1026 0-0245 40 4-1786 167-5777 40-0253 
5 4-2022 21-1498 5-0515 50 4-1807 209-3729 50-0079 

10 4-1922 42-1341 10 0636 60 4-1844 251-1976 59-9975 
15 4-1858 63-0779 15-0659 70 ! 4-1896 i 293-0665 69-9977 
20 4-1819 83-9963 20-0622 80 4-1964 1 334-9952 80-0123 
25 4-1796 104-8994 25-0548 90 4-2051 ! 377-0012 90-0452 
30 4-1785 125-7943 30-0455 100 4-2160 419-1049 100-1015 

There is a very flat minimum of Cp between 30° and 40°. The results agree 
better with those of Rowland, Laby and Hercus, and Jaeger and Steinwehr, 
than with those of Callendar and Barnes, and it seems as if the constant-flow 
calorimeter used by the latter was subject to some as yet untraced source of 
error both with gases and liquids. There is remarkable agreement with 
Rowland’s values revised by Day. 

In view of the disagreement among the older values of J and the fact that 
many energy determinations are made in terms of electrical units, Ostwald ^ 
proposed and used the kilojoule (kj.)=10i^ ergs as the thermal unit, and the 
joule^W ergs is used in the thermochemistry section of the “ International 
Critical Tables.” In this case it is sometimes necessary to specify whether the 
absolute joule (10^ ergs) or the international joule is used, the latter being ^ 
1 ‘0004 abs. joules. It is rarely that thermochemical values have a real accuracy 
affected by the difference between the two joules. 

§ 15. Forms of Energy 

Joule’s results showed that the ratio of the work w completely spent in pro¬ 
ducing an amount of heat q is independent of the method by which the work is 
converted into heat, and depends only on the units of heat and work. This 
ratio: 

.(1) 
is called the mechanical equivalent of heat. If w is measured in ergs and q in 
15° g.cals, then: 

/=4‘185xl07erg/15°g.cal.(2) 

It is convenient theoretically to have w and q measured in the same units, 
e.g. ergs, in which case /=1, and all equations in this book are based on this 
convention (first used by Rankine). It is important to notice that the equation: 

w-q.(3) 

then obtained enables a quantity of heat to be measured in absolute units, inde¬ 
pendently of any temperature scale, or even of the conception of temperature, 
which is foreign to the First Law of Thermodynamics (§ 32). 

The simplest explanation of Joule’s results is to assume that heat and work are 
different forms of a physically real entity called energy, denoted by the symbol 
E, It is clear that the potential energy and kinetic energy of mechanics are other 
forms of this entity, and Joule’s experiments show that electrical energy is another 
form. In magnetising iron or steel, energy, either in the form of mechanical 
work in magnetisation by contact with other magnets, or electrical energy in 

^ “ Grundriss dcr allgemeinen Chemie,’* 1909, 290; “ Outlines of General Chemistry,'* 
1912, 249; the joule was proposed by Rogers, Phys, Rev., 1900,11, 115. 

2 Bichowsky and Rossini, “ Thermochemistry of Chemical Substances,” New York, 1936,9; 
Rossini, Bur. Standi, J. Res., 1931, 6, 1; 1934,12, 735; but see § 13. 
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electromagnets, must be supplied, and this is transformed into magnetic energy 
in the magnetised system. Radiant energy is familiar in the forms of light 
(including ultra-violet light), radiant heat, and the electromagnetic radiation used 
in wireless transmission. The heat (and sometimes electrical energy) set free 
in chemical processes leads to the assumption of the existence of chemical 
energy. To form surfaces of separation, e.g. in stretching soap films, work must 
be done, which is stored up as surface energy. Radioactive substances emit 
particles with large kinetic energies (a- and jS-rays), or electromagnetic radiation 
(y-rays), and this energy comes from changes in the interior of the atoms, or 
atomic energy. Thus, the following/ormj of energy may be recognised: ^ 

(1) Kinetic energy of masses in motion. (6) Magnetic energy. 
(2) Potential energy of systems of forces. (7) Chemical energy. 
(3) Heat. (8) Surface energy. 
(4) Radiant energy. (9) Atomic energy. 
(5) Electrical energy. 

These forms of energy are, in principle, interconvertible; as Rankine ^ said: 
“ any kind of energy may be made the means of performance of any kind of 
work.” It will be seen later (§ 29) that this interconvertibility is subject to certain 
restrictions. Bridgman ^ said: ‘‘ No general meaning can be given to the energy 
concept, but only specific meanings in special cases.” This rules out any 
vahdity in speculations about the energy of the “ universe,” and the applications 
of the energy principle to atomic nuclei, living organisms and the like are subject 
to checking of the consequences by experiment. 

A good definition of energy is that due to Ostwald energy is work or any¬ 
thing which can be produced from or converted into work. All the forms of 
energy can thus be measured in work units. Rankine^ defined energy as: 
” Every affection of substances which constitutes or is commensurable with a 
power of producing change in opposition to resistance,” which is essentially the 
same definition. Although energy is sometimes defined ^ as the ” capacity for 
doing work,” it is much more than this; it has an objective existence, and is 
bought and sold in specified units. 

The modes of interconversion of forms of energy are, in general, familiar and 
need no description. One unusual case, in which heat energy is transformed into 
the mechanical energy of a sound wave, is that of the so-called “ Trevelyan 
rocker ” (really invented by Gilbert),^ in which a hot bar of metal laid across a 

J See the early table by J. R. Mayer (1845) in his “ Mechanik der Warme,” Stuttgart, 1867, 
49; practically the same in Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910, 2, i, 11; the 
present table was given by Partington, “Thermodynamics,” 1913, 27, including “Atomic 
energy,” which is more important now than it was then. 

2 Edin, N. Phil. 1855,2, 120; Buckingham, “ Outline of the Theory of Thermodynamics,” 
New York, 1900, 92. 

3 “ The Logic of Modern Physics ” New York, 1927, 127; Ostwald’s standpoint, “Outlines 
of General Chemistry,” 1912, 241, was that: “ all we know of the outer world are energy rela¬ 
tions, and it may well be described as a system in which different kinds of energy are arranged 
in a definite manner in time and space.” 

4 Z. phys. Chem., 1910, 68, 757 ; “ Outlines of General Chemistry,” 1912, 16, 242. 
5 Phil. Mag., 1853, 5, 106. 
6 Maxwell, “ Theory of Heat,” 1875, 143. 
7 Tait, “properties of Matter,” 1899, 6, who remarked, ibid., 13, that: “Titles, Family 

Secrets, and even Degrees, are occasionally sold,” so that “ to have its price ” is not conclusive 
of objectivity ; cf. Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910, 2, i, 42. 

8 Gilbert, Ann. Phys., 1806, 22, 323; Trevelyan, Phil. Mag., 1833, 2, 321; Trans, Roy, Soc, 
Edin., 1834, 12, 137; Muncke, Ann. Phys., 1832, 24, 466; Poggendorff, ibid., 1834, 33, 553; 
Forbes, Trans. Roy. Soc. Edm., 1834, 12, 429; Phil, Mag., 1834, 4, 15, 182; Baden Powell, 
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ridge of cold metal (lead is best) emits a singing note, due to the vibration of the 
hot bar caused by the upward expansion of the cool support when heat passes 
to it, and its contraction when the heat passes into its interior by conduction. 

§ 16. The First Law of Thermodynamics 

As a result of the failure of actual attempts to construct a perpetual-motion 
machine the truth of the following statement be assumed: 

A process which produces no other effects than the generation or destruction of 
mechanical work or of anything equivalent to mechanical work, i.e. of any form of 
energy, is impossible. 

In order to ensure that no other changes occur, the process in which work is 
produced from heat or vice versa may be a cyclic process (§ 7). Let {q) units of 
heat be absorbed by a system in any cyclic process and (w) units of work be 
done. To denote that they refer to cyclic processes, these symbols are enclosed 
in brackets. Then if (q) and (w) are measured in the same units: 

(w’)=(^) .(1) 
If (1) did not hold it would be possible to produce or destroy unlimited 

quantities of energy without producing any other change, which would contradict 
the First Law. 

If a change is not cyclic (i.e. the initial and final states of the system are differ¬ 
ent) it is not necessary that w=q, since there may be a change in the energy of 
the system itself. 

The energy content of a system is often called its internal energy, or intrinsic 
energy, or total energy, sometimes ^ denoted by U, but as it is a form of energy it 
may be spoken of simply as the energy of the system, and denoted by E, The 
increase in energy of a system in any change of state is denoted ^ by AE, and: 

AE (increase)=^ (absorbed) — ir (done).(2) 

This equation defines ^ AE, the increase of energy of the system as measured 
by the total amount of energy in the forms of heat (i.e. q) and work (i.e. — 
which passes into the system from outside during the given change of state. In 
the evaporation of 1 g. of water at IW the heat ^=2251 x 10^ ergs is absorbed, 
and the work 1662 x lO’^ ergs is done by the vapour expanding against the atmo¬ 
spheric pressure. The increase of energy is 

JF=(2251 -1662) X 107=589X 107 ergs=0-589 kj. 

AE is zero either if q and w are separately zero, or if the difference vv is 
zero, i.e. 

AE=^0 if H’=0 or q=w.(3) 

This will obviously be true for all cyclic processes, for which AE is necessarily 
zero, and it may be true for some non-cyclic processes in which the energy of 
the system is constant, as in the isothermal expansion of an ideal gas (§ 8). 

Suppose that a system in a given initial state (1) can pass into the final state 
(2) by two or more different paths (§ 7) a, j8, etc., and let there be a reverse 
path p by which it can pass from the state (2) to the state (1).^ Let the increase 

Phil. Trans., 1834, 124, 485; Ann. Phvs., 1835, 34, 636; Tyndall, Phil. Trans., 1854, 144, 1; 
Phil. Mag., 1854, 7, 223; 1854, 8, 1; Sondhauss, Ann. Phys., 1862, 115, 71, 177. On the con¬ 
version of vibrational energy into work, see Rayleigh, Phil. Mag., 1902, 3, 338. 

1 By Clausius, Arm, Phys,, 1850,79,368: the symbol E was used by Lord Kelvin and Maxwell. 
2 The “ operator ” symbol A was used in this way by Trevor, J. Phys, Chem., 1906,10, 392. 
3 Cf. Trevor,/. Phys, Chem., 1908,12,297; 1909,13, 355; Tunell, ibid., 1932,36,1744. 
^ This consciously excludes all vital and cosmic processes from the scope of the proof. 
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of energy of the system during changes along the paths a, jS, and p be 
and --AE^ (the energy change along path p being of opposite sign to 

those along a and j8, since the two together form a cycle, for which Zl£»0). 
By combining each of the paths a and ^ separately with the path p, two different 
cyclic processes are obtained, for each of which the net energy change is zero: 

AE,-AE^^0 and AE^-AE^==0 

/. AE^=^AE,.(3) 

The increase of energy of a system undergoing any change of state depends only 
on the initial and final states of the system and is independent of the manner in 
which the change from one to the other is effected. 

This statement has the following consequences: 
(1) The energy content of a system is a function only of the state of the system. 
(2) When a system passes from one state (1) another state (2), the energy 

change is the difference between the energies of the initial andfinal states: 

.(4) 

(3) The energy of an isolated system is constant, since ^=0 and vt^=0, therefore 
£Zl==0, therefore £2=^1 • This is sometimes called the Principle of Conserva¬ 
tion of Energy.^ 

It should be carefully noted that J£ in equation (2) cannot be written as 
£2—£1 without first proving equation (3); (2) can now be written: 

E2-Ei=q-w.(5) 

If the change is small £2—£i==d£, w=8a’: 

/. d£=8(7-8H’.(6) 

It follows that d£ is a perfect (or complete) diflerential (see § 27, I); since (5) 
and (6) show that it obeys the relation: 

.(7) 

whereas hq and Sw are not differentials of q and w but merely denote small 
values of q and w, the sums of which are denoted by J8^ and J8w. It has been 
proposed 2 to denote them by ^q and d w, or dq and dw, but this is an inconvenient 
notation. The values of q and w for the change of state of the system depend 
on the path of change, whereas AE, equal to the difference q--w, is independent 
of the path of change. 

This may be illustrated by considering the expansion of an ideal gas. If this 
is conducted isothermally and reversibly so that the state passes from (pi, vi, 6) 
to the state (p2> fbe work done is w^^k^ In (V2IV1). The heat absorbed 
is qg. The energy of an ideal gas is independent of the volume if the temperature 
is constant (§8): (dEldv)g=0. Hence from (5): Wg=qg==ki}n(v2lvi) and 
J£==0. This change may also be carried out irreversibly by allowing the 

1 Cf. Planck, “ Das Prinzip der Erhaltung der Energie,” Leipzig, 1887; 2nd edit., 1908; Bryan, 
“ Thermodynamics,” 1907, 39. Trevor, J. Phys. Chem., 1909, 13, 355, stated the first law in 
the form: ” The algebraic sum of mechanical energy [work] and heat added to a body in any 
change of its thermodynamic state is equal to the concurrent change of the value of a quantity, 
determined it may be in different ways in different regions of state, but continuous and one¬ 
valued in any region, and containing an arbitrary additive constant.” This is the energy £, 
and if its change is [£jc+£o]J between the states a and b, Ex is the energy of the body and £0 

the arbitrary constant. 
z By Neumann, ” Vorlesungen fiber die mechanische Theorie der Warme,” Leipzig, 1875, 

pref., ix, where d is called a “ differential ” and da** diminutive see Z. Elektrochem., 1912, 
18, 398; Trevor, /. Phys. Chem., 1899,3, 389; 1900,4, 514, used d'Wmd d’f?. 
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volume V i of gas to expand into a vacuous vessel so that the total volume is vz- In 
this case no external work is done, therefore ivs=0. It was found experimentally 
by Joule that ^=0, hence, from it follows that again il£=0. 

§ 17. Heat Content 

If the only work done in a change of state of a system is that due to expansion 
of volume K against an external pressure P, such as that of the atmosphere, 
(2), § 6 shows that: 

J PdV.(1) 

If the volume is constant^ dF=0, therefore h =0, hence from (2), § 16: 

.(2) 
where is the heat absorbed in the change at constant volume. This provides 
a method of measuring AE, The heat absorbed by a system in any change at 
constant volume is equal to the increase in the energy of the system. 

If the pressure is constant, (1) becomes: 

.(3) 
Therefore from (2), § 16: 

AE=q,^P{Vz-V\).(4) 

where q^ is the heat absorbed in the change at constant pressure; 

q^,^AE+P{V2-Vx)=AE+PAV 

^Ez^Ex+P{V2-Vx) 

^{Ez+PVz)-{Ex+PVx). 

Let H=E+PV.(5) 

Then if P is constant : 

q^^{E2+PV2)-{Ex+PVi)=^Il2-J-Ix^AH .... (6) 

since E and V depend only on the actual state of the system, and hence AH 
can be equated to the difference of the values of H in the two states. 

The function H sometimes symbolised by W, /, or (by Gibbs) is now 
usually called the heat content. Kamerlingh Onnes ^ called it enthalpy (from 
SclXttos, heat). It is sometimes called ^ the heat function for constant pressure. 

Equation (6) shows that the heat absorbed by a system in changes at constant 
pressure is equal to the increase in the heat content of the system. Hence at 
constant pressure the change of H depends only on the initial and final states of 
the system. This is not true when the pressure varies, since w is no longer 
given by (3) but by (1), which depends on the path of change. 

From (6): 
(d(7/d0)^=cv=(d///dff)^.(7) 

so that the specific heat at constant pressure is equal to the rate of increase of heat 
content with temperature at constant pressure. 

The energy and heat content, like the mass and volume, are proportional to 
the quantity of the system and are called extensive properties, whilst the pressure 
and temperature are independent of quantity and are called intensive properties. 

J Dalton, Prac. K. Akad. Wetens. Amsterdam, 1909, 11, 863; Porter, Trans. Faraday Soc., 
1922,18,139; Tunell, J. Phys. Chem., 1932, 36, 1744, called it enkaumy, from burning 
(heat). 

2 Mollier, Z. Verein D. Ingenieure, 1904,48,271 (for “ equal pressures *’). 
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If the system is composed of Wj and ui mols of ideal gases before and after a 
chemical change, then, if the pressure and temperature remain unchanged; 

and PV2^rt2RT, 

PAV==P(V2-V^)==^(n2-fu)RT==:AnRT 

/. AH=AE+Ar?RT or qp^qr+AnRT .... (8) 

§ 18. Hess’s Law 

The importance of the energy changes accompanying chemical reactions, 
although dimly perceived by the phlogistonists, was first clearly recognised by 
Lavoisier, who, in an investigation carried out jointly with Laplace,^ stated as a 
self-evident truth that as much heat is required to decompose a compound as is 
liberated when the compound is produced from its elements. This is a special 
case of the First Law of Thermodynamics if the heat changes are those occurring 
at constant volume, when they are equal to the changes in the energy of the 
system, or at constant pressure, when they are equal to the changes of heat 
content. 

In thermochemical calculations much use is made of a law discovered experi¬ 
mentally by Hess 2 in 1840, before Joule’s experiments on the mechanical 
equivalent of heat: 

If a chemical reaction occurs in stages y the algebraic sum of the amounts of heat 
evolved is equal to the total evolution of heat when the reaction occurs directly. 

Equations (2) and (6), § 17, show that Hess’s Law is strictly true ^ only when 
either (i) the volume or (ii) the pressure is constant, in which cases the heats of 
reaction evolved are —AE and --AH, In reactions between liquids and solids 
the volume change J K is very small and the external work PA F, where P is the 
atmospheric pressure, is negligible compared with AE, In such cases it is rarely 
necessary to specify whether the reaction has occurred at constant volume or 
pressme, or what the pressure was during the reaction. In modern work, heats 
of reaction are taken positive when absorbed, and are thus represented hy AE 
and AHy the standard pressure for AH being I atm. The symbols /, g as 
affixes denote the solid, liquid, and gaseous states, and the absolute^temperature 
as a suffix to AE or AH denotes the common temperature of the initial and final 
states, e.g.: 

CH30H{/)+li02(g)=C02(g)+2H20(/); J//298=-l73,630 g.cal., or 

^£298= ■“173,330 g.cal. 

§ 19. Energy and Heat Content of a System 

If the energy of a mass m of a homogeneous substance at some standard 
temperature Tq (e.g. at 298-1° K.) is £®, its energy at any other temperature T 
and the same volume is: 

1 Mem. Acad. ScL, 1780 [1784], 355 (359); Lavoisier, “Oeuvres,” 1862, 2, 283 (287); 
Ostwald’s Klassiker, 1892, No. 40. 

2 Ann. Phys., 1840, 50, 385; Ostwald’s Klassiker, 1890, No. 9; Ostwald, “Lchrbuchder 
allgemeincn Chemie,” 1910,2,54; Andrews, in 1840, mentioned Hess’s “valuable memoir”; in 
1849 he said Hess’s law is “almost self-evident and scarcely required so elaborate a proof”; 
Andrews, “ Scientific Papers,” 1889,89,107, 205. 

3 Duhem, “ M6canique Qiimique,” 1897, 1, 50. 
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From (2), § 17, and (2), § 1: 

6E=hq,.=nu\6T .... (2) 

£•=£:«+ fwtvdZ’.(3) 
Jto 

Similarly if //” is the heat content at a temperature To and given pressure, the 
heat content at a temperature T and the same pressure is: 

From (7),§ 17: 

For 1 mol, m=M, 

= //“+ f dW 
J 7o 

dH=hqi,=mCp6T 

J / o 
mCpdT 

mCr=C,. and mCp=Cp 

£•=£•0+ fV.dr 
J T» 

//=//“+ c’dr 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

and for ?t mols the values are ;/£ and nH, It should be noted that the specific 
and molecular heats in (2)~(9) are true specific and molecular heats (see § 1 (1)). 
They may, of course, be replaced by the mean specific and molecular heats by 
such relations as: 

f Cdr=(r-ro)Cp 
J To 

where Q is the mean molecular heat in the interval of temperature T—Tq- 

§ 20. Kirchhoff's Equation 

One of the commonest problems in thermochemistry is to calculate a heat of 
reaction at any given temperature T, when its value at some standard tempera¬ 
ture To given. In tables of thermochemical constants, the values of AE or 
Jif generally refer to room temperature, IS"" C. or 25"" C. 

Such problems are solved by an equation deduced by Person ^ and with 
greater generality by Kirchhoff.^ The underlying principle is very simple. 
Consider first the process which may denote a chemical reaction 
or a physical change, in which three substances are involved. Let the energies 
per mol of A, B, and C, at a standard temperature Tq (abs.) be Eq^, and 
£c®; then the heat of reaction (absorbed) at constant volume at Tq is: 

J£0=c£c''-(a£V+/^£B"). 

This will be found in tables, or can be calculated from these by Hess’s law. 

1 Ann. Chim., 1847, 21, 295; 1849, 27, 250; 1851, 33, 437, 448; cf. Richards and Gucker, 
J.A,C.S., 1929, 51, 712. 

2 Ann. Phys., 1858, 103, 177; “ Ges, Abhl.,” 1882, 454; Ostwald’s Klassiker, 1898, 101; 
cf. Berthelot, Ann, Chim., 1865,6,290; “ Mdcanique Chimique,” 1879,1,102; Muir and Wilson, 
“The Elements of Thermal Chemistry,** 1885, 49; Ostwald, “ Lehrbuch der allgemeinen 
Chemie.** 1910,1, 1010; 2, 79. 
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Let the corresponding energies at the absolute temperature T be and 
Eq\ then the heat of reaction at constant volume at T will be: 

AE=^cEc—{aE^-\-hEYi), 

and AE is to be calculated from AE^, 
Let Ca, Cb, and C,,c be the true molecular heats at constant volume of 

A, B, and C, which are supposed to be known as functions of temperature in 
the range to 7, e.g. as expressed in power series (§ 1): a+bT+cT'^+ . . ., or 
given by theoretical equations, or tabulated at various temperatures in the range, 
when the integrals must be evaluated graphically. Then the energy per mol at 
the temperature Tis: 

Et^Ej^+ rCdr=E0+ fcdr, /. fcAdT, 
To J Tq J f 'o 

rr rr 

bEji=bEi^^+h\ C,.yidE c£V=f£'c^’+^- CcclT, 
J To J To 

/lE=cEc^-(aE^o+bE,,o) + c f Vvcdr- L f'c,^dr+b f'c,j,dr 
Jt„ L Jto Jto 

=J£0+ [ [rr„c-(aC„A+feC„B)]dr . (1) 

where is the total heat capacity at constant volume of iht final system, and 
is the total heat capacity at constant volume of the initial system. 

If the algebraic sum of the heat capacities is denoted by JC,,, taking those of the 
products as positive, and those of the initial substances as negative: 

^ C, = cCrc—ip ^ C ^,b) 
*T 

AE==AE^+ Vacat 
jTo 

In exactly the same way, for a reaction at constant pressure, the equation: 

AH^Am+ [ jc.dr 
J To 

(2) 

(3) 

is found. 
Evidently, (2) and (3) will hold for any reaction: 

aA+bB+, , . ^cC+dD+ , . . 

provided AC,, and ACj, include all the reacting substances, according to the rule 
stated: 

AC„=^(cC^.c+dC„D+ , . .)—((7Ca+^Cb+ • • •) 

^E!j,=(cCjpQ+dC^j^+ . . • * •) 

It is also possible to use mean molecular heats, since from (5), § 1: 

C,Ad7=(7-7o)C.A. etc. 
JTo 

AE=AE^+(J-TQ)dCo . 

AH==AH^+{T-To)ACp. 

It is also possible to put Tq—0 (the absolute zero), when 

^£=^£0+1^ 
T 

A CAT 

AH=AHq+ ACpdT 
/’ Jo 

(4) 

(5) 

(6) 

(7) 
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where AEq and J/fo ^re the heats of reaction at absolute zero. These are found 
from AE^ and (the values at T=To) by putting T—0 in (2) and (3), and will 
usually be fictitious values, since the known dependence of specific heats on 
temperature over the range T—Tq may not hold below Tq, this does not lead to 
any error, provided that (6) and (7) are used for values of T in this range only, 
to which AEq and AHq apply. Differentiating (6) and (7) with respect to T 
(when ’AEq and AHq are constants) gives: 

{dAEIAT\^(dqJdT)=AC„.(8) 

(dJ///dr),-(d^,/dr)=Jc,.(9) 

by the integration of which (6) and (7) are recovered, AEq and AHq, or AE^ 
and AH^^ being the constants of integration. 

Particular care must be used in transforming specific heats given as power 
series involving Centigrade temperatures and those involving absolute tempera¬ 
tures to see that all terms are collected. Thus, a term Z?(/+273)2=/?r2, will 
give hfi+2x273bt+h(213y, i.c. it will contribute a term to the constant term, 
and one to the term involving /, in the series. 

In thermochemical notation, the gaseous, liquid, and solid states may be 
denoted by (g), (/), and (5') placed after the symbols; an older notation used 
square brackets round the symbol for solids, e.g. [Cu], round brackets for 
gases, e.g. (O2), and no brackets for liquids, e.g. H2O; in another system, 
ordinary roman symbols were used for liquids, heavy type for solids, e.g. 
NaCI, and italic for gases, e.g. C^. 

As an example, consider the heat of formation of steam at constant volume: 

H2(g)+-i02(g)=H,0(g); AE2oo= -57,290 g.cal. 

For the initial system: 

C,.(H2)=4-650+0-75x10-37’; C,(02)=4-850+0-75 X 10 

,Z'C„=7'075+M25xl0-3r. 

For the final system: 

C,.(H2O)=5-750+1-566x ]0-3r-0 1878x 10-57’2+0 1824x lO-sr^ 
-0-1308 xio-i5r5=;i:c’„ 

.-. AC„=fEC,-iEC,.= -1 -325+0-441 X 10-3r-0-1878 X 10-5r2 
+0-1824 X 10-8r3_o.i308 x 10-' 

From (6); 

AE2'^AEq~\' I ACjAE< 
Jo 

Substitute J£'2=id£'29o= —57,290 and integrate from 0 to 290; then it is 
found that AE(,= —56,911 g.cal. 

.-. zJ£i.= -56,911-l-325r+0-2205x 10-3r2_o.626x lO-^T^ 
+0-456X 10-5r4_o.218x 10-i«>7^ 

§ 21. Difference of Specific Heats 

Let unit mass of a ffuid with the characteristic equation 

p=f(v, d).(1) 
absorb a small amount of heat S^, and let a small amount of work SH'=pdi; be 
done by expansion. From (2), § 16: 

8^=d£'+8M'=djE'+pdu (2) 
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The energy is a function of the state, and hence is a perfect differential: 

dE=^{AEIde\de+{iiEldv)edv.(3) 

from which, by substitution in (2): 

hq^{dElde)4e+[(dEldv\+p]dv.(4) 

For a change at constant volume, dz;=0 

hq,^{dElde)40 (d£'/d0X=(d^/d^),,=r, . . . (5) 
from (3), § 1. 

For a change at constant temperature, d^=0: 

/. hq^^[{dEldv);+p]dv /. {dEldv\+p^{dqldv)e^h • • (6) 

Equation (6) is important, since it is a very common error to suppose that when 
the volume of a system changes at constant temperature by Sv, leading to the 
performance of work phv, this work is equal to the heat absorbed Sq, The 
equation shows that this is true only when the energy of the system docs not 
change, whereas it usually does. In (6), is the latent heat of expansion^ 
defined in § 3. 

By substituting from (5) and (6) in (4), equation (2a), § 3 is found: 

S<7=r,.d0+4dt; .(7) 
and by dividing by d0: 

dqld6—c,,+lfdvldd).(8) 

Although hq is not a perfect differential (§ 27.1), {dqjdB)^ and (dqjdv)^ have 
definite values, since the state depends only on v and d, and when either of these 
is kept constant the path of change is fixed, and hence (d0),, and (dt;)^ are definite 
changes. 

In (8), {dqjdS) is indefinite, since {dvjdO) may have any number of values 
according to the conditions obtaining when 6 is changed. If the pressure is 
constant, these two differential coefficients become definite and: 

{dqlde)^^c,^+lfdvldd\.(9) 

But (d^/d^)^=c^^, the specific heat at constant pressure, hence from (6) 
and (9): 

Cp^c,.+l,(dvlde)p^c^+[{dEldv)e+p]{dvlde)p . . . (10) 

which 1 gives the difference of specific heats Cp—c,., 
In the case of an ideal gas ^ (d£ydz;)g=0 (§ 8) and pv^RT^^r mol 

Cp^C,+p{dvldT)p^C,+R.(11) 
The term p{dvjdT)p is the external work of expansion per T rise in tempera¬ 

ture. Equation (6) shows that for an ideal gas 

h^P.(12) 

J. R. Mayer ^ made the first calculation of the mechanical equivalent of heat 
by using (11), the term p{dvldT)p, the external work of expansion against the 
atmospheric pressure, being expressed in mechanical (work) units, and c,; 
(in g. cal. per g.) in thermal units, in the case of air. With modern values, 
Cp=0*2389, c„=0*1702 (calculated from Cp by using the experimental value of 

1*4034) g.cal., therefore c,;=0*0687 g.cal. One g. of air at 0° 
expands by 2*83 cm.^ on heating to TC, and 1 atm. pressure=1033 g./cm.2, 
therefore work done in expansion=1033x2*83=2923*4 g.cm., therefore 
/=2923*4/0*0686=42,615 g.cm. per g.cal. The value found directly is 42,670. 
Mayer, with less accurate data, calculated 36,500. 

1 Clausius, Ann, Phys,, 1856, 98, 173. ^ Ibid,, 1850, 79, 368. 3 Ann., 1842, 42, 233. 
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Equation (10) has only a very limited application, since 4 is not usually known, 
but the Second Law of Thermodynamics (§ 47) transforms it into an equation 
of wide applicability. 

The Second Law of Thermodynamics 

§ 22. History of the Second Law of Thermodynamics 

Whereas the First Law of Thermodynamics seems easy to understand, since 
the idea of energy is familiar even in elementary teaching, this is not the case 
with the Second Law. Most students of chemistry find difficulty in appreciating 
its meaning and content. 

The underlying principle of the Second Law of Thermodynamics was dis¬ 
covered by Sadi Carnot ^ in 1824 in a theoretical consideration of the method of 
obtaining work (“ motive power ”) from heat by heat engines, such as the steam 
engine. In comparing the efficiencies of heat engines, i.e. the work they can 
produce from a given quantity of heat, he was led to consider an ideal engine 
which converts the maximum fraction of the heat supplied into work, and this 
is the reversible engine described in § 8. He proved that such a reversible engine 
is the most efficient one, and that all reversible engines, working between the 
same two temperatures of hot body and cold body, are equally efficient. At 
that time Carnot (with all professional physicists and most chemists) regarded 
heat as an imponderable fluid, caloric, which cannot be created or destroyed, 
and can “ flow ” from a hotter body to a cooler one, and he supposed that the 
work done was derived from a quantity of caloric falling ” from a high to a 
low temperature, the work being proportional to the difference of temperatures, 
just as the work done by a quantity of falling water is proportional to the ditfer- 
ence in level. This superficial analogy is, of course, incorrect, since some of the 
heat is converted into work, and if heat “ falls ” reversibly from one temperature 
to a lower one, it is the entropy (§ 33) transferred which, when multiplied by the 
difference of temperature, gives the work done, so that entropy has been identi¬ 
fiable with Carnot’s caloric.^ This purely formal analogy is of little significance 
or importance.^ 

The Second Law of Thermodynamics was first satisfactorily stated by 
Clausius in a paper read on 18 February, 1850, to the Berlin Academy of Science, 
and published in March and April of that year.^ William Thomson (Lord 

1 “ Reflexions sur la Puissance Motrice du Feu ct sur les Machines propres k developper 
cette Puissance,” Paris, 1824; collation on Cambridge University Library copy (Syn. 6. 82. 240: 
i r title, i v Imprimerie de Guiraudet, Rue Saint Honore 315; ii r title page, ii v blank; pp. 
118, plate; facsimile reprint, 1903 (1912, 1924); reprint in Ann. de TJScole Norm., 1872, 1, 393, 
and in book form, with additions of unpublished notes by Carnot, Paris, 1878; transl. by 
Thurston, “ Reflections on the Motive Power of Heat,” London, 1890; Ostwald’s Klassiker, 
1892,37; Harper’s “ Scientific Memoirs,” New York, 1899,6. The book of 1824 was extremely 
scarce even as early as about 1845, and Carnot’s ideas were mostly known only from Clapeyron’s 
memoir of 1834 (§ 41). ” Sadi Carnot. Biographic et Manuscrit publiees sur le haut patronage 
de rAcademic des Sciences avec une Introduction de M. £mile Picard,” Paris, 1927, with two 
portraits of Carnot, the usual one (aged 17) and one later in life. 

2 See §34; Callendar, Phil Mag., 1913, 26, 787; Larmor, Proc. Roy. Soc., 1918, 94, 326; 
“ Math, and Phys. Papers,” Cambridge, 1929, 2, 590. 

^ See § 23. 
^ Ueber die bewegende Kraft der WSrme and die Gesetze welche sich daraus fur die Warme- 

lehre selbst ableiten lassen, Ann, Phys., 1850, 79, 368, 500; Jahresb., 1850, 37; Ann. Chim., 
1852,35,482; PA/7. Afag., 1851,2,1,102; ”Die mechanische Warmetheorie,” Brunswick, 1876, 
72, 355; “The Mechanical Theory of Heat,” transl. Browne, 1879, 69; Harper’s “ Scientific 
Memoirs,” New York, 1899, 6. 
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Kelvin),1 who says he had independently arrived at his statement of Carnot’s 
principle in terms of the efficiency of a reversible engine at the commencement of 
1851, without knowledge of Clausius’s paper of 1850, states unequivocally that 
“ the merit of first establishing the proposition upon correct principles is entirely 
due to Clausius,” and as Clausius and Thomson are the only possible claimants 
for the honour of founding the science of thermodynamics, the question of 
priority may be regarded as closed. The “ conciliation ” of Carnot’s and 
Mayer’s principles, which was discovered by Clausius and Thomson, was also 
discussed (apparently independently) by Hirn.^ 

§ 23. Energetics 

Since work^forcex distance, it seems possible that other forms of energy 
might be represented as the product of two factors. Rankine interpreted 
Carnot’s cycle as involving the “ fall of heat ” down a temperature difference; 
he later introduced the name “ science of energetics ” as meaning a generalised 
thermodynamics, and supposed that “ every kind of energy may be made the 
means of performing any kind of work,” so that it may be represented as a 
product of two factors, x a “ passive accident ” and X an ‘‘ effort ” or “ active 
accident.” J. Thomson ^ had similar ideas. Gibbs ^ represented small changes 
of various forms of energy by expressions of the general form Xdx, where X 
may be called a generalisedforce and x a generalised coordinate, but these names 
are not used by Gibbs. Maxwell,in discussing the work of Gibbs (which he 
was practically the first to notice), remarked that the existence of a system de¬ 
pends on the quantities or magnitudes of the system, which are the quantities of 
the components, the volumes, and the entropies, as well as on the intensities of 
the system, viz. the temperature and the chemical potentials of the components. 
He says ® the variables defining the state of a system may be separated into two 
sets, one of which includes intensities (pressure, temperature, etc.) and the other 
magnitudes (volume, entropy, etc.). The first are sometimes called the intensive 
properties, and the second the extensive properties, of a system. The intensive 
properties are independent of the quantity (e.g. mass) of the system, whilst the 
extensive properties of a homogeneous system in a given state are proportional 
to its quantity. Trevor ^ said that “ work ” terms are of the iovm forced space 
change and other energy terms of the form potential x quantity change, so that he 
distinguished between “ work ” and “ work equivalent.” 

1 Trans, Roy, Soc. Edin,, 1853, 20, 261 (read 1851); Phil, Mag., 1852, 4, 8, 105, 168; Ann. 
Chim,, 1852,36, \\%\Jahresb., 1851, 32; “ Math. andPhys. Papers,” 1882,1,174; see Larmor, 
Proc. Roy, Soc., 1908, 81, Appendix, iii; ibid., 1918, 94, 326; “Math, and Phys. Papers,” 
Cambridge, 1929, 2, 281, 590; Clausius, “Die mcchanische Warmetheorie,” 1879, 2, 321 f.; 
Harper’s “ Scientific Memoirs,” New York, 1899, 6. 

2 “ Recherches sur I’fiquivalent Monique de la Chaleur,” Colmar, 1858, 200. Hirn’s 
work has generally received little attention. 

3 Phil. Mag., 1853, 5, 106; “ Misc. Sci. Papers,” 1881, 203. 
4 Proc. Phil. Soc. Glasgow, 1855, 3, 381; Edin. N. Phil. /., 1855, 2,120; “ Misc. Sci. Papers,” 

1881,209. 
5 Proc. Roy. Soc., 1861, 11, 473; cf. Mach, “Geschichte und Wurzel des Satzes von dcr 

Erhaltung der Arbeit,” Prague, 1872, 54; q. by Ostwald, “ Lehrbuch der allgemeincn Chemie,” 
1910,2,45. 

Trans. Connect. Acad., 1875-8, 3, 108, 343; “ Scientific Papers,” 1906,1, 55. 
7 “ Conferences, Special Loan Collection of Scientific Apparatus ” [South Kensington 

Museum], 1876,145;^^^. Cambr.Phil.Soc.,Phil.Mag., 1908,16,818; “ Scientific 
Papers,” 1890,2,498; Larmor, “ Math, and Phys. Papers,” Cambridge, 1929,2, 705. 

8 “ Theory of Heat,” 1875, 194. 
9 J. Phys. Chern,, 1899, 3, 339. 
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The use of intensity and capacity factors of energy was extended by Popper,i 
Le Chatelier,2 Helm,^ and Ostwald/ Such factors are usually given as 
follows, and the idea has often been used: ^ 

Intensity factors Capacity factors 
force distance 
velocity momentum 
pressure volume 
temperature entropy 
electromotive force quantity of electricity 
surface tension surface 
chemical potential quantity of substance 

In some cases, e.g. with radiation,^ this scheme is less obvious. Clausius 
had emphasised ^ that the Second Law is quite different in nature from the 
First Law, and the whole basis of “ Energetics ” was criticised by Boltzmann * 
and by Planck.^ Its revival seems to serve no useful purpose, and no use will 
be made of it here. 

§ 24. Perpetual Motion of the Second Kind 

The First Law of Thermodynamics is equivalent to the negation of a perpetual 
motion of the first kind, in which work or energy would be derived from nothing, 
and in particular work could appear without heat disappearing, and vice versa. 
The Second Law of Thermodynamics corresponds with the negation of a 
perpetual motion of the second kind,^"^ in which work (or any form of energy 
which is directly and completely convertible into work, such as electrical energy) 

J “Die physikalische Grundstitze der elektr. Kraftiibertragung,'’ Vienna, 1884, 9 f; q. by 
Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910, 2, 45. 

2 Compt. Rend., 1887,104, 356; dePhys., 1894,3,289, l51\Z.phys. Chern., 1895,15, 700. 
3 “ Die Lehre von der Energic,” Leipzig, 1897, 59; “ Die Energetik nach ihrer geschicht- 

lichen Entwickelung,” Leipzig, 1898, 253, 299; “ Grundziige der mathematischen Chemie,” 
Leipzig, 1894, 24; transl. Morgan, “ Principles of Mathematical Chemistry,” New York, 
1897, 43; Ann. Phys., 1896, 57, 647; Verhl. d. D. Phys. Ges., 1907, 9, 442; Phys. Z., 1907, 8, 
836. 

4 Z.phys. Chem., 1892, 9, 563; 1892, 10, 363; 1894, 15, 399 (the “ chemometer1895, 
18, 305; Ann. Phys., 1897, 58, 154; “ Lehrbuch der allgemeinen Chemie,” 1910, 2, 44; ** Out¬ 
lines of General Chemistry,” 1912, 243; Ostwald, “ Lebenslinien,” 1927, 2, 176, afterwards 
admitted that the treatment of ” heat factors ” was erroneous, and had led to later mistakes; 
Donnan, J.C.S., 1933, 346, says Ostwald in his lectures tried to deduce the Second Law from 
the First. 

5 Glennie, Phil. Mag., 1861, 21, 24, 274, 350 (on “ energetics ”); Nichols, ibid., 1876,1, 22, 
369; Meyerhoffer, Z. phvs. Ghent., 1891, 7, 544; Peddie, Proc. Roy. Soc. Edin., 1892, 19, 253; 
Z.phys. Chem., 1894, 13, 128; Volkmann, Ann. Phys., 1897, 61, 196; Wiedeburg, ibid., 1891, 
61, 705; Gruncr,Z.phys. Chem., 1897,23, 636; Hastelct, Rev. Gen. Sci., 1907,18,483. 

6 Joff6, Ann. Phys., 1911, 36, 534 (capacity factor unknown). 
7 Quoted by Szily, Phil. Mag., 1876, 1, 1. 
8 Ann. Phys., 1896, 57, 39, 773; 1896, 58, 595; 1897, 60, 231, 392; 1897, 61, 790; “ Wiss. 

Abhl.,” 1909, 3, 558, 567, 579, 638; “ PopulSre Schriften,” Leipzig, 1905, 25, 113, 137; 
Lorentz,/. de Phys., 1905, 4, 533. 

9 Ann. Phys., 1896,57,72; “ Acht Vorlesungen iiber theoretische Physik,” Leipzig, 1910,11. 
10 Garver, J. Phys. Chem., 1911,15,20, 613; Michaud, “ Energetique Generale,” Paris, 1921; 

J. Chim. Phys., 1942, 39, 11; Hazlehurst, J. Phys. Chem., 1939, 43, 759; Bronsted, “ Physical 
Chemistry,” 1937; J. Phys. C/iew., 1940,44,699; Kgl. Danske Vidensk. Selskab., Mat.fys., 1939, 
16, No. 10; 1941, 19, No. 8; and criticism. Anon., Nature, 1939, 142, 273; MacDougall, 
J. Phys. Chem., 1940,44,713; Rosenberg, Fysik. Tidsskr., 1943,41,1. See also Damianovich, 
An. Soc. dent, Argentina, 1917, 84, 105; 1928, 105, 225; Denina, Gazz.y 1925, 55, 638; 1927, 
57, 3,415. 

tt This name is due to Balfour Stewart, “ An Elementary Treatise on Heat,” Oxford, 1888, 
380; and Ostwald, Z. phys. Chem., 1892,10, 362; “ Lehrbuch der allgemeinen Chemie,” 1910, 
2,474. 
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is derivable from heat taken from a body at a uniform temperature without any 
other permanent change or changes occurring anywhere else during the process. 

This seems sufficiently obvious. A steamship might be supposed to draw on 
the immense store of heat in the ocean, convert it into work, and return it again 
as heat by the friction of the propeller and of the ship itself. Such a method of 
propelling a ship, which does not contradict the First Law, involves a perpetual 
motion of the second kind and is obviously impossible. Ostwald ^ suggested 
that the negation of a perpetual motion of the second kind is a special case of a 
more general principle, that “ what is in equilibrium in one way is in equilibrium 
in all ways, and what is not in equilibrium in one way is not in equilibrium in 
any way.” 

it might be supposed, on the basis of the impossibility of a perpetual motion 
of the second kind, that heat taken from a body of uniform temperature cannot 

be converted into work, but this conclusion is 
false.- Suppose that a quantity of a gas, e.g. 
air, is contained in a thermally conducting 
cylinder A (Fig. 11.11) closed by a frictionless 
piston a maintained in equilibrium by suitable 
weights placed upon it, and let A be immersed 
in a large bath of water B. Now allow the gas 
to expand reversibly by removing successively 
very small weights from the piston, which rises 
to b. The expanding gas does work w. The 
energy E of the ideal gas is unchanged (this is 

Fig. 11.11. Isothermal Expansion very nearly the case with air), and the whole of 
of a Gas the energy w must be derived from an equal 

quantity of heat, q, absorbed isothermally by 
the gas from the water bath. Hence work w has been done at the expense of 
heat q taken from a body at a uniform temperature. 

This is not a perpetual motion of the second kind, since there is a permanent 
change in the gas: it now occupies a larger volume. To restore the original 
volume, the work w must be spent on compressing the gas and the equal amount 
of heat q is given out by the gas to the water bath. On the whole, therefore, no 
work is done and no heat is taken from the water bath, when the gas is first 
expanded reversibly, and then compressed reversibly so as to recover its initial 
state, and no changes are left in other bodies. 

This seems obvious, but now consider the following case. The cylinder is 
closed by a thin glass diaphragm at a, and at b is another strong diaphragm, the 
space ab being vacuous. If the diaphragm a is broken (say by rolling against it 
a marble in the space ab), the gas expands by rushing into ab without doing 
external work, and Joule’s experiment (§ 23.V1I C) showed that its temperature 
remained the same as before expansion, hence no heat is taken from the water 
bath. To recover the original state of the gas, i.e. occupying the initial volume, 
the work w must be spent in compressing the gas isothermally and the equal 
amount of heat q passes into the water bath. This result is quite different from 
the first, in which the work w was first obtained and then spent, and the heat q 
was first absorbed and then emitted. Here a permanent change has occurred, 
not in the gas, which is restored to its initial state, but in the water bath, which 

1 Z. phys, Chem., 1894,15, 399; “ Principles of Inorganic Chemistry,” 1904, 135; in ” Out¬ 
lines of General Chemistry,” 1912,34, he says this is due to Lord Kelvin, but gives no reference; 
cf. Bridgman, ” The Nature of Thermodynamics,” Cambridge (U.S.A.), 1941, 116 f. 

2 Clausius, PhiL Mag,, 1868, 35, 405. 
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has gained an amount of heat q. At the same time a weight, the descent of 
which furnished the work of compression, is left at a lower level and has so lost 
an amount of potential energy, which could have been obtained in the form of 
work but is now converted into an equivalent amount of heat given to a body 
of constant temperature. In order to make the whole change completely 
reversible, i.e. to leave everything^ gas and surroundings, in exactly the same 
state as at the start, this heat would have to be taken from the water bath and 
converted into potential energy by raising the weight to its original height. 
This process, however, would be a perpetual motion of the second kind. The 
essential difference between the two cases is that, in the first case the volume 
changes of the gas are reversible (in the thermodynamic sense), whilst in the 
second case they are irreversible, and the importance of reversibility in connec¬ 
tion with a perpetual motion of the second kind, and hence with the Second 
Law, thus becomes obvious. 

§ 25. Equilibrium and Thermodynamic Reversibility 
The following are stated by way of definitions: (i) An equilibrium state is one 

which is independent of time. In practice systems are encountered which are 
only apparently in equilibrium, e.g. a mixture of hydrogen and oxygen gases at 
room temperature in the absence of a catalyst, when liquid water would be the 
stable system. Such systems are in states of “ false ” equilibrium. In all 
cases only “ true ” equilibrium states are contemplated, and are more formally 
defined in (4) below. 

(ii) A reversible process is a continuous sequence of equilibrium states. The 
following consequences are immediately deducible. 

(1) Any equation specifying a reversible change is a condition of equilibriujii 
of a system. 

(2) Any change which occurs spontaneously is an irreversible change, and 
reversible changes are only ideal limiting cases of real changes. 

(3) A system a in an equilibrium state a can pass into another system a' in 
a state a' only by the action of external influences, X, If the system o' in the 
second state a' is also an equilibrium state, the change from u to cr' is in the 
limit a reversible change, and this is the case only when all states intermediate 
between a and a' are also equilibrium states. 

(4) In a true equilibrium state, the smallest change of any external condition 
which influences the state will produce a small change of state in one direction 
or the opposite (±8a) according to the sense of the change of the influence 
(±S^. 

(5) All irreversible changes proceed in one sense only, since if the change could 
proceed spontaneously equally well in the reverse sense, the change would be 
reversible. Hence irreversible changes correspond with the passage of a system 
in a given state to a system in a state of greater probability, or if and W2 

are the probabilities of the initial and final states, then W2>Wi for all irrever¬ 
sible changes. In reversible changes W2=^Wi, the case W2<.W'i being 
excluded by reason of the reversibility, since for the reverse change Wi>Wu 
corresponding with an irreversible change. For this reason, the properties of 
irreversible changes and the Second Law of Thermodynamics have a statistical 
validity only (see Section IV). 

(6) Certain functions of state of a system must change in the same sense in an 
irreversible change, i.e. functions of one class (A) always decrease, and functions 
of another class (B) always increase. A function of class B must be at the same 
time a function of the probability of the system. It will be shown later than the 

A.T.P.C.—6 
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free energy F is a function of class A, and the entropy S a function of class B, 
such that 5= A: In fV, where A is a universal constant.^ 

§ 26. Free Energy 
The reversible or irreversible expansion of a gas at constant temperature can 

be considered from another point of view. It has been seen that when the 
expansion is carried out reversibly the maximum amount of work can be obtained. 
It seems simple to postulate that this maximum work 2 of an isothermal change 
is equal to the diminution of the free energy F, of the system: 

Wj~—AF.(1) 
where dFis the increase of free energy in the given change. 

For an ideal gas (1 mol), from § 6: 

Hv=J?rin(K2/Fi)=~JF. 

The apparent simplicity of the idea of free energy is belied by a consideration 
of the two cases of expansion of a gas considered in § 21. In the hrst, reversible, 
expansion, the free energy of the gas decreases by /?rin (F2/F]), but in actual 
fact the energy of the gas remains constant, so that the whole of the diminution 
of free energy of the gas has come from the energy of the water bath, drawn 
upon to provide the work of expansion."^ In the second, irreversible, expansion, 
the energy of the gas and that of the water bath are both unchanged and no work 
is done, yet the free energy of the gas still diminishes by ifFln (K2/F1), since 
the gas by its irreversible expansion has lost the capacity it had, in its unexpanded 
state, of making use of the energy of the water bath by doing this amount of 
work when expanded reversibly from the initial volume Vi to the final volume K2. 

1 On the concepts underlying this section, see Duhem, J, Math. (Liouville), 1892, 8, 269; 
1893, 9, 293; 1894, 10, 207; “ Traite £lementaire de la M6canique Chimique fondee sur la 
Thermodynamique,” Paris, 1897, 1, 32, 56 f.; Poincare, “ Thermodynamique,” in “ Cours de 
Phys. Math.,” Paris, 1892, 3; Wald, Z. phys. Chetn., 1887, 1, 408; Wesendonck, Arm. Phys., 
1899, 69, 809; Guye, J, Chim. Phys., 1917, 15, 215; Berthoud, ibid., 1919, 17, 589; Kimball, 
J. Phys. Chern., 1931, 35, 611; Partington, ” Chemical Thermodynamics,” 3rd edit., 1940, 25; 
Wilson, Phil. Mag., 1942, 33, 831; Scatchard, Science, 1942, 95, 27. 

2 The name ” maximum work ” for the work obtained in a reversible change is due to 
Clausius, Ann. Phys., 1850, 79, 500. It was more particularly used for an isothermal change 
by Nernst, ” Theoretical Chemistry,” 1904, 17 (where it is denoted by A). 

3 The name “free energy ” is due to H. von Helmholtz, Berlin Ber., 1882, I, 22; “ Vor- 
lesungen iiber thoretische Physik, Theorie der Warme,” 1903, 109 f.; Ostwald’s Klassiker, 
1902, 124, 18; R. von Helmlioltz, Ann. Phys., 1887, 30, 401; Z. phys. Chem., 1887, 1, 203. 
Other names are “puissance motrice ” (Carnot, 1824; Le Chatclier, J. de Phys., 1894, 3, 
289), “action maximum” (Clapeyron, 1834), “force” (Kraft) (Mayer, 1842; Helmholtz, 
1847; Saint-Robert, “ Principes de Thermodynamique,” Turin, 1865), “ motivity ” (W. Thom 
son, Phil. Mag., 1879, 7, 348; “ Math, and Phys. Papers,” 1882,1,456; 1911, 5, 6), “ power of 
working ” or “ work-producing power ” (Tait, “ Sketch of Thermodynamics,” Edinburgh, 
1877, 62), “ available energy ” (Maxwell, 1871), and “ work function ” (Fowler, “ Statistical 
Mechanics,” Cambridge, 1929, 96, 570). The name “ free energy ” is, unfortunately, used for 
a different function (F+FF) by G. N. Lewis, J.A.C.S., 1913, 35, 1, and Lewis and Randall, 
“ Thermodynamics,” New York, 1923, 158, and other authors, e.g. Butler, “ Chemical 
Thermodynamics,” 1946, 259; see § 44. This function, G=F—r5'+FF (5=entropy), is 
called the “ available energy ” in the present book. The name “ free energy ” for it does not 
seem correct, since if F=F—TS is the free energy, G-=^E—TS-\-PV=>={EA-PV)—TS=^H—TS, 
should be called the “ free heat content ” or “ free enthalpy.” See the interesting discussion 
by Larmor,F/w7. Trans., 1897,190, 205; “ Math, and Phys. Papers,” Cambridge, 1929, 2, 82 f. 

4 It may, of course, 1^ said that the work comes initially from the energy of the gas, the loss 
of which is continually and exactly replenished by energy drawn in from the water bath by 
absorption of heat, but no obvious purpose is served by this complication in the thermo¬ 
dynamic argument. In the kinetic description, the energy of the gas necessarily intervenes. 
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§ 27. Dissipation of Energy 

The idea of free energy is closely related to a general principle of dissipation 
of energy introduced by Lord Kelvin ^ (1852). In this, potential energy, 
electrical energy, and, in general, all forms of free energy, are regarded as useful 
forms of energy, available for direct conversion into work; heat in a body of 
uniform temperature is completely unavailable energy, since it cannot be con¬ 
verted into work unless some other changes, which render energy unavailable, 
occur as well. All irreversible changes tend to produce unavailable energy. 
The conversion of free energy into unavailable energy is called dissipation (or 
degradation) of energy, and all irreversible processes lead to dissipation of 
energy; the final result of all these will, if the principle holds good, be the reduc¬ 
tion of the whole stock of energy in any system into heat at a uniform tempera¬ 
ture, when all change will cease. 

The various aspects of the principle of dissipation of energy were clearly 
stated in a Royal Institution lecture by Lord Rayleigh,^ in which its implications 
for chemistry were pointed out, and in a later paper, discussed in the next para¬ 
graph, he gave an excellent quantitative illustration of it in connection with the 
mixing of chemically different gases. 

§ 28. Mixing of Gases 

if a light gas such as hydrogen is carefully stratified over a heavy gas such as 
carbon dioxide in a cylinder, it is found that the two gases slowly mix by 
diffusion. This is an irreversible process, taking place spontaneously, and no 
external work is obtained. It is, however, possible to mix the gases reversibly 
and so obtain work, by making use of a semi-permeable diaphragm (first used in 
thermodynamics by Gibbs 3) which permits only one gas to pass through it. 
The energy dissipated in the spontaneous mixing of gases was first calculated by 
Lord Rayleigh ^ and by Boltzmann. ^ 

Call the two gases (1) and (2). Let ni mols of gas (1) occupying a volume Fj 
be separated from 772 mols of gas (2) occupying a volume V2 in a cylinder 
(Fig. 12.11) by two selectively permeable (‘‘ semi-permeable '’) pistons A (freely 
permeated by gas (1) but impervious to gas (2)), and R (freely permeated by 
gas (2) but impervious to gas (1)). The pistons tend to separate, A by the 
pressure exerted by gas (2) and R by the pressure exerted by gas (1). If the 
expansive forces are balanced by thrusts applied to the piston rods, and the whole 

1 Proc. Roy. Soc. Edin., 1857, 3, 139 (read 1852); Phil. Mag., 1852, 4, 304; 1853, 5, 102; 
“ Math, and Phys. Papers,’’ 1882,1, 511; 1884, 2, 182; 1911, 5,1, 6,11; Liveing, “ Chemical 
Equilibrium,” Cambridge, 1885, 7; Arrhenius, “ Das Werden dcr Welten,” Leipzig, 1907, iv, 
58, 85, 199; transl. Boras, “ Worlds in the Making,” New York, 1908, xiii, 94, 209; Brunhes, 
“ La Degradation de ITnergie,” Paris, 1908; Franklin, Phys. Rev., 1910, 30, 766. 

2 Nature, 1875, 11, 454; “Scientific Papers,” 1899, 1, 238. The dissipation of energy is 
equivalent to the principle of compensating transformations stated by Clausius in Ann. Phys., 
1854, 93, 481, and especially to Clausius’s concept of disgregation, Ann. Phys., 1862, 116, 
73; 1863, 120, 426; Phil. Mag., 1868, 35, 405. It is noteworthy that Thomson restricted the 
unquestioned validity of the principle to “ inanimate material processes,” but said that its 
application to vegetable or animal life is also “ probable cf. Bridgman, “ The Nature of 
Thermodynamics,” Cambridge (U.S.A.), 1941, 208. 

3 Trans. Connect. Acad., 1876, 3, 108; “ Sci. Papers,” 1906, 1, 83. 
4 Phil. Mag., 1875,49, 311; “ Sci. Papers,” 1899,1, 242. A curious inability to understand 

Rayleigh’s calculation by Burbury, Nature, 1907, 76, 290, 638; PM. Mag., 1907,14, 122, 422; 
1908, 15, 768, was criticised by Bryan, Nature, 1907, 76, 637; and Orr, Phil. Mag., 1908, 15, 
297. 

3 Wien Ber,, 1878,78, II, 733, The result was stated in terms of eiitropy (§ 51) by Maxwell, 
“ Ency. Brit.,” 9th edit., 1877, 7, 220; “ Sci. Papers,” 1890,2,644. 
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apparatus is immersed in a large water bath of temperature T, the mixing 
can be carried out isothermally and reversibly, and work Wj is obtained. 
By pressing in the pistons, the gas mixture is separated isothermally and rever¬ 
sibly into its constituents and work hv is spent. If it is assumed that the pressure 
exerted by each gas is independent of the presence of the other gas, then: 

-AF=n'r=ihRTln^~'^--^+n2RTln--p-^ ... (1) 
'I '2 

The first expression on the right is the maximum work of isothermal expansion 
of //| mols of gas (1) from the volume Fj into the volume (F1 + K2), and the 
second the maximum work of expansion of ftz mols of gas (2) from the volume 
F2 to t he volume (Fi + F2). It is obvious that the whole process depends on the 
condition that the two gases must be different; no work could be obtained from 
two portions of the same gas. The equation, however, does not contain any 

1 1 
1 1 
I 1 
t 1 

(1) i i (2) 
11 
11 

A R 
Fio. 12.11. Reversible Mixing of Gases 

reference to the chemical character of the gas.^ This result, on which a great 
amount of argument has been misdirected, is called Gibbs's paradox? An 
experimental verification of the work obtainable by mixing gases was given by 
Woodward.^ Since (as will be shown) the total energy of the gases is unchanged 
by mixture, the work in (1) must have been derived from an equal amount of 
heat qx=Wj- absorbed from the water bath. To reverse the process work Wj. is 
spent and heat qT= Wj is given to the water bath. Hence, if the gases were first 
allowed to mix by diffusion, for which irreversible process w=0, this process 
can be reversed only by expending work w-^ and completely converting it into 
heat in a constant temperature reservoir, when it is completely unavailable 
energy. 

New light was thrown on the irreversible mixing of gases and allied spon¬ 
taneous changes by an idea of Maxwell’s.^ Let the cylinder containi ng the mixed 
gas be supposed to be divided into the spaces (1) and (2) by a partition with a 
very small aperture which can be opened and closed without performance of 
work by sliding horizontally an ideal frictionless shutter. Now let a micro- 

> Larmor, “ Math, and Phys. Papers,” Cambridge, 1929, 2, 99: the chemical difference of 
the gases cannot change continuously to zero. 

2 See e.g. Wiedeburg, Ann. Phys., 1894, 53, 684; Guillaume, Arch. Sci. Phys. Nat., 1916, 
41, 445; Ehrenfest-Afanassjewa, Proc. K. Akad. Wetens. Amsterdam, 1918, 20, 1049; 1918, 21, 
53; Szilard, Z. Phys., 1925,32, 753; 1929, 53,40; van Laar, ibid., 1927,45,635; von Neumann’ 
“ Mathematische Grundlagen der Quantentheorie,” Berlin, 1932, 179. 

2 Proc. Phys. Soc., 1883, 5, 318. 
4 “ Theory of Heal,” 1871, 308 (a ” being the name “ sorting demon ” was used by Lord 

Kelvin in 1874: Proc. Roy. Soc. Edin., 1875, 8, 325; Phil. Mag., 1892, 33, 291; ” Math, and 
Phys. Papers,” 1911, 5, 11; “Popular Lectures and Addresses,” 1889, 1, 137); Lippmann, 
Congris Internat. Phys., 1901, 1, 346; Smoluchowski, Ann. Phys., 1906, 21, 756; Gott. Nachr! 
1913, 146; Guye, J. Chim. Phys., 1917, 15, 215; Boutaric, ibid., 1919, 17, 589; Pratolongo! 
Gazz., 1918, 48, i, 121; Szilard, Z. Phys., 1929, 53, 840; Baas Becking, Proc. K. Akad, Wetens. 
Amsterdam, 1942,45, 895; Demers, Canad. J. Res., 1944,22 A, 27. 
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scopic being (“ demon ”) ^ be stationed at the aperture. All molecules of gas 
(1) in the mixture which (by heat motion in the gas) approach the aperture from 
right to left are permitted by the demon to pass through, and similarly all 
molecules of gas (2) approaching from left to right, but all molecules approaching 
in the opposite directions are refused passage by sliding the shutter, from which 
they rebound as perfectly elastic bodies. In course of time the gas mixture 
spontaneously separates into gases (1) and (2) in the left and right compartments 
without the expenditure of work. The gases could then be mixed reversibly by 
the semipermeable pistons, and work obtained by drawing on heat from the 
constant temperature reservoir, and the two processes repeated indefinitely— 
a result which contradicts the Second Law. An irreversible process (diffusion) 
would have been completely reversed without leaving any other changes any¬ 
where, and the distinction between reversible and irreversible processes would 
disappear. 

If the cylinder is filled with a single gas, this could be sorted into a hotter 
portion consisting of molecules with greater speeds and a cooler portion con¬ 
sisting of slower molecules, since the individual molecules in a gas at a uniform 
temperature have different speeds and kinetic energies. A gas which had under¬ 
gone irreversible expansion could be restored to its initial state by controlling 
the passage of molecules in a particular direction. 

The Second Law holds only for matter in the aggregate, and is not necessarily 
true if individual molecules could be the object of control. This could be 
achieved only by an imaginary “ demon.” Unlike the First Law, the Second 
Law has only a statistical meaning; it has only a very large probability, not an 
absolute validity. This aspect receives further consideration in § 14.IV, where 
it is shown that the micro.scopic technique of the imaginary demon is illusory, 
and hence the basis of the Second Law is firmer than Maxwell supposed. 

The Second Law of Thermodynamics, as is seen from these merely preliminary 
considerations, is of a subtle character, and presents various aspects of meaning. 
It is, perhaps, the most extraordinary natural law with which science is yet 
acquainted, and its understanding demands much thought. The equations 
which follow from it are some of the simplest and most easily understood of any 
in physical chemistry. 

The statistical basis of the Second Law was developed quantitatively by Lord 
Kelvin ^ in 1874; he showed, e.g. that in a vessel of air containing 10^^ molecules, 
the chance of their separating so that all the oxygen is in one-fifth of the volume 
and all the nitrogen in four-fifths, is of the order of the ratio of 1 to 2 x lO^^. 
This separation could be effected by a plane array of Maxwell’s demons armed 
with “ molecular cricket bats.” The full meaning of the quantitative connection 
between probability and entropy (§ 33), however, was first made clear by Boltz¬ 
mann,^ who calculated ^ that the spontaneous separation of 100 c.c. of a mixture 
of equal volumes of two gases would not be expected to occur in a period of time 

less than 10^oi<> years. 
Modern experimental technique now reaches in some degree to the control 

of single atoms and molecules, so that G. N. Lewis, ^ in an interesting paper on 

1 The concept is that of a micro-robot. 
2 Proc. Roy. Soc. Edin., 1874, 8, 325; Nature, 1874,9, 441; Phil. Mag., 1892, 33, 291; “ Math, 

and Phys. Papers,” 1911, 5, 11; cf. Helmholtz, Nature, 1885, 32, 25; “ Wiss. Abhl.,” 1895, 3, 
587. 

3 * Wien Ber., 1877, 76, TT, 373; 1878,78, II, 7; “ Wiss. Abhl.,” 1909, 2,164, 250. 
^ “ Vorlesungen fiber Gastheorie,” 1898, 2, 254. 
5 Science, 1930, 71, 569; cf. Bridgman, “The Nature of Thermodynamics,” Cambridge 

(U.S.A.), 1941, 133 f. 
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the subject of irreversibility and Maxwell’s demons, said: “ In recent years, if I 
may say so without offence, physicists have become demons.” The Brownian 
movement is a phenomenon in which the limit of applicability of the Second Law 
has almost been reached in visible systems.^ 

§ 29. The Second Law of Thermodynamics 
The postulate that a perpetual motion of the second kind is impossible is one 

form of the Second Law of Thermodynamics, and as such it may be stated as 
follows: 2 

The operation of a finite cyclic process which produces no other effects than the 
abstraction of heat from a reservoir and the raising of a weight is impossible. 

Since every other form of energy except heat may be converted completely 
into the potential energy of a raised weight by suitable ideal reversible processes, 
e.g. electrical energy by an ideal motor in which there is no production of heat 
by friction or by finite currents flowing through resistances, all these forms of 
energy may be included in the group of “ work,” and it may be asserted that: 

(1) All forms of energy, including heat, are quantitatively interconvertible. 
(2) A quantity of any other form of energy is completely convertible into heat. 
Statements (1) and (2) are consequences of the definition and the measurement 

of energy according to the First Law. 
(3) The conversion of heat into work is, in general, either impossible or only 

partly possible, unless other changes (“ compensating changes ”) occur as well. 
This is implied in the Second Law. 

The conversion of heat into work is thus limited by certain restrictions, due 
to some essential difference in quality between heat and the other forms of energy 
(Gibbs; Boltzmann).^ Putilov ^ regarded heat and work not so much as 
quantities of energy, as forms in which it is transmitted, work then appearing as 
the macro-form, and heat as the micro-form. 

§ 30. Moutier’s Theorem 
The work done in any isothermal reversible cyclic process is zero (J. Moutier, 

1875): 5 

(hOt=0 .(1) 

For if (w) j>0, this contradicts the Second Law. If (w)j<0, this is possible 
if the cycle is irreversible, since work can always be wasted by conversion into 
heat by friction. But if the cycle is reversible it can be carried out in the opposite 
sense, and then (w)f>0, which is impossible. Hence (w)r=0. 

Since for a cyclic process {w)=I!q, it follows also that the algebraic sum of the 
quantities of heat absorbed and emitted in an isothermal reversible cyclic process 
is zero: 

.(2) 
which is a second form of Moutier’s Theorem. 

1 Lorentz, “ Les Thfories Statistique en Thermodynamique,” Leipzig and Berlin, 1916, 47. 
2 Planck, “ Thermodynamik,” 1911, 86; cf. Demers, Canad. J. Res., 1944, 22 A, 27. 
3 Gibbs, “ Scientific Papers,” 1906,1, 406: ” I use the term ‘ equivalent ’ strictly to denote 

reciprocal convertibility, and not in the loose and often misleading sense in which we speak of 
heat and work as equivalent when there is only a one-sided convertibility.” The same idea is 
expressed by Boltzmann, Wien Ber., 1883,88, II, 861; Ann. Phys., 1884,22, 39; ” Wiss. Abhl.,” 
1909, 3, 66. 

4 Bull. Acad. Sci. U.R.S.S., mi, 701, 713 (Chim.). 
5 Bull. Soc. Philomath., 1875, 12, 38; “La Thermodynamique et ses principales Applica¬ 

tions,” 1885, 344. The theorem does not follow from the First Law, as erroneously stated by 
Taylor, “ Treatise on Physical Chemistry,” 1924, 1, 57. 
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§ 31. Alternative Forms of the Second Law of Thermodynamics 

Clausius 1 staled the Second Law in the form: “ Heat cannot, of itself, pass 
from a colder to a hotter body,” adding that: “ We may replace the words ‘ of 
itself’ by ‘ without compensation,’ and then enunciate the principle as follows: 
‘ A passage of heat from a colder to a hotter body cannot take place without 
compensation.’ ” 

Thomson ^ expressed the law in the form: “ It is impossible, by means of 
inanimate material agency, to derive mechanical effect from any portion of 
matter by cooling it below the temperature of the coldest of surrounding 
objects,” adding that: “ If this axiom be denied for all temperatures, it would 
have to be admitted that a self-acting machine might be set to work and produce 
mechanical work by cooling the sea or earth, with no limit but the total loss of 
heat from the earth and sea, or, in reality, from the whole material world.” 

Schidlof 3 thought it should read: “It is impossible to obtain work by a 
reversible cyclic process without at the same time passing a finite amount of 
heat from the hot to the cold body.” 

Maxwell ^ stated the law in the form: “ It is impossible, by the unaided action 
of natural processes, to transform any part of the heat of a body into mechanical 
work, except by allowing heat to pass from that body into another at a lower 
temperature,” and he very truly adds, with reference to the statements by 
Clausius, Thomson, and himself: “By comparing together these statements, 
the student will be able to make himself master of the fact which they embody, 
an acquisition which will be of much greater importance to him than any form 
of words on which a demonstration may be more or less compactly constructed.” 

The equivalence of the various forms of the Second Law is most easily 
demonstrated by remembering that it is possible to transfer heat from one body 
to another at a higher temperature by means of a reversed Carnot’s cyclic process 
(§ 8). In this, a quantity of work is spent, and the equivalent amount of heat is 
given up to a reservoir at the higher temperature. To restore everything to its 
initial stale, these two changes would have to be reversed, which would contra¬ 
dict the form of the Second Law which denies the possibility of a perpetual 
motion of the second kind.^ 

In 1854 Clausius ^ modified his statement of the Second Law to: “ Heat can 
never pass from a colder to a warmer body unless simultaneously some other 
connected [zusammenhiingende] change occurs”; in 1863 he said that this 
could not be regarded as “ self-evident,” but is a postulate which can be tested 

* Ann. Phys.y 1850, 79, 368; “ The Mechanical Theory of Heal,” 1879, 78. 
2 Trans. Roy. Soc. Edin., 1853, 20, 261 (read 1851); Phil. Mag., 1852, 4, 8; ” Mathematical 

and Physical Papers,” 1882, 1, 174; cf. Schiller, Ann. Phys., 1901, 5, 313; Bryan, ibid., Boltz¬ 
mann Festschr., 1904, 123; Guye, “ Physico-Chemical Evolution,” 1925, 172. 

3 /. Chim. Phys., 1926,23, 814; Lew'is,/./I.C.5., 1931, 53, 2578, thought ” no valid statement 
of the second law of thermodynamics has yet been formulated,” and proceeds to give one 
(see § 5.IV). 

4 “Theory of Heat,” 1875, 153; cf. V^iison, Phil. Mag., 1943, 34, 828; Guye, /. Chim. 
Phys., 1917,15, 215, compared the different statements of the law; in a rather formal treatment, 
Ehrenfest-Afanassjewa, Z. Phys., 1925, 33, 933; 1925, 34, 638, maintained that the statements 
of Clausius and Thomson are not quite equivalent. Jellinek, “ Lehrbuch der physikalischen 
Chemie,” 1928, 1, 81, 87, said that a consideration of the result of a Carnot’s cycle with the 
cold body at the absolute zero (§ 8) shows that the form of the impossibility of a perpetual motion 
of the second kind (§ 24) “ does not quite reach the heart [Kern] of the second law,” and Cantelo, 
J. Phys. Chem., 1928, 32, 982, amplified this point. 

5 Detailed proofs, see Partington, “ Chemical Thermodynamics,” 1940, 28. 
6 Ann. Phys., 1854, 93, 481. 
^ Ann. Phys., 1863, 120, 426; cf. Wesendonck, ibid., 1899, 67, 444. 
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by comparing the inferences from it with experience. In 1854 he introduced 
the “absolute temperature” T, and called ^(l/T^^—l/rj) the “equivalence 
value ” of the quantity of heat q. He showed that the integral iiAqJT) round a 
reversible cycle is zero; round an irreversible cycle it is greater than zero. In 
1856, in a paper ^ on the application to the steam engine, Clausius (taking 
r=r° C.+273) used the equation: J(d^/r)= —jV, where N is called the equiva¬ 
lence value of all uncompensated changes, the work obtainable from q being 

roJ(d^/r), where Tq is the lowest available temperature. In 1863 he^ 
introduced the concept of disgregation, which is the sum of the internal and 
external work divided by the absolute temperature, and pointed out the implica¬ 
tions of the Second Law in chemical processes; J(d^/r) is here called the “ trans¬ 
formation value” (Verwandlungswerth). In 1865, finally, the name entropy 
and the symbol S for it, were introduced.^ 

From the time of its enunciation, various objections to the Second Law were 
raised: these depended on misunderstandings, and some of the more sensible 
earlier ones were refuted by Clausius.^ Since its statement in the form involving 
the impossibility of a perpetual motion of the second kind, these objections to 
the law have abated. The Second Law is an example of what Whitehead ^ 
called “ postulates of impotence,” which assert “ the impossibility of achieving 
something, even though there may be an infinite number of ways of trying to 
achieve it.” Many of the most fundamental laws (e.g. the quantum theory) 
have this character, limiting some possibility to a narrow region of actuality, 
whilst the surrounding regions are empty, 

§ 32. Carnot’s Theorem 

The Second Law shows that reversible transformation of heat into work by a 
cyclic process can occur only if at least two bodies at different temperatures are 
available, from one of which, at the higher temperature, a quantity of heat q^ is 
taken, and to the other, at the lower temperature, the balance of this heat, q^, 
is rejected. Such a process is the Carnot’s cycle described in § 8. If w is the 
work done in the cycle, the ratio wjq 1=^7] is called the efficiency of the cycle; 
Carnot ^ (1824) showed that it is independent of the nature of the cyclic process 
and depends only on the temperatures and 62 of the hot and cold bodies: 

O2). This is known as Carnofs Theorem and is a consequence of the 
Second Law. 

Let two cyclic processes [a] and |j3], [a] reversible, be carried out with the 
same hot and cold bodies (the source and refrigerator, respectively), and if 
possible let [^] be more efficient than [a]. Let each process be arranged to 
absorb heat q^ from the source per cycle. Since [a] is reversible, let [jS] be 

1 Amu Phvs., 1856, 97, 441, 513. 
2 Amu Phys., 1863, 116, 73; 1863, 120, 426: here, the expression J(d^/D^0 is used; Phil. 

Mag., 1868, 35, 405 (from a lecture). 
3 Ann. Phys., 1865, 125, 353: alternatively, the name “ Verwandlungswerth ” is used for the 

entropy. On the history of the development of thermodynamics, see Rosenfeld, Bull, Soc, 
Roy. Sci. Liege, 1941,10, 199. 

4 Ann. Phys., 1851, 83, 118 (against Holtzmann); 1863, 120, 426 (against Him, etc.); 
“ Mechanical Theory of Heat,” 1879, 332 f.; an objection by Fairboume, Phil. Mag., 1922, 
43, 1047, was removed by Witmer, ibid,, 1924, 47, 152; and Fisher, ibid., 1924, 47, 779. 

5 Phil, Mag., 1942, 33, 353. 
6 ” Reflexions sur la Puissance Motrice du Feu,” 1824, 14, 22, 38; see Helm, ” Principles of 

Mathematical Chemistry,” transl. Morgan, New York, 1897, 56 f. On an apparent objection, 
see Ruark, Phil. Mag., 1925, 49, 584; Lewis and Randall, ” Thermodynamics,” New York, 
1923,129, prefer to call H>/gi the ” conversion factor.” 
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coupled so as to work [a] backwards. Then in a cycle the components of the 
coupled processes perform the following operations: 

m [«] 
(i) takes heat from the source; (i) gives up heat to the source; 

(ii) does work w'; (ii) absorbs work w; 
(iii) gives up heat q'2 to the refrigerator (iii) takes heat ^2 from the refrigerator. 

By the First Law: vv+<72=w'+^2 By assumption: 

Therefore q2>^i- 

Thus, in the cycle, the heat {q2—^i)>^ is taken from the cold body, at a 
single temperature, and the work vv)>0 is done, say by raising a weight, 
two operations which contradict the Second Law. Hence [jS] cannot be more 
efficient than [a]. 

If [jS] is also a reversible cyclic process, it can be arranged that [a] works [fi] 
backwards, and proved as above that [a] cannot be more efficient than \fi]. 
Hence, as \fi] can neither be more nor less efficient than [a], [a] and \fi] must be 
equally efficient, which proves Carnot’s Theorem. 

If [^] is not reversible, it must be less efficient than [a], since otherwise it 
would satisfy the definition of a reversible cyclic process, as is proved above.^ 

Carnot calculated the efficiency rj^wlqi for a cycle between the temperatures 
IS'T and 77*7° for water vapour and alcohol vapour, finding approximately 
the same values; W. Thomson (Lord Kelvin) ^ extended the calculation to water, 
air, ether, alcohol, and turpentine, using, among others, some results found by 
Reguault. The deviations from the calculated values were of the order of the 
errors in the experimental data. Since only w and qi (not qi) are involved, the 
results are independent of the First Law, and both Carnot and Thomson, in 
fact, assumed the caloric theory of heat (§ 10). 

§ 33. Entropy 

When a system undergoes a reversible isothermal non-cyclic change and does 
an amount of work , it is said to have lost an amount offree energy, the change 
of free energy, AF, being defined by the equation: 

.(1) 
It is explained in § 26 that the system itself (e.g. an expanding gas) may not 
lose any energy at all, although it has suffered a loss of free energy. Consider ^ 
the equation: 

F^E-TS.(2) 

where E is the energy and F the free energy, and T and S are functions the pro¬ 
perties of which are to be investigated. These functions are assumed to be real, 
finite, and continuous, and to have the following properties. T is a function of 
temperature 6, which increases as the temperature increases, and r=f(^) is 
called the absolute temperature, 5 is a function called the entropy, 

1 Boltzmann, Ann, Phys,, 1905, 18, 642: “ there is no finite cyclic process different from 
Carnot’s which is so efficient as this.” 

2 PM, Mag,, 1848, 33. 313; “ Math, and Phys. Papers ” 1882, 1, 100. 
3 Partington, Scientia, 1947, 41, 85; Phil, Mag,, 1947, 38, 672; cf. Schiller, Ann. Phys., 

1901,5, 313; Putilov, Bull. Acad, Sci. U,R,S,S,, 1937 (Chim.), 715, 733. 
6^ 
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For a reversible change at constant temperature (r=const.): 

AF=-AE-TAS.(3) 
Hence, from (1): 

— or TAS=^AE+Wj, 

The First Law, § 16 (2), shows that hence: 

qj^TAS, or AS^q^lT.(4) 
The increase of entropy in a reversible isothermal change is thus measured by 
dividing the heat absorbed in the change by the absolute temperature at which it 
is absorbed. If the change is very small, (4) can be written: 

S5=d^=8^/r.(5) 

It is necessary to show that SS—dS, the differential of .S', i.e. that the change of 
S is independent of the path of change, provided this is reversible and iso¬ 
thermal. This is shown by considering (3). The First Law shows (§ 16) that 
AE is independent of the path, and the Second Law (§ 30) that this is true for 
AF (i.e, —Wj). Hence, if T is constant, this is true for AS, and hence for 85, 
i.e. bS=dS. 

Since AF for a reversible isothermal change is independent of the path, the 
free energy in a given state does not depend on how the system has been brought 
into that state, and hence the change of free energy of the system itself is the same, 
for a given change of state, whether this change is reversible or irreversible. If 
the change is irreversible, however, there will have been a decrease of free energy 
outside the system (§ 27). It follows that Fis a function of the state of the system, 
and is definite for a given state, and hence that: 

AF^F2-Fi.(6) 

where Fx and Fi are the free energies in the initial and final states. 
It can next be shown that AS is independent of the path in at//changes, whether 

isothermal or not. For, any change of state may be assumed to be brought 
about by a succession of very small isothermal changes, each pair being separated 
by a very small adiabatic change, i.e. (§4) one for which 8(7=0, this adiabatic 
change producing the very small temperature change between the two iso- 
thermals, e.g. a small rise of temperature in adiabatic compression. This 
assumption, in some form or other, is made in all deductions of the properties 
of the entropy function,i All these small changes are assumed to be reversible. 
For all the adiabatic changes 278^/7=0, and hence for them, from (5), 27d5=0. 
Hence the entropy change is due entirely to the isothermal changes: 

J5=2;8^/r=27d5(isothermal).(7) 

and since for each of them d5 depends only on the initial and final states, this is 
true for the whole change, which was to be proved. Hence it follows that: 

id 5=52—. 

This is true, for the system itself also for irreversible changes, and in all cases 
J5=0 for a cycle. In irreversible changes, however, since F decreases, 5 
must increase, and somewhere outside the system there must be an increase of 
entropy. 

In continuous changes of state, where the isothermal and adiabatic changes 
become infinitesimally small, the sums in the above equations are to be replaced 
by integrals. 

1 Cf. Bridgman, “ The Nature of Thermodynamics,” 1941, 116. 
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In another aspect of the above argument, it may be assumed that, in the imme¬ 
diate vicinity of any given state, there will be an infinite number of neighbouring 
states which cannot be reached from the given state by adiabatic changes alone 
(§ 37). For, a given adiabatic change can bring the system into one state only, 
in which it has a definite temperature, and to attain any other state it will, in 
general, be necessary to add or withdraw heat from the system by an isothermal 
change. 

Equation (4) in quite a different notation was first given by William Thomson ^ 
in a paper of December, 1851. The standard form, Z'(^/r)=0, for a number of 
absolute temperatures (not merely two), which may form a continuous sequence 
and thus correspond with the integration round a cycle, j>8q/T=0, was given 
by Thomson ^ in a most fundamental paper read in May 1854. It was only a 
step, but it was a highly significant step, and one which led to the full develop¬ 
ment of thermodynamics, to recognise that 8q/T is the differential of a function 
of state, and to give a name (entropy), and symbol S, to this function, and this 
step was first taken by Clausius ^ in 1864. He gives no derivation of the word 
“ entropy,” which may be from the Greek rj rpom], “ change,” or ivrpiTTOfiai, 
“ to turn inside ” (with reference to its one-sided tendency of change). It is 
the same as the “thermodynamic function” (F) used by Rankine ^ in 1854 
(an adiabatic being then called a “ curve of no transformation ”). As Wesen- 
donck 5 remarked, the function “ appears almost automatically ” in the thermo¬ 
dynamic method of Clausius. 

The above discussion is intended to justify Larmor’s statement ^ that “ the 
available [free] energy is thus a single characteristic function which includes and 
determines completely the circumstances, mechanical, thermal, and constitutive, 
of the steady states of an inanimate material system.” 

In a Carnot’s cycle, consisting of two adiabatics, and two isothermals at 
absolute temperatures Ti and along which quantities of heat q^ 
and qi are absorbed and emitted, respectively, by the substance (or system) 
undergoing the cycle, equation (7), with J5'=0, becomes: 

^i/^i“‘^2/72==^  (9) 

i.e. the absolute temperatures of two bodies are in the ratio of the quantities of 
heat taken from and rejected to the bodies in a reversible Carnot's cycle operating 
with the two bodies as source and refrigerator (hot and cold bodies), respectively. 
Equation (9) may also be written in the form 

iqi-qi)lqi-{T,^T2)IT, .(10) 

or, since<7i—^2==^^ Ihe work done in the cycle: 

W^i=(7^i~7'2)/ri.(11) 

If ri —r2=Sr, a very small difference of absolute temperature, vv=Sw is a 
small amount of work done in the cycle, and if ^i=^=heat absorbed from the 
hot body at the absolute temperature ri=r, then: 

hw^qhTjT.(12) 

1 Proc, Roy. Soc. Edin., 1857, 3, 91 (read 1851); FA/7. Ma^., 1879, 7, 346; “ Math, and Phys. 
Papers,’’ 1882, 1, 316; 1911, 5, 4; if Carnot’s function is expressed as ft=»l/r, equation (b) 
there becomes of the standard form. 

2 Trans. Roy. Soc. Edin., 1854, 21, 123; “ Math, and Phys. Papers,” 1882,1, 232. 
3 Arm. Phvs., 1865, 125, 353. 
^ Phil. Trans., 1854,144, 115; “Misc. Scient. Papers,” 1881, 352. 
5 Ann. Phys., 1899, 69, 809. 
6 Phil. Trans., 1897, 190, 205; ” Math, and Phys. Papers,” Cambridge, 1929, 2, 88. 
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Equation (11) may be written as w=(^i/7"j)(7’i —7^2), and since qxIT^^qilTi^ 
AS, the work done in the cycle may be said to be that done by a quantity of 
entropy passing from an absolute temperature Ti to an absolute temperature 
T2. midtiplied by the absolute temperature difference. ^ If entropy is identified 
with Carnot’s “ caloric,” the original deduction of Carnot then holds good. 

§ 34. Alternative Treatment of the Entropy 

The extension of the result for a simple cycle (two isotherms and two adia- 
batics) to any reversible cycle, given in § 33, is essentially that first used by 
Clausius.2 He later ^ adopted a method due to Zeuner,^ which is exactly the 
same in principle, but since it has points of interest it will be given here.^ 

The absolute temperatures are defined as in the ratio of the heat absorbed to 
the heat emitted in the cycle, or if heat absorbed by the working substance is 
taken as positive and that emitted as negative {—qi is written for ^2)* 

In Carnot’s cycle there are reversible exchanges of heat at only two tempera¬ 
tures. In general, reversible exchanges 
of heat will occur at a large number of 
temperatures. Any reversible cycle may, 
however, be decomposed into a very 
large number of infinitesimal Carnot’s 
cycles (Fig. 13.11), to each of which (1) 
applies. The adiabatic parts of these 
cycles which lie inside the loop of the 
given cycle cancel out in the limit, since 
each is traversed twice in opposite direc¬ 
tions, except the vanishingly small adia- 
batics at the left- and right-hand extremi¬ 

ties, but the upper and lower isothermals are traversed only once, and in the 
limit these constitute the contour of the given cycle. Hence for the latter, in the 
limit: 

fs^/r=o .(2) 

If the cycle is divided into two parts (Fig. 5.11) and is integrated from A to C 
along a and from C to A along jS: 

Cycle into Elementary Carnot’s Cycles 

|8^/r= {\iT+ f%/r=o, 

aj A fij A 
Sqir, 

i 

which proves that 8qjT=dS is a perfect differential (§ 27.1) of a function S of 
the state of the system, S being the entropy of the system. In reversible adiabatic 

1 Lippmann, “ Cours de Thermodynamique,” Paris, 1889, 78, long anticipating Callendar, 
Phil. Mag., 1913, 26, 787; and Bronsted, “Physical Chemistry,” 1937, 11; y. Phys. Chem. 
1940, 44, 699; Finck, /. Franklin Jnst., 1948, 245, 301, 365. 

2 Ann. Phys., 1854, 93, 481; “ Mechanical Theory of Heat,” transl. Browne, 1879, 88. 
3 “ Mechanical Theory of Heat,” transl, Browne, 1879, 89. 
^ “ Mechanische Warmelehre,” 2nd edit., Leipzig, 1866; 3rd edit., Leipzig, 1887, 42. 
5 Cf. Buckingham, Phys. Rev., 1896, 4, 39; Durand, J. Phys. Chem., 1896, 1, 10; Trevor, 

ibid., 1899,3, 389; 1900,4, 514; Bryan, “ Thermodynamics,” 1907, 64; Jazyna, Phys. Z., 1925, 
26.622. 
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changes 8^=0, therefore d5=0 and such changes are isentropic, (It must be 
carefully noted that this applies only to reversible changes.) 

Formerly, the entropy, although freely used by engineers, was for some reason 
regarded by English chemical students as mysterious and difficult, and even 
eminent physical chemists ^ fought shy of it. After Lewis and Gibson ^ had 
calculated the numerical values of the entropies of elements, however, students 
mastered their fear of entropy, and now no longer lind any difficulty in using it. 
It has many of the properties of the old caloric (§ 33) No teacher need be 
discouraged by the inability of students to grasp even the elementary parts of 
thermodynamics; the present writer’s experience agrees with that of Johnston 
“ I fear that it is nearly impossible to write a good brief exposition of thermo¬ 
dynamics . . . which will appeal with any degree of success to the average 
student of chemistry.” The interpretation of entropy as “ heat weight ” ^ does 
not seem very helpful. 

It is probable that the “ average student ” gains some idea as to what thermo¬ 
dynamics is about only by a varied method of treatment.^ He wearies of long 
stretches of neat mathematical formulae, and too rigid formalism of “ partial 
molal quantities” not only leads the unsophisticated into error,but also 
“ gives the student facility in manipulating equations whose full meaning escapes 
him,” ^ a habit which all theoretical physicists of eminence have heartily con¬ 
demned. As he makes progress, the student finds the elementary mathematics 
more and more interesting, and he should in the end realise that it can convey 
in a very small compass what would otherwise be less completely said in very 
many words. But unless he knows these words, the symbols are useless. 

A long discussion ^ on entropy in 1903 brought out some interesting features, 
but is perhaps more noteworthy in showing how the concept may be misunder¬ 
stood by those who can use, competently and correctly, equations which involve 
entropy changes in the practical applications of thermodynamics. Bryan, 
who defined the entropy increase as the loss of available energy divided by the 
lowest available absolute temperature, AS=^{AE—AF)IT, approached the 
position taken in the present work, viz. that the concept of entropy is much 
wider than that which regards it as one factor of heat, absolute temperature 
being the other (§ 23), that it is most suitably connected with the free energy, 
and that the equation dS^SqjT, which applies only to a reversible change, is 
one more concerned with measuring entropy than defining it. 

1 See e.g. Nemst, “ Theoretical Chemistry,” 1911, 28; cf. the remarks in the preface of my 
” Text-book of Thermodynamics,” 1913, where the ” modem ” point of view (held generally 
since about 1925) is expressed. 

2 J.A.aS., 1917, 39, 2554; Lewis, Gibson, and Litimcr, ibid., 1922, 44, 1008. 
3 Wiedeburg, Ann, Phys., 1898, 64, 519; 1898, 65, 921; 1899, 69, 66; Z. phys. Chem., 1899, 

29, 27; Callendar, B,A. Rep,, 1912, 387; Phil, Mag., 1913, 26, 787. 
4 J.A.C.S., 1929, 51, 1955, 
5 Zeuner, “ Mechanische Warmetheorie,” 2nd edit., Leipzig, 1866; 3rd edit., 1887, 41; 

Trevor, J, Phys, Chem., 1899, 3, 389; 1900,4,514, 529; “ Thermodynamics,” 1928. 
^ Partington, J, Phys. Chem., 1926, 30, 288. 
7 See Onsager, J, Phys, Chem., 1928, 32, 146. 
8 Edsall, J.A.C.S., 1935, 57, 967. 
^ Swinburne, Perry, Evershed, Robinson, Lodge, Heaviside, Planck, Swan, and Poincar^, 

Electrician, 1903, 50, 315, 398, 477, 478, 560, 656, 688, 694, 695, 735, 821; Swinburne, “ What 
is Entropy?,” 1904; Morley, Engineer, 1912, 113, 457; Wainwright, ibid., 1912, 113, 658; 
1912,114, 90; Neumann, Stahl u. Eisen, 1942,62, 89; Allen, Nature, 1943,151, 225; Campbell, 
ibid., 1943, 151, 138; Swinburne, ibid., 1943, 151, 335; Thwing, ibid., 1943,151, 672; Darrow, 
Amer, J, Phys., 1944,12, 183. The popular articles contributed by Rankine to The Engineer 
in 1867-70, and reprinted in ” Misc. Scient. Papers,” 1881, 432 f., are also noteworthy. 

Ann. Phys,, Boltzmann Festschr,, 1904, 123; “Thermodynamics,” 1907, 56. 
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§ 35. Calculation of Entropy Changes 

The increase of entropy of a system in passing from a state A to a state B is, 
from (7), § 33: 

JA Ja 

Since the entropy depends only on the state, the change of entropy, whether 
the change is carried out reversibly or irreversibly, is always It is only 

rB 
in reversible changes, however, that this is measured by Sq/T. In irreversible 

cycles the equation applies to the system in the form fdS=0 but not in the 
form §8q/T—0. 

If a system a undergoes a change in which the entropy increases by AS, then 
two identical a systems undergoing the same change will gain entropy 2AS. 
Hence entropy, like energy, is an extensive property, and the entropy content S 
is proportional to the total mass (or quantity) of the system. The only case in 
which entropy is not additive is when a pencil of radiation is divided into reflected 
and refracted parts by partial reflection. The sum of their entropies is not equal 
to the entropy of the incident pencil and the absolute temperatures of the three 
pencils are generally different. ^ 

If q is in g.cal. and Tis the absolute Centigrade temperature (§ 36), the entropy 
unit is called the clausius? For unit mass of a homogeneous substance heated 
reversibly at constant volume (8^=d£'): 

d5=8^/r==c,dr/T==4dlnr=d£’/T.(1) 

(d5/d£),= l/r.(2) 

and (d5/dr),=:cv/r.(3) 

and if heated reversibly at constant pressure (S^=d/f): 

d5=S^/r=c^dr/r=c^dlnr=di//r .... (4) 

(d£/d^),=i/r.(5) 

and {dSldT),^c,IT.(6) 

The increase of entropy on heating unit mass of a system at constant volume 
is therefore given by (3) as: 

J6;,=j\c../r)dr=| c^d In T 
To 

(7) 

and at constant pressure by (6) as: 

AS,^[\c,IT)dT^[\,d\nT.(8) 
J To J To 

If Cv and Cp are constant over the range of temperature considered: 

AS,^c,ln(TITo).(9) 

ASp^Cpln(T/To).(10) 

1 Von Laue, Ann, Fhys., 1906, 20, 365; 1907, 23, 1, 795; Eptein, Phys, Z., 1914, 15, 673; 
von Hirsch, Ann. Phys., 1935, 22, ^9. On entropy in moving media, see Meissner, Ann. 
Phys., 1938, 32, 115. On the relation between heat capacity and entropy, Trevor, J. Phys. 
Chem., 1900, 4, 529, and between temperature and entropy, Karapctoff, Gen. Elec. Rev.^ 
1913,16, 7. 

2 Onnes and Keesom, “Enzykl. d. math. Wiss.,” 1912,5, i, 631; Comm. Leiden, 1912, Suppl. 
23, 17, use this name for the unit 1 joule/l° K. The distinction drawn by Neumann, Leipzig 
Ber., 1891, 43, 75, and Smith, Phil. Mag., 1942, 33, 775, between entropy and specific entropy 
(entropy per unit mass) is unnecessary. 
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If cv or Cp is not constant, the calculation may be made graphically by plotting 
or Cp against In T and finding the area under the curve.^ Generally, logio T 

is used, when the result must be multiplied by 2*3026. 

§ 36. Absolute Temperature 
The proper understanding of the Second Law is closely related to the defini¬ 

tion of absolute temperature.^ Temperature is naively associated with the 
degree of “ hotness ” or “ coldness ” of a body, and has obviously no relation 
to the energy content (loosely expressed as “ the amount of heat in a body ”), 
since this is much greater in a ton of ice than in a pound of boiling water. 
Further, if bodies at different temperatures, which do not react chemically, are 
put in contact, they gradually equalise their temperatures, and there is thermal 
equilibrium only when the temperature, as measured by a thermometer, has the 
same value throughout the system of bodies. 

Maxwell ^ defined the temperature of a body as: its thermal state considered 
with reference to its power of communicating heat to other bodies,” and stated 
the fundamental law of temperature equilibrium in the form that: ” bodies 
whose temperatures arc equal to that of the same body have themselves equal 
temperatures.” If the bodies A and B, and A and C, are separately in thermal 
equilibrium, then B and C will be found to be in thermal equilibrium on contact. 
This must be regarded as a result of experiment. 

Temperature is usually measured by thermometers, in which the changes of 
volume of a liquid or a gas are related to changes of temperature. If the tem¬ 
perature interval between the freezing- and boiling-points of water is taken as 
lOO"* C., this scale may be extended above and below the two fixed points, but 
if equal volume changes are again supposed to correspond with equal tempera¬ 
ture changes, the temperatures as measured by mercury, air, and hydrogen 
thermometers are not equal, and some “ standard ” scale has to be adopted. 
What this scale is and how it is related to the actual thermometer scales are 
questions which can only be answered by the Second Law of Thermodynamics. 

Carnot’s Theorem (§ 32) leads to a definition ^ of temperature which, unlike 
the ordinary scales depending on the expansion of mercury, air, etc., is quite 
independent of any particular substance used in a thermometer. William 
Thomson (afterwards Lord Kelvin) was the first to see that from Carnot’s ideas 
an absolute scale of temperature could be derived, and he gave ^ the foundation 
of one such scale in 1848. This was still based on Carnot’s assumption that 
heat is indestructible (§ 10) and did not mention Joule’s work. 

^ Examples, see Partington and Tweedy, Calculations in Physical Chemistry,'’ 1928, 32. 
2 See e.g. Day and Sosman, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 836, for 

the thermodynamic definition of temperature and the practical realisation of the absolute scale. 
On several aspects of the matter, see Burton, Phil. Mag., 1887, 24, 96; Rucker, ibid., 1889, 27, 
104; Blakesley, ibid., 1889, 27, 178; Larmor, Phil. Trans., 1897, 109, 205; “ Math, and Phys. 
Papers,” Cambridge, 1929, 2, 85, 590, 724; Tunell, J. Phys. Chern., 1932, 36, 1744; Benham, 
Proc. Phys. Soc., 1942, 54, 121; O’Leary, Amer. J. Phys., 1946, 14, 364. 

3 ” Theory of Heat,” 1871,32; Mach, ” Principien dcr Warmelehre,” 2nd edit., Leipzig, 1900, 
42; Wertheimer, Verhl. d. D. Phys. Ges., 1919,21,435; WenseJ, in ” Temperature. Its Measure¬ 
ment and Control in Science and Industry,” New York, 1941, 3; Worthing, ibid., 41. 

^ Fowler and Guggenheim, “Statistical Thermodynamics,” Cambridge, 1939, 56, would 
regard this as a “ zeroth law of thermodynamics,” § 37. 

5 For a deduction from Carnot’s principle alone, see Raveau, Compt. Rend., 1918, 167, 
20, 329. 

6 Proc. Cambr. Phil. Soc., 1848,1, 66; PA//. Mag., 1848, 33, 313; “ Math, and Phys. Papers,” 
1882,1, 100; Ann. Chim., 1850, 30, 118 (abstr.); Larmor, Proc. Roy. Soc., 1908, 81, Appendix. 
The symbol ° K. (—Kelvin) for absolute temperature was proposed by Onnes and Keesom, 
Comm. Leiden, 1912, Suppl. 23,16. 



176 THERMODYNAMICS II 

The good agreement between his measurement of the effect of pressure on the 
melting-point of ice and the value calculated by James Thomson from Carnot’s 
principle in its original form, made William Thomson reluctant to accept 
Joule’s theory until he had, with much difficulty, reconciled it with Carnot’s 
principle. Clausius ^ first showed how Carnot’s reasoning must be modified 
to agree with Joule’s results, but he did not develop the idea of absolute tempera¬ 
ture. Thomson ^ then gave the correct argument. 

In jfixing his first absolute scale, Thomson ^ assumed with Carnot that the 
work done when the heat unit “ falls ” (§ 22) from the temperature & to 
depends only on and he chose the scale so that this work is the same for all 
values of d'. His second absolute scale ^ is identical with that developed here. 
In principle, any thermodynamic equation involving temperature could be used 
to measure temperature absolutely, e.g. a vapour-pressure equation.^ In 
practice, the method followed is to link up the absolute thermodynamic tem¬ 
perature T={(6) with the temperature reading of an ideal gas thermometer 

(§8).^ 
It has been shown in § 33 (9), that the ratio of the absolute temperatures of 

two bodies participating as heat reservoirs in a direct reversible Carnot’s cycle is 
equal to the ratio of the quantity of heat qi withdrawn from the body at the 
higher absolute temperature Ti to the quantity of heat rejected to the body at 
the lower absolute temperature T2. 

This result does not depend on the particular system undergoing the cycle of 
changes, and hence it will be true for an ideal gas. In this case, Ti and T2 are 
defined by the equation (§ 8): where T is now written for the 
ideal gas temperature, defined by r'=C C. + l/ao, where ao is the coefficient of 
expansion of the ideal gas (§ 6). It has been shown by experiment that l/ao= 
273T6. But qxiqi^TxlTi, hence TiiT2==‘Ti jT^ , or T^kT, where k is some 
arbitrary numerical constant which fixes the absolute temperature scale. If 
A:=l, T=T', The thermodynamic absolute temperature scale is thus identical 
with the temperature on the ideal gas scale. 

The size of the degree is fixed by the number chosen in the interval between 
the boiling-and freezing-points of water: if this is 100°, the degree is the Centi¬ 
grade degree; if 180°, it is the Fahrenheit degree. The zero of absolute tempera¬ 
ture (usually called “ absolute zero ”) is determined by (10), § 33, since if qi 
and Ti are finite, 72=0 when qi^O, i.e. if all the heat taken from the hot body 
is converted into work, the temperature of the cold body is zero. T2 cannot be 
negative, since then ^2 is negative, or work is being obtained by taking heat from 

1 Ann, Phys„ 1850, 79, 368. 
2 Trans, Roy. Soc. Edin., 1853, 20, 261 (read 1851); “ Math, and Phys. Papers,” 1882, 1, 

174; Larmor, Proc. Roy. Soc., 1908, 81, Appendix. 
3 Phil. Mag., 1848, 33, 313; cf. Schrebcr, Ann. Phys,, 1898, 64, 163; 1898, 65, 648; 1898, 

66,1186; Z. phys. Chem., 1898, 26, 751; Auerbach, Ann. Phys., 1898, 64, 754; Z. phys. Chem., 
1898,26,751. 

^ Thomson, Trans. Roy. Soc. Edin., 1853,20,261 (read 1851); P/«7. Mag., 1852,4,8; ” Math, 
and Phys. Papers,” 1882,1, 174. Although Thomson says the suggestion that Camofs func¬ 
tion C should be equated to JT, where J is the mechanical equivalent of heat, was made to 
him by Joule in December 1848, Clausius, Phil. Mag., 1856, H, 388, pointed out that it had 
been proposed by Holtzmann in 1845; cf. Thomson, Phil. Mag., 1856, 11, 447; “ Math, and 
Phys. Papers,” 1911, 5, 45. An interesting sketch of the development of thermodynamics is 
given by Maxwell, ” Scientific Papers,” 1890, 2, 660. 

5 W. Thomson, ” Math, and Phys. Papers, ” Cambridge, 1890, 3, 152; Buckingham, Bur. 
Stand. Bull., 1910,6,409; Cotter, Phil. Mag., 1928,6,318. 

6 Cf. Verschaffelt, Bull. Acad. Roy. Belg., 1927, 13, 180. 
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each of two bodies at temperatures Ti and T2, without any other changes result¬ 
ing, which contradicts the Second Law twice. (Since the cold body when 
7*2=0 takes no part in the cycle, it looks as if it could be stealthily removed, 
when the cycle will continue to work without it and apparently contradict the 
Second Law. The reader may like to perceive the fallacy in this argument for 
himself.) 

The existence of a lower limit of temperature (O'" K.) suggests that there might 
also be an upper limit; thermodynamics predicts no such upper limit, but other 
considerations ^ (e.g. of the energy of the neutron) suggest an upper limit of 
1 *08 X 10^3 K, Lehmann 2 argued that absolute temperature is proportional 
to the average kinetic energy of molecules, and the molecular velocity cannot 
exceed the velocity of light. (For this velocity, however, the mass would seem 
to become infinite.) The characteristic equation of matter at excessively high 
temperature and pressure, discussed by Hund,^ is of some interest in astrophysics 
(interior of hot stars) and in the explosion of the atomic bomb, but will not con¬ 
cern us here. It is possible that some entirely new principle, as yet unknown, is 
involved.^ 

§ 37. Temperature as an Integrating Factor 

Zeuner ^ first defined the absolute temperature as the integrating divisor of 
the element of heat, i.e. 1/7 as the factor which makes hq a perfect differential. 
Boltzmann, and later Budde,^^ pointed out that there must be an infinite number 
of such divisors, and every integrating divisor of an imperfect differential 
MAx+Ndy can be obtained from every other by multiplication by a function 
of X and y. If there is one which is a function of x only, it is the only one with 
such a property and the condition for this is {dNldx—dMldy)IN=^i{x), This 
agrees with Clausius's formulation of Carnot’s principle: 

jfdqjdv)-^-Jdqldi) / {eqldv)=m (1) 

where f(0 is measured on an arbitrary (e.g. air) thermometric scale, and v is an 
independent variable of state. Thus, the absolute temperature is the one 
integrating divisor which is a function only of the thermometric scale, and a 

1 Pl^Cek, Amer, Chem. Abstr., 1939, 33, 8067; 1944, 38, 3172; Laska, ibid., 1944, 38, 3173; 
Rosenblum, J. Chem. Educ., 1940, 17, 438; Jankowsky, Z. Elektrochem., 1919, 25, 1, 325, 
suggested that the upper limit corresponds with the case when change of heat into potential 
energy is impossible (converse of 0^" K., when the change is completely possible); Pokrowski, 
Z. Phys., 1928, 51, 730, calculated an upper limit of 3 x IO12 deg. On the supposed tempera¬ 
ture of space, 0*75° K., see Nemst, Z. Phys., 1937, 106, 633; Ann. Phys., 1938, 32, 44. 

2 Phys. Z., 1908, 9, 251. 
3 Ergebn. exakt. Naturwiss, 1936, 15, 189 (46 refs.). 
4 Mott, Endeavour, 1946, 5, 107. 
5 “ Technische Thermodynamik,” 3rd edit., Leipzig, 1887, 30. 
6 Boltzmann, Ann. Phys., 1870,140, 635; Wiss. Abhl.,” 1909, 1, 139; Budde, Ann. Phys., 

1892, 45, 751; see also F^iegner, Ann. Phys. Beibl., 1896, 20, 255; Farkas, ibid., 1896, 20, 256; 
Durand, Phys. Rev., 1897, 4, 343; Schiller, J. Russ. Phys. Chem. Soc., 1898, 30, 31 (P); Ann. 
Phys., 1901, 5, 313; Denizot, ibid., 1902, 7, 358; 1902, 8, 927; Voigt, ibid., 1902, 8, 472; 
Hasenohrl, Wien Ber., 1906,115, II A, 1005; Press,P/i//. Mag., 1927,4,1245; Z. Phys., 1928,49, 
306; Sow. Phys. Z., 1933, 3,487; Hausen, Forscharb. Gebiet Ingenieurw., 1932, 3, 203; Odone, 
Atti. R. Accad. Lincei, 1936,23,865; Nuov. dm., 1936,13,310; A. Daniel, “ Note on Equations 
of State and the First and Second Laws of Thermodynamics,” Edinburgh, 1940 (privately 
printed); Ehrenberg, Phil. Mag., 1943, 34, 396; 1945, 36, 250; Wilson, ibid., 1943, 34, 828. 

7 “ Mechanical Theory of Heat,” transl. Browne, 1879, 116 (equation 13), 122 (equations 
32-40). 
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thermodynamic definition of absolute temperature T can be given as follows: 

.(2) 
where A'=f(/), from (1), and Tq defines the size of the degree, an equation given 
by Lippmann.i 

The temperature concept is regarded as given; no interpretation of it is 
attempted in thermodynamics, which only gives a possibility of setting up a 
scale, “ Classical thermodynamics begins with the assumption, not only that 
unambiguous temperature symbols exist [defining the position of a body in a 
temperature series], but also that these symbols are quantitative.” The justifi¬ 
cation is found in the agreement of the results with experiment.^ 

The laws of thermodynamics have been derived in a purely formal mathe¬ 
matical way by Caratheodory ^ from a consideration of the integrating factor of 
Pfaff’s ^ expression dw=Z'T,dx, (becoming Pfajf's equation when di/=0; the 
case for two variables has been dealt with in § 27,1: dz^= A"d.v-f- Fd;^), where F,- 
is in general a function of all the independent variables The method is too 
abstract to appeal to many students of physical chemistry, and no more than an 
indication of its existence can be given here. The fundamental principle is that 
if a system is in a given state, then there arc many other states near the initial 
state which cannot be reached by an adiabatic change; e.g. for a gas, if vi 
are the initial pressure and volume, the values after an adiabatic change are 
definite, P2, V2, other values being excluded. An interesting derivation of the 
general principles of thermodynamics was given by G. N. Lewis, ^ who said that: 
“ There are endless ways of making contact between our theoretical principles 
and experiment, and the choice of a particular method of making such contact 
will be largely a matter of taste.” 

§ 38. Entropy Diagrams 

If the entropy S is plotted against the absolute temperature T, the area of this 
entropy-temperature diagram will give the heat absorbed in a reversible change, 
since jrdiS, just as the area of a /?, diagram (§ 6) gives the work done, 
w^^lpdv. An entropy-temperature diagram was, apparently, first mentioned 
by Belpaire its characteristics were fully worked out by Gibbs,and the 
diagram was first used for steam by MacFarlane Gray it is now applied 

* “ Cours de Thermodynamique,” 1889, 80 f., 93. 
2 Barnett, /. Phys, Chem., 1942, 46, 715, who also considers more fully the meaning of the 

“ bodies m contact,” used in imaginary experiments in the working out of the idea of tempera¬ 
ture, but, in general, gets little further than Maxwell, “ Theory of Heat,” 1871, 32. 

3 Math. Ann,, 1909,67, 355; Berlin Ber., 1925, 39; Epstein, Ann. Phys., 1917,53, 76; criticism 
by Ehrenfest-Afanassjewa, Z. Phys., 1925,33, 933; 1925, 34, 638; for less abstract expositions, 
see Born, Phys. Z., 1921, 22, 218, 249, 282; Planck, Berlin Ber,, 1926, 453; ” Thcrmodynamik,” 
8th edit., 1927,88; ” Thcorie der Warme,” 1930,45; Physica, 1935,2,1029; Lande, in Geiger and 
Scheel, ” Handbuch der Physik,” 1926,9,281; Larmor, ” Math, and Phys. Papers,” Cambridge, 
1929, 2, 590; Mimura, J. Sci, HiroshUna Univ., 1930, 1 A, 43; Yamaoka, Proc, Phys. Math. 
Soc. Japan, 1937,19,246; Putilov, Bull. Acad. Sci. U.R.S.S., 1937 {Chimi), 715, 733; Margenau 
and Murphy, ” The Mathematics of Physics and Chemistry,” New York, 1943, 26. The 
accounts by Planck and Yamaoka are intelligible. 

PfafF, Abhl. K. Akad. Berlin, 1814-15, 76; Forsyth, ” Theory of Differential Equations,” 
Cambridge, 1890, 1. 

5 J.A.C.S., 1931, 53, 2578. 
<5 Bull. Acad. Roy. Belg., 1872, 34, 509; Boulvin, “ The Entropy Diagram and its Appli¬ 

cation,” transl. Donkin, 1898, 2; de Saussure, Arch. Sci. Phys. Nat., 1894,31,421; Thurston, 
/. Franklin Inst., 1896,141, 27; Fox, ibid., 1898,145,214. 

7 Trans. Connecticut Acad., 1873, 2, 309, 382; ” Scientific Papers,” 1906, 1, 1, 33. 
8 Proc. Inst. Mech. Eng., 1889, 379, 399; Ewing, Phil. Mag., 1920, 39, 633. 
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generally in steam engineering. The so-called Mollier chart ^ is a plot of heat 
content H against entropy 5, when the gradient of the curve of constant pressure 
is (dF/d5)^=r(§35). 

Since dE^TdS--pAv for a reversible change, for a cycle: 

so that the areas of the p, v and T, S diagrams are equal if the units are suitably 
chosen.2 Entropy and Mollier charts for helium, hydrogen, nitrogen, methane, 
and acetylene were given by Keesom and 
Houthoff,^ and Keesom, BijI, and Mont6 ^ T 

modified the diagram (for nitrogen) by plotting 
//against log/?. 

In a reversible Carnot’s cycle, since 

d£'=S^-.Siv=:rd5'-/?dz;=0, 

it follows that §TdS=^jpdv. If S and T 
are used as axes instead of v and p, re¬ 
spectively, a rectangular area (Fig. 14.11) 
ABCD = {T2—Ti)(S2—Si) is obtained, giving S, $2 S 
the net heat absorbed in the cycle, and equal Fig. 14.IL Eniropy- 
(in the same work units) to the area in the /?, Temperature Diagram 

V diagram. In some cases, a simplification of 
representation in thermodynamic diagrams is achieved by using cylindrical 
instead of Cartesian coordinates. ^ 

§ 39. Methods in Thennodynamics 

The use of ideal processes for imaginary reversible changes in thermo¬ 
dynamic reasoning is perfectly legitimate; a truly reversible process, in any case, 
could never be carried out, and the ideas underlying such imaginary processes 
are, of course, much nearer natural reality than the pictures of pre-quantum 
dynamics.^ The calculation of an entropy change (§ 35) requires at least one 
reversible path between the initial and final states to be known. ^ Since no 
method of reversing life-processes is known, careful thinkers ^ have always 
hesitated in applying the two laws of thermodynamics to them (see § 31). 

The use of cyclic processes in thermodynamics has characterised most of the 
original contributions, and they are of considerable value in preventing errors 
which can slip into symbolic treatments.^ The interesting and instructive 

1 Mollier, Verhl. cl. Vereins z. Beford. d. Gewerbfl., 1893, 72, 160; Roberts, ‘"Heat and 
Thermodynamics,” 1940, 284, 302; Ellenwood and Mackey, “ Thermodynamic Charts,” New 
York, 1944. 

2 Saurel, /. Phys. Chem., 1901, 5, 179. 
3 Comm. Leiden^ 1928, Suppl. 65. 
4 Bull. Inst. Internat. Froid., 1942,23, D4; Amer. Chem. Abstr., 1944,38,4845. 
5 Lartigue, Compt. Rend., 1924, 178, 2169; 1924,179, 30. 
6 Planck, Z. phys. Chem., 1891, 8, 647; Ann. Phvs., 1903,10, 436; cf. Cantor, ibid., 1903,10, 

205; G. N. Lewis, J.A.C.S., 1931, 53, 2578. 
7 Kohl, Ann. Phys., 1908, 25, 155. 
8 W. Thomson, Proc. Roy. Soc. Edin., 1875, 8, 325 (read 1874); Phil. Mag., 1892, 33, 

291; “ Math, and Phys. Papers,” 1911, 5, 11; q. in Partington, “Thermodynamics,” 1913, 
87; Planck, Ann. Phys., 1900, 1, 621; Lewis and Randall, “Thermodynamics,” New York, 
1923, 121. 

9 Orr, Phil. Mag., 1904, 8, 509 (appreciation of van t Hoff); Nernst, “ Theoretical Chem¬ 
istry,” 1904, 22. 
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method of this type used by Washburn ^ called out a typical over-zealous 
denunciation of cyclic processes in general from van Laar,^ who had rendered 
notable services by the use of the thermodynamic potential {G=E--TS+PV), 
Although Lewis and Randall ^ spoke rather slightingly of cyclic processes, it is 
noteworthy that many of the original contributions described in their book 
were actually derived by the senior author by such cyclic processes.^ Over- 
systematised schemes of thermodynamic relations are more confusing than 
illuminating to some students. 

§ 40. The Law of Reaction 

The so-called Law of Reaction is based historically on the principle of electro¬ 
dynamics due to Lenz^ (1833), that the direction of a secondary induced electric 
current produces effects which oppose the action of the primary current giving 
rise to it. A generalised form of it was proposed by J. Thomson ^ and by 
Le Chatelier,8 and an extended form by Braun.^ Thomson’s statement (in 
language characteristic of himself and his brother William, afterwards Lord 
Kelvin) is: “ If any substance, or any system of substances, be in a condition in 
which it is free to change its state (whether of molecular arrangement, or of 
mechanical relative position and connexion of its parts, or of rest or motion), 
and if mechanical work be applied to it (or put into it) as potential energy, in 
such a way as that the occurrence of the change of state will make it lose (or 
enable it to lose) (or be accompanied by its losing) that mechanical work from 
the condition of potential energy, without receiving other potential energy as an 
equivalent; then the substance or system will pass into the changed state'" He 
considered many special cases and apparent exceptions. Le Chatelier’s form, 
as phrased by Ostwald, reads: 

If a system in equilibrium is subjected to a constraint^ whereby the equilibrium is 
modified, a change takes place, if possible, which partially annuls the constraint. 

The essentially vague character of this rule was later emphasised,^^and attempts 
were made to give it greater precision.For our purposes, however, it will 

1 J.A.C.S., 1910, 32, 467, 653, 1636; J, Chim, Phys,, 1910, 8, 358; Z. phys, Chern,, 1910, 
74, 385; “ Principles of Physical Chemistry,” 2nd edit.. New York, 1921, 475. 

2 Z. phys, Chem., 1911, 76, 67; see his valuable book, Sechs Vortrdge iiber das thermo- 
dynamische Potential,” Brunswick, 1906. 

3 “ Thermodynamics,” New York, 1923, 2: “ limping cycles.” 
4 G. N. Lewis, Proc, Amer. Acad., 1900, 36,145; 1901, 37, 49; 1907,43,259 (cycle); Z. phys, 

Chem., 1900, 32, 364; 1900, 35, 343; 1901, 38, 205; 1907, 61, 129; Z. Elektrochem., 1904, 10, 
633. 

5 Lange, Z. Elektrochem., 1937, 43, 158. 
6 Mem. Acad. St. Petersb., 1833, 2, 427; Ann. Phys., 1834, 31, 483. 
7 Proc. Roy. Soc., 1861,11, 473; cf. Maxwell, “ Theory of Heat,” 1875, 131. Traces of the 

idea are seen in Aristotle’s theory of antiperistasis, or the resistance of a substance to change of 
substantial form, and the horror vacui of the later schools: see Boyle, “ New Experiments and 
Observations Touching Cold ... To which are added An Examen of Antiperistasis,” 1665, 
697; “ Works,” 1744,2, 355; van De\Qnitr,Z.phys. Chem., 1888,2,92; 1927,130,33. 

8 Compt. Rend., 1884, 99, 786; Z. phys. Chem., 1887, 1, 565; ” Les fiquilibres Chimiques,” 
1888,210; Gouy, Compt. Rend., 1889,108,341; Ostwald, ” Principles of Inorganic Chemistry,” 
1904, 133. 

Ann. Phys., 1887, 30, 250; 1888, 33, 336; 1889, 36, 591; 1910, 32, 1102; Z. phys. Chem., 
1887, 1, 259, 269; Berthelot, ” Thermochimie,” 1897, 1, 13. 

10 Raveau, Compt. Rend., 1909, 148, 767, 1093; J. de Phys., 1909, 8, 572; Ari^s, Compt. 
Rend., 1914,158,492. 

11 Rayleigh,P/?i7. Mag., 1875,49,1\%\J.C.S., 1917, 111, 250; Wicdeburg, Ann. Phys., 1899, 
69, 66; Ehrenfest, J. Russ. Phys. Chem. Soc., 1909, 41, 341, 365 (P.); Z. phys. Chem., 1911, 77, 
227; Volkhorsky, /. Russ. Phys. Chem. Soc., 1912, 44, 310 (C.); 1916, 48, 272 (C.); Bursian, 
ibid., 1918, 49, 87 (P.); Benedicks, Z./)A>^.y. Chem., 1922,100,42; Schottky, UJich, and Wagner, 
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remain a useful qualitative guide,' which, in the great majority of cases, leads to 
correct results. Its mathematical formulation is hampered by the difficulty of 
making a satisfactory choice of the independent variables, and the equations 
derived have no advantages over the ordinary thermodynamic formulae. 

§ 41. Clapeyron’s Equation 

Carnot’s fundamental ideas were first put into a symbolic form by Clapeyron ^ 
in 1834. Let unit mass of a system defined by 
the characteristic equation f(p, v, TJ=0, be taken 
round a very small reversible Carnot’s cycle 
between the absolute temperatures T (isothermal 
BC) and T~8T (isothermal AD), the volume 
change along the upper isothermal, PQ=8v, 
being also very small (Fig. 15.11). The cycle 
ABCD may be regarded as a parallelogram, 
quantities of the third order being neglected in 
comparison with those of the second. 

The work done in the cycle is (from § 7), equal 
to the area of the cycle: (Svv)=area ABCD=aTCd 
FBCE—FBxPQ=FBx8v. FB is the pressure 
rise at constant volume for an increase in tem¬ 
perature Sr, therefore FB=(6p/dT\.8T, 

(8w)=(dp/dT),mv.(1) 
Since the change along BC is isothermal, the heat absorbed is, from (2a), § 3: 

8q=l„Sv .(2) 

hence by substitution of (2) in (1): 

(8w)=(dpldn8nqll,.(3) 

But, from § 33 (11), the work done in the cycle is equal to the heat absorbed at 
the higher temperature divided by this temperature and multiplied by the 
difference of temperatures: 

i8w)==8q8T/T  (4) 

hence from (3) and (4) Clapeyron’s equation is found ; 

4=r(dp/dr)„  (5) 

Since (IJT) is the entropy change per unit increase in volume at constant 
temperature, viz. (dS/dz>)j-. hence: 

idS/dv)r=(dpjdT)„ or (dvldS)T=idT/dp),.(6) 

“ Therniodynamik,” Berlin, 1929; Frank. Ligncm Sci. J., 1930, 9, 81; Bijvoet, Chem. Weekbl, 
1933, 30, 742; Posthumus, Rec. Trav. Chim., 1933, 52, 25; 1934, 53, 308 (crit.); reply by Le 
Chatelier, Compt. Rend., 1934, 198, 1329; Verschaffelt, ibid., 1933, 197, 753; Planck, Berlin 
Ber., 1934, 79; Ann. Rhys., 1934, 19, 759; 1934, 20, 196; Epstein, “Textbook of Thermo¬ 
dynamics,” New York, 1937, 374; Renaud and Baumgardt, Compt. Rend., 1935, 201, 1129; 
Prigogine, Bull. Acad. Roy. Belg., 1946, 31, 600. 

1 Chwolson, “Lehrbuch der Physik,” Brunswick, 1905, 3, 474; Bancroft,/.^.C.5., 1910 
36,91; “ The Phase Rule,” Ithaca (N.Y.), 1897,4. 

2 J. de I'Bcole Polytechnique, 1834,14, 153; Ann. Phys., 1843, 59, 446, 556 (a poor transla¬ 
tion); Ostwald’s Klassiker, 1926, 216; Taylor’s Scientific Memoirs, 1837, 1, 347; Wilson, Phil. 
Mag., 1943, 34, 828; Clapeyron assumed (which is not necessary for the deduction) that the 
heat given out along DA=the heat absorbed along BC; Qausius, Ann. Phys., 1850, 79, 368, 
made what he calls “ a small change ” by putting the difference equal to the work done in the 
cycle. 

Diagram 
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which is one of Maxwell’s equations (§ 48). Conversely, equation (5) may be 
deduced ^ from the first equation (6) by multiplying both sides by T. 

If the work done in a small reversible change is given by instead 
of by pdvy where X is called a generalised force and x a generalised coordinate^ 
Xand x: can be used in the diagram instead ofp and v, giving: 

/,=r(dz/dr), .(7) 
where 4 is a latent heat corresponding with unit change of .v at constant T 
(see § 42).2 

Again, if equations (2a) and (2b), § 3, are written in the form: 

hq=r ,d r+ fdx=c^d T+ /^d X, 

it is found, as in § 5, that: 
Cx^c,-^Ix(dX/dTf.(8) 

4=/x(dA^/dx)^.(9) 

§ 42. The Equation of Maximum Work 
An important equation, which includes the First and Second Laws of Thermo¬ 

dynamics, and was called by the author ^ the Equation of Maximum Work, may 
be deduced in several ways. 

Suppose the system defined by the absolute temperature T and a set of other 
variables xi, X2, . . . x„ so chosen that in a change of temperature with con¬ 
stant x’s no work is done ; these are called normal variables. Let the system pass 
reversibly and isothermally from an initial state T, (a*|)o, (x2)o, . . . (t„)o to a 
final state r, Xi, X2, . . . x„. Then, from (3), § 33, rzl5, 

(dJF/dr)j,-(dJ£/dr)^,-~r(dJ5/dr)j,~J5 . . (i) 

the subscript showing that in the finite change at 7'+drinstead of T the values of 
a'2—•(x2)o, etc., remain constant, with the same values as they had at 

the temperatures T. By analogy with (5), § 21, and (3), § 35: 

(dE/dT),=r(d5/dr)„ 

hence the first two terms on the right in (1) vanish, 

{dAFIdT)^^^-AS^{AF-AE)!T 

or AF-AE^T{dAFIdT)^^.(2) 

The equation (2) is nearly always called the “ Gibbs-Helmholtz equation,” 
although, as Bancroft said, it is one which “ Gibbs could have, and perhaps 
should have, deduced, but did not.” Larmor ^ very properly suggested that it 
should be called the Thomson equation, since it was deduced in 1855 by W. 
Thomson ^ (Lord Kelvin) by the following very elegant method. 

^ Saurel, J. Phys. Chem., 1901, 5, 256. 
2 Saurel, J. Phys. Chem., 1900, 4, 193; 1901, 5, 393; who says Clapeyron’s deduction 

“ is as general as it is simple.” 
3 “ Thermodynamics,” 1913, 112; Szarvassi, Ann. Phys., 1905,17, 248. 
^ J. Phys. Chem,, 1927, 31, 638: he is in error in saying that Helmholtz did not deduce it, 

since it is equn. 1/i, p. 31, in his paper. Die Thermodynamik chemischer Vorgange, in Berlin 
Ben, 1882, J, 22 f.; Ostwald’s Klassiker, 1902, 124, 17; “Wiss. Abhl.,” 1883,2,958; 1895, 3, 
92; Scarpa, Atti Accad. Jtal.,fis, mat., 1941, 2, 1057. 

5 Proc. Roy. Soc., 1908, 81, Appendix, xlv; ” Math, and Phys. Papers,” Cambridge, 1929, 
2, 102, 724. 

6 Quart. J. Math., 1857, 1, 57 (dated 1855); Phil. Mag., 1878, 5, 4; “ Math, and Phys. 
Papers,” 1882, 1, 297; Tait, ” Thermodynamics,” 1877, 141; another deduction, without the 
use of entropy, was given by Lord Kelvin in 1898: Proc. Roy. Soc. Edin., 1898, 22, 126; 
” Math, and Phys. Papers,” 1911, 5, 24 ; Gruner, Verhl d. D. Phys. Ges., 1912,14,655,727; 
Boutaric, J. Chim. Phys., 1913, 11, 638; Compt. Rend., 1919, 168, 939; 1919, 169, 432; Le 
Radium, 1919,11, 257, 298, 348. 

7 Buckingham, ” An Outline of the Theory of Thermodynamics,” New York, 1900, 170 f., 
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Consider any definite change of state at the absolute temperature T, and 
reversed at the temperature r+8r, so that the cycle consists of these two iso¬ 
thermals and two other parts in which no work is done during the temperature 
changes (e.g. at constant volume). Let heat q be absorbed at T and heat 
q+^q be given out at 7-f-Sr; there will be heat (d£'/d^);^.S^ taken in at the upper 
transition and (d£’o/dr)^Sr at the lower, where AE=E—Eo, and T-\-\hT is the 
average temperature for these changes. Then (§ 33); 

Ct f T+sr'^ 
(dAE\ 8T 

\dfj^,f+W /15=0 

/dJ£\ ^ T+\8T q {T+\8T) q-^8q 

\d7’/j* Sf ' ^ ’T+8T’ 

Multiply out and neglect a term with Sr^, then: 

(dAEIdT)^,^ -qlT+{<^qlAT)^,, 

Put q==AE+\i\ 
(d^/dr)j,=(dzit^/dr)j,+(dHyd7^)j,. 

AE+w^T{dwldT)^^ .(3) 

or, since h’= — JF, equation (2) is found. AE may be replaced by q,„ 
Helmholtz gave the following deduction. The system is defined by T and 

the normal variables x^, Xi, . . ., as before. If is the generalised force 
(§§ 41, 50) corresponding with Xj, the work done during a change of Xi, X2, . . . 
at constant temperature is: 

Sw^^EXxdxi.(4) 

and the energy increase due to a change of all the variables is: 

dF= (dF/d r)^.dF+i:’(dF/dx i) ^dx j. 

Hence the heat absorption is: 

8f7=dF+Svv 

=(dF/dr),dr+F[(dF/dxi)i.+2ri]dxi.(5) 

/. Sg/F=(I/F)(dF/dr),dF+(l/r)F[(dF/dxOr+^ . . (6) 

where the suffix x indicates that all the values of xj, .Y2, . . . are held constant 
during the change of temperature (cf. (5) and (4), § 21). But: 

S^/r==d*S'==(d5/dr),.dr+2:(d5/dx,)rdxi .... (7) 

giving, on comparison of (6) and (7): 

(d5/dr),=(i/r)(dF/dn,.(8) 

and (dS/dx,)r=(l/^)[(dF/dxOT+^^i] .... (9) 

Put F=F--rS, then 

(dF/dr),.=(dF/dr),-F(ds/drL- f. 

who gives this deduction, found it “ less easy to analyse and less clear ” than the alternative 
one given below: 

F^E-TS-, dE^TdSSXdx\ dF=-SdT-SXdx 

5«-(0F/0Dx F=F-fr.aF/0r. 
This is not really equation (2), and the meaning of “ dFIdT*' is obscure. 

The cycle here described was, apparently, first used by Rankine, Trans. Roy. Soc. Edin., 
1853, 20, 147 (read 1850); “ Misc. Scient. Papers,” 1881, 251, and hence might be called a 
“ Rankine cycle Partington, “Text-Book of Thermodynamics,” 1913, 113; Rankine calls 
the curves representing changes without performance of work, adynamics. 
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From (8), the first two terms on the right hand vanish, 

(dF/dr),=~5=(F~£)/r.(10) 

If there is only one normal variable, say volume, xi=V, then: 

(dF/dT)y=(F-£)/T 

and for two states, Vi and V2, at the same temperature: 

(dF/dT)y-(dF/dT)y=(JF^^E)/T.(11) 

which may be written in the shorter form: ^ 

(d^F/dT)jy=(JF-^E)/r.(12) 

or in the general case: 

(dJF/dT)j,=:(JF^JE)/T.(13) 

An early use of the Maximum Work Equation in chemistry is that of Horst- 
mann,2 in 1872. Jiiptner ^ by dividing each side of the equation dw=^d77r 
by w found dw/w=(dT/T). qjw, or d In wjd In T^qjw, 

§ 43. Relation between Energy and Free Energy 

If Eq and *^0 are the energy and entropy in the standard state, the free energy 
defined by F^E—TS contains an arbitrary linear function of temperature 

Since E and S are extensive properties (§ 23), and T is an intensive 
property, it follows that F is also an extensive property and proportional to the 
total mass (or quantity) of the system. 

For an infinitesimal change in which there is a change in temperature: 

dF^dE-TdS-SdT.(1) 

From the First Law: 
dE^hq-hw.(2) 

For a reversible process (only), (5), § 33 gives hq==TdS, and if the only external 
work is due to volume change, 8>v=FdF, then: 

dE=7d5-PdF.(3) 

Hence, from (1) and (3), dF=~5dr-PdK 

(dF/dF)^=-.P.(4) 

and {dFldT)y^-S .(5) 

.-. F-E^-TS^TidFldT)y.(6) 

From (5), and § 35 (3): 

(d2F/dr2)p= ^idSldT)y^ ^cJT.(7) 
and from (4): 

(d^F/dV^)T-=-idP/dV)r.(8) 

1 The commonly used symbol (d^F/dT)v may be misleading, since it could suggest that AF 
is a free energy change at constant volume, whereas AF often involves a volume change, as in 
the isothermal expansion of 1 niol of ideal gas, when AF=RTIn (F2/Fi)and (dAF/dT^^y^ 
R In (¥2!Ft). The volumes in the two terms Fi and Fz of AFmay be different, and in differen-. 
dating with respect to T, each must be held constant. In some cases, as in dealing with the 
temperature variation of electromotive force, the volume itself may be held constant whilst the 
temperature changes. 

2 Ann,, 1872, Supplbd. 8, 112; Ostwald’s Klassiker, 1903.137. 8. 
3 Z. phys, Chem., 1907, 60, 114; 1908, 64, 709; “ Das chemische Gleichgewicht auf Gmnd 

mechanischer Vorstellungen,” Leipzig and Berlin, 1911; von Lang, Wien Ber,, 1890, 99, II, 
899 (applications). 
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Rearrange (6) and divide by 7^: 

T\Af)y'^T^~ dT\T}v~f^ 
-F/r=/(£’/r2)dr+c.(9) 

where C is the integration constant, giving a relation between the free energy F 
and the energy E. 

For finite changes in state of a system: 

df\ F / F2 ■■ T I 72^^ 
(10) 

§ 44. Available Energy 
A function of state here called ^ the available energy is defined by: 

G=F+PV=E-TS+PV.(1) 

In isothermal changes at constant pressure: 

AG=AF+PAV.(2) 

But in reversible isothermal changes, JF=—tVy, and PAV=Wy, the external 
work due to volume change, hence: 

“'AG^Wj'~~Wy^W y.(3) 

where w'y is the available (or net) work, i.e. the maximum work Wy of the 
reversible change at constant temperature and pressure less the external work 
done by expansion under a constant pressure, e.g. the pressure of the atmosphere. 

For an infinitesimal change (I) gives: 

dG=dF+PdV+VdP 
=(dE-TdS-SdT)+PdV+ VdP 
=(dE- FdS+Pd F) - SdT+ VdP. 

If the only external work is due to volume change: 

d£+PdF=8^, 

and since, for a reversible change, S^=Fd5', the expression in brackets is zero; 
hence: 

dG=-5'dr+FdP 

{dGldT)p=-S.(4) 

and (dG/dP)j = F.(5) 

The heat content is: 
H=E+PV.(6) 

.’. from (1) and (6): 
H=F+TS+PV=G+TS .(7) 

.’. from (4): 
//=G-r(dG/dF)p .(8) 

or /l//=zJG+r2lS=/lG-r(dJG/dF)p .... (9) 

Hence ^ from (9) and (3), and § 17 (6): 

M;V+^P=F(dH-V/dr)p.(10) 

' other names are “ thermodynamic potential ” (Duhem), “ free energy ” (G. N. Lewis). 
Strictly, it should perhaps be called “ free-heat function ” or “ free enthalpy ” (Martin, Amer. 

Chem. Abstr., 1943, 37, 2250). 
2 On equation (10), see Lorenz and Katayama, Z. phys. Chem., 1908, 62, 119; Gruner, 

Verhl. d. D. Phys. Ges., 1912, 14, 655; Wesendonck, ibid., 1913,15, 839; Nemst, BerlinBer., 
1913, 972; Wegscheider, Z. phys. Chem., 1912, 79. 223; 1920, 94. 746; Lorenz, ibid., 1924, 
110, 40; Partington, “ Thermodynamics,” 1913, 107. 
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In (9) the pressures in the two terms of Gi need not be the same, 
but may be F2 and Pi, respectively. In this case each pressure must be held 
constant during differentiation by T. The case is similar to that of (11), § 42, 
for JP. This would apply, for example, to a gas cell having the same gas at 
pressures Pi and P2 at the two electrodes. Since E (or //) and S are functions 
of state, having definite values for a system in a given state, this is also true 
ofG. 

Differentiate (1) with respect to T at constant pressure, 

(dC7/dT)p=(dP/dT)p+P(dK/dr)p, 

(7=//+r(dP/d7)p+Pr(dK/dnp, 

F==^H+T{dFldT)p+P[T{(\VldT)p-VIT] . . (11) 

The maximum work at constant pressure is still —Zip, not —zlC? (there has been 
some confusion on this point), hence the equation w+AH—T{dw!dT)/is not 
correct unless (dF/dr)p= VjT, i.e. for an ideal gas. 

Natanson ^ called G (which he symbolised K) the “ inner potential energy,” 
—pv the “inner mechanical energy,” and TS the “inner thermal energy”; 
—SdPis the “ transformed heat,” equal to dP+div. 

From (4), and § 35 (6): 

(d2G/dP2)^= -(d5/dP)p- - c>/r.(12) 

Since dH=^d{E+PV)^dE+PdV+VdP, and dP+PdP=S^=rdS; therefore 
dH^TdS+VdP 

(diy/d5)p=P .(13) 

and (d/f/dP)^=T.(14) 

From (6) it is found, as in the deduction of (9) and (10), § 43, that: 

[d(G/T)/dP]p=-///P2.(15) 

and [d(zlG/P)/dP]p=-Zl///P2.(16) 

These equations give a relation between the available energy G and heat con¬ 
tent H, 

§ 45. Note on Thermodynamic Functions 

Massieu 2 in 1869 showed that all characteristic properties of fluids can 
be expressed in terms of one or other of two functions or their differential 
coefficients: 

//= - (P- TS)IT; //'=:- (P- TS+P V)IT 

which he called characteristic functions', in 1876, following a suggestion by 
Bertrand, he used the functions f/=—(P—75) and (P—75+PFh 
Planck ^ later used — (P—75-f PP)/7, which he called 0 or W, as a potential 
function; it has the same properties in a system at constant temperature and 
pressure as the entropy at constant energy and volume. 

Maxwell ^ observed that the maximum work in an isothermal process is the 
decrease of a function E—TS, for which he used the name available energy, 

1 Ann. Phys., 1891,42,178 ; Z. phys. Chem., 1892,10, 733; 1897, 24, 302; see Trevor, /. Phys. 
Chem., 1899, 3, 389; 1900,4, 514, on the interpretation of these terms. 

2 Compt. Rend., 1869, 69, 858, 1057; /. de Phys., 1877, 6, 216; Mdm. div. Sav. [Etrangire] 
Acad. ScL, 1876, 22, No, 2, 9, 26; Bertrand, “ Thermodyaamique,” 1887, 121. 

3 Ann. Phys., 1887, 32, 462; “ Thermodynamik,” 1911, 116. 
4 “ Theory of Heat,’' 1871, 185. 
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He confused it with the entropy, but later corrected the mistake, ^ Gibbs ^ in 
1873 used the function E—TS+PV^ which Duhem ^ called the thermodynamic 
potential Gibbs ^ in 1876 used the three functions (in his notation): 

l(s=:e^t7l [ = £~J'5'=F] 

l:==:e^t7]+pv [ = £'~r5'+PK=G] 

X^e+pv [==E+PV==Hl 

calling —0 the force function for constant temperature, +x the heat function at 
constant pressure, but not naming 

Lord Kelvin ^ (1879) used the name motivity for “ the possession, the waste 
of which is called dissipation,” and at constant temperature this is the free 
energy F, Helmholtz^ (1882) generalised the potential energy function of 
mechanics so as to obtain a function the decrease of which at a given constant 
temperature represents the maximum work obtainable for a given change of 
configuration. This function could be transferred to other temperatures by an 
application of the Second Law; he called it the free energy and denoted it by F. 

In the earlier editions of his “ Theory of Heat,” Maxwell used the name 
” entropy ” for what was really the free energy,'^ but in the edition of 1875 
this was corrected, and the name “ available energy ” substituted. The 1875 
edition (p. 195 f.) also contains a clear account of Gibbs’s method ^ of repre¬ 
sentation of the properties of a substance by means of a surface, and a diagram 
(p. 207) of a volume, entropy, and energy surface from a model made by Max¬ 
well. The '‘thermodynamic function” introduced by Rankine ^ in 1854 is 
the same as the entropy. 

The fact that the energy E and heat content H are also ” potential ” functions 
for constant entropy and volume, or constant entropy and pressure, respec¬ 
tively, which follows from the equations iE^TdS—pdv, dH=^TdS+vAp\ 
and similar equations with generalised coordinates and forces (§ 42), has, of 
course, long been recognised,with the other obvious result that the entropy is 
a potential function for constant energy and volume (or generalised coordinates). 
The names ” Helmholtz free energy ” and ” Gibbs free energy ” for F and C, 
respectively, are historically incorrect, 

§ 46. Calculation of Free and Available Energies 

In order to integrate equation (10), § 43: 

-AFIT==!{AEIT^)dT.(1) 

and equation (16), § 44: 

-Jc/r=j(J///r2)d7^.(2) 

1 “ Theory of Heat,” 1875, 187. 
- “ Scientific Papers,” 1906,1, 50; he says E—TS “ had been called the available energyF 
3 “ Le Potentiel Thermodynamique et ses Applications,” Paris, 1886, vii. 
^ “Scientific Papers,” 1906, 1, 87-92; from Trans. Connecticut Acad., 1875-6, 3, 108 f.; 

Nutting, Science, 1946, 104, 317. 
5 Phil. Mag., 1879, 7, 348; “ Math, and Phys. Papers,” 1911, 5, 4. 
<5 Berlin Ber„ 1882, i, 22; Ostwald’s Klassiker, 1902, 124, 27. 
7 See Gibbs, “ Scientific Papers,” 1906, 1, 52. 
8 Gibbs, “ Scientific Papers,” 1906, 1, 1 f. 
^ Phil. Trans., 1854,144, 126; “ Misc. Scient. Papers,” 1881, 352. 

See e.g. Buckingham, “An Outline of the Theory of Thermodynamics,” New York, 
1900,167 f; on Gibbs’s methods, see Lash Miller, Chem. Rev., 1924, 1, 293; Nutting, Science, 
1946, 104, 317; Coffin, J. Chem. Educ., 1946, 23, 584. 
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AE and AH must be known as functions of temperature. KirchholY’s equations 
(§ 20) give: 

AE=AE°+^AC,AT .(3) 

J//=J//o+JJCpdr.(4) 

Substitution of (3) in (1) and (4) in (2) gives: 

r A T' 

-/JF=-zJ£o+rJ^;/lCd7’.(5) 

and -JG=-J//o+7j*-^2J4lf),dT’.(6) 

Jf the true molecular heats are of the form: ^ 

C\-=-a+bT+cT^+ . . . 

Cp^a'+hT+c'T^+ . . . 

then (3) and (4) give: 

AE:==^AEQ+Ea ,T+\l2,Eb  (7) 

AH=^AH^)+Ea'. T+ljl.Eb'. T^+\l2>.Ec' ,T^+ . , . . (8) 

and (5) and (6): 

AF:=AEo-Ea .r\nr-\i2 .Eb .Ec , +ir . . (9) 

AG^AHQ-Ea\T\nT-\l2.EE m-\l6.Ec\T^+ , . . +/T . (10) 

The integration constants /and /' may be eliminated if JFand AG arc known 
for one temperature. 

The molecular heats may be calculated from theoretical functions (such as the 
Einstein and Debye functions for solids, or spectroscopic data for gases), and 
the values of and AC^ can then be obtained from tables. Since absolute 
values of S can be calculated from Nernst’s Heat Theorem (§ 69), standard 
values of F and G may also be tabulated. 

§ 47. Difference of Specific Heats 

From(lO), §21: 

.... (1) 

The value of 4=r(dp/drx, may be substituted from Clapeyron’s equation, (5), 
§ 41, and the product of the partial differential coefficients transformed according 
to (11), § 25.1. This gives: 

r^~c,=r(dp/dr),(dz;/dr)^ 

= ~ncl^/dr)/(d/7/dz;)^ .(2) 

The important difference Cp—is now expressed in terms of experimentally 
available magnitudes such as the coefficient of expansion^ aL^{dvl6T)plvQ, 
the coefficient of tension ^=(d/7/drX,/po» the isothermal elasticity 
—VQ{dpjdv)jy and the isothermal compressibility «:j=—(dz;/dp)r/z>o- 

1 See Nernst, Gott. Nachr., 1906,1; “ Experimental and Theoretical Applications of Thermo¬ 
dynamics to Chemistry,” New York, 1907; Jellinek, “ Physikalische Chemie der Gasreak- 
tionen,” Leipzig, 1913, 55, 88; Bozza and Devoto, Atti R. Accad, Lincei, 1927,5,180,287. 

2 See Peczalski, Compf. Rend., 1913, 157, 770. 
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§ 48. Maxwell’s Equations 

Four very useful differential equations, first deduced by Maxwell ^ by a 
geometrical method which is not very easy to follow,^ are obtained as follows. 
The deduction depends on the principle that the energy heat content Hy free 
energy F, and available energy G are all functions 
of state (§§ 16, 17, 33, 34, 44), having definite ^: 
values when the system is in a given state; for any 
system the state of which is defined by rwo indepen¬ 
dent variables .v and y, Euler’s criterion (§ 27.1) 
gives (where X may be £, //, F, or G): 

d /dX 

dx\dy 

I. d£= TdS-Pd y from (3), § 43, Equations 

(dE/dy)s=-F, and (dE/dS)y=T, 

\ _ d /d^\ 
/j“d>’\dx/; 

T V 
Fig. 16.II. MaxwelFs 

IT. 

111. 

d(E+PV)=dN=dE+Pd K+ VdP 

= 7dS+ydP, from the above equation for d£, 

. (d///d*S)p=r, and (dH/dP)s=K 

d(E-rS)=dF=dE-TdS-SdT 

= --SdT—Pd y from the equation for dE, 

(dF/dr)p.= -5, and (dF/dV)r==-P 

IV. d(E-TS+Py)=dG=dE-TdS-SdT+PdV+ VdP 

=(d£'~rd5'+PdK)-5dr+ VdP 

= — SdT+ VdPy from the equation for dE, 

(df;/dr)p=-5, and (dG/dP)p=F, 

/d5\ r d/d G\ d /d G\ 1 /d 

IdWr II 1 
C

L
| 

fjp d7’\d 

II 1 

Tjp 

The four equations are easily written down by the following rule (which is 
not, of course, a deduction). Write down the letters PSTV in this (alphabetical) 
order in two parallel lines as shown in Fig. I6.II and complete a rectangle. Start¬ 
ing at P, read round two sides clockwise, and then round the two parallel sides 

1 Maxwell, “ Theory of Heat,” 1871, 163; 1897, 165. Maxwell’s numbering of the equa¬ 
tions is 1, 2, 3, and 4 for equations 4, 2, 3, and I above; Natanson, Ann. Phys., 1891, 42, 178, 
observed that Maxwell’s equations are conditions establishing the existence of the functions E, 
E. F, and G. 

2 Tait, ” Heat,” 1895, 322. It may be noted that the replacement of ;’djc by —xdy by 
subtraction of d(xy) is called a Legendre transformation: see Trevor, J. Phys. Chem.y 1899, 3, 
339, 523; 19(X), 4, 570; Runge, Ann. Phys.y Boltzmann Festschr., 1904, 260, 
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anti-clockwise. Then start at S, V, and T, in succession and repeat the operation. 
The sign order is-1-h, in accordance with the second rule below: 

(1) “ dP by d^ at constant V equals minus dT by d F at constant S," 

i.e. (dPldS)y=--{dTldV)s, equation (1). 

(2) “ dS by d F at constant T equals dP by d7’ at constant F,” 

i.e. (dSldV)T=(dP/dT)y, equation (3). 

(3) “ dF by dTat constant P equals minus dS by dP at constant T,” 

i.e. (dV/dT)p=—(dS/dP)j, equation (4). 

(4) “ dT by dP at constant S equals d F by dS at constant P," 

i.e. {dTldP)s=(dV/dS)p, equation (2). 

If the three letters in the second half of the equality, or these letters reversed, 
are in alphabetical order (P, T, F; V, S, P reversed) the sign is -1-; if they (as 
written or reversed) are not in alphabetical order the sign is — (T, V, S: S, P, T). 

Maxwell’s equations lead very directly to a large number of important thermo¬ 
dynamic equations and deserve to be more widely used in physical chemistry. 

A generalisation of this type of equation is obviously possible, and several 
resulting sets of equations are available.’ For most purposes, a knowledge of 
the fundamental equations and the exercise of a little ingenuity provide a more 
interesting route to such special equations. It should be noticed that all the 
equations (l)-(4) can at once be deduced from the expressions for dE, dH, dF, 
and dG, expressed in the general form dM=A'd.Y-t-Tdy, by using the result 
(§ 27.1) for a perfect differential, dYldx=dXldy. 

Some general thermodynamic formulae are of frequent use, and the following 
(all of which have been deduced) are particularly important: 

(dT/dV)s=-idP/dS)y, 

idV/dT)p=-{dSldP)r, 

(dH/dS)p=T=(dE/dS)y, 

(dH/dP)s=V^idG/dP)r, 

{dTldP)s={dVldS)p, 

{dPldT)y={dSldV)r, 

(dF/dF)^=-T=(d£/dF).„ 

{dFldT)y= -G=(dG/dT),.. 

§ 49. Effect of Pressure on Specific Heats 

From (3) and (6), § 35: 

dS=c„dTIT at constant volume, therefore (d5'/dr)^=c,,/T; 

dS—CpdTjT at constant pressure, therefore (d5'/dT)p=Cp/T. Hence 

from Maxwell’s equation (3), § 48, {dSldV)x={dPldT)y. Also, 

from Maxwell’s equation (4), § 48, (dS/dP)r = — (dF/dT)p. 

1 Natanson, Ann. Phys., 1891, 42, 178; Z. phys. Chem., 1892, 10, 733; Trevor, J. Phvs. 
Chem., 189&-7, 1, 205; 1899, 3, 339, 523, 573; 1900, 4, 570; Burrows, ibid., 1901, 5, 233; 
Bridgman, Phys. Rev., 1914,3, 273; “ A Condensed Collection of Thermodynamic Formulas,” 
Cambridge (U.S.A.), 1925; Lunn, Phys. Rev., 1920,15, 299; Koenig, J. Chem. Phys., 1935, 3, 
29; McKay, ibid., 1935, 3, 715; Lerman, ibid., 1937, 5, 792, 994; Slater, “Introduction to 
Chemical Physics,” 1939, 24; Mordn, An. Fis. Quim., 1941,37,405; Tobolsky,y. Chem. Phys., 
1942,10, 644; Creely, Le Compte, and Lucasse, J. Franklin Inst., 1943,235, 617. 
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Equations (1) and (2) are useful in correcting measured specific heats of actual 
gases to the values in the ideal state, but they are quite general and apply also to 
liquids and solids. For an ideal gas, (dP/dT)y and (d VldT)p are both independ¬ 
ent of temperature (§ 54), and hence its specific heats are independent of pressure, 
although they may depend on temperature. 

§ 50. Generalised Coordinates and Forces 

A system is normally defined when its state is specified in terms of the tempera¬ 
ture T and the least number of other so-called normal variables Xi, a:„, 
so chosen that no work is done provided all the a’s remain constant. E.g. 
with a gas, the independent variables are any two of the group p, v, T, and clearly 
V and not is a normal variable. With each a a so-called generalised force X 
may be associated so that the element of work done at constant temperature is: 

.(1) 
and a generalised latent heat /1, so that the element of heat absorbed is: 

8qr=Xl^dxi.(2) 

It should be noted that Swj in (1) should be such that it may ultimately, by 
suitable apparatus, be realised as the potential energy of a raised weight. 

For each pair of variables x^ and an equation similar to the Clapeyron 
equation (7), § 41 has been deduced by taking a'i instead of v and Xi instead of p 
in the diagram: 

f^T(dXJdT\.^ .(3) 

The latent heat due to a change of one normal variable at constant temperature 
is, from (2) and (3): 

9^=J_/,dx,=rJJ‘(dA'i/dr),,dxi .(4) 

in which all the other normal variables are constant. In the general equation 
(since the a's are supposed to remain constant when the temperature alters): 

^^-J"A'dA-=J\d^/dr),dx+ZW/dr)-Jr'(d.v7dr) . . (5) 

the second and third terms on the right vanish ; hence (4) may be written: 

({T=T^jy6x=T^j8wr=TidwTldTU, .... (6) 

from (1). This is the equation of maximum work (§ 42). 
The following equations follow from the fundamental definitions': 

8^=d£'+8H'=(d£'/dr).^dT+2’[(d£/dxi)r+Ti]d.v, ... (7) 

=7'(dS'/dr)*dr+72;(d5/dA:i)i.d.x:i.(8) 

[d(E-TS)/<iTl=(dFldT)^=-S.(9) 

[d(£-r5)/djCi]r=(dF/dA:,)r=-A',.(10) 

I Von Lang, IVien Ber., 1890, 99, 11, 899; Boltzmann, Ann. Phys., 1896, 57, 39; Trevor, 
J. Phys. Chem., 1896-7, 1, 205; Duhem, “ Trait6 de Mecanique Chimique,” 1897,1, 90, 138; 
Pellat, Compt. Rend., 1897, 125, 699; Buckingham, “Outline of the Theory of Thermo¬ 
dynamics,” New York, 1900, 89, 117 f., 158 f.; Whetham, “Theory of Solution,” Cambridge 
1902, 23; Partington, “ A Text-Book of Thermodynamics,” 1913,107; Koenig, /. Chem. Phys., 
1935, 3, 29; J. Phys. Chem., 1937, 41, 597; McKay, J. Chem. Phys., 1935, 3, 715; Lerman, 
ibid., 1937, 5, 792, 994. It should be noted that Sw in (14) involves the temperature, as X 

is not a normal variable. 
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E=F-T(AFIAT)^.(11) 

8^=7’[(d5/dr)xd7’+^(d‘S/‘l^i)TdA',].(12) 

d£=(d£'/d7’)xdr+i7(d£/d2ri)i<iA'i.(13) 

SM'=i;A'i[(dxi/d3ri)rdA'i+(dA,/dr)yd7’] . . . (14) 

If G=E-TS+SXiXi.(15) 

(dC;/dr)x=-S; (dC/dX,)r=Aj.(16) 

£•= G-TidGldT)x-SXiX, 

= G-r(dC/d7’)x-£A'i(dG'/dA',)^. .... (17) 

It is often more convenient to proceed rather differently. For example,* 
in discussing the change with temperature of the electromotive force of a cell, 
the electrical work is hw^=ehQ, where e is the potential difference V1 — V2 

between the poles, i.e. the electromotive force, and SQ is a small quantity of 
positive electricity flowing inside the cell from pole 2 to pole 1, and the external 
work against the atmospheric pressure is SH',,=/>de>, where dv is the total change 
in volume. If heat Sc^-f is absorbed at constant temperature; 

dE=8qj-—8Wg—Sw,,=8gj—cdQ—pdv 

=:TdS-edQ-pdv.(18) 

Subtract d(T5') from both sides of (18): 

d(£-rS)=dF=-Sd7~L'd(J-pdv 

(dF/dQh-„=-e and (dF/dD^^, . . . (19) 

Alternatively, subtract d{TS—pv) from both sides of (18): 

d(£-TS+pv)=dG==-Sdr-edQ-l-vdp 

(dG/dQ).j.,,= -e and (dG/dr)Q., = -S .... (20) 

§ 51. Entropy Changes in Irreversible Processes 

In a reversible cycle (§ 32), iw)—qi—q2 is a maximum, and hence the only 
way in which an irreversible cycle can differ from a reversible Carnot’s cycle is 
that (.qi-q2)i<(gi—92),l or ifqi,=qu, then q2i>qz„ i-e. more heat is given to 
the cold body. Hence (taking ^2 negative for heat given out by the working 
substance): 

(9ilTi+q2lT2)i<iqilTi+q2lT2),<0, 

and for the general case: 
.(1) 

in which the equahty refers to reversible and the inequality to irreversible 
cycles. In (I) T was taken by Wesendonck ^ as the temperature of the working 
substance or system undergoing change, whilst Neumann ^ maintained that 
it is the temperature of the reservoir from which heat is taken; in irreversible 
changes these two temperatures need not be (within an infinitesimal amount) 
the same, as must be the case in reversible changes (§ 8), and it is a disputed point 
as to which attribution is correct. 

1 Partington, “ Text-Book of Thermodynamics,” 1913,462; “ Chemical Thermodynamics,” 
1940,71. 

2 Ann. Phys.y 1899, 67, 444. 
3 Leipzig Ber.y 1891, 43, 75 (89); Voigt, ” Thcrmodynamik,” Leipzig, 1903, 1, 251, 
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An irreversible process can be coupled with a reversible process to form an 
irreversible cycle : 

f hqlT+ f%/7’=,|8?/7’<0=-S2.(2) 
iJA rJB 

where 8^ is some positive number, 

/. rSq/T. 
iJA ijA 

For a thermally isolated system (8^=0): 

.(3) 

i,e. the entropy of such a system tends to increase and will be a maximum in 
equilibrium. 

Equation (2) is usually called the inequality of Clausius. In 1868 Clausius ^ 
announced the Second Law in the form that: “ the entropy of the universe 
tends towards a maximum/’ and, from time to lime, philosophical or semi- 
philosophical speculations have centred about this. It has been suggested,2 

for example, that a direction in time is somehow connected with increasing 
entropy. It should be emphasised, as was done by G. N. Lewis,2 that the 
Second Law of Thermodynamics has nothing to do with time, and that its 
extension to the universe ” is meaningless,unless the universe is defined 
so as to constitute a thermodynamic system. That the laws of thermodynamics 
apply both to the “ universe ” and also inside the atom,^ seems doubtful. 
Kolosovsky ^ calculated the energy of the universe as 8T X 10^^ g.cal., and the 
entropy of the universe as approaching a maximum of 4*8 X 10<56 g.cal./r C. 

The thermodynamics of irreversible processes is entirely qualitative and of 
little interest in physical chemistry. A selection from the very extensive litera¬ 
ture on the subject is given: some of it contains material interesting from other 

1 Phil. Mag., 1868, 35, 405; cf. Bridgman, “ The Nature of Thermodynamics,” Cambridge 
(U.S.A.), 1941, 133. 

2 Eddington, “ Nature of the Physical World,” Cambridge, 1928, 98 f; Ubbelohde, ” Time 
and Thermodynamics,” Oxford, 1947; Milne, Astrophys. 1940, 91, 129; de Bonder, Bull. 
Acad. Roy. Belg., 1946, 31, 560. 

3 Science, 1930, 71, 569; Dingle, Proc. Phys. Soc., 1948, 60, 402. 
^ See also Steinmctz, Gen. Electric Rev., 1912,15, 419; Mech. Eng., 1912, 30, 123; Engineer, 

1912, 114, 103. 
5 Schack, Phys. Z„ 1921, 22, 73. 
6 J. Gen. Chem. U.S.S.R., 1931,1, 393; cf. Zwicky, Proc. Nat. Acad., 1928,14, 592. 
7 Qausiiis, Arm. Phys., 1863, 120, 426; “Die mechanische Warmetheorie,” 1879, 2, 319; 

AUard, Arch. Sci. Phys. Nat., 1868, 32, 89; Parker, Phil. Mag., 1888, 25, 512; ” Elementary 
Thermodynamics,” 1891, 138; “ Thermodynamics with Elementary Mathematics,” 1894, 102; 
Neumann, Leipzig Ber., 1891, 43, 75; Gros, Arm. Phys., 1892, 46, 339, 517; 1892, 47, 213; 
Duhem, on the thermodynamic theory of viscosity, friction, and false chemical equilibrium. 
Mint. Soc. Sci. Phys. Nat. Bordeaux, 1896, 2,1 (207 pp.; summary by Trevor, J. Phys. Chem., 
1896-7, 1, 369); ” Th6orie Theimodynamique de la Viscosity, du Frottement, et des faux 
equilibres Chimiques,” Paris, 1896; Z. phys. Chem., 1897, 22, 545; 1897, 23, 193, 496; 1897, 
24,666; 1898,28, 577; 1900,33, 641; 1900,34, 312, 683; 1901,37, 91; 1903,43, 695; Natanson, 
Z.phys. Chem., 1894,13,437; 1895,16, 289; 1896,21, 193; 1897, 24, 302; 1898, 26, 285; 1899, 
30, 681; 1903, 43, 179; Phil. Mag., 1896,41, 383; J. Phys. Chem., 1896-7, 1, 374; who used 
Hamilton’s principle of varying action and Rayleigh’s dissipation function (Rayleigh, Proc. 
London Math. Soc., 1873, 4, 357; ” Scientific Papers,” 1899, 1,176; “Theory of Sound,” 2nd 
edit., 1926, 1, 103); Wassmuth, Ann. Phys., 1897, 62, 522; Wiedeburg, Ann. Phys., 1897, 61, 
705; 1897, 62, 652; 1897, 63, 154; 1898, 64, 519; 1899, 69, 66; 1900, 7, 758; 1901, 5, 514; Z. 
phys. Chem., 1897,24, 563; 1898,25, 180; 1898, 26, 741; 1899, 28, 369; 1899, 29, 27; 1900, 32, 
406; Carvallo, /. de Phys., 1899, 8,161; Wesendonck, Arm. Phys., 1899,67,444; 1899,69, 809; 
1900,2,746; 1902,7, 576; 1902,9, 1133; 1903,10, 456; 1905, 16, 588; Liebenow, Am. Phys., 
1900, 2,636; Planck, Ann. Phys., 1900,1,621; Trevor, /. Phys. Chem., 1900,4, 514; Weinstein, 

A.T.P.C—7 
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aspects. The validity of the deduction of the inequality of Clausius has been 
questioned,^ and has also been defended: ^ with the approach from the general 
conception of reversibility and irreversibility given in § 25, the conclusion 
that irreversible processes involve a net increase of entropy follows almost 
automatically. 3 

The principle that there is a net increase of entropy in all irreversible changes 
is so general that a formal proof which does not depend on the principle of 
dissipation of energy (§ 27), or some other very general assertion, can hardly 
be given.4 An example of a special case is given in § 52. 

Discussions ^ of supposed cases (thermocouples; thermal diffusion of gases) 
in which an overall decrease of entropy occurs, and the proposal to limit the 
statement to: “ an isolable reversible process never changes the entropy of the 
universe,” seem to be based on misunderstandings, and in any case ” isolable ” 
is already implied in the definition of a “process.” In thermal diffusion, c.g. 
a gas is contained in two vessels at different temperatures, which cannot be in 
thermodynamic equilibrium. A supposed case in crystallisation is only 
apparent.^ 

§ 52. Transfer of Heat 

Let a large mass of copper at IW C. be put in contact for a short time with 
another at 0'' C. The hot copper becomes slightly cooler and the cold copper 
slightly warmer, so that a quantity of heat q passes from the hot to the cold 
copper. This is an irreversible change. The masses are supposed so large 
that only an infinitesimal change of temperature occurs in each. The entropy 
lost by the hot copper is ^/373 and the entropy gained by the cold copper is 
qjlll. There has, therefore, been an increase of entropy, since 

J5=^(l/273-l/373)>0. 

The aspect of the Second Law which applies directly to this case is that stated 
by Clausius: heat cannot of itself pass from one body to another body at a higher 
temperature. It is easily shown that this is exactly equivalent to the form stated 
in § 24. Let the heat q which passed to the cold body be removed by a reversed 

“ Thermodynamik und Kinetik der Kdrper,” 1903, 2, 351; Orr, Phil. Mag., 1904, 8, 509; 
Ponsot, J. de Phys., 1907, 6, 505; Amagat, Compt. Rend., 1908, 146, 555; “Notes sur la 
Physique,” 1912, 140; Duhem, Compt. Rend., 1913,156, 284, 421; Kolosovsky, J. Russ. Phys. 
Chem. Soc., 1928,60,1079; Enskog, Z. Phys., 1929,54,498 (entropy of gases in irrev. changes); 
Kldm,Z.Phys., 1931,72,767; Defaye, Bull. Acad. Roy. Belg., 1938, 24,474, 534; Eckart, Phys. 
Rev., 1940, 58, 267, 269,919; Bridgman, Rev., 1940,58, 845; Meixner, Ann. Phys., 1941, 
39, 333; 1943, 43, 244; Z. phys. Chem., 1943, 53 B, 235; Verschaffelt, Bull. Acad. Ray. Belg., 
1942,28,490; Ehrenberg, Phil. Mag., 1943, 34, 396; 1946, 36, 250; Prigogine, Compt. Rend., 
1946, 221, 21% \ Prigogine and Defay, Bull. Acad. Roy. Belg., 1946, 32, 694; Prigogine, Dcfay, 
and de Donder, ibid., 1947,33,48. 

1 Bertrand, Thermodynamique,” 1887, 265; Buckingham, Phys. Rev., 1896, 4, 39; Phil. 
Mag., 1904, 9, 208; “An Outline of the Theory of Thermodynamics,” 1900, 99, 104, 109, 
113, 126, 151 f., 153; Chwolson, ” Lehrbuch der Physik,” 1923,3, ii, 88. 

2 Lippmann, “ Cours de Thermodynamique,” 1889, 228 f.; Poincare, “ Thermodynamique,” 
1892, XV, 140 f., 209. 

3 Partington, /. Phys. Chem., 1928, 32, 1439. 
4 Chwolson, “Lehrbuch der Physik,” 1923, 3, ii, 88; Partington, “Thermodynamics,” 

1940, 26, 28; Tolman and Fine, Rev. Mod. Phys., 1948, 20, 51. 
3 Bridgman, Proc. Nat. Acad., 1929,15, 765; 1932,18, 242 (where the correct explanations 

are given); Kennard, ibid., 1932, 18, 237 (an interesting and instructive discussion); Urbach, 
Wien Ber., 1930,139, HA, 473 (fluorescence); Suglta, Proc. Phys. Math. Soc. Japan, 1932,14, 
577, 636; 1933,15, 12; Oogate, Phil. Mag., 1944, 35, 760. 

6 Sommerfeld, Centr. Min., 1932, A, 189, 321. 
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Carnot’s cycle. An amount of work w must be spent in the cycle and an amount 
of heat {q+^^) will be given up at the temperature of the hot body. Of this, 
q passes into the hot body, and the amount of heat w can be given to another 
body at the same temperature as the hot body. The heat exchange q has been 
reversed, but another, compensating, change has occurred, viz. work w has been 
converted into heat in a body at a constant temperature. This last change 
cannot be completely reversed (when everything would be restored to its 
original state), since this would contradict the first statement of the Second 
Law. Hence the heat q cannot pass from the cold body to the hot body “ of 
itself,” i.e. without a compensating change, in this case the passage of a quantity 
of heat w into a body. 

The maximum work obtainable by a Carnot’s cycle from two heat reservoirs 
initially at the absolute temperatures Ti and T2, and with finite heat capacities 
Cl and C2, assumed independent of temperature, is: ^ 

CiTi + C2T2-iCi + 72^2/ (ri4^ 

Trevor ^ related heat capacity C and entropy S by the equation: 

d(r5)/dr== T(dS/dT)+5'=d^/dr+ 5= C+ 5, 

where the term on the left is called the total increase of heat stored per T, the 
term dq/dT or C, the heat capacity per 1^ and S or SidT/dT) the work stored as 
heat per T. 

§ 53. Conditions of Equilibrium 
Equation (3), § 51, for a small change may be written (d*S')^^0, reversible 

changes being included with the sign of equality. If, therefore, in any small 
change for which 8^=0 the corresponding (virtual) entropy change 8S is 
negative, the change is impossible, while if 85=0 the change is reversible. In 
both cases the system is in equilibrium (since reversible changes are possible 
only iti that case; § 25), and Clausius’s criterion of equilibrium is: 

(S^X<0 .(1) 
Gibbs ^ stated the condition in a slightly different form: “ For the equilibrium 
of any isolated system it is necessary and sufficient that in all possible variations 
in the state of the system which do not alter its energy, the variation of its entropy 
shall either vanish or be negative ”: 

(Si')L<0.(2) 

He did not show the exact relation between (1) and (2), but this is clear when 
an isolated system is understood as one in which no work (e.g. by volume changes) 
can be done, in which case 8^=0 in hq—AE+hw, therefore 8^=d£', and if 
d£=0, then 8^=0, which is equivalent to case (1). 

' Tait.Proc. Roy. Soc. Edin., 1867-8, 6, 309 (another case); " Sketch of Thermodynamics,” 
1877, 123; Luther, Z. Elektrochem., 1935; 41, 20, 884; Skrabal, ibid., 147, 883; Emden, ibid., 
622; the case for ci =C2 was given by Tail as a simplification of a general equation derived by 
W. Thomson (Lord Kelvin), Pbii. Mag.. 1853, 5, 102; “ Mathematical and Physical Papers,” 
1882,1, 554. 

2 J. Phys. Chem., 1900, 4, 529. 
2 Trans. Connecticut Acad., 1875, 3, 108; “ Scientific Papers,” 1906, 1, 56; Wilson, in “ A 

Commentary on the Scientific Writings of J. W. Gibbs,” New Haven, 1936,1, 22, 32; Duhem, 
/. de Math. (Liouville), 1893, 9, 293; “ Traitdde M&anique Chimique,” 1897,1,136. 

* A formal proof is given by Helm, “ Grundzuge der mathematischen Chemie,” Leipzig, 
1894,46; “Die Energetik,” Leipzig, 1898, 146; Saurel, J. Phys. Chem., 1899, 1, 334; 1904, 
8,325,436, 488; Buckingham, “An Outline of the Theory of Thermodynamics,” New York, 
1900, 149; Bloch, J. de Phys., 1911, I, 912, 988; Tammann, Ann. Phys., 1913, 40, 297; Gt>r> 
bachev, J. Phys. Chem. U.S.S.R., 1931, 2, 823; Wereide, Z. Phys., 1934, 88,469. 
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As an antithesis to (2), Gibbs formulated the second condition: “ For the 
equilibrium of any isolated system it is necessary and sufficient that in all possible 
variations in the state of the system which do not alter its entropy, the variation 
of the energy shall either vanish or be positive 

.(3) 

He justified (3) by remarking that it is always possible to increase or decrease 
both the entropy and energy of the system together, by adding or taking away 
heat, since 8q=dE. If (2) is not satisfied, a variation for which S5';>0 and 
8£*=0 is possible, and hence by decreasing both the entropy and energy in the 
varied state, a state will be obtained for which, considered as a variation of the 
original state, S5'=0 and S^^O, and (3) is not satisfied. Conversely, if (3) is 
not satisfied, there must be a variation for which 8£<0 and 85=0, and hence 
one for which SE=0 and S^S^O, and hence (2) is not satisfied. Hence, the 
truth of (2) necessarily implies that of (3). 

w A 
Fig. 17.H. Kinds of Equilibrium 

The conditions of equilibrium at constant temperature are more conveniently 
expressed in terms of the free energy F at constant volume, and the available 
energy G at constant pressure. For any very small reversible isothermal change, 
(1), § 33 gives 8viY=—dF, therefore (8w+dF)7 ==0. If the only external work 
is due to a volume change, 8w=FdF, therefore: 

(FdK+dF)^=0.(4) 

Since a reversible change is possible only if the system is in equilibrium (§ 25), 
it follows (since FdF=0 when dF=0, or Kis constant) that (4) gives the condi¬ 
tion for equilibrium at constant temperature and volume as: 

(dF)^.,^=0.(5) 

From the Principle of Dissipation of Energy (§ 27) it can be inferred that (5) 
is the condition that the free energy is a minimum when stable equilibrium is 
reached. From (1), § 44: 

G^F+FV.(6) 

/. dG=d(F+FF)=dF+FdF+KdF.(7) 

But if T is constant (4) gives, for equilibrium: 

(dG~KdF)i^=0.(8) 

and hence if P is also constant: 
(dG)p^ j=0.(9) 

and again it is inferred that (9) is the condition that the available energy 
is a minimum when stable equilibrium is reached at constant temperature and 
pressure. 

In dynamics, states of equilibrium are classified as (i) stable^ (ii) unstable, and 
(iii) neutral, according as the system, when slightly displaced from its position 
of equilibrium by some external force, tends (i) to return to its initial state, 
(ii) to move further away from this state, or (iii) to remain in the displaced 
state, respectively, when the displacing force is removed. Examples are afforded 
by a sphere resting at the bottom of a bowl, on the top of the inverted bowl, and 
on a smooth table, respectively; or a cone resting on its base, on its point, or on 
its side, respectively (Fig. 17.11). 
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It is shown (and is obvious from the examples quoted) that the condition for 
stable, unstable, and neutral equilibrium of a mechanical system is that, for any 
possible small displacement, the resulting change of potential energy shall vanish 
to the first order, and be positive, negative, and zero, respectively, to the second 
order; that is to say, the potential energy of the system is a minimum, a maxi¬ 
mum, or stationary (§§ 9~11.1) respectively {Dirichlefs Theorem). Thus, the work 
done in any infinitesimal displacement is zero to the first order, and negative, 
positive, or zero to the second order. The values of the second order changes 
are to be calculated by Taylor’s theorem (§ 32.T). 

In Thermodynamics the corresponding criteria are seen on a little considera¬ 
tion Mo be: 

(1) (dS')£=0; (d2*S')/;<C0 stable, {d^S)^>0 unstable, {d^S)j,=^0 neutral. 

(2) {dE)s^0; (d^E)ip>0 stable, {d^E)s<iO unstable, {d^E)s—Q neutral. 

(3) (dF)j;p/==0; (d^F)T^y'>>0stable, (d^E)-f^i/<iO unstable, (d'^F)j y^Qneutral. 

(4) (dG)^^(d^G)’j p'>0 stable, (d^G)x,p<:.0 unstable, {d'^G)r^p=^Q neutral. 

Thermodynamics of Special Systems 

§ 54. The Ideal Gas 
An ideal gas may be defined by the equation: 

pv^RT.(1) 
where p is the pressure, v the volume of I g.mol. (mol), T the absolute tempera¬ 
ture f C. + 273T, and R the general gas constant, which Avogadro’s hypothesis 
shows must have the same value for a mol (molecular weight in grams) of any 
ideal gas. 

In an experiment made by Joule in 1845 (§ 23.V11 A), air was allowed to 
rush from one copper globe into another vacuous copper globe until the pres¬ 
sures were equalised: in this process, no external work is done, therefore iv=0. 
The globes were in a water bath, and it was found after stirring that there was no 
change in temperature of the water; hence no heat was absorbed or emitted by 
the gas, therefore <7=0. From the First Law, q==^AE+w, it follows that 4l£'=0, 
or the energy of a gas is unchanged in a volume change at constant temperature 
i.e. the energy at constant temperature is independent of the volume, and hence 
it is a function of temperature only. 

From (6), §21, 4=(d£/dz^)^^-F/?, i.e. during an expansion dv at constant 
temperature, the heat absorbed is the sum of the external work done, viz. 
pdv, and the increase of energy due to volume increase, viz. {dEldv)'fdv. (The 
second term is sometimes called the internal work.) 

Clapeyron’s equation, (5), § 41, shows that: 

{dEI(iv)T+P^r(dpldTl.(2) 

This equation is general. For an ideal gas (1) gives: 

(dpjdr)„=R/v.(3) 

T(dpldTX=RTIv=p.(4) 

I For details, see van der Waals and Kohnstamm, “Lehrbuch der Tbermodynamik,” 
Leipzig, 1908,1, 125; Partington, “ Thermodynamics,” 1913, 90 f.; the concept of metastable 
equilibrium was introduced by Ostwald, ” Lehrbuch der allgemeinen Chemie,” 1910, 2, i, 517. 
On stability in small isothermal-adiabatic changes, see VerschafFelt, Bull. Acad. Roy. Belg., 
1945, 31, 252, 304; Bijvoet and Wiebenga, Rec. Trav. Chim., 1946, 65, 518 (change of type Of 
equilibrium). 
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from (2): 
l.=P.(5) 

(dEldv)T=0.(6) 

or the energy of an ideal gas is independent of the volume. This is the result 
found in Joule’s experiment.' 

From (3), {d^pldT\==0.(7) 

and from (I), {dvldT)p=Rjp.(8) 

(d^vldT\=0.(9) 

From (1) and (2), §49: 

(dcJdv)j=T{d^pldT% and (dCpjdph^-T(d^vldT\, 

and (7) and (9) above, it follows that, for an ideal gas: 

(df„/do)r=0.(10) 

(de,/d/Or-0.(11) 

i.e. the specific heat is independent of volume or pressure. It should be noted, 
however, that nothing can be said about (dcJdTX and (dCpldT)p, except that if 
(dcJdTX is zero, (dCp/dT)p must also be zero. 

It has been proved in (11), § 21, that for one mol of an ideal gas: 

Cp=C,+R.(12) 

For a small change of volume and temperature, the heat absorbed is in general 
(§ 3), Sq=c,dT+l^dv, But for an ideal gas, /„=/?, from (5), 

8g=^c^dT+pdv.(13) 

Equation (13) holds only for an ideal gas, since it assumes that no energy 
change results from a change of volume only. For an isothermal change 
(dr=0): 

.(l'^) 

and for an expansion of 1 mol from a volume to a volume vi\ 

r\RT/v)dv==Rrin (v2/Ti)==RTln . . (15) 

In adiabatic changes of an ideal gas, Sq=0, therefore (13) gives: 

Cpdr+pdv=0, 

orpermol (C„=Me„; V=Mv): 

pdF= -C„dr= -jRd77(y-1) 

from (12) and y=CplCp. If y is assumed constant (i.e. independent of tem¬ 
perature) : 

.v,=/pdF^-/fr/(y-l)+const.=/?(7’i-r2)/(y-l) . . (16) 

as found in (12), § 6. 

1 For a different treatment, see Buckingham, “ Theory of Thermodynamics,” 1900, 68. 
It is obvious that any two of the laws of Boyle, Carles, and Joule, are sufficient to define an 
ideal gas, since from these the third can be deduced by thermodynamics; Stuart, Ann. Phys., 
1863,119,327; Bryan, “ Thermodynamics,” 1907,117; Partington, “ A Text Book of Thermo¬ 
dynamics,” 1913,139. See the unnecessary discussion between Bakker, Z. phys. Chem., 1894, 
14,671; 1895,17, 171; 1896,20,461; 678; 1897,22, 543; /. dePhys., 1899,8,214; and Baynes, 
Z.phys. Chem., 1895,18, 335; 1896,21, 556; also Carr6,y. dePhys., 1898,7, 718; Webster and 
Rosanoff, Phys. Rev., 1909, 29, 304; Buckingham, Bur. Stand. Bull., 1910, 6, 409; Famau, 
Phys. Rev., 1912, 35, 47; Clark, TVans. Roy. Soc. Canada, 1924, 18, HI, 293; Koltschin, Z. 
anorg. Chem., 1925,146, 312; Foz, An. Fis. Quim., 1941, 37, 25. 
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If n mols of gas occupy a volume V at the pressure p and temperature T, 
the concentration is c^njV, and since the volume occupied by 1 mol is Vjn. 
equation (1) may be written: 

p(Vln)=RT p=(nlV)RT=cRT.(17) 

§ 55. Thermodynamic Functions for an Ideal Gas 

For I mol of an ideal gas (13), § 54, and (5), § 21, give: 

8^=C„d7’+pdF=d£:+pdF.(1) 
Hence the energy per mol is: 

e=£o+/Qdr .(2) 
The heat content per mol is: 

H=H^+lC^dT.(3) 

and the entropy per mol is, from (13), § 54: i 

5=/S9/r=So+/c„dr/r+/pdF/r 

=S'o+/Qdr/r+/jRdF/K (since p=RTIV) 

=5'o+;Qd7yr+« In K.(4) 

If C„ is independent of temperature: 

E^Eo+TC,.(2a) 

H^H(,+TC^.(3a) 

^zrSo+C.lnr+Jfln V.(4a) 

The free energy per mol is: 

F=£-TS=£'o-7’5'o+/C„dr-r;C,.dr/r-/?rin F . . (5) 

and the available energy per mol is: 

G==F+PV=F+RT 

=£o-7’5'o+/C,d7’-r/Qdr/r-/fr(ln F-1) ... (6) 

The first four terms on the right of (5) are functions of temperature only. 
Put 

£o-rao+;Qdr-nQdr/r=g(r).(7) 

and g(r)=g(r)+/fr.(8) 

wh«re g(r) and %{T) are functions of temperature, and if r=l/F= concentra¬ 
tion in mol/lit. 

F==g{T)-RT\txV=g{T)-\-RT\nc.(9) 

and (7=f-F/?r=g(r)+/f7’-Fi?rinc=g(r)-l-£rinc .(10) 

If is constant, (5) can be written: 

F=Eo-TSQ+TC„-TCJnT-RT\nV . . . ,(5a) 

SincepV=RT, equation (4) can be written: 

S^So+SC^dT/T+R In (RT/p) 

=iSo+R In R)+i(Q+R)dT/T-R In p 
=So'+JC,dr/r-J?ln77.(4b) 

> For the entropy of a gas obeying van der Waals’s equation: 
S-5o+C„ In r+Jt ln(v-ft)-|-a/n>, 

see Njegovan, Z. Elektrochem., 1922,28,259, 313; 1924,30,291; 1925,31, 5,631. On general 
equations for the energy and entropy of gases, see Huang, Phys. Rev., 1931, 37, 1171; 1931, 
38,1385; Mkhaud, J. Ckim. Phys., 1937,34, 333. 
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Where So'=So+R InR.(4c) 

If C- is constant: 
S=^So'+C,lnT-Rlnp.(4d) 

From (3) and (4b): 

G=-H-TS 

=^Ho-TSo' + iC^dT-T!qAT/T+RT\np.(6a) 

and if is constant: 

G^Ho-TSo'+TC^-TC^lnT+RTlnp , . . .(6b) 

The decrease of free energy per mol for isothermal expansion from a volume 
Vx to a volume V2 is, from (5): 

^AF=^RT\n{V2lVi)-=-RT\n{pxlP2) . . . . dD 

and the increase of entropy is, from (4): 

AS=^R hi (V2lVx)=-R In {pjpi).(12) 

which also follows from (11), § 6 (since Wj=qr) by dividing the heat absorbed 
by the absolute temperature. 

§ 56. Ideal Gas Mixture 

If Wi, rii, ^3 . . . mols of different gases occupying volumes Ki, ^2,1^3... 
at the same temperature T and at the same or different pressures are pul in 
communication so that the total volume is V (which need not be the sum of the 
separate volumes), then it is found by experiment that, after the gases have mixed 
by diffusion and the temperature has its original value, the pressure of the 
mixture is: 

p^{RTIV)Snx^Spx .(1) 

where pi is the pressure the first gas would exert if it alone occupied the total 
volume of the mixture; pi is called the partial pressure of the first gas and 
(1) is Dalton’s law of partial pressures. This cannot be deduced by thermo¬ 
dynamics from the general gas equation, pV^RT alone; some additional 
assumption is necessary, and an ideal gas mixture ^ may be defined as one for 
which the free energy is the sum of the free energies of the separate gases, each 
occupying the total volume of the mixture, V: 

.(2) 

Therefore from (9), § 55, in which V is the volume of 1 mol: 

F^Unxgx(T)-RT2Jnxln(V/nx).(3) 

where V is the total volume of the mixture. Hence: 

(dF/dF)^=-(i?r/K).27ni = -2>,.(4) 

where pi is the partial pressure of the first gas. But from (4), § 43: 

(dF/dV)r^^p.(5) 

/. p^Upx.(6) 
which is Dalton’s Law of Partial Pressures.^ From (5), § 43: 

{dFldT)y^^S.(7) 

1 Not to be confused with “ a mixture of ideal gases,” which need not possess the required 
property (2). 

2 See Partington, Annals of Science, 1939,4, 245. The experimental results are considered 
in § 22.VII A. For non-ideal (van der Waals) gases, see Carrara, Nuov. dm., 1928,5,225. 
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Therefore from (3), and (4) and (7), § 55: 

S=-Enx{-So-iC,dTIT--R\nV)-=EniS^ ... (8) 

where is the entropy of the first gas occupying the total volume of the mixture. 
Hence, the entropy of an ideal gas mixture is the sum of the entropies of the 
separate gases at the same temperature and each occupying the total volume of 
the mixture. 

Since 
E==F+TS.(9) 

therefore from (3) and (8), and (7), § 55: 

E=Un,(Eo+jC\dT)==2JniE,.(10) 

i.e. the energy of an ideal gas mixture is the sum of the energies of the separate 
gases at the same temperature. This is independent of the volume, from (6), 
§ 54. Hence, if E^ and E are the sums of the energies of the separate and mixed 
gases, respectively: 

^,=^£■=£-£0^0.(11) 

i.e. no heat is evolved on mixing ideal gases at constant volume, which may 
be regarded as an extension of Joule’s law (6), § 54. At constant pressure, 
q^^AH:=AE+pAV. But pV^^n^RT, and pV^Un^RT, therefore 
therefore JF=0, 

.(12) 
i.e. no heat is evolved on mixing ideal gases at constant pressure. Equations (11) 
and (12) show that no change of temperature occurs when ideal gases are mixed 
at constant volume or at constant pressure. 

§ 57. Mixing of Ideal Gases 

In § 28 an equation for the decrease of free energy on mixing ideal gases was 
obtained by a method which assumed that the free energy of the mixture is the 
sum of the free energies of the components, each occupying the total volume of 
the mixture. The same equation follows from the expressions for the free 
energies given in § 55. Let there be given Wj, /12, ^3, . . . mols of diflferent 
gases (1), (2), (3), . . ., at the same temperature T and occupying volumes 

• • • iri separate containers. The total free energy of the initial 
system consisting of the unmixed gases is from (3), § 56: 

F^=Sn,g,{T)-RTZn, In (Fj/nO.(1) 

Now let the gases be allowed to mix by putting the separate vessels in com¬ 
munication so that the total volume is 

F=i:Fi.(2) 

Since (11) and (12), § 56, show that the temperature remains constant, the total 
free energy of the gas mixture is, by (3), § 56: 

f’=i7«igi(7’)-*727«iln(F/«i).(3) 

Hence the diminution of free energy on mixing is 

F0-F=^ -AF=RTSn i In (F/ Fj).(4) 

which is the value found in § 28, and is obviously positive. Hence the free energy 
decreases on mixing, although from (11), § 56, the energy is unchanged. The 
process is attended by a dissipation of energy, and hence will occur spontane¬ 
ously. The increase of entropy. 

J5=-dJF/dr=l?27niln(F/Fi).(5) 

is obviously positive. 
7* 
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No assumption as to the nature of the gases has been made; if they arc 
separate portions of the same gas, then obviously no change of free energy 
occurs, although if the separate molecules could be marked they would also mix 
by diff^usion owing to molecular motions. This result is known as Gibbs's 
paradox (cf. §28).^ The molecular aspect of the process throws no light on 
the matter, since there is an entropy change on mixing, say, nitrous oxide and 
carbon dioxide, with physically almost identical molecules, but not on mixing 
either gas with itself. 

An alternative form may be given in terms of the mol fractions, N, of the 
components of the mixture. For two gases: 

7Vi=«i/(ni+«2). ^2=«2/(«]+«2).(7) 

where Ni+N2=l- Then the work per mol of mixture is: 

-AF/(ni+n2)==-RT(NilnNi+N2\nN2) ... (8) 
if the pressures of the separate gases and the pressure of the mixture are equal, 
since, from Avogadro’s hypothesis, k"i/(Fi + F2)=ni/(ni+«2)=Ai, etc. 
Hence, per mol of mixture, for any number of gases: 

AF=RT2Ni In iVi.(9) 

For two gases, since ^2=1—A^i, (8) may be written: 

2lF=i?r[A^i In A^j+(l-iVi)]n(l-A^,)] • • • -(10) 

and (5) may be written: 

J5=-/f[AilnA^,+(l-A^,)ln(l-iVi)] • • • • (U) 

or for any number of gases: 

AS=-R2Ni]nNi .(12) 

§ 58. Chemical Potentials 

Consider a solution, gaseous or liquid, composed of the masses, m^, m2, 
... m„ of n different substances, with a total volume V, a total energy E, and 
a total entropy S. The energy may be expressed as a function of S, V, and the 
n masses: 

£'=f(5, V, mi, m2, . . ., m„).(I) 

Hence for a small change of entropy, volume, and composition, the change of 
energy is: 

dF=(d£/d5)^..„...„,... d5+(d£/dF),,dF 

+I!(dE/dmi)i;,v,m2...^^i • (2) 
In differentiating Ewith respect to Wj, it is supposed that S, V, and all the masses 
except the first are constant. When all the masses are constant (d/M(=0, 
dm2»=0, etc.) the system is a simple one of unvarying composition, for which, 
from (3), § 43: 

d£-37d£-PdF.(3) 

where P is the total pressure. Hence, by comparing coefficients of dS and dF 
in (2) and (3): 

(d£/cLS)K.„..„,...-r.(3a) 

and (dEldV)s.m,.m,...=-P.(3b) 

1 See Bridgman, “ The Nature of Thermodynamics,'’ Cambridge (U.S.A.), 1941, 168. 
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Therefore (2) can be written: 

dE=mS-PdV+S(iidmy.(4) 

where 1 Pi^<AEldmi)s,v,mz....(5) 

is called the chemical potential of the first component in the solution (equations 
similar to (5) will hold for the other components). Convenient alternative 
definitions of the chemical potential are found as follows. From (I), § 43: 

TS) == dE- TdS-SdT.(6) 

Therefore from (4) and (6): 

dF^-SdT-PdV+Eyi,'dm,.(6a) 

Pi={dFjdm{)T,v,m2.., .(7) 

From (1), § 44, and (4) and (3) above: 

dG=d(^--re+FF)==dJ?--rd5---tS’dr+Fd V+ VdP 

^{dE^TdS+PdV)-SdT+ VdP+Epi^'dm^ 

^-S'dr+FdF+r/x/dwi.(8) 

=^{dGldm{)Ta\m2....W 

For a single pure substance, ^2=0, etc., hence: 

l^i'=(dG/dmi)7;p=Gi.(10) 

i.e. the chemical potential of a pure substance is equal to its available energy per 
unit mass. The meaning of the differential coefficient in (10) is that unit mass of 
the pure substance is added to any mass of the same pure substance at constant 
temperature and pressure^ when the increase of G of the system is obviously 
equal to the value of G for unit mass, viz. Gi, (It should be noted that a similar 
argument does not apply to (7), since then the volume must remain constant.) 
Instead of referring chemical potentials to unit mass, it is more convenient to 
refer them to molar quantities. If Mi is the molecular weight of the first 
substance: 

dmi=Midni.(11) 

where «i denotes the number of mols. Let: 

.(12) 

be the chemical potential per mol, then (5), (7), and (10) may be written: 

fXi={dE/dni)s^v,n2,., • (1^) 
In the applications to systems in equilibrium, the effects of gravitational ^ 

and electric ^ fields, and surface tension,^ are neglected; the first two are nearly 
always unimportant, but the third is important in special cases, which will be 
considered later. 

1 fi' is written instead of ft for a reason explained in equation (12). 
The publications on the chemical potential are overwhelmingly numerous; for a few, see 

e.g* Riecke, Ann, Phys., 1891, 42, 483; 1894, 53, 378; Z. phys. Chem., 1891, 7, 97, 115; van 
Laar, “ Sechs VOitrage iiber das thermodynamische Potential,*’ Brunswick, 1906; Gruner, 
Verhl, d, D, Phys, Ges., 1912, 14, 655, 121 \ Br6dy, Ann, Phys., 1914, 44, 585; Wegseheider, 
Z. phys. Chem., 1920, 94, 739; 1923, 106, 18; Plank, ibid., 1922, 100, 372; Frenzel, ibid., 1924, 
110, 547; Donnan, “ The Influence of J. Willard Gibbs on the Science of Physical Chemistry,” 
Franklin Inst. Centenary Celebration, 1924. 

2 Gibbs, Trans. Connecticut Acad., 1876, 3, 108 f.; “Scientific Papers/* 1906, 1, 144; 
Shorter, Phil. Mag., 1913,25, 31; Koenig, /. Phys. Chem., 1936,40, 373. 

^ Koenig. /. Phys. Chem., 1936, 40, 597. 
4 Gibbs, Trans. Connecticut Acad., 1877-8, 3, 343 f.; “ Scientific Papers,” 1906,1, 219. 
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§ 59. Conditions of Chemical Equilibrium 

Consider a chemical reaction: 

VXA1 + I/2A2+ . . . 1^2 ^2^+ . . . , 

where y represents the number of mols of the substance A undergoing change, 
and suppose that a small change of mass dmi of Ai occurs; the changes of mass 
of all the other substances are completely determined by Ami and the stoichio¬ 
metric coefficients vi^ . . . y/, . . . . Let: 

dmx = yxMidA=WidA.(1) 

where dA is a small arbitrary positive number which determines the extent of 
the chemical reaction. It may happen that some components of the system do 
not undergo chemical change (e.g. solvents), and these indifferent substances 
may be denoted by the suffixes i to the reacting substances having the suffixes 
1 to h. Then (6a), § 58, gives: 

AF=^ SAT PdF+^^^i'd/Mj+jLt/dWjT" • • . ~l"/^n dwi„ . . (2) 

From (1), and (12), § 58, (2) can be written: 
h 

dF=—SdT—PdV+dXUv 1(1.1+fii'dmi+ . . . +(i„'dm„ . . (3) 
1 

For equilibrium at constant temperature and volume, dF=0, from (5), § 53, 
hence (3) shows that for equilibrium at given temperature and volume and given 
quantities of indifferent components, i.e. dr=0, dF=0, dmj=0 . . ., dm„=0, 
it is necessary and sufficient that: 

2vi(ii=0.(4) 

the sum being taken for all the reacting substances, the products of reaction 
being counted positive, and the initial (disappearing) substances negative. 

In exactly the same way, by starting with (8), § 58, and using (9), § 53, it can 
be shown that (4) also gives the condition of equilibrium of the system at con¬ 
stant temperature, pressure, and quantities of indifferent components. The 
condition of equilibrium in a system undergoing a reversible reaction is, from 
(4), specified by substituting for each chemical symbol in the reaction equation 
the symbol for the chemical potential.* 

§ 60. Equilibrium in Gaseous Systems 

Equation (4), § 59, is very general, but of no actual use unless (ji can be related 
to the pressure (or volume), temperature, and composition of the system by 
some equation. This is possible in the case of an ideal gas mixture, for which 
(3), § 56, gives: 

F—i:nigi(T)—RTSni In (V/rii).(1) 

I Gibbs, “ Scientific Papers,” 1906, 1, 92; Van Laar, “ Sechs Vortrage fiber das thermody- 
namische Potential,” Brunswick, 1906, 45; Larmor, ” Math, and Phys. Papers,” Cambridge, 
1929,2,377,715. The inert phases could just as well be left out, since “ they are of no greater 
importance than the beaker containing the system ”; Partington, J. Phys. Chem., 1925, 29, 
494. See also Saurel, J. Phys. Chem., 1901, 5, 21; Arite, Compt. Rend., 1903, 137, 46, 253! 
738, 1239; Wereide, Z. Phys., 1934, 88, 469; Finck, J. Franklin Inst., 1938, 225, 411; 1940 
229, 201; 1942, 233, 51; 1947, 243, 1, 116; Van Dantzig, Proc. K. Akad. Wetens. Amsterdam 
1940, 43, 387, 609; Fuchs, Proc. Roy. Soc., 1942, 179, 340, 408, 433; Prigogine and Defay 

Chimique,” 2 vols., Li6ge, 1944-6; Brinkley, J. Chem. Phys., 1946, U, 
Noturforsch., 1947, 2, 27; Gurney, Proc. Phys. Soc., 1947 

59, 629 (generalised stress); Dubrissy, Bull. Soc. Chim., 1947, 8. 
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Since mols of the first gas are present in a total volume K, its volumetric 
molar concentration (mols/lit.) is: 

Ci=«,/K.(2) 

/. F=2:n^g,{T)+RTSni{nc,.(3) 

Differentiate (1) with respect to n,, keeping T, V and all the other n's con¬ 
stant, and use (2): 

(dF/d/i,)7-,i-.„,...=A^i=gi(r)-hifr-h/frinc, ... (4) 

or if, as in (8), § 55, g,(r)=g,(r)-t-i?T’, 

Fi=li(r)+/?7’lncj.(5) 

A comparison of (5) with (10), § 55, shows that p.i is equal to the available 
energy Gj of 1 mol of the first gas, when it alone occupies the total volume of 
the mixture. The function gi(7') is, however, known explicitly for an ideal 
gas from (7), § 55; it is, per mol: 

g(r)=Fo-7’>So+/c„d7’-r/(c„/r)drH-/fr ... (6) 

From (5), and (4), § 59, the condition of equilibrium in an ideal gas mixture is 
found to be; 

i7vi[g,(r)-h/?rinc,]=0.(7) 

.-. 271.1 Inc,=-rv,gi(r)/^r=f(7').(8) 
which is the equation for the law of mass action, with the equilibrium constant K 
given by: ^ 

ln^=-27,.,g,(7)/i?7’.(9) 
From (9) and (6): 

df “ RdT ' y .^ ^ 
where: 

g{T)IT=^E^IT-Sa+(llT)ICAT-KC,.ITW+R, 

(d/d7’)[g(r)/r]=-Fo/7’2-i-Q/7’-(i/7’2)/cdr-Q/r 

=-(Fo+JG„dr)/r2=-£/r2 .... (ii) 
from (8), § 19; hence from (10) and (11): 

<i\nKldT=Ev^EilRT^=AEIRT2=qJRT^ . . . .(12) 
This is the so-called Reaction Isochore equation, deduced by van’t Hoff in 

1885: 2 a full account of it will be given later. 
If Pi and Ni are the partial pressure and mol fraction corresponding with the 

concentration Cj, then, sincepi^niRTjVandp=Spi=IJni. RTjV: 

Pi=Nip.(13) 

Hence (5) may be written in the alternative forms; 

/a,=)UjO(r)-l-*rinpi.(14) 

=Pi^'{p, T)+RT\n Ni.(15) 
where: 

p.iKT)=gi{r)-RT)n{RT).(16) 

lxiO'(p,T)^giiT)-RTln(RTIp).(17) 

1 This holds also for p(,v—b)=ItT; Robertson, J. Phys. Chem., 1906, 10, 520; for another 
deduction, see Larmor, Phil. Trans., 1897,190,205 (276); Boutaric, Le Radium, 1919,11, 298. 

2 Arch. Nderl., 1885, 20, 302; K. Svensk. Akad. Hand!., 1885, 21, No. 17; Z. phys. Chem., 
1887, 1, 481; Phil. Mag., 1888, 26, 81; Alembic Club Reprints, 1929, 19, 5. The name is 
deri\^ fromequal; space [volume]. 
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It should be noted that /ijO' in (17) is a function of the total pressure as well 
as of the temperature, which is not the case with ni° in (16). 

§ 61. Remarks on Chemical Potential 

The chemical potential was first used (and named) by Gibbs,^ and later 
(sometimes in somewhat modified forms) by many later authors.^ Essentially 
the same theory is hinted at for a simple case by Maxwell in two letters to 
Andrews ^ in 1874 and 1876, and especially in a letter to Stokes in August, 
1875, in which, as Larmor ^ says, “ he spelled out the whole abstract theory of 
the co-existence of two phases in a mixture of substances, exactly in the manner 
of Gibbs and, moreover, looked forward to getting clearer ideas regarding the 
functions afterwards named by Gibbs the ‘ potentials ’ of the constituents.” 
As G. N. Lewis® said, Gibbs’s treatment practically completed classical 
chemical thermodynamics: ” nothing has to be subtracted, and remarkably 
little has to be added to satisfy all the demands of modern thermodynamics.” 
Essentially, Gibbs’s method is developed in a very practical and attractive form 
by Lewis and Randall,'^ whose writings have popularised it in chenaical circles, 
although the earlier efforts of Ostwald * should not be forgotten, since they made 
Gibbs’s methods known to physical chemists. 

§ 62. Activity 

The chemical potential per mol of a substance present in an ideal gas mixture, 
from (15), §60, is: 

li=liO'(p,T)+RT\nN.(1) 

where N is the mol fraction and T) is a function of pressure and tempera¬ 
ture. Thus: 

/x-^o'=RrinA.(2) 

by (13), § 58, is the increase in available energy, AG, when 1 mol of the substance 
is isothermally and reversibly transferred, at constant pressure, from a standard 

‘ Trans, Connecticut Acad., 1875, 3, 108,; “ Scientific Papers,” 1906,1, 65; “ potential.” 
2 Duhem, “ Le Potentiel Thermodynamique et ses Applications,” Paris, 1886, 31; “ Traite 

El6mentaire de Mecanique Chimique,” Paris, 1898, 3, 1; Planck, Ann. Phys., 1887, 30, 562; 
1887, 31, 189; 1887, 32, 462; 1888, 34, 139; Z. phys. Chem., 1887, 1, 577; Riecke, Z. phys. 
Chem., 1891, 7, 97; Ann. Phys., 1891, 42, 483; Trevor, J. Phys. Chem., 1896-7, 1, 204; Arite, 
“ La Statique Chimique, basic sur les deux Principes Fondamentaux de la Thermodynamique,” 
1904; van Laar, “Sechs Vortrage fiber das thermodynamische Potential,” Brunswick, 1906, 
43; Shorter, Phil. Mag., 1911, 22, 933; 1912, 23, 483; 1913, 25, 31; Brddy, Ann. Phys., 1914, 
44, 585; Lash Mfiler, Chem. Rev., 1925,1,293; Kleeman, Phy.s. Rev., 1925,25, 250; Larmor, 
“ Math, and Phys. Papers,” Cambridge, 1929, 2, 715; Goranson, Carnegie Inst.Pubi, 1930, 
408(multi-component systems); Gibson and Adams, J.A.C.S., 1933, 55, 2679; Scatchard and 
Hamer, ibid., 1935, 57, 1805, 1809; Shaw, Phil. Trans., 1935, 234, 299; Lerman, J. Chem. 
Phys., 1937, 5, 792; Sherwood and Reed, “ Applied Mathematics in Chemical Engineering,” 
New York, 1939; Wagner, Z. phys. Chem., 1940, 46 B, 379; Gehlen, Z. Elektrochem., 1942, 
48, 110. It is the same as Lewis and Randall’s “ partial molal free energy ” (see ref. 7). 

J Andrews, “ Scientific Papers,” 1889, liv. 
“ Memoir and Scientific Correspondence of Sir G. G. Stokes,” edit. Larmor, Cambridge, 

1907, 2, 34, where he calls the chemical potential (our p') the “reaction,” ri=d£'/d^i 
{?=mass, m). 

5 Proc. Roy. Soc., 1908, 81, Appendix, I; cf. “ Math, and Phys. Papers,” Cambridge, 1929, 
2, 377, 705, 715. 

« J.A.C.S., 1937, 59, 2750. 

1 “ Thermodynamics,” New York, 1923, 203, 254. 
* “ Lehrbuch der allgemeinen Chenaie,” 1902,2, ii, 114, based on his translation of Gibbs, 

" Tfaermodynamische Studien,” Leiprig, 1892; Wtetham, “ Theory of Solution," Cambridge, 
1902. 
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phase in which iV« 1 (in this case the pure substance) to a large mass of a phase 
in which the mol fraction is N. Since iV<;l this AG will be negative, i.e. work 
could be gained in the process. It is assumed here that the same equations 
apply to very dilute (or ideal) liquid solutions* 

For non-ideal gases or solutions, put: 

lJ^-li^\p.T)^RT\na.(3) 

where has the same significance as in (2), and a is one form of what was 
called by G. N. Lewis ^ the activity of the substance. If N is the mol fraction 
of a substance in the solution, the ratio: 

yiazaIN.(4) 

is one definition of the activity coefficient. Since (2) is assumed to hold in very 
dilute solution, y takes the limiting value 2 1 for the solution when the mol 
fraction of the solvent approaches unity. Thus, from (3): 

/Li-/i0'(/7, T)^RT\n N+RTlny.(5) 

Differentiation of (3) at constant temperature and pressure gives: 

(dlnaldix),^r^\IRT.(6) 

or dfjL^r^RT din a.(7) 

which may be regarded as alternative definitions of activity. For any reversible 
isothermal change: 

/x"-*/x'=J/xt=:ifrin {a^'la').(8) 

Each activity is referred to a standard state (specified by yfi') and the correct 
choice of this is important. For gases, the standard state is the gas in the ideal 
state at 1 atm. pressure and a given temperature. In the case of a liquid solu¬ 
tion, the standard state for the solvent is the pure liquid solvent at 1 atm. pres¬ 
sure 3 and the given temperature, and for the solute the standard state is that in 
an infinitely dilute solution at the given temperature and 1 atm. pressure. 

Instead of the mol fraction, it is often more convenient to use the volumetric 
molar concentration c (sometimes called the molarity, when the volume unit is 
the litre, i.e. mols per litre), or else the molality m mols per 1000 g. of solvent, 
for which appropriate definitions of activity can be given. Thus, with the con¬ 
centration,(4) is replaced by: 

/“o/c.(9) 
where / is an appropriate activity coefficient, and (3) becomes: 

H-yfi"ip,T)^RT\xia^RT\nc+RT\nf .. . .(10) 

Let a solution of density p contain Ki, 7x2, . . . mols of the various com¬ 
ponents in a volume V. If Wj denotes the solvent, the solution is dilute if 
«2. ”3 • • • are small compared with tii. The mol fractions are: 

Ni=nill!ni A'^2=“”2/X>»i . . •> where == 1 . . . (11) 

> Proc. Amer. Acad., 1900, 36, 145 (“escaping tendency”); 1901, 37, 49 (fugacity); 1907, 
43, 259 (activity); Z. phys. Chem., 1900, 35, 343; 1901, 3S, 205; 1907, 61, 129; Lewis and 
Randall, “ Thermodynamics,” New York, 1923, 254. For a criticism see e.g. van Laar, 
Z. phys. Chem., 1911, 76, 67. See also van Rysselberghe, Bull. Acad. Roy. Belg., 1934, 20, 
234; De Bonder, “ L’Affinity,” edit, by van RysSelberghe, Paris, 1936; Mund, Fripiat, and 
Sallets, Bull. Soc. Chim. Belg., 1946,55,245. 

2 It should be noted that y may be either smaller or larger than unity. 
3 In the case of liquids, the effect of moderate pressure changes is small, and the specification 

of the pressure is usually omitted. 
* In differentiating with respect to T, it should be remembered that e is really variable, owing 

to the volume change; see Hamed and Owen, “ The Electrochemistry of Solutions,” New York, 
1943,11. 



208 THERMODYNAMICS II 

and in dilute solutions the volumetric molar concentrations (molarities) 
are: 

Cl=«l/K. C2=/I2/F.(12) 

the molalities (mols per 1000 g. solvent, denoted by subscript 1) are: 

n7i=1000/^1, /M2=1000/i2/«iA/i.(13) 
where Af is a molecular weight. If Vis in litres: 

1000pF=27n,.A/,  (14) 

n,./7jj=/n,Mi/1000 .(15) 

Ni in dilute solutions.(16) 

c,IN,==Ikil F= impUnJIlniM, 

= 1000/3(1+«2/'*l+ • • •)/(3^1+(^2/”])3^2+ • • •) ■ (1'7) 
cJN,c::iimpolMi .(18) 

in very dilute solutions, where po is the density of the pure solvent. Also: 

mJN,==l0O02:nJniMi=l0OO/NiM^.(19) 

=(1000/Mi)(l+m2M,/1000+m3Mi/1000+ . . .) .(20) 

:^1000/A/i in very dilute solutions.(21) 

From (17)-(18) and (5) it follows that: 

/x=/x0'(P, r)+i?7In {Milimpo)+Rr\a c+RT\n-~^y 

hence in (10): 
p<^"(p,T)=pfi'(p,T)-\-RT\n(M,l\m)p,i) . . . .(22) 

/=:(po2;«,M(//)Afii7n,)y.(23) 

and the corresponding activity is defined by (9). Again, from (19)-(21) and (5) 
it follows that: 

li=pfi'(p,T)+RTln (A/i/1000)+l?rin7w+/friny/(l+m2A/,/1000+ . . .), 

hence if the activity is defined in terms of the molality: 

a=YnPt.(24) 

pi-pP'"(p,T)=RT\nm+RT\ny„.(25) 

pfi''Xp,T)=pfi\p.T)+RT\n(M^lim).(26) 

y„==y/(l+m2Mi/1000+m3Mi/1000+...) . .(27) 

In an infinitely dilute solution (^^1 = 1) it follows from (23) that y=/=:l, 
since the factor multiplying y may be written: 

Po(l • • •) 
pfySftiMij pMiSrii= 

p{\’\"Tn2M. . .) 
(28) 

Also it follows from (27) that, in an infinitely dilute solution, y=:y^=: 1. In an 
ideal solution which is not infinitely dilute, y = 1, but/ and y^,, are not in general 
equal to unity; y^ is then equal to A^j, the mol fraction of the solvent.^ 

For equilibrium, (4), § 59, and (3) or (10) give: 

. . . /a/«a2*'^.(29) 

where is a constant at a given temperature and pressure, and (29) may be 
regarded as a generalised law of mass action, since unlike K in (9), § 60, in 
(29) is independent of concentration in non-ideal systems. K is sometimes 
called the thermodynamic equilibrium constant. 

1 Young and Vogel, J.A.C.S., 1932, 54, 3025. 
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From (13), § 58, (3) or (10), and (29), the available energy decrease in a rever¬ 
sible isothermal reaction is: 

-AG^Wr'=RT\r\ K-RTSvilna^.(30) 

where aj is the activity of a substance in its initial or final state. If K in (9), 
§ 60, is denoted ^ by Aq: 

. ■ ■ IfZfZ • • •).(31) 

From (16), §44, d(AGIT)ldT=—AHIT^, the differentiation being at constant 
pressure and initial and final states.^ If the normal states for the activities are 
in the region of ideal solutions, then: 

d(AG^/dT)^-AH*ir-.(32) 

where AG^ refers to the standard states, and J//* is the heat of reaction in the 
ideal (infinitely dilute) state. But from (30), AG^=--RTIn K, therefore 
d(J(;o/r)/dr= -Rd in K/dT. 

d\nKldT^AH*IRr-.(33) 

§ 63. Partial Molar (or Molal) Quantities 

An extensive properly (volume, energy, heat content, heat capacity, entropy, 
free energy, available energy) of a system, which is proportional to the total 
mass, may be denoted by the general symbol: 

Y=f(/7, r, • • •).(1) 
where /?==pressure, 7"= temperature, and «2» the numbers of 
mols of the components. The partial molar (or molal) values ^ of X are then 
defined as: 

JPi=(dX/d«i),.,^,„,,„3... ^dXjdnA 

X2^dXldn2; X^^dXjdn^... J.^ ’ 

where p, T, and all values of n except the one varied are kept constant in the 
differentiation. At constant pressure and temperature: 

dX^{dXldni)dnY-\-{dXldn2)dn2+ •. ,=^Xidn^+X2dn2+ ... . (3) 

The values oiX^.X2, . . . depend on p, T, and the composition of the solu¬ 
tion, but not on the total mass, and they are thus intense properties (§ 23). If 
dX is the increase in X for the addition of d/?i, d/Z2» • • • tnols of the compo¬ 
nents to a solution containing /2i, «2> • • • mols, the value of X for a finite 
mass of this solution is found by supposing all the quantities of the components 
increased by finite amounts so that their ratios remain constant, and at constant 
temperature and pressure: 

r f«l /•«! /’«2 

X=\dX=: X^dni+ ^2d«2+ • • • d«i+^2 d/^2+ . . . 
J Jo Jo Jo Jo 

X==X,n,+X2n2+.W 
jr,=X/(«i+«2+ .. .)=^iA^i + ^2A'2+.(5) 

1 To distinguish K in (29) from K for ideal systems, the first is sometimes written Ka and 
the second Kc, but it is usual to denote both by JT, the distinction being clear from the context. 

2 The small change of concentration c with temperature is usually negligible. If the molality 
m is used, this does not arise. 

3 Lewis and Randall, J.A.C.S., 1921, 43, 233; “Thermodynamics,’’ 1923, 41; Partington 
and Tweedy, Calculations in Physical Chemistry,” 1928, 4, 62; Adams, J.A.C.S., 1931, 53, 
3769; Gucker, /. Phys, Chern,, 1934, 38. 307; Fredenhagen, Z. Elektrochem,, 1942, 48, 136; 
1943, 49, 61; on the possibility of error from the bar notation, see Onsager, J, Phys. Chem., 
1928,32, 1461. 
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where X„ is the value of X for 1 mol of solution, and is a mol 
fraction. By differentiation of (4) at constant temperature and pressure: 

and by comparison with (3), which is true in general: 

njdJf j+/i2d.?2"l" • • -=0 ....... (6) 

or iVid^i+iV2d^2+• • .=0.(7) 

which is called the Gibbs-Duhem equation.^ For the special case of a two- 
component system: 

Af|dZi-l-7Y2dX2=0, or iV,(dA7dn,)„a+A^2(dA'/d«2)„,=0, 

iiXldni)„=-{N2lNi){<iXl6Ti2\ X^ = -{N2lN{)X. . (8) 

If X=G, the available energy, then from (13), § 58: 

JP]=dA'/d/ii=d(j/dni=/j.i; Jp2=dA"/dn2=d(7/dn2=/^2' • • •, 

are the chemical potentials. Hence an alternative form of the Gibbs-Duhem 
equation is: 

• • .=0.(9) 
or, for a binary mixture, from (7), § 62: 

^{^i~-(^2/^i)dlJ.2.(10) 

d In ai^—(N2/Ni)d In ^2.(H) 

Since IVi-f A^2=l. therefore diV, =—diVj- therefore from (10): 

(dfii/d In iV,)r.pMdl^zJd In iV2)r. ^.(12) 

A^i(dlncfi/dAfi)7.,p'=A'’2(dlnn2/dA'2)7’,/7 .... (13) 

Equations (12) and (13) are alternative forms of the Gibbs-Duhem equation 
for a binary mixture. The treatment 
of partial molal quantities at infinite 
dilution given by Lewis and Randall 
has been extended and made more pre¬ 
cise by Krichevsky and Kasarnovsky.2 

Example. The density of 39T9 per 
cent, sulphuric acid at 15° is 1'300. 
The solution contains 39T9 gm. H2SO4 

=39T9/98=0-40 mol H2S04=ni, and 
60-81/18=3-38 mols H20=«2. The 
mol fractions are: H2O3-38/3-78=0-89; 
H2SO4 1—0-89=0Tl. The mol ratio 
ofacidis011/0-89=0T24. ForlOOgm. 
solution 100/1 *3—77 ml., therefore 
molal volume=vol. for n]-F«2=l. is 
77/3-78=20-37ml. 

The values of ifi and X2 for a binary 
solution may be found graphically by 

plotting X against /ij for a fixed value of «2. and then against riz for a fixed value 
of «!, and finding the slopes of the tangents, d2f/d«i and dXjdn2, for particular 

* The deduction here given is essentially that of Gibbs, Trans. Connecticut Acad., 1875, 3, 
143; Duhem, “Le Potentiel Thennodynaniique,” 1886, 33, used Euler’s Theorem (§ 30.1); 
Kireev, Acta Physicochim, U.R.S.S., 1941,15, 293. 
_ 2 J.A.C.S., 1935, 57, 2171; Lewis and I^ndall found dGiIBNi-rdCzISNi = —NijNi, where 
Oi and G2 are our iii and ^2, and assumed that when dQt/BNz’^O or 8O2/01Vi«oo, 
but there are three other cases. 

Fig. 18.II. Graphical Calculation of 
Partial Molal Quantities 
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values of ni and n2. In a more convenient method, due to Roozeboom,^ 
+«2) is plotted against the mol fraction Ni (Fig. 18.11), a tangent 

to the curve is drawn for any value of the intercepts of the tangent on 
the axes ^^1 = 1 and A^2=ls give and Xxj respectively. This is proved 
as follows: 

AB=AC~BC, 

AC—X^—x for A^2=-^/(«j+«2X 

BC=A/^2(d v/dA^2)=A^2X (slope of BB'). 

(dA7d7i0„,=[l/(/2i+Ai2)](dX/d/70-X/^^ 

(d 2/d/^ 1 )„2=(d/d« ]) [/12/(n 1 + ^12)] = W2/('^ 1+2)^? 

(dx/dA^2)=(d-v/d;7|)(d«,/diV2)~“[(^i+'72)//Z2](dA'/dnj)+A"/«2, 

/. N2{AxldN2)=:^-{dXIAn{)+XI{n,+n2)=^-^ 

.*. AB=A'i; and similarly A'B'==Jp2' 

Example.—The heat absorbed, J/Zg.cal., in the formation of a mol of aqueous 
solution containing the mol fraction N2 of sulphuric acid (=heat absorbed per 
mol of acidXjV2) is: 

N2 0-95 -85 -75 -65 -55 -45 -40 ‘35 -25 -15 

-ah 427 1207 1950 2639 3195 3456 3452 3378 2969 2125 

J// is the total or integral heat of solution. If a small amount of solute (or 
solvent) dn is added to a given solution, R^^dAHjdn is the partial or differential 
heat of solution (or dilution). AH\s plotted against Ni and the tangent is drawn 
at, say, A^2=0*5. The intercept of the tangent on the A/i = l axis is —4820, 
which is the differential heat of dilution, dJ///dz7j=^i, ^cid of mol fraction 
0-5. The intercept on the 7^2= ^ axis is —1900, which is the differential heat of 
solution, d/I///dn2==-ff2> acid in the solution. The partial heat of solution 
of a solution of mol fraction 7V2=OT in a solution of mol fraction is 
—2940, the intercept on the ordinate at A^2=0‘l between the tangent at A^2=0’5 

and the curve. 
The differential heat of solution ft 2 of sulphuric acid in solution of mol fraction 

Nz of sulphuric acid is: 

-Rz 12970 7520 4040 2960 1890 670 460 173 102 47 

Nz 01 -25 40 45 *50 -60 *65 *75 -80 -90 

From (8): Jd^i3=—J(A^2/^i)di?2* Plot NzjNi as ordinate against Rz as 
abscissa and find the area under the curve from iVi=0 to (therefore 
A^2=0*6). Its negative value, +2010, is the difierence between the values of 
Rxior NI =0 4 and Nx =0, From the previous graph R\ for Ni =0 is found to 
be —8300, therefore ^i=2010—8300=—6290 g.cal. for a solution containing 
A^2=0*60 of acid. 

§ 64. Heterogeneous Systems 

Consider a pure solid in contact with a saturated solution, the total available 
energies of the solid and solution being C' and G". Let hn mols of solid be 
supposed to pass into solution at constant temperature and pressure. Then 

1 Cf. Partington, “Thermodynamics,” 1913, 311; Sosnick, J.A.C.S., 1927, 49, 2255; 
lUndaU and Rossini, ibid., 1929, 51, 323; Young and Vogel, ibid., 1932, 54, 3024 (with useful 
tables for change of variable); Koenig, ibid., 1936, 58, 317. 
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G' decreases by (dG'/dn)8n and G" increases by (dG"/dn)8n, The total change 
of available energy is: 

dG=^dG''+dG'=(dG"/dn)Sn-idG'/dn)8n, 

which, by (9), § 53, is zero when the system is in equilibrium: 

/. idG'/dn)==(dG"/dn).(1) 

Hence from (13), §58: 

.(2) 
i.e. there is equilibrium when the chemical potential is the same in both phases. 

This result is obviously true for each of any number of components in any 
number of phases, and such a system is in equilibrium when the chemical poten¬ 
tial of each component is equal in all the phases. 

This general condition leads to the formula known as the Phase Rule, as was 
shown by Gibbs,^ who says: “If a homogeneous body has n independently 
variable components, the phase of the body is evidently capable of n+l inde¬ 
pendent variations. A system of r coexistent phases, each of which has the 
same n independently variable components, is capable of n+2—r variations 
of phase. For the temperature, the pressure, and the potentials for the actual 
components have the same values in the different phases, and the variations of 
these quantities are , . . subject to as many conditions as there are different 
phases. Therefore, the number of independent variations in the values of 
these quantities, i.e. the number of independent variations of phase of the 
system [the number of degrees of freedom], will be n+2—rP 

Gibbs’s statement may be slightly expanded as follows. In (4), § 58, there are 
2«-+-5 variables (the n values of m, the n values of ju, and the values of E, T, 
S, P, and V), but of these n+2, viz. the n values of /z, T, and P, can be found by 
differentiation, as in (3a), (3b), and (5), § 58, and to these (4) is an additional 
relation, making n+8 in all. Thus, the number of independent variables is 
(2az+5)—(/i+3)=/z+2. But if all the m’s, S, and V are varied in the same 
ratio, only the amount of the system and not its state is varied, and there are 
n+l independent ratios of these n+2 quantities (e.g. mijV, mijV,..SjV), 
so that the number of independent variations of state and composition of a 
homogeneous body is n+l. 

The total number of independent variations of the r separate phases is 
r{n+\), but if the phases co-exist, the temperature, pressure, and the chemical 
potential of each of the n components in each phase must be equal, giving 
(n+2){r—l) conditions (any one phase may be taken out as a “ test phase ” 
and it must be in equilibrium with the remaining r— 1). Hence the number of 
independent variables for all the phases is r{n+1)—(/i-f 2)(r— l)=/i+2—r. 

The Nernst Heat Theorem 

§ 65. The Principle of Maximum Work 

From an early period ^ the cause of chemical change was identified with a 
semi-occult “ force ” called affinity, which brought about the union and separa¬ 
tion of substances. According to Bergman (1775) ^ the reaction A-f BC== 

1 Trans, Connecticut Acad., 1876, 3, 108 f.; “Scientific Papers,” 1906,1, 96; Butler, in “A 
Commentary on the Scientific Writings of J. W. Gibbs,” New Haven, 1936, 1, 105. 

2 Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1911, 2, ii, 1 f.; Partington, “A Short 
History of Chemistry,” 1948, 322 f. 

3 De attractionibus electivis, in Nova Acta Upsal, 1115, 2, 159-248; “Opuscula,” Uppsala, 
1783, 3, 291; “ A Dissertation on Elective Attractions,” transl. Beddoes, London, 1785. 



§65 THE PRINCIPLE OF MAXIMUM WORK 213 

AB+C takes place completely if the affinity of A for B is greater than the affinity 
of B for C. Berthollct ^ clearly recognised the importance of secondary factors 
(temperature, volatility, insolubility, maSwS) in determining the course of a reac¬ 
tion, and he emphasised the reversibility of reactions, so that the reaction 
AH-BC=AB+C is not usually complete, but a state of equilibrium is reached 
in which B divides itself between A and C in proportion to their affinities and 
“masses” (i.e. concentrations): A+BC^AB+C. Attempts were made to 
determine the relative affinities from the ratio of partition of one substance 
between two others competing for it. This will be fully dealt with in a later 
volume. 

A new point of view was introduced when Julius Thomsen in 1853 proposed ^ 
to measure affinity by the amount of heat evolved in a reaction. He started 
with the correct fundamental principle that the energy of a body is constant 
under the same conditions, and showed that Hess’s law (§ 18) is in agreement 
with this. In order to bring the heat of reaction into relation with chemical 
energy, he assumed that the heat evolved in a reaction is equal to the difference 
between the energies of the substances before and after the reaction, a proposi¬ 
tion which is strictly correct only if no external work is done, or any other forms 
of energy except heat are produced. This is usually the case when the change 
occurs at constant volume, and is approximately true for all reactions between 
liquids and solids. To this consequence of the First Law, Thomsen in 1854 
added a new “ principle ” which he developed from views on chemical affinity 
then in vogue. He assumed that the heat evolved in a chemical reaction is a 
measure of the work done by the chemical forces, and so is a measure of the 
chemical affinity. 

In the decomposition of an exothermic compound (one formed with evolu¬ 
tion of heat), a great expenditure of energy is necessary, and only such processes 
can bring it about which themselves develop more heat than is absorbed in the 
decomposition. Metals such as zinc, iron, and magnesium, the oxides of which 
are formed with the evolution of more heat than is developed in the formation 
of water vapour from the same amount of oxygen, decompose steam, but if the 
heat of formation of the oxide is less than the heat of formation of steam, the 
metal (e.g. copper, silver, gold) is not oxidised by steam. 

From such considerations, Thomsen arrived at the general conclusion: 
“ Every simple or complex action of a purely chemical nature is accompanied 
by an evolution of heat.” The criterion of the possibility of a reaction was, 
on this hypothesis, where UQf and HQi are the algebraic sums 
of the heats of formation (evolved) of the final products and of the initial sub¬ 
stances, respectively, and a is a positive magnitude. 

Similar ideas were advanced by Marcellin Berthelot ^ in his principle of 
maximum work (“ principe de travail maximum ”), which he regarded as some¬ 
what different from Thomsen’s principle, and stated as follows: “ Every chemical 
change, accomplished without the intervention of a foreign energy [energie 
6trangfere] tends to the production of the body or system of bodies which 

1 “Recherches sur les Lois de TAffinity,*' 1801; “Essai de Statique Chimique,” 2 vols., 
1803. 

2 Am, Phys., 1853, 88, 349; 1853, 90, 261; 1854, 91, 83; 1854, 92, 34; “ Thermochemische 
Untersuchungen,” 4 vols., Leipzig, 1882-6,1, 15. 

3 “ LeQons sur les M6thodes g^n^rales de Synthase en Chimie Organique,” 1864, 399; 
Compt, Rend,, 1867,64,413; 1870,71, 303; Ann, Chim., 1869,18, 5 (103); 1875,4, 5; “ Essai de 
Mecanique Chimique fond<5e sur la Thermochimie,’' 2 vols, 1879,1, xxix; Henry, Compt. Rend., 
1924,178, 2248. 
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evolves the most heat. . . . Every chemical reaction susceptible of accomplish¬ 
ment without the intervention of preliminary work, and apart from the inter¬ 
vention of energy foreign to the bodies present in the system, is necessarily 
produced if it evolves heat.” 

It is noteworthy that Berthelot called this the principle of maximum work, 
not of maximum heat (although he used heat evolution as a criterion of chemical 
work), and he later ^ restricted it to reactions between solids (in which case it is 
approximately true). He pointed out that it would be more exact at low tem¬ 
peratures, and defined chemical heat, to which the principle applies, as that 
transformable into work, i.e. really free energy (see § 26). 

At the time when Thomsen and Berthelot put forward their “ principles ” 
they seemed to be logical consequences of the First Law, and eminent physicists, 
such as William Thomson ^ (Lord Kelvin) and Helmholtz,-^ had made an exactly 
similar mistake in another field, viz. the relation between the electromotive 
force of a cell and the heat of reaction of the chemical process occurring in it, 
as will be explained later. 

The following, among other, objections were brought against the principle 
of maximum work: ^ 

(1) It implies that a reaction should proceed in one direction only, in which 
heat is evolved, and thus reversible reactions should be impossible. 
In this sense it is a retreat to the old theory of Bergman. 

(2) There are many reactions which occur spontaneously with absorption of 
heat, whereas such endothermic reactions should be impossible. 

The second objection was got over by assuming that some physical change 
(e.g. solution, conversion of a solid into a gas, etc.) accompanied by absorption 
of heat occurred as well as a chemical change, and the reactions were not 
“ of a purely chemical nature.” This is not altogether without significance. 

§ 66. Applications of the Second Law of Thermodynamics to Chemistry 

The first applications of the second law of thermodynamics to chemistry 
were made by Horstmann,^ who used the entropy and extended the method of 
Clausius; his first paper (1869) was merely an application of the Clapeyron- 
Clausius equation to dissociation.^ The first application of the free energy 
to chemical problems was made in a Royal Institution lecture in 1875 by Lord 
Rayleigh,*^ in the form of Lord Kelvin’s principle of dissipation of energy 
(§ 27), when he pointed out that “ a chemical transformation is impossible, if 
its occurrence would involve the opposite of dissipation (for which there is no 
convenient word) he gave as an example the lowering of vapour pressure of 
a solvent by a dissolved substance, the argument being identical with that later 
used by Helmholtz. 

1 Compt. Rend., 1894, 118, 1378; “ Thermochimie,’’ 2 vols., Paris, 1897, 1, 10 f.; Tantzov, 
J. Russ, Rhys, Chem. Soc., 1928, 60, 361. 

2 Phil. Mag., 1851,2,429; “ Math, and Phys. Papers,” Cambridge, 1882,1,472,490, 503. 
3 ** iDber die Erhalttmg der Kraft,” Berlin, 1847, 45 f. 
4 Ostwald, ” Lehrbuch der allgemeinen Chemie,” 1910,2, i, 64 f.; 1911,2, ii, 83 f.; in Watts* 

“Dictionary of Chemistry,” edit. Morley and Muir, 1890, 1, 86, where the criticism is too 
sweeping, and not closely enough related to numerical data. 

5 Ber., 1868,1, 210 (kinetic); 1869,2,137; 1871, 4,635; 1881,14,1242; Ann., 1872,Supplbd. 
8, 112; 1873, 170, 192; Verhl. Naturhist.-Med, Vereins Heidelberg, 1877, 1, 177; Ostwald’s 
Klassiker, 1903, 137. 

^ Independently applied also by Peslin, Ann. Chim., 1871, 24, 208 (dissoc. CaCOa); Moutier, 
Compt, Rend., 1871,72,759 (dissoc. CaC03, salt hydrates, etc.). 

7 “ Scientific Papers,” 1899, 1, 238. 



§67 THE NERNST HEAT THEOREM 215 

Gibbs ^ in 1874-8 gave a complete thermodynamic treatment of chemical 
equilibrium (sec § 59), but his memoir was published in a journal of limited 
circulation, and was composed in a very abstract and dry mathematical form, 
which did not appeal to chemists. Helmholtz 2 in 1882 showed (§ 42) that the 
heat evolved in a chemical reaction is not generally a true measure of the work 
done by the chemical forces (“ Arbeitswerth der chemischen Verwandtschaft- 
kr^te ”), and in some cases the two can be opposite in sign. The true measure 
is the maximum work, or diminution of free energy, — JF, in the reaction. The 
applications of thermodynamics in the measurement of affinity were clearly 
realised and stated by van’t Hoflf,^ who emphasised that free energy changes 
could be treated like heats of reaction by Hess’s law (§ 18). 

In spite of its incorrectness on general theoretical grounds, the Thomsen- 
Berthelot principle often gave results surprisingly near the truth. In practical 
sciences, a zealously critical symbolic-algebraic method of approach can be 
grossly misleading, and can easily blunder over a large bulk of important truth 
concealed under a thin crust of apparent error. 

§ 67. The Nerast Heat Theorem 

Nernst,^ in a searching criticism of Berthelot's principle, after pointing out 
that it cannot be regarded as a general law, added that: “ a rule which holds 
good in many cases, but which fails in a few cases, contains a genuine kernel of 
truth, a kernel which has not as yet been shelled from its enclosing hull. . . . 
A law of nature lies hidden in this ‘ principle of maximum work,’ the further 
development of which is very important.” This law was revealed in 1906 by 
Nernst’s discovery ^ of a new principle in thermodynamics, which is usually 

1 Trans. Connecticut Acad.^ 1874-8, 3, 108, 342; “ Thermodynamische Studien,’’ transl. 
Ostwald, Leipzig, 1892; Gibbs, “ Scientific Papers,’' 1906, 1, 55; “ Collected Works,” 1928, 
1, 55; a long summary is given in Ostwald, ” Lehrbuch der alJgemeinen Chemie,” 1902, 2, i, 
114-48. 

2 Berlin Ber., 1882, I, 22; ” Wiss. Abhl.,” 1883, 2, 958; 1895, 3, 92; Ostwald’s Klassiker, 
1902, 124; summary by R. von Helmholtz, Ann. Phys., 1887, 30, 401; Z. phvs. Chem., 1887, 
1, 203. 

3 “ L’fitude dc Dynamique Chimique,” Amsterdam, 1884, 177; Z. anorg. Chem., 1898, 
18,1. 

^ “ Theoretical Chemistry,” 1904, 689. 
Gott. Nachr., 1906, 1; long abstr. in Z. Elektrocheni., 1906, 12, 738; J. Chim. Phys., 

1910, 8, 228; Berlin Ber.. 1906, 933; 1911, 65; 1912, 134; Phys. Z., 1911, 12, 976; Proc. K. 
Akad, Wetens. Amsterdam, 1911, 14, 201; Ber., 1914, 47, 608; ” Experimental and Theoretical 
Applications of Thermodynamics to Chemistry,” New York, 1907; “Die theoretischen und 
experimentellen Grundlagen des neuen Warmesatzes,” Halle, 1919, 2nd edit., 1924; transl. as 
“ The New Heat Theorem,” 1926; Haber, “ Thermodynamics of Technical Gas Reactions,” 
tran&I. Lamb, 1908, 83; Pollitzer, Die Berechnung chemischer Affinitaten nach dem Nernst- 
schen Warmetheorem, Samml. chem.- und chem-techn. Vortrdgc, Stuttgart, 1912, 17; 
Partington, ” A Text-Book of Thermodynamics,” 1913, 483; Jellinek, “ Physikalischc Chemie 
der Gasreaktionen,” Leipzig, 1913, 57; Schiile, ” Technische Thermodynamik,” 1923, 2, 216; 
Herzfeld, in Wien-Harms, “ Handbuch der Experimentalphysik,” 1928, 8, ii, 723; Simon, 
Ergebn. d. exakt. Naturwiss., 1930, 9, 222 (review of 25 years of progress). For some general 
publications on the Nemst heat theorem, see: Kohnstamm and Ornstein, Proc. K. Akad. 
Wetens. Amsterdam, 1912, 14, 802 (critical); Kohl, Monatsh. Math. Phys., 1912, 23, 81; 
Gruner, Verhl. d. D. Phys. Ges., 1912, 14, 655, 111; Campetti, Nuov. dm., 1913, 5, 302; 
Lorentz, Chem. Weekbl, 1913, 10, 621 (strict derivation); Schames, Verhl. d. D. Phys. Ges., 
1914, 16, 518; van Laar, Chem. Weekbl, 1918, 15, 1124; 1927, 24, 302 (critical); Boutaric, 
Le ^dium, 1919, 11, 348; Carrelli, Nuov. Cim., 1928, 5, 341 (criticism); Schmolke, Z. ges. 
Kdlte-lnd., 1929, 36, 154; Bijvoet and Verweel, Chem. Weekbl, 1932, 29, 210; Bernini, Nuov. 
dm., 1932, 9, Ixv; Kohnstamm, Rec. Trav. Chim., 1932, 51, 538 (critical); Schmolke, Berlin 
Ber., 1932, 780; di Jorio, Nuov. dm., 1937, 14, 480; Denina, Ricerca Scl, 1939, 10, 1044; 

Ulich, Die Chemie, 1942, 55, 211. 
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called the Nernst heat theorem; Nernst himself,^ and most American authors 
(following Lewis and Gibson),^ called it “ the third law of thermodynamics.” 

Approaches, to varying distances, towards the Nernst heat theorem had 
been made, after Berthelot, by several scientists, including van’t Hoff ^ and 
T. W. Richards,^ whose contributions were fairly stated by Nernst. Richards 
gave and w curves meeting both tangentially and at a sharp angle, and said 
the calculation, although fundamental, is quite impossible. A nearer miss than 
his may be found in a paper by Ponsot,^ where it is said that: “ at absolute zero, 
two systems of solids containing the same elements have the same specific heat,” 
that the specific heats of a solid and its saturated vapour approach equality and 
vanish at the absolute zero, and that the specific heat of the saturated vapour is 
less than that of the solid. 

A statistical deduction of Nernst’s heat theorem, based on the quantum 
theory, was first given by Sackur^ in 1911 ; this aspect is considered in Sec¬ 
tion IV. 

In view of its historical interest, a sketch of Nernst’s own treatment will 
first be given. Equations (3), § 42, and (10), § 44: 

Wj+q^=T{AwTldT).(1) 

Wr+q^=^T{dw'ldT).(2) 

are of the same form and may be combined in the single equation: 

w+q=^T{dwjdT).(3) 

in which w is the maximum work (or w' the nett work, respectively), and q is 
the heat of reaction (absorbed) at constant volume (or pressure, respectively). 
Equation (3) may be integrated by writing: 

?=9o+(?-9o)  (4) 

where qo is the value for r=0 (absolute zero), and then: 

^/t] '= f[qo/T^)dT+ l\(q-qo)/T2]dT 
Jo Jo JO 

wlT^(wlT)o^ ^q,IT+iqlT)o+ (\(q-qo)/T^]dT 
Jo 

w=-go+rri(q-go)/r2]dr+r[(w+gyr]o . . (5) 
Jo 

The integration constant is, from (3): 

[(w+^)/r]o=(d>v/dr)o.(6) 

The Thomsen-Berthelot principle (§ 65): 

w=--q, or w+q=0.(7) 

1 Theoretische Chemie,” 7 Aufl., 1913, 753. 
2 J.A.aS., 1917, 39, 2554. 
3 Am. Phys., Boltzmann Festschr., 1904, 233. 
4 Z. phys. Chem., 1902, 42, 129; Z. Ekktrochem., 1904, 10, 637; J.A.C.S., 1914, 36. 2417; 

crit. by Trevor, /. Phys. Chem., 1905, 9, 299; Bell, ibid., 1905, 9, 381; see also Br^nsted, K. 
Danske Videns. Selskab. Skrift., 1906, 9, 103,297; Nernst, “ The New Heat Theorem,” 1926, 
227, 

5 Compt. Rend., 1902,134, 651, 703; full abstr. in/. Phys. Chem., 1902,6,429. 
Ann. Phys., 1911, 34, 455; 1911, 36, 958. 

7 Nernst, “ The New Heat Theorem,” 1926, 213. 
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although untrue generally, is approximately valid in many reactions between 
condensed phases (especially solids), and more nearly true at lower tempera¬ 
tures. If it is assumed for condensed systems that: 

^0+^0=^.(®) 

then (6) shows that (dw/dT)o must be finite (including zero) or infinite to a 
smaller order than l/T, Equations (6) and (8) give: 

(dyv/dr)o=[(w+^)/71o=0/0.(9) 

but the indeterminate value is found (§ 16.1) by differentiating the numerator 
and denominator of the second term of (9) with respect to T and then putting 
T=^0: 

(dw/dT)o^[(dw/dT) + (dq/dT)/{dT/^^^^^ . (10) 

With the sign system adopted, w is work done and q is heat absorbed, or —q is 
heat evolved. Nernst’s fundamental assumption was that, in view of the 
approximate validity of (8) at finite tempera¬ 
tures for reactions between pure solid or liquid 
substances (not gases or solutions), the curves 
of w and —q plotted against T not only meet 
at the absolute zero but do so tangentially ^ 
(Fig. 19.11, where Q——q). Hence: 

-(d^/dr)o=(de/dr)o-(dvv/dn). . (11) 
and from (10): 

(dw/dr)o-0 .... (12) 

(dq/dT)o==0 .... (13) 

Hence (6) shows that w may be calculated from 
(5) for such reactions from purely thermal data, 
since q, the heat of reaction, may be expressed 
in terms of qQ and heat capacities by Kirchhoff \s 
equation (§ 20). Kistiakowski ^ stated Berthe- 
lot’s principle in the form that, for every transformation, a temperature can be 
found for which w= —Nernst’s heat theorem makes this always true for r=0. 

The integral of (1) is (see § 43): 

WT^mqJT^)dT+aT, 

where a is an integration constant. Equation (12) gives: 

Wr=Tj\qJT^)dT, 

with the meaning that an indefinite integral (§ 17.1) is to be found, and then 
the upper limit T inserted in the result.^ Byk used a complex variable, and in 
some cases took as the lower limit of the integral an imaginary quantity. 

Nernst at first gave both (7) and (11) as the necessary and sufficient statement 

1 This enables the w curve to be drawn when the Q = —g curve is known: see Ganz and 
Miguez, Phys, Z., 1915,16, 247 (mechanical pantograph type integrator); Dragert, ibid,, 1915, 
16, 295, 451. Richards, Z. phys, Chem,, 1902, 42, 129; J,A.C.S„ 1914, 36, 2417 (2433), 
supposed that dw/dT— —M. dQjdT, the average value of M being 2. 

2 /. Russ, Phys, Chem, Soc,, 1921, 53,1, 247 (Q. 
3 Nernst, “ Grundlagen des neuen Warmesatzes,” Halle, 1918, 68; The New Heat 

Theorem,” 1926, 81; Schmolke, Z. Phys,, 1934, 88,139. 
^ Phys, Z., 1919, 20, 505. 

Fig. 19.11. Maximum Work and 
Heat of Reaction for Condensed 
system near the Absolute Zero 
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of his theorem, but both arc included in (12), which is the kernel of the theorem.^ 
The assumption that (10) leads to (13) is true only when (dw/dT) is zero or finite, 
otherwise (d^/dr)o could be oo—oo, i.e. indeterminate, in proceeding to the 
limit in (10). Equation (8) can be replaced by the alternative statements that: 
(i) Wo is finite (including zero), or (ii) is finite (including zero). The theorem 
may also be expressed in another form. Let 

Lim 
r->o 

(lla) 

where b is an unknown positive constant; then (lla) applies in the immediate 
neighbourhood of the absolute zero, which need not be the case with (11). 
By differentiation of (3) : 

d^/dr=r.d2w/dr2.(3a) 

In the neighbourhood of the absolute zero (3a) can be substituted in (lla): 

and by integration: 

Lim 
r->0 

/dw\ 

\dr/ 

, . Td^w 
Lim 
T-^0 bdT^ 

by § 14,1, 

^ . d^w/dT^ 
Lim 
7’_>0 

« Lim 
T-^0 

d[ln (dw/dT)] 

dT 
^h/T 

Lim In (dwldT)=b In T+const., 
r->o 

Lim (dw/dT)=const. 
T->0 

(dw/dr)o=0; 

hence (12) is identical with (lla). If a negative sign had been used in (lla), 
the result would have been (dw/dr)=(const./r%->cxD; hence Nernst’s theorem 
requires that the curves for w and —q must separate from r=0 on opposite 
sides of the horizontal (Fig. 19.11). The other assumption had been made 
by van’t Hoff.2 Nernst’s theorem in its original form may thus be stated in a 
number of alternative ways: 

I. Wo«= —qo'. Wo is finite; q^ is finite. 

II. (dq/dT)Q=0; (dw/dT)^ is finite (including zero). 

III. (dw/dr)o--(d^/dr)o. 

IV. (dw/dr)o=0; [(>v+?)/r]o=0; Lim Lim where b 

is a positive undetermined constant. 

Equations (5), (6), and (12) give: 

.(14) 
J 0 

which, with Kirchhoff’s equation (§ 20): 

q-qo^ f ^Cdr.(15) 
Jo 

^ Juptner, Z. phys. Chem., 1907, 60, 114; 1908, 64, 709; Bcnnewitz, in Geiger and Scheel, 
“ Handbuch der Phy^ik,” 1926,9,154; Brunner,Z. Tkys^, 1936,100, 584; di Jario, Nuov, Cim,, 
1937,14, 480; Schottky, Naturwiss., 1943, 31, 400. 

2 Ann, Phys, Boltzmann Festschr,, 1904, 233. 
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(where C is or Cp according as q is or qp, and hence w is Wj or w'-p) provides 
a complete solution of the problem of calculating a free energy change w from 
a heat of reaction q. From (14) and (15), integration by parts (§ 19,1) gives: 

-9o+r fz]fCdT 

J 0 

= -qo- fjCdT+Tf(JC/T)dr 
Jo Jo 

= -q+Tf (Jc/r)dr . . . . 
Jo 

The substitutions w= —JFot —JG,q=J£orJ//, give: 

JF=J£'o+ f^^C„dr-Tf(JC„/T)dT 
Jo Jo 

=J£-Tf(JCJT)dT. 
Jo 

and jG=J//o+ [ ^CpdT-rf(JCp/T)dr 
Jo Jo 

=J/f-rf(JCp/T)dT . . . . 
Jo 

(16) 

(17) 

(18) 

Nernst assumed as an approximation that —J£ can be expressed in a series 
of powers of T: 

-j£r=:~/l£o+ocT-i-^T2 .(19) 

-dJ£/dr=-d^/dr=a+2i3r. 

But from (11), a=0, 

-J£=-J£o+/3r2.(20) 

Therefore from (1) -d(JF/r)/dr=-=J£/r2=(-J£o+^T2)/r^, therefore by 
integration — ^ F= — J £o +const, x T. By differentiation and comparison 
with (12) when r=0 it is found that “ const.”=0, 

.(21) 
All these equations apply only to pure substances in condensed systems, not to 
gases or solutions, but Nernst showed that the Heat Theorem can be extended 
to apply to gas reactions, as will be explained in a later volume. 

§ 68. Alternative Statement of the Nernst Heat Theorem 

From (12), §42, and (3), § 33: 

dw/dT=~dJFIdT=AS.(1) 

an alternative form of Nernst’s heat theorem is found, viz.: 

(JS)^.o=4l£o=0.(2) 

In reactions between pure condensed phases at the absolute zero there is no 
change of entropy. 

Fowler and Sterne,* after concluding that “ it is not true in general that 
JiSo“"0.” surmised that the Nernst heat theorem “ is always irrelevant and 

1 Rev. Mod. Phys., 1932, 4, 635 (707). 
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useless . . . and should now be eliminated.” It is, of course, equally correct 
to say that Newton’s laws of motion ““ are not true in general,” but both they 
and the Nernst heat theorem play their part in the practical applications of 
Science and are unlikely to be eliminated. Result (2) has been held ^ to suggest 
that the velocity of an irreversible process vanishes at the absolute zero, but 
Thermodynamics is not really concerned with velocities or time. 

Nernst ^ expressed the heat theorem in the form that: it is impossible by a 
thermodynamic process to cool a finite condensed system to the absolute zero. 

In an adiabatic process in which in mols react, let the temperature decrease 
by dr. Then if C is the total heat capacity ^ and q the heat absorbed per 
mol: 

AT^qAnjC.(3) 

If the process were carried out isothermally: 

q:=.TAS=:^TASo+TC(ACIT)dT .(4) 
Jo 

Assume that the temperature is so low that the specific heats obey a law: 

C=aP\ or AC—a'P\ where ^>1 .... (5) 

(as will be shown later to follow from the quantum theory), then: 

f («T7T’)dr==J5’o+^7'T'^ 
Jo 

and q^T(ASo+o"r’) .(6) 

From (3)-(6): 

(iT=dn(ASo+a"PyaP' ^  (7) 

As T approaches zero, the numerator approaches dfiASo and the denominator 
zero, hence dT becomes large and the cooling effect will reach absolute zero. 
If this result is to be excluded, then: 

ASo==0.(8) 

when the fraction becomes a^Tja, which vanishes as Tapproaches zero. Equa¬ 
tion (8), however, is identical with (2). 

Although this deduction was criticised by Einstein,"^ it is upheld by Epstein.^ 
According to the Nernst heat theorem, the isothermal r=0 coincides with 
an adiabatic and intersects no other adiabatics, so that any cycle in which the 
isotherm r=0 forms a part would seem impossible, 

1 Ubbelohde, Trans. Faraday Soc., 1937, 33, 599, 1198, 1203; Phil, Mag., 1938, 26, 260; 
Gorter, Physica, 1938, 5, 483. 

2 Berlin Ber., 1912, 134; “ The New Heat Theorem,” 1926, 87; Czukor, VerhI. d. D. Phys. 
Ges., 1914, 16, 486; Simon, Z. Phys., 1927, 41, 806; Physica, 1937, 4, 1089 (su^ests that the 
Nernst heat theorem applies to changes between states in internal thermodynamic equilibrium, 
and can be stated in the form: entropy differences between states of a system between which a 
reversible transition is possible in principle even at the lowest temperature, vanish at the absolute 
zero); Ehrenfest-Afanassjewa, Z. Phys., 1925, 33, 933; SchidJof, J. Chim. Phys., 1926, 23, 
814; Ptdiek, Chem. Obzor., 1943,18, 13. 

3 The heat capacity is clearly that of the final system. 
^ In “ Structure de la Matidre,” 2* Solvay Congress (1913), 1921, 293; Schmolke, Z. Phys., 

1938,108, 183 (r=0 can be reached if sp. heats remain finite). 
5 “ Textbook of Thermodynamics,” New York, 1937, 245; cf. Fowler and Guggenheim, 

“Statistical Thermodynamics,” Cambridge, 1939, 224; Cross and Eckstrom, /. Chem. Phys., 
1942,10, 287. 
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§ 69. Planck’s Form of the Nernst Heat Theorem. 

Equation (2), § 68, ^5*0=0 (due to Planck), is obviously satisfied if the entropy 
of each pure condensed phase is separately zero at the absolute zero, and this 
was assumed by Planck: ^ 

(5),-.o=^o=0.(1) 
Quantum statistics (Section IV) show that this is true only when the multi¬ 

plicity at r=0 is 1, and when this is not the case, or when transitions to this 
state of lowest multiplicity do not occur in the range of temperature used in 
the specific heat measurements, (1) will not be true. Since in the majority of 
cases (1) is true, it seems preferable to refer to the exceptions separately rather 
than to attempt a wide general statement which excludes them. The case is 
analogous to the retention of Taylor’s Theorem by mathematicians. 

Equation (1), with (7) or (8), § 35, will give finite entropy values: 

or 5=JJ(C^/7’)d7' .... (2) 

The necessary and sufficient condition that the entropy shall remain finite as 
T approaches zero is that Q or Cp shall decrease faster than T, which is the 
case for specific heats based on the quantum theory (§ 68), and that Q, and Cp 
shall be zero at 7=0, which is in agreement both with the quantum theory and 
with experiment. 

If the solid undergoes allolropic change, or changes into a liquid or gas, at a 
certain temperature Tq, the increase of entropy is: 

^*S',=/,/7o.(3) 

where 4 is the latent heat of transition per g. or mol, and the addition of (2) 
and (3) gives the entropy of the new solid, the liquid, or the gas, the integration 
(2) being continued with the appropriate specific heat. The complete equations 
(apart from allotropic or other changes or transitions of a single phase) for the 
standard entropy S° at the temperature 7, when corrected for deviations from 
the ideal gas state are: 

(i) When the boiling-point at 1 atm. is below T: 

5/=5o+ Cp (solid) d In T+dH (fusion)/^^ 
Jo 

+ I Cp (liquid) d In T+AH (evaporation)/r|, 

+ f Cp (gas at 1 atm.) d In T+^ ^ ^ ... (4) 
J Pc ■> 

where are the melting- and boiling-points in ""K. and the last term is the 
correction to the ideal gas state given by Berthelot’s equation (§ IS.VII E). 

(ii) When the boiling-point at 1 atm. is above T: 

5r°=5o+J^ Cp (solid) d In T+AH (fusion)/Tj,t 

+ rCp (liquid) d In r+Z? In■ • (5) 
Pc 

1 “Thermodynamik,” 3rd edit., 1911, 266; Phys. Z., 1911, 12, 681; 1912, 13, 165 ; Ber., 
1912, 45, 5. 
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where is the vapour pressure at T"" K. The Bcrthelot correction term is 
usually only about OT unit per mol. The Nernst-Planck heat theorem requires 
that So=0 in these equations. 

The pioneer experiments of Nernst and his school ^ showed that the heat 
theorem was verified, but some examples are unsuitable and some calculations 
are not clear; a more striking demonstration of the validity of the “ third 
law ” was provided by experiments and critical treatment of data by G. N. 
Lewis and collaborators,^ and it is now part of everyday Physical Chemistry. 
The link between the heat theorem and quantum statistics is also very firm 
(see Section IV). 

§ 70. Standard Free and Available Energies 

In the modern applications of the Nernst heat theorem, it is usual to calculate 
and tabulate the values of the free energies F and available energies 6\ or their 
changes, for the substances concerned. The available energy change is: 

=(/Ji/298 + J5298+d In r) . (i) 

Alternatively, the free energy may be found ^ from (9), § 43: 

F=^-t{\eIT^)AT.(2) 
Jo 

Hence EjT^ is plotted against T (E being found by plotting C,, against T 
and graphical integration, or from formulae for CV) and the area under the 
curve evaluated. This area multiplied by T gives F. The entropy S is then 
given by (E--F)IT, In a similar way the available energy is found from 
(15), §44: 

G=-rr(///r2)dr.(3) 
Jo 

and the entropy is 
S=^(H-G)/T.(4) 

More used, however, are the so-called standard values, giving the excess of F 
or (usually) G at 1 atm. and 25^^ C. (298-P K.) of given substances as compared 
with standard states, e.g. hydrogen gas, oxygen gas, rhombic sulphur, graphite, 
etc. The standard entropy changes ^ at 298-T K. can be calculated from the 
equation JG®)/298T, and are usually given in g.cal./T C. units 
(1 Clausius). 

The entropy of 1 mol of nitrogen gas at 25° C. and 1 atm. pressure in the ideal 

1 Summarised in Nernst, “The New Heat Theorem,” 1926; for a criticism, see van de 
Sande Bakhuyzen, Z, phys. Chem., 1924, 111, 39, 57. 

2 Lewis and Gibson, J, A. C. S., 1917, 39,2554; 1920, 42, 1529; Lewis, Gibson, and Lati¬ 
mer, ibid., 1922, 44, 1008; Gibson and Giauque, ibid., 1923, 45, 93; and many later papers; 
see Sect. IV. Parks and Kelley, J. Phys. Chem., 1928, 32, 734; Eastman, Chem. Rev., 1936, 
18, 257. In 1876, Massieu, Mem. div. Savants Acad. Sci., 1876, 22, No. 2, 43, had pointed 
out that: “ on devra avant tout rechercher, pour chaque substance que Ton voudra 6tudier, 
sa fonction caracteristique [F or G] . . . une fois ce but atteint, le reste ne sera qu’une affaire 
de calcul, puisque tout s’exprimera au moycn de la fonction caracteristique et de ses derivdes 
paftielles.” 

3 Miething, “Tabellen zur Berechnung des gesamten und freien Warmeinhalt fester 
Kdrper,” Halle, 1920. 

^ It should be noted in calculating AS"" that the S values for all standard states of elements 
are assumed to be zero. 
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State (5°) is calculated as follows,^ the initial state (5=a0) being crystalline solid 

at zero absolute: 

0° K. to 10° K. from Debye’s equation. 0*458 
10” K. to 35-6r K. by graphical integration . 6*034 
Transition 54*71 g.cal./35*61°   1*536 
35*61° K. to 61*14° K. (m.p.) by graphical integration . 5*589 
Fusion 172*3 g.cal./63*14°. 2*729 
63*14° K. to 77*32° K, (b.p.) by graphical integration. 2*728 
Evaporation 1332*9 g.cal./77*32°.17*239 

Total entropy of gas at b.p. .36*31 ±0*1 
Correction to ideal gas state (Berthelot’s equation) . 0*22 

36*53 
77*32° K. to 298 *r K. by spectroscopic data . 9*36 

Hence the final result is 5°298 i .45*89 

The following table ^ contains material for a test of Nernst’s heat theorem, 
the values of the calorimetric entropy of the vapour at the boiling-point (1 atm. 
pressure), corrected to the ideal state by Berthelot’s equation, as found by an 
application of the Nernst heat theorem (5=0 at 7=0 for the solid) being com¬ 
pared with the values of the entropy in g.cal./l"^ C. per mol calculated by statis¬ 
tical methods from spectroscopic data (see Section IV). The agreement is 
excellent, many supposed anomalies found by Eucken and his pupils having 
been eliminated by later accurate experiments. 

Gas 5 N.H.T. S spectr. Gas 5 N.H.T. S spectr. 
A3 ... 30*85 30*87 HBrJO ... ... 44*9 44*92 
Kr*^ ... 34*63 34*65 HI 11 ... 47*8 47*8 
02^ ... 40*70 40*68 NH3I2 ... ... 44*13 44*10 

... 36*53 36*42 Sz (298°) 13 ... 53*85 
Ch’’ ... 51*56 51*55 HzSH ... ... 46*38 46*44 
Fz 8 ... 37*29 C2N2I5 ... ... 55*43 55*67 
HC19 ... ... 41*3 41*45 HCN 16 ... ... 47*94 48*25 

1 Giaiique and Clayton, J.A.C.S.^ 1933, 55, 4875. 
2 For other data see Aston et al., J.A.C^S,, 1944, 60, 1171 (triraethylamine); Yost and Felt, 

ibid., 1934, 56, 68 (chlorine monoxide, 5=»67*9 at 25°); Clusius and Frank, Z. phys. Chem., 
1936, 34 B, 405 (phosphine); Jones and Giauque, J.A.C.S., 1947, 69, 983 (nitromethane). 

^ Clusius and Frank, Z. Elektrochem., 1943, 49, 308. 
^ Clusius, Kruis, and Konnertz, Ann. Phys., 1938, 33, 642 (34*65 calc, by Tetrode’s formula, 

§ 14, IV). 
5 Giauque and Johnston, J.A.C.S., 1929, 51, 2300. 
« Giauque and Clayton, J.A.C.S., 1933, 55, 4875. 
7 Giauque and Powell, J.A.C.S., 1939, 61, 1970 (N.H.T.); Giauque and Overstreet, ibid., 

1932 54 1731 fsnectr 1 

8 kanda, BuU. Chem. Soc. Japan, 1937, 12, 511. 
Giauque and Wiebe, J.A.C.S., 1928, 50, 101. 

10 Giauque and Wiebe, J.A.C.S., 1928, 50, 2193. 
11 Giauque and Wiebe, J.A.C.S., 1929, 51, 1441. 
12 Overstreet and Giauque, J.A.C.S., 1937, 59, 254; cf. Bryant, ibid., 1931, 53, 3014; 

Stephenson and McMahon, ibid., 1939, 61, 437. 
13 Godnew and Sswerdlin, Z. Phys., 1935, 97, 124. 
1^ Giauque and Blue, J.A.C.S., 1936, 58, 831; Clusius and Frank, Z. phys. Chem., 1936, 

34 B, 420. 
13 Ruhrwein and Giauque, J.A.C.S., 1939, 61, 2940; McMorris and Badger, ibid., 1933, 55, 

1952, find 5 spectr.«57*8 at 25° C. 
i« Giauque and Ruhrwein, J.A.C.S., 1939, 61, 2626 (an anomalous sp. ht. curve, and a 

complicated calculation, of doubtftil validity, assuming double and triple polymers in the 
vapour). 
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Gas 5 N.H.T. S spectr. Gas 5 N.H.T. S spectr. 
COSJ ... ... 52-56 52-66 CH3CI7 54-27 54-31 
CS?2 ... ... 57-48 57-60 CHjBrS 57-86 57-99 
CCI4 (25° C.) 3 ... 74-35 74-05 C2H6(25°C.) 9 ... 54-85 54-62 
SO24 ... ... 58-07 58-23 C.Hgio. 59-93 61-0 
AsFa^ ... ... 72-09 72-12 CH4(25°C.)ii ... 43-39 — 
C2H46 ... ... 47-36 47-35 COCI2I2 66-63 68-26 

The case of hydrogen is fully considered in § 24.1V. The following sub¬ 
stances show an anomaly between the two entropy values (at the boiling-point): 

5 N.H.T. 5 spectr. 
CO 13 ... 37-2 38-32 
NOi'i ... 43-03 43-75 
N2O15 ... 47-36 48-50 

The cases of CO and N2O are discussed in §26.IV. Nitric oxide shows a 
deviation of 0*72, approximately \R In 2=0*69, which could be explained by 
assuming the presence of two isomers of N2O2 with an entropy of mixing. 
Oxygen, a paramagnetic gas, shows no anomaly. 

The entropy of a binary compound is not, in general, half-way between those 
of its components, as is seen for the following (gaseous state): 

Br2 ... 55-4 IBr ... 60-6 I2 ... 62-29 

Entropies calculated by Kelley ^ ^ (in g.cal./deg. mol at 25° C. for the actual 
physical states at 25°) are: 

1 Kemp and Giauque, J.A.CS.y 1937, 59, 79; cf. Wagner, Z. phys, Chem.y 1941, 48 B, 
309; Eucken and Schafer, ihid.y 1942, 51 B, 126 (correcting ibki.y 1941, 51 B, 60^ 

2 Brown and Manov, J.A.C.S., 1937, 59, 500. 
3 Lord and Blanchard, /. Chem. Phvs.y 1936, 4, 707; correcting Yost and Blair, J.A.C.S.y 

1933, 55, 2610. 
4 Giauque and Stephenson, J.A.CS., 1938, 60, 1389. 
5 Russell, Bundle, and Yost, J.A.CS., 1941, 63, 2825. 
6 Egan and Kemp, J.A.CS.^ 1937, 59, 1267; York and White, Trans. Amer. Inst. Chem. 

Eng.y 1944, 40, 227. 
7 Messerly and Aston, J.A.C.S.. 1940, 62, 886, 3529. 
8 Egan and Kemp, J.A.C.S.y 1938, 60, 2097. 

De Witt and Kemp, J.A.C.S., 1937, 59, 273; Kemp and Pitzer, ibid.y 1937, 59, 276; 
Hunsmann, Z. phys, Chem., 1938, 39 B, 23; Kistiakowski and Na/mi, J. Chem. Phys.y 1938, 
6,18 (correcting Eucken and Weigert, Z. phys. Chem,, 1933,23 B, 265). 

10 Powell and Giauque, J.A.C.S., 1939, 61, 2366, who regard it as anomalous; cf. Kistia- 
kowsky et ah, ibid., 1939, 61, 2980. 

11 Storch,/.Z.C.5'., 1931, 53, 1266. 
Giauque and Jones, J.A.C.S., 1948, 70, 120; the discrepancy of 1-63 units is interpreted 

as due to random orientation of triangular COCI2 molecules in the solid, the maximum effect for 
which would be /? In 3=2-18. 

13 Clusius and Teske, Z phys. Chem., 1929, 6 B, 134; Clayton and Giauque, J.A.C S. 
1932, 54, 2610; 1933, 55, 5071. 

14 Johnston and Giauque, J.A.C.S., 1929, 51, 3194; for NOCl (5=64-04 at 298"^) see Jahn, 
J. Chem. Phys., 1938,6,335. 

13 Clusius, Hiller, and Vaughen,Z/7/i>'j. Chem,, 1930,7 B, 427; Blue and Giauque,/./I.C.5., 
1935,57,911. 

16 McMorris and Yost, J.A.C.S., 1931, 53, 2625. 
17 Bur. Mines Bull., 1940, 434; for earlier values (including methods of calculation), ibid., 

1932, 350; 1934, 371; 1936, 394; for earlier calculations of AG° (later revised in their book, 
“ Thermodynamics and the Free Energy of Chemical Substances,” New York, 1923) see 
Lewis and Randall, J.A.C.S., 1914, 36, 1968 (H and O), 2259 (I), 2468 (S); 1915, 37, 458 (C), 
2308 (N); 1916, 38, 2348 (Br); fpr H2O at 25° (16-9), Giauque and Ashley, Phys. Rev., 1933, 
43, 81; values of (Go—Eo®)/^from spectroscopic data, Murphy, J. Chem. Phys., 1937, 5, 637; 
for light hydrocarbons, Holcomb and Brown, Ind. Eng. Chem., 1942, 34, 590; Thompson, 
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Al 6-75 O2 ... 49*0 CS2 . 36-2 AgzO ... 29*1 
Sb 10*5 K 15*2 ecu . 74-2 AgCI ... 23*5 
A 36-99 Se 10-0 CH4 . 44-5 NaCl ... 17-3 
Be 2*28 Si 4*5 C2N2 . 57-9 NaN03 27*8 
Bi 13-6 Ag 10*20 CuO . 10-4 SO2 .. 59-2 
Br2 ... 36-7 Na 12*2 H2O . 16*75 SnO ... 13*5 
C (dia¬ S-a 7*62 H2S 49*2 Sn02 12-5 
mond) 0-59 S-^ ... 7*78 FeO 13*5 SnCU ... 62*1 

C (graph¬ Sn 12*3 Fe203 21-5 Ti02 12*4 
ite) ... 1-36 W 8*0 Fe304 35*0 V2O3 23*5 

Ch ... 53-3 V 7*0 PbO . 16*6 V2O4 24*5 
Cu 7-97 Zn 9*95 HgO 16-6 V2O5 31*3 

*H2 ... 31*2 BiCla ... 45*8 HgCl 23-5 ZnO ... 10*4 
I2 27-9 BCI3 ... 68*6 N2O 52*58 ZnS ... 13*8 
Fe 6-47 CaO ... 9*5 NO 50*3 ZnCl2 ... 25*9 
Pb 15*49 tCaC03 22*2 NH3 46*0 Znl2 ... 38*5 
Hg ... 18*5 CaS04. . 25*5 KCl 19*76 ZnC03 19*7 
Ni 7*1 CO ... 47*3 KNO3 31*8 
N2 ... 45*79 CO2 ... 51*1 isi02 10*1 

* Excluding nuclear spin. f Calcite. t Quartz. 

The following table gives the values of —AH'" and — in kg.cal. per mol 
at 1 atm. and 25'' C. (A positive sign denotes energy evolved.) The standard 
state for gases is ideal. 

0
 1 

Hzfe) ... 0 0 Ch(g) ... 0 0 
Oato . 0 0 HCl(g) ... ... 22*00 22*67 
HaOOf) ... 57*836 54*508 HCl (ag) ... 39*55 31*35 
H20(/) ... ... 68*330 56*560 N2(g) ... 0 0 
HzOto ... ... 69*991 56*419 NH3 (g) ... 10*98 3*910 
S2(y) ... ... -29*69 -18*28 NH3 (ag) ... 19*35 6*3 
Sfi ... -0*082 -0*018 NO(g) ... ... -21*60 -20*85 
Sa 0 0 NO2 (g) ... -6*84 -11*92 
ii2S(s) ... 4*76 7*84 HNO3 (g) ... 34*40 18*21 
H2S (aq) 9*32 6*40 HNO3 (ag) ... 49*79 26*50 
SOzto ... ... 69*30 69*66 Br2(g) ... ... -7*59 -0*755 
S03(^) ... ... 91*60 85*89 Br2(0 ... 0 0 
H2SO4 (/) ... 212*40 176*50 NaCl ... ... 97*80 91*79 
HBrfe) ... 8*30 12*54 KCl ... 105*60 98*43 
HBr (aq) ... 28*59 24*60 AgCl ... ... 30*1 26*22 
I2 (g) ... ... -15-10 -4*63 Ag20 6*94 2*395 
I2 W ... 0 0 HgCl ... ... 31*84 25*14 
HI to ... ... -6*20 -0*315 Hg2S04 ... ... 175*0 147-80 
HI (09) ... ... 13*32 12*36 HgO ... 21*60 13*81 
C (graphite) 0 0 PbCl2 ... ... 85*60 75*04 
C (diamond; ... -0*204 -0*390 PbO (red) ... 52*36 45*05 
CH4(g) ... ... 18*24 12*20 Mn02 ... ... 125*30 112*60 
CS2(g) ... ... -26-01 -17*60 CaO ... 151*7 154*5 
C«H6(/) ... ... -19*73 -30*64 AI2O3 ... ... 393*3 389*6 
CO to ... 26*45 33*01 Si02* . ... 208*3 195*3 
cojto ... ... 94*40 94*45 FeO ... 64*25 60*0 
CH30H (/) ... 57*28 39*96 Fe203 • ... 195*2 189*8 
C2H50H (/) ... 67*14 42-63 

♦ a-quartz. 

“ The Total and Free Energies of Formation of the Oxides of Thirty-two Metals,” New York, 
1943; Rossini et al., ” Tables of Selected Values of Chemical Thermodynamic Properties,” 
U.S. Bur. Stand., 1947 (3 series, loose-leaf); for ions in crystals, Gapon, J. Phys. Chetn. U.S.S.R., 
1946, 20, 941; for free energies and entropies of formation from atomic values, see Kireev, 
Acta Physicochim. U.R.S.S., 1945, 20, 905; 1946, 21, 159; J. Phys. Chem. U.S.S.R., 1946, 
20,3^9; J. Gen. Chem. U.S.S.R., 1946,16,1199,1391,1569. 

A.T.P.C.—8 



226 THBRMODYNAMICS FI 

The entropies of some ions in aqueous solution have been calculated: ^ 
the following table gives also some values of and at 25"" for 1 molal 
concentration in the ideal state. 

1 0
 

5" 

0
 1 ^AG^ 

H* 0 0 — Cl' 39-55 31*36 13-5 
Na* 57-53 62-59 14-0 Br' 28*95 24*58 19-7 
K* 60*31 67*43 24-2 r 13-32 12-36 25*3 
NH4* 31-46 18*93 26-4 103' . 54-20 31-58 28*0 
Ag* -24-90 -18*45 17-5 HS' . 3-40 -2-98 -14-9 
Cu*' -16-50 -15*91 -26-5 S" . -10-00 -23-45 
Zn” 36-60 34*98 -25-7 HSO3' 147-5 123-92 32*6 
Cd- 17-40 18*35 -16-4 SO3 ^ . 146-9 116-68 3*0 
Hg- -40-20 -36-85 SO4" . 215-8 176-50 4*4 
Ca" 129-5 133-70 -11-4 NO2' . 25-60 8*50 29-9 
Sn** -2*40 6-28 -4-9 N03^ . . 49-79 26*50 35*0 
Pb" 0-50 5-55 3-9 HC03' 164*6 140*00 22-2 
Fe- 20-80 20-35 — C03'. 161*1 125*76 -13-0 
Fe" 9-60 3-12 -61 HS04'. — — 30*6 
OH' 54-53 37-46 -2-49 

The following table gives the entropies and the standard available energies 
—at 25® C., for a number of organic compounds. Other values have been 
collected.'*^ The substances are all in the state in which they normally exist 
at 25° C. and 1 atm. pressure. Heats of combustion of hydrocarbons provide 
data for calculations of —AG. According to Huffman, Parks, and Barniore,^^ 
the entropy of normal paraffins is a linear function of the number n of carbon 
atoms in the molecule, and that of substituted hydrocarbons at 25° C. is given 
by *S'aK25*0+7*7Ai—4-5r+19‘5p, where r==sno. of CH3 branches in main 
aliphatic chain, and p—no. of phenyl groups. (In the table, the small numerals 
after the names of the substances belong to the literature references. 

5 .V -dC 
propane32 ... 64-7 2,2-dimethylpcn- 
Aj-butanc is. 54-9 6*2 taaei'**i5 68*1 61-0 
//-pentane 17 62-0 11-9 2,3-dimethylpen- 
//-hexane is 70-6 7*0 tane 1^*15 73*2 67‘0 
//-heptane i^t 15 78-9 73 0 2,4-dimcthylpen- 
//-octane is. 86-0 3-0 taneH.15 69*7 56-0 
//-nonane IS 93-9 — 3,3-dimethylpen- 
//-decane is 102-5 2-9 tanci^i5 701 67*0 
//-undecane 1 s 110-9 — 2,2,3*trimethyl- 
//-dodecane is 118-1 — butanei^»i5 64*8 51-0 
//-tetradecane methylnonanes 37 .. . c. 100 — 

C,4H3o22 134-4 — cw-2-butene 26 73*0 -14-86 
2-mcthylhexane 1^. 15 75*3 72*0 //*a//5-2-butene 26 71-2 -14-45 
3-methylhexanc 1^. i5 74-0 68 0 /5<7butene 26 69-0 -14-20 
3-ethylpentane i5 74-6 60*0 butene 26 . 72-5 -16-78 

For notes to this table, see page 228 

1 Latimer and Kasper, J.A.C.S.^ 1929, 51, 2293; Latimer and Ahlberg, ibid., 1930, 52, 
549; Latimer, Schutz, and Hicks, ibid,^ 1934, 56, 88; Chem. Phys.^ 1934, 2, 82; Ahlberg and 
Latimer, J.A.C.S., 1934, 56, 856; Brown, Smith, and Latimer, ibid., 1936, 58, 2144; 1937, 
59, 921; Pitzer, ibid., 1937, 59, 2365; 1938, 60, 1828; Smith, Pitzer, and Latimer, ibid., 1937, 
59, 2640, 2642; Pitzer and Smith, ibid., 1937, 59, 2633; Smith, Brown, and Pitzer, ibid., 1937, 
59, 1213; Pitzer, Smith, and Latimer, ibid., 1938, 60, 1826; Latimer, Pitzer, and Smith, ibid., 
1938, 60, 1829 (summary and table); Latimer and Slansky, ibid., 1940, 62, 2019; Coulter and 
Latimer, ibid., 1940,62,2557; Coulter, Pitzer, and Latimer, ibid., 1940,62, 2845; Kapustinsky, 
Compt. Rend. U.R.S.S., 1941, 30, 799, 802; 1946, 53, 719; /. Phys. Chem. U.S.S.R., 1941,15, 
1055; Latimer, Oxidation Potentials,” New York, 1938; for absolute entropies, see F. H. 
Lee and Y. K. Tai, /, Chinese Chem. Soc., 1941, 5*4); Eley, Faraday Soc., 
1944, 40,184; Yatsimirsky, J. Gen. Chem. U.S.S.R., 1947, 17, 169; Bull. Acad. Set U.R.S.S., 
Chim., 1947, 453; Gapon, /. Phys. Chem. U.S.S.R., 1947,21, 759,1057. 
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S 
/7-heptene28 78*6 --1905 
1,4-pcntadiene28 ... 58*2 -39*97 
ethylene dichloride 49-8 — 

ethylene dibrom- 
ide . 53-4 _ 

butylethylcnc ^ i 61*3 — 

di-/5'c^butylelhy- 
lene 12 . 71-4 -3-60 

propylene ^ 8 631 -14-8 
trimcthylethylene ^2 59-5 -no 
dimethylacetylene 

(/) "^ . 46-6 — 

cyclopentane 23,48 
cyclohexene 12,48 ... 

49 “4 -4*4 
51*8 -13*4 

methylcyclo- 
hexane ^2,48 59-3 0 

methylcyclo- 
pentane 1 ^ 59-2 2*7 

1,2-dimethylcyclo- 
pentane ^ ^ 64-5 1*0 

isoprene^^. 54-8 — 

benzene . 41-9 -27*6 
toluene . 52-4 -24*3 
ethylbenzene 16,47... 61-2 -23*6 
w-butyl benzene ^ 8 ... 76-8 -27*5 
/erZ-butylbenzene 66-6 -25*1 
^;-xylcne . 59-3 -24*5 
/?2-xylene . 60*3 -24*2 
/?-xylenc . 60*5 -20*4 
pentamethylben- 

zene 1 ^ . 70-3 -28*1 
hexamethylben- 

zene . 74*0 -27*1 
diphenyP<> 49-2 -54*5 
diphenylmethane 57*2 -60*1 
triphenylmethane 74*6 -101*4 
dibenzyl 16. 64*6 -60*1 
triphenyl benzene 22 87*8 -115*10 
naphthalene 39*9 -42*9 
/3-methy Inaphtha • 

lene is . 48*7 — 

anthracene 1 s 49*6 -69*4 
phenanthrene is ... 50*6 -68*2 
stiibcne 12. 60*0 -75*3 
Vlf-cumene is 67*7 -21*0 
p-cymene is 73*3 -28*4 
durene is . 58*7 -24*0 
wo-durene is 74*1 — 

pyrene 23 . 51*4 0 
prehnitene is 69*5 — 

methyl alcohol 3,8,12 310 44*2 
ethyl alcohol 2,3, s, 12 38*4 43*2 
/z-propyl alcohol 6,12 461 43*3 
wnpropyl alcohol 4. 

6, 7, 10, 12. 43*1 48*1 
n-butyl alcohol 3.12 54*5 43*2 
/^/•/-butyl alcohol 5,12 45*3 50-1 
/z-amylalcohol 20 ... 60*9 39*1 
/er/-amyl alcohol 20 54*8 47*7 
hexyl alcohol ^ 68*6 41*7 
cyclohexanol 11 47*6 37*5 
glycol 4,12,47 39*9 81*8 
glycerol 4,12,47 49*7 115*7 
crythritol 5,12,47 ... 39-8 152*0 
dulcitol6.12,47 560 226-8 
mannitol 5.12,47 57*0 226*1 
glucose 4,12 50*5 219-0 
a-z/-gluco^ 30 50*7 218-72 

S ■^JG 
/3-ii-glucose 30 
a-^/-glucose 

54*4 218*32 

hydrate 3o 60*4 275*76 
sucrose 20. 
a-lactose mono¬ 

86*1 371*6 

hydrate 38 99*1 418*2 
j8-lactose38 
jS-maltose mono¬ 

92-3 373*7 

hydrate 38 99*8 412*6 
/-sorbose 3 y 52-8 217*1 
a-J-galactosc 3^ 49*1 219*6 
ethyl ether 6,12 60*4 32-3 
z^npropyl ether 20 70*4 — 

acetone 10,12 47*8 36*6 
formic acid 12 ... 30*7 85*2 
acetic acid 4,12 38*2 95*4 
/z-butyric acid 3.12 54*1 95*1 
palmitic acid 12 ... 113*7 94*0 
lactic acid 2 5 45*9 124*3 
dd-i-) lactic acid 34 34*3 — 

/(^—) lactic acid 34... 34*0 — 

oxalic acid 12 28-7 166*5 
maleic acid 17,30 ... 38*1 151*3 
fumaricacid 17,30 ... 39*7 157*2 
succinic acid 17,30 ... 42-0 180*4 
ethyl acetate 20 62*0 77*3 
glycine 20 . 26*1 87*8 
urea 1,20,35 25*0 47*2 
^//-alanine 29 31*6 89*44 
i/-alamnei9 31*6 88*8 
/-asparagine 1 

/-asparagine 
41*7 125*2 

hydrate ’ ^ 51*0 183*3 
/-aspartic acid ^ ... 41*5 173*5 
z/-glutamicacid 1*^ ... 45*7 170*2 
creatine 1 ^ 45*3 64-1 
creatinine 1^ 40*0 2*9 
^//-leucine 29 49*5 83*83 
z/-arginine 29 59*9 58*49 
/-tyrosine 29 53*0 97*75 
adenine 24. 36*1 -70*42 
hypoxanthine 24 ... 34*8 -17*25 
guanine 24. 38*3 -10*22 
xanthine 24. 38*5 40*73 
uric acid 24. 41*4 91-46 
allantoin 24 46-6 107-47 
alloxan 24. 44*6 182*88 
phenol 20 . 34*1 11-0 
benzyl alcohol 27 ... 51*8 8*1 
benzoic acid 20 

<7-hydroxybenzoic 
40*8 60*1 

acid 22 . 
/7z-hydroxybenzoic 

42*6 101*8 

acid 22 . 
/?-hydroxy benzoic 

42-3 101-6 

acid 22 . 42*0 102*4 
phthalic acid 27 
phthalic anhy- 

49*7 143*6 

i*ide 27. 42*9 79*8 
dibenzoylethylene i7 76*3 -18*0 
dibenzoylcthanc 17... 77*6 6*5 
1,4-djoxane 23 47-0 56*3 
thiophene 23 42-2 -26-3 
nitrobenzene 27 53-6 -33*9 
aniline 20 . 45*8 -35*4 
thiophenol27 52*6 — 

pyridine 27. 42*8 -37*3 
quinoline 27 51*9 -63*2 

For notes to this tal?le, see page 228 
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10 Kelley, 1929, 51, 1145. 
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of 11-w-decylheneicosane, Fischl, Naylor, Ziemer, Parks, and Aston, J.A.C.S., 1945, 67, 
2075; for hydrocarbons, see Hamai, Bull. them. Soc. Japan, 1943,18, 376. 

15 Huli'man, Parks, and Thomas, J.A.C.S., 1930, 52, 3241. 
i<s Huffman, Parks, and Daniels, y..4.C.5., 1930, 52, 1547. 
17 Parks and Huffman, J.A.C.S., 1930, 52, 4381; Douslin and Huffman, ibid., 1946, 68, 173. 
18 Huffman, Parks, and Barmore, J.A.C.S., 1931, 53, 3876; cf. Parks, Shomate, Kemiedy, 

and Crawford, /. Chem. Phys., 1937, 5, 359; Douslin and Huffman, J.A.C.S., 1946, 68, 1704 
(five isomeric hexanes), 2753 (correction); Hachmuth, Hanson, and Smith, Trans. Amer. Inst. 
Chem. Eng., 1946, 42, 959, 975, 983. 

1*^ Huffman and Borsook, J.A.C.S., 1932,54,4297. 
Parks, Huffman, and Barmore, J.A.C.S., 1933, 55, 2733. 

21 Banse and Parks, y.^.C.5., 1933, 55, 3223, 
22 Parks and Light, y..4.C.5'., 1934, 56, 1511. 
23 Jacobs and Parks, J.A.C.S., 1934, 56, 1513; Douslin and Huffman, J.A.C.S., 1946, 

68, 173. 
24 Stiehler and Huffman, J.A.C.S., 1935, 57, 1741. 
25 Parks, Thomas, and Light, y. Chem. Phys., 1936, 4, 64; Scott, Ferguson, and Brickwedde, 

Bur. Stand. J. Res., 1944, 33, 1. 
26 Todd and Parks, J.A.t.S., 1936, 58, 134; for pentenes, Todd, Olive-, and Huffman, 

ibid., 1947,69, 1519. 
27 Parks, Todd, and Moore, J.A.C.S., 1936, 58, 398; Pearce and Bakke, Rroc. Iowa Acad., 

1938,43,171. ^ 
28 Parks, Todd, and Shomate, J.A.C.S., 1936, 58, 2505. 
29 Huffman and Ellis, J.A.C.S., 1937, 59, 2150. 
30 Huffman and Fox, J.A.C.S., 1938, 60, 1400. 
31 Kennedy, Shomate, and Parks, J.A.C.S., 1938, 60, 1507. 
32 Kemp and Egan, J.A.C.S., 1938, 60, 1521. 
33 Pitzer, J.A.C.S., 1940, 62, 331. 
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35 Huffman, y./4.0.5., 1940, 62, 1009; Ruhrwein and Hufi'man, ibid., U6, 68, 1759. 
36 Huffman, J.A.C.S., 1941, 63, 688. 
37 Parks, West, and Moore, J.A.C.S., 1941, 63, 1133. 
3 8 Anderson and Stegeman, J.A.C.S., 1941, 63, 2119. 
39 Jack and Stegeman, J.A.C.S., 1941, 63, 2121. 
40 Yost, Osborne, and Garner, J.A.C.S., 1941, 63, 3492. 
4t Osborne, Garner, Doescher, and Yost, J.A.C.S., 1941, 63, 3496. 
42 Russell, Osborne, and Yost, J.A.C.S., 1942, 64, 165. 
43 Osborne, Doescher, and Yost, J.A.C.S., 1942, 64, 169. 
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45 Parks and Huffman, “The Free Energies of Some Organj^Compounds/’ New York, 

1932; cf. “ Chemischer Taschenbuch,” Berlin, 1937, III, 237 f.lUhlich, “ Kurzes Lehrbuch 
der physikalischen Chemie,” 1938, 303 (inorganic only); Rossi| Pitzer, Taylor, Ebert, Kil¬ 
patrick, Beckett, Williams, and Werner, Selected Values of Pr^rties of Hydrocarbons, Bur. 
Stand. Circ., 1947, 461. / 

46 Bekkedahl and Wood, Bur. Stand. J. Res., 1937,19,551. / 
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Since many organic compounds should^ in principle, pass spontaneously into 
simpler substances, their preparation has been said,i from the standpoint of 
thermodynamics, to be “ skating over thin ice.” Standard entropies of 
inorganic and organic compounds were calculated by Meissner 2 with empirical 
formulae. 

§ 71. Remarks on the Nemst Heat Theorem 

Eastman’s ^ assumption that a pure perfect crystal may have a positive if 
small entropy at absolute zero if the unit cell contains many atoms, was shown 
by Pauling and Tolman to be unsound. The very cautious statement of the 
“ third law ” by Lewis and Randall: ^ “ every substance has a finite positive 
entropy, but at the absolute zero of temperature the entropy may become zero, 
and does so become in the case of perfect crystalline substances,” does not cover 
all cases, as will be seen below, and is over-sophisticated. Fowler ^ consistently, 
if with diminishing assurance, rejected the “ third law ” in the form 5o==0, 

preferring the older form (but see § 68). This means, in practice, that 
an additive constant is first added and then subtracted regularly and mono¬ 
tonously ill all calculations, which consumes time to no obvious purpose. 

Kleeman’s treatment of an “ absolute zero of entropy ” 2 divides the energy 
and entropy of a substance into “ controllable ” and ” uncontrollable ” parts, 
the latter being assumed independent of temperature and volume, and the 
controllable energy and entropy to have minimum values for certain values of 
V and r. The value of is never negative, and (dpIdT)^ and {d^pjdT^X are 
always finite. A substance or mixture in the condensed state in contact with 
its vapour at 0° K. corresponds to a state on the adiabatic of zero entropy, 
and zero entropy is the same as zero energy, the zero being called the “ absolute 
zero of control.” At this zero, Cp==0, even for a gas at infinite volume. Some 
of Kleeman’s conclusions seem to be incorrect. The postulation of a thermo¬ 
dynamic “ potential energy,” affected only by change of heat capacity and not 
by temperature,^ is also rather obscure. Kolossowsky ^ and Njegovan 
supposed that the entropy of a gas at 0° K. is zero. 

^ Partington, J. Phys. Chenu, 1925, 29, 494. 
2 Ind. Eng, Chern,, 1948, 40, 904. 
3 J.A.C,S„ 1924, 46, 39. 
4 J.A.C.S., 1925, 47, 2148. 
3 “ Thermodynamics,” New York, 1923, 448. 
6 “ Statistical Mechanics,” Cambridge, 1929,141,149; 2nd edit., 1936,204,228,231; ” Statis¬ 

tical Thermodynamics,” Cambridge, 1939,192. It seems as if Fowler did not quite appreciate 
the significance of ” order-disorder ” effects in connection with the law (clearly hinted by 
Partington, ” A Textbook of Thermodynamics,” 1913, 531), as his calculation in Proc. Boy. 
Soc.^ 1928, 118, 52, shows; see Rodebush, Proc. Nat, Acad., 1927,13, 185; Giauque and John¬ 
ston, J.A.C.S,, 1928, 50, 3221 (see § 70). Fowler and Sterne, Rev. Mod. Phys., 1932, 4, 635 
(707) felt that the idea of absolute entropy ” has caused much confusion and has been of little 
assistance in the development of the subject,” an opinion vdth which no one else agrees. 

7 Science, 1927, 65, 210, 426; 1927, 66, 216; Phil. Mag,, 1927, 3, 883; 1927, 4, 257; 1928, 5, 
668; J. Phys. Chem., 1927, 31, 747, 937, 1559, 1669; 1928, 32, 1396, 1840; Verschaffelt, Phil. 
Mag., 1927, 4, 335; Z. Phys., 1927, 43, 152; Jazyna, Z. Phys., 1924, 30, 372, 376; 1926, 37, 
304; 1927, 41, 211; Phys. Z., 1925, 26, 622; 1927, 28, 908. Cf. Simon, Ergebn. d. exaki. 
Naturwiss., 1930,9, 222; Schmolke, Z. Elektrochem., 1935,41, 654. 

8 Njegovan, Acta Physicochim. U.R.S.S., 1940,13, 829. 
9 Phys. Z., 1927,28,476; Z. Phys., 1927,43, 509; 1927,44, 756. 

10 Coll. Czech Chem., 1933, 5, 415, 424; Acta Phys. Polon., 1933, 2, 425; 1934, 3, 213; 1937, 
6, 109; Z. Phys., 1935, 94, 377; 1935, 97, 390; 1935, 98, 415; Baborovsky, Chem. Listy, 1937, 
31, 187. 



230 THERMODYNAMICS It 

Lewis and Gibson ' stated the Nernst heat theorem in the form: “if the 
entropy of each element in some crystalline form be taken as zero at the absolute 
zero, the entropy of any pure crystal at the absolute zero is zero, and the 
entropy of any other substance is greater than zero.” Eastman’s statement: ^ 
“ at the absolute zero entropy changes in reactions of the same type are equal, 
and in reactions in which the system does not change in type the entropy 
changes are zero,” if it has any meaning at all, seems to have an erroneous one, 
and his idea that entropy depends on crystal structure is also wrong. ^ Gibson, 
Parkes, and Latimer ^ concluded, from some rather indefinite results, that the 
entropy of a solid solution of ethyl and propyl alcohols is not zero at the absolute 
zero. The experiments of Gibson and Giauque,"* usually quoted as showing a 
finite entropy for a glassy solid (glycerol) at absolute zero, are indecisive: 
what was actually found was a difference of 5*6 g.cal./r per mol at the high 
temperature of 70° K., and it was assumed that this difference would, approxi¬ 
mately, persist down to zero absolute. Pauling and Tolman ^ concluded, from 
theory, that the entropies of a perfect crystal and a supercooled glass differ by 

jRlna, where a is a small number given by where (f>{N') is the 
number of ways in which the mean positions of the N' molecules in the glass 
can be arranged when the degrees of freedom corresponding to the positional 
coordinates are excited to the first quantum state, arrangements due to permuta¬ 
tions of atoms being excluded. 

The very slow adjustments of glassy solids or very viscous liquids to equili¬ 
brium even at moderate temperatures should have suggested that specific heat 
measurements made rapidly in an ordinary vacuum calorimeter would be of 
doubtful value in testing Nernst’s theorem, and Simon® predicted that this 
disturbing effect had vitiated some experiments. This was proved experiment¬ 
ally by Obald and Newton,^ who used the calorimetric method of mixtures, 
and allowed several hours for supercooled liquid glycerol to reach statistical 
equilibrium at 167°--293° K. The results at low temperatures were decidedly 
lower than those found by Gibson and Giauque, and no relevant conclusion 
can be drawn from the latter results. In the case of stiff glasses, weeks would 
probably be required to reach equilibrium, and there is no valid evidence that 
the entropy of a glass differs from zero at 0° K. A similar effect probably 
vitiated the results of Anderson ^ with glassy selenium, for which a higher 
entropy was found than for the stable crystals. 

Kelley ^ disproved a consequence of Eastman’s statement (see ref. ^), that the 
entropies of two different crystalline forms of the same substance must differ 
at 0° K., by showing that this is not true for two forms of cyclohexane. Later 
experimental and theoretical research has been unkind to some of the more 
zealous critics of the Nernst heat theorem, whose errors were in no way miti¬ 
gated by the intemperate language in which they were sometimes expressed. 
G. N. Lewis was a notable exception among many workers in his careful 
and appreciative, although critical, attitude. 

1 JA.es., 1920, 42* 1529. 
2 J.A.CS., 1924, 46, 39. 
3 JA.es., 1920, 42, 1542. 
4 J.A.CS., 1923, 45, 93. 
5 J.A.CS., 1925, 47, 2148. 
6 Z. anorg. Chem., 1931, 203, 219; Schmolke, Z. Phys., 1931, 64, 714. 
7 J.A.C.S., 1937, 59, 2495; Parks, Thomas, and Light, J. Chem. Phys., 1936, 4, 64; Parks, 

West, and Moore, J.A.CS., 1941, 63, 1133; Nelson and Newton, ibid., 1941, 63, 2178. 
« J.A.CS., 1937, 59, 1036. 
9 J.A.C.S., 1929, 51. 1400. 
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§ 72. Empirical Formulae 

Latimer ^ proposed the formula: 

5=|i?]n^-0-94.. . (1) 

for the entropy of 1 mol of a solid element at 25® C., where atomic weight; 
and for compounds the entropy is the sum of the atomic entropies, provided the 
atomic heats are all approximately equal to 6 (the Dulong and Petit value, 
hence the rule does not, e.g. apply to oxides). This useful but crude rule 
implies, among other things,^ that the molecular diameter d is given by 
^/2=const. 1+^2)/\/(^ 1^2) for a binary compound. Herz ^ found the 
empirical rule: 

const.(2) 

where iS*entropy at 25® C. and cwspecific heat. For elements, the constant 
is 9, for salts 9/7, where /7== number of atoms in the molecule. Although the 
theoretical interpretation of such formulae is not always clear, this does not 
impair their usefulness.For binary salts: ^ 

Sli/Vi^6.(3) 

where Vi is the molar volume calculated from the ionic radii. According to 
Bruzs,^ the entropy is a periodic function of the atomic number, and the entropy 
at the melting-point K., calculated from Lewis, Gibson, and Latimer’s ^ 
values at 25® C. by the equation: 

5„-529s+2-303C, log (TJ29%)  (4) 

assuming Cp (atomic heat) constant above 0® C, has an approximately constant 
value of 20 units (S, Br2, and I2 are abnormal). The few data available suggest 
that entropies would be equal at the critical temperature, which would be a 
“ corresponding state ” for entropies,^ when 5'j^=49. 

Kelley, Parks, and Huffman ^ expressed the specific heat of a solid in the 
form: 

Cp^c;{A+BT).(5) 

whe|Je Cp° is that of a standard substance and A and B are constants. Then 
the ,nolar entropy of a substance at a fairly low temperature, say 90® K., is: 

^90 

S90^as%0+£\ c/dr.(6) 
Jo 

where ^90° and the temperature dependence of Q® are assumed known. 
In calculating the free and available energy changes in gas reactions, the 

following approximation formulae may be used.^ The various cases depend 
on the values.of AC,, and ACp. 

Case 1. z](J;,=0, zlC^,=0. Then: 

AFr-AFr,=^AGr-AGr,^-!ASdT==^-ASr,{T--To) 
J To 

J J.A.C.S., 1921, 43, 818; Herz, Z. amrg. Chem,, 1928, 175, 245. 
2 Jellinek and Rudat, Z. anorg, Chem., 1928, 175, 281. 
3 Z. anorg. Chem., 1929, 182, 189. 
^ Cf. Herz, Z. anorg, Chem,, 1929, 181, 281. 
5 Herz, Z. anorg. Chem.„ 1930,186, 251. 
« J. Phys, Chem., 1927, 31, 681. 
7 J.A.CS,, 1922, 44, 1008. 
8 J, Phys. Chem., 1929, 33, 1802. 
^ UHch, “ Kurzes Lehrbuch der physikalischen Chemie,” 1938, 94; Partington, “ Chemical 

Thennodynamics,” 1940, 40. 
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also AHQ^AG{y~\‘TASQj 

AFj^AEq—TAS(^ and AG>i^AHq—TASq. 

Case 2. JQ=const.=fir and JC^=const.=<a:'. Then: 

ASj-ASr,=^ {\t{ACJT) or f dr{JC^/r)=« In 
J Tq J Tq 

(T/To) or a']n(T/n) 

AFr=^FT-ASo(T-To)-aTlln (T/To)+TolT-l] 

AGr=AGr-ASoiT-To)-a'TllniT/To)+To/T-]] 

AFr=AEo-TASo-aT^n (TITo)+TolT-1] 

AGr=AHo-TASo-a'T[ln {T/To)+TolT-\] 

If 7'o=298°, the expression in brackets can be replaced up to r=1600° by 
0-0007r—0-20 with an error of only a few per cent. 

Case 3. AC^ and ACp vary appreciably with temperature. The values of 
a and a' in case (2) are then modified as follows: 

(i) r<500 : a=AC„ and a'=ACp at SOO” K. 

(ii) T500—1000 ; a and a' are mean values of ZlC„ and AC^ between 300' K. 
and 600° K. 

(iii) r 1000—2000 :a and a'=^ (mean value of 2lC„_p between 300° and 
600°+mean value between 600° and 1200°). 

(iv) T2000—3500 : a and a'=^ (mean value of AC,.^p between 300° and 
600°+mean value between 600° and 1200°+mean value between 
1200° and 2400"). 

§ 73. Properties of Substances at Very Low Temperatures 

From Maxwell’s equation (3), §48: (dp/dT)„=(dS/dv)j, and since d5’= 
c^dTjT, it follows that: 

(dp/dT),. 

But, from (1), §49: {dcJdv)x=T{d‘^pldT\, it follows that: 

(dp/dn= f (d2p/dr2)„dr=(dp/dD-(dp/dn., 
Jo 

where the zero subscript denotes T=0. Hence: 

(dp/dn =0.(1) 

Similarly, from Maxwell’s equation (4), §48: (dz^/dr)p=—(d5/dp)r, and since 
dS—CpdTjT, it follows that: 

{dvidDp 

From (2), §49: {dCpldp)r=^-T{d^vjdT^p, it follows that; 

{dvldT)p={\d^vjdT\dT={dvldT%-{dvldT)., 

{dvldT).=Q 
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These results ^ are in agreement with experiment, as will be described later in 
Vol. 11. 

Although van Laar 2 maintained that Planck’s deduction (given above) of 
the equation (dz^/d7’)^j^=0 is incorrect, since it does not agree with a formula 
proposed by van Laar, Keesom ^ in experiments on the melting-point curve of 
helium at very low temperatures found evidence in support of Planck’s equation, 
and the prediction of van Laar that {dpj6T)p^=^ 00 was disproved: the curve of 
d^pIdT^ had a maximum at 1 *8° K. In a similar way it can be shown ^ that the 
temperature coefficients of surface tension, thermoelectric force, and magnetic 
susceptibility vanish at the absolute zero. 

Equations such as (1) and (2) may be generalised. ^ If the system is defined 
by the absolute temperature T and generalised coordinates (§ 50), Xj, JC2, . . 
corresponding with the generalised forces Xi, • • ., then in changes in which 
only one of these alters and the rest remain constant: 

dS=(dS/dx 1) r. ^2. x,....dxu 

and dS^idS/dX,),, x,.... dX,+(dS/dT)^^,... dT. 

For r=0, dS must vanish, by Nernst’s theorem, hence: 

(d»S/dx:j)7'«o,a:2,JC3.... and (diSydXi)j^o,X2,X3,... • (^) 
The analogues of Maxwell’s relations (§ 48) then show that: 

(dxi/dr)r»o=0, and (dX^/dT)r^o=0 ... (4) 

§ 74. Solid Solutions 

Planck ^ suggested that solid solutions at r=0 had a finite entropy of mixing: 
In Ni (§ 57), and this seemed to be confirmed for mixtures of water 

and glycerol, 7 and mixed crystals of silver bromide and iodide. ^ The first 
example is unsuitable, in view of the anomalous behaviour of water and the 
error due to time-lag with glassy solids (§ 71). In the second case, the experi¬ 
mental accuracy was not very high. Stern ^ (who assumed a zero-point energy) 
concluded that the entropy of a solid solution at 7’=0 will be zero if one state 
at this temperature has a smaller entropy than the others. Keesom concluded 
from theory that the entropy of mixing of gases (§ 57) should vanish at r=0. 

1 Planck, “ Thermodynamik,” 1911, 271; cf. Slotte, Ofu. Finska Vet. Soc, Fdrhl, 1904, 47, 
No. 8. 

2 Proc. K. Akacl. Wetens, Amsterdam^ 1924, 27, 897. 
^ Proc. K. Akad. Wetens. Amsterdam, 1927,30,952{Comm. Leiden Suppl., 61b). Objections 

to Planck’s deduction raised by Weinstein, Ann. Phys., 1917, 52, 218; 1917, 53, 47; 1917, 54, 
79, were answered by Epstein, ibid., 1917, 53, 176. 

^ Nemst, Berlin Ber., 1913,972; “ The New Heat Theorem,” 1926,211; cf. Keesom, Phys. Z., 
1913, 14, 670 (Peltier effect). 

5 Epstein, “ Textbook of Thermodynamics,” 1937, 229. 
“ Thermodynamik,” 1911, 279. 
Simon, in Geiger and Scheel, “ Handbuch der Physik,” 1926, 10, 393; Simon and Lange, 

Z. Phys., 1926, 38, 227. 
8 Eastman and Milner, /. Chem. Phys., 1933, 1, 444 (bibl.). 
9 Ann. Phys., 1916, 49, 823; 1916, 51, 236. 

Proc. K. Akad. Wetens. Amsterdam, 1913, 16, 227; 1914,16, 669 (Comm. Leiden Suppls. 
30a, :i$);Phys. Z., 1913, 14. 665; 1914,15,217, 368. 
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SECTION III 

THE KINETIC THEORY OF GASES 

BIBLIOGRAPHY OF THE KINETIC THEORY OF GASES 

Arrhenius, Theories of Chemistry, 1907, 109 (elementary); Bloch, The Kinetic Theory of 
Gases, 1924 (simple and useful); Boltzmann, Vorlesungen iiber Gastheorie, 2 vols., Leipzig, 
1896-8 (mathematical); Boynton, Applications of the Kinetic Theory, New York, 1904; 
Burbury, A Treatise on the Kinetic Theory of Gases, Cambridge, 1899 (mathematical); 
Byk, Einfiihrung in die kinetische Thcorie der Gase. I. Die idealen Case [all published], 
Leipzig and Berlin, 1910; Clausius, Die kinetische Theorie der Gase, in Die mechanische 
Warmetheorie, vol. 3, edit, by Planck and Pulfrich, Brunswick, 1889-91; Dushman, Gen, 
Elec. Rev., 1915, 18, 93, 952, 1042, 1159; Herzfeld, in Miiller-Pouillet, Lehrbuch der Physik, 
11th edit., 3, ii, Brunswick, 1925, and (re-written) in Taylor, Treatise on Physical Chemistry, 
2nd edit., 1931, 1, 72 (clarifying many difficult points); Jiiger, Die Fortschritte der kinetischen 
Gastheorie, Brunswick, 1906, and later editions (clear and excellent); idem, articles in Winkel* 
mann, Handbuch der Physik, Leipzig, 1906, 3, 68, and Geiger and Scheel, Handbuch der 
Physik, Berlin, 1926, 9, 341; Jeans, The Dynamical Theory of Gases, Cambridge, 1904, 3rd 
edit., 1921, 4th edit., 1925 (mathematical; a standard work); idem. Introduction to The Kinetic 
Theory of Gases, Cambridge, 1940 (excellent mathematical introduction); Kennard, Kinetic 
Theory of Gases, New York, 1938 (modern, mathematical, but clear and informative); 
Kirchhoff, Vorlesungen iiber die Theorie der Warrne, edit. Planck, Leipzig, 1894; Kleeman, 
A Kinetic Theory of Gases and Liquids, New York, 1920; Knudsen, The Kinetic Theory of 
Gases, 1934 (parts only of subject, especially Knudsen’s own researches); Loeb, Kinetic 
Theory of Gases, New York, 1927, 2nd edit., 1934 (straightforward and intelligible); O. E. 
Meyer, Die kinetische Theorie der Gase, Breslau, 1877, 2nd edit., 1899, transl. [with additions] 
by Baynes, The Kinetic Theory of Gases, 1899 (intelligible); Risteen, Molecules and the 
Molecular Theory of Matter, Boston, 1895 (elementary); Tolman, Statistical Mechanics, 
New York, 1927 (some aspects); Watson, H. W., A Treatise on the Kinetic Theory of Gases, 
Oxford, 1876, 2nd edit., 1893; Weinstein, Thermodynamik und Kinetik der Kdrper, 4 vols. 
(I-III i and ii), Brunswick, 1901-8. 

§ 1. History of the Kinetic Theory of Gases 

The earliest form of the Greek atomic theory, due to Leukippos and 
Demokritos about 450 b.c., postulated that the smallest particles (atonis) of 
matter are in ceaseless motion, this being a natural property and not due lo 
an external cause.^ The theory was used by Gassendi ^ to explain the three 
states (solid, liquid, and gaseous) of matter, and changes of state. Boyle ^ 
and Newton,4 however, explained gaseous pressure by a statical theory, 
although Huygens ^ and Hooke ® accepted the older view of moving partick i, 
and the latter attempted to explain Boyle’s law by the assumption that air 
consists of small particles set in swift motion by the ether and separated by 

1 Lindsay and Smith, B.A. Rep., 1871, 30; Giua, Gazz., 1919, 49, ii, 1; Polvani, Nuov. 
dm., 1924,1, 1 (115 refs.); Partington, The Origins of the Atomic Theory, in Annals of 
Science, 1939, 4, 245. 

2 “ Syntagma Philosophicum,” 1658; see Lasswitz, Ann. Phys., 1874, 153, 373. 
3 “ New Experiments Physico-Mechanicall,” 1660; Works, 1744, 1, 8. 
4 Principia,” Amsterdam, 1723, 270. 
5 “ Traits de la Lvmi^re,” 1690 (written in 1678), ch. 1; Larmor, “ Aether and Matter,” 

Cambridge, 19(X), 311. 
6 ** De Potentia Restitutiva,” 1678, 16; Tait, “ Properties of Matter,” 4th edit., 1899, 295. 

234 



§1 HISTORY OF THE KINETIC THEORY OF GASES 235 

large spaces. Hooke says: “If therefore a quantity of this body [air] be 
inclosed by a solid body, and that be so contrived as to compress it into less 
room, the motion thereof (supposing the heat the same) will continue the same, 
and consequently the Vibrations and Occursions will be increased in reciprocal 
proportion.” Newton ^ proved mathematically that if an elastic fluid consists 
of particles at rest, between which are repulsive forces inversely proportional to 
the distance between contiguous particles, the density would be proportional 
to the pressure, a result which, in his characteristic way, he did not identify 
with Boyle’s law. A deduction of Boyle’s law for a gas composed of particles 
(corpuscula) in ceaseless motion, between which no forces act, and which give 
rise to the pressure on a container by bombarding its walls and lid and being 
reflected from them, was given in 1738 by Daniel Bernoulli,^ who gave a figure 
illustrating his idea. Lomonossov in his treatise on the “ Theory of the 
Elastic Force of Air ” also made use of a kinetic theory. But the great authority 
of Newton long prevented these early applications of the kinetic theory from 
receiving the attention they deserved.^ It was not until 1845, when Joule ^ 
showed that there is no change of temperature when a gas rushes from a rigid 
vessel into another rigid evacuated vessel, so that no external work is done, 
that it was clear that there could be no repulsive forces between the molecules, 
and Newton’s static theory was perforce abandoned. 

The real development of the kinetic theory of gases, as we now understand 
it, must be said to date from the memoir of Clausius,^ published in 1857, 
i.e. in the opening years of the second half of the nineteenth century, and its 
further amplification was mainly due to Maxwell and Boltzmann, the former 
giving the very important law of the distribution of molecular velocities (§ 10). 

The revival of the kinetic theory of gases (Greek kinesis, motion) early in the 
nineteenth century by Herapath passed unnoticed, and the long and interesting 
memoir by J. J. Waterston, of Bombay, sent to the Royal Society in December 
1845, and read in March 1846, was not published until Lord Rayleigh found the 
paper in the Archives of the Society in 1892 and had it printed, with interesting 
annotations. 8 A paper by Joule ^ passed without notice, and it was the one by 

1 Principia,” lib. II, sect. V, prop, xviii, Amsterdam edit., 1723, p. 270; Partington, 
Annals of Science, 1939, 4, 245. 

2 “ Hydrodynamica,” Strasburg, 1738, 200, Fig, 56; reproduced in Guareschi, Atti Accad. 
Torino, 1910, 45, 641; Du Bois Reymond, Ann. Phys„ 1859,107, 490, reproduced Bernoulli’s 
account. See also J. Hermann, ‘‘Phoronomia sive de Viribus et Motibus Corporum 
solidorum et fluidorum, libri duo,” Amsterdam, 1716, 376 (de Motu intestino fluidorum); see 
§ lO.TI. 

3 Novi Comment. Acad, PetropoL, 1747-8, J, 230, 307 (published in 1750); Ostwald’s 
Klassiker, 1910,173. 28, 34, 54, 55; Smith, J./t.C.A\, 1912, 34, 109. 

4 O. E. Meyer* “ Kinetic Theory of Gases,” 1899. 11. 
5 Phil. Mag., 1845, 26, 369; “ Scientific Papers,” 1884, 1, 172. 
6 Ann. Phys., 1857, 100, 353; Phil. Mag., 1857, 14, 108 (“ On the Nature of the Motion 

which we call Heat ”); Bouty, Sdentia, 1916,19, 182, 260. 
7 Ann. Phil., 1816, 8. 56; 1821,1. 273, 340,401; Phil. Mag., 1823, 62, 61, 328. 
8 “ On the Physics of Media that are composed of Free and Perfectly Elastic Molecules 

in a State of Motion,” in Phil. Trans,, 1892,183, 1; a perplexed Referee reported that; ” The 
paper is nothing but nonsense, unfit even for reading before the Society,” and the chemical 
part is also notably modern for its time, as Rayleigh pointed out. Some obvious algebraic 
inaccuracies in the paper are not destructive of its general conclusions. See Nernst, “ Theo¬ 
retical Chemistry,” 1911, 198; “Collected Scientific Papers” of Waterston, edit, Haldane, 
1928. 

® Manchf Mem., 1848, 9, 107; reprinted in Phil. Mag., 1857,14, 211; “ Scientific Papers,” 
1884,1, 288, 290, Joule had shown that the vis viva (mv^) was proportional to the absolute 
temperature, and calculated the velocity of hydrogen molecules as 6225 ft./sec. at O'" C. 
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Kr5nig i which drew the attention of Clausius,^ who gave the main lines of the 
theory in a satisfactory form, MaxwelP and Boltzmann^ extended the 
theory. The name dynamical theory of gases was used by Maxwell,^ and sig¬ 
nifies that the Jaws of dynamics are assumed to hold for the motion of the gas 
molecules; the name kinetic theory, first used by Lord Kelvin,^ was afterwards 
adopted by Maxwell,<5 and is now commonly used. 

By introducing various simplifying assumptions it is possible to develop 
quantitatively the main features of the theory in a very elementary manner. 
The more elaborate mathematical treatment gives more information on many 
points of detail, and covers properties not amenable to the simpler theory; 
some of the equations then found are of fundamental importance in Physical 
Chemistry. 

§ 2. Elementary Kinetic Theory 

It is assumed ® that a gas consists of a very large number of perfectly elastic 
molecules, the volume occupied by which is negligible compared with the whole 
space occupied by the gas; that the duration of each molecular collision is 
infinitesimal compared with the interval between two such molecular collisions; 
and that the influence of any forces between the molecules is vanishingly small. 
The particles, not being acted upon by any forces, describe straight-line paths 
with a constant velocity between collisions, and as they are perfectly elastic they 
rebound from the walls with unchanged kinetic energy. Since the temperature 
is assumed to be determined by the kinetic energy, it remains constant. 

The pressure exerted by a gas on its container is due to the bombardment by 
the gas molecules. The velocities remain constant at a given temperature, and 
obviously when the volume of a given quantity of gas is reduced to Ijn of its 
initial value, the number of molecules per cm.^ is increased n-fold, the number 
of collisions per second is also increased «-fold, and so also is the pressure. 
Thus the pressure is inversely proportional to the volume. This deduction of 
Boyle’s law was given by Bernoulli in 1738 (see § 1). 

The increase in pressure when a gas is heated in a container at constant 

1 “ Grundzuge einer Theorie der Case,” Berlin, 1856; reprinted in Ann. Phys.^ 1856, 
99, 315. 

2 Ann. Phys., 1857, 100, 353; Phil. Mag., 1857, 14, 108, mentioning Joule (whose paper he 
had not seen) and Kronig; reissued in Die kinetische Theorie der Gase in “ Die mechanische 
Warmetheorie,” Brunswick, 1889-91, 3, 1. 

3 Phil. Mag., 1860, 19, 19; 1860, 20, 21; Phil. Trans., 1867, 157, 49; “Scientific Papers,” 
1890,1, 377; “ Tlieory of Heat,” 1897, 308 f. 

^ Numerous papers in Wien Ber., 1866f.; “ Wissenschaftliche Abhandlungen,” 3 vols., 
edit. Hasenohrl, Leipzig, 1909; “ Yorlesungen fiber Gastheorie,” 2 voLs., Leipzig, 1896-8; 
“ PopulSre Schriften,” Leipzig, 1905; Boltzmann and Nabl, art. Kinetische Theorie der Materie, 
in ” Encykl. d. math. Wiss.,” 1907, 5, i. Heft 4, 493. 

5 B.A. Report, 1871, p. xciii (Presidential Address). 
6 Nature, 1873, 8, 298; “ Scientific Papers,” 1890, 2, 343. Jeans still used MaxwelTs name 

in his ” Dynamical Theory of Gases,” Cambridge, 1904, 4th edit., 1925, but his new book is 
called “ The Kinetic Theory of Gases,” Cambridge, 1940. 

7 The simple deducations (§ 2) of the gas laws from the kinetic theory given in most elemen¬ 
tary books are due to Naumann, Ann., 1870, Supplbd. 7, 339, and Zoppritz, ibid., 348; see the 
criticism by Pfaundler, Wien Ber., 1871, 63, II, 159, who gives a simple deduction similar to 
that in Jeans, ” The Kinetic Theory of Gases,” 1940,17. The device of imagining one third of 
the molecules in a cube moving along directions parallel to the edges goes back to Joule (1848), 
but he assumed all the molecules combined in three masses. 

8 Clausius, Phil. Mag., 1857, 14, 108; cf. O. E. Meyer, ” Kinetic Theory of Gases,*" transL 
Baynes, 1899; Edser, “Heat for Advanced Students,” 1899, 287; Partington, “College 
Course of Inorganic Chemistry,” 1945, 96. 
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volume is supposed to be due to an increase in the velocity of the molecules: 
this causes an increase in the number of collisions per second and also an 
increase in the violence of each collision. The heat absorbed by the gas, as a 
form of energy, is supposed to increase the kinetic energy of its molecules. 
This consists partly of the kinetic energy of the molecules due to their motion in 
straight lines {translatory motion)^ and this is the only effect when the gas is 
monatomic (mercury vapour, argon, etc.). The pressure of the gas is in all 
cases due only to this translatory motion, whether the molecules are mon¬ 
atomic or not. If the molecules are not monatomic, part of the energy supplied 
goes to increase the rotation of the molecules about their centres of gravity; 
e.g. a diatomic molecule (O2, H2, etc.) may be pictured as a minute rotating 
rigid dumb-bell: O-O. In some cases the atoms vibrate along the lines joining 
their centres, e.g. in the CI2 molecule the two chlorine atoms are vibrating along 
the line of centres: Cl — Cl. The total energy of the gas is composed of the 
translational, rotational, and vibrational energies ^ (the last being partly 
kinetic and partly potential): E=^E'f+Ej^+Ey. The translatory velocity 
depends, at a given temperature, on the mass of the molecules, and since the 
average translational kinetic energy is supposed to be the same for all molecules 
at the same temperature, heavier molecules move more slowly than lighter. 
This appears in the greater diffusibility of light as compared with heavier gases. 
In air at the ordinary temperature, the molecules move with speeds of the 
order of a quarter of a mile a second. 

The average distance through which a molecule moves between successive 
collisions with another molecule is called the mean free path. It depends on 
the pressure, and is smaller at higher pressures. In air at atmospheric pressure, 
the mean free path is about a ten-thousandth of a millimetre (10“^ cm.). If all 
the free paths of an air molecule are joined to make up the distance traversed 
per second, 4000 million (4x 10^) are required, and this gives the number of 
collisions per second. 

The gas laws may be deduced as follows. Suppose n molecules each of 
mass /w of a gas are contained in a box in the form of a centimetre cube. The 
results are obviously independent of the shape and size of the container. Col¬ 
lisions of molecules with one another are neglected. A single molecule moving 
to and fro between opposite faces of the box with a velocity u will traverse 
2 cm. between successive collisions with one face (from this face to the opposite 
face and back), and (if the duration of the collision is neglected) the interval 
between collisions with this face is 2/m sec., or the number of collisions per 
second with any one face is ujl. The momentum (mass x velocity) of a molecule 
relative to the face changes from mu before collision to m{—u)=—mu after 
collision, i.e. by mw—(--mw)=2mM, and the change of momentum per second 
is {ul2)x2mu^mu^. If all the molecules were moving similarly in parallel 
lines the total change of momentum per second on a face would be nmu^ and 
this would be equal to the pressure on the face of unit area. As a first approxi¬ 
mation, Joule (1848) assumed that one third of the molecules are moving at 
right angles to each pair of opposite faces. Hence the pressure on the walls is 
(nl3)mu^, or p=^^nmu^==^pu'^, where p=mass per cm.^=density. This may 
be called the primary equation of the Kinetic Theory of Gases.^ 

The molecules are actually moving in all directions at random, but the 
velocity V of each can be resolved into three components m, v, and w parallel 
to three cube edges meeting in a point, and taken as the x, y, and z axes, respec¬ 
tively. Also V^:==u^+v^+w^ (§78.1). At any face, it is only the velocity 

^ Clausius, he, cit. 2 See del Lungo, Nuov. Cim.^ 1916, 12, 166. 
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component at right angles which is reversed on collision, say u, and the interval 
between impacts is determined by this component. For three perpendicular 
faces: 

p.,,=m(«iWi2+n2M2^+n3«3^+ • • •), 
Py=ni{T1]^Vi^ + Tt2V2^ + n3Vi’^+ . . .), 

p^=m(niWi^+n2W2^+n3Wi^+ . . .), 

where «i molecules have component velocities Uj, Wj, and so on. The 

expressions in brackets can be replaced by averages, nu^, ri^, nw^, and since 

Px=Py~Pz—P> it follows that nu^=nv^=nw\ and p—^nme^, where 
is the mean square velocity. Since /7m=mass of all the molecules in 

1 cm.^<=density p of the gas, 

P=hc^ .(1) 
Since the molecular velocity is constant at a given temperature, by assumption, 
(1) shows that the pressure is then proportional to the density, which is Boyle's 
law, (It should be noted that the average is over the squares of the velocities, 

viz. u^, etc., not (m)^, etc., which would be the squares of average velocities.) 
Since p~M/z^=»mass/volume: 

p=jpc^=}(Mlv)c\ therefore pv=l(:\Mc'^)=jE^, 

where is the kinetic energy of translation of all the molecules. Although it 
has been stated ^ that the relation pv^l(kinetic energy) is true only for a gas 
obeying Maxwell-Boltzmann statistics, it is, apparently,^ true also for Bose- 
Einstein and Fermi-Dirac statistics (§§ 31, 33, 36.1V). 

It is assumed that the absolute temperature of a gas is proportional to the 
average translatory kinetic energy of the molecules ^ (energy of rotation or 
vibration not entering into consideration). Hence: 

pv=iE^.=kT.(2) 

where £* is the kinetic energy of translation, and A: is a constant. This is 
equivalent to Charles's law. 

If two gases contain «i and n2 molecules per cm.^ at the same pressure and 
temperature, then, if the masses of the molecules are and m2- 

p^\nimiCi^=\n2m2C2^ (pressures equal) 

\mici^=\m2C-^ (temperatures equal) 

«1=«2.(3) 

which is Avogadro's hypothesis.* 

The relation at the same temperature gives Ci^/Cj^^ma/wii, 
and if the molecular velocities are taken approximately as the square roots of 
the mean square velocities (see § 8): 

Fi/F2=V'(/W2/"Ii) .(4) 

or the molecular velocities are inversely proportional to the square roots of the 
molecular weights, which is related to Graham's law of diffusion. 

> Suzuki, Proc. Phys. Math. Soc. Japan, 1933,15, 257. 
2 Mayer and Mayer, “ Statistical Mechanics,” New York, 1940, 377, 425. 
3 See Brillouin, Ann. Chim.^ 1909,18, 387. 
^ Clausius, PA/7. Mag,, 1857, 14, 108; Maxwell, PA/7. Mag., 1860,19, 19; Boltzmann, Vt^ien 

Ber., 1871,63,397; WaterstOn (1845), Phil. Trans., 1892,183,1; but see Maxwell, Trans. Camhr. 
Phil. Soc., 1878, 13, 547. 
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From equation (1), as Joule showed, the average translatory velocity of the 
molecules of a gas at a given temperature may be calculated. Assume for 
simplicity a constant molecular velocity u. For oxygen at 0"^ and 1 atm. 
pressure, /7=] atm.=76x 13*595x980*6=sl,0]3,225 dynes/cm.2, /5=0*001429 
g./cm.3 

1,013,225=^x0-001429x1/2, /. w=46,000 cm./sec. 

Some values of the translatory velocities (really so calculated are given 
below: 

Molecular Velocities at 0^" C. in m./sec. 

Hydrogen, 1,693 (1,286) 
Helium, 1,202 
Steam. 565 (401) 
Nitrogen, 455 (337) 

Oxygen, 425 (317) 
Carbon dioxide, 362 (257) 
Chlorine, 285 (206) 
Mercury vapour, 170 

The velocity of a projectile fired from a high-muzzle-velocity gun may be about 
1700 m. per second; if fired vertically into vacuum with a speed of 11,000 
m. per second it would escape into space from the earth’s attraction, The 
velocities of sound in the gases, calculated by equation (3), § 3, are given in 
brackets. 

If M is the total mass of gas in a volume V, then p^MjV, therefore from (1): 

pF=iM?=KiM?) .(5) 

so that the product of pressure and volume is two-thirds the kinetic energy of 
translation of the molecules. If M is the molar weight, Avogadro’s hypothesis 
and Boyle’s law show that p V has the same constant value at a given temperature 
for all gases (since V is the same for all, and pV is constant), so that the kinetic 
energy of translation of the molecules is the same for a mol of any gas at a given 
temperature and is equal to \pV. For any gas at S.T.P., 

K=22-415 lit,=22-415x 1000-028 cm.^ 

A X 1,013,225 X 22*415 X 1000-028 = 3407 X lO’o ergs, 

which is large enough to raise a weight of about a ton through 1 foot. 
Since the experimental gas law is pV—RT, equation (5) shows that the 

molecular translational velocity is proportional to the square-root of the absolute 
temperature for any one gas. The assumption of this result, which is equivalent 
to the assumption that the absolute temperature is proportional to the transla¬ 
tional kinetic energy, will, conversely lead to a deduction of Avogadro’s 
hypothesis, as is shown above.^ 

If several gases are separately contained in a volume V for each, and if 
Ihe numbers of molecules of masses mj, m2, ... in this 

volume, (5) gives (since mini=Mi, etc.): 

/>2=i'«2«2C2^; • • • > 
or Pi=iEu P2^%E2, . . . , 

where ^i, £2, . . . are the kinetic energies of the gases. If, now, all the gases 
are mixed in the volume F, the kinetic energy E is the sum of those oif the 
separate gases, since it is found by experiment that no heat is evolved or absorbed 
on mixing. Hence: 

• • • ....... (6) 

^ See del Lungo, Atti R, Accad. I.incei, 1916, 25, II, 322; Nuov. Cim., 1917,14, 262. 
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From (5), where Ci^^, etc., are the root-mean-square velocities 

in the mixture. Since (6) shows that it follows that: 

.(7) 
which is Dalton’s law of partial pressures (§ 56.11), 

The heating of gases by adiabatic compression is explained ^ by assuming that 
the molecules rebounding from a piston moving so as to reduce the volume of 
the gas acquire additional kinetic energy, since they are thrown back with 
higher velocity. This, however, corresponds with a higher temperature. 

§ 3. Specific Heats 

For a monatomic gas the heat absorbed at constant volume goes entirely to 
increase the translational kinetic energy of the molecules. For 1 mol of gas 
and r rise in temperature this heat absorbed is the molecular heat at 
constant volume, Q, From (5), §2, per mol, where 
jV/=mol. wt. Hence per 1® rise in temperature the increase of kinetic energy 
is |-if(r+1)—fi?r==fJ?, and this is equal to Q. The gas constant is: 

R=.pVIT==i X 3-407 X 1010/273-116=8-315 X 10^ ergs/F= 
8-315X 1074-185X 107=1-987 g.cal./r. 

so that for a monatomic gas C„^^R^3 g.cal., very nearly. This is found to 
be the value for mercury vapour, argon, etc. 

The molecular heat at constant pressure is found as follows. Since it is 
assumed that no forces exist between the molecules of an ideal gas, the energy of 
the gas is not changed by an increase of volume at constant temperature, and 
the difference Q—Q for any gas must be equal to the external work done 
during heating at constant pressure (usually atmospheric), i.e. pressure X increase 
in volume (§ 6.11): 

.-. C^^C,^p{r^V)^pV[{T+\)IT-^^^ . . (1) 

Hence for a monatomic gas C^(=C„+if)c:^3+2=5 g.cal., and the ratio of 
specific heatsy=c^/c„=C^/Q=5/3=l-666 . . . (since C^^Mc^ and Cp^Mcf), 
which is the value found for mercury vapour, argon, etc. 

For polyatomic molecules, the heat supplied at constant volume will increase 
the translational, rotational, and (sometimes) vibrational energies,^ the first 
being due to the movement of the molecule as a whole, the second to its rota¬ 
tion, and the third to the vibration of its atoms. If E is the part due to rotation 
and vibration per T rise in temperature: 

^pl^v IR+E 
<- 

iR 
... (2) 

This is found to be the case; for many diatomic gases CpjC^ is 1*400; for 
more complex molecules, with greater possibilities of rotation and vibration, the 
value is less than 1*400; e.g. for CO2 it is 1*30, and for ethylene (CH2=CH2) 
it is 1 *25. 

The velocity of sound 1/ in a gas is given (§ 4.II) by: 

u==V(yplp)^V(ypv)=^V(yRTIM).(3) 

1 Krbnig, Ann, Phys,, 1856, 99, 315; Clausius, ibid,, 1857, 100, 353; Voigt, Gott, Nachr,, 
1885, 228; Natanson, Ann. Phys., 1889, 37, 341; Clausius, Die kinetische Theorie der Case, 
in “ Die mechanische Warmetheorie,” 1889-91,3,29; O. E. Meyer, “ Kinetic Theory of Gases,” 
1899, 34; Paul, Ann, Phvs,, 1937, 29, 179; Jeans, “ Kinetic Theory of Gases,” 1940, 27. 

2 Waterston (1845), Phil, Trans., 1892, 183, 1; Clausius, Phil. Mag., 1857, 14, 108. 
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hence if is the mean-square molecular velocity (see (1), § 2): 

/. i7=V^.\/(y/3) .(4) 

and hence the velocity of sound is something under three-quarters of the root- 
mean-square velocity (for diatomic gases with y=l*4, such as air, the factor is 
0*683).i 

§ 4. Mean Free Path 

The molecules in a gas move with quite high speeds, in air of the order of a 
quarter of a mile per second. If a little ammonia gas is released at one end of 
a room, however, an appreciable time elapses before the smell is noticed at the 
opposite end, so that the rate of diffusion is quite slow. The apparent diffi¬ 
culty 2 here was explained by Clausius.^ The reason for the slowness of 
diffusion is that the molecules are constantly entering into collisions^ so that the 
long path which a single molecule would describe if it were unimpeded is 
broken up into a very large number of zig-zags in all directions. The average 
length of one of these zig-zag paths is called the mean free path. In the same 
way, gnats in a swarm move about with considerable speeds, but the swarm itself 
may be nearly stationary. The possibility of collision must depend on the 
finite size of the molecules; if they were mere points occupying no space they 
would not impede the motion of other molecules. From the rate of diffusion 
and other results depending on the length of the mean free path, the diameters 
of molecules may be calculated. The diameter of an oxygen molecule, assumed 
spherical, is about 3 X 10~® cm.=3 A. (A.=Angstrom unit= 10“^ cm. = 10“^® m.) 
and all ordinary molecular diameters are of the order of a few A. An approach 
to molecular dimensions can be made by finite objects. Platinum wires can 
be drawn to 10“^ cm. in diameter, ordinary gold leaf is lO"^ cm. thick, the 
black parts of soap films are 6 x 10”*^ cm. thick, and oil films on water are only 
10“'^ cm. thick, or even less, and are often unimolecular. 

The mean free path I is most conveniently calculated, as will be shown later, 
from the viscosity of a gas by the formula /=1*257^/'\/(pp)j where p=density, 
/?=pressure, in suitable units. It increases when the pressure is lowered, 
because the molecules are then less crowded together. In oxygen at S.T.P. 
the mean free path / is about 10”^ cm., the same as the thickness of the thinnest 
gold leaf; it is nearly double this in hydrogen. At 1 mm. pressure the mean 
free path is about 1 /lO mm. in hydrogen. At low pressures, such as exist between 
the walls of “ thermos ” flasks, the free path is several centimetres, and a mole¬ 
cule rebounds from opposite walls of such a flask many times without encoun¬ 
tering another. In hydrogen at 1 millionth of an atmosphere the free path is 
18 cm. The free paths in the atmosphere at high altitudes are large: at 100 km. 
the free path is only a few centimetres, but at 300 km. it may range from 200 
km. (125 miles) on a summer day up to a maximum of perhaps 15,000 km. 
(over 9000 miles). Observations of heights of the aurora show that the upper 

1 Stefan, Ann. Phys., 1863, 118, 494; S. Tolver Preston, Phil. Mag., 1877, 3, 441, who says 
Maxwell told him the velocity of sound was V(5)/3 =0-745 times the velocity of the molecules. 
Waterston (1845), Phil. Trans., 1892, 183, 1, had tried to connect velocity of sound and 
molecular velocity, but his result is incorrect. 

2 Buijs-Ballot, Ann. Phys., 1858, 103, 240; Holm, ibid., 1858, 104, 279; Jochmann, ibid., 
1859, 108, 153. 

3 Arm. Phys., 1858, 105, 239; Phil. Mag., 1859, 17, 81. 
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atmosphere (stratosphere) extends at least 300 km. (200 miles) and to a slight 
extent even to 1000 km. (600 miles). At 100 km. the density on a summer 
day is only 6x 10”^ of that at 1 standard atm. pressure; at 300 km. it is only 
10~7 of that at 100 km., but even so there are still ^ about a million molecules 
per cm.3. 

The number of collisions per second between the molecules of a gas is called 
the collision frequency, and is calculated as follows. The sum of the free paths 
described by a molecule per second is the mean velocity c (§ 10). The number 
of impacts per second is ^ thus cjl, but as two molecules collide at each impact, 
the collision frequency referred to one selected molecule is half this. The 
number of impacts per second in oxygen at S.T.P. is c//=4*25x 10^/10~^= 
4*25 X 10^. At very low pressures, when the mean free path is 1 cm., there are 
still 10^ or 100,000 impacts per second. 

An approximate formula for the mean free path is easily found. Select any 
molecule (A) in the gas and consider its collisions with other molecules (B, 
C, D . . .). Let or be the diameter of each molecule; then a collision will 
occur when the centre of A and that of any other molecule approach within a 
distance or. The result is the same if we consider A to have a radius a and all 
the other molecules to be points. If B, C, D . . . are supposed to be at rest, 
A moves among them, and for each centimetre of motion it sweeps out ^ a 
volume TTo^. If there are N molecules per cm.^, the chance that the centre of 
any of the molecules B, C, D . . . falls inside this volume is Mra^, and hence 
the average distance A would travel without making a collision is l/Mra^, 
which is the length of the mean free path. The detailed calculation (§ 22) shows 
that the correct value is l/\/(2)Mra2=l/I •414MTa2==0*707/A77(72. 

Although the molecules are very small and the total volume in 1 cm.^ occupied 
by the actual molecules is only a very small fraction of the total volume, being 
f77A(Gr/2)^, the area of surface exposed by the molecules is very large. The 
surface of all the molecules (assumed spherical) in 1 cm.^^ of oxygen at S.T.P., 
477A^((t/2)2, is about 7 m.^. 

§ 5. Liquids and Solids 

Since liquids and solids are only slightly compressible, even by very large 
forces, it is assumed that their molecules are relatively closely packed with only 
a small amount of free space, and exert large repulsive forces on one another 
when an attempt is made to bring them closer together. A liquefied gas 
occupies only a small fraction of the volume of the gas. Since the molecules 
of liquids and solids, unlike those of gases, do not tend to separate and to 
spread through a space available to them, they are supposed to be held together 
by an attractive force of cohesion when an attempt is made to separate them. 
In the normal state, the repulsive and cohesive forces are in equilibrium in a 
system of forces which also involves a tendency to spread owing to the heat- 
motion of the molecules, and the external pressure. In the case of gases the 
cohesive force is very small compared with the external pressure, but in liquids 
and solids the opposite is the case. When the gas is strongly compressed, 
however, the cohesive forces increase as the distances between the molecules 

J Kennard, “ Kinetic Theory of Gases,” 1938, 80. 
2 Actually c//= number of impacts per second—1, since the first path has only one collision 

at the end, but 1 is quite negligible compared with the number of impacts per second. 
3 The volume is 7r<T2-F|7ra3—|7ra3=7ra2^ if the hemispherical caps at each end are taken into 

account. 
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become small, and (especially if the gas is cooled, so that the heat-motion is 
reduced) the gas may ultimately pass into a liquid. 

The general molecular morphology of the liquid and solid states was also 
sketched by Clausius: ^ a good summary of his views is given by J. J. Thomson: ^ 
“ In the solid state the molecules oscillate about a position of equilibrium and 
never get far from their original position in the body; in the liquid state the 
molecules are supposed not to oscillate about positions of equilibrium, but to 
be comparatively free to move in any direction; they cannot, however, move far 
without coming under the influence of other molecules, so that their courses are 
constantly being changed and do not bear any approximation to straight lines; 
in the gaseous state the molecules are so far apart that for the greater part of 
the time they are describing straight lines, the time during which they are under 
the influence of other molecules being an exceedingly small fraction of the 
whole time.” 

§ 6. Sizes of Molecules 

Leslie,^ from the fact that a single grain of musk would perfume a large 
room for twenty years, computed (by a method he does not explain) that it 
contained 320x1024 particles; he assumed that the “seeds of contagion” 
[bacteria] were even smaller. Attempts to find an upper limit for the divisibility 
of matter by the dilution of coloured solutions are quite old.4 

The first attempt to calculate the sizes of molecules was made by Loschmidt,^ 
and the number Aj of molecules per cm.^ at S.T.P. is sometimes called 
Loschmidfs number. He calculated the density of liquid air by taking atomic 
volumes of oxygen and nitrogen from the molecular volumes of liquids after the 
manner of Kopp (see Vol. II) as 11 and 12, respectively, and hence the liquid 
densities 16/11 = 1*4545 and 14/12=1*1666, whence the density of liquid air was 
1*224. If the molecules are close-packed spheres, the volume they occupy is 
1*17 times the sum of their volumes and the “ true ” density is l'224x 1*17=1*5. 
The ratio of the volume of the molecules to the volume of the gas, which 
Loschmidt called the “ condensation coeflScient,” is 5^=0*001293/1*5=0*00086. 
The Maxwell formula for the mean free path (18), § 21, is /=l/\/(2)A7rcr2. For 
1 cm.^ of gas v=^Nj7T{al2)^=^TrNia^ I=al6\^{2)v. 
By taking /=140 m^ from viscosity measurements, Loschmidt thus found 
cr=l m/x=10~<5 mm. The value /=95 m/^, adopted by O. E. Meyer, gives 
<t=0-68 mfi. 

1 Phil. Mag., 1857, 14, 108. 
2 Watts, “ Dictionary of Chemistry,” edit. Morley and Muir, 1890, I, 83. 
3 “ Elements of Natural Philosophy,” Edinburgh, 1823, 1, 14 f., 2nd edit., 1829, 1, 15 f.; 

Tait, “ Properties of Matter,” 4th edit., 1899, 90; Aitken, Froc. Roy. Soc. Edin., 1904-5, 25, 
894; the tenuity of odorous exhalations is an old argument for the existence of atoms and 
molecules; Partington, Annals of Science, 1939,4, 245. For a good survey of various methods 
of finding molecular sizes see Rutherford, Engineering, 1925,119, 296, 326, 358, 410. 

4 Muncke, in Gehler*8 “ Physikalisches WOrterbuch,” 1838, 9, 709 (” Theilbarkeit ”), 
and Karsten, “ Allgemeine Encyclopaedic der Physik,” Leipzig, 1869, 1, 820, 877, summarised 
these experiments, dating back to Musschenbroek, “ Introductio ad Philosophiam Naturalem,” 
Leiden, 1762, 1, 27. For earlier views and experiments, see Partington, Annals of Science, 
1939, 4, 245 (267); for methods of determining atomic dimensions, see Lunnon, Proc. Phys. 
Soc.i 1926, 93 (64 refs.); Virgo, Sci. Progr., 1933, 27, 634. Annaheim, Ber., 1876, 9, 
1151, and Biirki, Helv. Chim. Acta, 1919,2,703, detected fluorescence in solutions of fluorescein 
containing 2 x 10~* g./lit. A survey of the methods for finding the sizes of atoms, molecules, 
and ions is given by Herzfeld, Jahrb. Radioakt. Elektronik, 1922,19, 259 (bibl.). 

5 Wien Ber., 1865, 52,11, 395; Z. Math. Phys. (SchlOmilch), 1865,10, 511; Wallot, Phys. Z., 

1942, 43, 530. 
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Lothar Meyer ^ showed that the ratios of the volumes of the molecules in 
two gases is very nearly equal to the ratio of the specific volumes of the liquids, 
and calculations of molecular diameters were also made by A. Naumann,^ 
Lord Kelvin,^ and Maxwell/ A full consideration of the molecular diameters 
as calculated from the volume in the liquid state, deviations from Boyle’s law, 
dielectric constant, mean free path, and various other methods, was given by 
O. E. Meyer ^ in 1899. A few values for the “condensation coefficients” v 
calculated by Meyer are (at S.T.P.): 

H2 O2 N2 NO NH3 HCl H2S SO2 C2N2 

^'XlOo. 0-98 2*30 2-54 2*66 3*93 3*98 5*01 7*36 9*20 

Dorn ^ and Exner calculated the “ condensation coefficient ” v from the 
Clausius and Mossotti formula, based on the assumption that unit volume of a 
dielectric, of dielectric constant K, consists of conducting spheres occupying a 
volume V surrounded by a non-conducting medium: v={K—Y)l{K+2), Ac¬ 
cording to Maxwell’s electromagnetic theory of light, where «=refrac- 
tive index for waves of infinite length, therefore \)l{n^+l). If /> is the 
density of the gas, vjp gives the volume of the molecules in unit mass. The 
following values of v were calculated: ^ 

Air CO2 N2O CH4 C2H4 NH3 NO H2S HCl C2N2 SO2 

vxW. 2 0 3-1 3*3 3 1 4*4 2*6 20 4*3 3 0 5*6 44 

An interesting collection of the older results of various methods for obtaining 
an approximate value of molecular dimensions is given by Rucker: ^ the values 
are in m/i (10”^ mm.): 

Liquid films, upper limit (Plateau, Maxwell, Quincke) 10 .. .. 118-50 
Range of unstable thickness of film (Reinold and Riickcr) 96-12 
Limiting thickness of film of silver on glass which alters the phase of 

reflected light (Wiener) .12 
Thickness of permanent gas or water film on glass at 23° (Bunsen) i '' 10*5 

1 Ann., 1867, Supplbd, 5, 129. 
2 Ann., 1867, Supplbd. 5, 252. 
3 Amer. J. ScL, 1870, 50, 38, 258; Ann., 1871, 157, 54; Nature, 1870, 1, 551; 1883, 28, 203, 

250, 274; “ Popular Lectures and Addresses,” 1889,1, 147. 
4 Phil. Mag., 1873, 46, 453, ” Ency. Brit.,” 9th edit., 1875, 3, 36, art. Atom; “ Scientific 

Papers,” 1890, 2, 361, 445. 
5 “Kinetic Theory of Gases,” 1899, 299 f.; cf. also Nemst, “Theoretical Chemistry,” 

1904,416f.; Jeans,/*/?//. Mag., ISKH, 8, 692; Sirk, Ann. Phys., 1908, 25, 894; crit. by Reinganum, 
ibid., 1908, 28, 142. 

6 Ann. Phys., 1881, 13, 378. 
2 Repert. Phvsik, 1885, 21, 446, 
8 Rucker, J.C.S., 1888, 53, 222. 
9 J.C.S., 1888, 53, 222 (references given); Z. phys. Chem., 1888, 2, 973. 

*0 Drude, Ann. Phys., 1891, 43,158, calculated the thickness of the black spots on soap films 
as l *7xl0~6 cm. or 17 m/x; Rdntgcn, ibid., 1890, 41, 321, found 5*6XlO'"* cm. for an oil 
film on water, and Rayleigh, Nature, 1890, 42, 43, found 1*6 m/x; letter to Lord Rayleigh, 
Miss Pockels, Nature, 1891, 43, 437 (film trough); on Miss Pockels, see Ostwald, Roll. Z., 
1932, 58, 1; films on mercury, <5xl0“7 cm., Fischer, Ann. Phys., 1899, 68, 414; Weber, 
ibid., 1901, 4, 706 (oil film <115 m/x); Chamberlain,P/yj. Rev., 1910,31,170(1*5 X10-7cm.). 

Phil. Trans., 1886, 177, 627. 
12 Ann. Phys., 1887, 31, 629. 
13 Faraday, Phil. Trans., 1830, 120, 1 (49); Magnus, Ann. Phys., 1853,90, 601; Quincke, 

ibid., 1859, 108, 326; 1900, 2, 414; WuUner and Grotrian, ibid., 1880, 11, 545; Kayser. ibid., 
1881,14,450; 1884,23,416; Bunsen, ibid., 1883,20.545; 1885,24,321; 1886,29,161; Pfeiffer, 
Ann. Phys. Beibl., 1884, 8, 630; Bottomley, Chem. News, 1885, 51, 85; Muller-Erzbach, Ann. 
Phys. Beibl., 1885, 9, 699; Warburg and Ihmori, Ann. Phys., 1886, 27, 481; Schumann, ibid., 
1886, 27, 91; Ihmori, ibid., 1887, 31, 1006; Krause, ibid., 1889, 36, 923; Mtihifarth, Dissert., 
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Mean distance between centres of neighbouring gas molecules at 
S.T.P. (O. E. Meyer) . 3-4 

Smallest thickness of metal films showing their e.m.f. on platinum 
(Oberbeck) i. 3-1 

Thickness of electrical double layer (Lippmann, Oberbeck) ^ . 1-0-02 
Diameter of hydrogen molecule (O. E. Meyer, van der Waals, Exner) 0-14-0 11 
Mean distance between centres of nearest liquid molecules (W. 
Thomson). 0 07-0 02 

Inferior limit to diameter of gas molecules (W. Thomson) 0 02 

Thus, in 1888, the approximate minimum value of the molecular diameter had 
been calculated as about 10“® cm., a surprising achievement in view of the crude 
nature of the methods then available. 

§ 7. Molecular Magnitudes 

Important constants in the kinetic theory are A^j^^number of molecules 
per cm.^ at S.T.P., called Loschmidfs number, and A^=number of molecules in 
a g.mol. or mol, called Avogadro^s constant^ or Avogadro's number. The 
following table ^ contains some representative molecular magnitudes. 

Table of Molecular Magnitudes. 

Number of molecules per cm.^ of gas at S.T.P. = yV/.=2-69 x 10^^ 
Number of molecules per mol (22-415 lit. at S.T.P.)=N=6-03 x lO^-^ 
Mass of hydrogen atom= 1 -69 x 10~24 g. 
Mean velocity of hydrogen molecule at 0"' C. c=16-93 x 10-^ cm./sec. 
Translational kinetic energy of a molecule at O'" C. = 5-66 x 10~i-^ erg. 
Rate of change of translational kinetic energy per r=5-66x 10“i'^/273=2-07 x 

10-16 erg/l° 

Bonn, 1900; Ann. Phys., 1900, 3, 328 (long bibl.); Phys. Z., 1901, 2, 239; Parks, Phil. Mag,, 
1903, 5, 517; Briggs, J. Phys. Chem., 1905, 9, 617; Guye and Ter-Gazarian, Compt. Rend,, 
1906, 143, 1233; Mylius and Groschulf, Z. anorg. Chem., 1907, 55, 101; Mylius, ibid., 1907, 
55, 233; Schcel and Heuse, Verhl. d. D. Phys. Ges., 1908, 10, 785; Gray and Burt, J.C.S,, 
1909, 95, 1633; Drucker and Ullmann, Z. phys. Chem., 1910, 74, 567; Guichard, Compt. 
Rend., 1911,152, 876; Cohnstaedt, Ann. Phys., 1912, 38, 223; Drucker, Jimeno, and Kangro, 
Z. phys. Chem., 1915, 90, 541; Langmuir. J.A.C.S., 1916, 38, 2221; Pettijohn, ibid., 1919, 
41. 477 (O O5I66 cm.); Sherwood, Phys. Rev., 1918, 12, 448; Pirani, Z. Phys., 1922, 9, 327 
(removal of water film by electron bombardment and rinsing with mercury vapour); McHaffie 
and Lenher, J.C.S., 1925,127, 1559; Lenher, ibid., 1926,1785 (H2O on fused quartz); Bangham 
and Burt, /. Phys. Chem., 1925, 29, 113, 540, 1594; Proc. Roy. Soc., 1924, 105, 481; Frazer, 
Patrick, and Smith, J. Phys. Chem., 1927, 31, 897 (unimolccular film on fire-polished glass, 
but 50 molecules thick on acid-treated glass); Shishakov, J. Appl. Phys. (Moscow), 1927, 
4, 37 (H2O on glass); Biltz and Muller, Z. anorg. Chem., 1927,163, 297 (fused silica apparatus 
slowly evolves gas, probably CO, on strong heating in vacuum); Francis and Burt, Proc. Roy. 
Soc., mi, 116, 586 (NH3 on glass); Latham, J.A.C.S., 1928, 50, 2987 (unimolecular water 
film on amalgamated silver, but 30 molecules thick on amalgamated platinum); Burt, Trans. 
Faraday Soc., 1932, 28, 179 (NH3); Michaud, J. Chim. Phys., 1939, 36, 23 (most probable 
thickness of water film on glass=:4x 10“^ cm.); Keesom and Schweers, Physica, 1941, 8, 
1007, 1020; Van Itterbeek and Vereycken, Medel. Kon. Vlaam. Akad., 1940, No. 9, 3; Amer. 
Chem. Abstr., 1943, 37, 3989; Veith, Z. phys. Chem., 1944, 193, 378 (water films on various 
glasses 5 to 800 A. thick); Kistemaker, Physica, 1947, 13, 81 (He on glass); Razouk and 
Satem, J. Phys. Chem., 1948,52,1208 (H2O on glass); see abo Ostwald, “ Lehrbuch der allge- 
meinen Chemie,” 1911, 3, i, 217; Landolt-Bornstein, “ Tabellcn,” 5th edit., 1923, 124 (bibl.). 
For films on twenty-year-old flint glass, see Sissingh, Physica, 1925,5,77. 

1 Ann. Phys., 1887, 31, 337; 1891, 42, 193. 
2 Lorenz, Ann. Phys., 1870, 140, 644; Lippmann, Ann. Chim., 1875, 5, 494; Compt. Rend., 

1882,95. 686 (0*03 mfi); Oberbeck, Ann. Phys., 1884, 21,139 (157) (0 02 mp). 
5 Apparently first by Perrin, Ann. Chim., 1909, 18, 5; Compt. Rend., 1911, 152, 1380; 

“ Les Atomes,” 1914, 37; cf. Heydweiller, Ann. Phys., 1913,42, 1273. 
^ From Partington, “ General and Inorganic Chemistry,” 1948, 32. 
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Diameter of hydrogen molecule*»2’40x 10“^ cm. 
Mean free path of hydrogen molecules at S.T.P. = 1 *22 K 10~5 cm. 
Average distance apart of centres of gas molecules at S.T.P.=8 3 X10^^ cm. 
Number of collisions per second per cm.^ of oxygen molecules at S.T.P.»=5*85 x 102« 
Time of describing free path of oxygen molecules at S.T.P.»*r2-3 x sec. 

This completes the elementary treatment of the Kinetic Theory. In the 
following sections the subject is dealt with in greater mathematical detail. 
In this way many finer features come to light and some phenomena beyond the 
reach of elementary treatment come within the scope of discussion,^ The 
modifications introduced by the more exact treatment are usually only in 
numerical coefficients in the equations, and even now these are sometimes in 
doubt. 

§ 8. The Pressure of a Gas 
An expression for the pressure of a gas is found as follows.- Consider a 

sphere of radius a and let d and^ be angles measured as shown in Fig. l.III, 
d between the z axis and a, and cj) in the x, y plane between the x axis and the 

Fio. l.m. Spherical Polar 
Coordinate System 

Fig. 2.III. Solid Angle measured 
on Sphere 

projection of a, the origin being the centre of the sphere. Consider a small 
element of surface do bounded on the sphere between four radii as shown in 
Fig. 2.III. The length of the element on the longitude is adO^ and that on 
the latitude is (a sin 0)d0, hence: 

dcr^adO X (a sin sin 0d9d<f>.(1) 

1 Cf. Planck, Z. p/tys. Chem., 1891, 8, 647, who pointed out that the difficulties increase 
greatly in an attempt to attain greater strictness, a general result in most branches of Physics. 

^ Joule, Kronig, and Clausius, see § 1; Maxwell, Phil, Mag., 1860, 19, 19; 1868, 35, 129, 
185; Stefan, Wien Ber., 1863, 47, IT, 81; 1872, 65, II, 323; Pfaundler, ibid., 1871, 63,11. 159; 
von Lang, ibid., 1871, 64, IT, 485; Ann. Phys., 1872, 145, 290, The present treatment follows 
Jager, “ Fortschrittc der kinetischen Gastheoric,*’ 1906, 4f., and in Winkclmann, “ Handbuch 
der Physik,” 1906, 3, 703. For a different treatment, see O. E. Meyer, “ Kinetic Theory of 
Gases,” 1899, 22, 355; Kennard, '‘Kinetic Theory of Gases,” New York, 1938, 7; Jeans, 
“Kinetic Theory of Gases,” 1940, 17; Glasstone, “Textbook pf Physical Chemistry,” 
1940, 244. 
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If o«=l, this becomes the solid angle da>, subtended by the area with the centre 
of the sphere: * 

d<i»5=sin 0A66<j) .(2) 

The small volume element dr cut off between two such surfaces a distance da 
apart is dwxda, i.e.: 

dT=o2 sin 0d0d(j>Aa .(3) 

a is always positive, B can vary from 0 to it, and ^ can vary from 0 to 2tt, 

these variations of the angles comprising the whole space about the centre of the 
sphere. 

Consider N gas molecules in a volume V. Let their velocities be represented 
in magnitude and direction by radii of the sphere, each specified by particular 
values of a, 6, <f>. There will be N of these radii, and they will cut the surface of 
the sphere in N points. They also cut the surface of the sphere of unit radius, 
i.e. of area 47r, in N points. Assume that N is very large, when the points can 

Fig. 3.1II. Spherical Zones Fig. 4.111. Collisions with Wall 
between Double Cones 

be regarded as uniformly distributed over the surface, with a density of distribu¬ 
tion given by the number of points on unit surface, i.e. N/An. 

The number of molecules having velocities in the directions B to ^H-d^ and 
<f> to will be represented by the number of radii in a small cone of solid 
angle dw, i.e. NdarlAn, hence the number having velocities in the direction 
B to B+dB for all values of i.e. in the thin double cone bounded by B and 
B+dB (Fig. 3.III) will be, from (2): 

(iV/47r)Jdw=.(iV/4ir)J^^sin edfld^=(iV/2) sin BdB . . . (4) 

the integration being with respect to 
To find the number of collisions per second made on unit area of the wall by 

all the molecules represented by radii in the cone of solid angle da>=sin 0d0d<^, 
it is first assumed that all the molecules in the gas have the same velocity c 
along the various directions of motion. The number of molecules per cm,^ 

1 A solid angle is measured by the area cut off on a sphere of unit radius (“ unit sphere **) 
by a cone, not necessarily circular, with its vertex at the centre of the sphere, and subtending 
(or enclosing) the given solid angle. Clearly, the total solid angle surrounding a point is Att, 
this being the total area of the surface of the unit sphere where a=radius=1). 
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having velocities in the directions enclosed by the solid angle dw is(A^/F)(da>/47r). 
All the molecules contained in a cylinder of length c and 1 cm.^ cross-section 
will just collide with 1 cm.^ of the wall in 1 sec. (Fig. 4.III). The volume of the 
cylinder is c cos 0, hence the number of molecules in the cylinder is: 

(N/V)(do}/47T)c cos 6=(Nc/47tV) cos S sin 6ddd<l> ... (5) 

This expression involves two differentials dO and d<^, so that two integrations 
will be necessary; first integrate with respect to </►, keeping 6 constant, and then 
integrate the result with respect to 0, keeping (f) constant (since 6 and ^ are 
independent variables). This is represented by a double integral, as explained 
in § 22.1. 

The total number of collisions per second on 1 cm.^ by all the molecules in 
the volume V will be: 

{NcI47tV)\ f co^esinddSd^ .(6) 
Jo Jo 

in which 6 is taken from 0 to ttJI only, since only the molecules with velocities 
in the direction of one hemisphere can collide with 1 cm.^ of wall on that side. 
The integration with respect to will give simply In, 

^nl2 rln ^7r/2 

Now (NcIAttV) cos 6 sin 6d$d<l>=(Nc, IttIAttV) cos 0 sin OdO 
Jo Jo Jo 

cirjl rvjl 

=(Ac/2F) ^uniede^iNcjlV)] i sin 20d(20), from (9), § 41.1 
Jo Jo 

-(Ac/8F) cos 26 c 
=7r/2 

:~(Ac/8F)[-l-l], from (1), § 43.1 

(since cos 0= +1 and cos 7r= — 1; see § 40.1). 

=Ac/4F.(7) =Aj,c/4.(8) 

where A£^=7V/F=no. of molecules per cm.^ If the molecules had been sup¬ 
posed divided into three groups with equal velocities in each direction, and 
half of one group with velocities towards a particular direction taken, the 
incorrect result Nicj6 would have been found. The simple calculation of § 2 
gives the correct formula for the pressure, but an incorrect value for the number 
of molecules colliding with the wall. 

Only the component c cos 6 of the velocity c is effective in producing a 
pressure on the wall, and hence the change of momentum per collision of each 
molecule of mass m with the wall is me cos 6—{—me cos 6)—2mc cos 6. The 
total change of momentum per second is found by multiplying this by the 
number of collisions per second in the {6, <f>) direction, and then integrating 
over all possible values of 6 and 

M2 e2n * • J J ^ 6d9d^ . 2mc cos 9 

2Nc'^m J J cos^ 0 sin 0dM<^= 
2Nc^m. 277 p/2 

Jo 
cos2 9 sin 6d9 

Nmc^ f’^/^ 

y Jo 
cos^ 0 sin 0 d0- 

Nmc^ 

3V T 
d (cos^ 9), 

since d (cos^ 0)==—3 cos^ 9 sin 9d9 (see §§ 8 and 42.1), and since cos (77/2)=s0 
and cos 0= 1 (see § 40.1): 

r T"/2 
/»=-iiNmc^lV)|^cos3 flj == -^Nme^VXO- l)=Nmc^l3V. (9) 
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Since Nm/V is the total mass of all the molecules in the volume V divided 
by this volume, it is equal to the density p (mass per cm.^) of the gas. Hence: 

p=ipc^.(10) 
Now suppose the molecules have different velocities instead of a constant 

velocity c. The contribution to the pressure of a group of Ni molecules having 
a velocity Ci is, from (9): pi^Nimci^l3V^ and the total pressure, found by 
summing over all the velocities Cl, C2, . . is: 

p=SNimci^l3V==(ml3V)UNxCi^, 

Put I!NiCi^=:N^.(11) 

where N^SNi is the total number of molecules in the volume K, and c^ is the 
mean square velocity, i.e. the average of the squares of the velocities (which is 
different from (c)^, the square of the mean velocity), defined by: 

'^^{N,c,^+N2C2^+ . , .)I{N^ + N2+ . . (12) 

If all the molecules had the same velocity y/{c'^) the pressure would be that 
observed, hence: 

p=jNmc^lV==^Nj[mc^==^pc^.(13) 

which is the same result as that found in § 2 (where u replaced c). 
Let F^=molar volume (containing 1 g.mol. wl. or 1 mol, M). Then 

p=(M/3FJc2.(14) 

The absolute temperature, T, of the gas, which is identical with that defined by 
the general gas law (§6.11), pVfn=RT, may now be introduced into (14): 

pV„^iM^=RT, 

c^:=3RTIM==3kTlm.(15) 

where k^^RjN is the gas constant per molecule, called Boltzmann's constant, 
being iVx,F,„, Avogadro’s number (§ 7), or the number of molecules in a mol, 

and m^MjNis the mass of a molecule. Hence: 

T=i.iM^IR=iEIR=i€lk, 

where E is the translational kinetic energy of a mol of gas, and e is the mean 
translational kinetic energy of a molecule, e^EjN. Hence: 

€^lRTIN=ikT.(16) 

The value of k is l'38xl0“i* erg/degree per molecule. An alternative pro¬ 
cedure is to define T by (15), when the discussion rests wholly on the kinetic 
theory (see § 2). Brillouin ^ attempted to extend the kinetic definition of 
temperature to liquids and solids by taking the equation: 1 +bE—aT, where E 
is the mean kinetic energy of the molecules, a is a constant, and i is a function 
of the coordinates. 

From (16), the part of the heat capacity per mol (molecular heat) at constant 
volume of a gas due to the translational kinetic energy only is found to be: 

C,=(d£/dr)j,=|J?~3 g.cal./mol.(17) 

For an ideal gas (§3, (1)), Cp—C^+R, and hence for a monatomic gas, for 
which (17) gives the total heat capacity per mol at constant volume, CplCp=^y= 
5/3=1-666.... 

1 Am. Chim.. 1909,18, 387. 
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IfM, t', w are the components of the molecular velocity c in the directions of 
the X, y, z axes: 

Boltzmann ^ assumed a state of molecular chaos, viz, that on the average there 
is no correlation between the positions and velocities of the molecules. In 
that case, the molecular velocities have no preferred directions in space, and the 
mean values of and w'^ must all be equal; hence, from (15): 

.(18) 
This is a special case of the principle of equipartition of energy, further considered 
in § 9. 

For a mixture of different kinds of molecules^ the same reasoning which led 
to (9) gives: 

/;=iViWiCj2/3K+A^2W2C2^/3F+.(19) 
The assumption that the average translational kinetic energy of each kind of 
molecule is the same at the same temperature (see § 2) ^ (another form of the 
principle of equipartition of energy): 

.(20) 

then gives: /?=(wi??/3F)(iyi+iV2+ .. .)^(3ifc773K)(7Vi+^2+ • * •) 

^{RTINV){N,+N2+ . . .)=(«T/F)(«i+/^2+ . . .) ‘ . * (21) 
where nx, Ui, • . • are the numbers of mols of the gases in the volume V. 
Equation (21) is Dalton's Law of Partial Pressures (§ 2). If this is assumed as 
an experimental result, the validity of (20) follows. 

§ 9. Equipartition of Energy 
The theorem of equipartition of energy was first stated by Waterston in a 

paper presented in 1845, read in 1846, and first published in 1892,^ It was 
again stated by Maxwell, in 1859,"* and a few years later it was brought into 
prominence by Boltzmann. ^ It was treated from a different point of view by 
Maxwell in 1879,<5 who regarded it as doubtful, saying that: “ The theorem that 
the average kinetic energy of a single molecule is the same for different gases is 
not suflScient to establish the condition of equilibrium of temperature between 

^ “ Gastheorie,” 1896,1, 20; this assumption was criticised by Burbury, “ A Treatise on the 
Kinetic Theory of Gases,” Cambridge. 1899, 10,24 f.; Holm, Ann. Phys., 1915,48,481; see§ 10, 

2 For two kinds of smooth hard elastic spheres this may be proved directly from the laws 
of collision: see Jeans, ” Kinetic Theory of Gases,” 1940, 21; cf. Maxwell, Phil. Mag., 1860, 
20, 21; Holm, lac. cit. 

^ Phil. Trans., 1892, 183, 1 (16); published by Lord Rayleigh. Waterston says: “ In mixed 
media, the mean square molecular velocity is inversely proportional to the specific weight of 
the molecule. This is the law of the equilibrium of vis^vivaP Lord Rayleigh, who found 
the paper in the archives of the Royal Society, and had it printed, remarks in a footnote: 
” This is the first statement of a very important theorem,” but adds that Waterston’s proof 
of it can hardly be defended.” See Haldane, ” Gases and Liquids,” 1928, 4 f. 

Phil. Mag., 1860,19, 19; 1860, 20, 21; “ Scientific Papers,” Cambridge, 1890,1, 377. 
5 Boltzmann. Wien Ber„ 1866, 53, II, 195; 1867, 56, II, 682; 1868. 58, II. 517; 1871, 63, 

II, 397, 679, 712; 1876, 74, II, 553; 1881, 84, II, 136; 1887, 94, II. 613; 1887, 95, II, 153; 1888, 
96, II, 891; 1894, 103, TI, 1125; Phil. Mag., 1882, 14, 299; 1887, 23, 305; 1888, 25, 81; 1893, 
35. 153; Berlin Ber., 1888, 1395; Z. phys. Chem., 1893, 11, 751; “Wiss. Abhl.,” 1909, 1,9, 
34, 49, 237, 288; 2, 103, 572, 582; 3, 225, 272, 293, 366, 428, 500, 510, 598, 645. 

« Trms. Cambr. Phil. Soc., 1879, 12, 547; “Scientific Papers,” Cambridge, 1890, 2, 713; 
“ Theory of Heat,” edit. Rayleigh, 1897,326; his treatment was improved by Jeans, “ Dynamical 
Theory of Gases,” 3rd edit., 1921, 97; Rayleigh, Phil. Mag., 1892. 33, 356; 1900, 49, 98; 
“ Scientific Papers,” 1902, 3, 554; 1903, 4, 433. 
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gases of different kinds, such as oxygen and nitrogen, because when the gases 
are mixed we have no means of ascertaining the temperature of the oxygen and 
of the nitrogen separately. We can only ascertain the temperature of the 
mixture by putting a thermometer into it.” 

The theorem of equipartition of energy was regarded with peculiar animosity 
by most British physicists, Lord Kelvin,i e.g., saying that it is; “not only 
unproved but untrue.” It is now a standard theorem in regions in which it 
applies, i.e. where the quantum theory goes over into it in the limiting case, and 
a general proof, due essentially to Boltzmann, will be given later (§ 20.IV). 

§ 10. Maxwell’s Distribution Law 

Even if all the molecules of a gas had initially the same velocity c (without 
regard to direction), this would be upset by col¬ 
lisions, as is seen from the simple case shown in 
Fig. 5.III, in which a collision of two molecules 
moving with equal velocities at right angles is 
depicted. Molecule A is then brought to rest 
and molecule B moves off with a velocity \/2 
times its initial velocity, in a direction inclined at 
45° to its original motion. The problem of the 
distribution of molecular velocities in a gas in a 
steady state (p and T constant) was solved by 
Maxwell 2 in 1859 by the following method.^ 
He probably arrived at the result intuitively, and 
then constructed a demonstration. 

Maxwell considered a large number of gas 
molecules having component velocities u, v, 
and assumed that the probability for the occur¬ 
rence of a given velocity component, say u, is independent of the values of the 

1 Proc. Roy. Sac., 1891, 50, 79; 1892, 51, 397; Phil. Mag., 1892, 33, 466; Nature, 1901, 63, 
387; “ Math, and Phys. Papers,” 1910, 4, 484, 495; in his “ Baltimore I.ectures,” 1904, 504, 
he admitted the force of Rayleigh's criticisms. Sec Larmor, Proc. Roy. Soc., 1909, 83, 82. 

2 B.A. Rep., 1859, ii, 9; Phil. Mag., 1860, 19, 19; “Scientific Papers” 1890, 1, 377; an 
essentially similar deduction is given by Kirchhoff, “ Theorie der Warmc,” 1894, 134, 142; 
and Weinstein, “ Thermodynamik and Kinetik der Korper,” 1901, 1, 134; Hodges, Phys. 
Rev., 1900, 10, 253; Wassmuth, Wien Ber., 1921, 130, IIa, 159. 

3 Since the deduction docs not introduce the consideration of molecular collisions, it 
cannot be regarded as dynamically satisfactory, and there is a very large literature giving, 
and criticising, other proofs. A proof by O. E. Mever, “ Kinetische Theorie der Case,” 
1877, 259, was criticised by Boltzmann, Wien Ber., 1877, 76, II, 373; “ Wiss. Abhl.,” 1909, 
2, 164, and a second proof by O. E. Meyer, Ann. Phys., 1880, 10, 296, was again criticised by 
Boltzmann, Ann. Phvs., 1880, 11, 529; “ Wiss. Abhl.,” 1909, 2, 354. Boltzmann’s own proof, 
Wien Ber., 1871, 63, II, 397; “ Wiss. Abhl.,” 1909,1, 237 (see H. W. Watson, “ Kinetic Theory 
of Gases,” 1876, If.) was criticised by Burbury, “A Treatise on the Kinetic Theory of Gases,” 
Cambridge, 1899, 10, 24f.; Kirchhoff’s deduction (see was criticised by Boltzmann, Munich 
Ber., 1894, 24, 207; Ann. Phys., 1894, 53, 955; “ Wiss. Abhl.,” 1909, 3, 528. Planck, Ann. 
Phys,, 1895, 55, 220, attempted to improve Kirchhoff’s deduction, but the improvement was 
not admitted by Boltzmann, Munich Ber., 1895, 25, 25; Ann. Phys., 1895, 55, 223; “Wiss. 
Abhl.,” 1909, 3, 532. A discussion between Zemplen Gy6z6, Ann. Phys., 1900, 2, 404; 1900, 
3, 761, and Burbury, ibid., 1900, 3, 355; 1901, 4, 646, may be mentioned. Jeans, Phil. Mag,, 
1903, 5, 597; “ Dynamical Theory Of Gases,” 3rd edit., 1921, 39, was criticised by Burbury, 
Phil. Mag., 1903, 6, 529; 1904, 7, 467, but his views were not accepted by Jeans, ibid., 1903, 
6,720; 1904,7,468; see also Lenz,Phys. Z., 1910, 11,1175, 1260; Borel, Rev. Oe'n. Sri., 1912, 
23, 842; del Lungo, Nuov. Cim., 1916, 12, 215; a simple strict deduction is given by von 
Mises, Phys. Z., 1918, 19, 81. 

^ Polvani, Nuov. Cim,, 1924, 1, 1. 

\ 

Fio. 5.111. Collision of 
Molecules 
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other two velocity components, say v and w. This assumption (which is one 
form of what has been called the principle of molecular chaos \ § 8) is one of 
the largest bones of contention over which the opposing schools have quarrelled. 
The assumption was rejected by Burbury,^ and by Poincare 2; the first 
claimed that molecular chaos had never been properly defined, and the second 
stated that it is an unjustifiable application of the laws of probability. In the 
presence of so much stir, one can only wonder at the genius of Maxwell, 
which produced such a fundamental and accurate law by a method which gave 
so little satisfaction to the mathematical purists. Maxwell’s deduction proceeds 
as follows. 

The probability that a velocity component of a selected molecule lies between 
u and w+dw is assumed to be a function f(w)dw of u alone, and independent of 
V and w\ and similarly for f(z;)d^; and f(w)dw. The probabilities for the occur¬ 
rence of velocity components in the ranges u to w+dw, v to v+dv, and w to 
w+dw (which is more concisely stated by saying that the components lie 
within the range dw, dv, dw) are, therefore, f(u)du, i{v)dv^ and f(w)dw, and the 
probability that the molecule has simultaneously velocity components in the 
range (dw, dv, dvi^ is the product of the separate probabilities: 

{{uY{v)i{w)dudvdw.(1) 

The resultant velocity c is supposed to be constant, and since: 
.(2) 

d{c'^)=udu+vdv+wdw^d.(3) 

For a given value of c the value of f(w)f(^y)f(w) is constant, hence by differentia¬ 
tion, since: 

df(w)=f'(w)dM, etc.(4) 

fXu)f(z;)f(w)dw+f(w)r(2^)f(w)dt;+f(u)f(T^)f'(^^)dH’==0 

Divide by f(w)f(z;)f(H’): 
. r'(u) {'(v) r(w) 

7: Tdw-b77-^dz;+*^7-rdw=0 . . . 
f(w) f(2;) f()v) 

Now multiply (3) by an arbitrary constant A and add to (6); 

(5) 

(6) 

(7) 

Since the values of dw, dv, and dw, are now perfectly arbitrary, it follows ^ that 
their multipliers are separately zero: 

f'(w) 

f(^^) 

. f'(w) 
•• f(w)' 

dw= 

dv= 

dH’= 

— Awdw, 

— Ai’d^’, 

— Audw. 

* “A Treatise on the Kinetic Theory of Gases,” Cambridge, 1899, 10, 24 f.; see his 
polemics with Zempl^n Gy5z6, and Jeans, in ref. p. 251; also the polemic between Bertrand, 
Compt, Rend., 1896, 122, 963, 1083, 1174, 1314, and Boltzmann, ibid., 1896, 122, 1173, 1314; 
also Rayleigh, Phil. Mag., 1891, 32, 424; “Scientific Papers,” 1902, 3, 473 (on collisions); 
Edgeworth, Phil. Mag., 1920, 40, 248; 1922, 43, 241 (on probabilities); Holm, Ann, Phys, 
1915, 48, 481. 

2 “ Calcul des Probabih't^s,” Paris, 1896, 21. Oseen, Arkiv Mat. Astron. Fys,, 1921, 16, 
No. 3, said it will not hold if the particles have potential energy. 

2 On this point, see Moelwyn-Hughes, “Physical Chemistry,” Cambridge, 1940, 59; 
Hinshelwood, “ The Kinetics of Chemical Change,” Oxford, 1945, 21. 
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Integration (§ 18J) gives: 

253 

Thus (§ 13.1), if a is a 

(8) 
(9) 

lnf(w)=-Aw2/2+ln^, 

lnf(t;) = -Az;2/2+ln^, 

In f(w)= —A]v2^2+ln 

where In A is written for the constant of integration, 
constant given by A/2=l/a2: 

Thus: f(i/)=^e""^^‘^, etc. . . 

f(M)dw==y4e“"^''^Mi/, etc. . 

If the total number of molecules in the gas is N, tlic number of molecules 
having a velocity component between u and u+du will be the product of N 
and the probability for this range: 

.(10) 
and the number with velocity components simultaneously between u and ii+du, 
V and i»+d?^ and w and w+dw i.e. in the range (dw, dv, dw) will be: 

= NA^c "'^^''“Mi/dzjdw==iVv4%“'‘^^“^dwdzjdvv . . (11) 

The values of the constants A and a are found as follows. Each velocity 
component^ w, v, and vv, has all possible values between — oo and +oo, and 
hence the integration ^ of (10) between these limits gives the total number of 
molecules, N\ 

jdiV„=7V'=iV^ I e-"" “’dM 

'• + 00 

and similarly 
r+oo 

Put ultx.=x, v/o(.=y, dw=adA:, dv=<x.dy. 

(12) 

(13) 

A2a.2 
n4-( 

— 0 
. (14) 

The double integral was evaluated in § 54.1, and is equal to it, hence 1 
from (14), 

A = llx\/rr .(15) 
• -f 00 /•+00 

•^^^dxdy=7r.(16) =.-(x2l 

From (8) and (15): 

f(M)=(l/aV'?r)e'“"/“^ f(^;)=(l/aV’r)e-'^/<-^ f(w)=(l/aV'’r)e-“'^/“" . (17) 

The constant a remains to be determined, and this is taken up below. 

r+oo 
1 The integral J t~^dx was evaluated by Laplace, 1778. 
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The distribution of velocities given by Maxwell’s law is of the same type as 
the distribution of shots on a target made by a practised marksman,^ both 
being subject to the same law as the distribution of errors given by the method of 
least squares.2 Equations (17) show, as Maxwell pointed out, that a zero value 
for one of the three components of velocity is more probable than any other, 
since e etc., have the maximum value I when w, etc., «0. This does 
not mean that the resultant velocity is zero, since the other two components can 
have all possible values. With the analogy of the target, if a series of parallel 
lines are drawn across it (parallel to the x or axis), the one of each set which 
passes through the origin has most points on it; points equidistant from the 
centre lie on a circle described about the centre, and the circle passing through 
most shot-marks is not one of the inner circles, which are too small to contain 
many marks, but a circle of medium size. 

The probability for a given velocity c in a definite direction is: 

f(M)f(i;)f(H^)dwdz^dH^;===(l/a%^^^)e “Mwdr^dn^ .... (18) 

or, since dudvdw=dT=c^ sin ^dfld^dr, as shown in § 8, where c is taken as a, 
this probability is also: 

(l/a^TT^ ^)^ ‘"'“V2sin(9d6>d^^.(19) 

The probability for a given velocity between c and c+dc without regard to a 
particular direction is found by integrating (19) over all directions in space, i.e. 
taking 6 from 0 to tt and cf) from 0 to In, which gives a complete sphere: 

f f sin 0d0d(/> 
Jo Jo 

=(27rc2/a%3 2)e-^^ “Mc [''sin ede==--{2c^/oiW^)^ "' ^c fd (cos 6) 
Jo Jo 

ic I sin di 

1-t = ~(2c2/aV^)e dc=(4/aV'^V^^ . • • (20) 

since cos 7r= — 1 and cos 0=1. 

Hence the number of molecules in a total number N having velocities between 
c and c+dc in any direction is 

djV,=(4A^/aV7r)c2e-^^/"^dc .(21) 

The value of the constant a is next found as follows. The most probable 
velocity is found from the condition that (21) is a maximum, i.e. (§ 9.1): 

(d/dc)cV^"^“^=0. 
The differentiation (§ 13.1) gives: 

+c^(d/dc)c~^^‘^^2cQ-f c^e ^*'''^(d/dc)(—c^/a^) 
=—{2cj(x?)c^c~ =2e" 1 •— c^/ofi) ^ 0, 

and since is not zero: 

/. l-c2/a2=;0, c2=a2.(22) 

or a is the most probable velocity; hence a can be retained in the equations with 
this meaning. (It should be noted that c in (22) is a special value of the velocity, 
viz. a, and is not the general symbol of previous, and later, equations.) 

1 Maxwell, J.C.S,y 1875, 13, 493; Mellor, Higher Mathematics for Students of Chemistry 
and Physics,” 1919, 511, 534. 

2 Gauss, “ Theoria Combinationis Observationum,” Gottingen, 1823; “ Werke,” Gottingen, 
1873, 4, 1; Poincare, “ Calpul des Probabilites,” Paris, 1896, 147; C^uber, “ Wahrschein- 
lichkeitsrechnung," Leipzig and Berlin, 4th edit., 1924, 1, 291. 
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To find the mean (or average) velocity, £, the sum of all the velocities of the 
molecules must be divided by N, the total number of molecules. Thus, (21) is 
multiplied by c and integrated * from c=0 to c=oo, and then the result divided 
by AT: 

_ 1 4iv r*.- .. f”, 

'“AT'aV’^Jo 
jW- 
Jo 

Put cjcf-^x, dc=adx, 

/. c=(4a/\/7r)J x^e~^^dx=(4a/\/^)Ji> 
Jo 

where 7] is the value of the integral. The value of Jx can be found by 
integration by parts (§ 19,1): judv=^uv—jvdu. Put dw=2xd.v, and 
dvasxc'^^dx, udv=x^c~^^dx, and t;=Jxe“^Mx=—^Jd(e'“^^)=~-^~^^. 
Hence: 

jxe == 2A:^e^*^—J 
J Jo L 

The first term vanishes at both limits (0 and oo); the second vanishes at the 
limit 00, but becomes y at the limit 0; hence: 

/j = f .(23) 

and c=^4a/\/7r)=2a/\/7r.(24) 

i.e. mean velocity^(2/^/7r)(=\•l2i4)xmostprobable velocity. 
The mean square velocity is, similarly, found by multiplying (21) by 

the result being integrated from 0 to oo, and divided by N (the division by N, 
a constant, is performed first): 

?=:(4/a3V^) . c2e--^^/‘^^dc=(4/aV7r) ‘‘^dc . . (25) 
Jo Jo 

Put c/a=x, and integrate by parts twice: 

^=(4a2/V7r) px4e“-^Mx=(4a2/V^)72, 
Jo 

where J2 denotes the integral. 

(i)Putw=x3, dw==3A:2d;v:; and dz;=xe~^\ /. z;=s—e~^72. Hence: 

r 1 

x2e“^Mx 
J Jo 

The first term in the brackets vanishes at both limits; to find the second, 
integrate by parts. 

(ii) Put «=x, dw=«<b:; and dz;—xe"^yx, /. 

/. J x^e ^Mx= j^—|^xe“"^^+i Je~^Mxj . . . (25b) 

The first term in the brackets vanishes at both limits; to find the second the 
formula (16) is used: 

/•4-00 p+00 r ^4-<» 12 

iT=j J e-'*’+^^>dxdy= IJ e-*MxJ. 
Since e~*^ is an even function of x (§ 21.1), i.e. has the same value and sign 

for equal positive and negative real values of x (since (—x)*:=x*), it follows 

1 Note that c is never negative; it is the velocity along the path of the molecule. 
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that the integral from — oo to 0 is the same as the integral from 0 to + w, hence 
from (3), §21.1; 

f 

I* CO 

7r= 21 e“* 
- Jo 

~T’ 
and f Jo 

Hence from (25), (25a), and (25b): 

^ 4a2p \/7T 

\^7T 

0 4x2 
yAa V--- — :i«2 

/. v'(c2)=v'(3/2)a=l •2248a, 

or a=0-8165V(^) • • 

• (26) 

• (27) 

(27a) 
This most important result allows the constant a in Maxwell’s equation to be 
replaced by an expression involving the absolute temperature, since, from (15), 

§ 8, c^=3kTlm, where k is Boltzmann’s constant, 

a2=f^=2*r//M .(28) 
On substituting«=v'(2ifeT'/m) in (21), this becomes: 

=[7VV(2/7r)](m/Ar)^/2^2e-*""/2*Tdc.(29) 

=[;\rV(2/iT)](A//J?D^^^c2e-*^'^'2*^dc .... (30) 

since ntjk^MjR, where 3/=molecular weight. Put ^mc'^=e, the energy of a 
single molecule, then m=2elc^, dc=de/mc. 

diV,=[iVV(2M](/M/A7’)^ .... (31) 

and dAr,=Af[2/v'7r(*r)^'2]e-‘'''V(e)de.(32) 

Boltzmann, and Jeans,^ put: 
ll2kT=h .(33) 

.'. dN^=4rrN(hmlTr)^^^e~*"^^c^dc .(34) 

Equations (24) and (28) give for the mean or average velocity: 

c=2a/V'7r=2V(2Ar/77w)=2x/(2i?r/77Jl/) . . . (35) 

It should be noted that c (sometimes denoted by Q) is not the same as 
(sometimes denoted by G): ^ 

c=-2y/(2kTl-nm), V(c^)=VOkTlm) 

c=[4/V(67r)]V(”^)=0-9213V(?2).(36) 

To find the distribution of velocities in a given direction, (11) can be used in 
the form: 

=Ar(m/27r*r)^^V'"'"+'’"^“'">/“^dMdudM' ... (37) 

The mean kinetic energy component in a given direction is: 
/•+«> 

J-J' (rnu^ll). 

r+w 

J —00 

g-muVZfcTjly Jz 

1 Fowler, jP^//. Mag,, 1922,43, 785, proposed j instead ofhs to avoid confusion with Planck’s 
constant h, but the “ Continental ” notation used above is almost universally adopted. 

2 Cf. Weinstein, “ Thermodynamik und Kinetik der Korper,” 1901,1, 142. 



§10 maxwell’s distribution law 257 

To find the integrals Ji and put u^==2kTx^lm, therefore ^mu^=kTx^^ 

Ji^kT[ x2e~^^dA', and /2= f e*"*^dx. 
J — 00 J — 00 

It has been shown (25b) that: 

Jo 

and \mu^^^kT.(38) 

^lilarly ^mv'^^^kT and ^mw^~lkT, and since c^=u'^+v^+w^, therefore 
^mc^=ikT, a result already found in (15), § 8. 

The number of molecules with a kinetic energy component greater than some 
assigned value ^ \mui^ will be: 

J" 

/^oo 

f>00 

0^ 

iV'=iV- 
mM2, 2*T' dw 

(N'IN)=(2IV'n-) fV*'dx=7 
Jxi 

(39) 

where Xi = \/{mux‘^l2kT). The integral cannot be evaluated by elementary 
mathematics, but: 

2 r-x^A 
V’rJ.v,® ^ Xx\/tt^ i!(2A',)^’ 

5s»0 
in which as many terms are to be taken as are given by the next whole number 
s' less than Xi, The error is then (\/2lxi)c~'^^^~^\ 

Values of J (39) are: ^ 

JC . 01 0’2 0-3 0-4 0*5 0*6 0*8 1-0 1-5 2-0 3*0 
J . 0*89 0-78 0 67 0-57 0-48 0*40 0-26 0*16 0*034 4-7x10-3 2*2x10-5 

The percentages of molecules having velocities in excess of stated values of 
u/u (iZ=mean velocity) are: 

uju .. .. 0 5 1 0 1-5 2-0 2-5 30 
Percent. .. 88 80 46-70 12-55 1-70 0*12 0*01 

If the motion of the molecules is restricted to a plane, the number having 
component velocities between u and u+du and v and v+dv is, from (10): 

d =NA ^ =NA^€~^^^°^^dudv=(1 /7ra2)e”‘'^''“^d udv, 

from (15), where c'^=^u^+v'^- This equation is exactly the same in form as the 
Gauss formula for the distribution of shots fired by a marksman aiming at 
the centre of a plane target if u and v stand for x and y, the coordinates of the 
shots measured from the centre of the target as the origin. The chance that the 
x coordinate shall be between x and x+dx, and the y coordinate between y 
and y+dy, is then (/c/7r)e""^^^^-^^^dxdy, where x is a constant which measures 
the skill of the marksman.^ 

* Alexejev, /. Chim. Phys,, 1926, 23, 415. 
2 Fuller table in Jeans, “ Kinetic Theory of Gases,” 1940, 305; Edquist, Phys. Z., 1930, 

31,1032; cf. Herzfeld in H. S. Taylor, “ Physical Chemistry,” 1931,1,100. 
3 Kennard, “Kinetic Theory of Gases,” 1938, 51; cf. JSlrvinen, Z. phys, Chem,, 1919, 

93, 743. 
Maxwell, J,C,S., 1875,13,493; “ Scientific Papers,” 1890,2,418, 

A.T.P.C.—9 
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In polar coordinates (§ 54.1): dMd©=cdcd(^, 

dA^„/iV=(l/ira2)e-'^'“^ cdcd^A. 

Integration from <j>=0 to <f>=27r (i.e. over all directions in the plane) gives; 

dA^„„/7V=(2/a2)e-'^'“^cdr. 

But a?-=lkTlm=2RTIM, from (28), and E=\Nmc^—^Mc^, therefore 
dE=Mcdc, 

ANJN={\IRT)fr^^'^6E.(41) 

Since /f7’=jA/a2=most probable energy per mol=£'o, this can also be 
written as: 

6N„,MNIEQ)t-^'^o&E.(41a) 

By integration, the number of molecules having energy * E is 

Ni:={NIEo) f e-®®»d£=-iv[e-^'^<' t=iV(l-e-®^«), 
Jo L Jo 

NE-N:=-Ne-^-% 

or N/iN-NE)=t^'^'‘  (42) 

The fraction of the total number of molecules in a plane having energy 
in excess of a given value E is given by: 

NEjN= (1 IRT)j ^ « ^d£=e-^'« 

.(43) 

This equation applies whenever the energy can be expressed as the sum of two 
so-called “ square terms”: E=^ax^+^by^y where a and b are constants. In 
this case a=b^m, x—u, y^v. Equation (43) finds extensive application in 
the theory of reaction velocities.^ 

The deduction of Maxwell’s distribution law given in this section cannot be 
regarded as rigorous from the point of view of classical dynamics, since it 
takes no explicit account of molecular collisions, which are nevertheless con¬ 
sidered as giving rise to the distribution of velocities. A more rigorous proof, 
in which the effect of collisions on the distribution was considered in detail, 
was given by Maxwell,and Boltzmann,^ but as the derivation on the basis of 
Statistical Mechanics (§ 33.IV) is much more direct, the rather long deduction 
on the basis of collision processes will not be given. Attempts to extend it 
to liquids have been made.^ 

* See Kotournitzky, y. Russ. Phys. Chem, Soc., 1912,44, i, 151 (P); Sutton, Phil. Mag., 1914, 
28, 798. 

2 See Hinshelwood, “ The Kinetics of Chemical Change,*’ Oxford, 1945, 11, 39, 81. 
3 Phil. Trans., 1867, 157, 49; 1879, 170, 231; Phil. Mag., 1868, 35, 129, 185; Trans. Cambr. 

Phil. Soc., 1878-9,12, 547; “ Scientific Papers,” 1890, 2, 26, 681. 
4 Wien Ber., 1868, 58, II, 517; 1872, 66, 275; “ Wiss. Abhl.,” 1909, 1. 49, 316; objection 

by Lorentz, Wien Ber., 1887, 95, II, 115; new proof by Boltzmann, ibid., 1887, 95, II, 153; 
1887, 96, IT, 891; “Wiss. Abhl.,” 1909, 3, 272, 292; “ Gastheorie,” 1896, 1, 15; see also 
O. E. Meyer, “ Kinetic Theory of Gases,” 1899, 45, 368 (including summary of older proofs); 
Bcrthoud, J. Chim. Phys., 1911, 9, 352; 1913, 11, 577; 1914, 12, 565; Jeans, “ Kinetic Theory 
of Gases,” 1940, 102. 

3 Buchanan, Phil. Mag., 1888, 25, 165; correction for molecular attraction in gases, Shiba, 
Proc. Phys. Math. Soc. Japan, 1927, 9, 157; Bull, Inst. Phys, Chem. Res. Tokyo, 1928, 7, 740, 
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Distribution Law 

§ 11. Summary of Formulae 

The equations deduced in § 10 are of such fundamental importance that a 
summary ^ of the main results (in some cases slightly modified by inserting 
values found later in the paragraph than the main equation, numbered below 
as in § 10), is appended for convenience of reference. 

(1) Number of molecules having velocity components in the range dw, 
dv, dw: 

dA/'=7V(/w/277*7)^'.(37) 

(2) Number of molecules having a velocity c in the direction of motion given 
by angles 0 and (f> in the range dc, d0, d^: 

dyY=7V(m/277Ar)3 sin eded(l>dc .... (19) 

(3) Number of molecules having a velocity c in the range dc without reference 
to direction: 

d7V=47r7V(w/27ritr)^ .(21) 
(4) Number of molecules each having a kinetic energy in the range e to 

€ “f-df: 

d7V=27r7V(l/7rJtr)^ .(32) 

(5) Mean velocity of molecules: 

yXSkTl7Tm)== 14500\/(TIM) cm./sec., where M=mol. wt. . (35) 

(6) Root mean square velocity: 

^/(7^)=:.^y(3kT|m)==\5S00^/(T/M) . . (27)-(28) 

(7) Most probable velocity: 

a=: V(2itr/m)= 12900V(T/M) cm./sec.(28) 

The various types of molecular velocities are given by O. E. Meyer,2 in a 
book still frequently consulted, as follows: 

(i) The Joule-Clausius velocity, G, defined by p=jDG^, where Z)=density 

in g./cm.3, which is our \/(^^)» 

(ii) The arithmetic mean velocity, Q=\/(SI37r) G=0-9213G, which is our c; 

(iii) The most probable velocity 1T=^'\/('^)^=V(2/3)G, which is our a; 

(iv) The mean probable velocity 0=l*091F=0*96i2, meaning that there are 
as many molecules with velocities less than O as there are with 
velocities greater than O: this is not much used. The substitution ^ 
of the translational kinetic energy by TC^^3T g.cal./mol, seems 
unnecessary. 

§ 12. Some Useful Integrals 

In the Kinetic Theory of Gases integrals of the type: 

1 Tolman, “Statistical Mechanics,” Oxford, 1938, 90, 92; cf. Webb, “Elementary Prin¬ 
ciples in Physical Chemistry,” New York, 1936; Moclwyn-Hughes, “ Physical Chemistry,” 
Cambridge, 1940, 63 f. 

2 “ Kinetic Theory of Gases.” 1899, 54. 388. 
3 Berthoud, /. Chim. Fhys„ 1911, 9, 352; 1913, 11, 577; 1914,12, 565 (deduction of Max¬ 

well’s equation); Tolman, /. Franklin Inst,, 1927, 203, 661, 811. 
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(n is an integer) are frequently met with, and some of these have been evaluated 
by integration by parts in § 10. They can be evaluated in finite terms when 
n is odd, and when n is even they can all be related to the integral: 

/: 
A general formula for cases when n is even (n=2k) is: 

fV''e-^^=d.v={[1.3 . . . (2A'-l)]/2*'*}v/(Wi8^''"), 
Jo 

and one for cases when n is odd is: 

x^'ie P*^dx=A'!/2p*^''. /: 
Special cases ^ (each of which may be obtained from the one immediately 

above it by differentiation with respect to under the integral sign) ^ are: 

n n even (including n—0): n odd: n 

0 
Jo Jo 

1 

2 f jc2e~^A^dx=i V 
'0 Jo 

3 

^ J '0 
f jc5e~ ^'^dA = I//33 

.‘0 
5 

^ J '0 
f A'7e-^-v2dA=3/i9‘^ 

Jo 
7 

" i 

• 00 

0 [(2i3)l«4-i] 
f .Y«e-^^2dA=[i(w-1 )1 !/2/3i(^~f-1) 

Jo 
n 

Jo 
The integral (2/\/^) e"'*Mx=(2/V'^)7, called by Glaisher ^ the error function, 

erfx:, cannot be evaluated in finite form, but must be expanded in a power 
series and integrated term by term. 

§ 13. Numerical Values and Graphical Representations based on Maxwell’s 
Distribution Law 

Some values of the root mean square velocities and average velocities ^ at 
20® C. in cm./sec., are: 

H2 N2 O2 Hg 
JXlO“5 .. 1-755 0 4703 0 4401 0-1842 

V^^2xl0-5 .. 1-904 0-5106 0-4778 0-1908 

Of 1000 molecules of oxygen at 0° C. (mean speed 425 m. per sec.): ^ 
13 to 14 have a speed below 100 m. per sec. i.e. 
81 , 82 „ „ from 100 to 200 , • • 1 i 

166 , 167 „ 200 „ 300 , .. / ♦ 
214 , 215 „ 300 „ 400 , ■■ 1 
202 , 203 „ „ „ 400 „ 500 , •• r ^ 
151 , . 152 „ 500 „ 600 , .. J 

91 , , 92 „ „ „ 600 „ 700 „ I > 
76 , . 77 „ greater than 700 , 

' Moelwyn-Hughes, “ Physical Chemistry,” Cambridge, 1940, 622; Jeans, ” Kinetic Theory 
of Gases, ” Cambridge, 1940, 306. 

2 Riemann, “Partielle Differentialgleichungen,” edit. Hattendorff, Brunswick, 1938, 37. 
3 Phil. Mag.j 1871, 42, 294, 421; Pendlebury, ibid., 1871, 42, 437; Burgess, Trans. Roy. Soc. 

Edin., 1897-8, 39, 257 (tables). 
^ Dushman, “ Production and Measurement of High Vacuum,” Schenectady, 1922, 9. 
5 J. J. Thomson, in Watts, ” Dictionary of Chemistry,” edit. Morley and Muir, 1890,1, 87; 

O. E. Meyer, ” Kinetic Theory of Gases,” 1899, 57. 
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Fig. 6.I1I. Graph of (4/v'’’’).^^ against x for Maxwell’s Distribution Law 

Fig. 7.III. Maxwell-Boltzmann distribution of velocities irrespective of direction. Ordi¬ 
nates represent the fraction dNJN of the molecules having velocities c/a, where a=most 
probable velocity, in an interval dc/a=l about the value of a/c. 

c=2a/\/’r= 1 *128a 

V^=\/(3/2)a=F224a 

c=: V(8/37r)V'c2=0-921 Vc2 
Plot of dA'e«(4/V^)M<^2/a2)e-^2/a2(dc/a) 

jr«c/a 
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If the molecular velocity is expressed as a fraction of the most probable 
velocity a from (24), § 10: clx=x, then (21), § 10 becomes: * 

dN=(4N/V^)x^^''‘'dx, 

{lldx)(dNJN)=(4IV^)x^er=‘^.(1) 

The expression on the right is plotted for values of x from 0 to 4 in Fig. 6.II1 
(on finding values of e~*^=e ^ where y=x^, see § 13.1). 

Fig. 8.111. Graph of Maxwell-Boltzmann distribution of energies. The ordinates represent 

{IIv'tt) VWe^'^dA: 

plotted against x==€lkT. The left- and right-hand curves have corresponding scales. 

The ordinate for each value of x gives the fraction of the total number of 
molecules which correspond with the range dx=l. The curve rises steeply 
to a maximum at for values of x from 0 to 1, and then falls more slowly 
for larger values of x, the ordinate at x=^3 being already quite small. The ordi¬ 
nate approaches the limit zero only when x approaches the limit infinity, but it 
is clear that the values are quite negligible for values of x greater than about 4. 

If a small rectangle is erected on the base dx, its area is dx(l/dx){dNJN)=^ 
dNJN, hence it gives the fraction of the number of molecules having velocities 

1 Natanson, Am, Phys., 1888, 34, 970; Z, phys. Ghent., 1894, 14, 151; O. E. Meyer, 
“ Kinetic Theory of Gases,’” 1899, 51; Jarvinen, Z.phys, Ghent,, 1919, 93, 743. 
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between x and x+dx. This depends on the position of dx, and is given in the 
following table: 

cbr dNcIN 6x dNcIN 
0-01 0-001 1-3-1-5 0-112 

01-O-3 0021 1-5-1-7 0-078 
0-3-0-5 0 063 1-7-1-9 0-058 
0-5-07 0112 1-9-2-1 0-034 
0'7-0-9 0-149 21-2-5 0-030 
0'9-M 0-161 1 2-5-30 0-008 
M-1-3 0150 

Fig. 9.III. Maxwell-Boltzmann distribution of energy among the molecules. The ordinates 
represent the probability dN€lN==(2l\/rr)Vix)e-x^dx, where x^elkT^ plotted against jc. 

1*00 

The total area under the curve is (l/TV^) I diVf=l. The table shows that the 
Jo 

fraction is greatest in the neighbourhood of x=l, i.e. when the molecular 
velocity is the most probable velocity a. The curve is not symmetrical as 
regards c=a or x=l, the area on the right being somewhat larger, hence the 
average velocity c is somewhat greater than a, as shown. From (24), § 10, 

c=lT28a. The value of the root-mean-square velocity, '\/(^)=l■2248a, is 
also shown. 
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§ 14. Molecular Shower Formulae 
The kinetic-molecular interpretation of the pressure exerted by a gas on a 

containing vessel is that a continuous hail or “ shower ” of molecules, pictured 
as excessively small elastic hailstones, beats constantly against all parts of the 
surface and is reflected from it. The number v of collisions per second on 
unit area is given by (7), § 8, in which, to include all types of molecules moving 
in a direction normal to the wall, c is replaced by c, the mean velocity, given 
by (35), § 10: 

v=Ncl4V=(N!2VW(2RTl7rM).(1) 
which gives the number of molecules striking 1 cm.2 per sec. For 1 g.mol. 
(mol) of gas, V=Vm (molar vol.), N=N (Avogadro’s number), 

.-. NIV=N/V„=NplRT, 

■ _ P (2) 
■ • 2/frV ttM RT/f IttM y/ifmmkT) ■ ■ > 

where /w=Af/A^=mass of molecule (M=mol. wt.), A:=if/A^= Boltzmann’s 
constant. Equation (2) may also be written as: 

v'=N^^/{kTI27Tm).(3) 

where concentration ^ in mols/lit., since p^RTjV^^RT, 
If p is in dynes/cm,2, equation (2) may be written: ^ 

v'=-2-65ZxW^pIy/{MT).(2a) 

The mass, /x, of gas {in grams) striking per sec. 1 cm.^ of wall (or other solid), 
exposed to 1 cm.^ of the gas, is found by multiplying (1) by the mass m of a gas 
molecule (or the average mass m for a mixture of gases): 

p=vm=Nmcl4V:==yc=-l{MplRT)2V(2RTl7rM)==pV{MI27TRT) . (4) 
where p=Af/?/Jf?r=density in g./cm.^. 

The number of mols (g.mol.) striking 1 cm.^ per sec. is found by dividing 
(2) by the number of molecules in a mol, i.e. N, and is: 

v''==v'IN==iplRT)V(RTl27rM)=[llV(2nR)][plV{M^^ • (5) 
In (4) and (5), p and R must be in c.g.s. units, p in dynes per cm.^ and R in 
ergs per degree per mol. These equations play an important part in the theory 
of heterogeneous reaction velocity. Equation (2), apparently first deduced 
by Hertz,3 and extensively used by Langmuir and others, is sometimes called 
the “ Hertz-Knudsen equation.” 

§ 15. Effusion 
If the cm.2 of surface exposed to the molecular shower (§ 14) is supposed to be 

a small trapdoor which is suddenly opened (Fig. lO.III), the number of molecules 
rushing in all directions ^ (“ cosine law ”) through the trapdoor into a vacuum 
is equal to the number coming to it in the molecular shower, viz.: 

Ncl4V=::pcl4m=pl\/(2TTmkT).(1) 

1 Since the symbol c is here reserved for the molecular velocity, an alternative symbol for 
concentration is taken as the Greek letter (, this being the symbol used by Guldberg and 
Waage in their classical memoir on mass action and so having an historical sanction. (An 
alternative would be [c], or some other symbol.) 

2 Dushman, “ Production and Measurement of High Vacuum,” Schenectady, 1922,11. 
3 H, Hertz, Ann. Phys., 1882, 17, 177; O. E. Meyer, “ Kinetic Theoi7 of Gases,” 1899, 80; 

Knudsen, Ann. Phys., 1909, 29, 179; Marcelin, J. Chim. Phys., 1912, 10, 680; Langmuir, 
Phys. Z., 1913,14. 1273; J.A.C.S., 1913, 35, 105, 931; 1915, 47, 417, 1139; Volmer and Ester- 
mann, Z. phys. Chem., 1921,99, 383. 

^ The uniform distribution of velocities in space was experimentally proved by Mayer, 
Z. Phys., 1928,52, 235, with a torsion balance and molecular rays. 
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where p=density, from (4), § 14. Equation (1) applies only to a gas streaming 
into a vacuum. The rate of efflux (or effusion) is the same as if the gas of 
density p streamed through the aperture with a uniform linear velocity 
The dependence on m shows that the rates of effusion of different gases at the 
same temperature and pressure are inversely as the square roots of the molecular 
weights or the densities. This is Graham''s law of effusion (§ 5.VII D). 

Graham ^ in 1846 tested this by measuring the rates of passage of various 
gases streaming through a fine perforation in a brass plate into air, with the 
following results: 

Gas 
V density 
(air=l) 

Rate of Effusion 
(air=l) 

Hydrogen 0-263 0-276 
Methane 0-745 0-753 
Ethylene 0-985 0-987 
Nitrogen 0-986 0-986 
Air. 1-000 1-000 
Oxygen 1-051 1-053 
Carbon Dioxide 1-237 1-203 

The numbers in the second and third columns should be equal; the divergences 
probably exceed the experimental errors. The 
reason was discovered by Knudsen ^ in 1909. 
The molecules, which are of finite size, enter into 
collisions with one another in passing through 
the aperture, and this interferes with the mole¬ 
cular streaming. Knudsen used a very small hole Fig. lo.lll. Effusion 
in a thin platinum sheet sealed on the end of a 
glass tube. In one case the sheet was 0*0025 mm. thick and the hole had an 
area 5x10“^ cm.^; in another the sheet was 0*005 mm. thick and the hole 
66 X 10~6 cm.2. The results agreed with the theory at very low pressures (down 
to 0*01 mm. Hg), when collisions were very infrequent. 

The agreement was good when the mean free path (§4) in the issuing gas 
was not less than ten times the diameter of the hole. For smaller free paths, 
the amount of gas effusing was somewhat greater than that given by (1), and 
as the pressure increased the molecular flow passed over into a mass flow, as 
predicted by the hydrodynamical formula for the flow of a continuous fluid. 
This can readily be deduced for the simple case of the Bunsen effusion apparatus 
(described in § 5.VII D), in which apertures of 0*01-0*1 mm. are used, as 
follows.^ 

The amount of work spent in forcing each of two different gases through the 
aperture is represented by the rise in level of the liquid between fixed marks on 
the effusion tube, and is the same in each case, so that the kinetic energy im¬ 
parted to each gas is the same. If i/i and ui are the velocities of bulk motion of 
the gases, i.e. the speeds at which the liquid level rises, ^miUi^=^\m2U2^^ where 
Wi and m2 are the total masses of gases expelled. These occupy equal volumes, 
therefore W]/w2=pi//>2==^i/^2> where /)=density, Af=mol.wt. But 
Uilu2^t2ltiy where ti and /a ^^e the effusion times for equal volumes. Hence: 

t2^lh^^PilP2^MrlM2.(2) 

1 Phil, Trans,, 1846, 136, 573; “ Researches,’* 1876, 88. 
2 Ann. Phys„ 1909, 28, 75; 1911, 35, 389; Smoluchowski, ibid., 1910, 33, 1559. 
3 Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910,1, 176. 
9* 
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This applies only to isothermal effusion. For adiabatic effusion the ratio of 
specific heats is involved.^ 

Consider a small aperture of area ^ in a thin plate dividing two portions of 
gas at pressures pi and pi. The numbers of molecules reaching the two sides of 
A will be, from (1): 

viA^PiAj^/{lTTmkT), and v2A=p2Al\^{27TmkT), 

hence the number passing through per second will be (P2>Pi)- 

A{i'2-i'i)=(P2-Pi)lAIV(27rmkT)].(3) 

or the volume in cm.^ measured at unit pressure (1 dyne/cm.2) is: 

V=A(v2-v^)kT=={p2-Pi)A^y{kT|2m7l)=AAp^(RT|2nM . (4) 

For a circular opening of diameter d cm.: 

V^Ap{mi^lAW{RTI2TTM)^2%6Ad^Aps/{TIM) cm.3 . . (5) 

The case when the gas issues into another gas (e.g. the atmosphere, as in 
Graham’s and Bunsen’s experiments) instead of into a vacuum requires special 
consideration. Saint-Venant and WantzeP found by experiment that the rate 
of efflux is about the same as that into a vacuum, provided the gas is driven 
through the orifice by a pressure not less than twice that in the gas into which it 
passes, and this result is easily explained.^ The gas molecules passing through 
the orifice into a space less densely filled with gas rarely collide with others, 
since most of the latter have also only just emerged from the orifice, and are 
moving in the same direction, with nearly the same speed, as those which 
follow, and hence are rarely overtaken by them. If the exterior pressure is not 
much less than that within, the distribution of pressure in the orifice, and in its 
immediate neighbourhood, is quite different from that when flow occurs into 
a vacuum. But with two different gases, with the same values of the pressure 
within and without, the pressures in the orifice will be the same in the two cases, 
and the speed of efflux is still proportional to the molecular speed. 

The amount Q of gas passing in a given time by effusion through a capillary 
of diameter d with a pressure difference Ap, is approximately given ^ by 
Q^Kd'^y/Ap iox Ap=Q'\-\'\ atm., and Q=^Kd'^^Ap for Ap=:^\'\-2'Q atm., 
K being a constant depending on the gas. 

An interesting application of low pressure eflusion, to which (1) applies, is 
the determination of the degree of dissociation of a gas or vapour at various 
temperatures. A small constant flow of gas at a small pressure (2r:0-l mm. Hg) 
escapes through a small hole of area A into a high vacuum. For a substance 
X2^2X, if there were no dissociation: N'^Ap'j\/{27Tm2kT), but if there is 
dissociation: N2—Ap2lV(2nni2kT), and Ni=Apil\/{27rmikT), where the 
suffixes 1 and 2 refer to X and X2. But N'==^N2+iNi, and 
where p is the pressure at the small hole. Thence it can be shown that 
Pi^[V2J(V2-'l)](p~-p% and as p is measured and p' can be calculated, 
Pi and hence the degree of dissociation, can be found.^ 

1 Bunsen, “ Gasometry,” 1857, 121; O. E. Meyer, Ann. Phys., 1866, 127, 253; Donnan, 
PhiL Mag., 1900, 49, 423 (bibl.); Voss, Ann. dePhys., 1923, 20, 66. 

2 J. de VEcole Polytechn., 1839, 16, xxvii, 85. 
^ O. E. Meyer, “ Kinetic Theoiy of Oases,” 1899, 85, 
^ Kulisky, Schevchenko, and Goronovsky, Amer. Chem. Abstr., 1943, 37, 3647. 
5 Weide and Bichowsky, J.A.C.S., 1926, 48, 2529 (I2); De Vries and Rodebush, ibid., 

1927, 49, 656 (Bra and I2); Bichowsky and Copeland, ibid., 1928, 50, 1315 (H); Eyring, ibid., 
1928, 50, 2398; Wredo, Z. Phys., 1929, 54, 53 {H, N, O). 
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§ 16. Thermal Diffusion (or Thermal Transpiration) 
If a gas is contained in a vessel divided into two parts A and B (Fig. 11.Ill) 

by a porous plug, molecules of gas pass from A to B and from B to A through 
the plug. At low pressures, the rates of transpiration are given approximately 
by (1), § 15. If the pressures arc equal, the rates of transpiration are equal, 
for the same gas, at a given temperature. Further, if the pressures are unequal 
they will gradually reach equality by trans¬ 
piration. If, however, the temperatures 
of A and B are different, the rates of 
transpiration will differ, the gas tending 
to pass from the cooler to the warmer 
region, and a steady state is reached with 
different pressures in A and B. This 
phenomenon was predicted by Neumann,^ 
and was experimentally discovered by Feddersen^ and by Reynolds,^ inde¬ 
pendently, the latter calling it thermal transpiration. A theory of it was given 
by Maxwell,^ who called it thermal effusion. 

Pa^ Pa^ Ta Pb^ Phy Tji are the corresponding pressures, densities and 
absolute temperatures in A and B, the temperature difference being permanently 
maintained, the flow of gas ultimately becomes equal in both directions and 
a steady state is reached. Equation (1), § 15, shows that PaVTa^PhVTq, 
and hence the ratio of the pressures is: 

PaIPb^Pa^aIPb^b'^V{^aI^b).(f) 
Reynolds, who used temperatures of 8° C. and IW C., found good agreement 
with (1) at sufficiently low pressures. At higher pressures the agreement broke 
down. 

The phenomenon of thermal transpiration is of considerable importance 
when pieces of apparatus at different temperatures are connected by narrow 
tubes. Not only will the total pressures in these parts of the apparatus be 
different, so that considerable errors may be made when the pressure is measured 
only in one part, but also in the case when a mixture of gases is used there may 
be differences in composition in different parts of the apparatus, ^ which is of 
importance in determining equilibrium compositions.^^ 

1 Leipzig Ber., 1872, 24, 49. 
2 Am. Phvs., 1873, 148, 302; Dufour, Arch. Sci. Phvs. Nat., 1872, 45, 9; 1874, 49, 103; 

1875, 53, 177. 
3 Phil. Trans., 1879, 170, 727; “ Sci. Papers,” Cambridge, 1900,1. 257. 
4 Phil. Trans., 1879, 170, 231; “Sci. Papers,” Cambridge, 1890, 2, 681 (711); Knudsen, 

Ann. Pirn., 1909-10, 31, 205, 633; 1910, 33, 1435; West, Proc. Phys. Soc., 1919, 31, 278; 
Schreimr, Z.phys. Chern., 1924,112, 1 (63); Weber, Z. P/iv5., 1924,24, 267; Van Ilterbeek and 
de Grande, Physica, 1947, 13, 289, 422. 

5 Enskog, Phvs. Z., 1911, 12, 56, 533; Arkiv Mat. Astron. Fys., 1922,16, No. 16; Chapman 
Phil. Mag., 1917, 34, 146; 1919, 38, 182; 1928, 5, 630; 1929, 7, 1 (errors); Chapman and 
Dootson, Phil. Mag., 1917, 33, 248; Ibbs, Proc. Rov. Soc., 1921, 99, 385; 1925, 107, 470; 
Physica, 1937,4, 1133; Elliott and Masson, Proc. Roy. Soc., 1925,108, 378; Eastman, 
1926, 48, 1482; 1927, 49, 794; Eastman and Rubin, ibid., 1935, 57, 97; Rodebush, ibid., 1927, 
49, 792 (correcting ^stman); Lugg, Phil. Mag., 1929, 8, 1019; Weber, Comm. Leiden, 1932, 
Suppl. 71Z); Weber and Keesom, ibid., 1932, 223ft (low temperatures); Bliih, Blich, and Pusch- 
ner, Phil. Mag., 1937, 24, 1103; Wall and Holley, J. Chem. Phys., 1940, 8, 949; Uaf and 
Wall, J. Phys. Chem., 1942, 46, 820. 

^ Forster and Geib, Ann. Phvs., 1934, 20, 250; Schmall and Knepper, Z. Elektrochem., 
1936, 42, 681; Emmett and Shultz, J.A.C.S., 1932, 54, 3780; 1933, 55, 1376; Chipman and 
Fontana, ibid., 1934, 56, 2011; Tompkins and Wheeler, Trans. Faraday Soc., 1933, 29, 1248; 
Towndrow, Thesis, London, 1937; Damkohler, Z. Elektrochem., 1936, 42, 846; 1937, 43, 
1, 8; Darken and Smith,/./I.C.5'., 1945,67,1411. 

Fig. 11 .III. Thermal Diffusion 
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The correction for the pressure read on a manometer which is at a diflferent 
temperature from the vessel is possible only in two extreme cases: (i) when the 
diameter of the connecting tube is small compared with the mean free path (1) 
can be used; (ii) when the diameter is large compared with the mean free path 
the correction is more complicated and is based on a formula deduced by 
Maxwell: 

. ■ 

where 07=viscosity, M=mol. wt., ^/=diameter of tube, ^=coefficient of slip 
(§ 12.VIIF). Owing to the dependence of rj on temperature and of C on tempera¬ 
ture and pressure, the exact calculation is difficult and is best made graphically.^ 
The necessity for these troublesome corrections is not always appreciated and 
large errors may enter at low pressures. The factor 6T has been used by 
Knudsen 2 in place of 4 in 4^cf/2, For higher pressures ^ may be neglected and 
(2) integrated to give: 

p,2-p^2=&ri^R(T,^-T2^)l{d^T^IA)M .... (3) 
in which Knudsen replaced 6 by 7-4. Knudsen’s formula is: 

;,^2_;,2'=c(7’i2-7’22)/2732(dyne/cm.2)2, 

where c varies only slightly with temperature but depends on the tube radius R, 
viscosity 170 of the gas at 0° C., density po at 0° C. and 1 dyne/cm.2 pressure, and 
Sutherland’s constant C (see § 5.VII F): 

k /1+C/273\V 
^ b-30967\ i + c7r'/^/^2- 

The constant k from elementary kinetic theory is 1, but experiments gave 
A:=2*3. 

The separation effect in thermal diffusion has been largely used in the separa¬ 
tion of isotopes,3 an application suggested by Chapman ^ in 1919. 

1 Bichowsky and Wilson, Phys. Rev., 1929, 33, 851; Hcrzfeld, in H. S. Taylor, “ Physical 
Chemistry,” 1931, 1, 196; Kennard, ” Kinetic Theory of Gases,” 1938, 330. 

2 Ann, Phys,, 1910, 33, 1435; 1927, 83, 797; Weber, Comm, Leiden, 1937, 2A6h; Weber, 
Keesom, and Schmidt, ibid,, 1937, 246^7. 

3 Clusius andDickel, Naturwiss., 1938, 26. 546; 1939,27,110,148; 1940,28,461,711; 1941, 
29, 560; Z, phys, Chem., 1939, 44 B, 397,451; Welch, Ann. Rep. C.S., 1940, 37, 153 (review); 
Cacciapuoti, Nuov. dm., 1941, 18, 114 (review). A selection from the exuberant literature 
on thermal transpiration and gas and isotope separation is given below: Ibbs and Underwood, 
Proc, Phys, Soc., 1927, 39, 227 (CO, Nz; CO2, N2O); Bluh and Bliih, Z. Phys,, 1934, 90, 12; 
Shibata and Kitawaga, J, Chem, Soc. Japan, 1936, 57, 1300; Bliih, Bliih, and Puschner, Phil. 
Mag,, 1937, 24,1103; Ibbs, P/zyj/cu, 1937,4, 1133; Puschner, Z. 1937, 106, 597;Eucken, 
Osterr, Chem, Ztg,, 1938, 41, 137; Korsching and Wirtz, Naturwiss,, 1939, 27, 110, 367; Ber,, 
1940, 73, 249; Blumenthal, Phil, Mag,, 1939, 27, 341; Gillespie, /. Chem. Phys,, 1939, 7, 530; 
Atkins, Bastick, and Ibbs, Proc, Roy, Soc., 1939, 172, 142; Nier, Phys. Rev., 1939, 56, 1009; 
1940,57, 30, 338; Furry, Jones, and Onsager, ibid,, 1939,55,1083 (bibl.); Brewer and Bromley, 
ibid,, 1939, 55, 5^; Watson, ibid,, 1939, 56, 703; 1940, 57, 899; Bramley and Brewer, J. Chem, 
Phys,, 1939,7,553,972; Maier, ibid., 1939,7,854; Taylor and Glockler, ibid., 1939,7,851; 1940, 
8, 843; Taylor, Nature, 1939, 144, 8; van der Grin ten, Naturwiss., 1939, 27, 317; Waldmann, 
ibid., 1939, 27, 230; 1943, 31, 204; 1944, 32, 222, 223; Z. Phys., 1939, 114, 53; 1943,121, 501; 
Groth, Naturwiss., 1939, 27, 260; Frankel, Phys. Rev., 1940, 57, 661; Bardeen, ibid., 1940, 
57, 35; 1940, 58, 94; Brown, ibid., 1940, 57, 242; 1940, 58, 661; Jones and Furry, ibid,, 1940, 
57, 547; Jones, ibid., 1940, 58, 111 (summary of theory); Fleischmann, Phys. Z., 1940, 41, 14; 
Groth and Harteck, Naturwiss., 1940, 28, 47; Srivastava, Proc. Roy. Soc,, 1940, 175, 474; 
Proc. Nat. Inst. Sci. India, 1941, 7, 289; Westhaver and Brewer, /. Chem. Phys., 1940, 8, 314; 
Scaborg, Wahl, and Kennedy, ibid., 1940, 8, 639; WaU and Holley, ibid., 1940, 8, 348; Chap¬ 
man, Nature, 1940,146, 431, 601; Proc. Roy. Soc., 1940, 177, 38; Krasny-Ergen, Phys. Rev., 

4 See note ^ on page 267. 
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Enskog’s ^ theory predicts a tendency of heavier molecules to diffuse towards 
the lower temperature region until the thermal diffusion is balanced by ordinary 
diffusion tending to produce a uniform composition; lighter molecules tend to 
pass into the higher temperature region. 

If a mixture of two gases of molecular weights Afi, M2, in mol fractions 
(§ 57.11) Ni, N2, is contained in two connected vessels at absolute temperatures 
Ti, 7*2, the difference in mol fraction of either constituent is AN=^k'j\n (T2IT1), 
where is the thermal separation coefficient, 
equal to DjIDi2=^NiN2, where Dj, Z>i2 are the 
thermal and ordinary diffusivities and a is the ther¬ 
mal diffusion constant. If the molecules are perfect 
elastic spheres, a=105(Af2—iV/i)/118(Af2+Afi),but 
the imperfect behaviour of real gas molecules re¬ 
duces the value of a to about half the theoretical. 
The equation for AN also applies to a gas mixture 
between horizontal parallel plates at temperatures 
7i, T2, with a concentration difference on the plate 
surfaces. If this apparatus is turned so that the 
plates are vertical, a convection current in the 
direction shown by arrows in Fig. 12.III is set up. 
This carries upwards the gas enriched in lighter con¬ 
stituent at A, and the gas descending at B contains 
more of the heavier constituent. A second concen¬ 
tration gradient develops in the direction CD, which 
may be considerable even if the changes due to 
thermal diffusion along AB are very small. If the apparatus is very tall, the 
opposing effects of convection currents are relatively unimportant, and con¬ 
siderable enrichments of the components are produced at the top and bottom. 
In Clusius and Dickel’s apparatus, a long vertical glass tube, cooled externally 
by running water, had an electrically heated axial platinum or nichrome wire; 

V.. 

Fig. 12.IIL Separation of 
Gases by Convection and 
Thermal Diffusion 

1940, 58, 1078; Nature, 1940, 145, 742; Grew, Proc. Roy. Soc., 1941, 178, 390; Nature, 1942, 
150, 320; 1945,156, 267; Schmal and Schewe,Z. Elektrochem., 1940,46, 203; Heath, Tbbs, and 
Wild, Proc. Roy. Soc., 1941,178, 380; Nier and Bardeen, J. Chent. Phys., 1941, 9, 690; Hirota, 
Bull. Chem. Soc. Japan, 1941, 16, 274; Clusius and Kowalski, Z. Elektrochem., 1941, 47,819; 
Meixner, Ann. Phys., 1941, 39, 333; Akabori et ai, Proc. Phys. Math. Soc, Japan, 1941, 23, 
568,599; Stier, Phys. Rev.,1942,62, 548; Kendall, Nature, 1942,150,136 (review); Verschaffelt, 
Bull Acad. Roy. Belg., 1942, 28, 455, 476; de Groot, Hoogstraten, and Gorter, Physica, 1942, 
9, 923; Steinwald, Die Chemie, 1942, 55, 152; Stetter, Osterr. Chem. Ztg., 1942, 45, 130; 
Amer. Chem. Abstr., 1944, 38, 4846; Clusius and Dickel, Z. phys. Chem., 1942, 52B, 348; 
1943, 53B, 178; 1944, 193, 274 (see also above); Harrison, Proc. Roy. Soc., 1942, 181, 93; 
Watson and Woemley, Phys. Rev., 1943, 63, 181; Hirota and Kimura, J. Chem. Soc. Japan, 
1943, 64, 756; Hirota and Oguro, ibid., 1943, 64, 450; Kihara and Kotani, Proc. Phys. Math. 
Soc. Japan, 1943, 25, 602; Fournier, J. de Phys., 1945, 6, 104; Furry and James, Phys. Rev., 
1946, 69, 459; Schrader, ibid., 1946,69,439; Klemm,Z. Naturforsch., 1946,1, 252; Hogerton, 
Chem. Met. Eng., 1946,52, No, 12,98 (large scale separation of 235LJ); Kitagawa,/. Chem. Soc. 
Japan, 1946, 67, 1; Waldmann, Z. Naturforsch., 1946,1,10,12; 1947, 2 A, 358; Z. Phys., 1948, 
124, 175; Grew, Proc. Roy. Soc., 1947, 189, 402; Murphy, Phys. Rev., 1947, 72, 834; Schafer, 
Naturwiss., 1947, 34, 166; Angew. Chem., 1947, 59 A, 83; Van Itterbeek, Van Paemel, and 
Van Lierde, Physica, 1947,13, 231; Prigogine, Physica, 1947, 13, 319; Becker, Z. Naturforsch., 
1947, 2 A, 297, 441, 447; Niini, Suomen Kemist., 1947, 20B, 49; Amer. Chem. Abstr., 1948, 
42, 2822; Lauder, Trans. Faraday Soc., 1947, 43, 620; Clusius and Becker, Z. Naturforsch., 
1947, 2 A, 154; Ney and Armistead, Phys. Rev., 1947, 71, 14; Watson, Buchanan, and Elder, 
ibid., 1947, 71, 887 0®B and Hfi by diffusion of BF3); Mann, Phys. Rev., 1948, 73,412; Drick- 
amer, O’Brien, Bresee, and Ockert, /. Chem. Phys., 1948,16,122; Chipman and Dastur, ibid., 
1948,16, 636; Bernstein and Taylor, ibid., 1948,16, 903. 

1 See note 5 on page 267. 
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the parallel surfaces were thus in the form of concentric cylinders. In other 
forms a rigid internally heated inner tube replaced the axial wire. The chlorine 
isotopes ^^Cl and ^'^Cl were separated in a nearly pure state as H^^Cl and 
H^^Cl by using hydrogen chloride, and i^CH4 from methane. In some cases, 
chemical exchange methods lead to better isotopic separation than thermal 
diffusion. 

A supposed inversion of the thermal diffusion effect is said ^ to occur during 
the process of spontaneous mixing of two gases stratified with the lighter gas 
above. The upper gas becomes slightly warmer and the lower gas slightly 
cooler, but when mixing is complete the temperature has again its initial value. 
Waldmann calculated a possible maximum change of temperature of T on 
diffusion of nitrogen into hydrogen. 

A similar effect to thermal diffusion in gases is found in liquids, and the 
so-called Ludwig-Soret effect, a change of concentration of an unequally heated 
solution, becoming less concentrated in the warmer part, is supposed to depend 
on the same causes as thermal transpiration.*^ It has also been used for isotope 
separation. 

An elementary theory of thermal transpiration and gas separation was given 
by Rai and Kothari ^ and by Fournier,an advanced treatment by Chapman 
and Cowling; ^ the theory for Bose-Einstein and Fermi-Dirac gases (§ 36.1 V) 
was given by Gogate and Kothari.^ 

1 Clusius, Naturwiss.y 1942,30, 711; Waldmann, Z. Naturforsch,, 1947, 2 A, 358; Z. Fhys,, 
1947, 124, 1; cf. Dufour, Arch. Sci. Phys. Nat., 1872, 45, 9; 1874, 49, 103; 1875, 53, 177. 

2 Ludwig, IVien Ber., 1856, 20, 539 (note of fact only); Sorct, Arch. Sci. Phys. Nat., 1879, 2, 
48; 1880, 4, 209 (many experiments and theory); Ann. Chim., 1881, 22, 293; van’t Hoff, 
Z. phys. Chem.y 1887, 1, 487; van Berchem, Compt. Rend., 1890, 110, 82 (ment. Ludwig): 
Des Coudres, Ann. Phvs., 1894, 52, 191 (bibl.); Arrhenius, Ofversigt af K. Vetensk. Akad. 
ForhandL, 1894, lS(o. 2, ’6l; Z.phvs. Chem., 1898, 26,187; Abegg, ibid., 1898, 26, 161; Duane, 
Ann. Phvs., 1898, 65, 374; Z. phys. Chem., 1898, 27, 674 (abstr.); Liebenow, Ann. Phys., 1899, 
68, 316; 1900, 2, 636; Voigt, ibid., 1899, 69, 706; Wessels, Z.phys. Chem., 1914, 87, 215 (bibl.); 
Eilert,Z. anorg. Chem., 1914, 88, 1; Chipman,/..4.C.5’., 1926, 48, 2577; Porter, Trans. Faraday 
Soc., 1927, 23, 314; Bruins, Z. phys. Chem., 1927, 130, 601; Eastman, J.A.C.S., 1928, 50, 
283; Bruzs, Z. phys. Chem., 1931, 157, 422 (bibl.); Clusius and Dickel, Naturwiss., 1938, 26, 
546; 1939, 27, 148; Z.phys. Chem., 1944, 193, 274; Korsching and Wirtz, Naturwiss., 1939, 
27, no, 367; Z. Elektrochem., 1939, 45, 662; Ber., 1940, 73, 249; Wirtz, Naturwiss., 1939, 27, 
369; Ann. Phys., 1939, 36, 295; Debye, Ann. Phys., 1939, 36, 284; Hiby and Wirtz, Phys. Z., 
1940, 41, 77; Taylor and Ritchie, Nature, 1940,145, 670; Gillespie and Breck, J. Chem. Phys., 
1941, 9, 370; Carr, Phys. Rev., 1942, 61, 726; /. Chem. Phys., 1944, 12, 349; Hirota, Bull. 
Chem. Soc. Japan, 1941, 16, 475; 1942,17, 286; J. Chem. Soc. Japan, 1942, 63, 105, 292, 999, 
1061; 1943, 64,16, 112,756; Hirota, Matsunaga, and Tanaka, ibid., 1943, 64, 811 (fused salts); 
Hirota and Kimura, Bull. Chem. Soc. Japan, 1942, 17, 42; 1943, 18, 111; Fournier, Compt. 
Rend., 1942, 215, 529; Korsching, Nadurwiss,, 1943, 31, 348; 1944, 32, 220; Wirtz, ibid., 
1943, 31, 349, 416; Alkhazov, Murin, and Ratner, Bull. Acad. Sci. U.R.S.S., 1943, 3; for 
Soret effect in solid mixed crystals: Reinhold, Z.phys. Chem., 1929, 141, \yi\Z. Elektrochem., 
1929, 35, 627; Reinhold and Schulz, Z.phys. Chem., 1933,1^, 241; for isotope of Ag separa¬ 
tion by conduction of ion transport in solid Agl, Klemm, Z. Naturforsch., 1947, 2A, 9; Van 
Dranen and Bergsma, Physica, 1947, 13, 558; de Groot, “ L’Effet Soret,” Amsterdam, 1945; 
Compt. Rend., 1947,225, yil\J. dePhys., 1947, 8, 129,193; Ninii, Suomen Kemist., 1947, 20 B, 
49; Amer. Chem. Abstr., 1948, 42, 2822. 

3 Indian J. Phys., 1943, 17, 103; Cacciapuoti, Nuov. Cim., 1943, 1, 126. 
^ J. de Phys., 1944, 5, 1 (including effects of molecular diameter). 
5 “Mathematical Theory of Non-Uniform Gases,” Cambridge, 1939, 252; Powell, Rep. 

Progr. Phys., 1939, 5, 164; Fiirth, Proc. Roy. Soc., 1941-2, 179, 461; Jensen and Waldmann, 
Naturwiss., 1941, 29, 467; Jensen, Angew. Chem., 1941, 54,405 (the complicated equations are 
given in full in Amer. Chem. Abstr., 1942,36,4411); Gurevich,/.PAys. U.S.S.R., 1945,9,312. 

6 Phys. Rev., 1942, 61, 349. 
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§ 17. Evaporation 

The equilibrium between a liquid or solid and its saturated vapour is kinetic, 
i.e. as many molecules leave the liquid or solid in unit time as pass back to it 
from the vapour.^ The rate of evaporation from the condensed phase is 
constant at a given temperature, so that if the pressure of the vapour is lowered 
the rate of evaporation exceeds the rate of condensation, since the latter is 
proportional to the number of vapour molecules impinging on the condensed 
phase per second, and this is shown by (2), § 14 to be proportional to the pres¬ 
sure. If the pressure of the vapour is increased above the saturation value the 
rate of condensation exceeds the rate of evaporation. In both cases, when the 
equilibrium has been upset, it is ultimately restored by evaporation or con¬ 
densation (see § 40.11). 

Since the rates of evaporation and condensation are equal when the vapour 
is saturated, it might seem that the rate of evaporation could be found by 
equating it to the rate at which vapour molecules impinge on the condensed 
phase, as given by (1), § 14. A difficulty arises from the fact that it is by no 
means certain that all the vapour molecules striking a solid are condensed; a 
fraction may be reflected from it without condensing. A factor a, called the 
coefficient of evaporation, giving the fraction of the impinging molecules which 
condense, must be introduced, and unless a is known or can be shown to be 
unity, the rate of evaporation cannot be found. The amount of material 
evaporated in g. per cm.^ per sec., and also returned to the condensed phase by 
the vapour, is then given by (4), § 14, multiplied by a: 

w= vma=ap\/(A//277jR7’).(1) 

Information on the value of a in the evaporation of mercury is given by 
direct experiments ^ in which the mercury was contained in a very high vacuum 
between the walls of a thermos vessel, the inner wall being cooled by liquid air, 
and the mercury was kept at a given temperature by immersing the vessel in a 
thermostat. The evaporating molecules passed across the space practically in 
free paths without collisions, and condensed on the glass at liquid-air tempera¬ 
ture. The deposit was melted off and weighed, and thence the rate of evapora¬ 
tion determined. The value of a was found to be approximately 1 for liquid 
mercury and for solid mercury below —140° C., whilst for solid mercury above 
— 100°C. it was about 8 to 10 per cent, less than 1. Since the formula (1) 
contains the molecular weight, and the vapour pressures of isotopes are probably 
nearly equal,^ the rates of evaporation of the isotopes of mercury should be 
slightly different; this was shown to be the case by measuring the density of the 
liquid condensed mercury and of the residual mercury. If a is known or is 
assumed = 1, equation (1) gives a means of measuring vapour pressures (see 
§ 12.VIII J, Vol. II). 

J Clausius, Ann. Phys., 1857, 100, 353; Die mechanischc Theorie der Case, in “Die 
mechanische Warmetheorie,” Brunswick, 1889-91, 3, 12. 

2 Knudsen, Ann. Phys., 1915, 47, 697; Bronstcd and Hevesy, Nature, 1920, 106, 144 (Hg); 
1921,107, 619 {Ch)\Z. phys. Chem., 1921, 99,189; Phil. Mag., 1922, 43, 31 (Hg); Volmer and 
Estermann, Z. Phys., 1921, 7, 1; Mulliken and Harkins, J.A.C.S., 1922, 44, 37, 1033; Egerton 
and Lee, Proc. Roy. Soc., 1923,103, 499 (Zn). 

3 For theory of small differences, see Lindemann and Aston, Phil. Mag., 1919, 37, 523; 
Lindemann, ibid., 1919, 38, 173; Grimm, Z. phys. Chem., 1929, 2B, 180; Grimm and Braun, 
ibid., 1929,2B, 200, failed to separate CCI4 or CI2 by fractionation; with H and D compounds, 
the differences are quite large. See § lO.VTll L, Vol. IL 
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§ 18. Experimental Tests of Maxwell’s Distribution Law 

Several experimental tests of Maxwell’s law of the distribution of molecular 
velocities have been made. 

(i) The wavelength of light emitted by a moving atom will be modified by a 
Doppler effect, and the broadening of the spectrum lines of monatomic gases 
agrees ^ with Maxwell’s law applied to a large number of radiating atoms. 

(ii) If a copper plate is covered on one side with glass and suspended from 
a fibre as a vane in chlorine gas, the copper side experiences a smaller pressure 
than the glass side because some chlorine molecules combine with the copper 
and do not rebound elastically; the momentum imparted is then mu and not 
2mu, where u is the velocity normal to the plate. If it is assumed that combina¬ 
tion occurs only with a minimum velocity, the variation with temperature of 
the pressure difference and the increase in weight of the plate were found by 

Cantor- to agree with the distribution 
law. A similar method used by Kap- 
pler^ depended on the condensation 
of molecules from a vapour at low 
pressure on a vane of a miniature torsion 
balance. 

(iii) A model in which steel balls 
moving on a glass plate by sliding a wood 
containing-frame gave results corres¬ 
ponding witha Maxwellian distribution.^ 

(iv) The first direct measurement 
of molecular velocities was made by 
Stern."^ The principle is the same as 
that used in the aberration method for 

determining the velocity of light. A platinum wire W (Fig. 13.III) heavily plated 
with silver was surrounded by a cylindrical drum D with a narrow slit S, this 
being in turn enclosed in a larger concentric drum PP'. The whole could be 
rotated as a rigid body about W and was contained in a vacuous enclosure. 
The wire W was heated electrically to such a temperature that silver atoms were 
thrown off, and as the pressure was very low these had long free paths and many 
passed through the slit S. With the apparatus at rest these condensed at P on 
the outer drum, but if it was rapidly rotating the outer drum moved an appre¬ 
ciable distance before the beam of silver atoms struck it, and the atoms were 
deposited at P'. Atoms moving at different speeds deposited at different places, 
and the position and intensities of the deposits would indicate the distribution 
of velocities of the atoms. By rotating the drum first in one and then in the 
other direction, two lines each displaced from the central position P by equal 
amounts were obtained. The average velocity of the silver atoms was found 

1 Rayleigh, Phil. Mag., 1889, 27, 298; Michelson, ibid,, 1892, 34, 280; Fabry and Buisson, 
Compt. Rend,, 1912, 154, 1224; J, de Phys,, 1912, 2, 442; Ornstein and van Wyk, Z. Phys., 
1932, 78, 734. 

2 Cantor, Ann. Phys., 1897,62,482; Z.phys. Chem., 1898,26,568; Predwoditelew, Z. Phys., 
1927,46,406; Frommer and Polanyi, Z.phys. Chem., 1928,137,201; Bennewitz and Neumann, 
ibid., 1930, 7B, 246; 1932, 17B, 457; Kappler, Ann. Phys., 1938, 31, 377 (torsion balance). 

3 Minnaert, Z.phys. chem. Unterr., 1919, 32, 69; Wulf, ibid., 1921, 34, 5. 
4 Z. Phys., 1920, 2, 49; 1920, 3, AM\ Phys. Z., 1920,21, 582; on molecular rays (or beams), 

see Fraser, “ Molecular Rays,” Cambridge, 1931; Rodebush, Rev, Mod. Phys., 1931, 3, 392; 
Bessey and Simpson, Chem. Rev., 1942, 30, 239; Estermann, Simpson, and SXttn, Phys. Rev., 
1947, 71, 238; Estermann and Foner, ibid., 1947, 71, 250. 

Fig. 13.III. Stern’s Experiment 
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to be 643-675 m. per sec., as compared with the theoretical value 672 m. per sec. 
for the given temperature. 

A more sensitive apparatus on this principle, in which a beam of bismuth 
molecules emitted from a stationary oven passed through a fixed slit, and then 
into a rapidly rotating drum with a slit coming opposite the fixed slit, was used 
by Zartman ^ and Cheng Chuan Ko.^ The number of molecules with velocities 
between c and c+dc passing through the slits is proportional to cdN, where 
dA^ is given by (19), § 11, i.e. to where The point of 
impact with the drum is displaced from the point at which they aim on entry 
by a distance s=^{Djc). TrDn, where i)=diameter of drum, 7i=frequency of 
rotation. The molecules in the range dc thus spread over a distance d^— 
‘-irnD'^dcIc^ and if A is the number depositing per unit length: 

Ad^= —Cc^e'^'^^dc, 

/. A=(C/7^/2i)2)c5e-^^^=(C'^’5)e-^ 

where ix=^7T^n'^D^pls^, and C and C' are constants. 
Ko found that the velocity spectrum was not in complete agreement with 

Maxwell’s law. This was explained by assuming the presence of three kinds of 
molecules in the vapour, Bi, Bi2 and Bi3, and if these are assumed to be present 
at 827° C. in the ratios Bi : Bi2 : Bi3=44 : 54 : 2, the molecules of each 
kind obeying Maxwell’s law, the relative intensity plotted against the displace¬ 
ment s gave a curve which resembled the Maxwell distribution curve in general 
shape, and could be obtained by superimposing three curves for the separate 
kinds of molecules. By calculating the ratios of Bi to Bi2 at different tempera¬ 
tures, the heat of dissociation of Bi2 was calculated by the van’t Hoff Tsochore 
Equation (12), § 60.11. 

Experiments with a similar apparatus by Cohen and Ellett ^ with alkali 
metals gave a very good confirmation of Maxwell's law. They also studied the 
velocity distribution in a beam of potassium atoms which had been scattered 
by a magnesium oxide crystal, and found agreement with Maxwell’s law, the 
absolute velocities depending only on the temperature of the scattering crystal 
and being independent of the origin of the beam. This indicates that the atoms 
were not specularly reflected, but were first adsorbed on the crystal surface and 
then emitted diffusely at a temperature corresponding with this (“ cosine law ”). 
This agrees with experiments of Knudsen,'^ Langmuir, ^ and others, who found 
that the directions of molecules after impact were not in any way related to the 
directions of the molecules impinging on a surface. Cohen and Ellett passed 
the charged atoms through a magnetic field, which produced curved tracks, 
the radius of curvature being proportional to the velocity. This magnetic 
method was also used for lithium and potassium by Scheffers and Meissner,^ 
who found excellent agreement with Maxwell’s law. 

(v) A method proposed by Stern, ^ similar to the toothed-wheel method used 
by Fizeau to measure the velocity of light, was applied to the determination of 

1 Phys, Rev., 1931, 37, 383. 
2 J. Franklin Inst., 1934, 217, 173; Loeb, “Kinetic Theory of Gases,” New York, 1934, 

132; Kennard, “ Kinetic Theory of Gases,” New York, 1938, 71. 
3 Fhys. Rev., 1937, 52, 502, 509. 
4 Ann. Phys., 1915, 48, 1113; “ Kinetic Theory of Gases,” 1934, 26 f.; Wood, Phil. Mag., 

1915, 30, 300; 1916, 32, 364. 
5 Phys. Rev., 1916. 8, 149; J.A.C.S., 1918, 40, 1361; Trans. Faraday Soc., 1921, 17, 607; 

Loeb, “ Kinetic Theory of Gases,” 1934, 338 f. 
Phys. Z., 1933, 34.48, 245. 

^ Z. Phys., 1926, 39, 75L 
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molecular velocities by Costa, Smyth, and Compton,^ by Eldridge,^ and by 
Lamraert.*^ A beam of atoms or molecules from an oven O (Fig. 14.111) passed 
through a slit S and then in succession through two wheels Wj and W2 with slits, 
rapidly turning on the same shaft. The widths of the three slits were equal but 
the slit in W2 was set at an angle of 2° behind that in W1. Thus, those molecules 
which travel exactly the distance between Wj and W2 whilst the wheels turn 
through 2° pass through both slits, the slower and faster molecules being stopped 
by W2. By rotating the wheels at different speeds, molecules travelling with 
any assigned speed in a given range were transmitted and formed a deposit on 
a transparent screen, from the density of which the number of molecules could 
be calculated (Lammert); or the molecular beam was allowed to fall on a small 
radiometer vane behind W2, from the deflection of which the number of mole¬ 

cules in the beam was calculated (Costa, Smyth, and Compton). The slits 
separated the molecules into a velocity spectrum, and Maxwell’s law was 
verified with considerable accuracy. 

(vi) Some miscellaneous methods depend on the structure of rotational band 
spectra,and on the velocities of electrons and positive ions emitted by hot 
bodies 5 (see “ Thermionics,” § 11.VIII K, Vol. II). 

These quite different lines of experimental evidence leave no doubt of the 
validity of Maxwell’s Distribution Law. The theoretical deduction given in 
§ 10 is, as stated, not regarded as satisfactory, and others have been given. 
Boltzmann in 1872 established what is generally called the H-theorem; by a 
detailed analysis of the effects of molecular collisions he showed ^ that the 
Maxwellian distribution is actually the only steady state possible in a gas, and 
that any other distribution will almost certainly alter by collisions so as to 
approach the Maxwellian form. The details of such investigations will be 
omitted here, since the law is more easily and directly obtained from the general 
principles of Statistical Mechanics (§ 33.IV). 

1 Phys. Rev,, 1927, 30, 349. 
2 Phys. Rev., 1927, 30, 931; cf. Tykocinski-Tykosiner, /. Opt. Soc. Amer., 1927, 14, 423. 
3 Z. Phys., 1929, 56, 244. 
4 Eva von Bahr, Verhl d. D. Phys. Ges., 1913,15, 710. 
3 Richardson, “ The Emission of Electricity from Hot Bodies,” 1921, 154 f, 206 f.; Lang¬ 

muir, Z. Phys., 1927, 46, 271; Locb, “Kinetic Theory of Gases,” 1934, 114; T. J. Jones, 
“ Thermionic Emission,” 1936. 

6 “ Gastheorie,” 1896, 1, 32; Jager, Ann. Phys., 1905, 16, 46; Holm, ibid., 1915, 48, 481; 
Jeans, “ Dynamical Theory of Gases,” 3rd edit., 1921, 22, 64; “ Kinetic Theory of Gases,” 
1940, 297; Kennard, “ Kinetic Theory of Gases,” 1938, 52. 
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§19. Boltzmann’s Equation 
A very important general equation deduced by Maxwell ^ and Boltzmann ^ 

concerns the distribution of molecules (or ions) in a static field of force. The 
consideration of Boltzmann’s equation may be approached by way of the very 
simple formula for the decrease in atmospheric 
pressure with height {Barometer Formula). 
Consider a gas in a tall vertical cylinder of 
1 cm.2 cross-section, and height z (Fig.l5.IIT). 
Let the number of molecules per cm.^ at heights 
z=zo=0 (‘'ground level”) and z==z be Nq and 
A respectively, the temperature 7" being constant 
throughout the column (see below). If m is 
the mass of a molecule, the masses of gas in 
g. per cm.^ (densities) at heights z=Zo and z=z 
will be Nom=po and Nm=p, respectively, and 
the weights per cm.^^ are N^mg and TVmg, where 
g is the acceleration of gravity, supposed con¬ 
stant in the column. Let p and p—dp be the 
pressures in the planes of height z and z-f-dz, 
respectively; then, as the mass of gas in the slice of the thickness dz is pdz = 
(M/F)dz, where A/=molecular weight, F=molar volume, the pressure differ¬ 
ence (in absolute units) is: 

-dp=g(A//K)dz=(Mg//?r)pdz, 

the minus sign being taken because p decreases as z increases. Hence, 

dp/p=d Inp^-{MglRT)dz, 

ln/?=(—Mg/i?r)z-fconst. 

Put z=0, therefore In 7)o=const., where po^ptessure at the base of the column, 

^^{plPo)=-i.!^glRT)z=-{mglkT)z .... (1) 
where m^MjN and k=RIN, N being Avogadro’s number and k Boltzmann’s 
constant. Equation (1) is the barometer formula. Boyle’s law gives 
p/pQ==p/pQ,and plpQ^NmlNQm=NlNo, where A, Nq are the numbers of molecules 
per cm."^, 

ln(A/Ao)=--mgz/^r.(2) 

and .(3) 

Now mgz=€p., the potential energy of the molecule at the height z referred to 
that at the heighi Zq as zero, 

. 7v=:A^^e .(4) 

Since the pressures are proportional to the numbers of molecules per cm.^, it 
follows from (4) that: 

P=P(P~''‘'^'^.(5) 

1 B.A. Report, 1873, II, 29. 
2 Wien Ber., 1875, 72, U, 427; 1876, 74, II, 503; 1879, 78, II, 7 (gas under gravity); “ Gas- 

theorie,” 1896,1, 134; “ Wiss. Abhl.,” 1909,2.1,55,250; H. W. Watson, “ Kinetic Theory of 
Gases,” Oxford, 1876,12f.; Ferrini, R.R. Inst. Lombardo^ 1885,18, 319; Jiiger, “ Fortschritte 
der kinetischen Gastheorie,” 1906, 68; Onnes and Keesom, “ Enzykl. d. math. Wiss.,” 1912, 
5, i, 769; Herzfeld, in H. S. Taylor, “Physical Chemistry,” 1931, 1, 116; the criticism of 
Loschmidt, Wien Ber., 1876, 73, II, 128, 366, is mentioned below. 
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Equation (2) was used by Perrin i in the study of the distribution of uniform 
gamboge particles in a vertical column of suspension. In this case, the gravita¬ 
tional force on the particle is reduced by the upward thrust due to the buoyancy 
of the liquid, which can be calculated by Archimedes’ principle, and the resulting 
equation is: 

In (NjN^)^-{MgzlRT){\-djD).(6) 

where d and D are the densities of the liquid and of the solid particle, respec¬ 
tively. By counting N and TVq, the value of M, the “ molecular weight ” of 
the microscopically visible particle, was calculated. The mass m of each 
particle was calculated from the counted number per cm.^ and the total mass 
per cm.3 found by evaporation and weighing. From M and m, N=^MIm, 

giving the value of Avogadro’s number as 6-8 x lO^^. 
Schrodinger ^ showed that two isotopic gases of different masses could be 

reversibly mixed by using a gravitational field, giving the usual entropy equation 
(§ 57.11). 

In principle, the method could be used, especially if assisted by a centrifuge, 
in separating mixtures of gases of different density.^ 

The above calculation, although it gives the correct result for the distribution 
in molecular density (N) with height, throws no light on the way in which this 
is brought about. A consideration of the matter from the point of view of the 
kinetic theory shows that the gradation of density in the gas must be due to the 
motion of the molecules. A molecule having a velocity component w in the 
direction of the vertical z axis will behave like a stone projected vertically 
upwards in a gravitational field,^ i.e. it will rise to a height z such that it acquires 
a potential energy mgz equal to its initial kinetic energy and will come 
to rest with zero kinetic energy. It then falls back, and the potential energy 
is converted into kinetic. Since the temperature is proportional to the mean 
kinetic energy, it might seem that the temperature of the gas should fall off 
with increasing height, ^ but it must be remembered that it is just those molecules 
having higher kinetic energies than the average which will reach the upper 
layers of the gas and leave the lower layers; there is thus a compensation, and 
the average kinetic energy, and hence the temperature, remains the same 
throughout the column.<5 

A vertical column of gas under gravitational action might be supposed to 
have a somewhat higher “ temperature ” in the lowest levels, because of the 
fall of the molecules (so acquiring kinetic energy) by gravity, although this 
does not lead to heat flow, and is in apparent contradiction to the Second Law 
of Thermodynamics.This has been called ® the sama effect; attempts to 
detect it ^ failed (it should be 3x 10~<5 degree per cm. at mm. pressure), 

1 “ T Atnmpq ” 1Q14 

2 Z. Phys„ 192}\ 5, 163; cf. Gouy, Comp/. Rend., 1914, 158, 664. 
3 See e.g. Mazza, Brit. Pat. 423,003/1935; Rabu, UIndustrie Chim., 1935, 22, 896. 
4 Cf. Low, Z.phys. Chem., 1912, 80, 192. 
5 This was supposed to be the case by Loschmidt, Wien Ber., 1876, 73, II, 128, 366. 
^ Ehrenfest, Z. Phys,, 1923, 17, 421 (already emphasised by Boltzmann); see also de Boer, 

Arch. N^erl., 1901, 6, 641; Exner, Ann. Phys., 1902, 7, 683. For the action of gravity on a 
gas mixture, see Gouy, Compt. Rend., 1914,158, 664. 

7 Loschmidt, Wien Ber., 1876, 73, II, 128, 366; 1877, 75, 11, 287; 1878, 76, II, 209; cf. 
Polvani, Nuov. dm,, 1920, 19, 225. 

^ Von Dallwitz-Wegner, Z, Phys., 1923, 15, 280; see criticism by Ehrenfest, ibid., 1923, 
17, 421, as “ an old deceptive delusion.” 

Holm, Arkiv Mat. Astron. Fys., 1927,19 A, No. 34; 1928,20 A, No. 1; 21 A, No. 12; Compt. 
Rend., 1928, 187, 531. 
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but a flow of gas detectable by a light vane (gravimolecular pressure) was 
claimed. 

It must now be shown that the Maxwellian distribution will hold in the 
different parts of the force field, and in the first place it will be supposed that 
the molecules moving vertically do not enter into collisions. Consider the 
levels z and z+Az. Then, if Maxwell’s law holds in the region of the plane z, 
the number of molecules leaving 1 cm.^ of this plane in an upward direction 
which have velocities in the range w to w+dw will be, from (37), § 10: 

N(ml27TkTy^^wc~^^^'^‘'^dw.(7) 

since the cube-root of the expression in (37), § 10, giving the number of mole¬ 
cules of specified type per cm.^, is multiplied by w to give the number crossing 
the plane per second. Each molecule reaching the upper plane z+dz will 
have lost kinetic energy rngdz, hence if primed symbols are used for the z+dz 
plane: 

^mw'^+mgdz=^niw'^, w'dw'=^wdw. 

But c''^=u''^+v'‘^+w'^, 

and w'=w, hence (7) can be written: 

jyg wiifd;r (^fnj2TTkT)^^^w'c .... (8) 

Since by (4), it is seen that (7) and (8) are the same expressions 
for the conditions which apply to the heights z and z+dz, respectively, and 
hence Maxwell’s law applies to z+dz. 
This shows that it must apply throughout 
the gravitational field. 

Next consider the effects of collisions. 
These will change the group of veloci¬ 
ties to which a molecule belongs, but if 
a Maxwellian distribution holds at any 
point, collisions will add as many mole¬ 
cules to a group moving in any given 
direction as are removed from it, so that 
the final effect of collisions is to leave 
things as they would be without collisions. 
If two molecules collide, they merely exchange velocities along the axis of 
collision, and the other two velocity components at right angles are unchanged. 
Thus, the product dudvdwdu'dv'dw' before collision becomes du'dvdwdudv'dw' 
after collision and the two products remain equal. 

A mathematical proof of this was given by Boltzmann.^ Although Rothe 2 
maintained that Boltzmann’s proof was unsound, and gave one in which a 
functional determinant is shown to be equal to —1, Jeans ^ pointed out that 
the result is almost obvious. It is a special case of Liouville’s equation (§ 13.IV). 

Boltzmann’s argument, which applies to two kinds of molecules, is as follows. 
Through the centres of two molecules of masses m and rrii at the moment of 
collision draw a line OK, and from O draw OC and OCi representing in magni¬ 
tude and direction the velocities of the molecules (Fig. 16.111). Then CCj repre¬ 
sents the relative velocity of one molecule with respect to the other. Divide 

1 men Ber., 1868, 58, II, 517; 1872, 66, U, 275; 1875, 72, II, 427; 1886, 94, II, 613; “ Gas- 
theorie,” 1896,1, 19, 27; “ Wiss. Abhl.,” 1909,1,49,316; 2,1; 1909,3,225; Stankevitsch, Ann. 
Phys„ 1886,29, 153. 

2 Ann. Phys., 1917, 53, 151. 
3 “ D3^namical Theory of Gases,” 3rd edit., 1921, 21. 
^ See Watson, ” Kinetic Theory of Gases,” 2nd edit., Oxford, 1893, 9,21. 

Fig. I6.1II. Boltzmann’s Construction 
for Molecular Collisions 
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CCi at S such that Wi . CiS=/w. CS, then OS represents the velocity of the 
centre of gravity of m and Wj. OK can be taken as the axis of the velocity 
component u. The two components of the relative velocity perpendicular to 
OK will be unchanged on collision, so that v and w remain the same. If the 
components parallel to OK are u and wi before collision, and u' and Ui' after 
collision, the principle of conservation of momentum gives mu+miUi^ 
mu'+mxUi \ and the principle of conservation of energy gives 
hnu''^+^miu{^\ hence either u'=^u and or w and wi. 
Since the molecules fly apart after collision, only the second solution is possible. 
Hence the two components of the relative velocity which fall in the direction of 
K1K2 parallel to OK are simply reversed on collision. In the plane of K1K2 

and CCi draw SC' and SCi' equal to SC and SCi with the same inclinations 
to K1K2 as these but reversed, i.e. ZKiSCi = Z.K2SC1'. Then C' and Ci' 
are the ends of the velocity vectors OC' and OC/ after collision, and C'Cj' 
represents the relative velocity of m and ///j after collision. 

If now, with C fixed, the point C| describes a small parallelepiped volume 
element dwidz;]dwi=da»i, then the complete symmetry of the figure shows that 
C' must describe a congruent parallelepiped dw/d^^i'du'i'=dcoi', which is 
the mirror image of do^i. With Ci fixed, C will describe a parallelepiped 
dwdz;dH’=d6u, and again the complete symmetry of the figure shows that C' 
will describe a parallelepiped dw'dz;'d>v'=da>', which is the mirror image of 
dco. Hence da> 'dco ^'=dcodo) ^. 

If Maxwell’s law holds for all parts of the gas (thermal equilibrium) then 
for the z plane: 

But from (4), where Nq refers to the plane r=0; hence: 

where Nq is the number of molecules in a given volume in the plane r=0. 
Equation (4) is easily extended to other kinds of potential energy, e.g. of 

charged particles in an electric field. If an element of volume dr contains 
mass points which exert no attractive or repulsive forces, and if Nq is the 
number of particles per cm.^, then the number of particles in dr is But 
if the particles exert forces on one another and are free to move, this number 
will be less (repulsion) or greater (attraction) than say NAt. Let the 
force originate from a central point (e.g. a charged ion), and consider a small 
volume at a distance r from it. Let the average electric potential be V, In 
equilibrium, the same numbers of particles pass across any section, but the 
number will be smaller (attraction) or greater (repulsion) than in the absence 
of the central charge. Now take Nq in the vicinity of this. Formula (4) may 
be applied if the gravitational force mgz is replaced by the electrical force of 
attraction Vev, where e is the (positive) electronic charge and v is the valency 
of the ion. Thus, In (A^/A'q)= — VevIkT, or: 

.(10) 
This is the equation used in the theory of strong electrolytes of Debye and 
HiickeLi 

Boltzmann’s principle is stated by Noyes ^ as follows: “ When a large number 
of molecules possessing an average kinetic energy fArTare distributed throughout 

1 Phys. Z., 1923,24,185, 334; Debye, ibid,^ 1924, 25,97; Partington, “ Chemical Thermody- • 
namics,” 1940, 129. 

2 JA,C,S., 1924, 46, 1080. 
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a region where there prevail at different points different fields of force, whereby 
any kind of molecule A in any given volume element dv acquires a potential 
energy €, the number of such molecules will be equal to the number per unit 
volume in a place where this energy is zero, multiplied by the factor 
and by the volume dzj.” A correction of the equation is necessary for small 
mean free paths.^ 

§ 20. Mean Free Path 

A single molecule moves in a straight line with the average velocity c until 
it collides with another molecule, when its path is deflected but its average 
speed remains the same. The molecules will first be regarded as hard elastic 
spheres exerting no forces on one another except at the moment of impact. 
The total path will then be an irregular zig-zag, with a collision at each corner, 
and a straight-line free path between each pair of collisions. The individual 
lengths of these free paths will vary considerably, but for a very large number 
the average length will approach a definite value called the mean free path and 
denoted by /. This was first calculated by Clausius,^ whose method is essentially 
followed here. 

The collisions will occur at irregular intervals, but over a sufficiently long 
time, the average number of collisions per second approaches a definite number 
called a collision frequency and denoted by Z (German, ‘‘ Stosszahl ”). Since 
the distance traversed per second, c, is broken up by Z collisions into free 
paths of average ^ length I: 

c=Z/.(1) 

Z and / may also be referred to a group of molecules instead of to a single 
molecule. The average of the free paths described by all the molecules in a 
given volume of gas in any given interval of time is the mean free path /. A 
large number N of molecules per cm.^make AZ collisions per second; the total 
number of molecular impacts made by N molecules per cm.^^ is AZ, but if the 
molecules are of the same kind the total number of complete collisions per 
second, each involving (wo impacts, is jNZ. Otherwise expressed, the number 
of times an A molecule collides with another, B, molecule per second is AZ, 
but if the other molecule is also an A molecule, then two A molecules collide 
at each impact and the number of complete collisions of each A molecule 
is iAZ. 

The probability of collision of a molecule obviously increases with its speed, 
and it has a greater probability of striking another molecule when this is moving 
than if it is at rest. Thus, / and Z depend on the velocity. The probability 
that a molecule moving with a velocity c collides with another molecule during 
a short interval of time dt is proportional to dr, since if molecular chaos is 
assumed (§ 10), the position of one molecule has no correlation with the positions 
and velocities of any of the others. If the molecules are distributed at random, 
however, the chance of one molecule meeting another is also, obviously, propor¬ 
tional to their mean density. 

1 Holm, Ann. Phys., 1915, 48, 481; MeddeL Nobelinst., 1919, 5, No. 27. 
2 Ann. Phys., 1858, 105, 239; Phil. Mag., 1859, 17, 81; Die kinetische Theorie der Case, in 

“ Die mechanische Warmetheorie,” Brunswick, 1889-91, 3, 46, 204; O. E. Meyer, “ Kinetic 
Theory of Gases,” 1899, 153. 

3 The mean free path should, strictly, be written /, but this is rarely done. 
A “ strict ” proof of this need hardly be given. 
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Two general conclusions follow from first principles: 

(i) If the temperature is raised, the average velocity c increases propor¬ 
tionally to ^/T (see (35) § 10,). Increase in temperature is equivalent 
to multiplying all the velocities by a uniform factor \/(^2/^i)> Ih® 
lative distribution of velocities being the same at all temperatures. 
The collision frequency is thus proportional to \/T as well as to 
the density. 

(ii) The mean free path varies only with the density and is inversely pro¬ 
portional to it, and thus at a given temperature it is inversely pro¬ 
portional to the pressure. This follows from (1), /=c/Z, which 
shows that / is independent of temperature if both c and Z are pro¬ 
portional to 

§ 21. Molecular Collisions 

The collision of two molecules is simply defined for two hard elastic spheres; 
if r is the radius there is a collision when the two centres come within a distance 
2r=cr, where a is the diameter of a molecule (r=a/2), as is seen from Fig. 17.111. 
If, however, the molecules are not spheres, or if they are supposed to exert 
repulsive forces increasing rapidly with decreasing distance, the definition of a 
collision becomes more difficult. Maxwell ^ showed that the calculations are 
fairly simple for the cases of (i) hard perfectly elastic spheres with the Max¬ 
wellian distribution of velocities, and (ii) spherical molecules which repel one 
another with a force inversely proportional to the fifth power of the distance, 
F=kr~^, when the results are very like those for hard elastic spheres. More 
recently, the very difficult calculations for general force laws have been carried 
through, but the results are very complicated (see § 3.VII F). 

It is simplest to begin with the case ^ of hard elastic spheres of diameter a. 
Obviously if a=0, the molecules never collide, and the probability of collision 
increases with a, and is proportional to a\ i.e. to the target-area offered by a 
molecule. First assume that all the molecules have the same velocity c, that 
there are N molecules per cm.-^, and that all are at rest in fixed positions except 
one, which threads its way among the fixed molecules with a velocity c. There 
is a collision when the distance between the centre of the moving sphere and 
that of any fixed sphere becomes equal to a (it cannot be less than cr). Hence 
if a point (the centre of the moving molecule) moved with a velocity c among 
fixed spheres of radius a, the number of collisions would be just the same as in 
the case considered. This point may be taken as the centre of molecule B 
and the fixed sphere is C (Fig. 17.III). 

Let the probability that the point moves a distance x without collision be 
lF^=f(jc), and the probability that it moves a distance x+dx without collision 
be ir;^-m^=f(x-f dx). The probability f(x+dx) is composed of two prob- 
abihties: (i) the probability that there is no collision in a path x, and (ii) the 
probability that there is still no collision in a further path dx. The probability 
that there is a collision in the path dx is obviously proportional to dx, say 
adx, where a is a constant, and hence the probability that there is no collision 
in the path dx is: 

1-adx.(1) 

1 Phil. Mag., 1860, 19, 19; Phil. Trans., 1868, 157, 49; “Scientific Papers,” 1890, 1, 377; 
18SK) 2 26 

2 aausius, Ann. Phys., 1858,105, 239; 1862,115, 239; Phil. Mag., 1859,17, 81. 



§21 MOLECULAR COLLISIONS 281 

The function f(x+djc) may be expanded by Taylor’s Theorem (§ 32.1): 

f(x+dx)=f(x)+nx)dx==f(x)(l--adx) .... (2) 

/. r(jc)=~-af(x), /. r(x)/f(x)=~^ or f(x)=6e-‘*^ 

where Z? is a constant. The probability that there is no collision in the path 
x=0 is obviously certainty, i.e. 1, therefore 1, 

f(x)=e~"^.(3) 

This case would presumably apply to the motion of a very fast and very small 
electron moving among gas molecules which, for all practical purposes, are at 
rest in comparison with the moving electron (see below). 

Now return to equation (2) to calculate the probability of no collision in a 
distance dx, i.e. f'(^)dx. Draw two parallel planes dx apart, cut at right angles 
by a cylinder of cross-section 1 cm.^ (The arrangement is shown in section at 
right angles to the planes in Fig. 18.111). The volume cut out of the cylinder is 

Fig. 17.111. Collision of Spheres 

> Isq cm 

J 

- 
dx 

Fig. 18.III 

(1 cm.2)xdx=dx cm.therefore the number of molecules contained in it is 
A^dx. Each exposes a target area of cm.2, hence the total target area 
exposed in the cylinder is The free area for the moving molecule in 
the cylinder is thus (1—A^rro^dx), and the probability of there being no collision 
is given by the ratio: 

(free area/total area)=(l—A^7ra2dx)/l=(l-“adx), 

/. a^Nna^ f(x)=e”-^’^^.(4) 

Now consider a very large number n of possible paths for the molecule between 
two successive collisions. The number of these paths which are less than x, 
i.e. which lie between 0 and x, is w'=/ix (probability that the molecule goes a 
distance x without collision) 

The number of paths with lengths between 0 and x+dx is similarly: 
Nwa2(x+d)c)j—iV7ra2x ^ 

Expand the exponential function and, as dx is small, retain only the 
first term (see § 13, I): e~^’™^=l—Mra^dx. Hence n"=n'(\—NmAdx)<in'. 
The number of paths with lengths between x and x+dx is n'—n''=n' .N'lra^Ax 

. Aftro-^dx 

where a^^Nira^ 
=nae "dx. (5) 
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The length of each of these paths will be x, hence the total length of such 
paths is mcT'^^xdx^ and the total length of all the molecular paths is: 

f*oo 
na I t~^^xdx^ 

Jo 

and this divided by the total number of paths n gives the mean free path, 1: 

■■■ '-/■ e ^^xdx==a -xc~~^la 
oo ^00 
+ I e"'*M.v== 

0 Jo 

—(I I a) 

l=\jNTra'^ 

(see § 16, I)=r 1/^ = 1/A%a2, 

'.(6) 
Substitute a^N7ra^=lll in (3), 

/. {(x)=cr^'^ .(7) 

Equation (7) shows that the probability that a molecule can move a distance x 
without undergoing collision is and it is important to notice that this is 
independent of the point at which the last collision has taken place, since the 
point x=0 is not the point of the last collision but an arbitrarily selected point.^ 
The fact that / is the mean free path is proved by the process of averaging x: 

^00 / 
J xc~^^^dx jJ e~^'^dx=/. 

The proportion of molecules with paths between x and x+dx is thus: 

df(x)=(dx//)e“^^^.(8) 

from which it is found that, of a given number of molecules: 

1/148 have free paths greater than 51 
1/22027 „ „ „ 10/ 
1/2-7x1043 ,, „ 100/ 

According to a calculation by O. E. Meyer,^ out of 100 molecules: 

99 traverse the patli 0-01/ 78 traverse the path 0-25/ 14 traverse the path 21 
98 „ „ 002/ 72 „ „ 0-333/ 5 „ „ 3/ 
90 „ „ 0-1/ 61 0-5/ 2 4/ 
82 „ „ 021 37 „ 1/ 1 4-6/ 

in all cases without making a collision. 
Equation (7) has been tested in the case of a beam of electrons entering a 

gas with velocities comparable with the molecular speeds, when the diminution 
of the current i should follow the equation /=/Qe~“^, where a is a coefficient 
of extinction, corresponding with 1//. The experiments ^ show that there is 

1 Clausius, Ann. Phys., 1880, 10, 92; Korteweg, ibid., 1881, 12, 136; Holm, ibid., 1916, 51, 
768 (bibl.). 

2 “ Kinetic Theory of Gases,” 1899, 160. 
3 Lenard, Ann. Phys., 1903, 12, 714; Ramsaucr, Phys. Z., 1920, 21, 576; Ann. Phys., 1921, 

64, 513; 1921, 66, 546; 1927, 83,1129; Mayer, ibid., 1921, 64,451; Brode, Phys. Rev., 1925,25, 
636; Rusch, Ann. Phys., 1926, 80, 707; Bruche, ibid., 1927, 82, 25; 1927, 83, 1065; 1927, 84, 
279; 1929, 1, 93; 1929, 2, 909; 1930, 4, 387; 1930, 5, 281; 1930, 7, 579; Kollath, Phys. Z., 
1928, 29, 834; 1930, 31, 985 (49 refs.); 1931, 32, 80; Ann. Phys., 1932, 15, 485; Holtsmark, 
Z. Phys., 1929, 55, 437; Bailey and Duncanson, Phil. Mag., 1930,10, 145; Brose and Keyston, 
Nature, 1930, 126, 806; Phil. Mag., 1935, 20, 902; McMillen, Phil. Mag., 1930, 36, 1034; 
Ldhner, Ann. Phys., 1930, 6, 50; 1935, 24, 349; Ramsauer and Kollath, ibid., 1930, 7, 176; 
1931, 9, 756; 1931, 10, 143; 1932, 12, 529; 1933, 16, 560, 570; 1933, 17, 755; Ramsauer, 
Kollath, and Lilienthal, ibid., 1931, 8, 709; Holst and Holtsmark, Kgl. Norsk. Vidensk. Selsk. 
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good agreement, except for very slow electrons moving through monatomic 
gases, when a curious sharp decrease in apparent atomic diameter or collision 
area sets in, known as the Ramsauer effect. This cannot be explained on the 
basis of the kinetic theory but is covered by a consideration of the phenomenon 
from the point of view of wave-mechanics.^ In this, a massive particle is 
replaced by a train of probability waves and the intensity of the scattered waves 
corresponds with the number of molecules scattered by collisions. If the 
molecular wave-length is small compared with the distances within which the 
scattering potential varies appreciably, the scattering approximately follows 
the classical laws, but if the wave-length exceeds this limit the phenomenon of 
diffraction comes in, and the classical picture fades out, just as geometrical 
optics fails for very long waves of electromagnetic radiation. 

Equation (7) has also been applied to the scattering of atoms or molecules 
(c.g. beams of molecular rays, such as silver atoms) by gases, and with satis¬ 
factory results.2 In such experiments a beam of silver atoms from a small 
aperture in a heated vessel passed through a vessel first vacuous and then con¬ 
taining inert gas at low pressure, and the density D of the deposit of silver on 
glass plates at varying distances x was measured. From the relation \ 
where Dq is the density for a vacuum, / can be calculated. 

If c is the velocity of the molecules in a gas, the duration of a free path is; 

r==^llc.(9) 
The number of collisions per sec., Z, made by the selected moving molecule 
with the other fixed molecules per cm.^ is equal to the number of free paths 
described per second, since each free path is terminated by a collision: 

Z==1/t=c//.(10) 
Let f(t) be the probability of no collisions occurring in a time interval /, 

then this is found from (7) by putting x=ct, and Ijl^^Zjc {c is a constant), 

/. f(0=e~^'.(11) 

a result easily found directly by a method similar to that used in deducing (7). 
The probability that a selected molecule will collide with a fixed molecule in 
the time interval t is (1 and the probability that it will collide in the time 
interval t+dt is Hence, the probability of a collision in the 
interval dt after an interval t without collision is: 

Forhl., 1931, 4, 89; Townsend, Pr<?c. Roy, Soc., 1931, 134, 352; Gaertner, Ann. Phys., 1931, 
8, 135; Arnot, Proc. Roy. Soc., 1931, 133, 615; Bullard and Massey, ibid., 1931, 133, 637; 
Klemperer, Ann. Phys., 1932,15, 361; Rosenberg, ibid., 1932,15, 757; Hughes and McMillen, 
Phys. Rev., 1932, 39, 585; 1932, 40,469; Bailey, Phil. Mag., 1932, 13, 993; Bailey and Rudd, 
ibid., 1932,14, 1033; Bailey and Somerville, ibid., 1934,17,1169; Voss, Z. Phys., 1933, 83, 581; 
Siegert, Ann.Phys., 1934, 21, 503; Wolf,1935,23,285, 627; Rostagni, 1935,24,543; 
Goodrich, Phys. Rev., 1937, 52, 259; Fisk, ibid., 1937, 51, 25; Davydov, Sow. Phys. Z., 1937, 
12, 269; Roscoe, Phil. Mag., 1938, 26, 32; Bracewell, Phys. Rev,, 1938, 54, 639; Amdur and 
Pearlman, J. Chem. Phys., 1941, 9, 503; for positive rays, see Wien, Ann. Phys., 1912, 39, 
519; 1923, 70, 1; for neutrons, von Halban and Kowarski, Nature, 1938, 142, 392, and many 
later papers by various authors. 

1 Fraser, “Molecular Rays,” Cambridge, 1931; summary in Mohr and Massey, “The 
Theory of Atomic Collisions,” Oxford, 1933, 133f.; Kennard, “Kinetic Theory of Gases,” 
1938, 124; Rice, J.A.C.S., 1932, 54, 4559; Schmidt, Z. Elektrochem., 1936, 42, 8; Champion, 
Rep. Progr. Physics, 1938, 5, 348. 

2 Bom, Phys. Z., 1920, 21, 578; Bielz, Z. Phys., 1925, 32, 81; Stern, Z. Phys,, 1926, 39, 
751; Knauer and Stem, ibid., 1926, 39, 764; Ochiai, Proc. Phys. Math. Soc. Japan, 1928, 10, 
120; Johnson, Phys. Rev., 1928,31,103; Knauer, Z. Phys., 1933, 80, 80; 1934,90, 559; Massey 
and Mohr, Proc. Roy. Soc., 1933, 141, 434; 1934, 144, 188 (theoretical); Schmidt, Z. Elektro¬ 
chem,, 1934,40,498; Hirota, Bull Chem, Soc, Japan, 1944,19,102,109. 
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as is found by expanding the second exponential function: 

Suppose that a selected molecule can exist in some special (e.g. excited or 
activated) state and that r is its average life in this state; the probability that 
it will remain in this state after a time t is defined as and the probability 
that it will make a collision whilst it is in its special state in the interval between 
t and t+At is: 

e-'" . Ze-^'df.(13) 

=Ze-~'<^"^"^^"dr.(14) 

The probability that any selected molecule will make a collision whilst it is in 
its special state is: 

zf e-'<^'^^>"d/=ZT/(l+ZT).(15) 
Jo 

and if there are N molecules in the special state, the probability that one of 
them will make a collision with other molecules during its active life is: 

NZtKI+Zt).(16) 

The simple formula (6) was deduced by Clausius.^ It is based on two assump¬ 
tions: (i) the actual state of affairs can be simplified by assuming that only one 
molecule moves and the others are all at rest, and (ii) the speed of the moving 
molecule c is constant. Both obviously require correction. Clausius in 1858 
also showed that the assumption (i) when corrected for the motion of all the 
molecules gave a factor f=0-750 to equation (6), and a better value for / 
would thus be given by: 

/=0*750/A^7ra2 .(17) 

This still assumes that all the molecules have the same velocity. This second 
assumption is corrected ^ by replacing the constant velocity c by the mean 
(or average) velocity c calculated by Maxwell’s equation (35), § 10. This 
gives a still better value: 

/==l/^/(2)A%a2==0•7071/^7^a2.(18) 

as is proved in § 22, and equation (18) is the one used in later calculations. 
If A is the mean distance apart of two neighbouring molecules in a gas, then 

A^ is the volume of a cube containing a molecule,^ 

A3=l/A^ or NX^=l, /=AV\/(2)w2, 

or A=r^[V(2)7ra2/].(19) 

The collision frequency is given from (18) as before by: 

Z=cll==V(2)N7Tca^.(20) 

and the time of describing a free path by: 

T=l/V(2)Mrca2.(21) 

Ray ^ suggested for the mean free path /=^(A73)~-a in place of (18), the 
latter giving /=:oo when <7=0. 

> Ann. Phys., 1858, 105, 239. 
2 Maxwell, Phil. Mag., I860, 19, 19; “ Scientific Papers,” 1890, 1, 377. 
3 Clausius, Ann. Phys., 1858, 105, 239; Holm, ibid., 1916, 51, 768; Cans, Phys. Z.. 1922, 

23,108. 
4 Proc. XV Indian Sci. Congr., 1928, 141. 
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§ 22. Collision Frequency by Maxwell’s Equation 
The calculation of the mean free path may readily be generalised by taking 

account of the Maxwellian distribution of velocities.^ The assumptions of 
colliding elastic spheres still holds; the modern quantum-mechanical theory of 
the exchange of energy on collision of molecules will receive treatment later. 
Although Maxwell’s result was criticised by Clausius,^ this was based on a 
misunderstanding, and the formula is per¬ 
fectly correct.^ For greater generality, a 
mixture of two gases is considered. 

Consider 1 cm.^ of gas containing Ni and 
N2 molecules of two kinds of gases, A and 
B, with masses mi and m2, and diameters 
Qi and c72, respectively. At the instant of 
contact, the centres of the two molecules 
are •2(<^i+or2) cm. apart (Fig. 19.III), hence 
if one molecule is chosen, the centre of the 
second molecule must, at the instant of col¬ 
lision,lie ona sphere of radius\{oi+02)=^(j 12 

drawn about the centre of the first molecule. Let two selected molecules, (A) 
and (B), one of each kind of gas, have velocity components in the ranges: 

for (A): Uy and uy+^uy vy and vy+diVy wy and Wi+dwi, 

for (B): U2 and U2-\-Au2 V2 and V2+AV2 W2 and >V2+dH'2, 

and consider such a type of collision that the line of centres at the moment of 
collision lies inside a small solid angle dco, where dco=sm6d9d<f> (see § 8), 
6 being the angle between the relative velocity, V, of the two molecules and the 

Fig. 19.111. Condition for a 
Molecular Collision 

line of centres at the moment of collision, and (j> the angle between the line of 
centres and any definite plane through the relative velocity (Fig. 20.III). In order 
that this collision shall occur, the centre of the second molecule must, at an 
instant di before the instant of collision, lie inside a small cylinder of base 

1 Maxwell, Phil, Mag., 1860, 19, 19; “Scientific Papers,** 1890, 1, 377; H, W. Watson, 
“ Kinetic Theory of Gases,” Oxford, 1876, 9, 2nd edit., 1893, 11; Boltzmann, “ Gastheorie,” 
1896,1,61; O. E. Meyer, “ Kinetic Theory of Gases,” 1899, 162, 413; Jeans, “Dynamical 
Theory of Gases,” 1921, 18 f.; Loeb, “ Kinetic Theory of Gases,” 1927, 35, 56f., 90, 250; 
Jaff6, Am. Phys., 1930, 6,195. 

2 Phil. Mag,, 1860,19, 434. 
3 Niven’s note in Maxwell, ” Scientific Papers,” 1890,1, 387. 
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(712^0) and height Kdr cos i.e. of volume V(Ji2^ cos ddtdco. The number of 
B molecules per cm.^ is given by Maxwell’s law (37), § 10, as: 

A^2(W2/27rAr)'^ '-2^ I ^^’2^y^f^^dU2dV2dW2, 

hence the number with centres inside the cylinder is: 
A^2(W2/27rAr)3 ^ ^2 Joj . (1) 

where N2 is the total number of molecules of the second type per cm,*^ 

The number of molecules of type (A) per cm.^ is: 

.... (2) 
and hence the number of collisions of the selected type per cm.^^ in a time dt is 
given by the product of (1) and (2) as: 

(\ 3/2 

4^2X^) ' ”’2^22) 2kTy^^^2^^ COS 0da>dwid7^idH’idw2d^^2dH’2 . (3) 

where Ci^=^Ui^+Vi'^ + Wi^, and r2^=W2^+^2^+^^’2^- 

To find the total number of collisions per cm.the restrictions put on the 
type of collision must be successively removed. First remove the restriction 
that the direction of the line of centres shall lie in the solid angle dco by inte¬ 
grating over du;=sin 6d0d(f), i.e. over the limits ^ of d from 0 to 77/2 and over 
the limits of <j> from 0 to lir. Taking cos ^ do) from the expression (3) this 
gives (as in (6) and (7), § 8): 

Cnj2 I* In 
cos 6 sin 6dOd(f)=7T, 

Jo Jo 

and by dividing (3) by dt to give the number of collisions per cm.^^ per second 
between molecules having velocities between the specified limits, but now 
without regard to the direction of the line of centres, this gives: 

itNiN2{niim2l^'^k'^T'^y'^er^^^^^‘^^”^^‘^'^^''^^'^VGy2^duidvidwidu2dv2dw2 . (4) 

The integration over the velocities, which removes the restriction to molecules 
having velocity components within a narrow region, is more difficult. Put: 

u=(miUi+m2U2)l(mi+m2).(5) 

with similar equations for v and w (the components of the motion of the centre 
of gravity of the two molecules), 

and 
c^—u^+v^+w^ 

a = W2 —M], P=:V2-‘Vi, y=:W2—Wi . . 

(the components of the relative velocity, V, of the two molecules). 
F2=a2+j82+y2. 

It is then easy to show that: 

. (6) 

. (7) 
Then: 

. . (8) 

mxCi^+m2C2^=(mi+m2)c^+V^[mim2limi+m2)] ... (9) 

The transformation of the differential product dwid?yid>Vidw2d^2dH'2 is done 
in three steps, since Ui and U2 are functions only of u and a, and so on. From 
(5),dw=dwi . mil{mi+m2)+du2 . /^2/('Wi+/W2)> from(7),da=—dMi+dw2> 
and the solution of the simultaneous equations givesdwjdw2==dMda; and similarly 
dvidv2—dvdPf and d>vidw2=d)vdy. Hence: 

duidvidwidu2dv2dw2=^dudvdwdoLdpdy . . • . (10) 

1 Since collision occurs only on approach, only a hemisphere is considered, i.e. 0 varies 
from 0 to 'irl2. 
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The number of collisions per per sec. between molecules with restricted 
velocity components is then, from (4): 

7rNiN2{mim2/47r2A2J2)3/2^-*[(mi4^ (U) 

where dT=dMdz^dwdadj3dy, and, from (8), K=\/(a2+j82+y2). To integrate 
(11) it is first transformed to polar coordinates by putting, from (3), § 8; 

dwdz;dvr==c2 sin 0'A6'A(f>'dc, 

and the integration is the same as that in § 8 except that c replaces a in (3) 
there; hence: 

nln 

c2 sin 0'd0'd9i'dc=47rc2dc .(12) 
foJo 

Similarly, it is found that: 

dad/3dy=K2sin e"de"d(f>"dV, 
(*7T ('In 

sin e"de"d<f,"dV=47TV2dV.(13) 
nil 

) 

The number of collisions per cm.^ per sec. for which c and V lie within the 
ranges c and c+dc*, and Vand V+dV, without regard to direction, is thus: 

Integration from c=0 to (‘=oo gives the number of collisions in which V lies 
between F and F+dF. The integral: 

/; Q—inti I W2)f2/2fer^2(l^ 

is evaluated by putting: 

(m I +m2)c^l2kT=x^y c2=[2A:7y(mi +m2)].v2, x/c= \ + W2)/2A:7’], 

2cdc=:2xdx[2A:77(mi4‘W2)] 

dc=(T/cO[2A:77(mi4-/n2)]dx==[2A:77(/?7i+/^2)]^ 

. Q-ifth! 2fer^,2(j^=; j2A:7y(wi +/?^2)]'^ ^e“^^x2dj\:. 

From (26), § 10: 
1*00 

e""^^x2dx= \/W4» 

/' 

f 

/2fer,.2dc=( V7r/4)[2^r/(m 1+^2)]^'^. 

The final integration between F=0 and F=oo then gives the total number of 
collisions of the two kinds of molecules per cm.^ per sec. as: 

ANxN2^Jtt 

Put [miW2/2A:r(A?ii+/772)]^^=^^ x^lV^^mim2l2kT(mi+m2) 

F=[(mi+m2)2A:r/mi/772]^^^x 

F^=[(mi+m2)2^r//WiAW2]^ 

/. dF=[(wi+AA72)2A37wim2]^'^^dx 

f 
Q-mitHiV^/ZkTtmt ymi)y3^^+m2)2kT/mini2]^ j e~*’x^djc 

=2[kT(mi+m2)ltnim2p, 

r since from (23), § 10: 
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The total number of collisions is, therefore: 

2i2=4iViA^2V0 yVi2^ I 
2kT " » kT(inj+m2) 

(m;+^)J •(4^72) n^2^. 

=2Vi2-:r)NiN2<yi2Wl(mi+m2)kT/mim2].(16) 

=2N,N2<ri2W[HhXVmi+Vm2)].(17) 

where h^ljlkT, It will be remembered that cri2=2(^1+(T2)- 
If Ni, N2 molecules are each present in a volume v cm.^ (not to be confused 

with the velocity v above), the expressions above must be divided by to 
find the number of collisions per cm.^ per sec., since NJv and A^2/^ replace 
Ni and N2 above. 

If cl and are the average {mean) velocities of the two kinds of molecules, 
(16) can be written in the form: 

Z^2=-2N^N2(yii^[2rTkT{mi+m2)lmim2Y''^ .... (18) 

and the substitution from (35), § 10, then gives: 

7l^2{2kTlTTmxy'\ F2^2{2kTl7rm2y^^ 
.*. (q2+^2)^^^=(4.2kTlnmi +4.2kTl7rm2)^ ^ 

= [8Ar(wi +/W2)/^'^1'”2] 
=2[2kT{mi+m2)l7Tmim2Y^^ .... (19) 

Thus, an alternative expression ^ is: 
Zi2=-7riViiV2<^122(?^2+^2)l/2.(20) 

An expression for the mean relative velocity V was found by Maxwell.^ 
It is found by taking V from (8) 
or (9), multiplying by the ex¬ 
ponential factor and differential 
element from (3), and integrating 
over the surface of a sphere. The 
actual result is also obtained by 
intuition by considering that, 
since the mean velocities q and 
q may be inclined at all angles 
from 0° to 180°, the average angle 
will be 90°, and the resultant 
relative velocity will be repre¬ 

sented by the hypotenuse of a right-angled triangle having the component 
mean velocities as sides: 

F=V(^2+^2) .... (21) 

For identical molecules (ci=C2=c): 

v=y/2.c.(22) 
Hence (20) can be written: _ 

Zi2=-^NiN2Pi2^V.(23) 

By starting with (21), a very simple deduction of the collision formula (17) 
can be obtained.^ 

i Note that cF and C2^ are the squares of the average velocities ci and cs, not the mean 

square velocities ci* and cz*. 
* Phil. Mas., I860, 19, 19; “ Scientific Papers,” 1890, 1, 377; aausius, Phil. Mag., 1860, 

19,434; Am. Phys., 1862,115,239; see Weinstein, “ Thermodynatnik und Kinetik der Kdrper,” 
1901,1, 172; Rothc, Am. Phys., 1917,53,151; Ishida, PM Mag., 1917,10, 305. 

3 See Glasstone, “ Text Book of Physical Chemistry,” 1940,267 f. 
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If the velocities of two molecules are Cj and C2, and are represented in magni¬ 
tude and direction by DT=ci and OT=C2 (Fig. 21.111; in the figure cj and C2 

are denoted by vi and V2), meeting at an angle 0, the relative velocity is repre¬ 
sented by: 

OD=K=\/(^^i^+^^^““2ci<:2COS 0). 

The mean relative velocity V is found by integrating over the surface of a 
sphere with centre O, and is: ^ 

l^==(<^2+3^i^/^2) when C2>Ci.(24) 

and F=(ci-f^C2^/C|) when Ci>C2.(25) 

Equation (16) gives the number of free paths of the molecules of kind A 
per cm.3 which terminate by collisions with B molecules. If both molecules 
are of the same type, it might be supposed that the number of collisions per 
cm.^ per sec. would be found by putting /?tj=m2==m in (16)-(18), viz.: 

2V{2n)N^aWi2mkTlm^)==-2N^aWi^kTlm)==4N^GWi^kTI^^^ 

But in this case each collision has been counted twice, once when the molecule 
is a colliding molecule (B type molecule) and once when it is a struck molecule 
(A type molecule); hence to find the actual number of collisions per cm.^ per 
sec. the above expression must be halved, giving: 

Zn=2A2aV(^*7ym).(26) 
and, by substituting from (35), § 10, c=^2\/(2kTI'TTm), it is found that: 

Zu=^('rrlV2)N^cx^c .(27) 

Since each collision terminates two free paths, one from each molecule, the 
number of free paths described per cm.^ per sec. by all the molecules is: 

(27r/V2)A^Ve=y{2)7TA2a2c==4AV(7r)aV(AW • • (28) 
which is equal to the total distance Nc moved in 1 sec. by all the molecules. 
Thus, the mean length of a free path will be: 

/=Ac7V(2)7rA2a2c=l/V(2)7raW=0-7071/77a2A . . . (29) 

which is Maxwell’s expression given in (18), § 21. 
The equations deduced in this section are of fundamental importance in the 

theory of bimolecular gas reactions. It is noteworthy that, although they have 
been known for many years from the time of their deduction by Maxwell ^ 
and Boltzmann,^ it is only fairly recently that they have been systematically 
applied in the study of such reactions. Some readers may not follow the rather 
elementary mathematics used in the deduction; in that case they may rest 
content with a knowledge of the results, which are of great simplicity and wide 
practical utility. 

The equations appear in various forms in the literature, and the relations 
between these are usually matters of elementary algebra or arithmetic. Thus, 
if the factor 2 is put inside the square-root sign in (18), and k=RIN and 
m^MjN (where Af= molecular weight, iV=Avogadro’s number) substituted, 
a useful variant : 

Zi2=AiA2ai2V[87rJ?r(Mi-FM2)/MiM2] . . . (30) 
1 Boltzmann, “ Gastheorie,” 1896, 1, 62; Langmuir, J.A,C.S., 1919, 41, 167; Kuenen, 

“ Die Eigenschaften der Gase ” (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,” 3), 
Leipzig, 1919, 29; Kennard, “Kinetic Theory of Gases,” New York, 1938, 105 f. (detailed 
proof) ; Preissmann, Arch, Set Phys, Nat,, 1946, 28, 61. 

2 Phil, Mag,, 1860, 19. 19; “ Scientific Papers,” 1890, 1, 377. 
3 men Ber„ 1868, 58, U, 517; “ Wiss. Abhl.,” 1909, 1, 49; “ Gastheorie,” 1896, 1, 61 f. 

On the mean free path and the width of spectrum lines, see Schonrock, Ann, Phys,, 1907, 
22,209. 
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is found. By collecting the numerical constants, and using instead of Ni 
and N2 the molar concentrations, and ^2 (mols/cm.^), the equations: ^ 

Z^2/N^l0^^^^^^^i^2(yi2W[nM,+M2 . . . (31) 

.(32) 

are found, in which ZjN is the number of mols (g.mols.) colliding per cm.^ 
per sec. 

Now consider a single molecule of kind A moving in a mixture of A and B 
molecules. The total number of collisions it makes per cm.^ per sec. will be 
the sum of its collisions (Zi) with A molecules and of its collisions (Z2) with 
B molecules: 

Zi = V(2)7Tori27Vi?^+7rcTi2W2V'(^2+^2) .... (33) 

and similarly for a B molecule colliding with A and B molecules: 

Z2=V{2)TTa2^N^2+‘^<^i2^^iV(ci^-^~2^) .... (34) 

The substitutions Ci^ly/ilkTjTrm^) and c^=2\/(2Ar/7Tm2) give: 

Z2^A^/(JT)N^a^WikT|m{)+2^{2■n)N2a,2^[{m,+m2)kT|m^m2V'^ (35) 

Z2=4V(^)Ar2a2V(*77w,)+2V(27r)iV2ai22[(mi+m2)Ar/mim2]‘'2 (36) 

The reciprocals of the mean free paths for each type of molecule are found by 
dividing Z by the value of in (33) and of in (34): 

l//i = v/2. Wi2Arj+7r<T,2W2v/[("Jl+W2)/'W2] • • • (37) 

1/(2=V2.7r«r2^iV2+7r(7i2Wi\/[(wi+W2)/wi] . . .(38) 

equations also deduced by Maxwell.^ 
The number of collisions per cm.^ per sec. between molecules with a relative 

velocity greater than an assigned value Vq is found ^ by integrating (15) between 
the limits Vq and oo: 

4AiA2crj2^V^ 
[2*r(wi+m2) 

“ 3/2 ^00 
g-mim2Vi/2(mi *m2)*r j/3(j y 

=z 1+ ^1^2 p—miwi2Fo2'2(mj4 m2)fer 

nii+m2 ‘ 2kT\ 

. (39) 

. (40) 

where Z is the total number of collisions. 
The number of collisions per cm.^ per sec. in which the component of the 

relative velocity parallel to the line of centres of the molecules, /?=Fcos 0, is 
greater than an assigned value Rq is found by integrating (3) first over all values 
of c from (6), and then over all values of ^: 

'xfc] 

X ^1^2sin 6 cos OdOd V 

=8 
7rmi^m2^ ■jl/2 

AiiV’2<7i22e-"'”‘'”2^'^2(m, Im2)ferpz3 sin 0COS edOdV, 

1 Dushman, J.A.C.S,, 1921, 43, 397. 
2 Phil. Mag., 1860, 19,19; “ Scientific Papers,” 1890,1, 377; O. E. Meyer, “ Kinetic Theory 

of Gases,” 1899, 415. 
^ For equations (39H42), see Tolman, “Statistical Mechanics,” 1927, 67; Herzfeld, in 

H. S. Taylor, “ Physical Chemistry,” 1931, 1, 124; cf. Langevin and Rey, Le Radium, 1913, 
10, 142. 
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and then integrating over all values of V from Ro to °° and of cos d between 
1 and RolV: 

SA/j A'20'i2^ 
77Wj3w2^ 

|8*-ir3(w,+m2)M 
—^0—i tn2)2kT 

g”mim2F2;2(ini (W2)fe7’^3 0 OdddV 

where Z is the total number of collisions. The fraction in a given range is 
found by differentiation: 

dZ==Z 
. mim2 1 

mx+f7i2 kT 
^tniinzR^ilimi ‘ ^2^^^J^dK 

It should be noted that the mean free path as defined and calculated by 
Maxwell’s method, which may be called Maxwell's mean free path, is not the 
only one which can be obtained, although it is the one most commonly used. 
It is obtained by finding the average value of the collision frequency Z for 
molecules moving with velocities distributed according to Maxwell’s law, and 
dividing the average velocity c by this frequency. 

Another free path was calculated by Tait.^ At a given instant the number of 
molecules per cm.^ with speeds between c and c+dc is dA^„ given by (21), 
§ 10. Suppose all these molecules describe an average path, A, from the given 
instant until their next collision; then if N is the total number of molecules in 
1 cm.^, Tail’s free path is defined as: 

/'=(l/iV)JAdA,.(43) 

and it can be shown that this is given by: 

_JL 0-677 

where \}j{x)^xq '^^+(2x2+1)J e ^^dy, and the integral in this cannot be 

expressed in simpler terms and must be found by quadrature. Tait’s free path 
is about 4 per cent, less than Maxwell's, in which the numerical factor is 
l/\/2=0*7071. Jeans ^ found the factor to be 1-255/^2=0-7079. 

Natanson ^ worked out the case in which 2, 3, molecules after collision 
may remain together as a complex; he showed that the velocity of the centre of 
gravity of the complex follows Maxwell’s distribution law, and the average 
kinetic energies of the single and complex particles are equal. Gibbs’s disso¬ 
ciation formula was deduced. He also pointed out that Tait had calculated 
that 99 per cent, of the Maxwellian distribution is set up in a gas in 5 x sec., 
but the remaining 1 per cent, would, theoretically, require an infinite time. 

Let 8 be the short distance between the surfaces of two colliding molecules, 
small compared with the diameters. Before collision the molecules are in this 

1 Trans. Roy. Soc. Edin., 1886, 33, 65 (the tables are incorrectly copied into some books); 
Boltzmann, “ Gastheorie,” 1896, 1, 73; Bouty, J. de Phys., 1914, 4, 450; Dushman, “ Produc¬ 
tion and Measurement of High Vacuum,” Schenectady, 1922, 24; Jafft', Ann. Phys., 1930, 
6, 195; Rosenberg, Phys. Rev., 1942, 61, 528. 

2 Phil. Mag., 1904, 8, 692. 
3 Ann. Phys., 1888, 33, 683. 
4 Ann. Phys., 1888, 34, 970; Drude, ibid., 1897, 62, 693. 
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region 8 for a time 8/K, and for an equal time after collision; hence the mean 

duration of a collision is 28/i?, and the mean duration for all collisions is: 

T = 

1*00 

28 mim2 

R ■ {m[+rH'^kT 
Q-R^mim2/2kTimi \ mi) 

*1 0 

=S\/[27Tmim2lkT(mi+ni2)] (45) 

or, if wi=W2=wk 
T=8^{TrmlkT).(46) 

and I/r is the probability per unit time that a pair of molecules at a distance 8 
will break apart. 

The probability of a triple collision, in which three molecules collide, is 
much smaller than that of a binary collision; ^ it has been calculated in different 
ways. Herzfeld 2 defined it in terms of a collision time equal to the interval 
in which the distance between two colliding molecules afterwards struck by a 
third like molecule is less than the molecular diameter; it may then be shown 
that the ratio of the probability of a triple collision to that of a binary collision 
(between two molecules) is approximately equal to the ratio of the molecular 
diameter to the mean free path; and hence if Z2, Z3 are the binary and triple 
collision frequencies: 

Z^|Z2^a|l.(47) 
Therefore from (29) and (27): 

Zi=2V{2)7rNhWi'^kTlm).(48) 

Since cm. at 1 atm. presure, and cm., it follows that Z3 is of 
the order of 10~^ times Z2; at lower pressures (/ increases) the ratio is larger. 

This completes the discussion of the fundamental equations of the Kinetic 
Theory of Gases. The applications of the theory to the specific heats, viscosity, 
thermal conductivity, and diffusion of gases, and the properties of gases at very 
low pressures, are dealt with in Section VII. 

' Larmor, Manch. Mem., 1908, 52, No. 10. 
* Z. Phys., 1922, 8, 132; Syrkin, Phys. Z., 1923,24,236; Tolman, “ Statistical Mechanics,” 

1927, 247. 



SECTION IV 

STATISTICAL MECHANICS AND 
QUANTUM THEORY 

BIBLIOGRAPHY OF STATISTICAL MECHANICS 

Aston, in H. S. Taylor and Glasstone, “ Treatise on Physical Chemistry,” New York, 
1942, 1, 511; Boltzmann, ” Vorlesungen iiber Gastheorie,” Leipzig, 1895, 1, 38, 58; 1898, 2, 
62 f.; Darrow, Rev. Mod. Phys., 1929, 1, 90; Fowler, “ Statistical Mechanics,” Cambridge, 
1929, 2nd edit., 1936; Fowler and Guggenheim, “Statistical Thermodynamics,” Cambridge, 
1939; Gibbs, “Elementary Principles in Statistical Mechanics,” 1902; “ Principes iSl^men- 
taires de Mecanique Statistique,” Paris, 1926; “ Collected Works,” 1928, 2, 1 f.; Glasstone, 
“ Recent Advances in General Chemistry/’ 1936, 53; idem, “ Theoretical Chemistry,” New 
York, 1944; Herzfeld, in Muller-Pouillet, “ Lchrbuch der Physik,” 11th edit., Brunswick, 
1925, 3, ii; Hinshelwood, “The Kinetics of Chemical Change,” Oxford, 1945; Jeans, “Dy¬ 
namical Theory of Gases,” 3rd edit., Cambridge, 1921, 349; Kennard, “ Kinetic Theory of 
Gases,” New York, 1938, 338; Landau and Lifshitz, “ Statistical Physics,” transl. Schonberg, 
Oxford, 1938; Lindsay and Margenau, “Foundations of Physics,” New York, 1936, 218; 
Lorentz, “ Les Theories Statistique cn Thermodynamique,” Leipzig and Berlin, 1916; Mayer 
and Mayer, “ Statistical Mechanics,” New York, 1940; Moelwyn-Hughes, “ Physical Chem¬ 
istry,” Cambridge, 1940; idem, “Kinetics of Reactions in Solution,” Oxford, 1947; Orr, in 
Butler, “ Chemical Thermodynamics,” 1946, 537 f.; Planck, “ Theorie der Warmestrahlung,” 
4th edit., Leipzig, 1921, 111 f.; idem, “ Theorie der Warme,” 1930, 183 f.; Rice, “ Introduction 
to Statistical Mechanics for Students of Physics and Physical Chemistry,” 1930; Rodebush 
and Webb, in H. S. Taylor, “Treatise on Physical Chemistry,” New York, 1931, 2, 1417; 
Schrddinger, “Statistical Thermodynamics,” Cambridge, 1946; Tolman, “Statistical Mech¬ 
anics,” New York, 1927; idem, Oxford, 1938; Zeisc, “ Thermodynamik auf den Griinden der 
Quantentheorie, Quantenstatistik, und Spektroscopie,” Leipzig, 1944. 

§ 1. Thermodynamic- and Micro-States 

The kernel of Statistical Mechanics is the concept of state, and the most 
general formal definition of state is that it is represented by a function of 
certain variables, the choice of which sets up a description of the state which, 
when treated according to specified rules (which may vary with the nature of 
the system considered), leads to significant results. It is usually possible to 
give alternative descriptions of a state and, as far as possible, these should be 
equivalent. 

The thermodynamic states of systems, defined in terms of such variables as 
volume, pressure, and temperature, are what Francis Bacon would have called 
“ Idols of the Market Place.” The pressure is not a continuous distribution 
of force over an area, but an average of countless blows delivered by separate 
molecules. The temperature is not a continuously distributed property; the 
readings of an exceedingly minute and very rapidly acting thermometer in a 
gas would fluctuate from that when no molecule was colliding with it to a very 
high temperature when one of the fastest molecules hit it. The temperature is 
only an average value of the kinetic energy of translatory motion of the mole¬ 
cules, and comes into being only when the thermometer is large enough to 
smooth out the very different indications delivered over various parts of its 
surface by colliding molecules of varying kinetic energies. 

293 
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The kinetic theory of gases gives (§ 2.111) pv=^nmc^ for n molecules, each 

of mass m, in a volume v and with the mean-square velocity Hence, if 

average translational kinetic energy of a molecule, and n=N, the 

number of molecules in a mol (Avogadro’s number), pv=-^N{\mc'^)^^Nei. 
But pv=RT, therefore e^=f(/?/A^)r=f&r, where k is the gas constant per 
molecule, or Boltzmann's constant. Obviously, has no definite value for a 
single molecule, but only for a molecule forming part of an assembly, and the 
same must, therefore, hold for the temperature T of the gas. 

From the molecular standpoint, the state of a gas is defined by such things 
as numbers of molecules per cm.^ instead of density, and energies of molecules 
instead of temperature. These may be called the micro-states, A system, 
then, has an immense number of micro-states, e.g. varieties of molecular 
energies, at a given instant. The problem now is to connect the micro-states 
with the single thermodynamic state, which is something which can be measured. 
It is not too much to say that modern thermodynamic theory, including statistical 
mechanics, is almost wholly preoccupied with the correct definition of states. 
The problem is largely one of statistics. 

Any object or event, when sufficiently closely scrutinised by the eye of the 
mind, becomes discontinuous, and the supposedly continuous processes 
described by Newtonian physics are illusions. The only “ truly ” continuous 
entity which could be imagined was the nineteenth-century “ ether ” (or 
“ aether,” in more refined terminology, Greek cdOrjp) and, as far as can be seen 
now, the ether is non-existent. The continuous functions of mathematics are 
also merely convenient approximations when applied to actual systems. 

§ 2. Types of Statistics 

In daily life, fairly accurate predictions can be made about events happening 
in large collections of individuals. In a large enough population, the birth and 
death rates are known to a certain degree of accuracy, although it is impossible 
to say anything definite about individuals as such. The precision increases 
with the number of individuals. In the same way, statistical mechanics obtains 
average values over immense numbers of micro-states, and these averages 
specify the thermodynamic states. Just as in life statistics, something must 
be known of the character of the population, as the birth rate in London, for 
example, may be different from that in Southampton, so in statistical mechanics 
use is made of appropriate rules of calculation. The one which applies to the 
great majority of cases is Maxwell-Boltzmann statistics. Two other kinds, 
based on the quantum theory, are Bose-Einstein statistics and Fermi-Dirac 
statistics. 

Statistics deals with probabilities rather than certainties, and it is first neces¬ 
sary to define the probability of a state. Any given thermodynamic state may 
be realised in a great number of different ways by taking different sets of micro¬ 
states, and its probability is defined as equal to the number of sets of micro¬ 
states. This is denoted by W (German, Wahrscheinlichkeit)^ and will be a very 
large number. If every molecule in 1 cm.*^ of a gas has a different energy from 
the rest, and if it were possible to read out the energies of the molecules at the 
rate of a million a second, it would take just a million years to specify this single 
set of micro-states. The molecules, however, are constantly exchanging 
energies by collisions, and in a very short space of time the gas has assumed 
another set of micro-states. 
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The relation of all this to the second law of thermodynamics was first pointed 
out by Maxwell (§ 28.11). In the expansion of a gas into a vacuum there is an 
increase of entropy. Now suppose the vessel divided by a partition half way 
up the cylinder, with a microscopic hole fitted with a sliding shutter, and suppose 
a “ demon ” or “ micro-robot ” stationed at the aperture. When a molecule 
coming down approaches the aperture, it is let through; but when a molecule 
coming up approaches, the shutter is slid and the molecule is reflected back. 
In time, all the molecules will get back to the lower half and the gas is as it was. 
No heat or work changes are involved (since the ideal sliding shutter absorbs 
no work), yet after a time the entropy change has been compensated. But 
after what a time! This would take millions of years, even if a micro-robot 
could be found. The second law is statistically true to a very high degree of 
probability, even if not ideally true in the sense of “ absolute ” truth—if there 
is such a thing. 

It is outside the province or power of thermodynamics to link changes of 
state with time changes. That the second law of thermodynamics and entropy 
are connected with time, and that the uniform increase of entropy in physico¬ 
chemical changes can be regarded as providing a “ pointer ” from past to 
future, as has been asserted,^ seem incorrect.^ Neither has thermodynamics 
any legitimate business in an undefined “ universe,” since this does not con¬ 
stitute a thermodynamic system (§7.11); nor can its results be applied with 
confidence to living organisms, except in so far as their states can be defined 
in terms of the variables of thermodynamic states alone. That the states of 
living organisms can be completely so defined cannot be asserted with any confi¬ 
dence. The results of thermodynamics are entirely in place in the biochemical 
laboratory, but not in philosophical speculations about universes or living 
beings. 

Since the probability that two independent events having the separate 
probabilities Wi and W2 shall occur together is IT= Wy x probabilities are 
multiplicative. Entropies, however, arc additive, This suggests 
that entropy and probability are connected by the equation S=^k In W, 
where A is a constant. The absence of an additive constant (5*0) follows from 
the Nernst Heat Theorem, since at absolute zero all the molecules are in the 
same state, i.e. there is only one micro-state, IE=1, In 1=0, and since 5=0, 
it follows that 5o=0. Suppose the system consists of a very large number N 
of “ parts ” 3 with different energies, Ny with energy Ey, Ni with energy E2, 
and so on, the total energy being E=ENyEy, The problem is to find how 
the energies are distributed over the parts, i.e. to find Ny, etc., where 

Suppose the parts sorted into “ boxes,” each labelled with an energy value, 
then Ny, N2, etc., are the numbers in the boxes. There are three main kinds 
of statistics to consider ^ (the new Gentile statistics is mentioned in § 37) : 

(1) In MaxwelUBoltzmann statistics, the parts, e.g. gas molecules, are sup¬ 
posed to have individuality, so that if there are three molecules A, B, and C, 

1 Franklin, Phys. Rev., 1910, 30, 766; Bohr, 1932, 349; Bronstein and Landau, 
Sow. Phys. Z., 1933, 4, 114; Eddington, ‘^Nature of the Physical World,” Cambridge, 1938, 
98f.;^Weizsacker, Ann. Phys., 1939, 36, 275; Gruenewold, Physica, 1946, 12, 405-60; Ubbe- 
lohde, “ Time and Thermodynamics,” Oxford, 1947. 

2 G. N. Lewis, Science, 1930, 71, 569 ; Dingle, Proc. Phys. Soc., 1948, 60, 402. 
3 These may be, but need not be, molecules-, they may be modes of electromagnetic vibration 

in a vacuum, or energy quanta, etc. 
^ Lennard-Jones, Proc. Phys. Soc., 1928,40, 320. 
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and two boxes, corresponding with the energies Ei and the three arrange¬ 
ments in Fig. l.IV are all different: 

^2 £2 £. £z 

A BC B AC 

i 

c AB 

Fig. 1 .IV. Maxwell-Boltzmann Arrangements of Three Parts in Two Boxes 

The arrangement inside each box, however, is regarded as unspecifiable, e.g. 
BC is the same as CB, since, if it could be given, everything would be known 
in the minutest detail and there would be no field for statistics and no thermo¬ 
dynamic states. Thus, the arrangements in Fig. 2.IV, 

Fig. 2.rV. Identical Maxwell-Boltzmann Arrangements 

must, in Maxwell-Boltzmann statistics, be regarded as identical. 
If the energies of the various parts in the group E^ were not identically £i, 

but differed by infinitesimal amounts, d^i as a maximum, from Ex^ the box E^ 
would still be regarded as containing them all, and no specification of the 
actual energies of the parts within this range d£i would be regarded as possible. 
In classical kinetic theory, the value of dEx is regarded as continuously variable, 
with zero as the lower limit and the maximum value dEx as the upper limit. 
In quantum statistics, however, the parts are regarded as having only discrete 
multiples of a quantum, the parts with each different multiple going into a 
separate box. 

(2) In Bose-Einstein statistics the “ parts ” lack individuality and are identi¬ 
fiable only if they have different energies, or are in different boxes, so that the 
three arrangements in Fig. l.IV are identical. If the parts are light quanta or 
photons, the condition ENx^N drops out, since the total number may vary 
owing to absorption or emission. The result leads to Planck’s radiation 
formula. In Bose-Einstein statistics, N may have any value up to infinity; 
in Gentile statistics (§ 37) N is supposed to be finite. 

(3) In Fermi-Dirac statistics any box can contain either no part or only 
one. This applies to electrons, but since there can be two electrons with the 
same energy but with different spins, two electrons can go into one box, but only 
two {PaulVs principle). 

The idea of these kinds of statistics may be illustrated by supposing there 
are two parts and two boxes, when the following arrangements are possible: 

(i) Maxwell-Boltzmann (Fig. 3.IV)—four arrangements of parts regarded 
as identifiable: 

AB A 6 B A 

. . 

AB 

Fig. 3.IV. Maxwell-Boltzmann Arrangements 

(ii) Bose-Einstein (Fig. 4.1 V)—^three arrangements of identical parts: 

“ I I L: I 1 I I •• 
Fig. 4.IV. Bose-Einstein Arrangements 
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(iii) Fermi-Dirac (Fig. 5.IV)—one arrangement only of identical parts: 

I'lG. 5.1V. Fermi-Dirac Arrangement 

The formulae for Bose-Einstein and Fermi-Dirac statistics are very much 
alike, and it will be shown that both go over into the Maxwell-Boltzmann 
formula as a limiting case in conditions fulfilled for systems consisting of 
molecules at not too low temperatures. At very low temperatures, however, a 
gas should obey Bose-Einstein statistics, and it seems as if liquid helium at very 
low temperatures behaves as a Bose-Einstein gas. The electrons in a metal, 
even at moderately high temperatures, obey Fermi-Dirac statistics, and are in 
a degenerate state, which explains why they contribute practically nothing to 
the thermal energy of the metal. The modern quantum theory shows that 
the Maxwell-Boltzmann statistics never applies strictly to any system, but is 
only an approximation. 

Although it has been rather maliciously said ^ that Statistical Mechanics is 
a subject which however and by whomever belabored has never refused to 

yield at least what was already well known,” and although many publications 
on it could well be spared, its great utility and interest emerge from more 
detailed treatment,^ 

§ 3, Mechanical Interpretations of Thermodynamics 
The first attempt to relate the laws of thermodynamics to principles 

was Rankine’s ^ hypothesis of molecular vortices, which is not unlike the theory 
proposed by Davy (§ lO.!!)."^ His exposition is not very comprehensible, and 
Maxwell’s ^ quotation from Milton, that he “ through the palpable obscure 
finds out his uncouth way,” is not unjustified. The “ explanation ” of the 
laws of thermodynamics by molecular vortices is now quite lacking in cogency. 
Vibrating “ ethers ” and rotating “ ether particles ” have also been invoked in 
attempts to “ explain ” the quantum theory.^^ Clausius,starting from his virial 
theorem (§40.V1IC), gave an explanation of the laws of thermodynamics in 
terms of quasi-periodic motions. Similar attempts by Boltzmann, ^ Szily,^ 
Burbury,io Nichols,ii Watson,etc.,^^ did not lead much further. 

1 Keyes, J.A.C.S,, 1928, 50, 931. 
2 Tolman, J. Franklin Inst., 1927, 203, 661, 811. 
3 Trans. Roy. Soc. Edin., 1850, 20, 147; 1851, 20, 425; 1853, 20, 565; 1869, 25, 557; Phil. 

Mag., 1851,2, 61,509; 1855,10,354,411; 1865,30,241; 1851,39; Phil. Trans., 1854, 
144, 115; “ Misccll. Scientific Papers,” 1881, 16, 49, 234, 307, 375, 427. 

4 As Rankine himself says, Trans. Roy. Soc. Edin., 1853, 20, 565. 
5 “ Scientific Papers,” 1890, 2, 660. 

Zehnder, Verhl. d. D. Phys. Ges., 1912, 14, 438; 1916, 18, 181; Umow, Phys. Z., 1914, 
15, 380; Nernst, Verhl. d. D. Phys. Ges., 1916, 18, 83; for collisions of gas and “ ether” atoms, 
Edwards, Chem. News, 1919, 118, 270; a large mass of worthless literature is passed over 
unnoticed. 

7 Ann. Phys., 1870, 141, 124; 1871, 142, 433; 1872, 144, 265; Berlin Ber., 1884, 663. 
8 Wien Ber., 1866, 53, II, 195; 1871,63,11, 712 ; Ann. Phys., 1871, 143, 211; 1896, 57, 771; 

1897, 60, 392; “ Wiss. Abhl.,” 1909,1, 9, 228, 288; 1909, 3, 578. 
9 Ann. Phvs., 1872,145,295; 1873,149, 74; P/r/7. Mag., 1876,1,22. 

10 Phil. Mag., 1876,1, 61; 1882,13,417; 1902,3, 225; ” A Treatise on the Kinetic Theory of 
Gases,” Cambridge, 1899, 122, 130. 

11 Phil. Mag., 1876, 1, 22, 369. 
12 “ A Treatise on the Kinetic Theory of Gases,” Oxford, 1876, 46. 
13 See e.g. J. J. Thomson, Phil. Trans., 1885, 176, 307; 1887, 178, 471; “ Applications of 

Dynamics to Physics and Chemistry,” 1888,91. 
10* 
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The elaborate purely dynamical theory of monocyclic systems, proposed by 
Helmholtz,^ and extended by Boltzmann,^ Poincare,^ Bryan and Boltzmann, 
Larmor and Bryan,Zermelo,^ Schiller,^ and Einstein, ^ gave only formal 
analogies, mostly useful in driving home the conviction that in thermodynamics, 
dynamics cannot be regarded as the fundamental physical science. Ostwald’s 
“ energetic view (§ 23.TI), that dynamics is merely a branch of a science of 
energy, was, in fact, true and helpful in this sense. A very refined discussion, 
introducing Pauli’s principle, was given by Kimball and Berry.^ 

The recognition that an explanation of the second law of thermodynamics 
must be sought in statistics is due to Maxwell, Lord Kelvin, and Boltzmann. 
Maxwell said: “ The state of the system at any instant is ascertained by 
distributing the molecules in groups, the definition of each group being founded 
on some variable property of the molecules. Each individual molecule is 
sometimes in one of these groups and sometimes in another, but we make no 
attempt to follow it: we simply take account of the number of molecules which 
at a given instant belong to each group. . . . We thus meet with a new kind 
of regularity, the regularity of averages, a regularity which, when we are dealing 
with millions of millions of individuals, is so unvarying that we are almost in 
danger of confounding it with absolute uniformity.” Whether “ statistics is 
a method of arrangement rather than of demonstration,” depends on what is 
understood by “ demonstration.” The difficulty of adapting dynamical systems 
to explain thermodynamics may be appreciated from the experiments of 
Horzelski,^2 ^vho used a mechanically operated lever for tossing a coin into the 
air so that it revolved several times. With a new sixpence, he found 98 heads 
in 100 throws, and with a slight readjustment of the lever, 99 tails in 100 throws. 
The laws of probability do not operate with a machine. 

The relation between probability and entropy, which is fundamental to the 
whole development of statistical mechanics, is due to Lord Kelvin and 
Boltzmann.It is much more subtle than Newtonian dynamics, and proved 
capable of comprehending the development of quantum mechanics, intro- 

1 Berlin Ber., 1884, 159, 311, 755; Wiss. AbhI.,” 1895, 3, 119, 142, 163, 173, 179, 203; 
see Bryan, ‘‘Thermodynamics,*’ Leipzig, 1907, 188; D6combe, Compt. Rend,, 1910, 151, 
1044; Boguslawski, J, Russ. Phys. Chem. Soc., 1918, 49, 138 (P); Phys. Z., 1922, 23, 209; 
Mimura, J, ScL Hiroshima Univ., 1931,1 A, 43, 117; Schimank, Nafurwiss., 1947, 34, 2. 

2 J.f. Math. [Crelle], 1884-5, 98, 68; 1887, 100, 201; “ Wiss. Abhl.,” 1909, 3, 122, 258; 
men Ber., 1885, 92, II, 853; Gott. Nachr., 1886, 209; “ Wiss. Abhl.,” 1909, 3, 153, 176, 

3 Compt. Rend., 1889, 108, 550. 
4 men Ber., 1894, 103, HA, 1125; Proc. Phys. Soc., 1895, 13, 485; Boltzmann, “Wiss. 

Abhl.,” 1909, 3, 510. 
5 B.A. Rep., 1891, 85, where it is clearly stated that thermodynamics cannot be “ deduced ” 

from dynamics. 
6 Ann. Phys., 1896, 57, 485; 1896, 59, 793. 
7 Ann. Phys., 1907, 22, 593. 
8 Ann. Phys., 1902, 9, 417; 1903,11, 170; 1904,14, 354; Witte, Phys. Z., 1910, 11, 347. 
9 Phil. Mag., 1932, 13, 1131. 

10 Quoted from MS. notes by H. W. Watson, “ A Treatise on the Kinetic Theory of Gases,” 
Oxford, 1876, vii, where Laplace is mentioned as an originator; Pelseneer, “ L’6volution de la 
Notion de Phenom^ne Physique des Primitifs ^ Bohr et Louis de Broglie,” Brussels, n.d. 
[1947], 77. 

Larmor, “ Math, and Phys. Papers,” Cambridge, 1929, 2, 215. 
12 Nature, 1945, 155, 111. 
13 Nature, 1874, 9, 441; Proc. Roy. Soc. Edin., 1875, 8, 325; “ Popular Lectures and Ad¬ 

dresses,” 1889,1, 137; Phil. Mag., 1892, 33, 291; “ Math, and Phys. Papers,” 1911, 5, 11. 
14 Wien Ber., 1877, 76, II, 373; 1878, 78, II, 7; “ Wiss. Abhl.,” 1909, 2, 164, 250; Fredey, 

Compt. Rend., 1906, 142, 513; Herzfeld, Wien Ber., 1913, 122, IIA, 1553; Ehrenfest, 2., 
1914,15,657. 
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duced by Planck in 1900 (§15); it is not so much an “explanation” as an 
instrument, and as G. N. Lewis ^ said, “ gain of entropy means loss of informa¬ 
tion,” a remark which will be more fully appreciated later. 

§ 4. Probability and Thermodynamic States 

One mol of a monatomic gas occupying a volume F at a temperature T is 
in a definite thermodynamic state, or constitutes a “ thermodynamic system,” 
the pressure p having a definite value corresponding with V and T according to 
the equation pV^RT, The gas is composed of a very large number (A^= 
6-03 X 1023) of molecules, and the positions and velocities (and hence energies) 
of these are constantly changing, owing to motions and collisions. The gas 
in an adiabatic enclosure can assume an immense number of dynamical states 
or micro-states (defined by the positions and energies of all the individual 
molecules) consistent with the total energy of the gas being E, and with the 
molecules distributed so that an average pressure p is exerted over the surface 
of the vessel. The temperature does not come into the dynamical picture at 
all. If the gas is contained in a vessel permeable to heat and placed in a bath 
at constant temperature T, the exchanges of energy between the gas and the 
bath, consequent on deviations from the average value of the energies of 
translation of molecules colliding with the walls, will be so small that the energy 
E of the gas at any instant will still be practically the same as it would have 
been in an adiabatic enclosure at the same temperature, and hence E is prac¬ 
tically constant.2 Thus, every thermodynamic state may be realised by an 
assembly of a very large number of micro-states, having the same total volume 
and total energy as the given system. 

The probability W of any thermodynamic state may be defined as equal to 
the number of micro-states which belong to the thermodynamic state. In 
classical dynamics, these micro-states form a continuum, their number is 
infinite, and no progress can be made in defining the probability of the thermo¬ 
dynamic state. In quantum theory, however, their number is finite (but 
usually very large), i.e. the totality of micro-states forms a discrete manifold, 
and the finite number of these states defines the thermodynamic probability, W, 
of the thermodynamic state, W being equal to the number of ways in which the 
thermodynamic state may be realised from suitable assemblies of micro-states. 

§ 5, Entropy and Probability 

A system in a given thermodynamic state which undergoes a spontaneous 
change passes from a state of less to a state of greater probability, and in stable 
equilibrium the probability is a maximum. The probability changes in the 
same sense as the entropy, S. The result of identifying this probability of state 
with W as defined in § 4 may be examined. Entropies are additive, but proba¬ 
bilities multiplicative, and a relation S^[(W) satisfying this condition is: 

5=* InW.(1) 

where k h sl universal constant, later (§ 14) shown to be the Boltzmann 
constant, or the gas constant per molecule,^ R/N, where R is the general gas 
constant, and N is Avogadro’s number (6-03 x lO^^), the number of molecules 

1 Science, 1930, 71,569; cf. Ddcombe, Compt. Rend,, 1924,178, 694; von Laue, Forschungen 
md Fortschritte, 1944, 20, 46; Groenewold, 1946, 12, 405-60. 

2 Schrodinger, “ Statistical Thermodynamics,” Cambridge, 1946, 3, 7, etc. 
3 Kimball, /. Phys. Chem., 1929, 33, 1558. 
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in a mol. Equation (1) is a modification by Planck ^ of one due to Boltzmann 
it contains no arbitrary additive constant Sq, nor can it contain such a constant 
if fV is to have the definite value postulated in § 4. Since fV cannot be less 
than 1, S has the minimum value zero. 

According to the Nernst-PIanck theorem (§ 69.11), the entropy of a solid at the 
absolute zero is zero: 

So=0.(2) 

hence (1) shows that in this case i.e. the entropy vanishes when the state 
of the system can be realised in only one way. The absence of an additive 
constant in (1) is characteristic of Planck’s form of the Nernst heat theorem. 

Since discussions of probability are foreign to classical dynamics, all dynamical 
or micro-states would have equal probability, and in course of time a thermo¬ 
dynamic system could be supposed to assume all the possible dynamical states, 
e.g. for a system confined in a rigid adiabatic enclosure, all those consistent 
with the volume and energy (one of these states, e.g., will be that in which all 
the energy is possessed by a single molecule). This statement (usually called 
the ergodic hypothesis) seems at first sight to be incompatible with the existence 
of a thermodynamic equilibrium state of maximum entropy, and hence incom¬ 
patible with the second law of thermodynamics, since the micro-states are not 
confined to those belonging to the equilibrium state.^ This objection is only 
apparent. 

The probability of the thermodynamic equilibrium state is the ratio of its 
thermodynamic probability which is the maximum for all possible thermo¬ 
dynamic states, to the sum of the thermodynamic probabilities for all the 
thermodynamic states (including all non-equilibrium states) possible in the 
given conditions. Since the entropy is a maximum in the thermodynamic 
state (5=5J, corresponding with a maximum probability {W^W^)y equa¬ 
tion (1) gives: 

.(3) 

Since is a proper fraction. W is very large, whilst S 
has a moderate value in the usual units, hence k (in the same units) must be 
very small (it is later, in § 14, shown to be 1 -38 x erg/r C.). For a moderate 
value of AS, WjW^^ must, therefore, be extremely small, and hence any appre¬ 
ciable spontaneous deviation from the equilibrium state must be excessively 
rare. In consequence, the second law of thermodynamics retains its full 
validity in the statistical sense, in which it deals with average values, for which 
there are quantitative laws to any desired degree of approximation. The 
statistical character of the second law is, in fact, experimentally verifiable in 
experiments on the Brownian movement and similar “ fluctuation ” phenomena 

1 “Theorie der W^rmestrahlung,” 4th ed., Leipzig, 1921, 111; “ Theorie der Warme,*’ 
Leipzig, 1930, 183. 

2 “ Gastheorie,” 1896, 1, 38 ; Fortrat, Rev. Gen. ScL, 1919, 30, 135. Boltzmann had 
proved on classical grounds that a magnitude H always increases in spontaneous changes in a 
gas, and that it can be related to the entropy; Boltzmann, “ Gastheorie,” 1896, 1, 124; 1898, 
2,217; Cohen, Phys. Z., 1909, 10,138, 196; Planck, iW, 1909, 10,195; Tolman, “Statistical 
Mechanics,” Oxford, 1938, 99; on the //-theorem for a van der Waals gas, see Happel, Ann. 
Phys., 1910, 33, 275. The //-theorem is considered in works on the kinetic theory of gases; 
see Section III, Bibliography; for a criticism, see, e.g., Postma, Proc. K. Akad. Wetens. Amster¬ 
dam, 1906, 8, 630; 1907, 9,492; and a reply by Ehrenfest and Ehrenfest, Phys. Z., 1907, 8, 311, 
referring to seven letters of criticism in Nature, 1894-5. The matter is considered further 
in § 6. For thermodynamics and probability, see Reboul, Compt. Rend., 1939, 209, 792; 
1941, 212, 149, 222; 1946, 222, 1063; 1947, 224, 314. 

3 Davydov, J. Phys. U.S.S.R., 1947,11, 33; Bom, Research, 1948,1,M65. 
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with sufficiently coarse micro-states.^ Another way of expressing these ideas 
is to say that there are so many more ways of realising disordered as compared 
with ordered states, that disorder (leading to large entropy) is always much 
more probable than order. 

The following very simple case was considered by Einstein.^ Suppose that 
a gas contains n molecules, which exert no forces on one another, in a volume 

the entropy being Sq. Now imagine a volume v{v<.V{^ in the gas, and 
suppose the entropy for the n molecules in a volume z; is (the temperature 
remaining constant). The probability that at a given moment all the n mole¬ 
cules will be in the volume v (owing to their motion in the volume Vq) is 
W^iv/voT- Boltzmann’s equation, AS=^k In W=^(RjN) In W, then gives 
AS^{RIN)n In (vIvq)=R In {vjv^y when n—N, which is the correct expression 
for the entropy change per mol (§ 55, II). From this, since d£'=0 when 

const, (dilute gas with no forces between the molecules), it follows that 
—d{E’-TS)^pAv=^TAS^RT{dvlv), therefore p=RTjv, the general gas law. 
Nernst ^ considered the limiting case for the isothermal work done by an 
expanding gas consisting of a single molecule, and concluded that an infinite 
time would be required to furnish a finite amount of work. 

Einstein then considered the case where the state is defined by a parameter A, 
which undergoes a small reversible change from Ao to A=Ao+S, at constant 
energy. Then, from thermodynamics, h’=Jd£--fTdS, and if the change is 
very small (since d£=0), w=--T(S—So), 

Since £=(jR/A) In IV, 

S^So^(RIN)\n(WIWo) w^^{RT/N)\u (WIWo), 

or == 

Actually, it is more correct to speak of the probability of a region [Gebiet] of 
states rather than of a state, and to write: 

dlT=const. . dA 

putting dA instead of df(A) without loss of generality. 

§ 6. The Ergodic Hypothesis 

The ergodic hypothesis,^ mentioned in § 5, has been the object of much dis¬ 
cussion, and its meaning is not very obvious. As G. N. Lewis ^ said, the student 
is introduced to: “ the various forms of the ergodic hypothesis, according to 

J On the theory of fluctuations see e.g. Perrin, “ Les Atomes,” 1914, 190; Tolman, “ The 
Principles of Statistical Mechanics,” Oxford, 1938, 636; Kennard, ‘‘ Kinetic Theory of Gases,” 
New York, 1938, 267. 

2 Ann. Phys., 1905, 17, 132. 
3 Berlin Ber., 1933, 467; for the consideration of a single molecule in a sphere or parallele¬ 

piped, see Planck, ibid., 1916, 653. 
4 Ann.Phys., 1907,22,569; Hertz, Gott. Nachr., 1912, 566; Ornstein,Proc. K. Akad. Wetens, 

Amsterdam, 1912, 14, 840; see the interesting extension of Einstein’s idea by G. N. Lewis, 
J.A.C.S., 1931, 53, 2578, dealing with earlier papers on the statistical basis of the Second Law 
by Einstein, Ann. Phys., 1902, 9, 417; 1903, 11,170; 1904,14, 354; Smoluchowski, Ann. Phys, 
Beibl, 1916, 40, 494; Fiirth, Phvs. Z., 1917, 18, 395; Schottky, Ann. Phys., 1922, 68, 481; 
Herzfeld, ibid., 1922, 69, 54; de Waard, Physica, 1927, 7, 109; Lewis and Mayer, Proc. Nat. 
Acad., 1928,14, 569, 575; Mayer, J. Chem. Phys., 1942, 10, 629. On the statistics of particles 
occupying sites in two and three dimensions, see Miller, Proc. Cambr. Phil, Soc,, 1942,38, 109. 
On dilute solutions, Larmor, Proc. Cambr. Phil. Soc., 1897, 9, 240; Phil. Trans., 1897, 190, 
205 (275); ” Aether and Matter,” Cambridge, 1900, 286. 

5 Greek, epyov, work, oSos*, a way. 
6 J.A.C.S., 1937, 59, 2750. 
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which every system returns over and over to something like its original state, 
so that on the average no property, such as the entropy, has even the probability 
of changing in one direction rather than in another. Finally, to complete his 
mystification, the student learns that the entropy is determined completely by 
such variables as the energy, the volume, and the masses of the various con¬ 
stituents, so that when these are fixed, the entropy cannot be considered to 
change at all, even in thought.’’ C. E. Guye ^ quotes Herodotos (5th century 
B.c.) as saying: “ qu’on prodigue le temps tout possible s’ arrive ”; yet Herodotos 
says: 2 “ in a life of seventy years there is not one day but will produce events 
unlike the rest.” The ergodic hypothesis was introduced by Boltzmann,^ and 
adopted (as the “ principle of continuity of path ”) by Maxwell.^ It was 
criticised by Lord Rayleigh ^ and others,and has been shown by a mathe¬ 
matical argument depending on the assumption of orders of infinity, not to be 
possible for a gas, so that it may be said to fail for classical statistics. It is 
doubtful if the mathematics has any physical meaning. If all the possible 
states of a system could be represented by a surface, the ergodic hypothesis is 
equivalent to the statement that the path representing the succession of states is 
a Peano curve, passing through every point of the surface. In quantum 
statistics, a system may be truly ergodic, since the number of arrangements for a 
given energy is finite. 

The so-called quasi-ergodic hypothesis, proposed by P. and T. Ehrenfest,® 
states that the simple undisturbed motion of a system, when indefinitely pro¬ 
longed, will bring the state of the system indefinitely near every physically 
possible point on the surface representing the total energy, and (unlike the 
ergodic hypothesis) this can be applied to a gas.^ Krylov argued that the 
phase spaces retain their size in the motion of the system, but the parts are dis¬ 
tributed with a steadily decreasing degree of uniformity, and with a relaxation 
time. 

§ 7. Most Probable and Average Distribution 

For a system composed of a very large number A of parts ^ ^ (e.g. of molecules), 
having a total energy E, the classical kinetic theory calculates for the thermo¬ 
dynamic equilibrium state the number rif of molecules each having an energy 
lying between and c,+de„ where dc,, may be as small as is wished ; i.e. 
c, is regarded as continuously variable, with a lower limit of zero. In the quantum 
theory, on the contrary, the energy of a part cannot vary continuously, but will 

1 J. Chim. Phys., 1917, 15, 215; “Physico-Chemical Evolution,” 1925, 30, 60; I have not 
found the remark in Herodotos. 

2 “ History,” i, 32. 
3 Wien Ber., 1868, 58, II, 517; “ Wiss. Abhl.,” 1909, 1, 49; Kennard, “ Kinetic Theory of 

Gases,” 1938, 341, calls it the “ ergodic surmise.” 
4 Trans. Cambr. Phil. Soc., 1879, 12, 547; Scient. Papers,” Cambridge, 1890, 2, 713. 
5 Phil. Mag., 1900, 49, 98; “ Scient. Papers,” Cambridge, 1903, 4, 433 (bibl.). 
6 Cf. Zermelo, Ann. Phys., 1896, 57, 485; Jeans, “Dynamical Theory of Oases,” 3rd edit., 

Cambridge, 1921, 101, and references. 
7 Rosenthal, Ann. Phys., 1913, 42, 769; Plancherel, ibid., 1913, 42, 1061; Brillouin, “ Die 

Quantenstatistik,” Berlin, 1931, 90; for the statistics of non-ergodic systems, see JafF6, Ann. 
Phys., 1924, 74, 628; 1925, 76, 680. 

8 Begriffliche Grundlagen der statistischen Auffassung der Mechanik, “Enzykl. d. math. 
Wiss.,” 1911, 4, 2,11 (32), 31 (sep. pagination). 

^ Rosenthal, Ann. Phys., 1914, 43, 894. 
10 Nature, 1944, 153, 709. 
11 These may, for example, be modes of electromagnetic vibration in a perfect vacuum. 
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assume a finite number of discrete values, so that a specification would give the 
number riy of molecules each having the energy e,. 

Before temperature or entropy can be assigned to such a system, the restric¬ 
tion that the N parts are completely isolated must be removed, since the statis¬ 
tical basis of the second law of thermodynamics requires a sequence of changes 
of micro-states into one another in course of time, so as to give rise to an 
average or thermodynamic state. This restriction may be removed by imagining 
the system, e.g. a gas, immersed in a constant-temperature bath, since exchanges 
of energy between the system and the bath, consequent upon fluctuations of 
molecular energies, are always vanishingly small, and cancel one another in 
course of time. Such a system is practically equivalent to an isolated portion 
of the gas. 

When the average numbers of molecules (or parts) in specified energy states 
are known, the thermodynamic functions of the system can be calculated, e.g. 
the energy E and entropy S. The most probable distribution is more easily 
calculated than the average distribution, but the two are not the same unless 
the most probable distribution is rigidly maintained. This is not the case if, 
in course of time, some molecules assume less probable states owing to fluctua¬ 
tions. As is indicated in § 5, however, such departures from the most probable 
distribution (IT a maximum) are quite negligible if N is very large, which is 
always the case in a thermodynamic system, and hence the most probable 
distribution may always be substituted for the average distribution without 
sensible error. ^ 

§ 8. Maxwell-Boltzmann Statistics 
In the great majority of cases the method of calculating most probable distri¬ 

butions used by Maxwell and by Boltzmann ^ applies with sufficient approxima¬ 
tion. Consider a system composed of a very large number N of parts (e.g. 
particles, or molecules), completely independent and having states charac¬ 
terised by the discrete energies €i, ^2, C3, . . . the total energy being E\ 
let the numbers of parts in each of these energy groups (“ box ” or “ cell ”) ^ 
be til, ^3? • • • where: 

n\+n2+n^+ . . . +//,=2;/7,=A.(1) 

and AZj€i + /72^2+W3e3-f . . . +tiyCy^Eny€y=zE ... (2) 

^ Mayer and Mayer, “ Statistical Mechanics,” 1940, 80. 
2 Maxwell, B.A. Rep., 1873, II, 29; Boltzmann, Wien Ber., 1877, 76, II, 373; 1878, 78, II, 7; 

” Wiss. Abhl,” 1909, 2, 164, 250; Lorentz, VerhI. d. D. Phys. Ges., 1907, 9, 206; “ Les Theories 
statistiques cn Thermodynamique,” Leipzig and Berlin, 1916; van der Waals, junr., Phys. Z., 
1911, 12, 547; Onnes and Keesom, “ Enzykl. d. math. Wiss.,” 1912,5, i, 768; Guillaume, Arch. 
Sci. P/7V.S'. 1914, 38, 375; 1915,39, 205,301; 1916,41,445; Schidlof,1915,39, 25; 
1924, 6, 281, Suppl., 61; Flamm, Phys. Z., 1918, 19, 116, 166; Herzfeld, Z. phys. Chem., 
1920, 95,139; Jeans, “Dynamical Theory of Gases,” 3rd edit., Cambridge, 1921, 76; Tolman, 
J.A.C.S., 1922, 44, 75; de Waard, Physica, 1927, 7, 109; Lennard-Joncs, Proc. Phys, Soc., 
1928,40, 320; Larmor, “ Math, and Phys. Papers,” Cambridge, 1929,2, 396; Lewis and Mayer, 
Proc. Nat. Acad., 1929, 15, 208; Giauque, J.A.C.S., 1930, 52, 4808; Planck, “ Theorie der 
Warme,” 1930, 195; Lewis, J.A.C.S., 1931, 53, 2578; Klein, Z. Phys., 1931, 72, 767; Zeise, 
Z. Elektrochem., 1933, 39, 758, 895, 904; 1934, 40, 662, 885; 1935, 41, 267; 1940, 46, 38, 293; 
1941, 47, 380, 595, 644; 1942, 48, 425, 476, 693; 1944, 50, 113; idem, “ Thermodynamik auf 
den Grunden der Quantentheorie, Quantenstatistik, und Spektroskopie,” Leipzig, 1944; 
Gebelin, Ann. Phys., 1934, 19, 533; Moelwyn-Hughes, “Physical Chemistry,” Cambridge, 
1940, 51; Margenau and Murphy, “ The Mathematics of Physics and Chemistry,” New York, 
1943. 415; Staverman. Chem. Weekbi, 1947. 43, 199. 

On Ludwig Boltzmann (1844-1906), see Schafer, Naturwiss., 1946,33, 33. 
3 The “boxes” must not themselves be permutable: Ehrenfest-Afanassjewa, Proc. K. 

Akad. Wetens. Amsterdam, 1918, 21, 53. 
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Now consider the number of ways in which the N parts can be distributed 
among the r energy values. If the N parts were arranged in a line there would 
be Nl ways of arranging them, if each is assumed to have the possibility of 
having all energy values between and e,. If of them have the same energy 
value €i, however, the possible number of arrangements is less, since there 
would have been a/j! further ways of arranging these fix parts if they were all 
different. If the number of arrangements is now Wi, then Nl=WiXni\, 
therefore Wi=N\/ni\, 

In this arrangement account is taken of the individuality of the parts, but it 
is assumed that the actual arrangement inside the “ cell ” is not known. If 
«2 parts are now supposed to be in the cell €2, the number of arrangements is 
further reduced, and becomes W2=^Nljni \n2l, and so on. 

In the general case, the total number of ways in which the energies can be 
distributed among the parts if (as is assumed in Maxwell-Boltzmann statistics) 
there are no special restrictions, is: 

W=Nll(nxln2ln^l . . . n^l).(3) 
and this will be the thermodynamic probability in accordance with § 4. Equa¬ 
tion (3) thus defines the Maxwell-Boltzmann statistics. A special case of (3) 
is explained in detail in § 30. 

The most probable distribution is that which makes W a maximum: ^ 

Sir==0.(4) 
subject to the conditions that (i) the total number of parts, and (ii) the total 
energy, are constant, i.e. from (1) and (2): 

Shn.^O.(5) 
and  (6) 

Take logarithms of (3) and use (4), then: 

S In IT=S In N\Sh In a7,!=0.(7) 

When n^ is large, which is true when the states contribute effectively to the 
whole assembly, the factorials in (7) can be transformed by using a simplified 
form of Stirling’s theorem: 

A^!=(A/e)^.(8) 

InIn n, In e=A7r .W 
A simple deduction of (8) is the following.^ For AN=^ \ the equation: 

A In N\IAN=^[\n N\-\n (iV-1)!]/!=:In [A. (A-l)!/(A-l)!]=ln 

is an identity, since N\=N, (A—l)!. Now write the equation in differential 
form: d In A!/dA=ln N, therefore d In A!=ln NdN, therefore In /V!=:/ In NdN, 
By integration by parts (§ 19.1): 

/ In NdN^N In A-JdA=iV In A-A, 

/. lnA!=AlnA~A, 

or A!=(A/e)^, which is equation (8). 

1 It is assumed, without investigation, that (4) is, as is the case, the condition for a maximum 
value of IT, and not a minimum value. 

^ Satterly, Nature^ 1923, 111, 220. A more complete form is N\==\/{lrrN){Nlt)^, the 
deduction of which is given, e.g., by Poincar^, “Calcul des Probabilit^s,” Paris, 1896, 62; 
Hack, “ Wahrscheinlichkeitsrechnung,” Leipzig, 1911,46; Czuber, “ Wahrscheinlichkeits- 
rcchnung,’* 4th edit., Leipzig, 1924, 1, 24; Planck, “Theorie der Wtlrme,” Leipzig, 1930,197. 
The form A!=V(2^rA)(A/e)N is sufficiently accurate for A>10; for very large values of A, 
the large quantity \/(2wA) can be taken as of the order of unity in comparison with the very 
much larger quantity (A/e)N and (8) is then very nearly true. The method used by Fowler, 
“ Statistical Mechanics,” Cambridge, 1936, does not involve Stirling’s theorem. 
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Equations (5), (7), and (9) give: 

S in }V= -Shn, In 7J,=0.(10) 

Multiply (5) by A and (6) by fi, where A and jx are arbitrary constants, called 
undetermined multipliers, and subtract from (10): 

i:8n,(ln«,+ A+/ie,)=0.(11) 

Since hn, is now arbitrary, apart from the restriction implied in (5), it follows 
(the full argument will be found in textbooks of algebra) ^ that (11) is satisfied 
only when the expression in the brackets vanishes: 

ln«,+ A+/xe,=0.(12) 
/i,=(l/C)e-'-^  (13) 

where C=& .(14) 

Equation (13) is the fundamental equation of Maxwell-Boltzmann statistics. 
It follows that: 

N=Sn,=^{\IC)Et-^'=ZIC.(15) 

where Z=Ee~'"'.(16) 
is called by Planck the state sum (“ Zustandssumme ”), and this name is the 
best one,2 since it expresses clearly what the symbol denotes. 

Also, from (2) and (13): 
£'=rn,e,=(l/C)27e,e-'"--.(17) 

The average energy of a part (e.g. a molecule) is thus: 

(17a) 

Put Eq~'“’=x, then (d/d/r) In x={llx){dxjdy). But 

dA:/d/x=(d/djLt)i7e~'"’-= —i7e,e“'"% 

.'. (d/d/u.) In i7e~'"'=—(1 

Hence «=-(d/dju) ln2'e-'“'=-d InZ/d/^.(18) 

£=jV€=-iV(dInZ/d/i).(19) 

If N=N (Avogadro’s number), (19) is the energy per mol. From (1), § 5 
and (3), the entropy is S=k In W=k (In Nl—S In n,!), and from (9): 

5=A[iVln N-N-E(n, In «,-«,)]=ft(7VIn N-N-En, In n,+N) 

=k{N\n N-En, In n,)=ft[Arin N-NE{n,IN) In «,], 

S=-kNE(n,IN)\n(n,IN).(20) 
From (13) and (15): 

n,IN=er‘“'IZ, In (nJN)=ln e~'"’-—In Z= —fie,— In Z, 
.-. S= -kNE(n,IN)(-fx.€,-\n Z)=kfjEn,€,+kN In Z 

S=kN]nZ+ktJ,E.(21) 

> See e.g. C. Smith, “ A Treatise on Algebra,” 1892, 151. 
2 See e.g. Margenau and Murphy, “ The Mathematics of Physics and Chemistry,” New 

York, 1943, 449, who also use the symbol Z. “ Sum over states,” used by Tolman, seems an 
incorrect translation of “Zustandssumme.” The name “partition function,” and symbol/, 
introduced by Fowler (whose treatment does not introduce the sum explicitly, and hence 
cannot use the name) seem rather misleading, because Z is not in itself a “ partition ” function 
in the same sense as Maxwell’s distribution law (§ lO.III), but only half of one. The symbol/ 
given in the “ Report of a Joint Committee of the Chemical Society, the Faraday Society, 
and the Physical Society on Symbols for Thermodynamical and Physico-Chemical Quan¬ 
tities.” London, 1937, was introduced after the Committee had presented its report, and was 
never approved. 
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from (2). By denoting e by Z„ (20) can be written in the alternative form: 

S^-kNEZ,]nZ, .(20a) 

The value of the multiplier may be found from the general thermodynamic 
equation (2), § 35.11: 

(d5/d£)^=l/r.(22) 

Differentiate (21) with respect to /x at constant volume: * 

(d5/d/x)=AAr(d In Z/d/i)+A£'+A/x(d£'/d/x) 

= — A'£’+A£’+A/x(df.7d/i), from (19), 

(d5'/d£)=(d57d/x)/(d£/d/Li)=A/x=IjT, 

fx^ljkT.(23) 

This gives a definition of temperature, which so far has not entered the 
formulae. This value of /x may now be inserted in equation (13), giving: 

n,=(l/C)e-"'"'^.(24) 

which may be regarded as the fundamental equation of Maxwell-Boltzmann 
statistics. The insertion of the value of /x in (19), with d/x=—(1/Ar2)dr, and 
in (21) gives the values of the energy E and entropy 5, and hence also the free 
energy F: 

£=AiVr2(d In Z/dr).(25) 

5'=AiVlnZ+£/r.(26) 

£= £- - A ATT 1 n Z.(27) 

An alternative formula for the entropy is: 

£=(£-£)/£ 

=AA[ln Z+r(d In Z/dT)].(28) 

The molecular heat at constant volume (with N=N, Avogadro’s number, and 
R=Nk) is, from (19), (23), and (25): 

C,=(d£/dr)=(d£/dp.)(d/x/dr)=(d£/d/x)( -1 /A7’2) 

= -A/x2(d£/d/x)==AA/x2(d2 In Z/dfx2) 

From (27): 

={RIT2) 
d21nZ 

d(l7f)2 

From (13), (15), and (23): 

C=Z/N and rt,=(A'/Z)e-*'"''^ . 

. (29) 

(30) 

(30a) 

From (30), by dividing numerator and denominator of the index by N (which 
may he=N, Avogadro’s number), Z=q~'’"’^, where /, is the free energy per 
molecule. Hence 

C/A^e-^'-'*^ and .(31) 

All the fundamental formulae of Maxwell-Boltzmann statistics have now 
been obtained. The use of Stirling’s theorem by Boltzmann,2 and Planck 2 

‘ The state sum for the translational kinetic energy depends on the volume, as is shown in 
§33. 

2 “ Gastheorie,” 1896,1, 41. 
3 “ Theorie der Warmestrahlung,” 1921, 124. 
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has been criticised.* An alternative method,^ using Cauchy’s contour-integra¬ 
tion for a complex variable, and a “ method of steepest descents,” a purely 
mathematical device for evaluating certain coefficients in power series, is 
unsuitable for elementary exposition; Kistiakowski ^ was “ still to be convinced 
that the , . . method has any advantages, except some mathematical elegance, 
over the much more instructive Boltzmann procedure,” and considered that 
“ statistical mechanics could be adequately presented with a greater economy 
of mathematical symbols.” The involved mathematics, in fact, led one of its 
originators into error in one application.'* 

Another procedure, used by Gibbs,^ assumes in effect that the integral: 

/e~<“'‘)^''^dT=l.(32) 

is unity when taken over all the coordinates, dr being an element of generalised 
space (§ 13), e the energy, and a a parameter to be determined. Bichowski® 
generalised this to: 

Jf(e/A:r)e-‘“">"'’’dT=l.(33) 

where f(e/AT') is a function of the argument the Nernst heat theorem requires 
that f(6/*r)=0 when r=0. Brillouin showed that (32) is applicable to 
quantum statistics. 

§ 9. Statistical Weights 

In some cases a group of g energy states occurs in which the values «„ c,, j, 
€,+ 2, . . ., are such that the difference (e,.^—e,) is very small compared with 
the difference between the average energy of the group, and the energy of the 
next state or group of states. In such cases, the group of g states are taken 
together as one state in the state sum, g being called the statistical weight 
(sometimes, oddly, “ quantum weight ”) of the state. Thus equation (13), § 8 
{fi=ljkT) for this group is replaced by: 

«,=(l/C)g,e-'''«-.(1) 

which is equivalent to the sum of the separate terms all having (practically) 
the same energy e,. The complete state sum will then be: 

. (2) 

1 See e.g. Flamm, Phvs. Z., 1918, 19, 116, 166; Lichtenecker, ibid., 1919, 20, 12; 1922, 23, 
43; Verhl d. D. Phys. Ges., 1919, 21, 236; Leipzig Ber., 1925, 77, 189; Schrodinger, Phys. Z., 
1924, 25, 41; Berlin Ber., 1925, 434; and the reply by Planck, Berlin Ber., 1925, 49, 442; Sz611, 
Z. Phys., 1933, 84. 112; 1934, 86, 810. 

2 Darwin and Fowler, Proc. Cambr, Phil. Soc., 1922, 21, 262, 391, 730; Phil. Mag.. 1922, 
44, 450, 823; Fowler, ibid.. 1923, 45, 497; “Statistical Mechanics,” Cambridge, 1936, 32; 
Schottky, Ann. Phys.. 1925, 78, 434; Rice, “ Introduction to Statistical Mechanics,” 1930, 282; 
Lindsay and Margenau, “ Foundations of Physics,” New York, 1936,252; Fowler and Guggen¬ 
heim, “Statistical Thermodynamics,” Cambridge, 1939, 34; Margenau and Murphy, ‘‘The 
Mathematics of Physics and Chemistry,” New York, 1943, 436; Schrodinger, “ Statistical 
Thermodynamics,” Cambridge, 1946,27 (who says the method “ appeals to some scholars ”). 

3 J.A.C.S.. 1940, 62, 2889. 
^ Fowler and Sterne, Rev. Mod. Phys.. 1932, 4, 649: “ really incorrect.” 
5 “Elementary Principles in Statistical Mechanics,” 1902, 32; “Collected Works,” New 

York, 1928, 2, 32; Postma, Proc. K. Akad. Wetens. Amsterdam. 1907-8, 10, 390; 1908-9, 11, 
303, 781; Ratnowsky, Verhl. d. D. Phys. Ges.. 1916, 18, 263; Phys. Rev.. 1918, 11, 62; on the 
limitations of Gibbs’s procedure, see Eucken, Naturwiss.. 1938, 26, 230; Nernst, ibid.. 1939, 
27, 393. 

6 Phys. Rev.. 1928, 32, 494. 
’ /. de Phys.. 1921, 2, 65; cf. von Neumann, Odtt. Nachr.. 1927, 245, 273; Wigner, Phys. 

Rev.. 1932, 40, 749; Mayer and Band, J. CHem. Phys.. 1947, 15, 141. 
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All the g states are assumed to have equal statistical weights, i.e. given equal 
opportunities to possess the energies necessary for their separate existences, all 
these states are equally probable.^ A state said to have an a priori weight g 
is really a group of g states which have so nearly equal energies that they are 
nearly equally affected by temperature change, and for simplicity in calculations 
they are grouped together as one state of weight g. 

Equations (17a) and (18), § 8, must now be re-written in the form: ^ 
E (\IC)Eg,€,e~^rikT I dlnZ 

Z'dya d/i • • • (3) 

If the energies in each of the group of g states become identical, the group of 
states is said to become degenerate, each energy then corresponding with g, 
micro-states. In certain circumstances, e.g. in a magnetic field, these states 
may unfold into different states, with slightly different energies, and they must 
therefore be counted separately in all cases. 

In Wave Mechanics (see § lO.V) the multiplicity g of a state with an energy E 
is the result of the existence of g distinct proper functions (0) satisfying the 
wave equation, and the proper function of the system is a linear combination 
of these functions with g arbitrary constants. The physical significance may 
be illustrated by considering an atom with a magnetic moment m/x. In a 
magnetic field H, the magnetic axis will set itself so that its projections in the 
direction of the field will have only the discrete values: 

j-l, • • 1, ■ ■ -j.(4) 

where j is the so-called inner quantum number. The energy in the field is 
—m/xH, and the state sum has g=(2j+l) terms, corresponding with the values 
of m: 

.(5) 
m 

When H=0, the system is degenerate and: 

Z=2j+] .(6) 

§ 10. Canonical Assembly 

An assembly of systems all having exactly the same energy and all in the state 
of maximum entropy was called by Gibbs ^ a micro-canonical ensemble (or 
assembly); ^ this corresponds with isolated systems (d£'=0). 

An assembly in which the average energy, set up by exchange of energy with a 
constant temperature bath, has reached an almost constant value, corresponding 

1 Giauque, J.A.C.S., 1930, 52, 4808; on phase space with degenerate or coherent degrees 
of freedom, Epstein, Berlin Ber., 1918, 435. The assumption of equal statistical weights for 
the g states is made into a “ fundamental hypothesis ” by Tohnan, “ Statistical Mechanics,” 
Oxford, 1938, 59, and Fowler and Guggenheim, ” Statistical Thermodynamics,” Cambridge, 
1939, 7 (” no short or simple discussion is of any value ”). 

2 Ehrenberg, Nature, 1946,158, 308. 
3 “Elementary Principles in Statistical Mechanics,” 1902, 115; “Collected Works,” 

1928, 2, 115. 
^ The name “ assembly ” is used by Slater, “ Introduction to Chemical Physics,” New 

York, 1939, 32, 46, and other modem authors, as equivalent to Gibbs’s “ ensemble.” In 
German, “ Gesamtheit ” is sometimes used. See Herz, Ann, Phys., 1910, 33, 225; Einstein, 
ibid., 1910, 34, 175; Tolman, J.A.C.S., 1920, 42, 2506; 1921, 43, 126; 1922, 44, 75; Adams, 
ibid., 1921, 43, 1251. As van der Waals, jnr., Ann. Phys., 1911, 35, 185, pointed out, Boltz¬ 
mann considered systems in which the energy is regarded as constant, but did not really define 
his distribution of states before reaching the account in the second volume of his “ Gas- 
theorie ” (1898, 2, 68 f.), whilst Gibbs’s treatment is essentially one in which the temperature 
is regarded as constant. The treatment adopted here follows Planck, Berlin Ber., 1925, 442. 
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with the maximum entropy, was called by Gibbs ^ a canonical ensemble (or 
assembly). For all but a negligible fraction of the states, the two assemblies, 
as has been indicated (§ 7), may be regarded as identical, and hence the name 
“ micro-canonical ” is rather misleading. 

The probability that any arbitrarily selected or sample elementary configura¬ 
tion in the assembly shall have the energy €, is given by (13) and (15), § 8, as: 

nJN^^e- ^rfkTjJjQ er/kT 

Since the elementary configurations are all of the same kind, they undergo the 
same changes in lapse of time, these changes giving rise to the various micro¬ 
states. The above probability, therefore, also gives the probability that a single 
elementary configuration, undergoing changes with lapse of time, shall have the 
energy at any selected moment, the energy changes in this case being due to the 
constant temperature bath, as a kind of Brownian movement. The equation 
then gives the definite energy fluctuations of a single elementary configuration 
immersed in a bath of temperature T, these depending only on the temperature. 

If e is the average energy, it is easily shown ^ that 

J ==(^7Zip/e2= - Ar2(d/d 

In a degenerate group of states, each having the energy in a constant 
temperature bath, the energy fluctuations of a single elementary configuration 
will be specified by (13) and (15), § 8, and (2), § 9: 

.(j) 

When 1, the smallest energy eo will occur most frequently, the exponential 
in the numerator then having its largest value, but in a degenerate system 
(gr>l), gr increases with r,s ince a larger energy may be distributed in many 
more ways over the different coordinates (degrees of freedom) than a smaller. 
Thus, the numerator of (1) will first increase rapidly with r, but later with 
sufficiently large values of it will become vanishingly small, on account of the 
increasing effect of the exponential function. The maximum value of (1) 
then no longer occurs for cq (as when g=l), but nearer the average energy i; 
i.e. the energy fluctuations are smaller than in a non-degenerate system, and (1) 
has a small and steep maximum. The most probable energy is thus very nearly 
equal to the average energy, and hence such an elementary configuration with 
many degrees of freedom has, for every temperature, a definite average energy. 
Conversely, each energy corresponds with a definite temperature of the con¬ 
figuration, which temperature exists independently of a constant temperature 
bath in which the system may be supposed to be immersed. 

Since, in the state sum, all terms in which the energy differs appreciably 
from the average energy, E^Ey are negligible, any body of finite dimensions 
may be treated as a single elementary configuration with many degrees of 
freedom.3 Then: ^ 

Z=G . .(2) 

where G^Sgj, is the sum of the statistical weights of all the states in which the 
energy is very close to E. The steep maximum at is conditioned by: 
(i) the factor G for values E^<iEy and (ii) the exponential function for values 
Ef>E; and hence on both sides of Ey the contributions to (2) are negligible. 

1 “ Elementary Principles in Statistical Mechanics,” 1902, 34, 48, 68; “ Collected Works,” 
New York, 1928, 2, 34, 46, 68. 

2 Planck, Theorie der Warme,” 1930, 205. 
3 Planck, Z. Phys.y 1925, 35, 155; Berlin 1925, 442. 

G is here printed in roman type to distinguish it from the symbol of available energy G, 
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Since lnZ=ln G—£/Ar, equation (27), § 8 (since all the N states are now 
counted separately) gives: 

F^-kT\nZ^--kTlnG + E.(3) 

/. S=^{E-F)IT=klnG .(4) 

The comparison of (4) with (1), § 5, shows that the statistical weight G which 
must be substituted in (1), § 5, to give the entropy of a system of given energy is 
practically equal to the total number of micro-states of the system the energy of 
which does not exceed E, 

It is often more convenient to use an expression in which the micro-states 
having a common energy E^ are written separately: 

.(5) 

in which z denotes summation over the separate states having this energy; ^ 
equation (5) comprises all the micro-states of the assembly, from the smallest 
to the largest energies, to infinity, and any arbitrary grouping of the terms can 
be used in finding the sum. 

In the case where the state at absolute zero, r=0, has a statistical weight 
go not equal to unity, i.e. consists of go states with practically equal energies, it 
is easily seen that (28), § 8, must be written: 

5,=5o+/?[lnZ,~lngo+ndInZ,/dr)] .... (6) 

where R lngo=/? In Z,o is the entropy (if any) at the absolute zero. Planck’s 
form of Nernst’s theorem, *So=0, is therefore strictly true only when go=l, 
which, in the majority of cases, is true. 

The values of S referring to a crystalline solid at r=:0 as zero have been 
called the “ virtual ” or Nernst theorem (NT) values; the values of S calculated 
from the complete state sums (including nuclear spins: see § 21) have been 
called the “ absolute ” or nuclear spin (NS) values.^ The NT energy is all the 
energy liberated on cooling from the given temperature to r=0 at constant 
volume, whilst the NS energy includes in addition the zero-point energy of the 
molecules, which is not thermodynamically observable. The effect of nuclear 
spin multiplicity cancels out in thermodynamic calculations, since it is not 
affected by temperature and concentration, and for such calculations nuclear 
spin effects may be subtracted from the NS functions. At present it cannot be 
decided experimentally if Nernst’s theorem, S—O at r=0, applies only to 
NT entropy, or whether, at temperatures very near r=0, the effects of nuclear 
spin multiplicity also vanish. 

The entropy of a mixture of isotopes ^ in mol fractions x and (1 — a) would be: 

iS=A*S'i+(l‘~a)5'2-~/?[a In A-f-(l —a) In (1 •—a)] . . . (7) 

1 Planck, “ Theoric der W^rme,” 1930, 211; “ Hier soli der Index z bedeuten, dass die 
Summation nicht Ober die Ordnungszahlen r der Energie, sondern liber die einzclnen ZustUnde 
zu erstrecken ist, so dass jede Energie E, so oft geziihlt wird, als es ZustSnde gibt, welche diesc 
Energie zukommt.’' 

2 On the distinction, see Nernst, Berlin Ber., 1913, 972; Keesom, Phys, Z., 1913, 14, 665; 
Stern, Ann. Phys., 1916, 49, 823; Epstein, “ Textbook of Thermodynamics,’* New York, 1937, 
243; Ubbelohde, “Introduction to Modem Thermodynamical Principles,” Oxford, 1937, 55; 
and the papers by Giauque et al. given in § 29. 

3 Maxwell, “ Ency. Brit.,” 9th edit., 1877, 7, 220; “ Scientific Papers,” Cambrid^, 1890, 
2, 644, in discussing Gibbs’s paradox (§ 28.11), said: “ It is not probable, but it is possible, that 
two gases derived from different sources, but hitherto supposed to be the same, may hereafter 
be found to be different, and that a method may be discovered of separating them by a reversible 
process. If this should happen, the process of interdiffusion which we had formerly supposed 
not to be an instance of the dissipation of energy would now be recognised as such an instance,” 
and he gave an equation equivalent to (7). 
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where the last two terms specify the entropy change due to the mixture effect 
(§ 57.11), but since no ordinary process affects x they usually cancel in the 
calculations. If there is a specific heat anomaly at a given temperature in¬ 
volving an entropy change then 5'(NT) is reckoned from an apparent NT 
zero, S(NT)+S^ from a true NT zero, and 5(NS)=S(NT)+*S,+5,., where 
is the nuclear spin part, from the statistical (NS) zero. 

A highly mathematical justification of Gibbs’s i postulate that a statistical 
ensemble of mechanical systems generally converges in course of time to a state 
of statistical equilibrium, if it is not already in that state, is given by Krob,^ 
and the treatment of Gibbs’s statistical mechanics on the basis of polydimen¬ 
sional geometry by Herz ^ may also be mentioned. The statistical foundation 
of the quantum theory is considered by Wereide to imply that the element of 
generalised space dr (§§ 13 -14) is chosen so large that the state at absolute zero 
is always included in it. These mathematical considerations are outside our 
province. As Born ^ says, the laws of probability can be regarded as having the 
same validity as other physical laws, i.e. as “ demonstrated ” by the agreement 
of their consequences with experience. Each type of statistics depends on the 
choice of equally probably cases, or, more generally, on the assignment of 
suitable statistical weights, and the result from classical mechanics that the 
statistical weight is proportional to the extension in phase-space can be justified 
only by the agreement of the consequences with observations. The descrip¬ 
tion of statistical weights is even simpler for quantised systems, each state of 
given energy which cannot be split into several states by physical means having 
the same statistical weight. 

§ 11. Zero-point Energy 

The value of cq in (2), § 9, in the application to molecular systems, is the 
spectroscopically determined zero-point energy in the ground state of the 
molecule (see § 17). If the free atoms are used as zero states for the energy- 
levels of the molecule, these levels differ from those in the above convention by 

the energy of dissociation of the molecule in its ground state into normal 
atoms, and the state sum is then 

.(1) 
In this case the zero-point energy factor is automatically included in the factor 
for vibrational energies (§ 16). In other cases,^ the state sum is defined as: 

.(2) 
.(3) 

If the energy of a molecule can be separated into translational (e,), rotational ^ 
(€,), vibrational (e„), and electronic (e,), parts, as is usual in spectroscopy; 

€ = +€p + e^.(4) 

1 " Elementary Principles of Statistical Mechanics,” 1902,142. 
2 Amt. Phys., 1911, 34, 907; crit. by Silberstein, Ibid., 1912, 37, 386; reply by Kro6, ibid., 

1912 38 885 
* Am. Phys., 1910, 33, 225, 537; cf. also T. and P. Ehrenfest, Wien Ber., 1906, 115, UA, 

89; Epstein, Ann. Phys., 1916, 51, 168. 
* Am. Phys., 1916,49, 966; cf. Blokhintsev, /. Phys. U.S.S.R., 1940, 2, 71; Blokhintsev and 

Nemirovsky, ibid., 1940, 3, 191. 
5 “ Experiment and Theory in Physics,” Cambridge, 1943, 26. 
« Giauqne, J.A.C.S., 1930,52,4808; see Glasstone, Ann. Rep. Chem., Soc., 1935,67; Riewe, 

Z. Phys., 1938, 109, 753; Clusius, Die Chemie, 1943, 56, 241. 
7 Not to be confused with the general symbol used in § 8. 
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the state sum will be equal to the product * of the state sums for these separate 
parts: 

... (5) 

The last three factors may be grouped as an internal state sum: 

Z,==Z,.Z,.Z,.(6) 
This is only an approximation, since changes in vibrational energy affect the 
spacing of the rotational levels, and both the vibrational and rotational levels 
are influenced by the electronic energy state of the molecule. 

§ 12. Some Equations of General Dynamics 

Some equations of dynamics ^ will be required later. The fundamental 
equation for a mass m considered as a particle is Newton’s second law: ^ 

force=time rate of change of momentum, or P=d(wz^)/d/ . (1) 

and when the mass is constant (non-relativistic dynamics), force=massx 
acceleration : 

p=m(dz;/d/)=w(d^5'/d/^)=w/.(2) 

If the force is resolved into components X, Y, Z, parallel to the coordinate axes 
ofx, y,z: 

X=mx; Y=^my; Z^m'i.(3) 

where x^d^xjdt^, etc, (§ 6.1). 

If a system of forces acts on any number of particles and if / denotes any 
selected particle, equations (3) become: 

m,x,~X,=0; w,‘i,-Z,=0 .... (4) 

Multiply these equations by the arbitrary (“ virtual ”) displacements 
S^j, Sz„ and form the sum for all the particles; then the resulting equation: 

Z[(Wi3ci-T,)8A-j+(w.3>i-Ti)8>'i+(/MiZ,-Z,)8zJ=0 . . (5) 

is called D'Alembert's principled The virtual displacements must be consistent 
with any conditions of constraint imposed on the system; e.g. if any two particles 
are rigidly connected no displacement is possible in the line joining them. 

1 Since the energies in the exponential are additive. 
2 See e.g. Thomson and Tait, Treatise on Natural Philosophy,” Cambridge, 1886, 

I, 301; J. J. Thomson, “Applications of Dynamics to Physics and Chemistry,” 1888, 8; 
Boltzmann, “ Prinzipien der Mechanik,” 2 vols., Leipzig, 1892-1904; Webster, ” The Dynamics 
of Particles, and of Rigid, Elastic, and Fluid Bodies,” Leipzig, 1904; Riemann and Weber, 
“ Partielle Differentialgleichungen der mathematischen Physik,” 1910, 1, 295; Routh, 
“Elementary Rigid Dynamics,” 1913, 45, 317; Schaefer, “Die Prinzipien der Dynamik,” 
Leipzig, 1919; Planck, “ Einfiihrung in die allgemeine Mechanik,” Leipzig, 1920,167; Phillips, 
J. Opt. Soc. Amer., 1922, 6, 229; Whittaker, “Analytical D3mamics,” 3rd edit., Cambridge, 
1927, 34; Sommerfeld, “Atomic Structure and Spectral Lines,” 3rd edit., 1934, 1, 96; 
Margenau and Murphy, “ The Mathematics of Physics and Chemistry,” New York, 1943, 
268 (vector notation). For the history of dynamics, see Whewell, “ History of the Inductive 
Sciences,” 1857, 2, 1 f.; Mach, “ The Science of Mechanics,” 1893, 269 f., 331 f., 466 f. 

3 As de Morgan, “ Differential and Integral Calculus,” 1842, 504, said: “ the word force, 
when used to signify both the pressure which produces acceleration, and the acceleration 
itself, has always been a stumbling-block to beginners.” A force is “ something ” which, 
acting on a mass m, can give it an acceleration /, and is measured by the product nf, the unit 
of force being derived from those of mass and acceleration (i.e. of length and time) so that this 
equation is true without a constant. In statics, forces act without producing accelerations. 
The dynamical symbol of force, P (“ potentia ”), must not be confused with the same symbol 
for pressure (=force/area). 

^ Jean le Rond D’Alembert (1717-83), “ Trait6 de Dynamique,*’ 1743. 



SOME EQUATIONS OF GENERAL DYNAMICS 313 $12 

Now introduce, instead of the space-coordinates x, y, z, a system of generalised 
coordinates (which may e.g. include angles), denoted by q^, q^, q^, . . 
q^, . . ., and suppose the space-coordinates expressed as functions of these: 

Xi=Xi{quq2, .). etc. 

lXi=^{dXildqi)hqi+{dXildq-^hq2+ • • • +i^Xildq^^^+ . . . 
=S(dXildq^)8q^.(6) 

In (6), dXijdq^ is an abbreviated form of dXiiq^, q2, . . whilst in general 
Sx, is a variation of the coordinate x^. Since Sx,/8/=x„ and SqJSt=q^, the 
velocity components follow from (6) as: 

Xi=idXil8qi)qi + (8xil8q2)q2+ ■ ■ • =2{8Xil8q^)qk ... (7) 

and similarly for j>, and i,. 
Now replace Sx, by (6), and 8y( and 8z, by similar equations, in (5), then: 

E[{m,x,-X^E(dxMhq,]=^Q, 

the terms involving >», and Z( being supposed included. Now: 

.. dxi d r 8x1 

^^8q~Atr‘8q^ 

and from (7) by partial differentiation : 

d ^x^ 

^■dl 8q 

Hence: 

and 

^Xi! 8qi,=(ax,/8q^)(dqJ8qi)=8x^18q^ 

d 8x; d 8x; 

dr ~dt ~^dt - ^qk. 

d dXi d^Xi , d^Xi . 

dt8q~8q^8q^^'^’8q28q^'^'^ 

= {^ISqd[i^Xil8q{)q-^+{8Xil8q:^q2+ . . .] 

= 8xJ8q^, from (7). 

(9) 

, d dXi . dXi^ d 
(10) 

Substitute from (9) and (10) in (8), then: 

Hence in (5): 

ax. 

d/L" . 

■Vfd a 
m,x,Sx,=2^ I j- -T^(im,Xi2) - w,x,2) . (11) 

since M,(d/d/)(i-. ax,2/a^,,)=(d/d0(^/3^ii.)(iw,x,2), and 8x, is given by (6). Since 
^m,x,2 is the kinetic energy of the /th particle along the x axis, and there are 
similar equations to (11) for wj,y,8y, and /Ki2,8z,, the sum of the right-hand 
sides of these three equations will give in place of the first term in (11): 

where »,2=x,2+;;,2-{-i,2, d, being the resultant velocity. Since S^mivP'=T, 

the total kinetic energy, the first term will be S(d/dt)(8T/8q,^8q^. A similar 
summation gives E(8TI8qi,)8q^ for the second term in (11). 
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Suppose the forces can be derived from a function V of the coordinates 
^1, J], by the equations: 

Y.^^dVIdy- Z,= ~aK/az,. 
In this case the system is said to be conservative and V is the total potential 
energy. Thus: 

E{X,hx,+ Y^hyi+Z,hz^=-dV^-S{dVjdq,)hq, . . .(12) 

Then (5) can be written, by using (12) and results just found, as: 

Let 

dT dV 
%=0 • (13) 

L=T-V (14) 

be the Lagrangian function or kinetic potential Since V is supposed to be a 
function only of the coordinates and not of the velocities <7^., dVjdqi^^O, and 
(13) can be written: 

k 
The variations S^j, • are arbitrary, hence (15) can be true only if 

each of the coefficients of Sqk is zero: 

(d/dt)(dL/dq,)-dLldq,=^0.(16) 

This is called Lagrange's equation of motion A If the configuration of the 
system is represented by a minimum number k of generalised coordinates, the 
system is said to have k degrees of freedom, and the deduction shows that the 
Lagrangian equations of motion are true for any system of coordinates, pro¬ 
vided that the number of coordinates is equal to the number of degrees of 
freedom. There will be k equations of type (16) expressing the motion of the 
system, and each is a differential equation of the second order (§ 56.1). It will 
now be shown that these k equations may be replaced by 2k differential equations 
of the first order by using generalised momenta and including differentiation 
with respect to time. 

Corresponding with each generalised coordinate is a generalised momentum 
p^ defined by 

p,=dLldq,=8Tldq, .(17) 

For the simplest case where T=\mv^, qk—'v, and dTldq^=:(dldv)(^mv^)=ntv. 
It should be noted that V is not a function of q^,, but L—T— K is a function of 
9i> 92> • • ■> 9i> 92. • • •. and in the most general case also of the time f. 

L=Uqk, 9*. 0 .(18) 

From (16) and (17), since (d/d/)/>*—p*: 

Pk^^Wq,.(19) 

which is a simple form of Lagrange’s equation. 
Now introduce the Hamiltonian function: 

H=P\qx+P2p2-\- ■ ■ ■ +PkPk-L=2p^qi,-L .... (20) 

and write down its total differential, supposing for generality that L may 
depend expUcitly on the time t: 

dH=Ilp,dq,+Il4,dp,-Z(dL/dq,)dq,~H(8L/8q,)dq^^^ 

^Eq,dp,-S{dLldq,)dq,-{dLldt)dt .(21) 
1 Joseph Louis, Compte Lagrange (1736-1813), “ Micanique Analytique,” 1788. 
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by (17). If H is supposed to be expressed as a function of the qi^s, p^'s, and 
t, then (21) can be resolved into the partial differential equations: 

qk=‘dHjdpf, and dL/8qif^~-8H/dq^, 
and from (19): 

q,=dHldp, and p,= -8HI8q, (*=1,2,...*) . .(22) 

which form a system of 2* differential equations of the first order, replacing the 
* Lagrangian equations (16) of the second order. Equations (22) are called 
the canonical equations of Hamilton.^ In the particular case where the con¬ 
ditions defining the motion are independent of time, and the kinetic energy T 
is a homogeneous quadratic (second degree) function of the q^%, Euler’s theorem 
of homogeneous functions (§ 30.1) gives, with (17) and (20): 

lT=S{bTldq,)q,=Sp,^,=H+L=H+T-V, 

H=T+V=E.(23) 

the total energy, here expressed as a function of the q's and p's. Hence the 
canonical equations for this case can be written in the form: 

qi,=dEldp^ and p^--dEI8q,^ .(24) 

§ 13. Liouville’s Theorem 

An important equation of general dynamics is equivalent to one deduced by 
Liouville.2 A dynamical system is assumed to be defined as to configura¬ 
tion or “ position ” by * generalised coordinates, q^, q2, . . . and as to 
“ velocity ” by their time rates qj. ^2> • • g^- For a mass point m, the 
generalised velocity q^ can be replaced by the generalised momentum, pf^=mq^. 
Now suppose the mass points to move so that after a small interval of time dt 

the coordinates have changed by: 

dqk=(.^gk/^0dt=g^dt, 

and the momenta by: 
dPk=(SpJ8t)dt=Pi,dl. 

1 Sir William Rowan Hamilton (1805-65), Phil. Trans., 1834, 124, 247; 1835, 125, 195. 
Hamilton is also famous as the inventor of quaternions (1843), a quaternion being the sum of 
a scalar and a vector, and involving four independent numbers, such as the scalar and three 
coefficients of the vector. The general equations of dynamics may also be deduced by methods 
involving the calculus of variations, depending on the so-called principle of least action, in 

rt\ 
which the integral Ld/ shall have a minimum value (Hamilton's principle). For the Calculus 

Jto 
of Variations, see de Morgan, “ Differential and Integral Calculus,** 1842, 446; Jcllett, “ Ele¬ 
mentary Treatise on the Calculus of Variations,** Dublin, 1850 (less strict and more intelligible 
and practical); Todhunter, “ History of the Progress of the Calculus of Variations,” 1861; 
idem, “ Treatise on the Integral Calculus,” 1891, 388; Williamson, “ Integral Calculus,’* 1906, 
425; Bolza, “ Vorlesungen uber Variationsrcchnung,” Leipzig and Berlin, 1909; Bliss, ” Cal¬ 
culus of Variations,” Chicago, 1925; Kneser, ” Lehrbuch der Variationsrcchnung,” Brunswick, 
1925; Forsyth, ” Calculus of Variations,” Cambridge, 1927; Koschmeider, ” Variationsrech- 
nung,” I, Berlin, 1933; Morse, ” The Calculus of Variations in the Large,” New York, 1934; 
Margenau and Murphy, ” The Mathematics of Physics and Chemistry,” New York, 1943, 193. 

2 J. de Math. [Liouville], 1838, 3, 342. See H. W. Watson, ” Kinetic Theory of Gases,” 
Oxford, 1876, 12; Boltzmann, ” Gastheorie,” 1898, 2, 66, 77; Planck, ” Theorie der Warme- 
strahlung,” 1921,129; Jeans, “Dynamical Theory of Gases,” 3rd edit., Cambridge, 1921, 70; 
Tolman, “ Statistical Mechanics,” Oxford, 1938, 48. The theorem is called by Gibbs, 
“ Elementary Principles in Statistical Mechanics,” 1902, 10 (with a deduction), the “ principle 
of conservation of density in phase on the quantum aspect, see von Neumann, Goit. Nachr., 
1927, 245, 273; Wigner, Phys. Rev., 1932, 40, 749; Mayer and Band, Chem. Phys., 1947, 
15,141. 
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The element of “ phase volume,” or the small region of generalised space 
defined (by analogy with dv=^dx dy dz) by: 

dT=d^id^2 • • • 

may be regarded as an infinitesimal parallelepiped of 2k dimensions with its 
edges parallel to the axes of the ^’s and /?’s. After the time dt the volume dr 
becomes dr', which is approximately again a “ right-angled ” parallelepiped, 
if terms of higher order are neglected: 

dT'=d(^i+^id/)d(^2+^2dO • • • d(Pi+Pi^0d(P2+P2d0 • • • 
Now dqi=(dqildq^)dqi,-, dpi=(dp^ldpi)dpi, . . 

dr'--dT=dr(dqi/dqi+ . . . +dpildpi+ . . .)d/=0 . . (1) 

the expression vanishing because, from (24), §12: 

and ^^Pil^P i ——^^Ejdqidp^, 

and the two expressions are equal, since dE is a perfect diflerential (§ 27.1). 
Thus, Liouville^s theorem is proved for the given coordinates qu Qi- • • 
since dr is independent of time. 

To show that it is independent of the choice of coordinates, let the k 
coordinates ^i, . , q^ be replaced by k new coordinates X], . . ., which are 
functions of . . ., q^,. Now compare the values of dr^ and dr^, the phase 
volume elements expressed in terms of the q'^s and the x’s, respectively, and the 
corresponding momenta p"s and |’s, say. After a finite time, let dr^ and dr^ 
have moved in the generalised space far from their original positions, when their 
values have become dT^'=dT^ and dTy.'==dT^„ Now take a third set of 
coordinates Zi, . . ., which shall very closely coincide with qi, . . q^, 
at the beginning of the motion and with Xi, . . at the end: this is allow¬ 
able, since no functional relations among the coordinates have been laid down. 
Since the momentum coordinates are completely determined by the configura¬ 
tion coordinates, the set . . . Ck corresponding with Z|, . . . z*. will closely 
coincide with the SQt ii, ... corresponding with x^, . . . x^. Hence 
dT^=dT^ and dr^'^dr^'. Liouville’s theorem shows that dT^'=dT^, hence 
dr^—dr^, and this proves that the value of dr is independent of the choice of 
coordinates. 

§ 14. Ideal Gas 

The general equation for the energy per mol of any system is (25), § 8: 

E:=kNT^(d\nZldT)=^RT2(dlr\Z/dT) .... (1) 

Since p—l/kT, from (23), §8, therefore l//x=dln/>t/d/x (from §14.1) 
=kT=RTIN; hence /?r=A'(dln/x/d/>t), and dfji/dT=^--l/kT\ and the heat 
content is: 

H=^E+PV:==^E+RT=RT2(d In Z/dT)+RT 

=RT2{^l/kT2)(d In Z/djLc)-hA^(d In /i/d)Lc) 

= -7V(d In Z/d/A-d In /x/d/x) 

= -Mdln(Z//t)/d/.].(2) 

The molecular heat at constant pressure is (since NlkT^=Nklk'^T^=Rfi^): 

Cp=di//dr=(di//dfi)(d/*/dr) 

= - Ald2 In (Z/Ai)/dja2](-1 lkT2) 

=^/*2Id21n(Z//i)/d/*2] (3) 



IDEAL GAS 317 §14 

A molecule of an ideal ^ monatomic gas is dynamically specified by its 
position coordinates x, y, z, and its velocity coordinates x^Axjdt, j>=dj/d^ 
and i=dz/dL Instead of the velocity components, the corresponding momenta 
mx, my, mz (where m=mass of molecule) may be used. The coordinates are 
then (i) generalised position coordinates and (ii) general¬ 
ised momentum coordinates (/7i=m.v, p2^my, satisfying Hamilton’s 
canonical equations of motion, (24), § 12 : 

q,=.dEldp„. . p.^^dEldq,,.(4) 

where E is the total energy (kinetic+potential), expressed as a function of the 
p's and q's, and supposed to be constant; the p's and q's are called canonical 
coordinates. 

Let the micro-state of a system be defined by 2/ canonical coordinates 
^/> Pu Pi^ Pi^ • • P/> which may be regarded as rectangular 

coordinates of a point in generalised space of If dimensions. The changes of 
the micro-state in time are then represented by the trajectory of the point in 
this generalised space. In the classical theory the phase points fill the phase 
space continuously. Any finite element of phase space will in course of time 
undergo displacement and deformation, every phase point in it moving along a 
definite curve according to the equations of dynamics. 

In classical theory, the element: 

dT=d^id^2 ♦ • • ^Qf^Pi^Pi • • • ^Pf 

can be infinitesimally small, but the quantum theory shows that it has a mini¬ 
mum size, and since the product 6q6p has the dimensions [energy] x [time] == 
[action], the same as the dimensions of Planck’s constant h, Planck suggested 
that the finite minimum volume will be dT=A^. The number of micro-states 
in a given system is proportional to the statistical weight W (§ 4), and the 
quantum theory shows that this is finite.^ 

Liouville’s theorem (§ 13) shows that: 

dT=dgid^2d^3 • • • d^/d/7id/72dP3 . . . dj7y . . . . (5) 
is independent of time and of the choice of coordinates, provided these satisfy 
(4). (The finite extension is sometimes emphasised by using A instead of d.) 
Thus, the same probability may be assigned to a representative point in an ele¬ 
ment of given volume situated anywhere in the generalised space, i.c. this 
probability is proportional to dr. 

According to Heisenberg’s ^ uncertainly principle, it is impossible to specify 
exactly simultaneously both the position and the momentum of a particle; if 
a molecule has coordinates lying between qi and q\+Aqu momenta lying 
between pi andp\+dpi, the product d^idpi has a minimum size hlArr, or with 
sufficient accuracy, h, where A is Planck’s constant=6*6 x erg sec. Hence 
in (5): 

dT=A^.(6) 

One mol of an ideal monatomic gas can be regarded as a single system 
(“ molecule ”) having a large number / of degrees of freedom, in temperature 
equilibrium in a heat bath. 

1 For the statistics of a van der Waals gas, see Waldmann, Physica, 1937, 4, 1117. 
2 Sommerfeld, Phys. Z., 1911,12, 1057; Planck, Berlin Ber., 1916, 653. 
3 Z. Phys., 1927, 43, 1; Bohr, Nature, 1928, 121, 580; Lewis and Mayer, Proc. Nat. Acad., 

1929, 15, 127; Darwin, Science, 1931, 73, 653; Kothari, Phil. Mag., 1939, 27, 65; Margenau 
and Murphy, “The Mathematics of Physics and Chemistry,** New York, 1943, 332; Paniker, 
An. FIs. Quim., 1945,41, 573; Bopp, Z. Naturforsch., 1947, 2 A, 202. For another treatment, 
depending on the “ free volume ’* of a molecule, see Svenson, Arm. Phys., 1928,87,424. 
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For a system of N identical parts, each with / degrees of freedom, the phase- 
space of the individuals, of dimensions 2/, is sometimes called ^ the mu-space 
or /4-space (“ molecular space ”), and the configuration of the whole system is 
represented by N points in /x-space. But it is also possible to represent the 
state of the whole system by one point in a space of 27^/dimensions, called the 
gamma-space or y-space (“ gas space ”). The present discussion refers to a 
y-space. 

Since each monatomic molecule has 3 degrees of freedom,/=3A^ and: 

dT=(d9id;?i)(d^2d/J2) • • • .... (7) 

The energy of a molecule is: 

€=-J-m(x2+j2+i2)+Co=(l/2w)(/»i2+/)22+P32)+Co . • (8) 

sincepi^mx,p2^my^ Pi=mz\ cq is the zero-point energy. The total energy of 
the gas (if A%o=^o) is: 

E=Eq-{-(pi^+P2^+ * • . +P3jv^)/2m.(9) 
The state sum in the appropriate form is (5), § 10, and can, for an ideal gas, 

be replaced by an integral extending over the whole phase space of 6N dimen¬ 
sions, since the differences of translational energies are very small. But as this 
includes all the micro-states derived by permutations of the N identical mole¬ 
cules, viz. A^!, this integral must be divided by A^! in order to represent the 
thermodynamic state, in which each micro-state is counted only once.^ The 
interchange of any two identical molecules, in fact, leads to no change of state. 
Each term in the state sum is multiplied by dr/A^^ 1, from (6), and the integral 
taken over all points for the position coordinates, and all momenta from 
— 00 to + 00 ’ 

• • • d93jvd;73jv.(10) 

E being substituted from (9), and A^! replaced by (N/e)^ by Stirling’s theorem 
(8), § 8. Integration over the position coordinates gives: 

4-00 

— 00 

r + oo 

where Vis the volume of the gas. Since e~’^dx=\/iT (from (16), § lO.III): 
J — 00 

.'. Z=e“^’‘>/''^[(eF/AW)(27rmAr)3/2jN .... (H) 

Thus, from (3), § 10, the free energy is: 

-kTln Z= -kNTln [(cV/hm)(27rmk7y^]+Eo . . (12) 

1 P. and T. Ehrenfest, “ EnzykI. d. math. Wiss.,” 4, II, ii, Heft 6. 
2 Planck, Berlin Ber., 1916, 653; Ann, Phys., 1921, 66, 365; see the criticisms by Lichten- 

ecker. Verhl. d. D. Phys, Ges„ 1919, 21, 236; Phys, Z., 1919, 20, 12; 1922, 23, 43; Leipzig 
Ber., 1925, 77, 189; Nordheim, Z. Phys,, 1924, 27, 65; Schrodinger, Phys. Z., 1924, 25, 41; 
Berlin Ber., 1925, 434; and the reply by Planck, Berlin Ber., 1925, 49, 442. A deduction is 
given by Bose-Einstein or Fermi-Dirac statistics (§ 33), but the assumptions and the result 
are identical. Schrodinger, “ Statistical Thermodynamics,” Cambridge, 1946, 56, said that 
” the classical theory gives pure nonsense,” which is an exaggeration. The division by Nl 
really applies only to such a dilute gas that it is improbable that any appreciable number of 
micro-states will have more than a single molecule in any given small element of generalised 
space. Each n in the denominator of (3), § 8, is then either 1 or 0, its factorial («r!) in either 
case being I, and the expression reduces to /V!. 
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From (4), § 43.11, and (12): 
-idFldV)r=p^kNTIV.(13) 

But 
P=^RTIV.(14) 

hence, as stated in § 5: 
k=R/N.(15) 

From (12) with V=RTIp=kNTIp, the entropy follows from (5), § 43.11: 

S=-(dFldT)y=R{i In T-ln + In [(Inmky'^k/h^]} . (16) 

=R In Ip).(17) 
where 

A—(^TTmky^ke,^‘^jh''.(18) 

The values of the constants in (18) are A=l -38x lO-i* erg/1” C., A=6-61 X 
10~^'^ erg sec. Also R=Nk, where Af=6-03x 10^^, and m=MlN, where 
M=molar weight. Hence: 

In [i27Tm)^'^k^'^lh^]=ln l(2nlN)^'\k^>^/h^)]+i In M. . . (19) 

The entropy of 1 mol of a monatomic gas (C„=f/?) is given by (4a), § 55.11: 

S=:Sa+iR In T+R In V, 

and since pV=RTthis may be written as: 

In T—R In pA'R In R. 

By comparison with (16) it follows that the entropy constant is: 

So=f J?-i? In R+R In [{lirmky'^klhi] 

-\R-R In R+R In [{^2nlNyi\k^i^lh^)]+lR \n M . . (20) 

from (19), and this also represents the constant for the translational entropy per 
mol of any gas. The translational entropy per mol is thus: 

S„==R{\n[Cl‘nmkT)^'^VIhiN]+\).(21) 

If p is in atm. (1 atm.=1 0132 x 10** dynes/cm.^) and m=MIN \n (16): 

In M+\R In T-R In p+R In [(27r*/A2A^)3/2A/l-0132x 106]+|/!; 

=\R In M+^R In T-R In /?-7-262+4-965 .(22) 

where R is put equal to 1 -986 g.cal. per 1° C. per mol. 
In the standard state (ideal gas at 1 atm.)p=l, the entropy is: 

S, In M+|if In r-2-297 .(23) 

The available energy per mol of ideal monatomic gas is, from (16), and 
E=E^+CJ=E^+^RT-. 

G==>E-TS+RT 

=£'o-|«nn r+^rinp-RT\n [{;2'nmfi\k^‘^lh^)]. . . (24) 

From (21) and J5'=£'o+fl?r it follows that: 

G=.-«ri„P"'";yy+£b.(K) 

The entropy constant equation for a monatomic gas was deduced in various 
ways,i the forms sometimes differing slightly, the present one being found by 

> Sackur, Am.Phys., 1911,36,958; 1913,40,67,87; NemstFestschr., 1912, 405; Ber., 1914, 
47,1318; Tetrode, Ann. Phys., 1912,38,434; 1912,39,255; Froc. K. Akad. Wetens. Amsterdam, 
1915,17,1167;Keesom,/Voc. K.Akad. Wetens. Amsterdam, 1913,16,227; 1914, n,2a,Phys.Z., 
1913,14,665; 1914,15,217,695; Verslag. K.Akad. Wetens. Amsterdam, 1914,22,1215; Planck, 
GStt. Nachr., 1913,137; del Lungo, Nuov. dm., 1918, 16, 68; Schames, Phys. Z., 1920, 21, 
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Tetrode. A different deduction, in which quantisation is confined to a solid 
phase in equilibrium with the gas, was given by Stern. ^ 

The so-called “ ultimate rational units ” system of G. N. Lewis ^ and 
Tolman’s ^ “ principle of similitude ” can only be mentioned. Lewis,^ from 
his theory, deduced for the entropy constant In where 
£f=eIectronic charge, c=ve]ocity of light, but direct comparisons with experi¬ 
ment 5 favour Tetrode’s form. 

§15. The Quantum Theory 

The quantum theory was introduced into science on 14 December 1900 by 
Max Planck,<5 to explain a serious difficulty, or “ cloud which had arisen in 
the theory of radiation. By an application of the classical theory of equiparti- 
tion of energy (§ 20) to black-body radiation, Lord Rayleigh,^ whose calcula¬ 
tion was later overhauled and confirmed by Jeans,^ deduced an equation: 

p^,=^%7rkv^Tlc^ .(1) 
for the energy density in ergs/cm.^ of radiation of frequency v in equilibrium 
with a black body of temperature T, where k is Boltzmann’s constant ^RjN, 
and c is the velocity of light. Although (1) gave good results for long waves 
(small v), it failed for shorter waves, and for no apparent reason. 

38.39; Tolman, J.A.C.S., 1920, 42, 1185; 1921, 43,1592; Ehrenfest and Trkal, Proc. K. Akad. 
Wetens, Amsterdam, 1920, 23, 162; Am. Phys., 1921, 65, 609; Planck, Ann. Phys., 1921, 66, 
365; Byk, ibid., 1922, 69, 161; Tolman and Badger, J.A.C.S., 1923, 45, 2277; Urey, ibid., 
1923, 45, 1445; Enskog, Ann. Phys., 1923, 72, 321; Schidlof, Arch. Sci. Phys. Nat., 1924, 6, 
281, Suppl. 61; Syrkin, Z. Phys., 1924, 24, 355; Becker, ibid., 1924, 28, 256; Rasetti, Nuov. 
dm., 1926, 3, 67; Saha and Sur, Phil. Mag., 1926, 1, 279; Wertheimer, Phys. Z., 1926, 27, 
771; Gibson and Heitler, Z. Phys., 1928, 49, 465; Sackur and Simson, “ Thermodynamik und 
Thermochemie,” 1928, 308. Although Fowler and Guggenheim, “ Statistical Thermo¬ 
dynamics,** Cambridge, 1939, 156, did not regard any earlier discussion than that of Ehrenfest 
and Trkal (a pupil of Fowler’s) as “logically convincing,’* the formula was known and had 
been used nearly ten years before this. 

1 Phys. Z„ 1913, 14, 629; Ann, Phys., 1914, 44, 497; Z. Elektrochem., 1919, 25, 66; Born, 
“Atomtheorie des festen Zustandes,’’ 1923, 705; Nemst, “The New Heat Theorem,” 
1926, 170. 

2 Lewis and Adams, Phys. Rev., 1914, 3, 92; 1914, 4, 331; Lewis, Gibson, and Latimer, 
J.A.C.S., 1922, 44, 1008; Lewis, Phil. Mag., 1923, 45, 266; 1925, 49, 739; Lewis and RandaU, 
“Thermodynamics,” 1923, 456; Van Vleck, Phys. Rev., 1926, 28, 980; criticised by Lodge, 
Phil. Mag., 1923, 45, 275; 1925, 49, 751; Campbell, ibid., 1924, 47, 159. Witmer, Proc. Nat. 
Acad., 1946, 32, 283, found /ic/c2=861=i(42x41). 

3 Phys. Rev., 1914, 4, 244; J.A.C.S., 1921, 43, 866; Bridgman, “Dimensional Analysis,” 
New Haven, 1922; /. Phys. Chem., 1924, 28, 410. 

^ Lewis and Adams, Phys. Rev., 1914, 3, 92; Lewis, ibid., 1921, 18, 121; Lewis, Gibson, 
and Latimer, J.A.C.S., 1922,44, 1008. 

5 Giauque and Wiebe, J.A.C.S., 1928, 50, 2193. 
<5 Verhl. d. D. Phys. Ges., 1900, 2, 202 (formula), 237 (deduction); Ann. Phys., 1901, 4, 553, 

564; 1901,9,629; “ Theorie der Warmestrahlung,” 1906, 148; on the origin of the theory, see 
Planck’s Nobel Prize lecture, “Die Entstehung und bisherige Entwicklung der Quanten- 
theorie,” Leipzig, 1920, and Naturwiss., 1943, 31,153; Rosenfeld, Osiris., 1936,2,149; Jordan, 
Forschungen u. Fortschritte, 1943, 19, 321. On Max Planck, b. Kiel, 23 April, 1858, d. 
Gottingen, 4 October, 1947, see Flint, Nature, l9AZ, 161, 13; Partington, ibid., 1948,161, 47. 

7 Lord Kelvin, Royal Institution lecture, April, 1900; Phil. Mag., 1901, 2, 1. 
8 Phil. Mag., 1900, 49, 539; Nature, 1905, 72, 54, 243; McLaren, Phil. Mag., 1912, 23, 513, 

later proved that the energy distribution in black-body radiation cannot be deduced on a 
classical basis. 

9 Phil. Mag., 1905,10,91;Phys.Z., 1908,9,853; Planck, Am.Phys., 1910,31,758; “ Theorie 
dcr warmestrahlung,” Leipzig, 1921, 197; Swan, Phys. Rev,, 1916, 7, 154; see, however, 
Carwile, Phil, Mag., 1938, 25, 926. 
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Planck considered the emission and absorption of radiation by a linear 
Hertzian oscillator consisting of two equal and opposite electric charges 
oscillating in a fixed straight line. He considered a number of such oscillators 
in a closed space, assuming them free from damping and at large distances 
apart, and subject to the action of monochromatic radiation. Observable 
radiation cannot be regarded as strictly monochromatic; ^ its frequency covers 
a small but finite range from v to v+iv, and it would appear in a spectro¬ 
scope as a very narrow band and not as a mathematical line (cf. § 50.1). 

Kirchhoff’s law that in a closed space or cavity (“ Hohlraum ”)> contain¬ 
ing bodies of any character whatever, the distribution of the radiant energy 
over the frequencies ultimately acquires a steady or equilibrium state, was 
interpreted by Planck as indicating that in such an enclosure a magnitude, 
which he called the electromagnetic entropy^ exists, which increases to a maxi¬ 
mum value in thermodynamic equilibrium. He assumed that, in natural 
radiation, the deviations of single rapidly varying magnitudes from their 
average values is random, and the theory of probabilities was carried over 
from the kinetic theory of gases to radiation. 

Planck, from classical theory, found for the mean energy £ of a Herzian 
oscillator of frequency v: 

^’^E=kp.(1) 
where k is a universal constant, and from Wien's displacement law,^ that 
AjjjTj^^const., where is the wave-length of the maximum-intensity radia¬ 
tion in the black-body spectrum at the absolute temperature which is also 
deduced on classical grounds, it was shown that: 

vlT=KpJv^).(2) 
where f denotes a function of the argument pjv^. Equation (2), § 35.11: 
l/r=d5'/d£', then gave: 

S^¥{Elv).(3) 

If there are N identical oscillators in the cavity, so far apart that they exert 
no mutual actions, the state at a given moment is assumed to be the same as 
that of a single oscillator in N consecutive states. If the total energy NE is 
divided into P equal “ energy elements,” c, distributed at random among the 
oscillators, then: 

NE^P€.(4) 

The number of possible ways in which the P identical energy elements can be 
distributed among the N oscillators is given by the theory of ” combination 
with repetition,” when the things permuted are not all different, and the general 
formula ^ is: 

H/==(Ar+p-i)!/(Ar-i)!/>!.(5) 

The number of “ complexions ” W was defined by Planck as the probability 
of a state, this increasing in proportion to the number of ways in which the 
state can be realised in the given conditions. The general equation connecting 
probability and entropy (1), § 5: 

S^k InW.(6) 
if 1 is neglected in comparison with N and (7V+P) in (5), and the factorial 
transformed by Stirling’s theorem (8), § 8, In N\^N{ In N— 1), gives: 

S^k[{N+P) In {N+P)-N In N-P In P]. 

1 Schuster, “ Theory of Optics,” 1920, 35. 
2 See § 10. VI B. 
2 C. Smith, ” A Treatise on Algebra,” 3rd edit., 1892, 352; Ehrenfest and Oiines, Ann. Phys., 

1915,46,1021; for a deduction without using entropy, see Weinstein, ibid., 1916, 49, 363. 
A.T.P.C.—11 
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Substitution of P^NEje from (4), and simplification, gives: 

S^kN[{\+Ele)\n{\ + El€)-^{El€)\n{El€^^ .... (7) 

Since 5* is a function of a single argument Eje, it follows from (3) that this 
must be proportional to Ejv, and hence: 

e^hv.(8) 
where A is a universal constant, since F in (3) is a universal function, i.e. the 
same for every system involving radiation and oscillators. 

Assumption (4) is the kernel of the deduction: as Planck ^ said: “ it is neces¬ 
sary to regard J?, not as a continuous magnitude divisible without restriction, 
but rather as a discrete quantity composed of a finite number of equal parts. 
If we call such a part an energy element ^ e, it is thus necessary to put E^Pe, 

where P is a whole number, usually large, whilst the value of c we leave, for 
the present, undetermined.” 

The entropy of a single oscillator, S\ is found by dividing (7) by N, and if 
Ejhv=x: 

5'=A[ln (l-f-x)+A*ln (1+a)—-Arln x] .... (9) 

Again, d5/d£'=l/r. But dS/dE=(dS/dx)(dx/dE). If E now denotes the 
mean energy of a single oscillator, then £=(l/Ar)(d*S'7d.v). Differentiate 
(9) with respect to x, multiply by 1/Av, and equate the result to l/T: 

{kjhv) In [i\+x)lx]^(k/hid In [(Ar/£)+l]=l/r 

In(Ai^/^-fl)=Av/Ar, ox 

.... (10) 
The quantum theory presented a strange contrast to the nineteenth-century 

idea of the essential continuity of physical change. It asserted ^ that there are 
physical systems which exist only in definite discrete states, and never occupy 
intermediate states, without solving the problem as to how such systems pass 
from one of these states to another. Planck^ said: “The continuity of all 

* Ann,Phys,y 1901, 4, 553; Planck used for P, and calculated h—6'55 x 10"27 erg sec. In 
Ann. Phys.t 1901, 4, 564, he calculated the mass of the hydrogen atom as 1 •64x 10"24 g.^ and 
in ibid., 1902, 9, 629, as l-62xl0~24 and the electronic charge as c=4-69xlO~io e.s.u., 
from radiation data. The present value is /i=6-62x 10~27 erg see.; see Millikan, Ann. Phys., 
1938, 32, 34, 520; Dunnington, Rev, Mod. Phys., 1939, 11, 55; Birge, Phys. Rev., 1940, 58, 
658; Rep. Progr. Phys., 1942, 8, 90 (who takes 6-624X 10-27). 

2 The name quantum, apparently first used (as “ Lichtquant ’*) by Einstein, Ann. Phys., 
1906, 20, 199, is now very generally used for “energy quantum,” although there are other 
quanta (e.g. of electricity, i.e. the electron) besides this. The name ergon, proposed by the 
writer, “ Text Book of Thermodynamics,” 1913,521, did not find favour. This name “ ergon ” 
was used by the translator of a paper by Clausius, Phil. Mag., 1868, 35, 405, as the equivalent 
of “ Werk,” i.e. “ action,” and the dimensions of h are (energy x time), or “ action,” as 
understood in dynamics. The ergon has not a constant value, but depends on the frequency v, 
as does the “ photon.” 

3 Poincar^, J. de Phys., 1912, 2, 5; “Demidres Pens6es,” Paris, 1913, 163; Gibson, En¬ 
gineering, 1912, 94, 515; Millikan, Science, 1913, 119 (historical); Jeans, B.A. Rep., 1913, 
376; “ Report on Radiation and the Quantum Theory ” (Physical Society), 1914, 66, 2nd 
edit., 1924, 51; idem, “Dynamical Theory of Gases,” 3rd edit., 1921, 373,404; Lorentz, Natur- 
wiss., 1925,13, 1077; Debye, Z. iechn. Phys., 1938,19, 121 (with portrait of Planck, aged 80). 

^ Phil. Mag., 1914, 28, For connected earlier accounts of the quantum theory, see 
e.g. Jeans, opp. cit.; “ La Th6orie du Rayonnement et les (Juanta,” Solvay Congress (Brussels, 
1911), 1912; various authors, in Abhl. d. D. Bunsen Ges., 1914,7 (edited and transl. from Solvay 
Congress, 1911, by Eucken); Ladenburg, “ Plancks elementares Wirkungsquantum und die 
Methoden zu seiner Messung,” Leipzig, 1921; Vakntiner, “Anwendungen der Quanten- 
hypothese in der kinetischen Theorie der festen Korper und des Gases,” 2nd edit., Brunswick, 
1921; Gerlach, “ Die experimcntellen Grundlagen der Quantentheorie,” Brunswick, 1921; 
Tolman, /. Opt. Soc. Amer., 1922, 6, 211; Bligh, “ The Evolution and Development of the 
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dynamical effects , . . was formerly taken for granted as the basis of all 
physical theories, and, in close correspondence with Aristotle, was condensed in 
the well-known dogma: Natura non facit saltus [“Nature makes no leaps”]. 
But even in this venerable stronghold of Physical Science present-day investi¬ 
gation has made a considerable breach. This time it is the principles of thermo¬ 
dynamics with which that theorem has been brought into collision by new facts, 
and unless all signs are misleading, the days of its validity are numbered. 
Nature does indeed seem to make jumps—and very extraordinary ones.” 

At a time when it was thought that some “ explanation ” of the discon¬ 
tinuous energy exchange might be given in classical terms, several “ interpre¬ 
tations ” of Planck’s hypothesis were forthcoming.^ All these must now be 
regarded as fundamentally unsound. One difficulty seemed especially serious. 
The quantum hv corresponding with an oscillator of very high frequency is 
relatively large, whilst in all radiation at realisable temperatures the intensity 
corresponding with high frequencies is relatively very small; hence it would 
seem that a high-frequency quantum would only very rarely be available, and 
the oscillator would not be 
able to absorb energy from 
the radiation. The same diffi¬ 
culty occurs for all frequencies 
at very low temperatures. 

Planck, therefore, modified 
the theory by assuming a con¬ 
tinuous absorption but a dis¬ 
continuous emission of energy 
by oscillators, at first ^ on the 
assumption that the oscillator 
emits a single quantum, but later on the assumption that absorption occurs 
continuously until a whole number of quanta are taken up, and then emission 
occurs by loss of the whole of the absorbed energy (Fig. 6.1V). This gives 
the same formula for the energy density of black-body radiation as the early 
quantum theory, but the energy of the oscillator is now: 

1) ^ +\hv.(11) 

instead of (10). The first term on the right vanishes for r=0 (see below), 
and whereas (10) gives zero energy for the oscillator at absolute zero, (11) 
leaves it with a zero-point energy ^ of half a quantum. Although Planck’s 
“ second quantum theory ” (continuous absorption but discontinuous emission) 
is now given up, the idea of zero-point energy plays an important part in 
modern quantum theory. 

When T is very small, the exponential function in (10) or (11) is very large 
compared with unity, and and for T-^0 this approaches 
e“°’=rl/e‘**=0. 

Quantum Theory,” 1926; Persico, Scientia, 1928, 44, 373; Reiche, ” The Quantum Theory,” 
3rd edit., 1930. 

1 Haas, Jahrb. Radioakt. Elektronik, 1910, 7, 261; J. J. Thomson, Phil. Mag.y 1910, 20, 238; 
Wertheimer, Z., 1911, 12, 408; Schidlof, Ann. Phys.^ 1911, 35, 90; Gibson, Verhl. d. D. 
Phys. Ges., 1912, 14, 104; Goldhammer, Pkys. Z., 1912, 13, 535; Planck, Ber., 1912, 45, 5; 
Houstoun, Phil. Mag., mi, 38, 479. 

2 Ann. Phys., 1910, 31, 758; Verhl. d. D. Phys. Ges., 1911,13, 138. 
3 Berlin Ber., 1911, 723; Arm. Phys., 1912, 37, 642. For other deductions of (10) see 

Einstein, Ann. Phys., 1905, 17, 132; 1906, 20, 199; 1907, 22, 180, 800; Hasendhrl, Phys. Z., 
1911,12,931; Frank, ibid., 1912,13, 506; Bichowsky, Phys. Rev., 1918,11, 58. 

4 Cf. Einstein and Stern, Ann. Phys., 1913,40, 551. 

Emission by an Oscillator 
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The expression (11) is closely related ^ in form to the function: 

xj{e— l)+|^x=|x(e^+ l)/(e^— l)=ix coth \x, 

the expansion of which gives the so-called Bernoulli numbers as coefficients of 
even powers of .r. 

§ 16. Energy of Oscillator 
Many formulae of the quantum theory are easily, but not strictly, found by 

dividing up the generalised 
(/?, q) space into “ cells of 
equal volume, associating each 
cell with a quantum state, 
and using the Heisenberg un¬ 
certainty principle, (6), § 14. 
If there is only one q and a 
related p, the space will be 
two-dimensional, and the rela¬ 
tion between p and q will be 

Fig. 7.1V. Energy Cells of Linear Harmonic Oscillator represented by a plane curve. 
For a single harmonic os¬ 

cillator 2 of frequency v the energy e is the sum of the kinetic energy 
^mq^=p^l2m (<7=d^/dr=velocity; /7=momentumand the potential energy 
iTT^mv^q^ ((6), § 52.1). Thus: 

€s=p2l2m+27T-mv^q'^ .(1) 
p^l[V{2m€)]2+q2l[yXe/27Thm^^^ .... (2) 

which is the equation of an ellipse ^ of semi-axes \/(2m€) and \/(€l2Tr^mv2). 
The plane “ cells ” are then bounded by ellipses of constant energy (Fig. 7.TV), 
and, as the area between the curves is h (since /=1 in (6), § 14), the area of the 
«th ellipse is nh. This area is also given by the formula of analytical geometry ^ 
as TToh, where a and b are the semi-axes of the ellipse, hence: 

7T\/(2m€) . \^{€j27rhiiv'2-)=^elv=^nh, €=nhv ... (3) 

The oscillator energy is thus a whole multiple of the quantum hv. 
In the old quantum theory, the only permitted energy levels lie on the ellipses 

themselves, and in transitions from one energy state to a neighbouring one, the 
phase point must jump abruptly from one ellipse to the next. Heisenberg’s 
uncertainty principle (§ 14), however, suggests that an energy level will be 
blurred into a band such as the shaded area, which represents the “ cell ” of 
phase space, and the naive assumption that the average energy of the oscillator 
is that of the middle point of the “ cell ” between the «th and (n+l)th levels 
leads to: 

^—\[{n+\)+n]hv^{n+\)hv.(4) 

This result is shown later (§ 7, V) to follow strictly from wave mechanics. 
The state sum for a set of simple harmonic oscillators is (§ 9): 

.(5) 
*. (fn t/»v)/fer j Q—(€n[2hv)/kT j ^Q‘-i€Q^nhv)/kT ^ ^ ^ 

1 O. Lodge, Nature, 1925,115, 798; A. Lodge, ibid., 1925,115, 838; Greenhill, “ Differential 
and Integral Calculus,” 1896, 235. 

2 Planck, “Theorie der Warmestrahlung,” 4th edit., 1921, 138; Sommerfeld, “Atomic 
Structure and Spectrum Lines,” 1923, 195. 

3 Gibson, “ Elementary Treatise on the Calculus,” 1933, 50, 310. 
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where cq is the zero point energy, and all the statistical weights g, are unity. 
This can be written as: 

2 _e-co/fc r(^lJ\|.g-2/.r/fer^ . . . 4.6-'"“'/*'^-^ . . .) . . (7) 

If hvjkT^x, the expression in brackets is an infinite geometrical series with the 
common ratio e“*, and its sum is 1/{1—e“*)=:(l—e“*)~*=(l— 

Z„=e-‘o'*'r(l-e .(8) 

It follows from (18), § 8, that the average energy of an oscillator is,' since 
p=l/*r: 

£ = -d In Z../dp=AKc'’"'" -1)-’ +ro.(9) 

I'or, In Zj,=ln In (1 — e" '"^*'' ) .... (10) 

= -eo/x- In (1-e'""'^), 

.-. -In Z,=€oM+ln (1 -e^'”'"), 

.-. -dlnZ,,/dp=€o+j_’-,.,,,. j^(-e '"'") 

=eo+ . (-e-'‘-'-)(-Av) 

hv. Q-*""' hv 
^0"i“ j__2 

=eo+Av(e'“'/*^-l)-' .(11) 
The vibrational entropy per mol is given by (28), § 8: 

5,,=A:A'[ln Z,+r(d In Z,/dr)]. 
From (10): 

lnZ, = -€o/A:T-ln(l-e-''''"'').(12) 

.-. A7’2(dlnZ,/dr)=co+Av(e'’^''''^-l) ' 

.-. T(dlnZ,/dT)=(l/itr)[eo+AKe''‘"'*'''-l) *] . . • -(13) 

1 he sum of (12) and (13) multiplied by kN—R gives: 

.S;=/?[(Ai'/Ar)(e'“'^*'-1) '-ln(l-e-"‘''^)] . . . (14) 

which is seen to be independent of cq, the zero-point energy. 

§ 17. The Morse Equation 

A system of n free mass points has 3n degrees of freedom (§ 14). If the 
mass points, which may be considered as atoms, are combined into a molecule, 
this will have 3 degrees of freedom of translational motion of its own centre of 
mass, and 3 degrees of freedom of rotation about this. Hence there are 3«—6 
degrees of freedom of vibration possible for the atoms. For a linear molecule 
(rotation about the axis being excluded; see § 23) there will be 3n—5 degrees of 
freedom of vibration; if the molecule is diatomic (n=2) there is only one degree 
of vibrational freedom, that in the line joining the atomic nuclei. 

The forces binding the atoms are essentially electrical, and may be simplified 
into an attractive force varying as 1/r’^, and a repulsive force which increases 
more rapidly than the attractive at small distances and is of the order of 1/r" 
where « is 9 to 14. Generally, the resultant force between the nuclei is: 

F=-a//"+A/r''.(1) 

> For another deduction, see Tolman, “Statistical Mechanics,” Oxford, 1938, 379. The 
above deduction is strict. 
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where m is the exponent of the attractive force and n that of the repulsive force. 
For a certain value of F=0, and this corresponds with the equilibrium 
position. 

It is usual to plot the potential energies rather than the forces against the 
nuclear separation r, the potential energy of the molecule being: 

F= rVd/'^ \ . . (2) 
^00 J <X) 

In constructing a so-called potential energy curve, the curves 
and K„=—are plotted separately for given values of m and n, and the 
sum of the ordinates at each value of r gives the resultant potential energy 
curve. This has a minimum at r=r^, corresponding with the equilibrium 
position. This corresponds with F=0 on the force diagram. 

The potential energy of a diatomic molecule is a function of the distance r 
between the nuclei and has a minimum for the distance For other values 
of r, the energy may be expressed as a function of r in a Taylor’s scries (§ 32.1): 

€=flo+«if+(^2/2!)f^+(«3/3!)fH . . 
where f is a function of r which is zero for r^r^, when e=ao, so that — 
i.e. minus the bond energy, since by convention (cf. § 13.V) the potential 
energy is zero for r~^<x> (separated atoms), and as energy D is absorbed in 
separating the nuclei at rest in the position r^r^ to infinite distance, the energy 
at r^ must be — Z) if Again, as e has a minimum at /*=/;., de/dr 
must be zero when r=r^ (§ 9, I), therefore d€/df=aj+a2f+ . . . =0 when 
f=0, therefore aj=0, therefore €= — i)+(a2/2!)f^+(«3/3!)f^+ . . . 

It is usually sufficient to retain only the term in P, giving c= —D-f |a2f^. 
The arbitrarily chosen function 1) satisfies the condition that 
f=0 when (a is a constant), 

and as €=0 when r~> oo, i.e. 

/, 0= — JD-\-a2f2, a2f2=^£), 

(3) 
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Equation (3), which is semi-empirical, was proposed by Morse,i and has been 
overworked in many branches of investigation. The value of D in (3) includes 
the zero-point energy (in Dq, Fig. 8.IV this is omitted). Differentiation of —e 
with respect to r gives the force F between the nuclei: 

F=-de/dr=2uD[e-2''('-'«>-e-''<'-''>] .... (4) 

For r=r,, F vanishes, as it should according to the previous discussion. 
The first tenn in (4) refers to the repulsion, important at small distances, and 

the second (negative) term to the attraction, significant at larger distances. 
Fig. 8.1V shows aMorse curvefor the energy of a diatomic molecule, the quantum 
numbers v being marked for various vibrational levels. Some values of the 
constants (from which Morse curves can be drawn) are given for diatomic 
molecules and radicals in the table (distances are in A=10“® cm.).^ 

D in k.cal./ 
mol 

D in electron 
volts/molecule Fc in A a in A~i abs. 

H2 103 4-454 0-75 1*94 6140 
CH 81 3-5 M2 1-99 4100 
NH ! 97 4-2 1*08 1-96 4400 
OH 102 4.4 1 0*96 2*34 5360 
HCl 102 4-40 1*27 1*91 4300 
NO 123 5-3 M5 3-06 2740 
02 117 5-09 1*20 2-68 2260 
Ns 170 1 7-35 1*09 ! 311 ' 3380 
CO 223 * 9-6 M3 2*48 3120 
Cj 128 5-6 1*31 2*32 2370 
C12 57 2-47 1*98 2-05 810 
Br2 46 1-96 2*28 1*97 470 
I2 36 1-53 2*66 1-86 310 
Li2 26 M4 2-67 0-83 500 
Na2 18 0-76 3*07 0-84 230 
K2 12 0*51 3*91 

1 
0-78 i 

1 
140 

The Morse equation can also be used to calculate the frequency of vibration 
o) of a diatomic molecule. Suppose the atoms displaced by a small amount 
from the equilibrium distance r^, and expand the exponentials, taking as a first 
approximation only the first terms: 

F=2aD[l—2a(r—rf)—l+a(r—r^)] — —2a^D(r—r^) . . (5) 

For two particles of masses Wj and m2 at distances ri and r2 from the centre of 
mass, where (ri+r2)—r, the forces are: 

mi(d^ril<iF)=—2a^D(ri+r2—r,), 

and m2(d2/'2/dF)= —2a'^D{ri+r2—r^). 

• Phys. Rev., 1929, 34, 57; Bates and Andrews, Proc. Nat. Acad., 1928, 14, 124; Huggins, 
J. Chem. Phys., 1936, 4, 308; Chakravorti, Z. Phys., 1938, 109, 25; Schmidt and Gerd, Ann. 
Phys., 1938, 33, 70; Alyea, /. Chem. Educ., 1942, 19, 337; Coulson and Bell, Trans. Faraday 
Soc., 1945. 41, 141; Valatin, J. Chem. Phvs., 1946, 14, 568; 1947, 15, 336; Proe. Phys. Soc., 
1946,58, 695; ter Haar, Phys. Rev., 1946, 70, 222; Rees, ibid., 1947,59, 998. 

2 Bichowsky and Rossini, “ Thermochemistry of the Chemical Substances,” New York, 
1938; Slater, “ Introduction to Chemical Physics,” New York, 1938, 132; Herzberg, “ Mole¬ 
cular Spectra and Molecular Structure. Diatomic Molecules,” New York, 1939; Phys. 
Rev., 1946, 69, 362; Moelwyn-Hughes, “ Physical Chemistry,” Cambridge, 1940, 403; A. G. 
Gaydon, “Dissociation Energies and Spectra of Diatomic Molecules,” London, 1947; 
Glockler, J. Chem. Phys., 1948,16, 602, 604; Hagstrum, ibid., 1948,16, 848. Very discordant 
values are given in the literature. 
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Divide the first equation by mi and the second by m2 and add: 

d 1+r 2)/d = - 2^2 D(r j+r 2 ~ /*,)( 1 //? 71 +1 /aw 2) • 

Put ]//Wi + 1//?72==1//x, where //, is called the reduced mass (not to be confused 
with in (12), § 8), then: 

^(d2/Vd/2)= -2a2i)(;-Av).(6) 

This equation is of the same form as that for a simple harmonic motion (§ 49.1): 
m(d^x/dt^)=—kx, with and 2a^D=^k, when the frequency is given by 
c5 = (l/27r)v^(A:/Aw). Hence in the present case: 

ai = (l/27r)V(2u2/)//x).(7) 

The so-called characteristic temperature is: 

@^=.hd)lk^(hl27rkW(2aWlfi).(8) 

The values of 0,, are given in the table. They show that the vibrational energy 
is insignificant for all molecules standing above CI2 in the table, except at very 
high temperatures, which agrees with the measured specific heat values. 

The bond energy D in (3) and (4) is not what is commonly called the heat of 
dissociation^ Z)o, of the molecule, since this refers to the energy of separation of 
the nuclei in the ground state to infinite distance. In the ground state (^^=0), 
however, the molecule has still the zero-point energy cq, hence the heat of 
dissociation (per molecule) is 

Since d) may vary with the amplitude, the value for very small amplitudes, 
or d)g (“ equilibrium value ”), is often used, and instead of the frequency, the 
wave-number co=^d)jc (c=velocity of light) is used. 

Many modifications of the Morse equation have been proposed. Birge ^ 
and Mecke 2 suggested a)/,2=const., but Morse ^ found considerable deviations 
and proposed aA/^^=const.=3x 10 21 {co, in cm." 1, r, in cm.). Clark ^ 
suggested a relation to the rows in the periodic table of the elements to which 
the two atoms of a diatomic molecule belong, using a so-called molecular 
period constant k and a group number N\ CO, for example, has a group number 
10, since it has 4 and 6 electrons contributed by the C and O atoms, respectively, 
to form a shared group (these two atoms belonging to Groups IV and VI in 
the periodic system), and a symmetrical completed non-bonding {KK) pair of 
electrons, giving the period number A:=2. A constant k' is a correction for 
ionised molecules (for neutral molecules /:'=!), and the equation as given ^ is 
(x)/^^\^N=^k—k\ The best known equation in this group was proposed by 
Badger 6 in the form ko{r^.—dijy=const, where k^ is a force constant for 
the bond, in dynes cm.""^ d^ is a constant depending on the rows (/ and j) 
of the two atoms in the periodic table, and the constant is T86=105 with 
r, in A. units. Badger’s equation is given by other authors as 
where C, K,, and D are constants for a given molecular period (in the sense 
explained above). Allen and Longair^ gave an equation co/^r^V/x—const., 

1 The reference given by Morse, Clark, etc., \sPhys. Rev., 1925, 25, 240, but in this abstract 
the equation is not given in any form. 

2 Z. Phys., 1925, 32, 823 (no equation given). 
3 Phys. Rev., 1929. 34, 57. 
4 Proc. Leeds Phil Soc., 1934, 2, 502; Phil Mag., 1934,18, 459; 1935, 19, 476; Phys. Rev., 

1935, 47, 238; Trans. Faraday Soc., 1935, 31, 1017; Clark and Stoves, Phil Mag., 1936, 22, 
1137; Sutherland, J. Chem. Phys., 1940, 8, 161 (correction). 

3 In almost every ^ase, authors in this group quote each other’s equations in different 
forms, according to no ascertainable plan. 

6 J. Chem. Phys., 1934, 2, 128; 1935, 3, 710; Huggins, ibid., 1935, 3, 473; 1936, 4, 308; 
Glockler and Evans, ibid., 1942,10, 606. 

7 Phil Mag., 1935,19. 1032; Newing, ibid., 1935,19, 759. 
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where is the reduced mass of the two atoms, and this is 
quoted by other authors as Sutherland ^ showed that a plausible 
derivation of such equations results from a potential function of the type (2): 
F=—and Wu and Chang-Tsing Yang ^ derived another equation 
from the Born-Mayer potential function, V=bt ^^—alr^. Crespin and 
Desirant ^ proposed ^x,cjj,r^^==230 (420 for halogens), where jLt== reduced 
mass in 10“^^ g. units, Xg=anharmonicity constant (§ 25), oj^ is in cm.*"^ in A. 
This does not hold for hydrides. Puppi ^ found a>,r/^^=^220/\//^ sec.“^ 
where the molecule is assumed to be an electric quadrupole, ^ being a constant 
depending on the position of the atoms in the periodic table. 

Lennard-Joncs,5 with the potential energy function e^=Ar /xr found the 
rule that the ratio of the total depth of the potential energy trough to the critical 
temperature is a constant for gases, and with /7=12, m=6: 

(Lo+i&o)/i?7^.^645, 

where LQ^la.tcni heat of evaporation at T=0 and £'o=zero-point energy, per 
mol. This was confirmed for xenonA Walsh,^ who postulated a relation 
between bond-order and ionisation potential, found a linear relation between 
bond-order and force constant. 

§ 18. Rigid Diatomic Rotor 

For a diatomic gas with rigid molecules the state sum will, from § 11, include 
a factor for the rotational energy. Let the molecule consist of two different 
atoms of masses and m2, situated at 
fixed distances ri and ^2 from a fixed 
axis of rotation passing through a point 
O in the axis of the molecule, and at 
right angles to it (Fig. 9.IV). If 6 is the 
angle between the axis and any straight 
line at right angles to the axis of rotation 

(the axis of rotation is shown by the f,g.9.1v. Model of Rigid Diatomic 
dotted line in the plane of the paper in Rotor 

Fig. 9.IV), then if d9/dt is constant it is 
the angular velocity,^ at. Since each mass Wi and m2 moves in a circle, the 
velocities v are rico and raw, respectively (see § 40.1), the kinetic energies -^mv^ 
are and and the total kinetic energy is }oj^Zmiri^=ia)^I, 

where / is the moment of inertia about the axis of rotation. The moment of 
momentum (sometimes called the angular momentum) of a particle is mv.r— 
inwr'^, and the total moment of momentum is i:ma)r^=a)I—pg, say. Hence, 
the kinetic energy is Pg^jll. 

1 Proc. Indian Acad. ScL, 1938, 8, 341; J. Chem. Phys., 1940, 8, 161; Ann. Rep. Chem. Soc., 
1938, 35, 46; Skinner, Trans. Faraday Soc., 1945, 41, 645. 

2 /. Phys. Chem., 1944, 48, 295; Thompson and Linnett, J.C.S., 1937, 1396; Linnett, Trans. 
Faraday Soc., 1940, 36, 1123; 1942, 38, 1; Gordy, /. Chem. Phys., 1946,14, 305; Puppi, Nuov. 
dm., 1946,3, 338; Cook,/. PAyj. Chem., 1947, 51, 407; Wu and Chao, Myr. Rev., 1947,71, 
118. 

5 Bull. Acad. Roy. Belg., 1937, 23, 308 (with long table of values of r,). 
-* Nuov. dm., 1946, 3, 198. 
5 Physica, 1937,4,941; Lennard-Jones and Devonshire, Proc. Roy. Soc., 1938,165,1. 
« Clusius and Weigand, Z. phys. Chem., 1939,42 B, 111. 
1 Trans. Faraday Soc., 1946, 42, 779; 1947, 43, 60; see also Kavanau, J. Chem. Phys., 1944 

12,467; Lagemann, ibid., 1946,14, 743. 
* The conventional symbol o> for angular velocity (radians per sec.) used here must not be 

confused with <u for wave number. 
11* 
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For rotation about an axis through O perpendicular to the first (in the plane 
of the paper) with an angle <f>, the kinetic energy is, similarly, p/l2I, and the total 
kinetic energy of rotation of the molecule is thus C(t=p^2/2/-f/>^2/2/. 

The phase space is two-dimensional, the ^-coordinates being the angles 
6 and <f>, and by comparison with (10), § 14, the state sum for rotation can 
(since the energy levels are closely spaced) be taken as an integral: 

Z,=(l/*2) f f e"V^^*^^dp^ f f sin . . (1) 
J —00 J —00 Jo Jo 

in which the solid angle sin 0dOd(^ is integrated over a unit sphere (see § 8.III) 
by varying 6 from 0 to tt, and ^ from 0 to Itt, The integrations are easily 
carried out (see § 8.Ill), and the result is: 

Z.^^STT^kTIh^ .(2) 

If the two atoms are identical, the two ends of the molecule are identical 
(as in O2, N2, as distinguished from NO), and the position after rotation through 
an angle tt about an axis at right angles to the molecular axis is identical with 
the initial position, so that all distinguishable positions of the molecule can be 
included by integrating over 0 to tt, instead of 0 to Itt, with respect to 0; the 
state sum (2) must now be divided ^ by a symmetry factor, s (sometimes denoted 
by a) ==2. Corresponding with there will be a rotational entropy, which 
may be calculated by (28), § 8, or from the rotational free energy F calculated 
by (27), § 8, The rotational free energy per mol is, from (27), § 8: 

- kNT In Z,= -RT In Z, 

= ^RT\n {%7Tmihh)-RT\n T.(3) 

and the rotational entropy is, from (5), § 43.11: 

S,^-dF,ldT^R\n{%7T^Iklh^s)+R\nT+R .... (4) 
The complete values for a rigid diatomic molecule are found by adding the 

translational parts (12) and (16), § 14, the sums being: 

F=-/?rin [{QVIh^N){27TmkTy’^]+EQ-RT\n i%7T^Jklhh)-RT\n T . . (S) 

In T-lnp+|+ \x\[{27rmy'\k^^^lh^)]}+R In {?>7Tnklhh)+R+R In T 
In r~ln/7+1+ln [(277m)3/2()^5/2/A3)(87r2/A/A25)]}.(6) 

The available energy per mol is G^E--TS+RT, and since the classical energy 
per mol of a molecule with 5 degrees of freedom (rigid diatomic molecule) is 

G={Et^-\-^RT)-\-RT-RT{l In T-lnp+l-l-ln 

=EQ-iRT\nT+RT\np-RT\n[{2iTmy'^ik^'W){^->r^Iklh^s)] ... (7) 

These equations do not take account of nuclear spins or electronic multiplicity 
(§21). 

§ 19 Rotational Energy 
The expression for the energy of a rigid rotor composed of two mass particles 

at a fixed distance apart, and with the axis free in space, will be found from wave 
mechanics (§ 12.V) to be; 

e,;=7(/+l)A2/8772/.(1) 

1 Sackur, Ann. Phys., 1913, 40, 87; Tetrode, Proc. K. Akad. Wetens. Amsterdam, 1915, 
17, 1167; Planck, Verkl. d. D. Phys. Ges., 1915,17, 40, 418; Lorentz, Proc. K. Akad. Wetens. 
Amsterdam, 1917, 19, 737; Ehrenfest and Trkal, ibid., 1920,23,162; Ann. Phys., 1921, «5, 609; 
Schames, Phys. Z., 1920, 21, 38, 39; Partington, Phil. Mag., 1922, 44, 988; Cox, Proc. Cambr. 
Phil. Soc., 1923, 21, 541; Van Vleck, Phys. Rev., 1926, 28, 980; Saha and Sur, Phil. Mag., 
1926,1,279; Mayer, Brunauer, and Mayer,/.^.C.5., 1933,55, 37. 
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where I is the moment of inertia, and J is the rotational quantum number, 
/=0, 1, 2, ... . A simple, but not strict, deduction^ of (1) is based on the 
method of p, ^-space described in § 16 for the oscillator. Consider a freely 
rotating wheel of moment of inertia / and put the angular displacement. 
In this case ^ is supposed constant (i.c. rotation about a fixed axis is first con¬ 
sidered). Then /7=moment of momentum=/cd, where 6u=d0/d/=angular 
velocity. The energy is wholly kinetic, E,—yw'^=p^l2I, and lines of constant 
energy are straight lines, />=const. (Fig. lO.lV). 
Since 6 has a period Itt, only values from 0 to Itt 
need be considered and the diagram may be taken 
as Fig. 10.IV wrapped round a cylinder. As the area 
of each “ cell ” is h, it must be bounded by lines 
p^nhlln, where n is an integer, since the area nh is 
277/?, and the energy associated with the «th line is: 

€,=/?2/2/=/|2A2/8^2/ ... (2) 

This equation differs from (1) only in the factor 7x2 

instead of /(/+1). Equation (2) refers to a different 
case, viz. a rotor with an axis fixed in space, and 
for this exactly the same result (2) is found by wave- 
mechanics. As in the case of the oscillator (§ 16), 
a naive assumption is now made that the energy 
levels are spread into bands, and in this case 7x2 is 
replaced by the square of the geometric mean of 
successive quantum numbers n and (tx-M), i.e. by 7x(7x+l), giving: 

e,=7X(7X+l)A2/87T2/ .(3) 

which is the same as (1) with/=7x. A zero-point energy of rotation was sug¬ 
gested, on the basis of magnetic properties at low temperatures, by Oosterhuis.^ 

Before the advent of wave mechanics, quantisation was carried out by the 
so-called Wilson-Sommerfeld rule: ^ 

§pdq^nh.(4) 

where ^ is a generalised coordinate, p the corresponding generalised momentum, 
7x a whole number (quantum number), the integration being taken over a com¬ 
plete period. 

§ 20. Equipartition of Energy 

On the assumption that the energy can vary continuously, the mean transla¬ 
tional kinetic energy of a molecule per degree of freedom is: 

... (1) 

This is proved as follows. The energy component for the xr-direction is 
where p^ is the momentum component (§ 14), 

1 Modified from Planck, “Theorie der Warmestrahlung,” 1921, 139; Ehrenfest, Verhl. d. 
D. Phys. Ges., 1913, 15, 451. 

2 Phys, Z., 1913,14, 862. 
3 W. Wilson, Phil Mag,, 1915, 29, 795; 1916, 31, 156; Sommerfeld, Munich Ber„ 1915, 

425, 459; Ann, Phys,, 1916, 51, 1, 125; Rapport Cons, Phys, Solvay (1930), 1932, 1; “Atomic 
Structure and Spectral Lines,” 1923, 198, 233; Ishiwara, Proc, Math, Phys, Soc, Japan, 1915, 
8, 106; Husimi, ibid,, 1938,20, 757; Schwarzschild, Berlin Ber,, 1916, 548; Swann, J, Franklin 
Inst,, 1928, 205, 323; for treatment of restricted rotor by this method, see Halford, J. Chem, 
Phys,, 1947,15, 645; 1948,16,410, 560; King, ibid,, 1947,15, 820. 

Fig. lO.lV. Phase Space 
Diagram for Rigid Rotor 
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i.e. The energy of the molecule can be expressed as 
where e depends on all the p’s and q's (§ 12) except p^.. The mean value of 
Px^jlm is : 

/J • • • (p.v^/2/i2)e“^*^^^*^e“^'^^^dp;^. . . dq^ . . . 

J/ • • • . . . dpv • • • 

The first two factors in the integral in the numerator, and the first in the de¬ 
nominator, are the only ones which depend on p^ alone, and the remaining 
variables can be integrated first (see § 22.1) to yield factors which cancel. 
From the rest of the expression take out; 

^^2i2mkT^p^l j 
-f 00 

e--/>^2/2mfe7’dp^ 

- 00 

(2) 

The integral has been shown in (11), § 14, to be equal to (iTrmkTy^^, giving the 
first factor in (1). The average energy is found by multiplying the numerator 
of (2) by Px^jlm and integrating as shown in (1). 

—00 J —QO 

Put p/l2mkT=x^, {2pJ2inkT)diPx—2xdx 

dpx=2mkT{xlp^x=2mkT[ 1 /V{2mkT)]dx, 

J=kTV(2mkT) (^lc2e-^^dx=(V-^/2Wi2m)(kTy/\ 

The integral jx^c'^^^dx is found in (26), §10.111, for the limits 0 and co as 
and as both and e“'^^ are even functions (§ 21.1), the value between 

— C30 and -foo is VW2. 

Hence €,=( vW2) V(2m)ikT)^^\2nmkTr^^^=ikT. 

Any momentum or coordinate expressible as a square term (p^^) in (1) will 
obviously give ^kT for the mean energy,^ e.g. a rotational energy p2/2/, where 
/ is a moment of inertia, and a potential energy of an oscillator Kx^/2, In all 
these cases, however, a continuous variation of energy is assumed and the 
resulting equipartition of energy of \kT per degree of freedom holds only for 
this assumption. It should be noted that all the above expressions, and also 
(11), § 14, when referring to translational energy, are not restricted to mon¬ 
atomic molecules, and that when both kinetic and potential energy are involved 
(harmonic oscillator), the average energy is twice this amount, viz. kT^ or RT 
per mol, and the corresponding heat capacity is Q=3J?c:^6 g.cal. Tolman^ 
found that the equipartition of energy cannot hold exactly for relativistic 
mechanics, but it is approximately correct. 

§ 21. State Sums for Atoms 

The calculations made so far take no account of the contributions of the 
electrons and nuclei of the atoms to the state sum (cf. § 11). This will now 
be considered, the necessary results from theory being merely stated and a 
more detailed discussion being deferred.^ The nuclear state sum Z„ of an 
atomic nucleus specifies the finite number of possible orientations of the nuclear 

1 Jeans, “Dynamical Theory of Gases,” 3rd edit., Cambridge, 1921, 80; Hinshelwood, 
“ Kinetics of Chemical Change in Gaseous Systems,” Oxford, 1933,22, etc. 

2 Phil Mag,, 1914, 28, 583. 
3 For an elementary account, see Glasstone, “ Recent Advances in General Chemistry,” 

1936, 62 f.; “ Theoretical Chemistry,” New York, 1945, 368 f. 
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spin in a perturbing field, but as the energy of orientation is small compared 
with kT, each exponential term in Z„ is practically unity (since e®=l), and 
Z„ is practically the statistical weight: ^ 

l.(1) 
where i, is the number of units of nuclear spin. For any electronic level, the 
statistical weight is: 

.(2) 
whereX=/±5 has only positive values, / being the orbital and s the spin quan¬ 
tum number: 

Z,=i:(27,+ l)e-V"^.(3) 

the sum being taken over all electronic energy levels, cy,. Usually only the 
ground state contributes appreciably, except (i) when successive levels are very 
close together, or (ii) at high temperatures, when T exceeds ciJk^hvJAk, 

where is the frequency separation of the given level above the ground state. 
For the hydrogen atom therefore The ground state (€y,=0) 

has the quantum number 1 and 75=^ therefore Z,,=2, therefore Z=Z„ .Z^== 
2x2=4. 

For the chlorine atom, z^=5/2 therefore Z„=6. The electronic ground 
state is an inverted doublet, with j^=3/2 for the lower component and 
7^= 1/2 for the higher component, and the frequency (wave number) separation 
ilv'=881 cm.”“^ For these two components, 27^+! is 4 and 2, respectively, 
hence: 

and Z=Z„. Z,=6(4+2e-®^^'»"^'*^). 

For the oxygen atom, the ground state is an inverted triplet, ^P, the values 
being 2, 1, 0, respectively, with Av' 157*4 cm."^ and 226*1 cm.“"^ above the 
lowest level for ^Pj and -^Pq. The statistical weights 27,+ ! are 5, 3, and 1. 
The two higher metastable levels are (Jv' = 15807 cm.“i) and (idv' = 
33662 cm.“^), with 7,=2 and 0, respectively, and weights 5 and 1, but they do not 
contribute appreciably except at high temperatures. The value of Z, is found 
by summing the three or five terms, and as the nuclear spin is zero 
(4=0), Z„=l, therefore Z=Z,,. 

The complete expression for the available energy of one mol of an ideal 
monatomic gas in the ground state is found from (24), § 14, to be: 

G^EQ-\RT\nT+RT\vip-RT\n[{27Tmyi^k^^^^^^ . . (4) 

This has been verified ^ for alkali metal and thallium vapours, which have a 
ground state ^Pii2 and gc—2, (It is clear that (4) will not apply in that form 
if excited atomic states are included.) 

In calculating entropy it is usual to omit the nuclear spin factor; for the 
chlorine atom, e.g.: 

Z,=4+2e-~«^^'*^^'^T 

The factor Ac/Zt, frequently required in spectroscopic calculations, is numeri¬ 
cally 6*61 X 10-27X2*998 X 1010/1 *38 Xl0“i6= 1436 (the value 1*438 is often 

1 Unsaid, Ann, Phys., 1926, 82, 355; Pauling and Goudsmid, “The Structure of Line 
Spectra,” New York, 1930; Bacher and Goudsmid, “ Atomic Energy States,” New York, 
1932; Condon and Shortley, “ The Theory of Atomic Spectra,” Cambridge, 1935. 

2 Rodebush, Froc, Nat. Acad., 1927, 13, 185; Harteck, Z. phys. Chem., 1928, 134, 1, 21 
(Cu, Ag, Au, Ga, Sn, Pb); Ladenburg and Thiele, ibid., 1930, 7B, 161 (Na); Coleman and 
Egerton, PhiL Trans., 1935,234, 177 (Tl). 
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used). HenceFor r=298-1° K., Z,=4-028 (on the evaluation 
of c~* see § 12.1) and IogioZ,=0-605. 

To find the entropy, use (28), § 8: 

5',=J?[In Z,+r(d In ZJ6T)\ 

and add the result to the entropy calculated by (23), § 14: 

In M+^R In 7-2-297. 

The term 7(d In ZJdT) is found as follows: 

Z,=4+2e-‘2<^5/^ 

dZ,/dr=2(d/d7)e->265/ (2530/72)6-* ^65/ r 

7(d lnZ,/d7)=(7/Z,)(dZ,/d7)=(7/Z,)(2530/72)e-‘2^5'^’ 
=(2530/7Z,)e-^265/r 

For 7= 298-1, Z,=4-028, 1/86-9, 

7(d In Z,/d7)=2530/(4-028X298-1 X86-9), 

7(d logjoZ,/d7)=2530/(4-028 x 298-l x86-9x2-3026)=0-0133. 

Hence 5,0=2-3026 x l-988(0-605+0-0133)=2-828 g.cal./l° C. 

The translational entropy at 7=298-1 with M=35-457 is: 

5,0=2-3026X l-988(f logjo 35-457+1 logjo 298-l]-2-297=36-65 g.cal./F C. 

Hence 50=36-65+2-83=39-48 g.cal./r C. mol. The electronic part is about 7 
per cent, of the total. 

§ 22. State Sums for Diatomic Molecules 
The rotational statistical weight of a diatomic molecule is shown in § 11 .V 

to be: 
^,=2^+1 .(1) 

where J is the rotational quantum number (§ 19). 
The complete statistical weight for any rotational state (which may, for 

simplicity, be denoted also by g„ different from that in (2), § 9) is the product 
of the nuclear spin multiplicity and the rotational statistical weight. For 
diatomic molecules composed of different atoms the nuclear spin multiplicity 
is ^ (2ii+l)(2j/+l), where // are the nuclear spins of the two atoms in 
hjl-n units. 

For diatomic molecules consisting of identical atoms, the nuclear spin 
multiplicity depends on whether the nuclei have an even or odd number of 
units of spin. If they have an even number, the nuclear spin multiplicity is 
(i,+1)(2/,+1) for even values (including zero) of J, and iX2/,+ l) for odd 
values of J. If the nuclei have an odd number of units of nuclear spin, the 
relation of the two factors to the values of J is just reversed, i.e. J,(2i,+1) for 
even values, and (/,+ l)(2/,+ l) for odd values of J. The reasons for all these 
rules cannot be explained here.2 

For hydrogen /,= ! unit=|-, and the nuclear spin multiplicity is /,(2/,+ l) 
when/is even, and (/j+l)(2i,+ l) when / is odd; for deuterium /,=2 units=l, 
and the factors are reversed. The nuclear spin state sum Z„ is essentially equal 
to the nuclear spin multiplicity factor only. 

1 See Mayer and Mayer, “ Statistical Mechanics,” New York, 1940, 135. 
2 For the deduction, see Mayer and Mayer, op. cU., 174 f. 
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For most diatomic molecules (common exceptions are Oj, NO, OH, and 
CN) the ground state is a term and the rotational state sum (omitting nuclear 
spin) is: 

where g,=2/+l, and €,=/(/+1)A2/87t2/, from (1), § 19, 

/. Z,=i;(2J+l)e“^^^^‘^^.(2) 
where 

a=A2/87r2/A:r=4-10xl0"39//r.(3) 

When a is small (i.e. T is large and /, which is usually of the order of 10“^®, 
is not too small) the sum in (3) can be replaced by an integral: 

(2J+l)d/e-‘^^^J^^^^=== fe""^dx===V • ‘ (4) 
J^o Jo Jo 

where x=/(J+l). If nuclear spin is included, the value of Z, is multiplied 
byz,. 

The calculation of the state sum (2) in cases where the simple approximation 
(4) is not made is tedious, and is usually followed by an equally laborious 
summation over vibrational states (see § 25). The difference between the 
results and those found by the approximate method is nearly always (hydrogen 
and deuterium, with small values of / are important exceptions) within the 
limits of experimental error. For HCl the values of Z^ found by summation 
and by integration are: 

Temperature T^K. 1000® 2000® 
Zr summation ... 67*618 135*85 
Zr integral . 67*618 135*84 

The correction when the diatomic molecule is assumed non-rigid, i.e. when 
stretching occurs, leading to a slight modification of the moment of inertia /, 
is usually negligible except at high temperatures (see § 25).^ 

For unsymmetrical diatomic molecules (composed of unlike atoms), both the 
odd and even levels have the statistical weight 2J+1 and the complete rotational 
state sum, including nuclear spin multiplicity, is found by multiplying Z^ by 
Z„=(24+l)(2// + l). For symmetrical diatomic molecules (composed of 
identical atoms), the even terms are multiplied by (/^+l)(2/,4-l) and the odd 
terms by /X2/^+l). In the summation of the (2/+l)e~''^^^'terms over all 
values of /from 0 to oo, the sum of the terms for even J is found to be equal to 
the sum for odd /, provided o* is small: 2 

S {2J+ l)e~"^^^^ = E {2J+ l)e-^^^^^ 1/2(t 
/-0,2.4, ... /=1,3.5.... 

Z,-/X2/,+ l)/2a+(/,+ l)(2/,+ l)/2a==(2i;+l)2/2^ . . (5) 

1 Gibson and Heitlcr, Z. Phys., 1928, 49, 465; MulhoUand, Proc, Cambr, PhiL Soc., 1928, 
24, 280; Giauque and Wiebe, J.A.C.S,, 1928, 50, 101, 2193; Giauque and Overstreet, ibid., 
1932, 54, 1731; Urey and Rittenberg, J. Chem, Phys., 1933, 1, 137; Gordon and Barnes, ibid., 
1933,1. 297; Gordon, ibid., 1934, 2, 65, 549; 1935, 3, 259; Kassel, ibid., 1933, 1, 576; J.A.C.S., 
1934, 56, 1838; Chem. Rev., 1936, 18, 277; Johnston and Davis, J.A.C.S., 1934, 56, 271; 
Johnston and Weimcr, ibid., 1934, 56, 625; Wilson, J. Chem. Phys., 1939, 7, 948; Chem. Rev., 
1940, 27, 17 (bibl.). A method of summation using the Euler-Maclaurin formula (see Mar- 
genau and Murphy, “The Mathematics of Physics and Chemistry,” New York, 1943,457) is 
explained by Mayer and Mayer, “ Statistical Mechanics,” New York, 1940, 150, 431. For 
a rotating vibrator, see Dunham, Phys. Rev., 1932,41, 721. 

2 For a proof of this, depending on summation by an Euler-Maclaurin series, see Mayer 
and Mayer, “ Statistical Mechanics,” New York, 1940, 153. 



336 STATISTICAL MECHANICS AND QUANTUM THEORY IV 

For H2 (15=2) the factor (2/,+1)2/2 is 2; for deuterium D2 0*^=1), it is 
9/2; for oxygen 62 ((v=0) it is 1/2; for molecules of the last type, in which the 
alternate rotational levels are missing and the others show no nuclear spin 
degeneracy, is approximately 1 /2a. 

Equation (5) gives a satisfactory result for hydrogen at 25'’ C., when prac¬ 
tically only rotations contribute to the internal state sum Z,. From f5), 
dlnZ,/dr=l/r /. rdlnZ,/dr=:I, from (28), §8: 

5,o=i?(lnZ,+ l).(6) 

Inserting (5) for Z^, with a=h^lSTr^IkTgives: 

5,o=i?ln/r-fl78*00+i?ln[(24-H)2/2] .... (7) 

With /=047x 10-40, r=298-rK., for H2, 5,® is found to be 6*27. 
On adding the translational entropy 28*05 from (23), § 14: 

In In 7-2*297 .(8) 

the final value for the total entropy (including nuclear spin contribution) is 
34*32, in good agreement with the actual value of 34*00. 

In calculations of chemical equilibria the nuclear spin contribution to the 
entropy is usually omitted (it cancels out in any case) and the so-called virtual 
entropy is then, from (7): 

S*=i?ln7r-|-178*00-I?ln2.(9) 

since the symmetry factor (in this case s^2) must be retained. 
The orbital angular momentum of the electrons in a diatomic molecule is space- 

quantised, and the quantum number A has zero or integral values along the inter- 
nuclear axis, itsL+1 possible values beingyl=/., L—l,L"-2, ... 2,1,0, where L 
is the quantum number for the resultant orbital angular momentum for all 
the electrons in the molecule. (Only positive values of A are significant.) 
In the electric field of the two nuclei, the energy of the electron is the same, 
irrespective of the direction of the angular motion, A=+L and /1=—L cor¬ 
responding with identical energies, and, except when .4=0 (Z states) the L+\ 
states are thus doubly degenerate. Interaction between electronic and rota¬ 
tional motions, however, separates the degenerate levels, and each rotational 
line in 77 (4=1) and 4(4=2) states is split into two components. This so-called 
4-type doubling ^ is never very appreciable. 

In the case of nitric oxide, NO, /,=0 for and /,= 1 for therefore 
Z„=lx3=3, and, as there is 4-type doubling, the complete rotational state 
sum is: 

Z,Z,=2x3 E (27+l)e~^^'^^-f2x3 E {U^. (10) 

where e and c' are the lower and upper rotational energies of the two main 
parts of the doublet. It will be noted that the lowest value of J for the lower 
level is while that for the upper level is f. 

For the triplet state of the oxygen molecule for which 4=0 (and 
there is no 4-type doubling) the total angular momentum (apart from spin) 
is represented by a quantum number AT, having values 4, 4-f 1, 4+2, . . ., 
and hence for 4=0 the values 0, 1, 2 .... The total spin quantum number S 

1 See Mulliken, Phys. Rev,, 1928, 32, 880; Giauque and Johnston, J,A.C.S,, 1929, 51, 2300; 
Johnston and Dawson, ibid., 1933, 55, 2744; Herzberg, Rev, Mod, Phys., 1942, 14, 219; 
Nielsen and Schaffer, 7. Chem. Phys., 1943,11,140; and for an elementary account, Glasstone, 
“ Recent Advances in General Chemistry,” 1936, 67 f.; idem, “Theoretical Chemistry,” New 
York, 1944, 171. 
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is the algebraic sum of the spins of the electrons in the atoms; as these normally 
form pairs with opposite spins in molecules with an even number of electrons, 
S is zero, but for oxygen, which has two unpaired electron spins in the molecule, 
5=1. 

The quantum numbers K and S combine to a quantum number J according 
to the rule: 

J:^K+S, K+S-\, K+S-2, . . I K-S\ , . . (11) 

where | K—S | denotes a positive value, each level (except when KdS) having a 
multiplicity of 25+1. In the present case, the values of J are K+l, K, and 
K—ly the three corresponding levels being denoted by Fj, F2, and F3, and the 
corresponding energies by €2 ^^d £3. The molecule is homonuclear and the 
nuclear spin is zero, and it is known from wave mechanics that alternate rota¬ 
tional levels are then missing, and the only values of K are 1, 3, 5, ... . The 
nuclear spin multiplicity is (/\+l)(2/,+ l)=:l (/;=0). The values of (27+1) 
are (2A’'+3), (2A+1), and (2A—1) and the complete rotational state sum for 
oxygen is, therefore: 

Z,Z„= U (2A+3)e-^'''*'^+ Z (2A+l)e~^-^'^'+ Z (2A-l)c (12) 
K-1,3, 5, ... A'-1,3, 5,... K_l,3, 5_ 

If the molecule is not rigid, the state sum will include a factor for the vibra¬ 
tional energy for each mode of vibration, and if (as is usual) the vibrational 
energy is reckoned from the lowest energy level (i.e. does not include the zero- 
point energy £o=0, § 11): 

Z,=(l~e“'*^/'^T^.(13) 

according to (8), § 16; the corresponding entropy contribution is, from (14), 
§16: 

5,=i?[(Av/*r)(e'»‘'/'*^--l) i---ln(l--e“^»‘'^'*^)] . . . .(14) 

The complete expression for the available energy of 1 mol of a diatomic gas 
with rigid molecules in the ground state is seen from (7), § 18, to be: 

G=:Eo-iRTln T+RTlnp-RTln 
8772/A: 

---pp pp u;p. u; 
1.3 ' L2ty ocori on 

in which the last term of (7), § 18, is completed by multiplication by the elec¬ 
tronic statistical weight g,, and the statistical weights and of the 
nuclear spins of the two atoms. If the molecule is non-rigid, the last term also 
includes a factor (1—(13), for each vibrational frequency. 

§ 23. The Specific Heat of Hydrogen 

The energy of rotation of a molecule according to the classical equipartition 
theory (§ 20) is ^RT per mol per degree of freedom of rotation, and hence for a 
rigid polyatomic molecule with three axes of rotation at right angles, the 
energy of rotation is fl?r, and the contribution to the specific heat is jRc::t3 g.cal. 
per mol, independent of temperature. For rigid diatomic (“ dumb-bell ”) 
molecules, the classical energy due to rotation about the molecular axis is 
supposed to be constant, hence the contribution is |^c=^2 g.cal. Since the 
energy of translation is ^RT (3 degrees of freedom), the molecular heat should 
be Q=3+2=5 g.cal. This is approximately true for oxygen, nitrogen, carbon 
monoxide, nitric oxide, and hydrogen chloride, but the value for hydrogen is 
appreciably lower at room temperature and decreases with temperature, until at 
about 60® K. it is only 3 g.cal., the value for a monatomic gas, so that the 



338 STATISTICAL MECHANICS AND QUANTUM THEORY IV 

rotational part of the specific heat has disappeared.^ A similar result is found 
for D2 and HD. This behaviour is quite inexplicable on the classical theory.^ 

The specific heats of other diatomic gases, corrected to the ideal state, show 
no appreciable fall at low temperatures. Scheel and Heuse ^ found for oxygen, 
carbon monoxide, and nitrogen (the value of Cp being reduced to the ideal gas 
state, Cp^): 

N2... ... -18F +20° 1 O2 ... -181° +20° 1 CO ... -180^ 
c/ ... 6-718 6-969 1 ... 6-90 6-97 1 c/ ... 6-74 

Heuse found for nitric oxide (y= C,/Q): 

f C. Cv C.o y yo 
+ 15 7-25 5-25 7-23 5-25 1-38 1-38 
-45 7-17 5-16 7-14 5-15 1-39 1-39 
-55 7-26 5-25 I'll 5-24 1-38 1-38 
-80 7-33 5-31 7-28 5-29 1-38 1-38 

The differences are due to experimental errors in the continuous flow method 
used, since the values of for argon were also found to vary with temperature, 
being 4-85 at —180° and 5*05 at -f 15°. Bartels and Eucken ^ found almost the 
classical value (Cp^=6-873) for N2 at 92° K. The rather large decrease in 

for gases at 60-100° K. found by Shreiner ^ are almost certainly due to 
experimental errors. 

The equation for the rotational energy is (§ 19): 

€,;=/(/+l)A2/87r2/ .(1) 
For all diatomic molecules the moment of inertia 7 about the axis of the 

molecule is very small, hence the corresponding quantum ep from (1), is very 
large, and hence this degree of freedom makes no appreciable contribution 
except at very high temperatures, since jg practically unity, e^=l. 

For molecules such as O2, N2, CO and HCl, the value of /at right angles to 
the axis of rotation is about 10~^^, hence so small that equipartition 
is practically followed. In the case of H2, however, the value is distinctly 
smaller, 0*47 x and the size of the rotational quantum is large enough to 
cause appreciable departure from equipartition even at room temperature, and 
at 60° K. the rotational specific heat has disappeared. 

It was obvious that the peculiar behaviour of hydrogen was due to the 
quantisation of its rotational energy, but all earlier attempts ^ to reproduce the 

1 Eucken, Berlin Ber., 1912, 141; Clusius and Bartholomc, Z. Elektrochem., 1934, 40, 524. 
2 Ewing, Engineering, 1920, 109, 842. 
3 Ann, Phys., 1913, 40, 473. 
4 Ann. Phys., 1919, 59, 86. 
5 Z.phys. Chem., 1921, 98, 70. 
6 Archiv Math. Naturvidenskab, Christiania, 1916, 34, No. 9. 
7 Eucken, Berlin Ber., 1912, 141; Bjerrum, Nernst Festschr., 1912, 90; Sackur, Ann. Phys., 

1913, 40, 87; Holm, ibid., 1913, 42, 1311; Einstein and Stern, ibid., 1913, 40, 551 (zero-point 
energy); Ehrenfest, Verhl. d. D. Phys. Ges., 1913, 15, 451; Fokker, Ann. Phys., 1914, 43, 810; 
Keesom, Phys. Z., 1914, 15, 8; Planck, Verhl. d. D. Phys. Ges., 1915, 17, 407, 438; Nernst, 
ibid., 1916, 18, 83; Kruger, Ann. Phys., 1916, 50, 346; 1916, 51, 450 (precessional motion); 
van Weyssenhoff, ibid., 1916, 51, 285; Rotszajn, ibid,, 1918, 57, 81; Kemble, Phys. Rev., 
1918. 11, 156; Sz611, Verhl. d. D. Phys. Ges., 1918, 20, 75; Reiche, Ann. Phys., 1919, 58, 657; 
idem., “ The Quantum Theory,” 1930, 68 f. (summary); Macdougall, J.A.C.S., 1921, 43, 23; 
Ingold and Usherwood, J.C.S., 1922, 121, 2286; Bom and Heisenberg, Ann. Phys., 1924, 
74, 1; Van Vleck, Phys. Rev., 1926, 28, 980; Hund, Z. Phys., 1927, 42, 93; Eucken, in Wien- 
Harms, Handbuch der Experimentalphysik,” 1929, 8, i, 459 (12 equations, all incorrect). 
For attempts to calculate specific heats from the Bohr-Sommerfeld theory of the structure of 
the molecule, see Kruger, Ann. Phys., 1916. 50, 346; 1916, 51, 450; Laski, Phys. Z., 1919, 



§23 THE SPECIFIC HEAT OF HYDROGEN 339 

experimental curve theoretically failed. The problem was first solved after 
the recognition that ordinary hydrogen is a mixture of ortho-H2 

molecules, in which the nuclear spins are in the same and opposite senses, 
respectively, and if it is assumed that the mixture contains 3 parts of orthO‘ 
to 1 of para-, the observed specific heat curves are closely reproduced.^ In 
Fig. 11 .IV the theoretical curves for the rotational specific heat for mixtures from 
0 per cent to 100 per cent of para-\i2 are shown dotted; the full curves include 
some measured values. The maximum on the curve for para-li2 is noteworthy. 
Since ortho-H2 has antisymmetrical wave-functions, corresponding with odd 
rotational states only (7=1, 3, 5, . . .), and para-U2 has symmetrical wave- 
functions, corresponding with even rotational states (J=0, 2, 4, . . .) only, 
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Fig. 1 l.IV. Curves showing the Rotational Specific Heat per mol of Mixtures of 0-H2 

and /7-H2. (The percentages are those ofP-H2.) 

and since the two forms are practically non-convertible, the rotational state 
sum for the mixture is (G=h^l87T^IkT): 

Z,=3 U E (2J+l)e'""^^^'i^ . . (2) 
1.3,5,... 0,2,4,... 

The rotational molecular heat is the sum of two parts, one for ortho-states 
and one for para-states: 

.(3) 
The values of C° and are most conveniently found by differentiating (2) 

twice with respect to a and using equation (29), § 8 (a=h^j^7r^IkT): 

R d2 In Z,_ R d2 In Z, 

' r2‘ d(l/r)2 ■ (8772/A/A2)2d0-2 

=if(A2/8772/*r)2(d2 In Z,/da2)=«a^(d2 In Z,/da2) ... (4) 

CO(ortho)=.R(T2(d2/d<72)ln(l + 5e-‘^’+9e-20''+. . .) • • (5) 
C/(para)=.Ra2(d2/dff2)ln(3e-2"+7e-'2-+. . .) ... (6) 

20, 269; Macdougall, J.A.C.S., 1921, 43, 23. The correct suggestion that the theory was at 
fault, not the experiments, was made by Partington and Shilling, “ The Specific Heats of 
Gases,” 1924, 6, 238. 

t Oiauque and Johnston, J.A.C.S., 1928, 50, 3221; Josephy, Angew. Chem., 1933, 46, 256 
(32 refs.); Motz and Patat, Monatsh., 1934,64, 17; Clusius and Bartholom6, Z. Ekktrochem., 
1934, 40, 524; Farkas, “Orthohydrogen, Parahydrogen, and Heavy Hydrogen,” Cambridge, 
1935. 
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where 1, 5, 9, . . etc., are (27+1) for 7=0, 2, 4, . . etc.; 3, 7, . . etc., 
are (27+1) for 7=1, 3, . . etc.; and the indices of e are the values of —Cj/A:r 
given by (1) and a^h^lSTr^IkT, for values of 7(7+1), when 7=0, 1, 2, 3, 4, ... . 
These series converge fairly rapidly, and are easily calculated.^ 

The values of C, for hydrogen given ^ by (4) for temperatures below room 
temperature agree quite well with experiment, and equations (5) and (6) have 
been confirmed with synthetic mixtures enriched in /?-H2 (which, unlike 0-H2, 
can be obtained nearly pure). Q for P-H2, from (6), shows a maximum well 
above the equipartition value Rc:=!.2 g.cal./l®. In the case of deuterium the 
state sum for D2 is: 

Z,=3 U (27+l)e-"^<^^i>+6 2* (27+l)e-"^<^^ . . (7) 
1,3,5,... 0,2.4,... 

and the corresponding specific heat curve is quite diflerent from that of hydrogen, 
as is confirmed experimentally.^ The ortho-para equilibrium ratio is 2 : 1, 
hence: 

.(8) 

In U  (9) 
dCT^ 0,2,4,... 

C,^=R(x^^Aa E (2y+l)e-"/*^ . . . .(10) 
1,3,5,... 

where 
e;(D2)/€;(H2) = /(H2)//(D2) = i.(11) 

§ 24. The Entropy of Hydrogen 

At very low temperatures hydrogen may be treated as a monatomic gas 
(Q=2^—3 g.cal./r); at higher temperatures, the rotational specific heat 
contributes to the entropy by JC,.dlnr. This is easily calculated for pure 
0-H2 and JP-H2 by (5) and (6), § 23, and if the 3 : 1 o-p mixture which constitutes 
ordinary hydrogen at room temperature persists unchanged at low tempera¬ 
tures (actually, slow change of o into p occurs), Q can be calculated for this by 
(3), § 23. At low temperatures, however, this is not a true equilibrium mixture. 
In calculating the virtual or HT entropy from the latent heat of sublimation 
of solid hydrogen there is also a transition in the solid (§ 69.11), which makes 
the calculated HT entropy (i.e. less nuclear spin entropy) at 298® K. 31*23 units, 
instead of 29*65 units when it is not taken into account. The total entropy 
including nuclear spin at 298® K. is calculated as 33*98 units.*^ 

At temperatures between 50® K. and 300® K. the entropy (excluding nuclear 
spin) is given by: 

S=^S^+-lS^^R[i In Hi In i].(1) 
where 

5^=/C^d In r .(2) 

50=/C^d In r.(3) 

1 See Partington, “Thermodynamics,” 1940, 224. 
2 Dieke, Physica, 1925, 5, 412. 
3 Clusius and Bartholom^, Z. Elektrochem,, 1934, 40, 524; Z.phys. Chem., 1935, SOB, 258. 
4 Giauque and Johnston, JA.C.S., 1928, 50, 3221; Giauque, ibid,, 1930, 52,4808,4816; 

for deuterium (D2) see Clusius and Bartholom6, Z. phys. Chem., 1935, SOB, 258, who find at 
298^^ K. the statistical entropy 38-98 (correcting Johnston and Long, 7. Chem. Phys., 1934, 2, 
389) and the HT entropy 33*91. 
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and being given by (5) and (6), § 23. The last two terms on the right of 
(1) give the entropy of mixing ^ from § 57.11; they may be omitted, and cancel 
out in all applications of the equation when the mixture retains the same ortho¬ 
para ratio. 

At temperatures above 300'" K., but not so high that vibrational energies are 
involved, hydrogen behaves as a normal diatomic gas, for which (4), § 22, 
gives: 

Z,= l'(2y-f l)e-"^<^ '^-l/a=87r2/A:^^^^ .... (4) 
;-o 

.*. S=R[\n A+lni^TT^klsh^)].(5) 

(omitting nuclear spin and entropy of isotope mixture), where the symmetry 
factor (§ 18) is ^'=2, and A is given by (18), § 14. At ordinary temperatures 
1/a is of the order of 10-100 for most diatomic gases. 

§ 25. Vibrational Levels in Molecules 

At higher temperatures the vibrational contribution must be included. For 
simple diatomic molecules there is only one mode of vibration (^^=1), and if 
the temperature is not too high the vibration may be assumed to be a simple 
harmonic motion and the state sum (omitting zero point energy) is given by 
(8), § 16 (6o=0): 

.  .(1) 
the sum being taken over all the vibration frequencies v. Actually, as the 
vibrational quanta are fairly large, the vibrations cease to be harmonic when 
only a few quanta have been taken up, and the actual values for the individual 
energy levels as found from spectroscopic data must then be used in the state 
sum. 

The notation used in spectroscopy differs from that employed in § 16 (which 
is standard in quantum theory). Instead of (4), § 16, for the vibrational energy 
of the simple harmonic oscillator: €=(/?+^)Ai^, the vibrational quantum number 
is V instead of n, and the frequency is d>^ instead of v, the suffix e denoting the 
“ equilibrium,” or simple-harmonic, value for zero amplitude. Hence: 

€„=ha,Xv+})  (2) 

For finite amplitudes, (2) is replaced by: 

€„=Aai,(&+5)—.(3) 
where x is the anharmonicity constant. The zero-point energy (z;=0) - is then: 

.(4) 

In spectroscopy, the frequency is replaced by the wave-number cx>=a}/c= 
cu/2*998 X 10^0 (c=velocity of light in vacuum), giving the number of waves per 
cm. (dimensions cm.-^), and the results of band-spectrum analysis are expressed 
by an empirical wave-number formula: ^ 

v—Vo+a)e(v+2)'-Xa)Xv+2)^+ . . . 

+W+l)+^/Wl)"+^t/V+l)'+ ... . (5) 

1 See Kelley, J,A,C.S., 1929, 51, 353; Giauque, ibid,, 1930, 52, 4808, 4816; in Fowler’s 
calculation, Proc. Roy. Soc., 1928,118, 52, for o- and p-Hz, the entropy of mixing was, perhaps 
inadvertently, omitted. Keesom, Proc. K. Akad. Wetens. Amsterdam, 1914, 16, 669 {Comm. 
Leiden Suppl, 33); Phys. Z., 1914, 15, 217, 368, concluded that the entropy of mixing is zero 
at0°K. 

2 See § 11. It should be noted that the zero point energy still depends on x. 
3 The notation varies: see MuUiken, Rev, Mod. Phys., 1930, 2, 60; 1932, 4, 1; Jevons, 

“ Report on Band Spectra,” 1932; Glasstone, ” Theoretical Chemistry,” New York, 1944,156. 
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where: 
vo=electronic wave number separation (vo=0 for the ground state); 

co^=fundamental vibration (“ equilibrium ”) wave-number in any 
electronic state; 

x=anharmonicity constant for vibration; 

vibrational quantum number; 

/= rotational quantum number (sometimes K is used); 

D^=D^+^(v+\)+ . . .; 

In these equations the small dependence of on v is neglected, and the half 
quantum of zero-point energy is added to v. Allowance is made for changes 
of moment of inertia in the rotational levels due to the stretching of the molecule 
under centrifugal force, and for the interaction of the vibrational and rotational 
quanta, as the average size of the molecule increases with v. In practice, 
simplification is usually possible,^ e.g. for rigid molecules Z)„=F^.=0, and 
B^=h^l&TT^lc (constant), 

Z is calculated at a given temperature by summation over all rotational levels 
with v=0, and repeating for ^^=1, 2, 3, . . ., as long as the contributions are 
significant. The process is repeated for any electronic levels which are near 
enough to the ground state to give appreciable contributions. The complete 
internal state sum is then given by (6), § 11, as the product of the vibrational, 
rotational, and electronic functions. The summations must be repeated for 
various temperatures, as the thermodynamic functions involve Z as a function 
of temperature. Various approximation methods, integration, etc., often 
replace this laborious procedure. 

The series (3) can be extended if necessary by further terms: 

The difference between two energy levels for successive quantum numbers 
v' and v'\ where is, if terms beyond the second are neglected: 

=A wX 1—2XgV''—2x^)=hoj^,—IhtopcXv " +1)=A<5^—2h6j,x,v' . (7) 

As the successive vibrational levels rise with increasing v, they crowd closer 
together, and when they approach the line €=/) (Z)=dissociation energy) the 
separation Ae is zero, or the lines form a continuum.^ When ^€=0, the 
vibrational quantum number is given by Ac5^—2Aa><,x^t>'=0, therefore i;'=l/2x:,. 
Substitute this for v in (6): 

€„==Ad)^[(l/2x,+j:)-xXl/2x,+if]==h(bJ4x,-hx,(o^^ 

1 Smith, Boord, Adams, and Pease, J.A.C.S., 1927, 49, 1335; Kassel, Chem. Rev., 1936, 
18, 277; Jeunehomme, “ Calcul des fiquilibres Physico-Chimiques,” Paris, 1937; Gordon 
and Barnes, /. Chem. Phys., 1933,1, 297, 308; Gordon, ibid., 1934, 2, 65; corrected by Wilson, 
ibid., 1936, 4, 526; and by Giauque, J.A.C.S., 1937, 59, 1158. For the wave mechanics of the 
anlmmonic vibrator, see Sokolov, J. Exptl. Theor. Phys. U.S.S.R., 1932, 2, 154. 

2 Franck, Trans. Faraday Soc., 1925, 21, 536; Birge and Sponer, Phys. Rev., 1926, 28, 
259; Franck, Kuhn, and Rollefson, Z. Phys., 1927, 43, 155; Winans and Stueckelberg, Proc, 
Nat. Acad., 1928,14, 867; Finkelnburg, Phys.Z., 1930, 31, 1; 1933,34, 529; Beutler and Mie, 
Naturwiss., 1934, 22, 418; Mie. Z. Phys., 1934, 91, 475; Beutler. Z. phys. Chem., 1934, 27B, 
287 (Dhi=103-50, Dd2«104-48. />Ha«101-63); Ciusius, Die Chemie, 1943,56.241. 
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The value of D, the energy of dissociation, is: 

Z)=e,—=ha>J4x^——(hwjl—kx^wj^) 

=hix)J4x^—h(xtJ2, 

and with reference to zero energy this is: 

D^hSiJAx.y or x^=hwJ4D.(8) 
Equation (6) is usually applied in spectroscopy in the form: 

€/=€^-€^^=hc<x>oiv-XoV^+yv^+ . . .) .... (9) 
where is the zero point energy and ojq is a wave number (d>/c), so that, 
from (4): 

€^=hc<aX\-xJ4). 

By equating coeflScients of v, and in (6) and (9), it is found that: 

0}Q=^iO^’-'X^<x)^ + %k^O}^+ ...» 

ya)o=A'3a>,,+ .... 

ForH2,the spectroscopic values^ are: a>o=4276 cm.'!, Aou>o= 114,>’2r:A4C:=:/:3::r^0, 
co,=4390 cm.*"^ x^=0-026. Morse’s equation (§ 17) with Z)=4*725 electron 
volts gives X,=0*0286. Rosen ^ calculated theoretically a>^=4260 cm."^ 
and James and Coolidge ^ Z)=4*722dh0*013 electron volts. From the wave¬ 
length of the beginning of the continuous spectrum (see above) D is calculated 
as 4*725±0*005 electron volts. 

Giauque and Overstreet ^ used the following method. The rotational levels 
for a non-rigid diatomic molecule were represented (energies in wave-number 
units) by: 

€f:=^Bw?‘+Dm^+Frrfi+.(10) 
where w= /+2 J B, D, F, . , , are constants; g^=2/4-1=2/7/. Hence: 

Zf=:S2m Qxp {[—hc{Bm^+Dm^+Fm^+ . . .)]/kT} 

=S2m[exp('-Bhcm'^/kT)][cxp(--Dhcm^/kT)][cxp(—Fkcm^/kT)] . . . 

=:Z2mcxp(’-Bhcm^lkT)[l — Dhcm^lkT+\(Dhcjn'^lkT)^ . . .]x 
U-Fhcm^/kT+}{Fhcm^/kT)2+ . . .] 

=i:2m exp {-BhcnFlkT)[\- Dhcm^lkT-Fhcrn^IkT 
+'l{Dhcm^lkT)^+{Dh€m^lkT){Fhcm^lkT)+i{Fhcm^/kT)^ . . .] 

where exp (—x:)=e As a first approximation sums are replaced by integrals: 

Z^Q-^ohcikT^ r 2we~"dm— f {2DhclkT)m^€^^dm— f (2FAc/Ar)m^e~'^dw 
Jo Jo Jo 

^00 ^00 

+ (Z)Ac/ftr)2m»e-'dm4- (2£>FAc/*r)2/«iJe-^dm+ . ■ . 
Jo Jo 

where z—Bhcm^IkT, and the factor of Z, is due to the fact that the zero of 
energy in the integrals is for m=0, whilst the zero used is for m=i. Integra¬ 
tion gives: 

Zfi-^o^‘>'‘T=(kT/Bhc)ll -2 !(I>/52)/3- 3 \(FIB^)^^+{4 !/2 \){D^IB*)P 
+5]{DFIB^)^3+ . . . . (H) 

* Hyman and Birge, Nature, 1930, 123, 277; Hyman, Phys. Rev., 1930, 36,187. 
2 Phys. Rev., 1931, 38. 2099. 
3 J. Chem. Phys., 1933, 1, 825; 1935, 3. 129. 
* J.A.C.S., 1932, 54, 1731; Gordon and Barnes, J. Chem. Phys., 1933,1, 297. 
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where ^—kTjhc. The correction necessary when integration is used instead of 
summation was investigated by Mulholland ^ and Sutherland ^ for rigid dia¬ 
tomic molecules; they found: 

S2mQ---={kTIBhc){\+Bhcl\2kT+ . . .) . . . . (12) 

The other integrals did not require correction. In (11), therefore, the term 
(5/12)j8 is added to the series in square brackets, giving: 

;^re-'"'’"/''^=(kT/SAc)[l+(5/12);8-2!(Z)/52)^-3!(F/.83)j32-f(4!Z)2/2!i5‘‘)/32 

-|-5!(£>F/55)j8H . . .] . . (13) 

Giauque and Overstreet showed that equation (13) gave values for HCl differing 
only inappreciably from those found by actual summation, at 7’= 1000° and 
2000°. In the case of molecules containing isotopes (e.g. HCl containing 
Cl=35 and Cl=37), Mulliken ^ found that the constants B, D, and F are 
inversely proportional to n, and respectively, where /x is the reduced 
mass (Ilfi=l/Mi+IIM2) of the molecule. In the case of vibrational levels, 
where (in wave-number units): 

e^=o}Xv+i)+x^toXv+y,u}Xv -f-1)^ 

occurs in each term to the same power as (®-f-i). 
In calculating the entropy of nitrogen gas Giauque and Clayton used the 

spectroscopic equations (e in wave-number units): 

={B,^-CL{v-^\)]nfl+[D,+y{v+ 

with 5 ^,=2 003, a=-0 023, -5-773 X lO'^, y=8-61xl0 -», w,=2359-61, 
x^co^= —14-445, all referred to the hypothetical state of zero vibration. Equa¬ 
tion (13) then gives for the internal state sum (rotation and vibration): 

Z,= exp . . .] 

this value being reduced to one-half because of the molecular symmetry of 
N2 (^=2) and nuclear.,spin omitted. 

From Zi tM internal entropy was calculated from (28), § 8, as 

5,=i? In Z,+RT{A In Z^/dT) 

and added to the translational entropy, as usual. The final result gave 
52^8=45-788, to be compared with the calorimetric (Nernst heat theorem) 
value 45-89 calculated as in § 70.11. 

In the summation over the vibrational states an empirical relation between 
Z„’s for adjacent vibrational states ^ enables the calculation to be curtailed. 
Alternative methods of calculating the state sums for diatomic molecules were 
also used by Gordon and Barnes and by Kassel.» 

1 Proc. Cambr. Phil. Soc., 1928, 24, 280. 
2 Proc. Cambr. Phil. Soc., 1930, 26,402 (arithmetical error in calculation for NO). 
3 Phys. Rev., 1925,25,119 (isotope effect on specific heats). 
4 J.A.C.S., 1933,55,4875. 
5 Rasetti, Phys. Rev., 1929, 34, 367 (rotational constants); Birge and Hopfield, ibid., 1927, 

29, 356 (vibrational constants). 
^ Johnston and Davis, J.A.C.S., 1934, 56, 271. 
7 /. Chem. Phys., 1933, 1, 297. 
« /. Chem. Phys., 1933, 1, 576; Chem. Rev., 1936, 18, 277. 
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§ 26. Statistical Calculation of Entropies 

In calculating gas equilibria from free energies the nuclear spin contribution 
to the state sum may be omitted, since it cancels, ^ except in the case of hydrogen. 
The case of iodine (12) seems to be peculiar,^ since the ortho- and para4orms 
carry their spin multiplicities, but not their rotational multiplicities, into the 
solid state. The spectroscopic entropy of the gas is 5298.1=62*29 (not including 
the nuclear spin contribution). Giauque found the NT entropy of the solid 
5298.1=27*9. The calculated latent heat of sublimation at 298*r K. is 14,877 
g.cal./mol., which would seem to give J5= 14877/298*1=49*91, hence for the 
gas the NT entropy is 27*9+49*91=77*81. Giauque (who does not calculate 
the NT value) gives no explanation of the enormous difference between 62*29 
and 77*81. In the case of bromine (Br2) at 265*8° K. the discrepancy is also 
serious T- 5 (NT) = 62*1, 5 (spectr.)=58*63 (61*69 less \R In 2). 

The values for carbon monoxide (CO) are anomalous."^ At the b.p. 5 (NT)= 
37*2 (ideal gas) and 5 (spectr.) = 38*32. The difference is about R In 2, which 
suggests a lack of discrimination in the lattice of the crystal for the O and C 
ends of the CO molecules (sec § 18). The entropy of water vapour calculated 
from spectroscopic data is about 1 g.cal./l° per mol discrepant 5 (NT) at 
25°=44*28,<5 5 (spectr.) at 25°=45*I0; ^ the difference of 0*82 is near the value 
0-806=/? In (6/4) calculated by Pauling^ on the assumption of non-ordered 
orientation of H2O molecules in the ice lattice. It is noteworthy that ^ ice 
has no measurable heat capacity at 0*2°-4° K. The entropy of H2O vapour 
at 25° calculated indirectly from those of Mg(OH)2 and MgO, and the 
thermal and equilibrium constants of the reaction Mg(0H)2^Mg0+H20, 
is 45*10, in excellent agreement with the spectroscopic value 45*13. The 
discrepancy found for crystal water in Na2SO4,10H2O probably arises from 
the same cause as that for ice. For telramethylmethane,i^ €(€1-13)4, 5 (NT)= 
71*71 and 5 (spectr.)=78-89, at the b.p. The difference 7*18 is nearly equal to 
5 /? In 2=6*89, and the case may be analogous to the above. The rather large 
discrepancy with methylamine: 5(NT)=56*42, 5 (spectr.) = 58 *06, at the b.p., 
is probably due to some error in the spectroscopic assignment, e.g. neglect of 
the potential associated with the rotation of the methyl group. 

§ 27. Polyatomic Molecules 

The calculations of state sums for polyatomic molecules are usually only 
possible with approximations, e.g. the vibrational state sum is often small (for 
N2O at 298° K., Zy=496, Z,= 1*1), and sums may often be replaced by integrals, 

1 Gibson and Heitler, Z. Phvs., 1928, 49, 465 ; see Zeise, Z. Elektrochem., 1934, 40, 665. 
2 Giauque, J.A.C.S., 1931, 53, 507. 
3 Brown, J.A,C.S., 1932, 54, 2394. 
4 Clayton and Giauque, J.A.C.S., 1932, 54, 2610. 
5 Ashley, Phys. Rev., 1933, 43, 81. 
6 Gordon, J, Chem. Phys,, 1934, 2, 65. 
7 Giauque and Stout,/.v4.C.5., 1936, 58, 1144. 
8 J.A.C.S., 1935, 57, 2680. 
9 MacDougall and Giauque, J.A.C.S., 1936, 58, 1032. 

Giauque and Archibald, J,A,C,S,, 1937, 59, 561. 
n Pitzer and Coulter, J,A,C,S„ 1938, 60, 1310. 
12 Aston and Messerly, J.A,C.S., 1936, 58, 2354. 
13 Aston, Siller, and Messerly, J.A.C.S., 59, 1743. 
14 The escalations are purely routine and very tedious, and seem ripe for the punched-card 

or “electronic brain “ technique; see King, J, Chem, Phvs., 1946, 15, 85; Hamer and King, 
ibid,, 1946, 15, 89. 
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especially when the moment of inertia is large. Some results are merely stated 
here {cr^h^lSTr'^JkT; .5’=symmetry number) 

1. Linear molecules (N2O, CO2, C2H2, HCN) are treated as diatomic: 
For HCN and N2O, .y=l, for the other molecules it is 2. Entropies 

per mol at 25° calculated by Badger and Woo 2 arc: 

CO2 N2O HCN C2H2 

S including nuclear spin 51 07 56-94 51*79 50-57 
S excluding nuclear spin 51 07 52-58 48-23 48 00 

2. Spherical rotors (CH4, CCl 4, but not C(CH3)4 with rotating groups), 
with /^==/b=/c, ^==12: Zy=\/7r/.va^'^. 

3. Spherical tops (NH3, CHCi3), with ^r== is 
a double top, with Z^^irlsa^aQ. 

4. Asymmetrical tops with /^, 1^, Ic different, with the approximation 
Z,=(l/5)(77/a,a^ac)''^ For HoO, i=2; for C.H^, 5=12. 

5. More complex molecules (n degrees of freedom of rotation): 

Z,=i\lsn)lS7r\Wc . . r'-{kT/h2)r^ 
The complete expression for the available energy per mol of an ideal gas with 

polyatomic linear molecules is: 

G=EQ-iRTln T+RTln p+RTS In (l-e-'-'''*'^) 

%TrMk 
jjT’ln--. -^g^n{g„) (1) 

where i7(g„) is the product of the nuclear spin weights; and for an ideal gas with 
polyatomic non-linear molecules: 

C=£o-4/?rin T+RT\np+RTE\n (l-e-'""’"^) 

-i?nn 
(27rm)3«;j.5/2 1/2 

A3 h^s sMsv) ■ (2) 

In the case of rigid molecules Z" In (I—e 
Syrkin ^ calculated for a polyatomic gas: 

S=kNIn {27TmkT)”'^a’'-^Ve ”'^/NR.(3) 

where Ai=number of degrees of freedom, a=diameter of molecule, F=volume. 
The entropies calculated from spectroscopic data for polyatomic gases must 

be used with caution, since it is always possible that the ascertained energy 
levels are either incomplete or not sufficiently accurate. As an example of the 
disagreement with the Nernst heat theorem value (which the physical chemist 
will prefer if it is known) the case of CCI4 at 25° C. may be mentioned 4; 
S (NT)=71*2, iS (spectr.)=:74*3. Kistiakowski and Wilson ^ pointed out the 
arbitrary and sometimes erroneous results found for entropies when hypo¬ 
thetical “ potential barriers ” (§ 28) are assumed, but the protagonists of this 

1 Mayer, Brunauer, and Mayer, J.A.C.S., 1933, 55, 37 (who consider the case of optical 
isomers also) define the symmetry number as the number of permutations of identical particles 
in the molecule which can be carried out by changes in the coordinates of rotation and spin 
alone. Cf. Witmer, Proc. Nat. Acad.^ 1927, 13, 60. For a sketch of the calculations, sec 
Glasstone, “ Theoretical Chemistry,” New York, 1944, 386 f. 

2 J.A.C.S., 1932, 54, 3523. 
3 Z. Phys., 1924, 24, 355. 
4 Yost and Blair, J.A.CS., 1933, 55, 2610; Fink and Bonilla, /. Phys, Chem., 1933, 37, 

1135; the fact that some values have been improved by later manipulation does not affect the 
general principle stated. 

5 J.A.C.S., 1938, 60, 494, where the results are said to be “ rather meaningless.” 
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method ^ have given considered arguments in support of the calculations. 
The exaggerated claims to high precision urged in this field, and the affected 
contempt of mere experiments, are in themselves suspicious. In other calcula¬ 
tions,2 the diflerence is about 20 per cent (propylene). Eucken and Schaffer’s ^ 
calculation of the “ potential barrier ” of ethane is erroneous, but even this 
simple case is not satisfactorily disposed of. 

Eucken ^ at first imagined that the moments of inertia of some di- and tri- 
atomic molecules as calculated from thermal and spectroscopic data were 
different, but the discrepancies were due to experimental errors in both parts, 
and newer work (§ 29) has given closer agreement with increasing accuracy, so 
that Eucken abandoned his former opinion. 

In tabulated values a mean moment of inertia for polyatomic gases, 

/=(4i/fl/(;;)^^\ is often given, and in this case In {lAhJc) (^) replaced by 
I In 7. (Sometimes /^, 4, and Iq are denoted by B, and C). Some values of 
various quantities connected with gases are given in the tables below.^ 

I. Monatomic Gases 

Entropy (less nuclear 

Gas Symbol of Energy 
, level Statistical weight, ge spin contribution). 

S° g.cal./l° C. mol. 
at 25" C. 1 

Inert gases . ‘So 1 A 36-99 
H, alkali metals, Cu, ^Si/2 2 H 27 -40 

Ag, Au 
Zn, Cd, Hg, alkaline 1 / Zn 38 -46 

1} 'S. 
earth metals 1 Cd 40 -07 

l+3e-22-7/T-f 5e-60 s/t 
C . \ r above room tem¬ 37-77 

1 3P2 i perature 

N,P,As,Sb,Bi “53/2 4 
r N 36-62 

I 1 P 38-99 

0 . 1 'Pi h 54-3e- 229/T+e'325/r 38-48 
1 “Po i 

F . 4-f2e“582^T 37-93 
Cl . 2P3/2 1 4-f-2e~1265/T 39-46 
Br . 2Pi/2 / 4-f2e~5270/Tc:^4 41-81 
I . 4+2e~ 10900/7:5^4 43-19 

For di- and polyatomic gases the values of the chemical constant 7' (see 
§ lO.VllI L, Vol. II), the characteristic temperatures ((18), § 17), ©=Av/<r, for 

1 See e.g. Pitzer and Kemp, J.A.C.S., 1938, 60, 1515. 
2 Pitzer, J. Chem, Phys., 1937, 5, 469, 473; Kistiakowsky et al, J.A.C.S., 1939, 61, 2980. 
3 Naturwiss,, 1939, 27, 122. 
^ Jahrb. Radioakt. Elektronik, 1920,16, 361; Z, Elektrochem.^ 1920, 26, 377; Fhys.Z,, 1929, 

30, 818; “Lehrbuch der cheniischen Physik,” 1930, 235, 248; Eucken, Karwat, and Fried, Z. 
Phys., 1924, 29, 34. 

5 Eucken, Clusius, and Woilinek, Z. anorg. Cherniy 1931, 203, 39. 
6 Wohl and Zeise, in Landolt-Bomstcin, “ Tabellen,” 5th edit., 1936, Ergzbd, 3, 2345 f.; 

Kelley, U.S. Bur, Mines Bull., 1936, 394; Epstein, “Textbook of Thermodynamics,” 1937, 
298; Latimer, ” Oxidation Potentials,” New York, 1938, Appendix V; Macdougall, “ Thermo¬ 
dynamics and Chemistry,” 3rd edit.. New York, 1939, 469. See also the publications of Zeise 
quoted in § 29. 
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the vibrational quantum, and for polyatomic gases the values of /^, Id, and Iv 

and the mean moment of inertia 7 are given: 

for diatomic gases: f=(Sq'—jR)/2-3026R.(4) 

for polyatomic gases: /'=(5o'—fi?)/2-3026i?.(5) 

II. Diatomic Gasls 

Gas 0, in lowest 
level 

Symmetry 
number .s 

Moment of 
inertia, 
/xIO^o 
g.cm.2 

Chemical 
constant,./' 

Entropy 
g.cal/1"’ mol, 
gas at 25"" C. 

H2 . 6130 1 2 0-46637 -3-369 31-23 
N2 . 3350 1 2 13-84 -0-183 45-79 
O2 . 2224 3 2 19-23 +0-524 49 03 
F2 . 1533 1 2 27-76 +0-318 48-00 
CI2 . 801 1 2* 113-9 + 1-448 53 31 
Br.. 461 I 2* 342-5 +2-496 58-63 
I2 . 305 1 2 741-5 +2-982 62-29 
HCl 4200 1 I 2-6494 -0-428 44-66 
HBr 3787 1 1 3-2634 ! +0-182 47-48 
HI . 3245 1 1 4-308 ' +0-601 49*40 
CO. 3085 

' i ' 1 I 1 

14-43 
1 

+0*137 47-32 

* The values 1 -57 (CI2) and 1 -42 (61*2), usually given, represent mean values for isotopes. 

111. Polyatomic Gases 

Gas .V Ci X 10^0 Ibx lOo" /cxico IxWo r 
N2O 847 (2), 1850 (1) 1 66-0 1-091 

3200(1) 
CO2 960 (2), 1900(1), 2 70-4 0-818 

3400(1) 
C2H2 889 (2>, 1048 (2), 2 23-502 0-000 

2840(1), 4730(1), 
4850(1) 

i 
i 

! 1 i 
H20 2294, 5180, 5400 2 1 0-996 I 908 2-981 1-784 -1*787 
NH3 1366 (1), 2340 (2), 

4790(1), 4990(2) 
3 1 2-78 2-78 4-33 3-22 -1-616 

CH4 

j 

1875 (3), 2185 (2), 
4190(1), 4340 (3) 

12 i 1 5-267 5-267 
i 

5-267 5-267 -1-936 

§ 28. Molecules with Restricted Rotation 

The case where some or all of the groups in a polyatomic molecule are capable 
of free or restricted rotation is a difficult one, and some of the theoretical results 
seem worthless.^ The group may also be capable of rotation within itself (e.g. 
CH3CH2—in butane). The calculation of the entropy on the assumption of 
particular rotating groups and its comparison with the entropy found from 
the Nernst heat theorem has been used in surmising the structure of organic 
molecules assumed to contain free rotating groups, and also groups with restricted 
rotation. The following cases are briefly considered. 

1 See e.g. Kassel, J.A.C.S., 1937, 59, 2746, on the disagreement with butanes; Thompson, 
An/i, Rep, Chem. Soc,, 1941, 39, 46. The literature in § 29 contains many examples of this 
type of calculation; see the summary by Aston, in Taylor and Glasstone, “ Physical Chemis¬ 
try,” 1942,1, 590 f., and Glasstone, “ Theoretical Chemistry,” 1945, 415. 
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(i) For a molecule having/free internal rotations, the theory of equipartition 
of energy (§ 20) giyes E,^\fRT per mol, and the detailed calculation gives 
exactly the same result. 

(ii) For a molecule with restricted internal rotation consider the case of 
ethane, H3C.CH3. Suppose that if one CH3 group rotates relative to the 
other, a repulsive force between the hydrogens causes three equally spaced 
maxima of potential energy, V (“ potential barriers ”), and three equally 
spaced minima, in a complete rotation (Fig. 12. IV). The two parts of the mole¬ 
cule normally execute to-and-fro twisting movements, and only when the energy 
is sufficiently large will one part rotate past a potential barrier relative to the 
other. The motion has been described as “ rather drunken.” An arbitrary 

function which represents this type of motion is ^ V—A—k but one 
which has been more used ^ js: 

^=if^o(l-cos3(/>) .(1) 

which has minima at ^=0, 27r/3, and 47r/3, and maxima at <^=77/3, tt, and SnjZ, 
A general case has n instead of 3. The energy levels are given by the wave 
equation (§ 2.V): 

dVV#^ + (8772//A2)[£^--lFo(l -cos A7^)]t/r=:0. 

Put <^=2x/w, 87r2/Ko//i2^2=0, then: 

d2M(x)/dx-2+(fir,-h20cos2x)MCY)=O .... (2) 

where ar^i^lTr^Iln^h^XE^^^Vo).(3) 
Equation (2) is a Mathieu’s equation,^ and is known to give physically signifi¬ 
cant solutions for M(.v) only if has proper values ai^ 02. . . from which 
the energy levels £1, . can be calculated by (3), and the state sum is then 

1 Olson, Trans. Faraday Soc.^ 1931, 27, 6, 69; Olson and Hudson, J.A.C.S.^ 1933, 55, 1410; 
Smyth, Domte, and Wilson, J.A.C.S.y 1931, 53, 4242; Mizushima and Higasi, Proc. Imp. 
Acad. Tokyo, 1932, 8, 482. 

2 Eyring, J.A.C.S., 1932, 54, 3191; Nielsen, Phys. Rev., 1932, 40, 445; 1941, 60, 794; Teller 
and Topley, J.C.S., 1935, 885; Kemp and Pitzer, J.A.C.S., 1937, 59, 276; Pitzer, /. Chem. 
Phys., 1937, 5, 469; Kistiakowski, Lacher, and Ranson, ibid„ 1938, 6, 900; Kistiakowski, 
Lacher, and Stitt, ibid., 1938, 6, 407; 1939, 7, 289; Wilson, ibid., 1938, 6, 408; Gorin, Walter, 
and Eyring, J.A.C.S., 1939, 61, 1876; Crawford,/. Chem. Phys., 1940, 8, 273; 1941, 9, 323; 
Wilson, Chem. Rev., 1940, 27, 17; Charlesby, Proc. Phys. Soc., 1942, 54^ 471; Aston, Isserow, 
Szasz, and Kennedy, /. Chem. Phys., 1944,12,336; Halford, ibid., 1947,15,645; Lassettre and 
Dean, ibid., 1948, 16, 151, 553. 

3 Whittaker and Watson, “ A Course of Modem Analysis,” 3rd edit., Cambridge, 1920, 
404; Condon, Phys. Rev,, 1928, 31, 891; see also Ince, Proc. Cambr. Phil. Soc., 1922, 21, 117; 
Proc, Roy. Soc. Edin., 1925-6,46,20, 316; 1926-7,47,294; 1931-2,52, 355 (tables); Goldstein, 
Trans, Cambr. Phil. Soc., 1927, 23, 303 (tables); Stratton, Morse, Chu, and Hunter, “ Elliptic, 
Cylinder, and Spheroidal Wave Functions,” New York. 1941. 
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§ 29. Bibliography of Statistical Calculations of Entropy 

From an exuberant literature on the statistical calculation of thermodynamic 
quantities, mostly from spectroscopic data or assumed molecular models, the 
following selection is offered. Some valuable papers have, without doubt, 
suffered inadvertent omission. 

Aston and Messerly, J.A.C.S., 1936, 58, 2354 (tetramethylmethane); 1940, 62, 1917 («-bu- 
tanc); Aston, Siller, and Messerly, ibid., 1937, 59, 1743 (methylamine); Aston, Eidinoff, and 
Forster, ibid., 1939, 61, 1539 (dimcthylamine); Aston, Kennedy, and Schumann, ibid., 1940, 
62, 2059 (/5f?butane); Aston and Kennedy, ibid., 1940, 62, 2567 (tetramethylsilane); Aston, 
Kennedy, and Messerly, ibid., 1941, 63, 2343 (tetramcthylsilane); Aston et ai, ibid., 1942. 
64, 1034, 1039 (/^opentane; corrected by Guthrie and Huffman, ibid,, 1943, 65, 1139, and 
Aston et al., ibid., 1948, 70, 3525); idem, in H. S. Taylor and Glasstonc, “ A Treatise on 
Physical Chemistry,” New York, 1942,1, 590 (general); Aston, Fink, and Schumann, J.A.C.S., 
1943, 65, 341 (cyclopentanc); Aston, Szasz, and Fink, ibid., 1943, 65, 1135 (cyclohexane); 
Aston, Isserow, Szasz, and Kennedy, J. Chcni. Phys., 1944, 12, 336 (potential barriers); Aston, 
Sagenkahn, Szasz, Moessen, and Zuhr, J.A.C.S., 1944, 66, 1171 (trimethylamine, paraffins, 
alcohols, ether, mercaptan, Ihio-cthers); Aston and Szasz, ibid., 1947, 69, 3108 (butadiene); 
Austin, ibid., 1932,54, 3459 (HCl, HBr, HI). 

Badger and Woo, J.A.C.S., 1932, 54, 3523 (CO?, N:0, HCN, CzH?); Bak, K. Dansk. 
Videmk. Sclskab., 1946,22, No. 16 (CH4, C2H6); 1948,24, Nos. 1 (C2H0), 9,10(CH3Br); Beach 
and Turkcvich,/.y4.C.5'., 1939,61,303 (ethylene chlorobromide, ethylene dibromide); Beckett, 
FYceman, and Pitzer, ibid., 1948, 70,4227 (cyclopentanc and cyclohexane); Bigelcisen, Goeppert 
Mayer, Stevenson, and Turkevich,/. Cyiem. Phys., 1948,16, 442 (UF'^,); Bijvoct, Chem. Week hi., 
1931, 28, 26 (gas equilibria); Blue and Giauque, J.A.C.S., 1935, 57, 991 (NzC)); Bonino, Boll. 
Sci. Fac. Chim. Jnd. Bologna, 1942, 3,1911 (paraffins). 

Charlesby, Proc. Phys. Soc., 1942, 54, 471 (CzH^); Clayton and Giauque, J.A.C.S., 1932, 
54, 2610 (CO); 1933,55, 5071 (CO); Crawford and Rice, J. Chem. Phys., 1939, 7, 437 (dimethyl- 
acetylene); Crawford, Kistiakowsky, Rice, Wells, and Wilson, J.A.C.S., 1939, 61, 2980 (pro¬ 
pylene); Crawford, J. Chem. Phys., 1940, 8, 273 (propylene); 1941. 9, 323 (nitromethane, 
ethane, tetramethylmethane); Crawford and Parr, ibid., 1948, 16, 233 (various); Cross, ibid., 
1935, 3, 825 (COS, SO2, CS2). 

Davis and Johnston, J.A.C.S., 1934, 56, 1045 (H?); Dc Vries and Collins, ibid., 1942, 64, 
1224 (nitromethane); Dietz and Andrews, J. Chem. Phys., 1933, 1, 62 (CgH^); Dobratz, Ind. 
Eng. Chem., 1941, 33, 759 (organic vapours). 

Egan and Kemp, J.A.C.S., 1937, 59, 1264 (ethylene); 1938, 60, 2097 (methyl bromide); 
Eidinoff and Aston, J. Chem. Phys., 1935, 3, 379 (tetramethylmethane); Elert, Z. Phys., 1928, 
51, 6 (CH4; incorrect); Eucken and Berger, Z. techn. Phys., 1934, 15, 369 (CH4); Eyring, 
J.A.C.S., 1932, 54, 3191 (CzH^,). 

Fink and Bonilla, J. Phys. Chem., 1933, 37, 1135 (CCI4); Frank and Clusius, Z.phys. Chem., 
1937, 36 B, 290(CH4); Fuchs, Proc. Roy. Soc., 1941-2, 179, 194, 340, 408, 433*^ (assorted 
subjects). 

Giauque and Wiebc, J.A.C.S., 1928, 50, 101 (HCl), 2193 (HBr); 1929, 51, 1441 (HI); 
Giauque and Johnston, ibid., 1929, 51, 2300 (O2); Giauque, ibid., 1930, 52, 4808 (general 
theory), 4816 (H?); 1931, 53, 507 (l2); Giauque, Blue, and Overstreet, Phys. Rev., 1931, 38, 
196 (CH4, NH3); Giauque and Overstreet, J.A.C.S., 1932, 54, 1731 (HCl, Cl); Giauque and 
Clayton, ibid., 1933, 55, 4875 (N2); Giauque and Blue, ibid., 1936, 58, 831 (H2S); Giauque and 
Stout, ibid,, 1936, 58, 1144 (H2O); Giauque, ibid., 1937, 59, 1157 (H2O); Giauque and Egan, 
J. Chem. Phys., 1937, 5, 45 (CO2); Giauque and Stephenson, J.A.C.S,, 1938, 60, 1389 (SO2); 
Giauque and Ruhrwein, ibid., 1939,61,2626 (HCN); Gibson and Heitler,Z. Phys., 1928,49,465 
(I2); Glasstone, Ann. Rep. Chem. Soc., 1935, 66; “Recent Advances in General Chemistry,” 
1936, 53; “ Theoretical Chemistry,” New York, 1944,203; Godnev, Payukhina, and Sverdlin, 
J. Phys. Chem, U.S.S.R., 1940, 14, 374; Godnev and Filatova, Compt. Rend. U.R.S.S., 1946, 
52, 43 (hydrocarbons); Golden, J. Chem. Phys., 1948, 16, 78 (asymmetric rotor); Gordon and 
Barnes, J. Phys. Chem., 1932, 36, 1143 (H2O), 2293 (CI2), 2601 (CH4: see corrections by 
Wilson, J. Chem. Phys., 1936, 4, 526, and Giauque, J.A.C.S., 1937, 59, 1158); J. Chem. 
Phys., 1933, 1, 297 (CI2, HCl, CO, Br2, O2, NO), 308 (H2O, CO2); Gordon, ibid., 1934, 
2, 65 (H2O); 1938, 6, 219 (C2H2); Gordon and Giauque, J.A.C.S., 1948, 70, 1506 (ethyl 
chloride); Gorin, Walter, and Eyring, J.A.C.S., 1939, 61, 1876 (hydrocarbons); Goubeau and 
Karweil, Z. phys. Chem., 1938, 40 B, 376 (C2H6; correcting Eucken and Schafer, Naturwiss., 
1939, 27, 122); Gregory, Z. Phys., 1932, 78, 791 (diatomic gases); Guillemin, Ann. Phys,, 1926, 
81, 173 (CH4); Guttman, Westrum, and Pitzer, J.A.C.S., 1943, 65,1246 (styrene). 
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Halford, J, Chem. Phys., 1934, 2, 694 (alcohols, ether, hydrocarbons); 1941, 9, 859 (acetic 
acid); Herzberg, “ Infra-Red and Raman Spectra of Polyatomic Molecules,” New York, 
1945; Hicks and Mitchell, 1926, 48. 1520 (HCl); Hutchisson, ibid., 1928, 50, 1895 
(HCl). 

Jahn, Ann. Phys., 1935, 23, 529 (CH4); J. Chem. Phys., 1938, 6, 335 (NOCl); Johnston and 
Giauque, J.A.C.S., 1929, 51, 3194 (NO); Johnston and Chapman, ibid., 1933, 55, 153, 5073 
(NO); Johnston and Walker, ibid., 1933, 55, 172, 5075 (O2), 187 (O); Johnston and Dawson. 
ibid., 1933, 55, 2744 (OH); Johnston and Davis, ibid., 1934, 56, 271 (CO, N2); Johnston and 
Walker, ibid., 1935, 57, 682 (O2); Justi and Langer, Z. techn. Phys., 1940, 21, 189 (CH2CI2, 
CF2a2); 1941, 22, 124 (CF^Cl, CChF). 

Karweil and Schafer. Z. phvs. Chem., 1938, 40 B, 382 (C2H6); Kassel, J.A.C.S., 1933, 55, 
1351 (rigid symm. top); 1934, 56, 1838 (N2O, CO2, CO); 1937, 59, 2746; J. Chem. Phys., 1933, 
I, 576 (CO); 1935, 3, 115 (tetramethylmethane); 1936, 4, 276 (benzene and methyl derivatives), 
493 (methanol); Chem. Rev., 1936, 18, 111 (general); Kazarnovsky, J. Phvs. Chem. U.S.S.R., 
1945, 19, 392 (N2, H2 and mixts.; NH3); Kelley, U.S. Bur. Mines Bull., 1936, 394 (general, on 
entropies from spectra); Kemble, J. Opt. Soc. Amer., 1926, 12, 1 (HCl); Kemp and Pitzer, 
J. A.C.S., 1937, 59, 276 (C.Ho); Kemp and Giauque, ibid., 1937, 59, 79 (COS); Kemp and 
Egan, ibid., 1938, 60, 1521 (propane); Kennedy, Sagenkahn, and Aston, ibid., 1941, 63, 2267 
(ether); Kicnitz, Z. Elektrochem., 1944, 50, 216 (C3 hydrocarbons); Kilpatrick and Pitzer, 
J.A.C.S., 1946, 68, 1066 (dimethylbutane); Bur. Stand. J. Res., 1947, 38, 191 (ethylene, etc.); 
Kilpatrick, Pitzer, and Spitzer, y.^.C.5., 1947, 69, 2483 (cyclopentane), 2488 (cyclohexane and 
derivatives); King, Hainer, and Cross, J. Chem. Phys., 1943, 11, 27; 1944, 12, 210 (asymm. 
rotor): Kistiakowski, Lacher, and Ranson, J. Chem. Phys., 1938, 6, 900 (potential barriers); 
Kistiakowski, Lacher, and Stitt, ibid., 1938, 6,407 (ethane); 1939, 7, 289 (ethane). 

Langseth and Bak, K. Dansk. Vidensk. Selskab., 1948, 24, No. 3 (CH3Br); Lord, Ahlberg, 
and Andrews, J. Chem. Phys., 1937, 5, 649 (solids); Lord, ibid., 1941, 9, 693, 700 (solids); 
Ludolph, Phys. Rev., 1931, 37, 830 (CH4); Lutgemeier, Z. Phys., 1926, 38, 251 (di- and 
poly-atomic molecules; old quantum theory). 

McCrca, Proc. Camhr. Phil. Soc., 1927, 23, 890, 942; 1928, 24, 290 (CO2, H2O); Macdougall, 
Phys. Rev., 1931, 38, 2074 (CH4, NH3); Manning,/. Chem. Phys., 1935, 3, 136 (NH3); Maue, 
Ann. Phys., 1937, 30, 555 (CH4); Mayer, Brunauer, and Mayer, J.A.C.S., 1933, 55, 37 (C2H6, 
C2H2); Meyer and Buell, J. Chem. Phys., 1948, 16, 744 (SF^,); Messerly and Aston, J.A.C.S., 
1940, 62, 886 (methyl chloride); Michels, de Groot, and Geldermans, Appl. Sci. Res., 1947, 
I A, 55 (C2H4); Mizushima and Higasi, Proc. Imp. Acad. Tokyo, 1932, 8, 482 (theory of 
restricted rotation). 

Nielsen, Phys, Rev., 1932, 40, 445; 1941, 60, 794 (torsional oscillator). 
Oliver, Eaton, and Huffman,/.^.C.5,, 1948, 70, 1502 (C6Hf,); Olson and Hudson, /..4.C.*S., 

1933, 55, 1410 (restricted rotation); Osborne, Gamer, and Yost, /. Chem. Phys., 1940, 8, 
131 (dimethylacetylcne); Osborne, Doescher, and Yost, J.A.C.S., 1942, 64, 169 ((CH3)2S); 
Overstreet and Giauque, ibid., 1937, 59, 254 (NH3). 

Pace and Aston, J.A.C.S., 1948,70,567 (C2F6); Pitzer,/. Chem.Phys., 1937,5,469,473 (CzBt); 
1940, 8, 711 (long chain hydrocarbons); 1942,10, 605 (hydrocarbons); 1944,12, 310 (propane); 
1946, 14, 239 (tops on frame); Chem. Rev., 1940, 27, 39; J.A.C.S., 1940, 62, 331 (C2H4a2; 
C2H4Br2); 1947, 69, 184 (B2H6); Ind. Eng. Chem., 1944, 36, 829 (paraffins); Pitzer and Scott, 
J.A.C.S., 1941, 63, 2419 (trimethylpentane); 1943, 65, 803 (benzene, toluene, xylenes); Pitzer 
and Gwinn, ibid., 1941, 63, 3313 (nitromethane); J. Chem. Phys., 1941, 9, 485 (internal rota¬ 
tion); 1942, 10, 428 (internal rotation); Pitzer and Kilpatrick, Chem. Rev., 1946, 39, 435; 
Price, /. Chem. Phys., 1941, 9, 807; 1942,10, 80 (errors corrected). 

Renner, Phys. Z., 1934, 35, 811 (CH4); Riewe, Z. Phys., 1938, 109, 753; Rodebush, Chem. 
Rev., 1931, 9, 319; Phys. Rev., 1932, 40, 113 (N2O, CO2); Rolla, Boll. Sci. Fac. Chim. Ind- 
Bologna, 1941, 65 (C6H6); Ruhrwein and Giauque,/./4.C.5., 1939, 61,2940 (C2N2); Ruhrwein 
and Powell, ibid., 1946, 68, 1063 (cyclopropane); Russell, Osborne, and Yost, ibid., 1942, 
64, 165 (CH3SH). 

Sch^er, Z. phys. Chem., 1938, 40 B, 375 (C2H6); Schaffer and Nielsen, /. Chem, Phys., 
1941, 9, 847 (linear Y2X2 molecules); Schumann and Aston, J.A.C.S., 1938, 60, 985 (ethyl 
and wnpropyl alcohols; acetone); /. Chem. Phys., 1938, 6, 480 (ethyl alcohol), 485 (ijopropyl 
alcohol; acetone); Schumann, Aston, and Sagenkahn, J.A.C.S., 1942, 64, 1039 (wnpentane); 
Silver, J. Chem. Phys., 1942, 17, 565 (planar ZXY2 moleailes); Silver and Ebers, ibid., 1942, 
10, 559 (planar ZXY2 molecules); Sirkar and Gupta, Nature, 1938, 141, 915 (CO2); Skinner, 
J. Chem. Phys., 1948, 16, 553 (CH3X); Spencer, /. Chem. Phys., 1946, 14, 729 (B compds,); 
Stephenson and Giauque, ibid., 1937, 5, 149 (PH3); Stephenson and McMahon, J.A.C.S.^ 
1939,61,437 (ammonia); Sterne, Phys. Rev., 1932,39, 993 (ammonia); Stuart, ibid., 1931, 38, 
1372; Stevenson,/. Chem.Phys., 1939,7,171 (C2N2 and halides). 
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Taylor and Pitzer, Bur, Stand. J. Res., 1947, 38, 1 (hydrocarbons); Teller and Topley, 
J.C.S., 1935, 885; Thompson, Ann. Rep. Chem. Soc., 1941, 38, 46; Tolman and Badger, 
J.A.C.S., 1923, 45, 2277 (diatomic gases); Trautz and Ader,Z. Phvs., 1934, 89, I (air, O2, N2), 
12 (H2O vap.). 15 (02 and O). 

Villars, Phys. Rev., 1931, 38, 1552 (ammonia, ethane); J.A.C.S., 1931, 53, 2006 (polyatomic 
molecules); Villars and Schultze, Phys. Rev,, 1931, 38, 998 (methane); Vincy, Proc. Cambr. 
Phil. Soc., 1933, 29, 142 (symmetrical top); Void, J.A.C.S., 1935, 57, 1192 (CH4 and halogen 
derivs.). 

Wilson, J. Chem. Phys., 1938, 6, 408 (ethane); Chem. Rev., 1940, 27, 17 (bibl.); Witmer, 
Proc. Nat. Acad., 1927, 13, 60; J.A.C.S., 1934, 56, 2229 (NO); Wooley, Bur. Stand. J. Res., 
1948,40, 163 (O2). 

Zeise, Z. Elektrochem., 1933, 39, 758, 895, 904; 1934, 40, 662, 885; 1935, 41, 267; 1936, 42. 
785; 1937, 43, 704; 1940, 46, 38, 293; 1941, 47, 380, 595, 644; 1942, 48, 425, 476, 693; 1944, 
50, 53, 113 (summaries); “ Thermodynamik auf don Griinden der Quantentheorie, Ouan* 
tenstatistik, und Spektroskopie,” Leipzig, 1944. 

§ 30. The New Statistics 

So far, the discussion has been based on the classical or MaxwelJ-Boltzmann 
statistics (§§ 2, 8). In 1924, two new statistics were introduced, one by Bose 
and the other by Fermi, and the first was extended by Einstein and the second 
by Dirac ; a modification of the first was introduced by Gentile in 1940. 

The distinction between Maxwell-Boltzmann, Bose-Einstein, and Fermi- 
Dirac statistics is illustrated by the following simple example.^ Suppose there 
are three “ parts ” ^ a, b, c (which may e.g. be molecules, light-quanta or 
photons, or electrons), which are to be distributed among four “ cells ” ^ 
in phase space, corresponding with given energies, which are numbered I, II, 
III, IV. The number of parts in each cell may be 0, 1, 2, or 3, and the possible 
arrangements are: 

1 2 3 4 1 2 3 4 5 6 7 8 9 10 11 12 1 2 3 4 

Cell I 3 0 0 0 2 2 2 1 0 0 1 0 0 1 0 0 1 0 1 1 
„ II 0 3 0 0 1 0 0 2 2 2 0 1 0 0 1 0 1 1 0 1 
„ 111 0 0 3 0 0 1 0 0 1 0 2 2 2 0 0 1 1 1 1 0 
„ IV 0 0 0 3 0 0 1 

i 

0 0 1 0 0 1 2 2 2 0 1 1 1 

4 12 4 

If all three parts are in one cell there are four possible arrangements, shown 
in the second column between heavy vertical lines, the horizontal rows corres¬ 
ponding with the cases when the three parts are in the cells I, II, III, IV, respec¬ 
tively, in each case three cells being empty. If there are two parts in one cell, 
one in another, and two cells are empty, there are twelve possible arrangements, 
shown between the second and third heavy vertical Unes. In the first vertical 
column between these lines, two parts are in cell I, one part in cell II, and none 
in cells III and IV; in the second vertical column, two parts are in cell I, one 
in cell III, and none in cells II and IV; and so on. If there cannot be more than 

1 Lennard-Jones, Proc. Phys. Soc., 1928, 40, 320; Bligh, Sci. Progr., 1929, 23, 619; Bloch, 
“ L’ancienne et la nouvcUe Th^orie des Quanta,” Paris, 1930, 390; Epstein, ” Textbook of 
Thermodynamics,” New York, 1937, 252 f.; De Donder, Bull. Acad. Roy. Belg., 1944, 30,327, 

2 What is here called a ” part ” is sometimes called an ” element ”; it may be a material 
particle (electron, proton, neutron, atom, or molecule), or an energy particle (quantum or 
photon), or a vibrational mode in vacuum; a ” parton ” would be a convenient name. 

3 The ” cells ” are sometimes called ” energy-levels,” sometimes “ complexions in phase 
space.” 
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one part in any cell, the four cases shown after the third heavy vertical 
line are possible, and in this case one cell is always empty. The total number of 
arrangements of the three types considered is thus 4+12+4=20. 

This case corresponds with Bose-Einstein statistics,i in which no distinction 
is made between identical parts (e.g. light quanta). Thus, in the group of 
12 arrangements, the two parts in the cells may ht a b, b c, or c a, and the 
single part may be c, a, or b; no distinction is made between ab+c, bc+a, 
and ca+b. In the general case of Bose-Einstein statistics, if the cells are 
numbered 1, 2, 3, . . ., a, and the parts 1, 2, 3, . . ., n, the numbers 1, 2, 
3, . . ., a are to be distributed among the parts 1, 2, 3, . . « in all possible 
ways, each number being capable of being repeated n times (all the parts in 
one cell), but no distinction is to be made between the order of the numbers, 
i.e. between the individuality of the parts. The required number of arrange¬ 
ments is the same as the number of combinations of a things taken « at a time 
when each thing may be repeated any number of times, up to n. 

Let the a things be denoted by letters A, B, C, . . . . Write down all the 
combinations required and add the a letters A, B, C, . . . to each of them. 
This leaves the number of combinations unchanged, but each letter will occur at 
least once in every combination, the number of letters of which is now n+a. 
Hence the number of combinations of a things taken n at a time, repetitions 
being allowed, is the same as the number of combinations of a things taken 
{a+n) at a time, repetitions being allowed, but with the restriction that each 
thing appears at least once in every combination. 

To find this, take {n+a) units in a line, having (n+a—l) intervals between 
them, and divide the units into a groups by putting (a—1) partition marks 
between them in any way; e.g. 

1 1 1 I 1 1 I 1 I 1 1 1 1 1 I 1 I 1 1 .. . 

Then if the units in the first group are replaced by letters A, those in the second 
group by letters B, and so on, a selection of {n+a) letters is obtained in which 
each letter occurs at least once: 

AAA| BB I C| DDDDDI E| FF 

Since the different positions of the partition marks give different combina¬ 
tions, the required number of combinations is equal to the number of ways of 
selecting (^—1) intervals for the partition marks. This is the number of com¬ 
binations of («+a—l) things taken (a—1) at a time, viz. ^ D* But 
„C,=„C(„_^), since every selection of r from n things leaves (/i—-r) behind, and 
any change in the first selection gives a corresponding change in the second. 
Hence: 

- 1)~ («4fl D^n 

{n+a—l){n+a—2) . . . {a+2){a+l)a 

. ' n\ 

{n+a^l){n+a-2) . . . {a+2){a+l)ax{a-l){a-2) . • .J . 1 

~ n\{a—l)\ 
(Ai+g-l)! 

/2!(g-~l)! * 

1 S. N. Bose, Z. Phys„ 1924, 26, 178; 1924, 27, 384 (light quanta); Schidlof, Arch. Sci. 
Phys. Nat., 1924, 6, 381; Einstein, Berlin Ber., 1924, 261; 1925, 3, 18 (gas molecules); Planck 
ibid., 1925, 49; Kofink, Ann. Phys., 1937, 28, 264. This case, with the correct formula, had 
been worked out for quanta by Planck in 1900; see § 15. 

A.T.P.C.—12 
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Hence, the required number of arrangements in the particular example is: 
(3+4—1)! 6! 6x5x4x3x2xl 

mr(3x2xl)x(3x2xl)"" 

In Maxwell-Boltzmann statistics (§ 8), account is taken of the individuality 
of the parts, and the number of possible arrangements is much larger than the 
above. The arrangement inside each cell, however, is still indifferent, so that 
the first four cases (when all the parts are in one cell) remain the same. In the 
second group each arrangement must be divided into three, since the single part 
may be a, by or c, regarded as different, so that instead of twelve arrangements 
there are 12x3=36 complexionSy a complexion being an arrangement taking 
account of the individuality of the parts. In the fourth group, each arrange¬ 
ment corresponds with six complexions, since the three parts in three cells 
may be changed by permutations in 31 = 3x2x1=6 ways, viz. a be, b c Qy 
c aby a c by b a Cy and c b a. Thus the number of complexions in Maxwell- 
Boltzmann statistics is 4+36+24=64. This is 4^, and is the number of 
arrangements with repetition of three parts among four cells; it is in general 
nj\lni\n2\ . . where Wj, /22, . • * are the numbers of parts in the separate 
cells, the permutations of which are not to be taken into account. 

In Fermi-Dirac statistiesy^ the basis is Pauli’s exclusion principle, which 
states that no two electrons in an atom can have identical sets of the four 
quantum numbers (§§ 14-16.V) defining the energy of an electron. The sets of 
four quantum numbers representing the energy levels of different electrons must 
be distinct, and if each set corresponds with a point in generalised space, this 
space can be divided into cells, each of which can contain only one electron or 
none. (If the spin quantum number is left out, each cell can contain a maximum 
of two electrons with opposite spins.) 

Fermi extended Pauli’s principle to energy states of certain gas molecules, 
including the translational energy, and if the internal energies are all the same, 
e.g. if all the molecules are in the normal state, the differences in quantum states 
relate only to translational energy, and there cannot be two molecules having 
translational energies defined by the same quantum numbers. 

In the case considered, only the four distributions in the last column are 
possible, since all the others take account of more than one part in a cell, and 
the four distributions are supposed to have equal probabilities. It is seen that 
the number of arrangements (36) is greatest for Maxwell-Boltzmann statistics, 
and least (4) for Fermi-Dirac statistics, that for Bose-Einstein statistics (20) being 
intermediate. In Bose-Einstein statistics, the number of parts in a cell may vary 
from zero to infinity; in Gentile statistics it is supposed always to remain finite. 

In Fermi-Dirac statistics, the number of arrangements of n parts in a cells, 
with the restriction that each cell can contain either one part or none, is equal 
to the number of combinations of a things taken n at a time {a'^n)y or (what is 
the same thing; see above) taken {a—ti) at a time: 

^ a{a-\)ia-2) . . . (a-«+l) 

t3!(a—1) . 

a\ 

«!(a—«)!' 

. (a—/i+l)x(a—/2)(a—1) ... 3.2.1 

«!(a—«)! 

1 Fermi, Nuov, Cim,, 1924, 1, 145; Atti R, Accad, Lincei, 1926, 3, 145; Z. Phys., 1926, 
36, 902; Pauli, Z. Phys,y 1925, 31, 765; Dirac, Proc, Roy, Soc., 1926, 112, 661; Lindemann, 
“ The Physical Significance of the Quantum Theory,” Oxford, 1932, 58; Kofink, Ann. Phys.y 
1937,28, 264; Stoner, Phil, Mag,y 1939,28,257. 
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§ 31. Bose-Einstein Statistics 

In this,^ identical parts (e.g. light quanta, or identical molecules, but not 
electrons) are supposed to be distinguishable only if they have different energies, 
i.e. are in different cells in the phase space. If there are parts, and a, cells 
corresponding with energies lying between c, and then if the cells are 
numbered from 1 to these numbers are to be distributed among the riy 
parts in all possible ways, each number being repeated times but without 
distinction of the order of the numbers, i.e. of the individuality of the parts. 

The elements and a, are first written down in any arbitrary order; e.g. 

ax rix ^2 a2 riy ^3 W4 a4 rij . . , 

means that parts «i, ^2 ^re in cell au part in cell ^2, parts «4, W5, in cell ^3, 
no part in cell ^4, etc. The first letter must denote a cell, i.e. be an a, and can 
be chosen in ways; the remaining !+«,) letters may be arranged in 
{ay—\+ny)\ ways, so that the total number of arrangements is ay(ay—l+ny)\. 
Of these, permutations of cells or of parts among themselves do not represent 
different states, and as the number of these pemiutations is aylrtyl the number 
of distinguishable arrangements is: 

ala,-\+n,)\ {rt,+a,~\)\ 

n,\{a,-\)\ .^ ^ 

Thus, a set («i, «2, . . ., n^) of is given, subject to the condition that 
the total number of parts, and any set of ns then represents a possible 

arrangement. 
The total probability of an arrangement having nx parts with energies between 

€x and €j + 8ei, ^2 parts with energies between €2 and €2+862, etc., is the con¬ 
tinued product (77) of (1) for all values of r : 

w„,,=nw,.(2) 
r 

and the maximum value of W, or In W, gives the most probable distribution. 
In (1), unity may be neglected in comparison with and Stirling’s theorem (9), 
§ 8, gives; 

Sin lf„.,=i^S[(«,+u'f)ln(rt,+a,)—«rlnn,—a, lna,]=0 . . (3) 

with the subsidiary conditions 

8i7«,=0 and  (4) 

By introducing two undetermined multipliers, A and /a, as in (11), § 8, (3) 
and (4) give: 

In n,= A+jLie„ 

«,=a,/(Ce‘“'-l).(5) 

where C=e^ and fj,= ljkT. 
Bose-Einstein statistics should apply to photons (light quanta), and to 

hydrogen and helium molecules (heavier gases practically follow Maxwell- 
Boltzmann statistics even at very low temperatures, “ gas degeneration ” 
setting in at temperatures so low that the gases practically cease to exist). In 
the first case, the subsidiary condition 8Zn,=0 in (4) drops out, since photons 
may be absorbed or emitted, and their number is variable. Hence A=0, and 
C=1 in (5), and in this case Planck’s formula, (10), § 15, results. 

1 See reference, § 30; Smekal, Z. Fhys., 1925, 33, 613; Lennard-Jones, Proc. Phys. Soc. 
1928,40,320; Brillouin, “ Die Quantenstatistik,” Berlin, 1931,128; Born, “AtomicPhysics, 
1937,203,211; PauU, Phys. Rev., 1940,58,716; Band, Proc. Phys. Soc., 1946,58, 302. 
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It is of interest to follow the process ^ which led Bose to the formulation of 
his statistics. The number of frequencies per cm.^ between v and i^+di^ is 
found from (13), § 78.1 as: 

.(6) 
the number being doubled because radiation consists of transverse vibrations 
at right angles to the direction of propagation of the ray, and each ray having 
transverse vibrations in a plane at right angles to its direction may be com¬ 
pounded from two rays polarised at right angles and with independent phases. 

The number of photons which may be distributed among these frequencies 
is limited by the fact that they all have the same energy hv, and this is a case of 
degeneracy (§ 9) with the statistical weight given by (6). In Maxwell-Boltzmann 
statistics, the number of photons is given by (13), § 8 (/x= 1 jkT, and 6,=Av)multi- 
plied by the statistical weight: 

(l/C)(87rr2di//c3)e“"*''^*^ 

Multiplying the number of photons by the energy hv of each gives the energy 
density p^\ 

p,d (1 IC){%7rhv^lc^)A vt 

which (since C=l) is Wien’s law (§ 11.VI B), which law holds only at high 
frequencies. Bose then found equation (5) above and showed that C=l, and 
by multiplying by (6) he obtained Planck’s radiation formula: 

pj,d V=(SttA v^/c^)d — 1 )“^ 

§ 32, Fermi-Dirac Statistics 

In Fermi-Dirac statistics ^ (which should, perhaps, be called Pauli-Fermi- 
Dirac statistics) the arrangement of rtj. parts among Uj cells is further restricted 
by the condition that each cell can contain either one part or none, instead of 
the very large number (up to Uj) permitted by Bose-Einstein statistics; the 
number of arrangements of parts among cells, subject to this condition, is 
equal to the number of combinations of things taken n, at a time: 

n t 

and the total probability is: 
n,\{a,-n,)\ 

^n.,=nw, 

(1) 

(2) 

The distribution with In W„_, a maximum, with the subsidiary conditions 
827/1,=0, and SI!n,e,=0, gives: 

/i,=a,/(Ce^'+l).(3) 

(C=e^; fi—ljkT), which differs from (5), § 31, for Bose-Einstein statistics in 
having 4-1 instead of — 1 in the denominator. 

1 See Schidlof, Arch, Sci. Phys, Nat., 1924,6, 381; equation (1) had been applied to photons 
by Planck, Verhl. d. D. Phys, Ges., 1900,2,237; Ann. Phys., 1901,4, 553, 564; Wolfke, Phys. Z., 
1914,15, 308; Krutow, ibid., 1914,15,133, 363. 

2 See reference, § 30; Ornstein and Kramers, Z. Phys., 1927, 42,481; Hall, Proc, Nat. 
Acad., 1928,14, 366; Lennard-Jones,Pwc.Soc., 1928,40,320; Brillouin, “Die Quanten- 
statistik,** l^rlin, 1931, 132, 503; Bora, “Atomic Physics,” 1937, 214; Loeb, “Atomic Struc¬ 
ture,” New York, 1938, 371; Slater, “ Introduction to Chemical Physics,” New York, 1939, 
65; Hcllmann and lost, Z. Elektrochem,, 1934, 40, 807; Stoner, Phil, Mag., 1938, 25, 899; 
1939, 28, 257; Pauli, Phys, Rev., 1940,58, 716; on Fermi-Dirac functions, Auluck, Phil, Mag,, 
1942, 33, 159; on relatavistic Fermi-Dirac statistics, Kothari and Singh, Proc, Roy. Soc,, 
1942, 180, 414; tables of Fermi-Dirac functions, McDougall and Stoner, Phil, 7)rans,, 1938, 
237, 67; law of mass action with Fermi-Dirac gases, Bothe, Z. Phys,, 1928,46, 327. 
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The equations of Maxwell-Boltzmann, (13), § 8, Bose-Einstein, (5), § 31, 
and Fermi-Dirac, (3), statistics, become identical when Ce^' is very large 
compared with unity, Ce^®''^>l, when unity may be neglected in the de¬ 
nominators of the Bose-Einstein and Fermi-Dirac formulae, both of which then 
reduce to (l/Qe”^**, the Maxwell-Boltzmann formula. This condition is ful¬ 
filled for gases, except at very low temperatures, when “ degeneracy ” sets in 
(§ 36). The Maxwell-Boltzmann statistics is a limiting case of both the Bose- 
Einstein and Fermi-Dirac statistics, because it applies to such dilute systems 
that so few molecules are distributed among the many cells that the chance of 
finding more than one molecule in a cell is negligible in any case.^ In modern 
quantum theory, no actual system ever obeys Maxwell-Boltzmann statistics 
exactly. 

Molecules the nuclei of which contain an even number of protons and 
neutrons together, i.e. have an equal number of units of nuclear spin (§ 21), 
obey Bose-Einstein statistics; while those with an odd number of protons and 
neutrons, having an odd number of units of nuclear spin, obey Fermi-Dirac 
statistics,^ as is also the case with electrons. 

If /7/=/2^/<2,=average number of parts in a cell, and C is put equal to 
(jLt=l/A:r), then (3) can be written /2/=l/[e^^’’~^®^^*^+l]. The constant cq is 
determined by the condition that the total number of parts per cell is: 

.(4) 

This equation cannot be solved directly for €o> which must be obtained by 
approximation. When €,<;€o, 
the exponential decreases 
rapidly as T increases, and 
hence is only slightly less 
than 1. When €y>€o the ex¬ 
ponential increases rapidly as 
T increases, and as unity in the 
denominator may then be neg¬ 
lected, this corresponds with 
Maxwell-Boltzmann statistics 
(24), § 8, 

Fig. 13.IV shows 

6-eo 
Fig. 13.IV. Fermi-Dirac Distributions for Three 

Temperatures 

for various values of (c—cq) at three temperatures, (a) kT=^0, (b) *7=1, 
(c) &r=2-5. At r=0, the function drops sharply from 1 to 0 when 
at higher temperatures it falls smoothly, and for large values of e approaches 
the Maxwell-Boltzmann exponential function. Since: 

1 - A// = -<ro)/fcr+1 _ 1 ^ | yje -(-r-eo)/fer_^ j j (5) 

the value of the function in Fig, 13.TV at any point to the right of cq is equal to 
1 minus the function at the same distance to the left of €q; hence the curve is 
symmetrical about €=co and the ordinate and this implies that cq is nearly 
constant at low temperatures. Since the function changes most rapidly with 
temperature in the neighbourhood of cq, a determination of the distribution of 
energy levels there, assuming that they are approximately continuous, will be 
suflftcient for all practical purposes. 

1 Schrodinger, Berlin Ber., 1925, 434. 
2 Wigner and Witmer, Z. Phys., 1928, 51, 859; Heitler and Herzberg, Naturwiss., 1929 

17, 673. 
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§ 33. Monatomic Gas 
The entropy of a monatomic gas was calculated in § 14 by Maxwell-Boltzmann 

statistics by a method which involved a division of the classical state sum by 
NU where N is the number of identical molecules. This procedure is quite 
obvious and legitimate; a deduction using Bose-Einstein or Fermi-Dirac 
statistics ^ circumvents it, because the assumption that no distinction should be 
made between identical molecules is already contained in the formulae. It 
will be shown that equation (16), § 14 is found for the case in which Ce^^'’ ^ 1, 
which, as is explained in § 32, is formally equivalent to the assumption of 
Maxwell-Boltzmann statistics, the value of C being somewhat different from 
that previously assumed. 

The gas molecules have positions defined by xi, ^2, along three axes at 
right angles, and momenta defined by pu Pi, Pi- The representative point of a 
molecule with coordinates between .Xj and a'i+Ja'i . . pi'dnA pi+Api , . ., 
lies in a cell of phase space of minimum volume (7), § 14: 

AxiAx2^X2,^PxAp2^Pi=^h^.(1) 

Every molecule must lie within the physical volume: 

^=JJJd-^idA‘2dx3.(2) 

A point in the momentum space with coordinates pi, P2, Pi represents a 
molecule of energy c defined by: 

.(3) 
and if 

Pi^+Pi^+Pr^R'^.(4) 
then a sphere of radius \^{2nK) and centre at the origin of the momentum space 
includes points representing all molecules having an energy less than c. The 
volume of this sphere is: 

f/=f777^3=(47,/3)(2/?/e)^/2.(5^ 

If the molecules are contained in a volume v, and if the greatest energy a 
molecule can possess is e, the volume of phase space occupied by representative 
points is vV, The number of states with energy less than c is the number of 
points within the sphere, i.e. the volume of the sphere multiplied by the number 
of points per unit volume: 

(47T/3)(2m€)^^2^/A3.(6) 

The number of states with energies between € and e+de is found by differ¬ 
entiation of (6) to be: 

.(7) 
The average energy difference between successive states is, from the reciprocal 

of (7), h^j2TT{2my'^v€^'^, For a helium atom, w=6-6xl0~24 a volume 
V— 1 cm.^, and with an energy e=/rx r= 1 -38 x 10“^^ erg, the energy difference 
is 8x 10“^ 8 erg, which is negligible. Hence, the translational energy levels of 
a gas are so closely spaced as to be practically continuous. 

From (7), the maximum number of cells lying between and dc^ among 
which molecules having energies within this range can be distributed is: 

^y=27r2;(2m/A2)^/^€^^^d€=y4€^^^d€.(8) 
where ^=27re;(2m/A2)3/2^ 

1 Lewis and Mayer, Proc, Nat. Acad., 1929,15,208; Condon, Phys. Rev., 1938,54,937; Mayer 
and Mayer, “ Statistical Mechanics,” 1940,109,363; Glasstone, “ Theoretical Chemistry,” 1945, 
321 f. For a non-ideal Fermi-Dirac gas, see Uhlenbeek and Gnopper, Phys. Rev., 1932,41,79; 
Nath and Auluck, Proc. Nat. Inst. Sci. India, 1943, 9, 257; Dutta, ibid., 1947, 13, 247. 



§33 MONATOMIC GAS 359 

The energy and entropy per mol may be calculated from the equations: 

N==i:n„ E==En,€„ S=k IxiW .(9) 

and, since the energy levels are very closely spaced, the sums may be replaced 
by integrals. The values of n, from (5), § 31, and (3), § 32, are expressed in 
terms of a, by (8), and S is found from (2), § 31, and (2), § 32. 

I. For Bose-Einstein Statistics.—In this case, from (5), § 31: 

n,=a,l{Cd‘’'-1) = .4e’'2d€/(Ce^'-1), 

.-. N=Sn,=A f e’'2de/(C( 
Jo 

^00 

E=En,€,=A e^/^dt/ICe"' 
Jo 

E=En,€,=A\ e^/^dt/ICe"'-!).(11) 
Jo 

Equation (10) will give the value of C, since /x= l/AT", as in Maxwell-Boltzmann 
statistics, because the latter is a special case when 

II. For Fermi-Dirac Statistics,—In this case, similarly: 

i r 
Jo 

’e^^+1).(12) 

6^^^d€/(Ce^^+1).(13) 

These two cases do not differ appreciably from the values found by Maxwell- 
Boltzmann statistics except when Ce^*” becomes of the same order as ±1, i.e. at 
very low temperatures. At other temperatures Ce^^ and ± 1 in the brackets 
may be neglected, when the Maxwell-Boltzmann formula results. In this case: 

N=iA/C)! e^/V'^'de.(13a) 

C=(A/N)j 

= [27Tv{2m/h^y'^/N] 
Jo 

=(7;/M3)(27rw*r)3^2=3-074xl0-4A/3/27’3/2/^ , , _ (14) 
where f=concentration in mol/lit. and A/=molecuIar weight. This follows 
by putting Nm=M, $=\jv, ^i=llkT, and evaluating the integral. For the 
latter, put €=x, and x=F, therefore d.v=2?dr, 

. r x’/V'"dA:=2 f”2e-'^'Mr=2 . (by (2), § 12, III) 
Jo Jo 

=\^TT(kT)^''^, giving the result in (14). 

The calculation of the entropy is not quite so simple. For Bose-Einstein 
statistics, from (1) and (2), § 31: 

5=Aln lF=lfci;in [(/7,-l-fl,-l)!/«,!(a,-l)!]. 

By neglecting 1 in comparison with a^, and using Stirling’s theorem, (9), § 8, 
this is easily transformed into: 

S=kS[{n, -h a,) In («, 4- a,)—In —a, In a,] 

=A:27[a, ln(l-|-«,/a,)-l-«,ln(a,/«,-|-l)].(15) 

In the same way, for Fermi-Dirac statistics, (1) and (2), § 32, give; 

S'=A:i7[—a, In (1—w,/a,)-f«, In (a,/«,—1)] . . . (15a 
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SO that both types are given by the formula: 

(l±«,/a,)+n,ln . . . .(16) 

the upper sign in ± referring to Bose-Einstein statistics, and the lower sign to 
Fermi-Dirac statistics. Also: 

with the same rule for the sign. 
For Bose-Einstein statistics, a,/«,=Ce'‘'’’—1, therefore a,//;,-f-1 == Ce"^', there¬ 

fore In (a,/n,-l-])=ln C+fie„ 

.'. kSn, In {a,jn,+ \)=kSn, In C-^kEn,ii€j=R In C+EjT. 
Also: 

l-f«,/a,= l-|-l/(Ce''''-l) 

=Ce'^'V(Ce^'-l) 

= Ce'“<’-’e“'''V( 1 -1 1 /(I -e-'^VO 

.*. a, In (1 +n,ja,)= —a, In (1 —e'^^'/O- 

By substituting a, from (8) and replacing the sum by an integral, it is found 
from (16) that: 

/•oo 

S=^R\nC+EIT-Ak\ In (l-c-'^VO .... (17) 
Jo 

The calculation for Fermi-Dirac statistics follows the same lines, using 
Ojlrij=Ce^^'^ +1, and gives: 

S==l?lnC+£/r-f^*f"^/2d€ln(l-fe”'^7C) .. . .(18) 
Jo 

The entropy equations may be found by an alternative method.^ 
From (2), § 34.1, In (l + I/Ce^O^^^e'^VC, 

S=R]n C+E/T+iA/Qkle^^^c-^^de 
Jo 

=i?lnC+^/T+i?=i?(5/2+InC) . . . .(19) 

from (13a), since £’=(3/2)/?T and Nk=R. Substitute for C from (14), and 
put pv^RT, then: 

5=/?{(5/2) In r~ln p+5/2+ln [i27Tmk)^^Hk/h^)]} . . (20) 

giving for the entropy constant: 

5o^//?= In [(27Tmk)^^Hklh^)] + 5/2.(21) 

When Ce^^ becomes comparable with 1, deviations from classical properties 
set in, and C is no longer given by (14). The state of gas degeneracy would 
then be reached, but calculations show that this would be appreciable for 
actual gases only at unattainably low temperatures or high pressures, except 
possibly for helium (see § 36). 

If C^ivlNh^)(27TnikTy^^ from (14), and a,:=(27Tv)(2nilh^y^^e^^^d€ from (8), 
are substituted in the approximate (Maxwell-Boltzmann) form of (5), § 31, 
or (3), §32: 

fx replaced by 1 /kT, and the number of molecules having kinetic energies of 
translation in the range e to e+de, replaced by dN, then (since can be replaced 
by N, any given number of molecules): 

diV==:[2iV/V77'(ft7’)-^^^]e~*^'*^€^^2d€.(22) 
which is one form of Maxwell’s distribution law, (32), § lO.III. 

1 Mayer and Mayer, “ Statistical Mechanics,” New York, 1940, 424. 
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If c is the velocity of the molecule without regard to direction, the momentum 
is l^he kinetic energy of translation is €=^mc2= 

hence the fraction of the molecules having velocities in the range c to 
c+dc is found by substituting e, e^‘'^=ip|^/{2m), and d^^pdpjm, in (21), as: 

dA^/7V==47r(m/277jfer)3/2^‘2e-"‘^^''2ferd^,.(23) 

which is equation (31), § lO.lII. 

§ 34, The Electron Theory of Metals 

Perhaps the most useful application of Fermi-Dirac statistics is in the electron 
theory of metals,^ where the pure mathematics is beyond the scope of this book. 
As Slater 2 said: “The theory of metals is based on wave mechanics, and 
unfortunately on the more difficult and involved wave mechanics; and there 
seems to be no short cut in understanding it.” 

In Fermi-Dirac statistics, no more than one particle (or two electrons, with 
opposite spins) can occupy one energy level, and hence at the absolute zero it 
is impossible for more than one particle to have zero energy. The remainder 
will have finite and different zero-point energies up to a maximum value, usually 
called the Fermi energy, and variously symbolised as 6oo, W^, or e*. If all the 
energy levels are filled, (6), § 33, gives the number of particles in a volume v. 
The number of states or energy levels with energies up to eoo is thus: 

;^=(4/3)7r(2/7/£oo)'''^/^-\ 
.*. €oo=(l/2m)(3iVA3/4^^,)2/3.(jj 

If the particles are electrons, 2A’must be written for N, when: 

€oo=(I/2m)(6iVA3/47rzO^^^.(2) 

Even in the case of electrons, (1) is generally used, the difference being only 
conventional, although important. 

The value of cqq for free electron gas is first calculated. The density of the 
electron gas can be taken as of the order of the density of free electrons in the 
metal, one electron per atom of metal, taking N as the number of atoms per 
cm.*^ (^^=1), say one electron in a cube of side 3 x 10“^ cm., or Ar=(l/27)x 
particles per cm.^. With 1 k.cal.=4T84x 10^® ergs, 1 mol=6*03x 

* Sommerfeld, Z. Phys., 1928, 47, 1, 43; Naturwiss., 1928, 16, 374; Congris Internat. £lec^ 
tricite, 1932, 1, No. 9; Ann. Phys., 1937, 28, 1; Sommerfeld and Bethe, in Geiger and Scheel, 
“ Handbuch der PhyvSik,” 1932, 24, II, 333; Lennard-Jones, Proc. Phys. Soc., 1928, 40, 320; 
Hall, Proc. Nat. Acad., 1928, 14, 370, 377; Bloch, Z. Phys., 1928, 52, 555; Frenkel, Z. Phys., 
1924, 29, 214; 1928, 49, 31; Sow. Phys. Z., 1932, 2, 247; Houston, Z. Phys., 1928, 48, 449; 
Darrow, Rev. Mod. Phys., 1929,1, 90; Nordheim, Ann. Phys., 1931,9, 607; Becker, Z. Elektro- 
chem., 1931, 37, 403; Peierls, Ergebn. exakt. Naturwiss., 1932, 11, 264; Slater, Rev. Mod. 
Phys., 1934, 6, 209; idem, “Introduction to Chemical Physics,” New York, 1939, 11, 472; 
Frenkel, “ Wave Mechanics. Elementary Theory,” Oxford, 1932; Bethe, Brillouin, Nord¬ 
heim, Peierls, Sommerfeld, et al., “ La Th6orie des Electrons dans les M^taux,” Confer. 
Intern. Sci. Math., Geneva, 1934, issued as Supplement to Helv. Phys. Acta, 1934,7; Brillouin, 
Rev. Gdn. Electr., 1935, 38, 491; Frohlich, “ Elektronentheorie der Metalle,” Berlin, 1936; 
Konobejewski, Arm. Phys., 1936,26, 97; Mott, Sci. Progr., 1937, 31, 414; Borelius, Ann. Phys., 
1937, 29, 251; Davisson, J. Appl. IPhys., 1937, 8, 391; Slater, ibid., 1937, 8, 385; Anderson, 
J.S.C.I., 1937, 56, 677 (elementary); Loeb, “Atomic Structure,” New York, 1938, 380; 
Seitz, “ The Theory of Metals,” New York, 1943, 246; Raynor, “ Introduction to the Electron 
Theory of Metals,” 1947, 36; Hume-Rothery, “ Atomic Theory for Students of Metallurgy,” 
1947, 151; Koppe, Z. Naturforsch., 1947, 2 A, 429 (correction for resonance). 

2 J.A.C.S., 1937, 59, 427, 
12* 
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particles, and m=A/x l*66x 10“24 g. for a substance of atomic weight M, 
the Fermi energy in k.cal per mol is: 

6*03x1023 r 3 X (6*6x10-27)3 i 

^^00-4:134 ^ iQio X 2Mx 1 *66 x“10-24[4 x 3*1416 x 27 x fO" H 

For electrons 1/A/=1813, therefore €qo=]48 k.caI./niol=6*4 electron-volts/ 
molecule. This is a large value as compared with the thermal energies of 
molecules at the ordinary temperature, and hence electron gas at high density, 
as in metals, even at the absolute zero, has a large energy, corresponding with a 
high velocity. 

This is, of course, a consequence of the fact that ^oo is the highest occupied 
level at the absolute zero, and must have an appreciable value because there are 
very many occupied levels between this and the single state of zero energy. 

The zero-point energy, or the mean energy of a particle at T’=0, is easily shown 
to be leoQ. For, from (7), § 33, the number of energy levels between € ande+dc 
is (t?=:l): 

dA^=27r(2m)^^2e^/2je/A3 

r«oo 
€=(1/Af) edN={\IN)[27t{2mf'^lh^]\ 

Jo Jo 
= l(2n/NAWmy'V^}-ri==hoo, 

from (1), and the mean energy per mol at T—0 is fMoo- 
The calculation of the mean energy at other temperatures involves wave 

mechanics; the final result per mol is: 

£=:N[hoo+(^y4Xkry/eoo] .(3) 

C,=dE/dr=M(772/2)(*r/eoo)=/?(7r2/2)(Ar/eoo) • • • (4) 
For ordinary gases, with relatively large M values, cqq is of the order of kT^ 

as is seen from the above calculation, and the term in (3) is large even at 
low temperatures. With electron gas, eoo is much larger than kT, and is (772/3) 
(kTjeQQ) times the value ^kT for a monatomic gas obeying Maxwell-Boltzmann 
statistics. At ordinary temperatures, therefore, the heat capacity of electron 
gas in metals is quite small. Even at 1000'" K., where NkT is 2 k.cal., Q for 
electron gas in a metal is only about 4 per cent that for an ideal gas obeying 
Maxwell-Boltzmann statistics, whilst at room temperature it is only about 1 
per cent. 

This result solved the puzzle that, if a metal consists of positive ions and free 
electrons, its atomic heat should be 9 for a normal monatomic metal, i.e. 
3 for the kinetic energy of the electrons and 6 for the kinetic and potential 
energies of the positive metal ions, whereas the actual value is about 6. The 
calculation shows, in fact, that the electrons contribute practically nothing to 
the heat capacity, as they are extremely “ degenerate.” For silver at room 
temperature, the heat capacity of the electrons is only about 0*05 g.cal. per 
g. atom. Since (4) shows that C„ for electrons is proportional to J, whilst for 
atoms the Debye equation for atomic heats at low temperatures shows that it 
is proportional to the contribution of the electrons becomes of the same 
order as that of the atoms at very low temperatures, and this, and equation (4), 
have been experimentally verified for silver. ^ 

1 Keesom and Kok, Proc. K. Akad, Wetens, Amsterdam^ 1934, 37, 377; Physica, 1934, 1, 
770; Comm, Leiden, 1934,732d\ Keesom and Clark, Proc, K. Akad, Wetens. Amsterdam, 1935, 
38,569; Physica, 1935,2,698; for calculation of Fermi energy of metals, see Bardeen, 7. Chem, 
Phys., 1938, 6, 367. This subject will be taken up in § 16.1X L, Vol. 11, 
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§ 35. Gibbs’s Grand Canonical Assembly 

The equations for Maxwell-Boltzmann, Bose-Einstein, and Fermi-Dirac 
statistics may be very concisely deduced ^ by a method based on what Gibbs ^ 
called the “ grand canonical ensemble,” in which a given system with a fixed 
number of particles N is replaced by a very large number of similar systems 
differing in iV-values, in such a way that the relative number of systems with 

particles and a definite energy E is proportional to e~^^, where A is a constant, 
and the relative number with a given energy E is proportional to e""^^^, as in 
§ 8. Thus, the probability for a given number of particles N and given energy 
£, is proportional to where /x=l/A:r. A formal proof is not attempted 
here.3 It may be noted that the canonical assembly (§ 10) is defined by the 
probability where A is a constant defined by the fixed number N of 
particles in the system. If, as in (2), § 9: 

.(1) 

is the state sum (the weight factor g being explicitly dropped, on the assumption 
that only allowed distributions for various types of statistics are to be included), 
the average values of N and E are given, from (15) and (19), § 8, by: 

7V= ~(^/c^A) In Z, and E^-(dldix) In Z .... (2) 

In Bose-Einstein statistics (§ 31) the statistical weight is g=l for all values 
of the distribution numbers Nz, . . and k refers to different quantised 
states of a single particle: 

N^EN,, E=^EN,E,.(3) 

.(4) 

where E denotes summation over all values of from 0 to cx), regardless of the 

total number of particles N=ENi^, The restriction ENi^=consi. is thus dropped 

(cf. § 31), as must be the case with photons. Thus, Z reduces to the product of 
the sums referring to each individual state taken separately, i.e. the product of 
the sums: 

00 

N*=0 

The expression on the left is the binomial expansion of that on the right. 
For, let then: 

Z=Zxi^'X2’^^ . . . =Zxi^‘I!x2^^ . . ■ (an identity) 

the summation being over the values of N^. But the continued product is 
equal to ^7[1/(1—x*)], the sum in it being the binomial expansion of 1/(1—x*). 

Hence, by taking logarithms (when the product becomes a sum), and restoring 
the value of x*, it follows that: 

In Z= -£ In [1 .(5) 
k 

1 Frenkel, “Wave Mechanics. Elementary Theory,” Oxford, 1932, 201; Tolman, “Statis¬ 
tical Mechanics,” Oxford, 1938, 511. 

2 “ Elementary Principles in Statistical Mechanics,” 1902, 189; “ Collected Works,” 1928, 
2, 189; Lorentz, “ Les Theories Statistique en Thermodynamique,” Leipzig and Berlin, 1916, 
30; Haas, “ Commentary on the Writings of J, W, Gibbs,” New Haven, 1936,2,449; McMillan 
and Mayer, J. Chem. Fhys., 1945,13, 276. 

3 The classical deduction follows the lines of §§ 8 and 10. 
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Hence, from (2): 
.(6) 

.(7) 

which show that the average number of parts in the different (individual) 
states is given by the distribution law found in § 31 (with £Z=1): 

.(8) 
In Fermi-Dirac Statistics, g=l for or 1, but g=0 for all other values 

of N},. The state sum has only two terms, that for being unity: 
1 

lnZ=i:in[l+e“^^+^^*)J.(9) 
k 

and Af*=l/(e''+^''*+l).(10) 
as in § 32 (a=I). 

In Maxwell-Boltzmann statistics, g=N\/Ni\N2l ■ . and (with N now 
fixed), equation (1), with .Y,,=e~^“''^*, becomes; 

Z=27ln r. 
AT! 

NilNi^ 
e-AN-ME^^ In N\ 

N . . . 

=27(xi+X2+ . . . )^ 
N (11) 

If£xfc=e“^^e~'‘^*=z, equation (11) becomes: 

Z=ll(l-z).(12) 

where z must be lessjhan unity if Z is to be significant. 
Hence from (3), A/’=z/(l—z), and E—ZE^x^Hl—z), 

k 

A^*=x*/(l—z)=const. e (13) 

which is the Maxwell-Boltzmann distribution law. 
The three types of statistics may be summarised ^ by writing down the condi¬ 

tions for maximum probability: 

r .S(ln «*—In a*-|-l)Sn(|. Maxwell-Boltzmann 

-8 In 1^=0= .rpn In (a*-J-n*)]S«;k Bose-Einstein 

2[Id «*—In (fl*—«*)]8«,, Fermi-Dirac 

with the subsidiary conditions (a) 8/1=278/7^=0, and (b) 8£'=27€fc8/i*=0. By 
k k 

multiplying (a) by A and (A) by /x, and adding to the expressions for —8 In W=0, 
the assignment of elements //* to different groups of states is expressed by 
keeping the total number of elements constant (except in the case of photons, 
when condition (a) drops out), and the total energy constant, and in the manner 
explained in § 8 it is found that: 

''''“e'‘+'^*±l(0) 

0 for Maxwell-Boltzmann 

— 1 for Bose-Einstein 

+1 for Fermi-Dirac 

with the special values of ± 1(0) in the denominator, as shown on the right. 

> Tolman, “ Statistical Mechanics,” Oxford, 1938, 372. 
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§ 36, Gas Degeneracy 

The problem of th^ entropy and specific heat of a gas at the absolute zero has 
led to some fruitless discussion.^ If Maxwell-Boltzmann statistics apply, the 
term Q In T in the expression for the entropy in (4a), § 55.11, would make this 
— 00 at the absolute zero.^ Nernst ^ worked out a theory of “ gas degenera¬ 
tion ” in which the equation/7=i?77F is replaced by: 

/7==(/?/F)i8v/(l +N^T\ 

(fi=hlk), but Bennewitz^ detected a slip in the calculation (later admitted by 
Nernst), and the correct equation should be: 

p^(RTIV)[l+-h(NTn 

leading to a deviation from the gas law so small as to be experimentally 
undetectable. 

Szell ^ showed that the deviations introduced by Bose-Einstein or Fermi- 
Dirac statistics for diatomic or polyatomic gases are entirely negligible in 
experimentally attainable conditions. Schrodinger ^ found that degeneration 
sets in at a temperature where / is a characteristic length; if this 
is taken as the mean free path, 0 is about 1/10,000° K. 

Bose-Einstein statistics points to a real gas degeneracy at very low tempera¬ 
ture, but this is so small that it could not be detected experimentally, the alleged 
drop in C,, for helium to 2-90 g.cal. at low temperature, reported by Eucken,'’' 
being certainly due to experimental error. The peculiar “ condensation ” 
effect which should appear at very low temperatures has been investigated 
theoretically, and it is suggested that liquid hclium-11 behaves as a degenerate 
Bose-Einstein gas.^ London showed that the sp. ht. should be proportional 
to The rate of effusion should depend only on the temperature, and 
not on the concentration.^ 

1 Njegovan, Z. Elektrochem., 1925, 31, 6; y. Chim. Phys.y 1928, 25, 65; Kolossowsky, ibid.y 
1925, 22, 77; 1926, 23, 728; 1927, 24, 621, 723; Z. phys. Cherniy 1928, 136, 314; Verschaffelt, 
J. Chim. Phys.y 1926, 23, 238; van Laar, Z.Chem., 1928,134, 311. 

2 Planck, “ Thermodynamik,” 3rd edit., 1911, 274. 
3 Z. Elektrochem.y 1914, 20, 357; 1916, 22, 185; Berlin Ber.y 1919, 118; “ The New Heat 

Theorem,” 1926, 193, 268; Sackur, Z. Elektrochem.y 1914, 20, 563; Meissner, Z. Phys.y 1926, 
36, 325. 

4 Z.phys. Chem.y 1924, 110, 725. 
5 Z. Phys.y 1933, 84, 810; 1933, 86, 810. 

Phys. Z.y 1924, 25, 41. 
2 Verhl. d. D. Phys. Ges.y 1916, 18, 4; Scheel and Heusc, Ann, Phys., 1912, 37, 79; 1913, 

40, 473; Z. Elektrochem.y 1913, 19, 593, also reported a small decrease at --180° C., which, 
if not due to error, was certainly not due to degeneracy; Fowler and Guggenheim, ” Statistical 
Thermodynamics,” 1939, 125. 

8 Uehling and Uhlenbeek, Phys. Rev., 1933, 43, 552; Uehling, ibid., 1934, 45, 766; 1934, 
46, 917; Kahn and Uhlenbeek, Physica, 1937, 4, 1155; 1938, 5, 399; Bom, ibid., 1937, 4, 
1034; London, Phys. Rev., 1938, 54, 947; J. Chem. Phys,, 1943, 11, 203; Condon, Phys. Rev., 
1938, 54, 937; Tisza, Compt. Rend., 1938, 207, 1035; Fowler and Jones, Proc. Cambr. Phil. 
Soc.y 1938, 34, 573; Wergeland, K. Norske Vidensk. Selsk. ForhL, 1940, 13, 127; Schiff, 
Phys. Rev., 1941, 59, 751, 758; Gogate and Kathavate, Phil. Mag., 1942, 33, 310; de Boer 
and Michels, Physica, 1940, 7, 368; de Boer, Physica, 1943, 10, 348; Goldstein, J. Chem. Phys., 
1946, 14, 276; Einbinder, Phys. Rev., 1948, 74, 805; for summary, see Mayer and Mayer, 
‘'Statistical Mechanics,” New York, 1940, 363 f.; for “condensation” of a Fermi-Dirac 
gas, see Sen, Proc. Nat. Inst. Sci. India, 1941, 7, 405; Singh and Chowdri, ibid., 1942, 8, 89; 
Nath and Bhatnagar, ibid., 1942, 8, 361; Kothari and Nath, Nature, 1943, 151, 420. The 
properties of He-ll will be discuss^ in § 8.VIII F, Vol. 11. 

^ Gogate and Kathavate, Phil. Mag., 1942, 33, 310. 
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The pressure of a Bose-Einstein or a Fermi-Dirac gas may be calculated from 
equation (2), § 2.TII, pV=^E, which holds generally for all types of statistics, 
although the energy E is very different for the Maxwell-Boltzmann and Fermi- 
Dirac cases. Since E in Fermi-Dirac statistics (§ 34) is very large at r=0, 
but increases only slowly with rising temperature, with a term proportional to 

and also depends on the volume, the term pV behaves similarly.^ For a 
metal at absolute zero, the calculated electron gas pressure is 149,000 atm. 
The dependence of energy on volume is not due to intermolecular forces but to 
the dependence of kinetic energy (through eoo) on the volume. 

In Bose-Einstein statistics, the molecules are concentrated in the lower 
energy states, in contrast to Fermi-Dirac statistics, which crowds them into the 
higher energy states, and Maxwell-Boltzmann statistics, which spreads them 
more evenly over the energy states in a way which is, in a sense, intermediate 
between the other two cases. Instead of the large zero-point pressure at low 
temperatures predicted by Fermi-Dirac statistics, Bose-Einstein statistics leads 
to a kind of “ condensation,’’ corresponding with that which would be pro¬ 
duced by attractive forces leading to the liquefaction of a real gas.^ There are 
indications that departure from Maxwell-Boltzmann statistics with hydrogen 
and helium may occur at very low temperatures (these gases obeying Bose- 
Einstein statistics), but such deviations are swamped by approach to liquefaction. 

A mere sketch of the treatment of ideal monatomic gases ^ is all that can be 
attempted here; the upper signs in the equations refer to Bose-Einstein statis¬ 
tics, and the lower to Fermi-Dirac statistics. If two functions: 

F(^)= 

G(^)= 

's/tt 

^dx 

0 
f* 00 

3^/■7T 

. (1) 

• (2) 
V u 

are defined, the following relation exists between them: 

A , dG{A)ldA-=V{A).(3) 

Put F(/I)=@“^^^ and regard G(/4) as a function of F(>1) or of 0, the expression: 

P(0)=©5/2g(/I).(4) 

being a function of 0. For two extreme cases, when 0 is very large or very 
small compared with unity, the expansions of P(0) may be obtained: 

(i) ©very large: 

P(@) = 0(iT2-572^/2+ . . .) 

(ii) 0 very small (Fermi-Dirac case only): 
32/3 1/3/ 5 02/\ 

(5) 

(6) 

1 Jensen, Z. Phys., 1937,106, 620. 
2 See Mayer and Mayer, “ Statistical Mechanics,” 1940, 416; Glasstone, ” Theoretical 

Chemistry,” New York, 1944, 321. This part of the theory has been amended in Gentile 
statistics, § 37. 

3 Rodebush, in H. S. Taylor, ** Treatise on Physical Chemistiy,” New York, 1931, 2, 
1444; Epstein, ” A Commentary on the Scientific Writings of J. Willard Gibbs,” New Haven, 
1936, 2, 83; Tolman, ” Statistical Mechanics,” Oxford, 1938, 381, 388; Mayer and Mayer, 
” Statistical Mechanics,” New York, 1940, 374, 385, 416; Leibfried, Z. Naturforsch., 1947, 
2 A, 305. 
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The ideal gas equation is then (w=mass of gas atom): 

P being the function of the argument in brackets. If the argument of P is very 
large, i.e. T ox v very large, P(@)can be replaced by 0, and the equation becomes 
pv=NkT=RT. If the argument is very small, gas degeneration results The 
thermodynamic equation (2), § 54.11: 

T(dp/dT\,-p=(dEI<iv)r.(8) 
gives on integration: 

E=![mp/m.-p]dv+f(T).(9) 

the function f(r) being determined so as to give (£o=zero-point energy): 

E=3RTI2+Eo .(10) 

at high temperatures, without making E infinite for 7=0. The integration 
gives : 

_l2-nmkv'^‘^T\ „ 

^27Tmv^'^ \ JT^o ■ 

Equations (5) and (6), for large values of T and v give: 

*7’/. 1 
P= ^(-rrmkTy^^ v 

. AW 

while for small values of T and v (Fermi-Dirac case only): 

6\ 2/3 ^2jV5/3 2''V' 

tt) 3^^^ 

A2^1/3 

8/3 „,^l/3.y2/3;t2j2 

> j^2 

The first term in (14) gives the zero-point pressure {po for 7=0). It is easily 
seen that for the Fermi-Dirac gas the coefficient of expansion, 

- iijv)idp/dTXI{dpldv)j, 

and the specific heat at constant volume, (d£'/d7)r, are proportional to 
and respectively, both vanishing at 7=0, in accordance with the Nernst 
heat theorem. The entropy is found from (7) and (11), the thermodynamic 
equation (1), § 55.11 giving: 

d5=8^/7=(d£-4-pdz))/7=dP(@)/@ .... (16) 

with @=27Tmv^'^kTlh2N^'^.(17) 

5=f/? dP(@)/@.(18) 

giving, with (4) and (3): 

For large values of 7 and v, the classical ideal gas state is approached; & is 
then large and F(A) very small, and (1) shows that this is true only when A is 
very small, when F(A)c::iG(A)c:tA, and (18) becomes: 

- , , (2‘77my^^R^^^ 
S=R(5+3 In 0)/2=|^ In T-R In p+jR+R In — 

which is the classical Tetrode equation, (20), § 14. 
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The Bosc-Einstein case is less simple, since the parameter A, which for the 
Fermi-Dirac case can have any real and positive value, is now restricted to the 
values 0^^ ^ 1, the integrals (1) and (2) with the upper sign becoming divergent 
when A>1, This restriction gives upper limits F(l)=2-612 and G(l)=1*341 
for the functions, and a lower limit ©„„„=0*527, i.e, a lower limit for 
The gas volume cannot be decreased below a lower limiting value at a given 
temperature, although the atoms are supposed to occupy no volume. Einstein 
suggested that, when v is reduced below this limiting value, some of gas atoms 
“ condense ” (like molecules of a saturated vapour) to the lowest quantum 
state of zero kinetic energy, forming a “ condensed phase (though probably 
still mixed with the remaining atoms), having only the zero-point energy, no 
specific volume, and zero entropy, the available energy being G==Eq. The 
remaining atoms form a “ saturated phase ” of the ideal gas (corresponding 
with a saturated vapour), the pressure being independent of the volume at a 
given temperature. The pressure equation (7) may be transformed into: 

p=[(27Tmy^\kTf^lh^]G(A).(20) 

giving, with (3) and (17): 

. 

From (1), dF/dA-~>Qo when A = 1 (saturated state), hence d/l/dF=0, and 
(dp/dv)i =0, the p-v isotherm having a horizontal tangent. This corresponds 
with the separation of the single phase, then unstable, into two phases in the 
theory of van der Waals's equation, at points for which (dpjdv)p=^0 (see 
§ 7.VII C). 

Helium, with the smallest m and atomic weight A/, and smallest © of all 
monatomic gases, should show degeneration at a higher temperature than any 
other such gas. Since =0*527, the minimum atomic volume is given by: 

^nnn/^= {h^N^©U27TMRTf'^ = (2 *01 jM x 1 ()-21. 

Therefore so that the phenomenon of spontaneous 
condensation could not be observed at a temperature sufficiently removed from 
the critical state while the gas still remains ideal. In the saturated state 
(^ = 1), pv-Q-SllRT, The adiabatic equation is found from (18), dS=0, 
therefore 5'=constant when 0 is constant, and from (17), 7’^^^^^=const., or, 
with (7), /7z;^^^=const., the same as for a classical monatomic gas. The velocity 
of sound, in measurable conditions, will be practically that in a classical gas. 

Although the Bose-Einstein “ condensation ” has been related to critical 
phenomena,^ this part of the theory is unattractive, and an alternative is pro¬ 
vided by Gentile statistics, considered in the next paragraph. 

§ 37. Gentile Statistics 

A statistics intermediate between Bose-Einstein statistics and Fermi-Dirac 
statistics, in which the maximum occupation of any cell of phase space is 
assumed to be finite, was proposed by Gentile.^ In Bose-Einstein statistics the 

1 Mayer, J, Chem, Phys., 1937, 5, 67; Mayer and Ackermann, ibid,, 1937, 5, 74; Mayer and 
Harrison, ibid., 1938, 6, 87; Harrison and Mayer, ibid., 1938, 6, 101; Kahn and Uhlenbeek, 
Physica, 1938, 5, 399; see ref. 8, p. 365. 

2 Nuov. dm., 1940, 17, 493; 1942, 19, 109 Oiq. He); Ricerca Sci., 1941, 12, 341; Tisza, 
J. de Phys., 1940, 1, 164; Caldirola, Ricerca ScL, 1941, 12, 1020; Nuov. Cm., 1943, 1, 205 
(liq. He-H); Salvetti, Ricerca Sci., 1941,12. 894; Atti. Accad. Hal. Mem. Fis. Mat. Nat., 1942, 
13, 651 (thermal cond. and vise, gas); Einbinder, Phys. Rev., 1948, 74, 805; Giovanni Gentile, 
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maximum occupation of an energy state may be infinite, and in Fermi-Dirac 
statistics it is unity. 

Let the number of quantum states corresponding with an energy e, be a„ 
and let Kqi. «ij> • • •> be the numbers of states occupied by 0,1, . . parts, 
where d is finite. Then: 

.(1) 
f=-0 

r^d 
and I!rn,,=n,.(2) 

r = 0 

where n, is the number of parts with energy The number of ways of dis¬ 
tributing the parts over the a, states is: 

W=na,llno,\ni,ln2,\ ...«*!.(3) 
Stirling’s theorem, (9), § 8, gives: 

In lF=i7a, In a,—In .(4) 
s r 

and In W is to be a maximum, with the conditions: 

.(5) 
s s r 

N=Sn,=EZrn,, .(6) 
i ST 

With the undetermined multipliers A and fj. (§ 8) this gives: 

1 + In + Ar+—0 

n„=C,e-<^.(7) 

and the general equations dSIdE—l/T, S=:k In Wshow (as in § 8) that /x=l/Jtr. 
Equation (1) shows that: 

C,=/j,(I-e-’'*)/(l-c-<‘''‘>’'-).(8) 

where y,= A+pe,, and (2) shows that 

(9) 

which is the fundamental equation of Gentile statistics. When d-^oo it passes 
over into Bose-Einstein statistics, and with d— 1 into Fermi-Dirac statistics. 

In the application to an ideal monatomic gas, the usual procedure (§ 33) is 
followed, and ife/A7’=x, (6) becomes: 

n=N/V=[i27TmkTyi^lh^F{X).(10) 

F(A)=(2/v'’r) f x:’'2f(x)dx.(11) 

f(x)=l/(e^'*-l)-(rf-I-l)/[e‘"'*>“''‘>-I] .... (12) 

as defined by (8). Equation (10) determines A. The mean energy (assumed 
wholly kinetic) of a particle is given by: 

i=EJN=ikTG(X)IF{X).(13) 

G(A)=(4/3v'^) f x3^2f(;c)dx.(14) 
Jo 

junr., professor in Milan, died 1942: see portrait in Nuov. dm., 1943, 1, pt. 3, and notices by 
Sommerfeld, ibid, 1943,1, 151, and Polvani, ibid., 1943,1, 155. The calculations (particularly 
the use of Stirling’s theorem) have been criticised by Sommerfeld, Ber., 1942, 75, 1988; Z. 
Naturforsch., 1946,1, 120; Schubert, Z. Naturforsch., 1946,1, 113; 1947, 2 A, 250; Leibfried, 
ibUl., 1947,2 A, 305; Leibfried and Kaempfcr, Z. Phys., 1948,124,441; (hey suppose there is 
no real difference from Bose-Einstein statistics, but the results of the latter are still unsatisfactory. 
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Equations (8) and (13) show that A may be negative, since f(x) for A+;c=0 
tends to a finite limit djl. This corresponds with gas degeneration, as is shown 
in detail by Gentile. The functions F(A) and G(A) are related by the equation: 

(d/dA)G(A)=-F(A) .(15) 

and F(A) has different values for A>0 and A<0. 
The pressure is given by the general equation (§ 36): 

.(16) 
Equation (9) for the ideal monatomic gas becomes: 

.... (17) 

giving the particular cases: 

(i) J=l, Fermi-Dirac statistics: «,=fl,/(e^'^^+l), 

(ii) rf->oo, Bose-Einstein statistics: 
Case (i) corresponds with low temperatures; case (ii) with high temperatures. 

The characteristic equations corresponding with the two cases are: 

\ N ^ ^ d Nh^jV ] 
A>0: pV=NkT]\-^ K(277mitr)^«+ • • • (1^) 

A<0: p=^(6/77)2/3(A2/^)(Af/K)5/3(i/d3/2)+.(19) 

The entropy of the gas is zero at (f K., and has the Sackur-Tetrode value 
(13), § 14, at high temperatures. 

The particular value of Gentile statistics is in dealing with gas degeneration 
in the region where Bose-Einstein “ condensation ” (§ 36) sets in, and in par¬ 
ticular with liquid helium-11, considered as a degenerate Bose-Einstein gas. In 
this region, A has a very small negative value and: 

N|V^[{l7TmkTf'^|h^[(A|^^Jn^^ . . . (20) 

the first term corresponding with an Einstein liquid and the second with the 
gas. The pressure is now proportional to and is independent of the volume 
(as for a saturated vapour). The specific heat has a pronounced maximum at 
the so-called A-point, and below this is proportional to as is found experi¬ 
mentally. 

The extension of Einstein’s equation below the “ condensation ” point is 
mathematically impossible, but Gentile’s function is holomorphic from 7’=0 
to J=oo, and gives zero entropy at r=0, as required by the Nernst heat 
theorem. The calculated transition point of liquid helium at 3-13° K. is 
not a critical temperature but a fairly sudden continuous change, or A-point 
between He-I and He-II. The observed point is at 2 T9° K., and the difference 
between this and 3*13° K. is assumed to be due to van der Waals forces. Gentile 
assumed the helium gaseous, Sommerfeld liquid, and Salvetti assumed that the 
van der Waals forces produce two difierent liquids above and below 2*19®, 
the transition between liquid I and liquid II being discontinuous, whilst the 
change from gas to liquid is continuous. 

§ 38. Specification of Zero-point Energy 

The energy zero has been taken for each substance as its own zero-point 
energy (with the vibrational quantum number z;=0, and the rotational quantum 
number y=0), but for the energy change in a chemical reaction some arbitrary 
zero level must be taken for all the substances. i If Eoa* Eqq are the energy 

1 Murphy, /. Chem. Phys., 1937, 5, 637. 
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differences from this for two substances A and B (Fig. 14.IV), then for 1 mol 
of each: 

Z-^e-Bo/RT^.(1) 

where Z" is the state sum with the zero-point energy of the substance as the zero 
standard, by (3), § 11. 

If the superscript zero denotes a standard state (see § 70.11), 1 atm. pressure 
and 25® C. for gases, this choice of standard state affects only the translational 
state sum in (11), § 14 : 

Z,r=.[{27TmkTfi^lh^{RTIp)^{2nm^ .... (2) 

if /?=1. If is the reaction energy change with standard states at 0® K. 
(7^=0, 7=0), then: 

- J(G®-Fo°)/7’= -AG^T+AEo^IT.(3) 

the values of JG° being as tabulated in § 70.11. The values: 

G®=(G®-.£o°)+^^o".(4) 

//°=(H®-Fo")+Z^o°.(5) 

may be defined for compounds if the values Eq" for the elements are taken as 
zero. (Note that ANq^'^AEq'' for gases (H=E+RT), and for solids HvE 
when T=0.) AEq^ is the re¬ 
action energy (heat of forma¬ 
tion) at absolute zero. The 
quantities (4) and (5) refer to 
the reaction between the ele¬ 
ments in standard states at 
T=0 to form a compound in 
the standard state at T® K., and 
have been tabulated.^ 

In using statistical methods 
it is necessary to know not only 
Z but also the value of AE^, 
since the tabulated values of Arbitrary Energy Zero 

AE"^ and J/i® always refer to Fig. 14.1 V. Reaction Energy at Absolute Zero 

an arbitrary zero for each ele¬ 
ment. The values of J£o° i^^ay be found from spectroscopic values for 
heats of dissociation (§ 25), since these refer to the lowest (zero) energy levels. 
Another method is to calculate the zero-point energy for each 
element by (4), § 25, and thence find AEq\ Still another method is to use 
the statistical equations. For the internal energy £,®, (25), § 8, gives 
£,®=i?r2(d In Z//dr), Z, being the internal state sum (§ 11). The total energy 
£® is the sum of Ei\ the zero-point energy £o^ and the translational energy 
Ei=iRT. Hence: 

H'^=E^+RT=Ei'^+Eo''+iRT^Eo''+iRT+RT^(d In ZJdT), 

AEo^:=:AH^-A[iRT+RT2{dlnZildT)] ... (6) 

so that AEq"" can be calculated if d InZ^/dT is known.^ 

1 Rodebush and Rodebush, in ** Internal. Grit. Tables,” 1929,5,87 f. . r- , . 
2 Glasstone, “ Recent Advances in General Chemistry,” 1936, 60; Aston, in Taylor and 

Glasstone, “ Treatise on Physical Chemistry,” 1942,1,606. 
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Some values of —(Go—Eo°)ITaK given below ^ (ideal gas state): 

r"K. 298-1 300 400 600 800 1000 1200 1500 

H2 . 24-44 24-48 26-44 29-22 31-20 32-75 34-03 35-61 
O2 . 42-08 42-13 44-13 46-98 49-06 50-72 52-10 53-83 
N2 . 38-83 38-88 40-88 43-71 45-73 47-32 48-65 50-30 
CI2 . 45-95 46-00 48-15 51-30 53-61 55-45 56-98 58-88 
CO . 40-36 40-41 42-41 45-24 47-27 48-88 50-21 51-88 
NO . 42-99 43-03 45-14 48-10 50-31 51-88 53-26 54-98 
H2O. 37-18 37-23 39-51 42-77 45-12 47-00 i 48-58 50-59 
CO2. — 43-62 45-85 49-26 51-92 54-14 56-05 58-51 

§ 39. Calculation of Chemical Equilibria 

The standard available energy {p= 1 atm.) per mol of ideal gas is: 

G°=E°+RT-TS' .(1) 

The energy E° includes the zero-point energy £'o‘’ and the translational and 
internal energies: 

E^=Eo°+E,;+E; .(2) 

The entropy S° includes the translational entropy given by (25), § 14: 

V=f/f In M+^R In T-2-297 .(3) 

and the internal entropy given by (28), § 8: 

5,=^[ln Z.H-r(d In Z,/dr)].(4) 

Substitute for Ei° in (2) from (25), § 8, and substitute from (2), (3) and (4) in (1), 
then: 

G°-Eo^=-iRTln M-^RTlnT-RTln Z, + 7-262T . . (5) 

or from (24), § 14: 

G°=-RTln[(kTla)(27rmkT/h2)^^\Zi.e-‘^o^] ... (6) 

= -RTlniZkTla) .(7) 
where 

Z^e-EoVRT _ (2nmkTlh2y‘^ . Zi.(8) 

is the state sum including the factors zero-point energy, (27TmA77*2)3/2 
for three degrees of freedom of translational energy or {2TrmkT/h^y'^ per degree 
of freedom, and Z{ for internal energy (rotation and vibration). 

Consider a reaction between gases. Let an initial system consist of 2 mols of 
hydrogen gas at concentration and 1 mol of oxygen gas at concentration 
Coj, both at the temperature 7. Let these be converted reversibly and iso- 
thermally into 2 mols of steam at concentration Ch^q and temperature 7. The 
change may be carried out as follows. 

The gases 2H2 and O2 are contained in separate vessels at concentrations 
CHjandCo2(Fig. 15.IV). An arbitrary amount of the gas mixture in equilibrium: 

2H2+02^2H20 

is contained in a box (“ equilibrium box ”) fitted with semipermeable dia¬ 
phragms (shown dotted) which can be closed by impervious plates except 

> In these, the nuclear spin contribution is omitted; values are given by Aston, ref. 2, p. 
371, to three decimal places, but the second place is uncertain. For calculations of gas 
equilibria, see Bijvoet, Chem. Weekbl., 1931,28,26; Partington, “ Chemical Thermodynamics,” 
1940,208; Wasserman, Proc. Roy. Soc., 1941,178,370. 
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when the appropriate gases are passing through them. Let Chj* ^^oi> ^hjo be 
the equilibrium concentrations in the box. 

(1) By means of impervious pistons the concentrations of the hydrogen and 
oxygen in the cylinders are isothermally and reversibly changed from ^H2 and 
C02 to the concentrations Chj and Cqj in which they exist in the equilibrium box. 
The two amounts of work done are, from (11), § 6.II (since F2/Fj = Ci/C2): 

2RTla(C„Jc„,) and RT In (CoM 

(2) The gases are admitted through the semipermeable diaphragms into the 
box, the pistons being pressed in. Since the pressures are constant, the amounts 
of work done are —2RT and —RT. 

(3) In order that the equilibrium shall not be disturbed, the 2H2O formed in 
the box is simultaneously removed through the semipermeable diaphragm into 
the cylinder on the right at the concentration ChjO- The work done is +2RT. 

(4) The water vapour is now brought from concentration Chjo to concen¬ 
tration ChjO- The work done is 2RTln (ch^o/Chso)- 

The process is now complete and the total work done is: 

Wi = -AF=-2RT-RT+2RT\n (CH,/c„,)-|-i?rin (Co,/co,)+2«r 

+2i?7’ln (cujolCujo) 

=RT\n 
X Cqj 

RT In _^H20_ 
C^H.XC 

-RT 
02 

(9) 

Since, from (6), § 33.11, this depends only on the initial and final states, it 
cannot depend on the individual concentrations c in the equilibrium box, hence 
the first term on the right in (9) must be constant at a given temperature, 
c^H2o/(c^H2 ■ Coj)=A", where K is the equilibrium constant (§ 60.11). 

Equation (9) is easily generalised for any reversible gas reaction : 

ViAi-\-V2P^2+ • • • =J'i'Ai'-|-V2'A2'-f . . . 

-AF==RT\nK-RTSv^\nCi+RTSvi . . . .(10) 

In K={yi In Ci'+V2' In Cj'-F ■ ■ •)-(>'i In In C2+ . . .) 

Z-vi In Ci=(v,'ln C,'-l-V2'In €2'+ .. .)-(vi In Ci-l-vjln C2-I- ...) 

2vi = (vi' + V2'+ . • .) —(vj-f V2-I- . . .) 

Cl'"' €2"^' ■ ■ ■ lc{' . .. ==a:.(11) 

In the sums the terms corresponding with the products of the reaction (right- 
hand side of the chemical equation) are taken as positive.^ 

t This convention (Union Internationale dc Chimie, 1928) is now general. 
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Equation (10), due to van’t Hoff,^ is sometimes called the Reaction Isotherm 
equation, and the value of —J/'the affinity of the reaction. The term RTEv^ 
disappears only when the numbers of mols of products and reacting substances 
are equal (e.g. H2+Cl2=2HCl). 

The available {net) work or diminution of available energy, is the 
maximum work minus the external work RTHvi at constant pressure: 

AG^AF+PA V^AF+Hv^RT 

~zJG=~ZlF-i?r27ri=/fnn K-RTUv^ In Cj . . (12) 

—JC is sometimes called the affinity of the reaction, instead of —JF. If 
all the concentrations Ci, etc., are unity, then: 

-AF^RTln K+RTEvi 

•^AG^RTlnK 

giving the standard free energy and available energy changes. 
If partial pressures are used instead of concentrations, (17), § 54.11, gives: 

p,^{v,IV)RT=^c,RT c,^p,IRT 

In F'=2Vi Inpi-=\n K+IJvi In RT 

-AG=RT\nK-RTI!vi\nCi 

= RT2pi Inpi-RTSv^ ln/>i 

=RT\nK'-RTSvi\nPj ... . (12a) 

where P\ — CiRT, etc., are the pressures of the initial and final substances, and 
Pi=CiRT the equilibrium partial pressures. If all the free pressures are unity 
(e.g. 1 atm.) 

-AG°=RT\nK’.(13) 
giving an expression for the standard available energy change (since the free 
pressures are all 1 atm., AG is AG°, the standard value). Equation (13) may be 
written in the form: 

-A{G°-Eo°)IRT-AEo°IRT=\n K'.(14) 
.-. -In K'^AEa°IRT-OI2)Ev^ In Mi-(5/2)/I v In T 

-EvilnZi,i+l-262AvlR.(15) 

from (5), where Jv=(vi'+v2'+ . . .)~(»'i+»'2+ • • •)• 
The value of AEo°, the change of zero-point energy in the reaction, may be 

found from spectroscopic data for heats of dissociation, as explained in § 38, 
or from the oscillator formula (4), § 25: 

Eo°=Nha>X^-ix,) 

the value of Eo° for a polyatomic molecule with n vibrational degrees of freedom 
being E!Eo°. If AH° is the heat of reaction at constant pressure: 

AE°=Air-RTAv 
and from (1), and (25), § 8: 

AEq^^AH^-A (\RT+RT^^^^ 

From (7) and (8): 
Zj'*'*' . . . . IkTY" 

Zi-.Z/^ ... \ a/ ■ 

. (16) 

. (17) 

1 K, Svensk, Vet. Akad. HandL, 1886, 21, No. 17, pp. 1-58 (presented 14 October, 1885); 
Arch. Nderl., 1885,20,239-302; Z.phys, Chem., 1887, 1, 481; Phil. Mag., 1888,26, 81; Alembic 
Club Reprint, Edinburgh, 1929, 19. 
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in which pressures are in atm., and a=l*0132x 10^ is the conversion factor for 
pressures in dyne/cm.^ from atm. If a“^*' is omitted, pressures are in dyne/ 
cm.^. If the factor is omitted: 

K-- (18) 

where K is the equilibrium constant in terms of molecules per ml. 
For diatomic molecules, the state sum for rotation and vibration, excluding 

nuclear spin but including the symmetry factor ^ (§ 18) may be written: 

Zi=(87r2/Ar/A2^)(l~e-'*“'’/'*0“^.(19) 
If free atoms are involved, the corresponding state sum (excluding nuclear 

spin) is (§ 21), Z^c;:^27^+1. If Jv=0, (15) becomes (since K=K'): 

~ln K=AEo^lRT-i3l2)Zv^ In In Z,- i . . . (20) 

or for a reaction of the type: 

-In K=^AEo°/RT-i In 

AB+CD=AC+BD 

^AC « ^BD_ 

^AB * ^CD 

5AC • ^iBD 

^iAB • ^iCD 

From (19), on the assumption that the vibrational factors (c^l) cancel 

. (21) 

out: 

-In K^AEq'^IRT-^ In ^AC * ^DD 
Mati . Mr 

■In 
‘AC 

‘AB • ^AC * ^CDJ 

Some equilibria calculated by statistical methods are: 

/BD^In^AC 

“^AB • *^00 

(22) 

1. Dissociation of hydrogen: H2?=^2H; K'^Pif/pn^. 
The state sums for H2 at various temperatures (cf. § 23) are NT values, the 

nuclear spin effect In 4 having been subtracted. The state sum for H is that 
for the ground level, viz. 2, neglecting nuclear spin (cf. § 21). In calculating 
4l£’o°* Ihe zero-point energy of H2 in its lowest state is taken as zero (cf. § 11), 
and Ef for the two hydrogen atoms is taken as the spectroscopic heat of dis¬ 
sociation of H2, 102-80 k.cal. per mol. 

Temperature 
°K. 

Z K '-r 

H2 2H 1 Calc. Obs. 

1000 6-262 4-00 _ _ 
2000 I 13-274 3 X 10-6 10-7 
2500 17-424 >> 7 X10-4 10-3 

3000 22-648 »» 2-7x10-2 2x10 2 

3500 28-262 3-7x10-1 2x10-1 

2. Nitric oxide synthesis: ^N2-1-202^N0; 1^'^PuoIPoi'^Pni^'^- 
In this case (14) was used, the value of AEf being taken as 21 -40 k.cal. 

Tempera¬ 
ture 
°K. 

-(G” -£’o°)/r 
-J[(G°-£o°)/r] 
N0-iN2-i02 

K' 

NO N2 O2 Calc. Obs. 

1000 51 -878 47-322 50-715 2-859 8-8x10-5 — 

1500 54-979 50-301 53-826 2-915 3-3x10-3 2-4x10-3 
2000 57-255 52-497 56-122 2-945 20x10-2 1-5x10-2 
2500 59-063 54-246 57-955 2-962 6-0x10-2 4-5x10-2 
3000 60-567 55-706 59-489 2-970 1-2x10-1 1 0-9x10-1 
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3, Dissociation of iodine'^'. 12^21; K'=pflpiy 

For the iodine atom Z,=2j,+ 1=4, the only value of ^ involved being for 
the ground state, f. For the diatomic 12 molecule Zi=Z, .Z^={%TrykTjlfi) 

where /= 742-6xlO-”*, v/c=213-67 cm.-i; AEf‘=35-59 
Leal. 

0°C. 800 900 1000 1100 1200 
K' calc. ... 1-13x10-2 4-79x10-2 1-65x10-1 4-94x10-1 1-22 
A"'obs. ... ... 1-14x10-2 4-74x10-2 1-65x10-1 4-92x10-1 1-23 

4. Hydrogen-deuterium equilibrium: H2+D2?=^2HD; A'=c2hd/ch2'^’d2- 

At temperatures for which the rotations are fully excited but the vibrations 
not excited, (22) gives ^: 

In /i:=-(2£o°HD-Vh2-In In f-^^+ln 4. 
^H2^D2 -'H2^D2 

From spectroscopic data, 2£q°ijj)—Eo\—Eo\=^AEq°—157 g.cal. The 
moments of inertia may be calculated from the values of B^=h^l&7r^Ic (§ 25): 
H2 60*848 cmr\ D2 30*46 cm “i, HD 45*655 cmr\ The observed and 
calculated values of Kare: 

epc. -190 0 25 no 397 468 
K calc. ... 2-2 3-19 3-27 3-46 3-78 3-82 
K obs. ... 2-3 3-16 3-28 3-56 3-77 3-75 

J From Gibson and Heitler, Z, Phys.^ 1928, 49, 465; for a recalculation with modern data, 
see Zeise, Z. Elektrochem., 1934, 40, 665. 

2 The term In 4 appears because two unsymmetrical (HD; ^ = 1) molecules are formed 
from two symmetrical ones (H2, D2; ^=2). 
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Einfiihrung in die Quantenphysik, Leipzig and Berlin, 1935; Temple, An Introduction to 
Quantum Theory, 1934; J. Thomson, Introduction to Atomic Physics, 1935; Tolansky, 
Introduction to Atomic Physics, 1947; Van der Waerden, Die Gruppentheoretischc Methode in 
der Quantenmechanik, Berlin, 1932 (unintelligible, according to C. G. Darwin,/. Phys. Chem,, 
1932,36, 2845); Van Vleck,/. Opt. Soc. Amer., 1927,14,108; 1928,16, 301; Webb, Elementary 
Principles in Physical Chemistry, New York, 1936; Weitzel, in Wicn-Harms, Handbuch der 
Experimcntalphysik, 1931, Ergzb. 1; Weyl, Gruppentheorie und Quantenmechanik, 1931; 
idem. The Theory of Groups and Quantum Mechanics, 1931; Wigner, Gruppentheorie und 
ihre Auwendung auf die Quantenmechanik der Atomspektren, Brunswick, 1931; Zimmer, 
Umsturz im Weltbild der Physik, 6th edit., Munich, 1942; idem. Revolution in Physics, 1936. 

§ 1. De Broglie’s Equation 
The modern quantum theory is based on the wave nature of the electron. 

Electrons in motion behave as if they were associated with characteristic waves, 
the lengths of which are given by a formula due to Louis de Broglie: ^ 

X=zhlmv.(1) 

where h is Planck’s constant and m and v are the mass and velocity of the 
electron. Since momentum, this can be written: 

A=A/p.(2) 
Beams of electrons are diffracted by matter, e.g. by reflection from a crystal or 
in passing through a thin metal foil, in the same way as X-rays.^ This dual 
aspect of an electron, particle or wave, is analogous to the dual character of 
light, which sometimes behaves as if it consisted of corpuscles or photons (e.g. 
in the photo-electric effect, when electrons are expelled from a metal by ultra¬ 
violet light), and sometimes as if it consisted of waves, which give rise to inter¬ 
ference and diffraction. 

§ 2. Schrodinger’s Wave Equation 
The basic equation of wave mechanics was found by Schrodinger.^ Although 

the equation and the interpretation may be “ conveniently taken as fundamental 
postulates, with no derivation from other principles necessary,” ^ a more 

1 Phil. Mag., 1924, 47, 446; Ann. de Phys., 1925, 3, 22; /. de Phys., 1926, 1, 321; “ Ondes et 
Mouvement,” 1926; “ Introduction k I’foude de la Mecanique Ondulatoire,” 1930; “ Th6orie 
de Quantisation dans la nouvelle Mecanique,” 1932; “ Matter and Light,” transl. Johnston, 
1939; de Broglie and Brillouin, “ Selected Papers on Wave Mechanics,” 1928. 

2 Davisson and Germer, Phys. Rev., 1927, 30, 705; J. Franklin Inst., 1928, 205, 597; G. P. 
Thomson, Proc. Roy. Soc., 1928, 117, 600; 1928, 119, 651; ” The Wave Mechanics of Free 
Electrons,” New York, 1930; Germer, J. Chem. Educ., 1928, 5, 1041, 1255; Lindemann, 
” Physical Significance of the Quantum Theory,” Oxford, 1932, 24; Jiittner, Z. Phys., 1938, 
109, 139. 

3 Ann. Phys., 1926, 79, 361, 489, 734; 1926, 80, 437; 1926, 81, 109; 1927, 82, 265; 1927, 83, 
956; collected and reprinted as ” Abhandlungen zur Wellenmechanik,” Leipzig, 1927; “ Col¬ 
lected Papers on Wave Mechanics,” 1929; Bull. Soc. Philomath., 1941, 123, 26; Heisenberg, 
Naturwiss., 1926, 14, 989; Bohr, Nature, 1928, 121, 580; Lorentz, J. Franklin Inst., 1928, 205, 
449; Swann, ibid., 1928, 205, 323; Slater, ibid., 1929, 207,449; Press, Phil. Mag., 1928, 6, 33. 

4 Pauling and Wilson, ” Introduction to Quantum Mechanics,” New York, 1935, 52. 
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gradual approach through a simple analogous type of equation is not without 
value. For this purpose, consider the case of a vibrating string, the motion of 
which is defined by equation (3), § 71.1: 

d^Aldt^=:uWAIdx^).(1) 

A being the amplitude. Assume a solution: 

A^g(t).{(x).(2) 

where g and f are functions of / and x. Differentiate twice with respect to t 
and X, divide by u^fg, and compare with (1): 

(i/f)(c^2f/a.v2)^(i/«2g)(a2g/a/2). 

Since the left side is a function of x and independent of t and the right side is a 
function of t and independent of x, it follows that each is equal to a constant, 
say — 

d^ldx^+m^{=^0.(3) 

d^gjdfi+fn^u^g^O.(4) 

These may be regarded as two ordinary differential equations, and particular 
solutions (see (2), § 64.1) are: 

f=Ccos (mx)+/) sin (mx), 

g=C' cos {mut)+D' sin (mut), 

as is found by differentiation and substitution in (3) and (4). The constants 
C, i), C', and D' depend on the conditions of the particular problem. For a 
string of length / fixed at both ends, ^=0 both for x=0 and x=/, and for all 
values of /. In this case, for x=0, f(0)=0, therefore f(x)=f(0)=C, therefore 
C=0, therefore f=D sin mx. But sinmx==0 only for a?7x=0, or wx=/Z7r, 
where n is an integer, hence m^mrll are the proper values corresponding with 
the nodal points (A=0), and the corresponding values of f(x) are the proper 
functions,^ If g=0 for t=0, then g(0)==C', therefore C'=0, therefore 
g=D' sin (mut). But sin (mut)=0 only for mut=0 or ?nut=?j7r, where n is an 
integer, therefore m=nTrlut=n7Tll, as before. 

If A is the wavelength, f(x) is zero when x is an integral multiple of A/2 (nodes), 
therefore /=/7A„/2, therefore f=Z) sin («7rx//)=/> sin (27rx/A„), which is zero for 
x=0 or x=nXJ2. Since w=i^A, where v is the frequency (§49.1), it follows 
that g=D' sin The particular solution of (1) is thus: 

A=f{x)g{t):=DD' sin {InxIX^) sin {IttvJ), 

In the general case where the function ifs replaces the amplitude A, the places 
where ifj vanishes are nodes, and may be points, lines, or surfaces. If i/j is 
separable, as A=g{t). f(x) above, each factor has its own nodes, which must 
obviously also be those of i/j itself, since if any factor vanishes, ^ also vanishes. 
If i/r=R(r)©(6/)^((/>), where r, 6, and (/> are spWical polar coordinates (§ 28.1), 
and R, © and 4> denote functions of r, 0, and respectively, such that0(A‘,0,<^)= 
R(r)0(^)O(</>), then the nodes of R(/*) are concentric spheres (values of r for 
which R(/*) vanishes), the nodes of @{6) are cones through the origin (^=const.), 
the nodes of <I)(^) are half planes containing the 6 axis (^=const.). (See 
Fig.l.V.) 

Consider the function <I>(^)=cos For each value of the integer /z, the 
period is Itt and the number of nodal half-planes is In, which combine to form 

1 Coulson, “ Waves,” Edinburgh, 1941, 21. In wave mechanics the half-German names 
eigenvalues and eigenfunctions are commonly (but unnecessarily) used. 
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n whole planes, dividing space into double wedges, and cutting the sphere into 
double “ pieces of an orange.” 

The values of 3> and are graphed in Fig. 2.V for various values of (f> for the 
three cases where n=^0, «=1, and «=2; and the 
values of are shown in three figures by the varying 
thickness of the circumference of a circle round 
which the values of (f> are marked. The four wedges 
for /2=2 are clear. 

In passing a node, <I>=cos {n<f)) changes sign, and 
when (f> increases by tt it has the same numerical 
value but the same or opposite sign, according as 
in the increase of by tt an even or odd number of 
nodal planes has been crossed. In general, by a 

Fig. l.V. Spherical Polar reflection in the origin (i.e. a change of ^ by tt). 

Coordinate System the function may have the same absolute value and 
either the same sign (when it is an even or g 

[gerade] function) or the opposite sign (when it is an odd or u [ungerade] 
function). 

By putting /i=l, w=«7r//, l=nXI2, in (3), this becomes: 

d2f 4^2 

In passing to the wave-mechanical case, the part of the amplitude f which is 
independent of time is replaced by an amplitude ^ of the de Broglie ‘‘ matter 
wave,” the interpretation of which is left open ^: 

dx'^ 

If the fundamental equation, (1), § 1, l/X^nw/h, is introduced, this gives: 

dx^ 

The kinetic energy of the particle is therefore V)m, 
where E is the total energy and V the potential energy (§ 12.IV): £=r+K, 
hence: 

which is Schrodinger’s wave equation for one dimension, 
sions: 

d^Jj d^dj 
K)«/«=0 

or r)^=0 . . 

.... (5) 

For three dimen- 

.... (6) 

.... (6a) 

which is the general form of Schrodinger’s equation.^ The value ^ of 
is 1-63881x1027 erg-1. 

The reader may now perhaps wish to know the “ meaning ” of equation (6), 
and it should be clearly said at the outset that this cannot be given in an “ intel¬ 
ligible ” form, if this is understood to mean something in terms of ordinary 

' Cf. MogUch, Naiurwiss., 1938, 26.409; Ertel, ibid, 1938, 26,463. 
2 For an attempted interpretation, see Madelung, Naiurwiss., 1926,14,1004. 
1 Du Mond and Cohen, Rev. Mod. Pkys., 1948,26,82. 
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mechanical concepts, such as vibrating ethers, or the like; it is a feature of wave 
mechanics that it abandons such pictures as misleading or incorrect.^ Dirac ^ 
has said that: “ The new theories, if one looks apart from their mathematical 
setting, are built up from physical concepts which cannot be explained in terms 
of things previously known to the student, which cannot even be adequately 
explained in words at all.” The present exposition is addressed to those called ^ 
“ advanced students of chemistry who wish to (or ought to) learn something 
about quantum theory, without wading through too much material of a highly 
mathematical character.” Such a treatment is not likely to satisfy the mathe¬ 
matician, whose needs are quite different. The elementary considerations 
below are believed to be accurate as far as they go, and lack completeness rather 
than correctness. 

The solution of (6) is a matter of pure mathematics. It is assumed that i/r, 
the wave function, must have values which are, in general, (i) finite, (ii) single¬ 
valued, and (iii) continuous throughout space; these special solutions are called 
proper functions (or characteristic functions, or eigenfunctions).^ It is found 
that they appear only when the energy E has certain definite values called proper 
values (or characteristic values, or eigenvalues)^ and quantisation (or the 
determination of the discrete energy values) is thus reduced to finding the proper 
values.5 When the particle is an electron, tfj is sometimes called an orbital, 
since in wave mechanics it replaces the electron “ orbit ” in Bohr’s theory of 
the atom (§ 13). The way in which proper values and proper functions arise 
in the solution of a differential equation is most easily seen by taking a much 
simpler case than (6), as was done above. 

§ 3. Interpretation of the Wave-function for an Electron 

There are two alternative interpretations of i/f for an electron. (1) Schrodinger 
assumed the electronic charge to be “ smeared ” continuously over space, and 
the electric charge density p at any point to be proportional to the square of 
the wave function.^ (2) Born retained the point-charge electron, and regarded 

as giving the probability of finding it in a given region, the total probability of 
finding it anywhere (i.e. in the whole of space) being 1. Born’s view is generally 
adopted, but Schrodinger’s is often simpler in application, and is sometimes 
used in what follows. For more than one particle Schrodinger’s view requires 
a distribution in a space of more than three dimensions.« 

The situation may be put in the following way.^ Classical mechanics recog¬ 
nised only the probabilities 1 and 0, for an event either happened or did not; 
if it happened, it did so in a quite definite way, determined (in the sense of 
causality) by the initial conditions. Wave mechanics does not recognise the 
probabilities 1 and 0, but only intermediate probabilities, and it does not 

1 Sommerfeld, Phys. Z., 1927, 28, 231; Lindemann, “ Physical Significance of the Quantum 
Theory,” Oxford, 1932, 128; Houtermans and Jensen, Z. Naturforsch., 1947, 2 A, 146. 

2 “ The Principles of Quantum Mechanics,” Oxford, 1930, pref. v. 
3 Rice.,/./I.C.5., 1931, 53, 1187. 
^ The hybrid names are much used, but will not be adopted here. 
5 Margenau and Murphy, ” The Mathematics of Physics and Chemistry,” New York, 

1943, 240 f. 
Actually, to where 0 and ijt* are conjugate functions of the type Kji^a'\-bi and 

ilf*z=za—bi (where /=\/-~l), the product a2-f62 being real. In what follows the form ^2 will 
mostly be used. 

7 Z. Phys., 1926, 37, 863. 
8 Lindemann, ” Physical Significance of the Quantum Theory,” Oxford, 1932, 10. 
^ Frenkel, ” Wave Mechanics. Elementary Theory,” Oxford. 1932, 37. 
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recognise exact initial conditions; in place of determining certain single events, 
it finds the probabilities of all possible events. When the probability function 
has a sharp maximum, the corresponding event (or rather, the group of very 
similar events) is extremely probable, and is usually, but not certainly, observed. 
This is closely connected with Heisenberg’s uncertainty principle (§ 14.IV). 

§ 4. Formal Derivation of the Wave Equation 
The wave equation (6), § 2, may be derived in a purely formal but interesting 

way as follows.^ For one coordinate, the energy 
and the momentum— 

J^=(l/2m)/),2+K .(1) 

Now use the rule: replace by an operator (A/277/X^/^a*), where 
and regard the left- and right-hand sides of the equation (1) as operating on 
a function 0: 

h d [ w ^ ■ 

Etjj 
I_A2__( 

~\ '6 dx^ 
+ V 

<P, 

j'/', 

dmdx‘^->f{%7t^mjh2)(E-V)4>=0. 

Extend to y and z, and the wave equation (6), § 2, results. 
This method is related to Born and Jordan’s equation: 

pq-qp=hl2m .(2) 

in which q and p are the corresponding generaUsed coordinate and momentum 
(§ 12.IV).2 For, if the momentum is represented, as above, by the differential 
operator (A/27rj)(d/d^), equation (2) reduces to the trivial statement that, for any 
function f(^): 

^qi(.q)-q[qm=^m. 

§ 5 Normalising Factor and Orthogonality 
The value of for an electron must agree with the condition that the total 

charge over all space is one electron; or, alternatively, that the probability P 
of finding the electron in all space is unity. This implies the equation: 

.(1) 
Jo Jo 

where dv—dxdy6z; sometimes a normalising factor (§ 43.1) for ip, such as 
1/V2, must be introduced to make (1) true. This is permissible, because 
(6), § 2, is still true when if/ is multiplied by any constant. Consider the integral 

where dv is an element of volume, and suppose that: 

Ji/r„^„di)=0 if /«+«, and if m=n . . (2) 

In this case if/f^ and t//„ are called orthogonal functions (§ 43.1).^ 

1 See Frenkel, “ Wave Mechanics. Advanced Theory,” Oxford, 1934, 47. 
2 Born and Jordan, Z. Phys,^ 1925, 34, 858; Born, “ Experiment and Theory in Physics,” 

Cambridge, 1943, 22; see § 22. 
3 The relations (2) were established for spherical harmonics {§ 12), Pm and Pn, by Legendre 

in 1784-9; Whittaker and Watson, ” A Course of Modem Analysis,” 3rd edit., Cambridge, 
1920, 305. 
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§ 6. Translational Energy of an Ideal Gas 
Although the state sum for the translational energy of an ideal gas was 

calculated in § 14.IV by a classical method, it is easily shown that wave 
mechanics gives the same result.^ The case is sometimes called the “ particle 
in a box.” 

Consider a molecule of a monatomic gas in a rectangular box of sides hi hi 
and volume and take axes Xj, X2» -^31 parallel to the sides. If m is the 
mass of the particle and c a possible value of its energy, the Schrodinger wave 
equation (6), § 2 (for this case the potential energy V is zero, and x=a'i, y=X2, 
z—x^) is: 

dx i ^ + d'^ifjjdx 2^+cix 3^ + (^rr'^nu=0. 

Put e=€i4-t2+€3» and */f==*Ai(xi)?/f2(A'2)03('^3)’ ^hen the equation separates into 
three ordinary differential equations of the form: 

j Idx 12j / j = 0, 

the solution of which is (§ 64.1): 

ifji=A sin [{STT^me Jh^y ^x 1 + B]. 

Since ipi vanishes for Ai=0, and Xi=l (the walls of the box),2 it is found by the 
appropriate substitutions (cf. § 2) that J5=0, and {^rr'^me^lh^y'V^^nx'n, where 
ill is any integer, including zero. Hence the energy components are: 

€ 1=«1 ^h^jSml 1 c2=n2^^e 3=A7 

The state sums are of the form (§ 8.IV) and, as is 
very small, the sum may be replaced by an integral: 

Zi= 
Jo 

Z=ZiZ2Z3 = (27Tm*r)^^2/^/^/^/^3 = (27rW*r)3/2^/A3. 

For V particles, take Z^ instead of Z, and divide ^ by N\ as in § 14.IV, thus 
finding for the whole gas: 

Z=: [{QvIhmyiirmkTyi^Y^ 

which is the same as the value found in § 14.IV, if the zero-point energy is 
omitted. 

The same result is found from de Broglie’s equation (1), § 1, for the length of 
the mass wave X=hlmv, where v is now the velocity. The translational 
energy is hence the wave number (no. of waves per cm.) is a>=l/A= 
V(2me^)/A. The Rayleigh-Jeans formula for the number of waves in a volume 
F(§ 78.1) is: 

drt=477 K v^d == 477 Vco^dw, 

where cu=v/z; (§ 49.T). Since: 

do;=d V(2we,)/A=(1/2A) V (2An/e,)d€„ 

/. dAi=(477F/2A3)(2m)3/2c^i'2dc,, 

which replaces a statistical weight g, in the state sum (§ 9.IV). Since the 
energy levels are closely spaced, the sum can be replaced by an integral, and as 

1 Pauling and Wilson, “Introduction to Quantum Mechanics,” New York, 1935, 95; 
Macdougall, “ Thermodynamics and Chemistry,” 3rd edit.. New York, 1939, 453. 

2 In the case of an electron^ of course, there is a finite probability that it will extend beyond 
the walls of the “ box.” See Dushman, “ Elements of Quantum Mechanics,” 1938, 55. 

3 The objections to this procedure have been mentioned in § 14.IV. A suitable modifica¬ 
tion of procedure gives the same result directly. 
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the upper limit {Ei) is very large compared with the molecular energy it 
can be replaced by infinity: 

ZM^7Tlh^){2myw\ 
Jo 

the integral being evaluated in § 33.IV. 
The further consideration of the proper functions for such a “ potential 

barrier,” or “ particle in a box,” problem ^ would lead too far from general 
principles at this stage. The results are of no interest in relation to the properties 
of real gases, which do not leak through jars or containers. 

In what follows the systems studied and the types of mathematical functions 
which are involved in their treatment are: 

(1) Linear harmonic oscillator: the proper values are E^{n+\)hdjc\ the 
proper functions are Hermite polynomials. 

(2) Rigid rotor with fixed axis: the proper values are the 
proper functions are 

(3) Rigid rotor with free axis: the proper values are E=m(m+\)h^lS7r^I; 
the proper functions are spherical harmonics. 

(4) Hydrogen-like atom: the proper values are E= —iTT^fjiZ^e'^ln^h^; the 
proper functions are Laguerre polynomials. 

§ 7. Linear harmonic oscillator 

The wave theory of the linear harmonic oscillator (§ 16.IV) may be de¬ 
veloped 2 from the wave equation (5), § 2: 

d2^/dx2+(87r2m/A2)(£«. K)^=:0. 

The classical theory (§ 52.1) gives the potential energy K=ia.T2(a>0), and the 
kinetic energy T~\mv-, hence the total energy £=r-f F=iwz;2+-|ajc2. If 
Xq is the maximum displacement, and E=^^ccxo^. The “ equilibrium ” 
frequency is: 

a>,=(l/27r)V(a//n).(1) 

and the wave equation becomes: 

Put: 
d^f/dx^+(S7T'^mlh^)(E—-^ooc^)^=0. 

^7ThnElh^:=A, 4772ma/A2=£.(2) 

d2^/dx2+(^~£;c2)i/r=0.(3) 

The solution is obtained by the so-called asymptotic method. First consider 
very large values of x, i.e. very large negative values of the kinetic energy 
(£—-2-ax2). Then A <^Bx^ (the symbol meaning “ much smaller than ”), 

dmdx^c^Bx^ .(4) 

with the solution (c an arbitrary constant) found by the method of § 63.1: 

tpzszCC (5) 

1 See e.g. Eyring, Walter, and Kimball, “ Quantum Chemistry,” 1944, 68. 
2 Schrodinger, Ann. Phys., 1926, 79, 489; Fues, ibid., 1926,80, 367; Bom and Oppenheimer, 

ibid., 1927, 84, 457; Sommerfeld, “ Wave Mechanics,” 1930, 14; Frenkel, ” Wave Mechanics. 
Elementary Theory,” Oxford, 1932, 77; Pauling and Wilson, “Introduction to Quantum 
Mechanics,” New York, 1935, 67; Dushman, “ The Elements of Quantum Mechanics,” New 
York, 1938, 111; Margenau and Murphy, “The Mathematics of Physics and Chemistry,” 
New York, 1943,76. 

A.T.P.C.—13 
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The part of the solution with the exponent +^'\/{B)x^ is not admissible, since 
it makes 0->oo. Equation (5), in fact, gives: 

d20/dx2=r(5A2~ 

which is (3) with A = \/B, equivalent to (4) when x is very large. 
From this asymptotic value of ifj (when x is very large) the exact value is found 

by replacing the constant c in (5) by a function of x, f(x)=c(x), which can be 
found by substituting (5) in (3). Let B^P, then: 

d2|/f/dx2=r(j32x2 — —2(dr/dx)^xe"*^*'^+(d2c/dx2)e^^^^^ 

/. d20/dx2+(^~j32x2)0=e-i^"^[c<.4~i8)~2i3x(dc/dx)+^ 

d2c/dx2-2i8x(dc/dx)+(^~i8)c=0 .... (6) 
which is the required equation for c=f(x). 

In considering the proper functions it is convenient to use a variable r= \/(jS)a% 
so that the function c(x) becomes H(z) by substituting x==z/\/i8, therefore 
dx=d7/\//S> d.v2=dz2/^, and (6) becomes (after dividing by and putting 
x=^Am-. 

d2H/d22-2z(dH/d2)+(A-l)H=0.(7) 

The solution uses the so-called polynomial method. Assume that H(z) can 
be expressed as a power series: 

H(z)=flo+«i2+^^22^+<23^-’+fl42''+ • • • +a„:”, 

then 1 this cannot be infinite, but must terminate at the /7th power, since 
otherwise: 

V«=H(2)e-*''^.(8) 
will not vanish for r-><x', i.e. .y->oo, as it is required to do (see § 2), Thus: 

dH/dz=fl]-|-2u2'^"t“3<J3z2-|-4</4z2-|- . , . 

d2H/dz2=2fl2+2.3<73Z-f-3.4a4z2-b . . . 

—2z . dH/dz=—2aiZ—402^^—6a3z2—8a4Z'* 

(A-l)H=(A-l)ao-b(A-l)fliZ+(A-l)a2z2-b . . . 

The sum of the last three lines must, by (7), vanish for all values of z, and hence 
the coefficients of powers of z must be separately zero: 

1 . 2a2-f (A—l)ao=0 for z'*=l 

2.3a3-l-(A-l-2)ai=0forz 

3.4a4+(A-1-2.2)02=0 for z2 

from which it is easily seen that for z": 

(/7-1-1)(/7-1-2)o„+2+f-'-1-2/7)o„=0, 

(A-1-2/7) 

“ ■'■•2=-(3rri^2)“'.w 

If the series stops at the /7th term, a„+2 and all higher values of a must be 
zero, hence, from (9): 

A=2/7-1-1, or =(2/7-f-1)^—(2/7-1-1)\/-^ • • • (10) 

From (2) and (10), E=={2n+ l)h\/{<xlm)/47T, or, from (1): 

£=(«+i)*w, .(11) 

1 For proof, see Pauling and Wilson, “ Introduction to Quantum Mechanics,” New York, 
1935,71, 
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which shows that the linear harmonic oscillator has discrete quantised energies, 
which are whole multiples of Aw, added to a zero-point energy ^Aw, for /i=0. 
The quantum number n (usually denoted by v) enters merely as the degree of 
the polynomial H(2), without any special assumptions. 

§ 8. Hennite Polynomials 

Since the coefficients of the polynomial considered in § 7 are known except 
for either Oq or ay, which are arbitrary, the values of the un-normalised wave 
function (8), § 7, can be calculated. From (9) and (10), § 7: 

A-l-2(«-2) -2.2 

etc. Hence: 
“ ^ (/j-2)(h-3) " 

«(h—l)j"~^ /i(«—l)(n—2)(7;—3)z" 
- ^ + 172724 

where a^^ is an arbitrary constant, and if this is taken as the function is 
called a Hermite polynomial of degree n : ^ 

The first five are easily calculated: 

Ho(2) = 20 . jO = 1 H 2(7) = 22(22 - ^--0) = 422-2 

H 1(2)=22 =823-122 

4 3’2 4 3 2 1 
H4(2) = 24(24-- + 20)= 1624-4822+ 12. 

It was proved by Hermite that these functions are all given by the formula: 

H„(2)=(- l)’'e*^[d"(e-^0/d2"], 

and this is easily confirmed for simple cases, e.g.: 

d2fe~''^I 
H2(2)=(-1)2 . e'"-~;2--=e‘'^(422e-‘'^-2e-'’^)=422-2. 

The Hermitian function (8), § 7: 

>’=e-**'H„(A-) 

satisfies the differential equation: 

d2y/dAr2+(2«+1 -x2)y^0 

and the functions in the domain — oo to + oo form an orthogonal system (§ 5), 
since if m and n arc two different integers: 

f''H„(A)H„(x)e-Mx=0. 

1 Nielsen, K, Danske Videmk, Selsk. (Mat.fysX 1918,1, 6; Margenau and Murphy, “ The 
Mathematics of Physics and Chemistry,’* New York, 1943, 76, 117. 
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§ 9. Proper Functions for the Linear Harmonic Oscillator 
Equation (8), § 7, still needs the normalising factor, N„, defined (§ 5) by: 

(l/;V„2)J_Vdx=l. 
The calculation > (which is tedious, and is omitted here) gives for the normalised 
proper functions: 

These, for /7=0,1,2, 3 and 4 are graphed in Fig. 3.V (.r=2). Each has two nodes 
at ±00, and /i other nodes for finite values of r. The curves for «=0, 2, 4, are 

Fig. 3.V. Normalised Proper Functions: 0n(z)=[I/(2«w! v for 
n=0, 1, 2, 3, and 4. 

symmetrical for positive and negative values of z (even functions); those for 
«=!, 3, are antisymmetrical. 

If the vibrating particle is an electron, the charge distribution, on Schro- 
dinger’s view (§ 3), is found by plotting vf^/(z) against z, and is shown in the 

curves marked A in Fig. 4.V. Normali¬ 
sation makes the area under each curve 

since symmetry about the axis 
makes the contributions for negative 
values of z (not shown) equal to those 
for positive, and the total area is 1, this 
representing the charge of one electron. 
The curves marked B represent the charge 
distribution according to classical theory, 
in which there is no charge beyond the 
two maximum amplitudes of the vibrat¬ 
ing electron (shown, for the positive side 
of the displacement, by dotted verticals), 

whereas the wave equation makes the charge (or the probability of its occur¬ 
rence) extend to infinity. It is seen, however, that the contributions beyond 
the classical amplitudes are relatively small in this case. 

A further mathematical deduction ^ is that energy transitions are possible 
only when n changes by unity, i.e. when the harmonic oscillator energy increases 
or decreases by one quantum at a time. On the old quantum theory, the 
energy of such an oscillator could increase or decrease by any number of 
quanta in one act (see § 15.IV), and this is still the case if the oscillator is 
anharmonic. 

0 1 ; 
Fig. 4.V. 

1 

Charge Distribution for Linear 
Harmonic Oscillator 

t Dushman, “ Quantum Mechanics,” New York, 1938, 117; Pauling and Wilson, “ Intro¬ 
duction to Quantum Mechanics,” New York, 1935, 80; Eyring, Walter, and Kimball, “ Quan¬ 
tum Chemistry,” New York ,1944, 62, 77. 

2 Dushman, “ Quantum Mechanics,” 1938, 131; Eyring, Walter, and Kimball, “ Quantum 
Chemistry,” 1944,117. 
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§ 10. Rigid Rotor with Fixed Axis 

Consider two massive points Wi and m2 at a fixed distance r apart (typifying 
a rigid diatomic molecule, § 18.IV) and the pair capable of rotation like a dumb¬ 
bell. This rotation may be regarded as occurring about an axis passing through 
the centre of gravity in the line joining m^ and m2 and distant and ^2 from 
them and at right angles to this line. (Rotation about the line of centres is not 
considered.) If this axis of rotation is fixed in space (i.e. points in a constant 
direction) the system is said to have ^ fixed axis; if it has also a precessional 
motion (i.e. the axis moves so that each end sweeps out a spherical surface), the 
rotor is said to have a free axis. These two cases will be considered in order, 
the fixed axis here and the free axis in § 11. 

In this case there is no potential energy, hence the kinetic 
energy. This will first be expressed in terms of polar coordinates (§ 28.1). The 
velocity square is given by where the point denotes differentia¬ 
tion with respect to time, A=dx/d/, etc. In spherical coordinates (r, 0, (f>)\ 

x=r sin 6 cos <{>, y=^r sin 6 sin <^, z=;* cos 9, 

x=^r cos 6.6. cos sin 6 .sin <f>. efy+r . sin ^ . cos <f> 

>*=/• cos 0.0. sin (f>+r sin 6 . cos ^ r sin 9 .sin 

i= —sin 6. d+r cos 9. 

By squaring, adding, and putting cos^ x+sin^ x=l from (23), § 41.1, the 
complicated expression ultimately reduces to: 

sJn2 0 ^ ^2^ 

and the kinetic energy of a mass m with a position defined in polar coordinates is: 

T=^mv^=^^mr'^+jmrW^+ lmr^ sin'^ 6 . (j>^ ... (1) 

In the case of a rigid rotor, the origin may be taken at the centre of gravity of 
the line joining the two particles, the rotation being about an axis at right angles 
to this. There will be two expressions of the form (1), one for each particle, 
but as the line joining the points is of fixed ^ length, and ^2^ are zero, hence: 

r==£’=|(miri2+m2r22)(0^+sin2 0 . ^2) .... (2) 

The equation for the centre of gravity gives miri=m2r2, and since ri+r2=r, 
the length of the axis of the rotor: 

j=m2r/(w I + W2), r2=mir/(m 1+^2), 

mjrj2+w2r22=mim2r2/(m]+m2)==/xr2=/ ... (3) 

where fi is called the reduced mass, and I is the moment of inertia (§ 18.IV) 
about an axis passing through the centre of gravity, 

E=^\l{d^+s\n^e .(4) 

The wave equation (6a), § 2, becomes: 

V2»/^+(87r2mE/*2)^=0, 

since F=0. The operator in polar coordinates is given in (8), § 28.1, the 
first two terms being zero since /•=constant: 

1 a/. I av 87r2/£ 
r^e hej'^r^ sm2 6 0^2+ (5) 

1 The case where “ stietching ” occurs is more complicated, and is not considered here. 
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in which, in the last term, the reduced mass /x has been substituted for m and, 
from I=ixr\ fi replaced by //r^. For a fixed axis, the processional angle 6 is 
constant, and the equation, after multiplication by reduces to: 

d20/d^2 + (87T2£//A2)0==O.(6) 

since d (which is arbitrary) may be taken as 7r/2, therefore sin 1. To indicate 
that the multiplier of iff is positive, write ^ : 

^TT^Ellh^^m^.(7) 

then the equation to be solved is As in § 64.1, a solution 
is: 

0==C( cos m(j)+/ sin m(f>)  (8) 

by de Moivre’s theorem (§ 46.1), where C is a constant. Since tp must be real, 
the value C cos nKp may be taken, and, since it is a cosine function, for any 
given value of w, the wave function tp will not be single-valued for <psa0 and 
(p^liT, which correspond with identical positions, unless m is zero or a positive 
or negative integer. Since Ce~'^ is a solution as well as Ce'^, the positive 
values of m may be chosen, the sign of m merely depending on the direction of 
rotation. Thus, w=0, 1,2,..., are the proper values, and, from (7): 

.(9) 

which is the same as the value found in § 19.1V from the old quantum theory. 
Here, m is evidently a rotational quantum number, having integral values: it is 
usually denoted by J (§ 19.1V) in the case of diatomic molecules. 

It should be noted that, although the energy (involving m^) is the same for 
either direction of rotation, this will no longer be true if the rotor has an electric 
moment and is in an electric field of fixed direction, or has a magnetic moment 
and is in a magnetic field of fixed direction. For each single proper value there 
are two proper functions, and Ce~’^, and the function is said to be 
degenerate. The values of J must now include negative as well as positive 
values of m, i.e. there are 2m+1 values (including the value 0) in all. It is 
only when the rotor is in a directed field which acts upon it that the two functions 
are significant, the energies being then slightly less or slightly greater than with¬ 
out the field, depending on the direction of rotation. 

§ 11. Rigid Rotor with Free Axis 

The case of the rigid rotor with a free axis is more difficult than that with a 
fixed axis, since ip now depends on 6 as well as <p, and in equation (5), § 10, after 
multiplication by r^ (r=const.): 

1 d(, dip\ 

sin 0 d(p) 

1 ^2^ 87r2F/, ^ 
^sin2ee<^2+ *2 . . (1) 

the variables ^ and 6 represent the rotation around, and the precession of, the 
free axis, respectively. 

Assume that <^)=0(0)<I)(</>), where © and O are functions of 6 and<f>, 
respectively. Then: 

d^iee=d>(d(didBy, d-^idei=^(!>(p^@jde^y, and dmd<i>2=Q{82(t>i8<f>^y, 

where 0(0)=0 and Hence, on substitution in (1), and with: 

87r2£//A2=sA2.(2) 

This is the conventional symbol; it must not be confused with m, standing for the mass of a 
particle, in the previous equations. 
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a positive constant, it is found that 

<t> a / . ^ a0\ 0 a(t)2 

sin^ d d<f>^ 
+ A20O=O. 

Since sin^ 0/0<I) is never infinite, multiply by this: 

sin 6 d 

0 86 

1 024) 
+ A2sin2a=-^^ (3) 

The left side depends only on 6, and the right only on and (as 6 and ^ are 
independent variables) each side must be equal to a constant, say and hence 
(3) breaks up into two ordinary differential equations: 

d^^/d(f>^+m^^=:0 . 

d / d0\ 
sinaj^^sina^^j +(A2 sin^ /n2)0=O 

(4) 

(5) 

which will be solved in this order. 
Equation (4) is the same as (6), § 10, and has the solutions: 

(D„c=Ce^‘^.(6) 

where m has the positive values, w=0, 1,2,..., and C is a constant which 
corresponds with the normalising factor. This is found from (1), § 5, by using 
the conjugate functions: ^ 

rlu 
^'2 I 

Jo 
. e‘ =1 

C2=:1/27t or C=l/v/(27r). 

The normalised wave functions corresponding with (8), § 10, and (6) are, there¬ 
fore: 

<l)„=[l/V(277)]e‘^ .(7) 

where m now has the values 0, 1, 2, 3, ... —1, —2, —3, . . ., or (as they are 
usually arranged) ... 3, 2, 1, 0, —1, —2, —3, .... For w=0 there is only 
one wave function : 

%^1/Vi2rr).(8) 

but for every other absolute value |m| (i.e. value taken without regard to sign) 
there are two, one for +m and one for —m; hence there are 2\m\ +1 values in all. 

For every value of |w(, the two functions <E)|,„j and O. j„,| satisfy (4), and hence 
their sum or difference, multiplied by any constant, will do so. Since, by 
de Moivre’s theorem (§ 46.1), ^(e^‘^+e“*^)=cos rncj) and (l/20(e^"^—e“*’"*‘^)=: 
sin m<l>y the real functions cos m<l) and sin may be used, and: 

^|mi==[l/\/(27r)]cosIm|^ or [1/V(27t)] sin lm|^ . . . (9) 

For each value of \m\ there are 2|w| + l wave functions <hi„i, so that (§ 9.IV) 
is (2w+l)-fold degenerate. In the case of a diatomic molecule, m is 

usually denoted by /, the rotational quantum number, and the degeneracy is 
(2/+1). 

The solution of (5) is next to be considered. The solutions ip of the wave 
equation (6), § 2, represent, in the most general case, the amplitudes of 
de Broglie waves (§ 1) in three dimensions, and cannot be visualised. When r is 
constant (as in the present case), ^ represents the amplitude of vibration of a 
spherical surface, and the functions representing «/f are called surface spherical 
harmonics, “ harmonics ” because they have nodes along meridian circles and 

1 See the footnote to § 3. Note the simplicity resulting from their use in this case. 
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zonal circles (parallel to the equatorial plane) of the sphere. They are quite 
complicated expressions, and a digression will first be made for their 
consideration. 

§ 12. Spherical Harmonics ^ 

Equation (5), § 11, is a form of a well-known differential equation of the 
second order known as Legendre's equation. First put cos 6=fi (not to be 
confused with the reduced mass),’ then: 

sin2 6=l—and djLi=—sin 0d0 . . . 

Divide (5), § 11, by sin^ 0: 

1 d / . d0\ /,, m2 ^ 

•• s^in6'd0r"^d0)‘^(^ 8^2“^)®"^' 

Substitute from (1): 
d r d01 / m2 

. . (1) 

. . .(2) 

Obviously, /x can vary only from —1 to +1, and for ±1 themselves, 
as this occurs in the denominator in the second term, these will be singular 
points (§ 36.1). Equation (2) is Legendre’s equation of order m in ft. The 
equation of zero order (m=0) is: 

(d/d/x)(l ^^2)(d0/d/x)+A2©=0, 

or (l-;x2)(d20/d/x2)~2/x(d0/d/x)+A2©=O . . . (3) 

Assume that 0 can be represented by a polynomial of degree k, where 
0, 1,2,...: 

.(4) 

.’. d0/d/x=i7o(,^/x*‘’~’, — 2p.(d0/d/x)=— 

d20/d/i2=i:a^j 2(k+2)(A:-l-l)p.* (by differentiating /x*'^), 

.-. -/x2(d20/d/x2)= -Sa,, 2{k+2){k+1)/' ^ 

or, by lowering the degree by 2: 
-^2(cl20/d^2)= 1)^". 

1 Ferrers, “ An Elementary Treatise on Spherical Harmonics,” 1877; Byerly, “ An Elemen¬ 
tary Treatise on Fourier’s Series and Spherical, Cylindrical, and Ellipsoidal Harmonics,” 
Boston, 1893, 144 f., 195 f., 277 f.; Macrobert, ” Spherical Harmonics,” 1927, are standard 
works. Other treatises are: Todhunter, “ Elementary Treatise on Laplace’s Functions, 
Lamp’s Functions, and Bessel’s Functions,” 1875; Heine, ” Kugclfunktionen,” 2nd edit., 
Berlin, 1878; Tallqvist, Acta Sac. Sci, Fenn., 1899, 26, No. 4,; Hill, Arkiv Mat. Astron. Fys., 
1918, 13, No. 17; Hobson, “Theory of Spherical and Ellipsoidal Harmonics,” Cambridge, 
1931. See also the sections on spherical harmonics in Maxwell, “ A Treatise on Electricity 
and Magnetism,” Oxford, 1873, 1, 151-180 (ch. ix; abridged in the later editions); Thomson 
and Tait, “ A Treatise on Natural Philosophy,” Cambridge, 1886, 1, 171; Jeans, “ Mathe¬ 
matical Theory of Electricity and Magnetism,” Cambridge, IW, 203 f.; Riemann and Weber, 
“ Partielle Differcntialgleichungen,” 1910, 1, 278; Forsyth, “Treatise on Differential Equa¬ 
tions,” 1914, 159; Ford, “ Differential Equations,” New York, 1933, 190; Bethe, in Geiger and 
Scheel, “Handbuch der Physik,” 1933, 24, i, 551; Dushman, “The Elements of Quantum 
Mechanics,” New York, 1938,149 f.; Margenau and Murphy, “ The Mathematics of Physics 
and Chemistry,” New York, 1943, 212 f., 223 f.; “ Tables of Associated Legendre Functions,” 
Math. Tables Project, Columbia Univ. Press, New York, 1945. For a compact and intelligible 
introductory treatment, see Williamson, “Differential Calculus,” 6th edit., 1887,416; idem^ 
“ Integral Calculus,” 7th edit., 1896, 332. The mathematics goes back to Laplace, Mdm. 
Acad. ScL, 1782 (1785), 113, which Byerly, op. cit., 267, calls “ one of the most remarkable 
memoirs ever written.” 

2 In this section the recognised symbols in spherical harmonics are used. 
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The coefficient of /t* in (3) is thus; 

a,,2ik+2){k+l)-a^[kik-l)+2k-X^, 

and as each coefficient must vanish identically: 

a,[k{k+\)-X^] _ 
"**‘2 ^k+2){k+\) . 

a^.2K=kl{k+2)-X^I{k+l)ik+2). 

If k can increase without limit, <ar^i2/^Ar=l very large values of and if 
the series (4) is to converge for /x=±l, it must have a finite number of terms, 
breaking off at hence a^A 2=0, and from (5): 

k{k+\)^X\.(5a) 
therefore from (2), §11: 

^n^EIIh^==k{k+\\ 

Ek-=-k{k+\)h^l^7T^I.(6) 

where /:=0, 1, 2, . . giving the energy of the rotor with free axis. This 
differs from the formula (9), § 10, for a fixed axis in having ^(^'+l) instead of 

{k is denoted in (9), § 10, by /n), and is in better agreement with experiment. 
For diatomic molecules, as staled in § 19.1V, the rotational quantum number is 
denoted by J instead of k in (6). 

In (3), A2 can now be put equal to k{k + \), giving the standard form of 
Legendre’s equation: 

(l«^2)(d20^/d^2)^2/x(d0,/d/x)+A'(fc+O ... (7) 
as the differential equation for which is the proper function corresponding 
with the proper value From (5), by putting and 0/^.2 for 
and A2=^(A:+1): 

(A-2)(fc-l)~A(A:+l) 2(2)t~l) 

'k{k-\) 7c(A:-1)"'' 

Similarly: 
{k-2){k-y) k{k-\)(k-2){k-y) 

4(2A:-3) ^ 2.4.(2A:-l)(2A:-3)'^* ■ ' ’ ^ ^ 

k{k-\){k-2)(k-y){k-A){k-5) 

2.4.6 . (2jt- l)(2ik-3)(2A:-5) «*•••• 

and so on. If k is even, the power series beginning with will end with 
and if k is odd with ^i/x. Equations (8)-(10) are often called recursion formulae. 

The series for 0^ thus becomes: 

0/c = ^**[M* + (^2*-2/^2*)/2*"^ + («k-4MV"‘‘+ • • •]. 

where the coefficients are given by (8), (9), (10), etc., and the single value is 
arbitrary. If the special value for 

^,=(2A:~l)(2fc-~3)(2A:-5) . . . 1/A!.(11) 

is chosen, the function 0^^ is then called a Legendre function of order zero and 
degree A, or a surface zonal harmonic^ and is generally denoted by A being 
replaced ^ by w. Thus: 

(2m-l)(2m~3)... 1 

-2)(A-3) 

A-3)(A-4)(A-5) 

■l)(2ik-3)(2A:-5)"'* 

and so on. 

' m(m-l)(ffl-2)(w-3) 4 ] 

k- 2(2m-1)'^ ■^2.4. (2m-l)(2m-3)^ ’ ’ 'J 
1 This is standard notation; m must not be confused with previous uses. 

13* 
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Values of PmO^) for m from 0 to 5 are given below, and it is seen that the 
value (11) for a* was chosen so as to make Po(/x)=l. (Note that p. means 
cos 6.) 

Po(m)=1 P3(M)=2(5/i^-3/^) 
Pi(p)=p P^(ii)=U^5p*-30p^+3) 

P2(F)=l(3/i2-l) P5(ju)=i(63iti5-70/2H15M). 
For 6=0, p=l, for e=-iT, p=-l, and for 0=ttI2, p=0. The functions can 
be plotted against 0 or cos 0—p', in the first case the extreme values are 0 and 
TT, in the second 1 and — 1. From the graphs (Figs. 5.V-6.V) it is seen that, at the 

Po Po 

Fig. 6.V. Values of Pm(ii) 

extreme values, all the functions have the value 1 or —1, and that_^each curve 
crosses the 6 or p axis m times if the degree of the function is m; these are the 
nodes of the function. 

The surface zonal harmonics are also given by Rodrigues' equation: i 
1 d’”(p2-l)” 

(12a) 
dp'” . 

From this (or otherwise) it can also be shown * that the Legendre poly¬ 
nomials form an orthogonal system, and that the normalising factor for 
P„(/x)isV[(2m-hl)/2]. 

1 For proofs, see Dushman," Quantum Mechanics,” 1938, 153. 
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A short table of values of P„(/a) is given below for values of 0 in cos 8^=^ 
from 0° to 90° in steps of 10° from a longer table drawn up by Perry,i and the 
functions (P]=P2=P3=P4=1 for ^=0°) are plotted in Figs. 5.V-6.V. 

Po=l, P2=K3/x"-1), P3=i(5/.’-3/^), P4=i(35/."-30/x2+3). 

d = 10= 20" 30" 40" 50" 60‘ 70" 80" 
1 
j 90" 

Pi 0-9848 i 0-9397 0-8660 0-7660 0-6428 0-5000 0-3420 0-1736 0-0000 
Pa 0’9548 0-8245 0-6250 0-3802 0-1198 -0 1250 -0-3245 -0-4548 -0-5000 
P3 0-9106 0-6649 0-3248 -00252 -0-3002 -0-4375 -0-4130 -0-2474 0-0000 
P4 0-8532 ! 0-4750 0-0234 ! 

1 
-0-3190 -0-4275 -0-2891 

i 
0-0038 

1 
0-2659 0-3750 

Return now to equation (2), and to prevent confusion with m in (12) replace 
it by n for the order of the function; also put A2=m(/n+1) in place of (5a), since 
k is replaced by m: 

Put 

d 
(1-F^) 

,d0 
dfx + 0=0 . (13) 

0=(l-/xT^XOu).(14) 

where X(/4) is a new function of /x=cos 8, 

(1 -;Lt2)(d0/d/x)= -«/x(l-/x2)"/2X+(l-/z2)"^2^ i(dX/d/x) 

d 

dfx 

d0 ,n/2- 

- [nix(l _^2)''/2+2^(n/2+1)(1 -;tx2)»/2]^^+(l , & 

Substitute in (13) and divide by (1 which is not zero except at the limits 
/x=rfcl; then: 

(l-^2)(d2x/d/i2)_2(«+l)^(dX/d(a)+(w-«)(/«+;7+l)X=0 . (15) 

Substitute X^=m(m+1) from (5a) in (3), 

(l-;42)(d20/d^2)_2^(d0/d/i)+m(m+l)0=O. 

Since 0 and P„ (/x) differ only by a constant factor, this equation may be written: 

/I .>\d2P,„(^) dP,„(^) I I i\n / ^_A 

(1—fi2)—2/2 +m(m+l)P„({i)=0. 

Differentiate n times with respect to n by Leibniz’ theorem (§ 37.1): 

dr^^PJa) d^'^PJa) 
••• d/i' d/i’ 

d''P„,(/x) 
+[m(m+!)-«(«+1)]-3“-=0 (16) 

which is a differential equation of the second order in d”PJji)/dfi”. Equations 
(15) and (16) will be identical if X=d"P„(/w.)/d/x", and hence from (14): 

0 = (l-/i2)"/2.d"P»/dM'‘.(17) 

1 Phil. Mag., 1891, 32, 512 (to ni—l)\Hill, Trans. Cambr. Phil. Soc., 1883, 13,273; Byerly, 
“ Fourier’s Series and Spherical Harmonics,” Boston, 1893, 277; Rayleigh, Proc. Roy. Soc., 
1915, 92, 433. 
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The function 0 thus obtained is called an associated Legendre function of the 
first kind of degree m and of order n, and it is denoted in standard notation by 

P;iW: 
PS(M)=(l-/^r^dT,(/x)/d/x”.(18) 

Since 1—/x2=l—cos^ 0=sin2 6, (18) can also be written as: 

P”0L6)=sin” e . d”P„,(ju)/diu«.(19) 

The differential coefficient vanishes for all values of n greater than m (since 
the function P^(/x) is of the niih degree in /x), and hence /?, which is integral, has 
only the values 0,1,2, ... w; also, for each value of m there are (m +1) Legendre 
functions satisfying (2). The functions of 6 and <f>: 

. (20) 
cos (n^)P^(/x)=cos {n<f) sin" 0[d"P„(/i.)/d/i”]'l 

sin («^)P^J(/M)=sin (/i^) sin" 0[d"P„(ju.)/d)u." 

are called tesseral harmonics of the »;th degree and nth order, and there are 
(2m+l) tesseral harmonics of the mth degree, viz.: 

."]/ ■ 

P»; 
, . odP„(/x) 

cos (f> sin 0—j—; Sin <p sin 9 -j- 
^ d/x 

cos2.^sm2 0 sin 2^sin2 

d"^P (li) 
cos (m<f>) sin’” sin (i>4) sin- 

(21) 

Since is of the wth degree, further differentiation reduces it to zero. 
For every given energy state of the rotor, given by (6) with k=m (in the 

present notation): 
E„=m(m+])h2/S7ry, 

there are (2/n+l) proper functions, which are tesseral harmonics of degree m, 
so that the rotor with a free axis has (2n(+l)-fold degeneracy of random space 
orientation in a centrally symmetrical field, or no field, but in a non-sym- 
metrical perturbing field the terms split into (2ni+l) functions, as explained 
in §11. 

The function obtained by multiplying the tesseral harmonics by arbitrary 
constants, and adding, is called a surface spherical harmonic of degree m: 

""'"f d"P faf d"P (iiS 
Y„(p, <!>)= 2 A„ cos in4) sin" sin (n<l>) sin" 9 

ti=oL d/Li" dp” J 
(22) 

A geometrical interpretation of some of these functions is found as follows. 
The Legendre coefficient of the first kind of degree m is P„(p), which is a poly¬ 
nomial of degree m and has n distinct zero-points between p= — l and 
These nodes, as the graphs in Figs. 5.V-6.V show, are arranged symmetrically 
about p=0 (i.e. 0=7r/2); and on a sphere with the origin at the centre, the 
function P„(p), or P„ (cos 9), vanishes on m circles of latitude with poles at 0=0 
and 0=7r. The circles are symmetrically spaced above and below the equator, 
and if m is odd the equatorial circle is a nodal circle. The plots also show that 
there are 2(w—1) circles parallel to the nodal circles on which P„(/i) has the 
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same absolute value (Fig. 7A.V). This explains why Legendre coefficients of 
zero order are called zonal harmonics. The diameter through the pole is the 
axis of the zonal harmonic. 

If n is not zero but is less than m (see below), the functions: 

(A cos n4>+B sin sin" 6 . d"P,„ (cos ^)/d(cos Sy (cos 0=/a) . (23) 

in (22) may be written (§ 49, T) as: 

V(A^+B2) sin (n(l>+8) sin" 0 . d"P,„(cos ^)/d(cos <?)« . . (24) 

where tan S=^/^. The sine function vanishes for 8 or tt—S, corres¬ 
ponding on the sphere with n great circles of longitude (passing through the 

^=0 

A. Zonal harmonics. B. Tesseral harmonics Fig. 8.V. Sectorial 
Fig. 7.V. Nodal Circles of Spherical Harmonics Harmonics. 

poles), symmetrically distributed, so that the angle between the planes of 
consecutive circles is tt/w. The factor sin" 6 vanishes only at 6=0 and 6=7t, 
The differential coefficient is the 7;th derivative of 
a polynomial of degree m, and thus the highest 
power of /x=cos 0 in it is (m—n); this shows that 
the function has (m—n) zeros on circles with 6=0 
as pole, arranged like the corresponding circles of 
the zonal harmonics, and cutting them at right 
angles. The spherical surface is thus divided, as in 
Fig. 7B.V, by the nodal circles into small four-sided 
figures, hence the name tesseral harmonics (Latin 
tessera, a square block for a tesselated pavement) 
for these functions. If n=m, the differential co¬ 
efficient becomes a constant, and the spherical har¬ 
monic is of the form: 

. sin (m<f>+S) sin"* 6, 

This vanishes on m great circles passing through the 
poles ^=0 and 6=7r, with planes inclined at equal 
angles TTjm and dividing the sphere into 2m equal 
sectors, like sectors of an orange (Fig. 8.V), so that 
these functions are called sectorial harmonics. 

The normalising factor ^ for the associated 
Legendre function PmiH') is given by: 

1_ 1 K2n+l)im-n)\yi^ ^25) 

N~V(2^)[ 2(n+m)\ J ' ’ 
Fig. 9.V. Radial Graph of 

Normalised for rt=0, 
m=3. 

1 For deduction, see Pauling and Wilson, “ Introduction to Quantum Mechanics,” New 
York, 1935,448; Eyring, Walter, and Kimball, “ Quantum Chemistry,” New York, 1944,54. 
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and for Ps^Ola) and it is [l/V(2w)]v'(7/2), and [l/\/(2'n’)]V'(7/1440), respec¬ 
tively. (Note that 0!=1.) The normalised values of the squares of the 
functions, representing the probabilities of location on the surface of a sphere 
of unit radius, are [P3® (cos 6)YIN(/ and [^3-’ (cos The values of the 
functions are P3'>(/x)=|^(5/i3—3ju)andP3^(/i)=15 (1—and since/i=cos 6 
these can easily be calculated for various values of 6. The results, which are then 
normalised, are plotted in Figs. 9.V-10.V, the angles being marked off on radii, 

Fig. lO.V. Radial Graph of Normalised P”(/a) for /t=3, m = 3 

and the distance of any point from the centre (marked on the circles) gives the 
value of the function for the corresponding value of 0. This is called a radial 
graph. In the case of a diatomic molecule model, the graphs show that the 
orientation of the molecular axis is preferred along an axis of symmetry in 
directions for the maximum of the function. There is a fairly narrow region 
about the value 0=0 in the first case and 0=7t/2 in the second case, and this is 
narrower as w=« increases. 

§ 13. Bohr's Atom Model 

The model of the hydrogen atom proposed by Rutherford ^ as consisting of 
a small positive nucleus (proton) with an electron revolving around it, is impos¬ 
sible on classical electromagnetic theory,^ since the accelerated electron would 
lose energy as radiation and finally fall into the nucleus. Bohr ^ assumed that 
possible electron orbits are non-radiating, and radiation is emitted only when 
the electron falls from an orbit into one nearer the nucleus. 

Consider an atom composed of a nucleus of positive charge Ze (e being the 
positive electronic charge) and an electron of mass m and charge — e revolving 
about it in a circle of radius a with velocity v. The centripetal force (§ 53.1) 
mv'^la and the electrical attraction Ze^ja^ are in equilibrium, hence 

mv^ja^Ze^ja^, /. mv^—Ze^la .(1) 

The moment of momentum of the electron is mva, and it is assumed ^ that this 

1 Phil. Mag., 1911, 21, 669; previously suggested by Nagaoka, ibid., 1904, 7, 445. 
2 Eliezer, Froc. Cambr. Phil. Soc., 1943, 39, 173. 
3 Phil. Mag., 1913, 26, 476, 857; Z. Phys., 1920, 2, 422; J.C.S., 1932, 349; “ The Theory of 

Spectra and Atomic Constitution,” Cambridge, 1922, 2nd edit., 1924; ” Atomtheorie und 
Naturbeschreibung,” Berlin, 1931; Jeans, J.C.S., 1919, 115, 865; Phillips, /. Opt, Soc. Amer.^ 
1922, 6, 229; Sommerfeld, ” Atomic Structure and Spectrum Lines,” 1923, 211; on a supposed 
anticipation by Boscovich (1758), see Gill, ” Roger Boscovich,” Dublin, 1941, 22. 

^ This was first postulated by Nicholson, Month. Not. Roy. Astron. Soc., 1912, 72, 49, 139, 
677, 729; Jeans, ” Dynamical Theory of Gases,” 3rd edit., 1921, 381, 383; Bohr assumed that 
the energy of the electron is E^^Ze^ja^^nhw, where w*sno. of revolutions per sec. and n is an 
integer. 
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is an integral multiple n of hjlrr, where A is Planck’s constant: 

mva^^nhllv.(2) 

«=(«2A2/47r2)(a/Ze2w), from (1), 

a=^n^hy47T^€^Zm .(3) 

giving the radii of the possible orbits, with quantum numbers «= 1, 2, 3,.. .. 
The kinetic energy of the electron is, from (1), Ek=^jmv^=^Ze^la, and the 

potential energy is E^^—Ze^/a, the potential energy for the electron at an 
infinite distance from the nucleus being taken as zero (Ep=0 as /'->oo); hence 
Ep=—2£j^. The total energy of the electron is: 

E==Ek+Ep=iZeya-Zeya= --Ze'^jla^-Ijr^e^Zhnln^h^ . (4) 
from (3). 

Bohr assumed, from the quantum theory, that the frequency v of radiation 
emitted when an electron jumps from an orbit in which it has the energy Ei 

in (4)) to one in which it has an energy £2 where JiOrix, is 
given by: 

hv^Ei-E2-=.{lrr^e^Zhnlh^){{ln2^--\ln^^) ... (5) 

hence if v^vjc is the wave-number 1/A of the emitted radiation: 

V = (27rVw/A3c)Z2(l/AZ22--l/«i2)===£Z2(l//722~-l/A2i2) ... . (6) 

where R is called Rydberg's number.^ For hydrogen (Z=l) (5) gives 
£=109677‘76 cm."^ the value from the hydrogen spectrum being 
£=109678-18 cm.~i. 

Rilz 2 found empirically that the wave numbers of the lines in an atomic 
spectrum can be represented as the difference of two terms R/n^^ where n is 
integral for hydrogen but not necessarily integral for other atoms; equations 
(4), (5), and (6) show that the terms represent energy levels of the electron in the 
atom, the (negative) energy in any level being equal to the term multiplied by 
he. Equation (6) gives (with Z=l, /22=2, /7i=X 4, 5,. . .) the various lines 
in the Balmer spectrum ^ of hydrogen with great accuracy, and with other values 
of A7i and n2 the lines in the other spectra of atomic hydrogen. 

‘ Rydberg, Compt. Rend., 1890, 110, 394, Z. phvs, Chern,, 1890, 5, 121 \ K. Svensk. Vetensk. 
Handi, 1890, 23, No. 11; Congres Internat. Phys., 1900, 2, 200; Ostwald's Klassiker, 1922 
196. 

2 Ann, Phys., 1903, 12, 264; 1908, 25, 660; Phys. Z., 1905, 9, 521; Ostwald, Z. phys. Chem. 
1912,81,121. 

3 The empirical equation for the wave number published by Balmer, Ann. Phys,, 1885, 25, 
80, is equivalent to (6). Rydberg, Z. phys, Chem,, 1890, 5, 227, gave the formula 1/A= 
/I—£/(m+/x)2, where A and p are constants, R is Rydberg’s number, and m is an integer. 
Deslandres, Compt, Rend,, 1890, 110, 748, pointed out that Balmer’s formula is a special case 
of this. See also Rydberg, Ann, Phys., 1896, 58, 674; Balmer, ibid., 1897, 60, 380. Informa¬ 
tion as to the other series will be found in works on spectroscopy: Grotrian, “Graphische 
Darstellung der Spektren von Atomen und lonen,” 2 vols., Berlin, 1928; Sommerfeld, “ Atom- 
bau und Spektralinien,” Brunswick, 1919, 5th edit., 1931; transl. “Atomic Structure and 
Spectral Lines,” 1923, 3rd edit., 1934, 1; Fowler, J.C.S., 1928, 764; Swann, J. Franklin Inst., 
1928, 205, 323; Perrin, R^v. Sci., 1928, 66, 97, 129; Ruark und Urey, “ Atoms, Molecules, and 
Quanta,” New York, 1930; Pauling and Goudsmid, “ The Structure of Line Spectra,” New 
York, 1930; Gibbs, Rev, Mod. Phys., 1932, 4, 278; Bacher and Goudsmid, “ Atomic Energy 
States,” New York, 1932; White, “Introduction to Atomic Spectra,” New York, 1934; 
Kuhn, “ Atmospektren,” in Hand- und Jahrbuch der chem. Phys., 1934, 9, i; Condon and 
Shortiey. “ The Theory of Atomic Spectra,” Cambridge, 1935; Clark, “ The Fine Structure of 
Matter,” 1938, 3 (Quantum Theory of Line Spectra); Shenstone, Rep. Progr, Phys., 1939, 5, 
210. 
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A static atom, with an attractive force Ze’^jd^ and a “ quantum repulsive 
force ” {\lma}){nhl27ry, proposed by Langmuir,^ gives equation (5), but has no 
obvious interpretation. 

Actually, the nucleus as well as the electron revolves, and in place of m the 
reduced mass jjl of the electron should be used, given by 
and m„ being the electron and nuclear masses. Since is very small com¬ 
pared with the Rydberg number approaches a limiting valued 

i?^=109737'30 cm.“^ the Rydberg constant^ when aw,,-->oo. 

§ 14. Sommerfeld's Atom Model 
Since the force in both cases is inversely proportional to the square of the 

distance, the orbit of the electron about the nucleus will be the same as that of a 
planet round the sun, viz. an ellipse with the nucleus at a focus, and mth semi- 

Fig. ll.V. Motion of Electron in Fig. 12.V. Electron Orbits in Hydrogen 
an Ellipse Atom 

axes a and b (a>b). This atom model was investigated by W. Wilson ^ and 
Sommerfeld."* 

If r is the radius vector and </> the azimuthal angle in the ellipse (Fig. ll.V), 
the Wilson-Sommerfeld quantisation rule (§19.IV): 

§pdq=nh 

gives, since p0=p=const. (Kepler’s law), 
rliT 

p^(i4>^27rp-kh 
Jo 

where k=n^ is the azimuthal quantum number. The integral 

§p,Ar=n^ 

is more difficult to find. Since /7,=mr=»j(d/-/d^)^=(/>//-2)(d/-/d^) 

§pAr=p{\ArlA<f>)m<f>- 
JO 

1 Science, 1921, 53, 290; J. J. Thomson, Phil. Mag., 1921, 41, 510; 1922, 43, 721; 1922, 44, 
657; Land6, Z. Phys., 1920, 2, 380. 

2 Du Mond and Cohen, Rev, Mod. Phys., 1948, 20, 82. 
3 Phil. Mag., 1915, 29, 795; 1916, 31, 156. 
^ Munich Ber., 1915,425,459; Ann, Phys,, 1916, 51, 1, 125; “ Atomic Structure and Spectral 

Lines,” 1923, 233; Rapport Cons. Phys, Solvay (1930), 1932, 1; Naturwiss., 1940, 27, 417; 
Ishiwara, Proc, Math. Phys. Soc, Japan, 1915, 8, 106; Schwarzschild, Berlin Ber., 1916, 548, 
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This integral may be found from the orbital equation of the ellipse, and if e is 
the eccentricity of the ellipse, 

-27rp+2(l-€2)(aW>P^nrh 

and the substitution p{nJh)l27T^khl2rr gives: 

2{alb)7rp=nh^ alb=^nhj27rp=-nlk.(1) 

where n=^nr+n^=^n,+k is the total quantum number. When the orbit 
is a circle. The azimuthal quantum number has the values: 

A:=l, 2, 3,... 77. 

In modern quantum theory, k is replaced by a serial quantum number l=^k— 1. 
The orbits for the hydrogen atom for /7=1, 2, 3, 4 are shown in Fig. 12. 

Since n,+k=n, the energies are still given by Bohr’s equation (4), § 13. Som- 
merfeld showed that, owing to the relativistic change of mass with velocity, the 
ellipse is not closed but the whole orbit processes round the nucleus in a circle, 
and (4), § 13, is then replaced by 

27r^e^mZ^ 
I + - 

a2Z2 
(3) 

where a is a “ fine structure constant ” 

a=277c2/Ae= 1/137*03 .(4) 

which was supposed by Eddington ^ to be 1/137 and to have a special signifi¬ 
cance in the universe, as well as a function ^m'^(m^+l), which with consecutive 
even numbers gives 10, 136 (=137—1), and even 666 with m=6. The interest 
in this kind of investigation has receded. 

§ 15. Electron Spin 
Many atomic spectrum lines are actually groups of 2, 3, or more lines very 

close together (doublets, triplets, etc.). Doublets may be very close, almost 
unresolvable, but the T1 doublet 5350-5A. and 3775•7A. is very widely separated. 
Some apparent doublets are really deformed triplets. The association of lines 
is called a multiplet, Compton 2 and Uhlenbeck and Goudsmit^ assumed that 
an electron spins about its own axis and there are two directions of spin. The 
spin momentum is quantised in multiples of /r/27r, and the spin quantum number s 
(sometimes denoted by m,) has only two values and The spin angular 
momentum contributes to the total angular momentum. 

The interaction of spin and orbital momentum may be defined by introducing 
an inner quantum numbery, defined by 

j^l+s.(1) 

Since / is integral, and 5 half-integral, for a single electron j will have half-integral 
values, multiples of For each value of / there are two values of y, and 

2» except when /=0, when there is only one value, since there is no 
difference between db*y when /=0, there being then no direction of rotation 
with which to compare s. On the old quantum theory, the angular momentum 

1 Proc. Roy, Soc., 1928, 121, 524; 1929, 122, 358; 1930, 126, 696; Proc. Phys, Soc\, 1942, 
54,491; Birge, Rep, Progr, Phys., 1942, 8, 90. 

2 y. Franklin Inst., 1921, 192, 145. 
3 Naturwiss., 1925, 13, 953; Nature, 1926, 117, 264; the idea of electron spin was at once 

supported by Bohr, Nature, 1926,117,264, but was opposed by Thomas, ibid., 1926,117, 514, 
and Kronig, ibid., 1926,117,550; see Procopiu, Ann. Set, Univ. Jassy, 1913,7,280; Wisniewski, 
Ada Phys. Polon., 1937, 6, 40 (rotation without energy). 
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vectors are /(Ai/27r), s{hj27r\ and jihjlTr), If the vectors representing / and s 
are parallel and the rotations in the same sense, / and s add. If s were —^ its 
vector would point downwards and be subtracted from /. If /=0, the single 

value of s is +-} (either sense of rotation). For each value 
of n there are various possible energy levels corresponding 
with different values of L Every /-level, except /=0, is split 
into a fine structure of two levels with slightly different 
energies. 

An angular momentum or moment of momentum is a 
vector quantity and may be represented by a line containing 
as many units of length as the angular momentum and drawn 
at right angles to the plane of the orbit in the direction shown 

in Fig. 13.V, so that the direction is that of the travel of an ordinary cork¬ 
screw turned in the direction of the revolution in the orbit. 

The new quantum theory (wave mechanics) shows that the spin angular 
momentum is not shjlTT but: 

V[s(s+l)]. (hi27r)^s*(hl27T).(2) 

where i’*=\/[^(i'-f-l)]. Similarly, the orbital angular momentum is: 

v/[/(/+l)].(A/27r)=/^(A/277).(3) 

where /*= \/[/(/+1)]. 

The spin and orbital angular momenta combine by vector addition to give a 
resultant 

V[y(;+l)].W27r)=7W^).(4) 

where j=^l+s and 

A 

ci;> 
Fig. 13.V. Angu¬ 

lar Momentum 
Vector 

S* 

Fig. 14.V. Composition of Angular Fig. 15.V. Relation of Orbital and Spin 
Momentum Vectors Angular Momentum Vectors 

The y-values for the total angular momentum vector on the old theory would 
be, for example, the following multiples of /i/27r: 

/ O(^) l(p) l{d) 3(f) 
j I 

the /-values being denoted in spectroscopic notation by p, d, /, when /«0, 
1, 2, 3. 
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On the new theory the values will be: 

1 s J s* 1* 
S 0 i I 1 0 

P ■ I \+i j 
L”*i 1 

f-i 
Li 

iv^3 V2 

d ^ 1 r+i 1 
i-i 1 

ri 
11 

i\ 3 v6 

./• 
iV3 

iV3 
iV35 
ivl5 

Thus e.g. the vectors \/^2{hllTr) and -JV3(A/2Tr) must make an angle such 
that their vector sum has(Fig. 14.V). 

Similarly the vectors 0 and ^\/3(/r/27r) must give a vector resultant with 
./*=2V3. The angles 0 can be found graphically or trigonometrically. ^ It 
will be noticed that the angular momentum vectors are no longer parallel but 

and /* make a definite angle 6 with one another (Fig, 15.V). 

§ 16. Magnetic Quantum Number 

To explain the Zeeman effect, or the splitting of spectrum lines in a magnetic 
field,^ a fourth, magnetic quantim number, m, is in* 
troduced,'"' which limits the inclination of the elec¬ 
tron orbit with respect to the direction of the 
magnetic field H. The orbit precesses round this 
direction (Larmor precession)^ (Fig. 16.V), and at 
first it was assumed that there are 2/-f 1 possible 
settings (angles with M) for each value of /, giving 
whole-number projections in the direction of H, 

In 1896 Zeeman found that spectrum lines are 
split by a strong magnetic field into polarised com¬ 
ponents. The source, e.g. a sodium flame, is put 
in the field, and arrangements made to observe 
the spectrum (i) across the lines of force, or (ii) 
(through bored pole-pieces) along them. The 
eflects are: 

(i) At right angles to the field (Fig. 17.V): the central line tt has the same fre¬ 
quency as the line without the field, but is plane polarised in a direction at right 
angles to the field; two satellite lines, oi, <72, are plane polarised in the direction 
of the field. Three lines are seen. The plane of vibration of the electric vector 
is perpendicular to the plane of polarisation, and hence this direction will be 
parallel (tt) and normal (cr=senkrecht) to the magnetic field, in the two 
cases. 

(ii) Parallel to the field (Fig. 18.V; the field now comes forward out of the 
plane of the paper): the main line disappears and is replaced by two circularly 
polarised lines symmetrically displaced from the position of the main line. 
This is the so-called normal Zeeman effect, and is shown in strong magnetic 
fields. 

Fig. 16.V. Larmor Precession 

1 y(;+!)=/(/+l)+^<^+l)+2v/[/(/+I)5(5-f-1)1 .cos 9. 
2 Zeeman, Phil Mag., 1897, 43, 226; 1897, 44,55,255; Verslag. K. Akad. Wetens. Amsterdam, 

1897-8,6,13,99,260; Arch. NierL, 1897,1,44,217; Z.phys. Chem., 1898,26,376; “ Researches 
in Magneto-Optics,” 1913; “ Magneto-optische Untcrsuchungen,” Leipzig, 1914; Zeeman 
and de Bruin, Congr. Iniernat. Elec., 1932, 1, No. 29; on the discovery of the Zeeman effect, 
Onnes, Phvsica, 1921,1, 241; for Zeeman effect with H* 130,000 gauss, Kapitza and Skinner, 
Proc. Roy. Soc., 1925, 109, 224. 

3 Sommerfeld, Ann. Phys., 1916, 51,1. 
4 Larmor, Phil Mag., 1897, 44, 503. 
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The effect depends on the strength of the field; in weak fields more lines are 
found {anomalous Zeeman effect)^ and in moderate fields the splitting follows 
the so-called Paschen-Back effect} The details of the explanations of these 
cases are omitted.^ 

The electron receives energy from the field and each energy level splits into 
(2y+l) sub-levels. The spectrum lines are also split, but the number of com- 

->H 

I 02 3 lines 

Fig. 17.V. Zeeman Effect. Case (i) 

ponents is fewer than would correspond with all possible transitions between 
levels. 

The number 2y+l comes about because the magnetic quantum number is 
given by the relation: 

.(1) 
i.e. m can have the values —y, —(y—1), —(y~2) (y*—2), (7*—1),./, i.e. 
y on each side of \ (the value of j when /=0) and the value \ itself, or (2y+l) 
in all. 

Fig. 18,V. Zeeman Effect. Case® Fig. 19.V. Stern and 
Gerlach Experiment 

The quantum number m includes the spin quantum number s as well as the 
serial quantum number /, and s defines the spin moment and / the orbital 
magnetic moment. A magnetic quantum number: 

mi^m—s .(2) 
will, from (1), have the integral values: 

m,=/, /-I, /-2 ..., 0, ~(/~l), .(3) 

or (2/+1) values in all. E.g. if /=1, m/= —1,0, -fl, i.e. 3 values (2x 1 + 1=3). 
The effect of the magnetic quantum number may be approximately visualised 

by supposing that in a magnetic field the plane of the electron orbit can be 
inclined only at certain definite angles with the direction of the field, there being 
2y+1 possible settings in all. The actual details, however, are not very simple; ^ 
in particular, the angular momentum vector can never point exactly in the 
direction of the magnetic field. 

1 Paschen and Back, Ann. Phys., 1912, 39, 897; 1913, 40, 960; for the whole subject. Back, 
Phys. Z., 1925,26, 833; White, “ Introduction to Atomic Spectra,” New York, 1934,215. 

2 See, e.g., Sommerfeld, ” Atomic Structure and Spectral Lines,” 1923, 294, 384 ; 3rd edit., 
1934,1, 321,474,489; Lande, in Geiger and Scheel, ” Handbuch der Physik,” 1929,21, 360 f. 

3 See H. E. White, “ Introduction to Atomic Spectra,” New York, 1934, 215 f.; Herzberg, 
“ Atomic Spectra and Atomic Structure,” 1937, 101; Dushman, in H. S. Taylor and Glas- 
stone, ” Treatise on Physical Chemistry,” 1942,1,273 f. 
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The discontinuous values of the angle between the electron orbit and the 
direction of the magnetic field, called space quantisation, was experimentally 
detected by Stern and Gerlach,^ who found that a beam of silver atoms, when 
passed through a very inhomogeneous magnetic field (Fig. 19.V) in a vacuum 
furnace, split into two beams, one on each side of the undeflected beam, and 
corresponding with two angular positions with respect to the field direction. 
A similar effect was found with gold and copper, but not with zinc, cadmium or 
mercury. Since a magnet does not move in a homogeneous magnetic field, it 
is necessary to have more pull on one pole than the other, i.e. inhomogeneity 
within atomic dimensions, 10“^ cm. 

An electron revolving in an orbit of radius a is equivalent to a circular current 
i or magnetic shell of area A, and by Ampere’s theory to a small magnet of 
moment: 

jx=:Ai=^7raH.(4) 

But /=eX(l/orbital i\mQ)=ev/2iTa, therefore iJL=z^eva, From (2), § 13, 
v^^hjlTTina, for w=l (smallest orbit), 

.(5) 

which is called a Bohr magneton.'^ In e.m. units it is 9*27 X 10“^^ gauss cm.-^, 
or per mol 5582 gauss cm.^. Since mva=0Tbita] angular momentum=/7o 

.(^) 
(The Bohr magneton is deduced for the case where the electron has no spin 
about its own axis.) The Weiss magneton^, 1/4*95 of the Bohr magneton, is 
not now regarded as having any physical significance. 

§ 17. The Hydrogen-like Atom 

The theory given in §§ 13-16 is mostly based on the old quantum theory, in 
which the electron is regarded as a point-charge having a definite velocity (or 
momentum) and located in a definite plane orbit. Heisenberg’s uncertainty 
principle (§ 14.IV) shows that this picture is unacceptable. The present section 
deals with the wave-mechanical treatment ^ of a hydrogen-like atom, consisting 
of a single electron of mass mi and charge — e revolving with velocity v about a 
heavy nucleus of mass m2 and charge Ze, where Z is the atomic number. ^ The 
centripetal force of a mass m revolving about a central point is (§ 53.1) mv^jr, 
where r is the radius of the electron orbit, assumed circular about the centre of 
mass. This is balanced by the electrical attraction —Ze^/r^. The kinetic 

roo 

energy is (§ 13) T=^jmv^^^Ze^lr). The potential energy is F= (Ze2^/*2)dr= 
Jo 

—Ze^ry where the value at an infinite distance is arbitrarily taken as zero. 

1 Gerlach and Stern, Z. Phys,, 1922, 9, 349, 353; Stem and Gerlach, Am. Phys., 1924, 74, 
673; 1925, 76, 163; Gerlach, Phys. Z., 1923, 24. 275; Stern, Z. Phys., 1920, 3, 417; 1921, 7, 
249 (theory); 1926, 39, 751; Knauer and Stem, ibid., 1926, 39, 764, 780; Stern, ibid., 1927, 41, 
563; Leu, ibid,, 1927, 41, 551; Dushman, Chem. Rev., 1928, 5, 164; Specchia, Nuov. dm., 
1935, 12, 541. 

2 See also Chalmers, Nature, 1914, 92, 687; Vegard, Phil. Mag., 1915, 29, 651; Ann. Phys., 
1917. 53, 27; Wereide, ibid., 1916, 49, 976; 1917, 52, 276, 283, 289; 1917, 53, 574; 1918, 55, 
589; Cabrera, An. Fis. Quint., 1923, 21, 505; Rapp. Cons. Solvay Phys. (1930), 1932, 81; Pauli, 
ibid., 175. 

3 Weiss, J. de Phys., 1911,1, 900, 965. 
^ Pauling and Wilson, “Introduction to Quantum Mechanics,” New York, 1935, 112; 

Dushman, “The Elements of Quantum Mechanics,” New York, 1938, 178; for a different 
treatment, sec Frenkel, “ Wave Mechanics* Elementary Theory,” Oxford, 1932, 84. 

3 This is the standard symbol, not to be confused with that for the state sum. 
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Hence E=\(Ze^lr)—Ze^lr= —^(Ze'^lr). The wave equation, (6), § 2, is thus: 

a2^/aA:2+5V/^jH32«A/dz2+(87rV/A2)(£'+Ze2/r)«/.=0 . (1) 

where fj, is the reduced mass (§ 10), miniz/imi+mz). If r, d, <f>, are the polar 
coordinates of the electron relative to the nucleus and the translational energy 
of the atom as a whole is left out of account,* the wave equation in polar co¬ 
ordinates (§ 28.1) is: 

Li. 
r^dr 

1 d / . d^\ 

■^r2 sin e ^dd) 

1_ 
sin2 6 (2) 

Assume that the function ip is separable into three factors: 

./-(/•, 0,<^)=R(a)0(W^).(2a) 

(5./-/ar)=(dR/d/-)0O, c)^/a0=(d0/d0)R<h, 02^/0.^2=(d20/d^2)R0. 

Substitute in (2) and divide by R0(I): 

1 d 

Rr2dr 
/ ,dR\ 1 d / . d0\ 

V dr / ■^0/-2 sin e ^dd)' 

1 d2<[> 8772^/ Ze2 
■d)r2sin2 0d^2+ *2 

Multiply by r2 sin2 6: 

sin2 d d! ,dR\ 

'• R d^V } 

sin d d 

■‘"tT de 

1 d2a> 87r2/xr2 sin2_0/ Ze2\ 

■^^'5^2+ A2 ) 
=0 

If the third term is retained on the left and the others taken over to the right, it 
is seen that {\ld>){d^d>jd<fP), which depends only on is equal to terms inde¬ 
pendent of hence both sides of the resulting equation must be equal to the 
same constant, say to —ni^\ hence: 

d2(I)/d^2=_^2q).(3) 

and after dividing by sin2 0: 

\dl ""L \ ^ I • ft 
R drV dr / sin2 0'*'0 sin 0 d0 V*'' d^ / "^ A2 

=0 . (4) 

The second and third terms are independent of r, and the first and fourth are 
independent of 9; hence: 

(5) 

(6) 

Multiply (5) by R/r2 and (6) by 0: 

and 

1 ^ 
r2 dr 

/ ,dR\ 87r2)uR/^ Zc2\ 
r^)-72^+-A^(^+-7-)=" 

1 ft^\ 
sin 9 d ~ey^^ ^dd)' 

^2-^+^0 = O 

(7) 

(8) 

Equation (2) is now separated into three ordinary differential equations, 
(3), (8), and (7), which will be solved in this order. The first two are angular 
equations, giving spherical harmonics; the third is a radial equation, giving 
Laguerre functions. 

Equation (3) has been shown in (7), § 11, to have the solution 

<D=*[l/A/(27r)]e<«*.(9) 

1 For this, see Pauling and Wilson, reference 4, p. 405. 
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where m, in order that <I) shall be single valued, must be an integer: /n=0, 
±1, ±2, ±3,..., positive and negative values corresponding with distinct 
solutions, l/\/(27r) being the normalising factor. As explained in § 11, the real 
sine and cosine functions can be used, giving: 

d>o=l/\/(27r), and 

‘I>im|=[l/'v/(277-)]cos(|mI^) or <I)|„|=[1/V(277-)] sin (|m|iji) 

where \m\ is the absolute value of m. There are (2w+1) functions corresponding 
with the (2w+l) values of m. The integer m, having positive and negative 
values, is the magnetic quantum number, as can be shown by using the symbolic 
form, § 4, of the wave equation: 

-('A/27r)(<^/a^), 

whereis the angular momentum due to change of </>. Since: 

^=R0(I)=:const. R0e±’^, 

dil}jd(f)=-izimil}y 

— {ihl27T){dxfjjd^)=(—ihj 27r)( ± imi/j), 

P<t>^=±(bl27T)mip, p^^±mhl27T, 

Since A/27r is the unit of angular momentum according to the Nicholson-Bohr 
theory,^ m corresponds with the magnetic quantum number (often, as in § 16, 
written mi) defining the orientation of the plane of the electron orbit to the 
direction of a magnetic field.^ 

Equation (8) is solved by putting cos 6=/x, and sin^ 0= 1 —when d0/d^= 
(d0/d/x)(dft/d0) = —(d0/d/x) sin 6, 

d 

d/x 

This is the same as equation (2), § 12, in which replaces^, and it is there shown 
that A2=^ must have the value k(k+l), where k=0, 1, 2,..., 

dju 
(l-/r2) 

d0 

d/1 

This is the same as (13), § 12, wit] 

+ 
m^ 

kik+l)—,-2 0=0. 
1 

th k in place of m, and m in place of n. Put 
k=\m\-\-l, where / is a serial quantum number, having the values l=k—\m\ = \m\, 
\m\ + \, \m\+2, .... The function 0 was shown in § 12 to be an associated 
Legendre function of degree / and order m, given by (18), § 12: 

P7(^) = (l d'"P,(/l)/d/l"’. 

Since the highest term in P,(/i) is /i', and this is differentiated m times with respect 
to /i, it will vanish if m>l, so that m cannot exceed /, and consequently m can 
have the values: 

m=/, (/-I), (/-2), . . ., 0, . . ., -(/-I), 
The normalised value of 0 can be shown to be: 

0 
-J 

(2/+I) (/~|ml)! 
P7W 

2 il+\m\)\r^' 
and hence can be found from a table of values of P7(/a), 

(11a) 

1 See § 13. 
2 See § 16. The “ orbit ” picture is not entertained in wave mechanics, where it is replaced 

by the wave function or “ orbital.” 
3 Note the change of w to m and of m to /. The symbol ft is used in treatises on spherical 

harmonics for cos 6, and need cause no confusion with ft, the reduced mass, used in the equa¬ 
tions. If m were used for the latter, there would be confusion with the quantum number m. 
Pauling and Wilson use 2=cos B, which could be confused with a coordinate. 

^ Condon and Morse, “ Quantum Mechanics,” New York, 1929, 55; Pauling and Wilson, 
” Quantum Mechanics,” New York, 1935, 129, 448. 
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The solution of (7), called the radial equation, is also found by the poly¬ 
nomial method. With i p=k(k+l)=l(l+l), it becomes: 

ld/dR\ [-/(/-fl) 87r2u/ Ze2\l 

JasfVj + l ,5^'+ 

For quantised orbits E is negative, --Ze^/2r, Put: 

a2=~87T2/Lt£/A2, A=47r2/xZ£2//i2oc, p = 2ar . . , (12a) 

vv^here p can vary from 0 to co. Then r=^pl2oL, d/*=dp/2a, dR/dr==(l/2a)dR/d/), 

/*2 dr\ dr/ p~ dp\ dp/’ 

-/(/+l)/r2=-4a2/(/+l)/p2 

S7T^pLEIh^= ~a2 

S7T'^piZe^lh-r=^4o(?Xlp, 

and by inserting these in (12) and dividing by 4a2 it becomes: 

Id/ 
p2 dp\ p2 dp\ dp/ [ 

d2R 2dR 

dp2+pdp + 
/(V+1) A1 ^ 
--^-t— R=0. 

p1 

Since R is a wave function, it must be finite and continuous for all values of p 
and vanish at p -^oo (§ 2). The point p=0 is a singular point (§ 36.1), as 
]/p~>oo there. To investigate the behaviour of the function at this point, 
assume: 

R=/>TO.(14) 
where is a constant and F may be expressed as a polynomial of the form 
F=i7F„p"; therefore R=Fop'-f-F]p'^ '-1- . . . -1-F„p*'", 

dR/dp=5Fop’ *-f-(5-l-l)Fip'-|- . . 

and d2R/dp2=j(5—1)Fop’“^+(5-1-1)jFip’“’-|- .... 

Substitute in (13): 

5(i-l)Fop'-2-K5+l):5F,p'-'-h . . . -|-25Fop'-H2(^-f-l)Fip-i-f . . . 

-iFop'- . . . -/(/-f-l)Fop^-2- . . . +AFop’-’-l- ... =0. 

The coefficient of Fop’“^ is i(s—1)-F2y—/(/-|-l)=5(j-t-l)—/(/-f-1). On 
approaching p=0, all terms involving powers higher than p'“2 may be neglected, 
and if R is to be finite at p=0, p*-2= i,e. the series must not have any lower 
powers of p than those given by the equation 5'(j-Fl)=/(/-f 1). Of the two 
solutions of this, s=l and j=—(/-f 1), only the first is acceptable, since 
would become infinite at p=0. Hence s=l, and: 

R=p'F(p).(15) 

dR/dp=/p'-*F-l-p'(dF/dp) 

(d2R/dp2)=/(/- l)p'-2F-f 2/p'->(dF/dp)-l-p'(d2F/dp2). 

Substitute in (13) and divide by p'. 

^ 2(/+l)dF 
dp2 p dp 

+ (^-i)F=0 . . 

1 Since /, like /r, has the values 0, 1, 2, 3, . . . 
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For very large values of p, all terms involving 1/p can be neglected, and the 
“ asymptotic ” form of the equation (§ 7) is d^F/dp2—F/4=0, the solution of 
which (§ 63.1) is: 

F=Cie~"/2+C2e"/^ 

and in order that F shall not increase indefinitely with p (which is positive), the 
second term must be zero: 

/. F=Cie’'^/2 

The constant Cj is now (cf. § 7) replaced by a function: 

L(p)=ra,p^.(17) 

(^tq+O) which must be such that F vanishes at p->co, 
/. F=e~p/2L .(18) 

dF/dp=e-“"/2(dL/dp)-^-p/2L 

and d2F/dp2===|e-"/2L-e-^/2(dyd^)_|.^-p/2(d2L^^^ 

Substitute in (16) and divide by 

/. p(d2L/dp2)+[2(/+l)~p](dL/dp)+(A~-/~l)L=0 . . (19) 

Substitute the series (17) for L and equate coefficients of powers of p separately 
to zero: 

L=ao+n!jp4“^^2P^ 4" . . . 

dL/dp= C7i4-2a2p+ . • . +kattp^~^, 

d2L/dp2= 2a2+ . . . +kik-l)a,p^~\ 

p(d2L/dp2)= 2a2P+ . . . +k(k--l)a,p^-\ 

[2(/+l)-”p](dL/dp)=2(/-|-l)«i+[4(/+l)^2““^i]p+ • • • +2^^(/-^ l)aJ^.p^"■^ 
—aip—2a2p2~- . . . —ka^p^ 

(A — /—l)L = (A--/-~ l)(6fo4'^lP + <32P^+ * • • 
0=(A--/—l)ao+2(/+l)ai for p^, 

0=(A—/— 1 — l)tiI [2 X 2(/-f-1) “b 1 X 2]fif2 fi^i* P j 

so that, by inspection, the expression for the coefficient of p^ is found to be: 

(A-/-1 ^k)a,+ [2{k+!)(/+ l)+/c(fc+ 1)K i 1=0. 

As in previous cases (§§ 7 and 12), the series for F in (18) will not approach 
zero as p->oo unless L is a polynomial with a finite number of terms, ending 
with say, hence A—/—1—«,=0, or 

A=/+l+^i,==/j .(20) 

Hence, from (12a): --iTr^piZ^e'^lh'^E, or 

E^-lTT^fiZ^e^ln^h^ .(21) 

which is the same expression as found by Bohr, (4), § 13, with special assump¬ 
tions, and n is the principal (or total) quantum number. It is important to notice, 
however, that a plane orbit is no longer assumed (as it was by Bohr), since the 
function R has spherical symmetry, i.e. R has the same value, for a given value 
of r, whatever the values of 6 and (/», of which it is independent, n^ in (20) is 
Sommerfeld’s (§ 14) radial quantum number. The energy levels do not depend 
on the individual quantum numbers /, and m, but only on the principal 
quantum number n^n^+l+l. Since both n^ and / can have only the integral 
values 0, 1, 2,..it is seen that n can have only the integral values 1, 2, 3,.. 
as was also assumed by Bohr. Including the values of m, the magnetic quantum 
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number, found in (9), the quantum numbers of the electron, apart from the spin 
quantum number which is not considered above, are given by: 

±1, ±2,..., 

/=|w(, H + 1, 

and /i=/”f"l) /“l“2, /“{“B, . . 

or, in the usual form: ^ 

«=1, 2, 3, . . 

/=0, 1,2.(Ai-1); 

-1,0, 1, ..., (/-~1), /, 

(this value of m being denoted by /»/). There are (2/+1) independent wave 
functions with given values of n and /, and ri^ wave functions with a given value 
of n, 

§ 18 Laguerre Functions 

Now consider the wave function L{p) in (17), § 17. Equation (16), § 17, 
can be written, since X=n, from (20), § 17: 

p(d2F/d/)2)+2(/+l)(dF/dp)+(/2-p/4)F=0 .... (1) 

Let 21+1 =/7, and a/+/=A% then if n is expressed by the identity: 

/7=-K2'i+2/-~2/-1 + 1), 

it is seen that n=^\{2k—p+l). Also, /—1=(a? + /)—(2/+1)=A—/?, and 
(19), § 17, becomes, from (20), § 17: 

p(d^L/dp^)+(p+l--p){dL/dp)+(k-p)L^O .... (2) 

This differential equation is satisfied by a function called the associated 
Laguerre polynomial ^ of degree (A:—/;) and order p {p'^k), which is denoted by 
LJ(p). The Laguerre polynomial of zero order is a function of an independent 
variable a: defined by: 

r 1 
LkW=(-l)* .v''—. . . +(-l)*/r! . (3) 

which is the same as: 
L°(A')=e*(d*'/d.v*).v*e“'^'.(4) 

The first five polynomials are found, by putting A'=0, 1, 2, 3, 4, to be: 

Lg(A)=l L5(a-)=-.v3+9x2-18.v+6 

L?(a)=- A- +1 L2(a-)=A "* -16.vH 72.v2 - 96.V+24. 

L2(a)=.v2—4a+2 

These polynomials satisfy the differential equation: - 

A:(d2L2/dA:2)+(l-A:)(dL2/dA:)+A:L2=0 .... (5) 

as is seen by substitution of the five special cases given above. By differ¬ 
entiating (5) p times by Leibniz’ theorem (§ 37.1), and putting x=p, equation (2) 
is found, which is therefore satisfied by the associated Laguerre polynomial: 

U(x)=>(do/<ix>’)U(x).(6) 

1 Darwin,P/-oc./{o>'.Soc., 1927,115, 1. 
2 Margenau and Murphy, “ The Mathematics of Physics and Chemistry,” New York, 1943, 

77,122; Wheeler, Proc. Roy. Irish Acad., 1944,50A, 7. 
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For Ar=3(/7+/), and /;=(2/+l), the associated Laguerre polynomial of degree 
{k—p)={n—l— 1), and orderp={2l+\), is given by the series; 

[(«+/) j) !(2/+iy!+(«_/_2) !(2/+2)!TT 

~ (n -7-3)T(2/+ 3)T2 ! +•••+(-’ ^"''(„+/)!(m-/_ iTiJ ' 

The first five polynomials for 2/+l=p=0 are given above; six more forp=l, 
2, 3, and n-f/=l, 2, 3, are: 

Li(A:)=l 4(x)=-3.v-2+18jc-18 

Li(x)=2x-4 Lf(x)=-6,v+18 

Li(x)=2 L|(.v)=-6. 

The solution of (16), § 17, is: 

l■„,=e-'>'^L^V.‘(P).(8) 
and from (15), § 17, the radial function is: 

R„,=p'F„,=c-'>y^‘V(p).(9) 
It is convenient to measure r as a fraction of Uq, the radius of the smallest 

Bohr orbit in the hydrogen atom, which is given by (3), § 13, ao=Ay477^/16^= 

Fig. 20.V. Normalised Radial Functions for Hydrogen Atom 

0-52916xl0~® cm. From (12), § 17, and (21), § 17, an expression giving p 
in terms of r/ao is found: 

p—2Zrlnao.(10) 

The normalising process for the radial function is somewhat involved, and the 
complicated result only is given here:' 

^bI — 
[(«-/-1)1 /2Z\3] 

l2n[(n+/)!]-AW / 

1/2 

. (11) 

in which p can be replaced by the value in (10). Pauling and Wilson,2 in 
order to make the functions positive for small values of r, write (11) with 
a negative sign; this does not, of course, affect the values of R„/2. In the 
tables below, their convention is adopted, but in Fig. 20.V the functions are 

1 Condon and Morse, “ Quantum Mechanics,” New York, 1929, 63; Wintner, Phys. Rev.y 

1948. 73, 91. 
2 See Pauling and Wilson, ” Introduction to Quantum Mechanics,” New York, 1935, 451, 

where in the second equation should be 
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shown 1 with their negative values, plotted against multiples of ao for the hydro¬ 
gen atom (Z= 1). 

The normalised values of are given below ^ for az=1, 2, and 3 (the symbols 
s and p stand for the values 0 and 1 of /). Since the reader may wish to plot 
these, the third column gives values for the hydrogen atom (Z=l), and in 
plotting, ao may be taken as 1: 

« = 1, /=0 (1^ state) 

rt=2, /=0 (25 state) 

Rio(r)-(Z/^o)'^^22e-P/2 

R2o(0 = 
(Z/flo)3/2 

2V'2 
(2-~p)e-p/2 

rt=2, l—\ {2p state) 

1=0 (3s state) o(/-)=^~^\6-6p+p2)e-p/2 

(2/ao5/2)e-'/oo 

2v/(6)ao5/2® 

_I_(6-1^+ 
9%/(3)aoVn «o 9floV 

Fig. 21.V. Electron Distribution Function for Hydrogen atom. Abscissae are values of p 

The charge distribution would be got by plotting the values of but an 
alternative method is mostly used. In this, a distribution function D is defined 
as follows.^ The volume of a spherical shell between the radii r and /--f-dr is 
d(4/3)7Tr3=47rr^dr, and 47rr2R„f2dr==Ddr is a measure of the charge density (or 
probability of occurrence of the electron) in a spherical shell of radius r and 
thickness dr. The significance of such plots, shown in Fig. 21 .V, is not very clear, 
since the zero value at r=0 is merely a consequence of the vanishing of r^, 
and the electric density is actually a maximum at r=0, as will be noted later. 

1 White, “Introduction to Atomic Spectra,” New York, 1934, 67; Dushman, “ Elements 
of Quantum Mechanics,” New York, 1938, 189. In Fig. 20. V the function R«/(p) is denoted 
by Srt/(r) and the abscissae are values of r in multiples of qq, 

2 Further values in Pauling and Wilson, “ Introduction to Quantum Mechanics,” 1935, 
135. 

3 White, “ Introduction to Atomic Spectra,” 1934, 66. 
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§ 19. Angular Functions for the Hydrogen-like Atom 

The angular functions 0(0) and <[>(^) will now be considered. These, it 
will be remembered, are independent of n, the principal quantum number, but 
involve the magnetic quantum number w, (10), § 17, or, as it is often called, m/, 
the part not involving spin, which is the one considered in the present discus¬ 
sions. The normalised values of 0 and <1> have already been given in § 12 and 
(9), § 11, and some real values are repeated in the table below. The product 
S = 0(h is, as is seen from § 12, a tesseral harmonic function, the values of which 
are given in the last column. There are 2/-1-1 functions for each value of /. 
Only for an .v-electron (/=0) is the value of 0 independent of 6, and is a 
constant l/\/2=0*708. Hence 02 is also a constant, Since <[)= 1/y^(277) is 
a constant, 0<I>=I/2V7J’, and S2=]/47r is a constant. 

Electron 1 m 0 
1 

a> S = 0<l» 

s 0 0 I/V2 1/v/(27.) IIIv'tt 

1 0 v''(3/2) cos 0 UV(2^) cos 6 

P 1 
+ 1 
-1 

i\/(3) sin d 
1 

f(l/v'V)cosi^ 
1(1/V w) sin 

! fi v'(3/77-) sin 0COS 
li V(3M sin 0 sin <l> 

2 0 iA'(5/2)(3cos2«-I) llV(2n) iv/(5/77)(3cos2 9^1) 

il 
2 + 1 j 

-I 
i\/(\5) 6 COS 0 i 

1 

Jill \/77) cos (/> 
sin <l> 

sin ^ cos 9 cos ^ 
li V (i5/7r) sin 0 cos 9 sin 4> 

\ 2 
— 2 

iv'(>5)sin=0 
cos 2(f> 

Ul/V^) sin 2<^ 
/iV(I5/77)sin2t?cos 2<l> 
[ivilS/n) sin- 9 sin 2<j> 

§ 20. Complete Wave Function for Hydrogen-like Atom 

All the functions considered above combine by multiplication to give^=R0<l>, 
called the complete one-electron wave function; such functions do not include 
the electron spin factors. They are the wave-mechanical equivalents of the old 
electron orbits, and are often called atomic orbitals. The wave functions may 
be denoted by such symbols as c.g. ^2oo» i are those for n=2, and 
the values /=0 and 1, and m=0, 0 and 1, respectively. Those for /=0 and 1 
are s and p functions, respectively. The three p functions (for m=0, —1, and 
-f 1) are denoted by p^y Pyy and p., respectively, or sometimes by per, prr^, and 

pTT, when they are considered with reference to bond-formation in molecules. 
By combining the values of 0 and <!>, the spherical wave function 5=00, 

given in the last column of the table in § 19, is obtained. It is usual to normalise 
these functions conventionally so that the s function is unity, when the p func¬ 
tions must be divided by \|2^/7r^\|^/{A7T)\ they are then said to be “normalised 
to 47r.” These are given in the following table: 

Electron / mi Function 

s 0 0 I 

Px 1 0 \/(3) cos 9 
Py i 1 -1 v^(3) sin 6 sin <f> 

P. 1 1 1 vT3) sin 9 cos <!> 
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an angle of 90°. In plotting sin 6 cos and sin 6 sin 0, use may be made of 
the trigonometrical formulae of § 41.1. 

The .y function (/==0) is spherically symmetrical with the value taken as 1 in all 
directions (Fig. 23 .V), the angle being measured as shown in Fig. 22. V; is repre¬ 
sented ^ (Fig. 24.V) by two spheres, touching at the origin and with the x axis as 
an axis of symmetry, with a maximum value (found by putting sin 6=1 and 
cos ^=1) |/7| = V3 = 1*732 along the x axis; Py and p^ are similarly represented 
with maximum values \/3 along the y and z axes. The p functions are, there¬ 
fore, greater than the s function, and it is readily seen from the trigonometry 
that they are at right angles to one another. 

In Fig. 25.V the squares of the wave functions, S^, for /?(/==!) and d{l=2) 
electrons are plotted.^ In each case the value of is measured off along a 
radius vector inclined at an angle 6 with the verti¬ 
cal axis, measured clockwise on one side and 
counterclockwise on the other (Fig. 26.V). The 
values of represent the relation of charge density 
(Schrodinger) or probability of occurrence of an 
electron (Born) in specified directions. All the 
areas are projected on the plane and the 
values for plotting are taken from the table in § 19. 
(Note that sin 6 cos 6=\ sin 16.) The correspond¬ 
ing Bohr orbits are shown (tilted somewhat out 
of the normal plane) below each figure. The three- 
dimensional figures 3 are formed by rotating the 
figures about the vertical axes; e.g. a dumb-bell shaped figure for /=!, W/=0. 
The values of / give the number of nodal planes or cones in the three-dimen¬ 
sional vibration replacing the Bohr orbit. When /==0, there are no nodal 
planes and there is spherical symmetry, whilst the Bohr orbit for /=0 was an 
elongated ellipse. 

§ 21. Hybridisation of Wave Functions 
Since the wave function of a normal state is, in general, a linear combination 

of functions of states of similar energies, each of which satisfies the wave 
equation, a combination may be chosen which will minimise the energy, or, 
when considered in relation to bond formation, will lead to the strongest bond. 
This process is called ^ hybridisation, since it involves the combination of wave 
functions of different kinds (e.g. .y and p functions). For example, the quad¬ 
rivalent carbon atom has one s function and three p functions {p^, Py, p^, and 
if these have similar energies, each of the four bond-forming functions may be 
written in the form: 

^,=^aiS-{-b,p^+c,Py-\-diP^ 
where / is 1, 2, 3, or 4. The coefficients ai, hi, q, and di are determined by the 
normalisation condition, (1), § 5: 

giving aP'+bi^+Ci^+dp-^ 1; 

^ See Pauling and Wilson, “ Introduction to Quantum Mechanics,” 1935, 150, Figs. 21-6; 
no description of the figures is given, and exception is sometimes taken to that given above. 
The wave functions actually extend to infinity, but the angular dependence is representable in 
the way described. 

2 White, “ Introduction to Atomic Spectra,” New York, 1934, 63, Fig. 4.3. 
3 Dushman, J. Chem. Educ., 1931, 8, 1071; Urey, ibid., 1931, 8, 1114; Hume-Rothery, 

** Atomic Theory for Students of Metallurgy,” 1947, 70, 77 f. 
4 Pauling, J.A.C.S., 1931,53, 1367; Hultgren, Phys. Rev., 1932,40, 891. 
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and by the requirement of orthogonality (2), § 5: 

Ji/ifp^dv=0, 
i.e. 

where / and k are 1, 2, 3, and 4, but i^k. 
The values of the wave functions (normalised to 47r) are (§ 20): 

5=1, y'(3) sin 6 cos /?^= \/(3) sin 0 sin (f>, \/(3) cos 0, 

Since the direction of the first function is arbitrary, it may be taken along the 
;c axis, when Py and p^ are zero, and (for 1): 

«/ti=ai5+6i/>^-a|5+-v/(l-fli2) • P*. 

since therefore 
The value of which makes the wave function a maximum along the x axis 

will, according to Pauling, form the strongest bond. The values of s and p^ 
in this direction (6=0, ^=90'") are 1 and respectively, hence: 

^i=^i + V[3(l~ai2)], 

and for a maximum value, dtpi/dai=0 (§9, I), which gives ^1=^-, therefore 
hence: 

0i=i^+i\/(3)Av=i+iV3 . V3=2-0, 

which is greater than \/3, the maximum value of the p^. function.^ 
The function ijji may be chosen to have a maximum in the xz plane, so that 

Py makes no contribution. Thus: 

and since the maximum lies in the xz plane, the angle <f> is 0° or 180®, as is 
seen from the x, y, z axis system in polar coordinates (Fig. 1 .III). <f)=0 gives the 
positive part of the p,^ function contributing to ijjy, so that the negative part, 
with ^=180®, must be used for ^2- Hence cos</>= —1, and /?x==“~\/(3) sin 6, 
and (since .s=l, and p^=\/(3)cos 6): 

j^2=a2—Z>2V(3) sin ^+^2^(3) cos 0, 

The normalisation condition is a2^+^2^+d^2^=l, and the condition for 
orthogonality (since t/i=0) is aia2+^i^2=0; with the values of and bi 
found above, these give a2=^—b2\/^y and t/2==\/(l~*462^)» 

/. ,/r2=-fc2V3(l + sin 0)+\/[3(1~4622)] cos 9. 

Equating ^2/^^2 and dip2l^0 to zero gives for a maximum (after solving the 
simultaneous equations): Z72= —1/2\/3, and sin 0=1/3, therefore 0=19® 28', 
or, since ^=180®, the direction of the maximum wave function ip2 makes an 
angle 90®+19® 28'=109® 28' with the x axis or i.e. the regular tetrahedral 
angle. The values for 62 and 0 give for the maximum, i/r2=2*0, the same as 
From Z)2» the values t?2=2 ^2=V2/V3 are found; hence: 

^^-2=i^-(l/2V3)p.+(V2/V3K. 

In a similar way it is found that: 

h=^s-(ll2V3)p.+{llV2)Py-(llV6)p,, 

^4=i^-(l/2V3K-(l/V2K-(l/v'6K. 

having maximum values of 2-0 in directions making tetrahedral angles with one 
another and with and ^2- The result of hybridisation of s and p functions 

1 This, it will be remembered, is relative to the s function taken as unity. 
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for the carbon atom thus leads to four equivalent functions, inclined at tetra¬ 
hedral angles, as in the familiar valency model of the carbon atom. The exact 
regular tetrahedral angles may be somewhat modified if different atoms or 
groups are attached to the four bonds, as in CH3CI, CHCI3, etc. 

The so-called trigonal hybridisation arises in the case of a double bond between 
two carbon atoms, >C=C<;. In this case 5/7-hybridisation gives three 
equivalent (trigonal) wave functions with maxima in one plane, say the xy 
plane, making angles of 120° with one another. Since the functions at 
right angles to the plane do not contribute, the wave function: 

\fsi=as+bp^ 

with a maximum in the x direction has a part a of the s function and a part b 
of the Px function. The s function may be regarded as equally divided among 

/ 

<A2> Ihe same for all); the negative part of the p^ function and both 
parts of the Py are resolved in two directions making angles of 120° with the 
x axis. Then (Fig. 27.V): 

^i=^as-\bp^-\y/{y)cpy 

The normalisation and orthogonality conditions give a=\j\/'i, b—\/2j\/3, 
and hence; 

V!-i=(l/V3>+(V2/V3K 

^2=(1/V3)j-(1/V6K+(1/V2K 

h=‘iW^)s-(VV6)p-iW2)Py 
the maximum value of each being T991. 

A.T.P.C.—14 
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In double bond formation, >-C==C<;, the four functions of each carbon 
atom first form three trigonal hybridised functions, 02* ‘As* 
changed function directed along the z axis at right angles to the plane of the 
trigonal functions. The two atoms then combine by the pairing of one trigonal 
function on one atom with another trigonal function on the other atom, these 
so-called a-electrons forming a cTor-bond, and the two functions (so-called 
TT-electrons), with opposite spin values and parallel to each other at right angles 
to the plane of the trigonal functions, form a Tm-hond. The other two trigonal 
functions on each carbon can form bonds with s functions with opposite spin 
values on hydrogen atoms by overlapping, and thus the ethylene molecule 

^)c=c(JJ results (Fig. 28.V). 

Free rotation about the double bond is prevented by the tendency of the two 
functions with opposite spin values to overlap as much as possible, which is 

the case when they are parallel and in the same plane, at right angles to the 
xy plane; any twisting about the aa-bond would tend to reduce the overlap of 
the p^ functions. 

Fig. 28.V. Trigonal Hybridisation, leading to Double Bond Formation 

In triple-bond formation, •—C=C—, so-called digonal hybridisation occurs. 
In this,i the Py and p^ functions are unchanged, and the 5- and p^ functions 
combine to form: 

directed in opposite directions along a straight line. In this case there is one 
era-bond and two Trrr-bonds. 

The extension of the general principles discussed in the present section will 
be taken up later. 

§ 22. Alternative Methods in Quantum Mechanics 

Besides the Schrodinger wave-equation method, other methods, which 
cannot be dealt with here, have been developed in quantum mechanics. Of 
these, perhaps the most important is the matrix method ^ developed by Heisen- 

1 See on the above, Bowen, Ann. Rep. Chem. Soc.y 1943,40,12; Coulson, Quart. Rev. Chem. 
Soc.y 1947,1,144; Coulson and Moffitt, Phil. Mag., 1949, 40,1. 

2 Swann, J. Franklin Inst., 1928, 205, 323; Haas, “ Materiewellen und Quantanmechanik,” 
Leipzig, 1929, 80; Bloch, “ L’Ancienne et laNouvelle Th6orie des Quanta,” 1930,321; Frenkel, 
Wave Mechanics. Advanced General Theory,” Oxford, 1934; Frazer, Duncan, and Collar, 
“Elementary Matrices,” Cambridge, 1938; Margenau and Murphy, “The Mathematics of 
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berg.* As Dushman 2 says, it “ is a purely symbolic type of mathematics, and 
is quite unsuitable for elementary presentation.” Dirac’s ^ method of the 
so-called Poisson brackets is equally abstruse. All these methods have advan¬ 
tages in some aspects, and can be studied with profit. The matrix method has 
been largely used in physical chemistry. 

Physics and Chemistry,” New York, 1943, 287; Eyring, Walter, and Kimball, ‘‘Quantum 
Chemistry,” New York, 1944,129; Glasstone, “ Theoretical Chemistry,” New York. 1944,62. 

1 Z. Phys., 1925,33, 879; 1926,38.411; 1926,40. 501; 1927,41,239; Bom and Jordan, ibid., 
1925, 34, 858; Born, Heisenberg, and Jordan, ibid., 1925-6, 35, 557; von Rachewsky, ibid., 
1926,39,153. 

2 “ The Elements of Quantum Mechanics,” New York, 1938,19; he gives a brief account of 
it later, 248 f. 

2 Birtwistle, “ The New Quantum Mechanics,” Cambridge, 1928, 69; de Broglie, “ Thdorie 
de la Quantisation dans la nouvelle Mecanique,” 1932,94; Dirac, ” The Principles of Quantum 
Mechanics,” 3rd edit., Oxford, 1947. 



SECTION VI 

TEMPERATURE 

A. THERMOMETRY 

§ 1. Thermoregulators 

The name “ thermostat ” was used by Heeren ^ for an arrangement for 
regulating the heat applied to a water bath by a spirit lamp, the flame of which 
was deflected into a chimney by an apparatus controlled by an air thermometer 
in the bath: this was a true thermostat in the modern sense. 

Many types of thermoregulators, both for gas and electric heating, have been 
invented,^ the original gas regulator of Kemp being practically the modern one. 

1 J. prakt. Chem., 1834, 2, 1. For a furnace with thermostatic control devised by Drebbel 
(1572-1633), see Gibbs, Annals ofScL, 1948, 6, 32. 

2 Geer, /. Phys, Chem., 1902, 6, 85 (bibl.); Kemp, Chem, Gazette, 1850, 8, 184; Phil. Mag., 
1850, 36, 483; Bunsen, q. by Desaga, Dingl. J., 1857, 143, 342; Herwig, Ann. Phys., 1869,137, 
19, 592; Reichert, ibid., 1872,144,467; Andreae, ibid., 1878,4, 614; H^mmerl, Carl’s Repert, d. 
Phys., 1882, 18, 309, 441 (bibl.); L. Meyer, Ber., 1883, 16, 1087; 1884, 17, 478; Bliimcke, 
Ann. Phys., 1885, 25, 419; Kahlbaum, Ber., 1886, 19, 2860; Ostwald, Z. phys. Chem., 1888, 
2, 561; 1900, 35, 216; Bailie, Compt. Rend., 1894, 118, 246; Z. phys. Chem., 1894, 14, 711; 
Parenty and Bricard, Compt. Rend., 1896, 122, 919; Thiesen, Scheel, and Sell, Z, Instr., 1896, 
16, 49; Daneel, Z. Elektrochem., 1896, 3, 81; Gouy, J. de Phys., 1897, 6, 479 (electric; oscil¬ 
lating contact to±0 0002®); Schaller, Z. phys. Chem., 1898, 25, 505 (vap. press.); Cent- 
nerszwer, ibid., 1898, 26, 14; Dolezalek, ibid., 1898, 26, 321 (electric, Hg contact); van’t Hoif 
and Meyerhoffer, ibid., 1898, 27, 78; Bodenstein, ibid., 1899, 30, 113 (1(X)'^-7(X)'^); Marchis, 
ibid., 1899, 29, 22; Gumlich, Z. Instr., 1898, 18, 317 (bimetallic); Rothe, ibid., 1899, 19, 143 
(electric heating, to 500°); Bose, ibid., 1899, 19, Beibl. 169, 181, 189 (theory); Foote, Z. phys. 
Chem., 1900, 33, 749; Duane and Lory, Amer. J. Set., 1900,9, 179; Young, J.A.C.S., 1901, 23, 
327; Knipp, Phys, Rev., 1901,12, 47 (bimetallic); Bradley and Browne, J. Phys. Chem., 1902, 
6, 118 (gas; to 0*001°); Kiihl, Z. phys. Chem., 1^3, 44, 388 (high temp.); Hahn, ibid., 1903, 
44, 525 (high temp.); Marie and Marquis, ibid., 1903, 45, 566; Suto, Z. physiol. Chem., 1904, 
41, 363; Dony-H6nault, Z. Elektrochem., 1905, 11, 3; Lowry, J.C.S., 1905, 87, 1030; Osborn, 
J. Phys. Chem., 1905, 9, 297; Lunden and Tate, Meddel. Nobelinst., 1906, 1, No. 5; Poda, 
Z. angew. Chem., 1907, 20, 2245 (at 15°); Mast, Science, 1907, 26, 554 (Hg-glycerol); Wolff 
and Waters, Bur. Stand. Bull., 1907, 4, 1 (33); Fischer and Bobertag, Z. Elektrochem., 1908, 
14, 375 (high temp.); Green, Chem. News, 1908, 98, 49 (toluene); Cohen and Sinnige, Z. phys. 
Chem., 1909, 67, 17; Regaud and Fouilland, Ann. Chim. Anal. AppL, 1909, 14, 14 (Hg); 
Reid, Amer, Chem. J., 1909, 41, 148 (electric controlled gas); Poetschke, J.A.C.S., 1909, 31, 
1218 (air expansion); Bousfield, Trans. Faraday Soc., 1911, 7, 260; Chem. News, 1912, 105, 13 
(modified Lowry); Somerville, Elec. World, 1911, 57, 112 (air thermometer); Morgan, Z. phys. 
Chem., 1911, 78, 123; Marshall, Trans. Faraday Soc., 1911, 7, 249; Chem. News, 1911, 104, 
295; Camming, Trans. Faraday Soc., 1911, 7, 253; them. News, 1911, 104, 307; Gdpel, Z. 
Instr., 1912, 32, Beibl. 209 (air bath); Fletcher and Tyrer, Proc. Chem, Soc., 1912, 28, 189 
(vapour, with manostat); Bodenstein and Kranendieck, Z. Elektrochem., 1912, 18, 417 (high 
temp.); Whitaker, Chem, News, 1913, 107, 242 (gas); Jorissen, Chem. Weekbi, 1913, 10, 532 
(safety gas type); Boyd and Atkinson, Chem. News, 1913, 108, 248 (gas); Powell, J.S.C.I., 
1914, 33, 899 (room temp.); Feild, J.A.C.S., 1914, 36, 72 (vap. press., 0 005°-0*01°); Bunzel 
and Hesselbring, J.A.C.S., 1914, 36, 949 (toluene); Siebert, Chem. Ztg., 1914, 38, 888 (bi¬ 
metallic); Davis, Putnam, and Jones, Z. phys. Chem., 1915, 90, 484; Davis, J.A.C.S., 1915, 
37, 1520; Lovelace, Frazer, and Miller, ibid., 1916, 38, 515; Henning, “Die Gnmdlagen dcr 
Temperaturmessung,” Brunswick, 1915, 215; Shaw, Trans. Roy. Soc. Canada, 1917, 11, ID, 
129; Amer. Chem. Abstr., 1919, 13, 1778 (toluene); Ray and Reilly, Chem. News, 1918, 117, 
181 (general practical hints); Ferguson, J.A.C.S., 1918, 40, 929 (toluene); Milbaucr, Z. anal. 
Chem., 1918, 57, 161 (controlling constant-level water bath); Otis, Science, 1918, 48, 425; 

420 
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Amer. Chem, Abstr.y 1919, 13, 802 (thermocouple control); Hall, Science^ 1919, 49, 214 (bi¬ 
metallic strip); Herrman, Gen, Elec, Rev.^ 1920, 23, 57 (cast bimetallic strip); King, J,A.C.S.^ 
1920, 42, 2058 (Hg); Sligh, ibid., 1920, 42, 60; White, /. Wash. Acad., 1920, 10, 429 (Hg 
contact); Othmer, Ind. Eng. Ghent. Anal., 1921, 1, 97 (heavy duty; 4000 watts); Starkey and 
Gordon, Ind, Eng. Chem., 1922, 14, 541 (toluene); Winterstein, Koll, Z., 1923, 33, 112 (Hg, 
floating contact); Beaver and Beaver, Ind. Eng. Chem., 1923, 15, 359 (current amplified); 
Ramberg, Svensk. Kern. Tid., 1924, 36, 101; Mestresat and Janet, Bull, Sac. Chim, Biol, 
1924, 6, 534 (gas); Bradford, Biochem. 1924, 18, 381 (electric); Murray, J.C.S., 1924, 125, 
461 (gas); Schreiner, Holtsmark, and Trumpy, Z. Elektrochem., 1924, 30, 293 (photocell 
control); Smith and Hollister, Ind. Eng. Chem., 1924,16, 1162; Fox and Mankudi, J. Indian 
Chem. Soc., 1925, 2, 292 (cooled); Roebuck, Proc. Amer. Acad., 1925, 60, 537; Jaeger and 
Dykstra, Z. anorg. Chem., 1925, 143, 233; Sligh, J. Opt. Soc. Amer., 1925, 10, 691; Roebuck, 
ibid., 1925, 10, 679; Leighton, /. Sci. Instr., 1926, 3, 377 (Hg); Hume, J.S.C.L, 1926, 45, 
246T; Lombard, Bull. Soc. Chim., 1926, 39, 948 (toluene); Cowperthwaite, J.A.C.S., 1927, 
49, 2255 (graphite heater); Collins, J. Phys. Chem., 1927, 31, 1097; Lehrman, Ind. Eng. Chem., 
1928, 20, 290 (toluene); Hill, J. Sci. Instr., 1928, 5, 24; Garrett, Ind. Eng. Chem. Anal., 1928, 
10, 324 (thyratron); Noyes, /. Opt. Soc. Amer., 1928, 17, 127; Grogan, /. Sci. Instr., 1928, 5, 
217; Black, ibid., 1928, 5, 376 (bimetallic strip); Robinson, Ann. Entomol. Soc. Amer., 1928, 
21, 607 (Hg-toluene with relay); Cupr, Z. Elektrochem., 1928, 34, 679; 1931, 37, 129 (auto¬ 
matic for 20°); van Campen, ibid., 1929, 35, 265; Nottebohm, ibid., 1929, 35, 450 (triode 
valve); Matsui, Oguri, Kambara, and Kato, J. Soc. Chem. Ind. Japan, 1929, 32, Suppl. Bdg. 
108B; Durrant, Engineering, 1929, 127, 327 (modif. Haughton-Hanson); Polissar, J.A.C.S., 
1930, 52, 636 (vapour); Beattie and Jacobus, J. Phys. Chem., 1930, 34, 1254 (photocell); 
Butterworth and Derratt-Smith, J. Sci. Instr., 1930, 7, 233 (Ostwald); Evans, J.S.C.L, 1931, 
50, 66 (air thermostat); Adams, Rev. Sci. Instr., 1931,2, 187 (Hg); Rieche and Grau, Z, techn. 
Phys., 1931, 12, 284 (modif. Kangro); Owen, J.S.C.L, 1931, 50, 190T (slow control of rate of 
gas heating); Schmitt and Schmitt, Science, 1931, 73, 289 (toluene+thyratron); Schenk, Ber., 
1931, 64, 368 (Hg); Benton, Gas World, 1931, 94, 35 (bimetallic); Stier, Science, 1931, 73, 288 
(ice temp.); Coffin, Canad. J. Res,. 1931, 5, 636; 1932, 6, 417; 1932, 7, 75; J.A.C.S., 1933, 55, 
3646 (vapour); Durau and Schratz, Z. phys. Chem., 1932, 159, 115 (±0*001°); Smits and 
Gerding, ibid., 1932, 160, 231 (elaborate outfit: photocell, amplifier, and vacuum relay; 
±0 0005°); Summers, Proc. Soc. Chem. Ind. Victoria, 1931, 31, 535 (thermionic); Kambara, 
Oyamada, and Matsui, J. Soc. Chem. Ind. Japan, 1931, 34, Suppl. Bdg. 361; Kambara and 
Matsui, ibid., 1931,34, Suppl. Bdg. 94, 273 (theory); Fuchs, Chem. Fabr., 1932, 49; Lundstrom 
and Whittaker, Ind. Eng. Chem. Anal., 1932, 4, 294; Moriguchi, J. Soc. Chem. Ind. Japan, 
1932, 35, 377, 441 (Hg); Ferguson, van Lvcnte, and Hitchens, Ind. Eng. Chem. Anal., 1932, 4, 
218 (mercury in steel; valve relay); Ramsey and Watson, ibid., 1932, 4, 164 (circuit breaker); 
Roebuck, Rev. Sci. Instr., 1932, 3, 93 (photoelectric); Rieche, Z. techn. Phys., 1932, 13, 498 
(Pt thermom. and relay); Rosenbohm, Proc. K. Akad. Wetens. Amsterdam, 1932, 35, 876 
(triode; no elec, contacts); Nelles and Kistiakowsky, J.A.C.S., 1932, 54, 2208 (high press.); 
Korpiun and Goldbach, Z. Elektrochem., 1933, 39, 755; Van Santen, Comm. Leiden, 1933, 
227; Beier and Brintzinger, Koll. Z., 1933, 64, 173 (air thermostat); Parks, Ind. Eng. Chem. 
Anal, 1933, 5, 357 (Hg); Dippel, Chem. Weekbl, 1933, 30, 193 (5°-20°); Ramsey, Ind. Eng. 
Chem. Anal., 1933,5,218 (Hg); Stier and Crozier, J. Gen. Physiol, 1933, 16, 757 (0°±); Woog, 
Givaudon, and Dayan, Bull Soc. Chim., 1933, 53, 240 (to —60°); Lang, Z. techn. Phys., 1933, 
14, 98 (theory); Tian, J. Chim. Phys., 1933, 30, 132 (theory); Cooke and Swallow, J.S.C.L, 
1933, 52, 1031; Heisig and Cameron, Ind. Eng. Chem.*Anal, 1933, 5, 420; Beattie, Proc. Amer. 
Acad., 1934, 69, 389; Bailey, Science, 1934, 79, 277 (expans, gas); Pidgeon, Canad. J. Res., 
1934, 10, 252; Coffin, Proc. Nova Scotia Inst. Sci, 1934, 18, 213; Lalande, Bull Soc. Chim., 
1934,1, 36; J. Chim. Phys., 1934, 31,439 (theory and bibl.); Lange and Voos, Z. techn. Phys., 
1934, 15, 323 (photoelectric); Zabel and Hancox, Rev. Sci. Instr., 1934, 5, 28; Udalow, 
Zavodskaya Lab., 1935, 4, 805; Strelkov, /. Tech. Phys. U.S.S.R., 1935, 5, 1502; Bloxam, 
/. ScL Instr., 1935, 12, 361; Bradfield, J.S.C.L, 1935, 54, 6T; FoUey and Temple, J. Sci Inst., 
1935, 12, 392 (toluene); Centnerszwer and Szker, Bull. Soc. Chim., 1935, 2, 495 (toluene, 
without relay); Gesteau, Bull Sci Pharmacol, 1935, 42, 8; Bull Soc.Philomath., 1935,112, 8 
(vap. press.); Benford,/. Sci Instr., 1936,13,4 (0°-12°); Stiehler, Science, 1936, 83,40 (copper 
foil in toluene bulb); Temple, J. ScL Instr., 1936, 13, 414 (valve relay); Van de Voorde, 
Natuurw. Tijdschr., 1936, 18, 21 (toluene); Negishi, J.A.C.S., 1936,58,2293 (±0*05°); Yee and 
Davis, Ind. Eng. Chem. Anal, 1936, 8, 477; Pearson and Norris, J.S.C.I., 1936, 55, 127T 
(toluene); Myakov, J. Exptl Theor. Phys. U.S.S.R., 1937, 7, 780; Bailey, Science, 1937, 86, 
525 (gas); Schwenk and Noble, J. Phys. Chem., 1937, 41, 809; Briscoe et al, J.C.S., 1937, 
1495; Benedict, Rev. Sci. Instr., 1937, 8, 252 (thyratron); Holmes, Ind. Eng. Chem. Anal, 
mi, 9, 481; Stadler, Chem. Ztg., 1937, 61, 437; Parkinson, /. Sci Instr., 1937, 14, 94 (gas. 
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The Lowry type, with bulbs, is very good. It is filled by pouring in the mercury, 
fitting with a cork and tube, inverting, exhausting with a water pump, and open¬ 
ing under toluene, which nearly fills it, the small bubble of air disappearing on 
standing. The gas connection to a special micro-burner with a mica chimney 
is made with a small by-pass to keep the flame burning, the mercury level being 
adjusted at the required temperature. Since the gas tends to bubble past the 
jet, a pressure regulator (supplied by the gas company) is used. For electric 

heating, a relay is used (the cheap types stick and are un¬ 
satisfactory), contact being made by a platinum wire with 
a screw adjustment, the heating element being a long carbon- 
filament stove lamp or other type of resistance heater. 
The water in the bath is well stirred, and at temperatures 
over 50"^ is covered with a layer of suitable oil to check 
evaporation. 

To prevent the toluene attacking the mercury, it is re¬ 
fluxed with 1 per cent, sodium amalgam, washed, and dis¬ 
tilled, the wet first fraction being rejected.^ Xylene may 
be used for higher temperatures.^ 

Fig 1 VIA Mer approximate work, baths of salt solutions boiling at 
cury Cut-out for temperatures can be used.^ 
Thermoregulator To prevent arcing with a mercury contact, Benrath and 

Schroder"^ used a sudden cut-out shaped as in Fig. 1 .VIA. An 
oscillating type of mercury contact in which an electrode is kept constantly 
moving ^ was recommended by Sligh.^ Sticking of mercury in a capillary is 
prevented by making contact with it by means of a bent piece of No. 32 nichrom 
wire.'7 

In the arrangement of Hart and Partington for temperatures of 180°-300"* a 
small furnace was used. The temperature bath, contained in a Pyrex or Hysil 
beaker suspended from the top of the furnace tube, contained the standardised 

to iO OOF; shape of jet); Gesteau, J. Pharm. Chinu, 1937, 26, 105 (thyratron); Jelinek, 
Bull. Soc. Chim., 1937, 4, 1811; Swietoslawski and Pomorski, Roezn. Chem., 1937, 17, 254 
(toluene, cathode-ray relay; 0 001° for days); Van Nes and Tjepkema, Chem. Weekhi^ 1938, 
35, 534 (200° ±0 005°); Waddle and Imhoff, J. Chem. Educ., 1938, 15, 191 (bimetallic helix); 
Sturtevant, Rev. Set. Instr., 1938, 9, 276, 331 (thyratron); /. Phys. Chem., 1941, 45, 127; Yee, 
Ind. Eng. them. Anal., 1941, 13, 839 (vap. press.); Fairchild, in “ Temperature. Its Measure¬ 
ment and Control,” New York, 1941, 587; Hopper and Laby, Proc. Phys. Soc., 1942, 54, 55; 
Bancroft, Rev. Sci. Instr., 1942, 13, 24, 114 (thyratron); Redfem, Ind. Eng. Chem. Anal., 
1942,14, 64; Gilson and Wooster, J. Chem. Educ., 1942,19, 531 (thyratron); Hart and Parting¬ 
ton, J.C.S., 1943, 104 (high temp.); Coats, J. Sci. Instr., 1944, 21, 86 (valve type); Lou and 
Chen, ibid., 1944, 21, 88 (electrolytic); Griffin, Ind. Eng. Chem. Anal., 1945, 17, 671; Stokes, 
New Zeal. J. Sci. Tech., 1945, 27B, 75 (toluene-Hg in copper spiral); Harvey, Ind. Eng. Chem. 
Anal., 1946, 18, 331 (electronic relay); Wright, J. Sci. Instr., 1947, 24, 258; Bluethe, Metal 
Progr., mi, 52, 591; Weil, Compt. Rend., 1947,224,810(±0 0002°); Schwenk,/.PAyj. Chem., 
1948, 52, 761; Braude, J.C.S., 1948, 794; summaries in Ostwald-Luther-Drucker, “ Physiko- 
chemische Messungen,” 5th edit., Leipzig, 1931, 119; Haughton, in Glazebrook, “Diet. 
Applied Physics,” 1922, 1, 1022; P. Griffiths, “Thermostats and Temperature Regulating 
Instruments,” 1934; Ansley, “Temperature Control,” 1942; Sturtevant, in Weissberger, 
“ Physical Methods of Organic Chemistry,” 1945,1, 326; Smith, J. Sci. Instr., 1948, 25, 16. 

1 Beal and Souther,/./t.C.5., 1927,49,1944. 
2 Burlew,/..4.C.5„ 1940, 62, 681. 
3 For a list, 101°-179-5°, Legrand, Ann. Chim., 1835, 59, 423. 
4 Z. anorg. Chem., 1927,161, 155. 
5 Gouy, J. de Phys., 1897,6, 479. 
« J.A.C.S., 1920, 42, 60. 
7 Kambara and Matsui, J.S.C.I. Japan, 1931, 34 (spec, binding), 94; for tantalum wire (not 

wetted by mercury) see Jones, Taylor, and Vogel, J.A.C.S., 1948,70,966. 
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Anschutz thermometer or platinum and platinum-rhodium thermocouple. 
The readings of the thermometer and couple agreed to O-T. The furnace tube 
was of non-transparent silica in one piece, the upper half of 8 cm. diameter, the 
lower of 4 cm., and the winding of nichrome wire was covered by a thick layer 
of heat-resisting cement. A rectangular box of asbestos sheet held the tube 
and lagging. The temperature regulation was by a mercury-filled regulator, as 
shown in Fig. 2. VI A, operating a relay which could short-circuit the last 10 ohms 
of resistance in series with the furnace. Over long periods the temperature 
control had a maximum variation of dbO-T', as measured on the thermometer 
in the bath. 

A cement for glass windows in thermostats, which is said ^ to withstand even 
hot water, is made by rubbing litharge and glycerol with a little water-glass to a 

Fig. 2.VI A. High Temperature Thermoregulator 

soft paste. It is applied to very clean glass and metal surfaces, and allowed to 
harden. 

The use of resistance thermometers enables temperature control to be achieved 
by a Wheatstone bridge circuit, the sensitivity being doubled by using two 
thermometers in opposite arms of the bridge. The bridge output may be used 
to control the heating current, {a) by indicating the D.C. output by a galvano¬ 
meter which controls the heater by an on-off photocell relay, {b) by using the 
photocell as part of a phase-shifting thyratron circuit, giving continuous control, 
(c) by amplifying the A.C. bridge output and using the product in a phase- 
shifting thyratron circuit. 

With a given installation there is a limit to the sensitivity of a continuous 
control device, beyond which the control causes oscillations of temperature 

1 Arndt, “ Phys.-chem, Technik,” 2nd edit., 1923, 20 (from F. Kohler, Leipzig). 
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about an equilibrium point, elaborate mathematical investigations of which have 
appeared. 1 

§ 2. Mercury Thermometers 
A thermoscope used by Galileo before 1597 consisted of a bulb containing air 

with a vertical tube below containing water or wine, and dipping into a vessel of 
the liquid.2 The readings, as Pascal (1643) pointed out, depended on the 
atmospheric pressure. Jean Key in 1631 used a water thermoscope. Sealed 
thermometers containing spirit of wine were used by the Florentine Acade¬ 
micians ^ in 1641, and were improved by Ferdinand II, Duke of Tuscany, about 
1644. Some of these thermometers were found in 1829, and there is one in the 
Cavendish Laboratory, Cambridge."^ The fixed points were the temperatures 
of a mixture of ice and salt, and blood heat. Hooke copied one of them received 
by Boyle in 1661, but his instrument, like most used in England till about 1740, 
was open at the top. Boyle used the freezing point of oil of anise as a fixed 
point. Hooke ^ later (1664) adopted the m.p. of ice as the lower fixed point. 
Fabri in 1669 had “ summer heat ” as the upper fixed point, and Huygens in 
1665, Newton in 1680, and Renaldini in 1694, adopted the m.p. of ice and the 
b.p. of water as two fixed points.<5 

In 1701 Newton used a linseed oil thermometer with 0° as the freezing-point 
of water and blood heat 12°, when the boiling-point was 33°~34°. Fahrenheit * 
constructed in 1714 the first useful sealed mercury thermometer, with a cylin¬ 
drical bulb. He found that the boiling-point depended on the pressure, and 
that water could be super-cooled. The origin of the Fahrenheit scale (f.p. 
32°, b.p. 212°) has been a matter of dispute. ^ 

Reaumur used a spirit of wine thermometer, and found that the volume 
increased from 1000 at the freezing-point of water to 1080 at the boiling-point 
of the spirit. He divided the interval into 80°; the boiling-point of water 
would be about 100° on this scale, and the present Reaumur scale (b.p. water 
80°) was really proposed by De Luc.’^ 

1 Turner, Proc. Cambr, Phil. Soc., 1936, 32, 663; J. Inst. Elec. Eng., 1937,81, 399; Callendar, 
Hartrce, and Porter, Phil. Trans., 1936, 235, 415; Ivanoff, Sci. Progr., 1937, 31, 682; Jelonek, 
Proc. Cambr. Phil. Soc., 1946, 42, 62; Carslaw and Jaeger,“ Conduction of Heat in Solids,” 
Oxford, 1947, 88, 320. 

2 T. Thomson, “ Heat and Electricity,” 1840, 35; Taylor, Annals of Sci., 1942, 5, 129. 
3 “Saggi di Natvrali Esperienze,” Florence, 1666, fol. I f. and plate; Libri, Ann. Chim.^ 

1830, 45, 354; Maze, Compt. Rend., 1895,120, 732 (O'^ C. = 13F on Florentine scale). 
4 Glazebrook, “ Heat,” Cambridge, 1907,16; on history of the thermometer seeG. Martine, 

“ Essays and Observations on the Construction and Graduation of Thermometers, and on 
the Heating and Cooling of Bodies,” 4th edit., Edinburgh, 1787; Rosenberger, ” Geschichte 
der Physik,” Brunswick, 1884, 2, 163; Bolton, ” The Evolution of the Thermometer,” Easton, 
Pa., 1900; Pemet, in Winkelmann, “ Handbuch der Physik,” 1906, 3, 2, and refs.; K. Meyer, 
” Die Entwicklung des Temperaturbegriffs,” transl. Kolde, Die Wissenschaft, Brunswick, 
1913, 48; Brown, J. Chem, Educ., 1934,11,448; Barnett, ibid., 1941,18, 358; on thermometer 
readings by Ismagl Boulliau in 1658, see Maze, Compt. Rend., 1895,120, 732. 

5 “ Micrographia,” 1665, 38. 
6 Crafts, J. Chim. Phys., 1913, 11, 429. 
7 Phil. Trans., 1701, 22, 824; transl. in abridged edit., 1809, 4, 572. 
8 Phil. Trans., Mil, 33, 1, 78; abridged edit., 1809,7, 1, 22. 
9 Muncke, in Gehler, “ Physikalisches Worterbuch,” 1839, 9, 825; Gamgee, Proc. Cambr. 

Phil. Soc., 1890, 7, 95 (correcting Tait, and Maxwell); Brown, J. Chem. Educ., 1934, 11, 448; 
Cohen and Cohen-de-Meester, q. in Annals of ScL, 1937, 2, 133, conclude that the scale is an 
arbitrary modification of one used by Romcr in 1708, in which ice and blood temperatures were 
fixed points. 

10 Mem. Acad. ScL, 1730, 452. 
11 “Recherches sur les Modifications de PAtmosph^re,” Geneva, 1772, 1, 352; Martine, 

op. cit., ref. 4, 25. 
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The Centigrade scale was proposed by Celsius, ^ of Uppsala, but he took the 
freezing-point of water as 100'" and the boiling-point (under a pressure of 
25 in. 3 lines) as O'". The present scale (f.p. 0°, b.p. 100®) seems to be due to 
Linnaeus.2 The conversion equation for the three scales is: C®/100=R®/80= 
(F®-32)/180. 

The Centigrade scale has been the only legal thermometric scale in Germany 
since August, 1924, although the Reaumur scale is still used in daily life, as is 
the Fahrenheit in Great Britain and America.^ 

§ 3. Mercury Thermometer Corrections 

The mercury thermometer is very convenient and when carefully constructed, 
calibrated, and used,^ is capable of giving measurements to 0-002°~0’00r 
(Regnault was content with O-T). Among the sources of error with an other¬ 
wise correctly graduated instrument are (i) the change of volume of the bulb 
due to varying pressures, both external (atmospheric and hydrostatic pressures) 
and internal (effect of varying length of mercury column, and whether the 
instrument is used horizontally or vertically); (ii) the change in ice-point owing 
to thermal hysteresis of the glass, causing a change in volume of the bulb 
when the thermometer is heated and then cooled, this change (which may be 
0*03®-0*5°) not disappearing until after some days; there may also be a slow 
continuous change {secular change) for several years: ^ for Jena 16“* this is 

1 K. Svenska Vet. Akad. Hand!., 1742, 3, 171; Wargentin, ibid., 1749, 10, 161; see the 
German transl. by Karsten, 1750,4, 197; 1754,11, 167. 

2 Arago, “ Oeuvres,” 1858, 8, 608; Nordenmark, Annals of Sci., 1937, 2, 474; the scale is 
depicted on the plate opposite the title-page of Linnaeus, “ Horlus Cliffortianus,” Amsterdam, 
1737. 

3 Henning, Naturwiss., 1925,13, 421. 
4 Pierre, Ann. Chim., 1842, 5, 427; Regnault, ibid., 1842, 6, 370; Guillaume, Trav. et Mem. 

Bur. Internat. Poids et Mes., 1886, 5; 1888, 6; Compt. Rend., 1891, 112, 87; ” Traite pratique 
de la Th^rmometrie de precision,” Paris, 1889; Pernet, Trav. et Mem. Bur. Internat. Poids et 
Mes., 1881, B1; Wiss. Abhl. Phys.-techn. Reichsanst., 1894,1; idem, in Winkelmann, ” Handbuch 
der Physik,” 1^6, 3, 12; Chree, Phil. Mag., 1898, 45, 205, 299; Chappuis, Congres Internat, 
Phys., 1901, 1, 131; Henning, “Die Grundlagen, Methode, und Ergebnisse der Temperatur- 
messung,” Brunswick, 1915; Higgins, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 
988; J. Roy. Soc. Arts, 1926, 74, 946, 962, 978; Day and Sosman, in Glazebrook, “Diet, of 
Applied Physics,” 1922, 1, 835; Ostwald-Luther, “ Phys.-chem. Messungen,” 5th edit., 1931, 
101; Hencky, in Eucken and Jakob, “ Der Chemie-Ingenieur,” 1933, 2, iii, 82; Sutton, J. Sci. 
Instr., 1931,8, 98 (precision type); P6rard, Compt. Rend., 1933,196,1090 (parallax); on calibra¬ 
tion see Stewart, Rucker, and Thorpe, B.A. Rep., 1882, 145; Richards and Shipley, J.A.C.S., 
1914, 36, 1; Richards and Jackson, Z. phys, Chem., 1906, 56, 362 (below 0°); Grundmann, 
Glas u. Apparat, 1936, 17, 49, 59, 69, 75, 137, 147, 159, 169, 179, 213, 223; 1937, 18, 21, 33, 
43, 65 (construction and calibr.); on effect of pressure on bulb see, c.g., Pickering, Phil. Mag., 
1887, 23, 406; on lag see Richards, Henderson, and Forbes, Z. phys. Chem., 1905, 52, 551 
(Beckmann thermometer); Harper, Bur. Stand. Bull., 1912, 8, 659; McLeod, Phil. Mag., 1919, 
37, 134 (in medium changing in temperature at a definite rate); 1922, 43, 49; Bromwich, Phil. 
Mag., 1919, 37, 407; Griffiths and Awbery, Trans, Faraday Soc., 1922, 18, 243; Yakovleva, 
Trav. Inst. M^trol. Stand. U.R.S.S., 1936, No. 10, 58; Lieneweg, Wiss. Veroffentl. Siemens- 
Werken, 1937,16, No. iii, 112; 1938,17, No. iv, 19; Henning, ” Die Grundlagen der Tempera- 
turmessung,” Brunswick, 1915, 81; on evaporation of mercury in thermometers, Olivier, 
Chem, Weekbl, 1917,14, 325. 

5 Tlie secular change of zero was first described by Flaugcrgues, Ann. Chim., 1822, 21, 330; 
Muncke, in Gehler’s ” Physikalisches Wdrterbuch,” 1839, 9, 919; Pernet, Trav. et M^m. Bur. 
Internat. Poids et Mes., 1881, Bl; Marchis, Z. phys. Chem., 1899, 29, 1; 1901, 37, 553, 605; 
AUihn, Chem. Ztg., 1909, 33, 130; on elimination of after-effect (Nachwirkung), Kohl- 
rausch and Loomis, Ann. Phys., 1870,141, 401; Jaeger and Steinwehr, Z. phys. Chem., 1906, 
54, 428; on ” ageing ” thermometers, Dickinson, Bur. Stand. Bull., 1906, 2, 189; Taylor and 
Noyes, J. Amer. Ceram. Soc., 1944, 27, 57. 

14* 
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about 0*0r per year; (iii) an emergent stem correction, due to the fact that the 
mercury in the stem is not at the same temperature as that in the bulb. 

The emergent stem correction ^ may be avoided by having the thermometer 
calibrated so that it reads correctly when completely immersed up to the level 
of the mercury in the stem at each reading, but this position may not be possible 
in practice. A correction for the emergent stem can be applied by Kopp’s 
formula: 

.... (1) 
where /' — observed temperature, /—true temperature, /"=mean temperature 
of emergent stem, «=nuniber of emergent degrees on scale (i.e. number of 
degree marks between level of immersion and level of reading), a—apparent 
mean coefl5cient of expansion of mercury in glass, which for most purposes can 
be taken as 0*00016^^1/6000 between 0° and 100*". The correction when the 
thread thermometer ^ is used is given by Adam as c=(/'—/)//*(m+/~r), where 
/'=apparent temperature, /*=number of unimmersed divisions, /=mean 
temperature of the mercury in these, m=l/ao, where ao=apparent coefficient 
of expansion of mercury in glass. 

Dimmer ^ found that Kopp’s equation (1) gave satisfactory results; /2=ther¬ 
mometer reading, /i=temperature of secondary thermometer in air at half the 
height of the emergent stem, and a is a constant depending on the glass of the 
thermometer. For solid and hollow thermometers of Jena 16^ from —30® to 
100® a=0-000156; for solid thermometers of Jena 59^^^ a:=0-000168, and for 
hollow thermometers of Jena 59^ a—0*0001579, both from 0® to 400®. Tables 
calculated by Dimmer are reproduced in Landolt-Bornstein; ^ only the first is 
given on p. 427, since the corrections are easily calculated from the formula. 

The Paris standard thermometers, formerly made by Tonnelot and later by 
Baudin, in verre dur, can, with full precautions, give a reading to 0*002® and 
sometimes to 0*001®. Barry ^ described a mercury thermometer for the range 
15®“2r which can be read to 0*0001®, which he regarded as the limit of precision. 

1 Regnault, Mdm. Acad. Sci., 1847, 21, 225; Kopp, Ann., 1855, 94, 257; Holtzmann, in 
Liebig and Poggendorff, “ Handworterb. d. Chemic,” 1859, 7, 368; Landolt, Ann., 1868, 
Supplb, 6, 129; Mousson, Ann. Phys., 1868, 133, 311; Mills, Chem. News, 1875, 31, 234; 
Trans. Roy. Soc. Edin., 1880, 29, 567; Thorpe, XC.S., 1880, 37, 141; Rimbach, Ber., 1889, 
22, 3072; Guillaume, Compt. Rend., 1891, 112, 87; Z. Instr., 1893, 13, 155; Anon, Z. Instr,, 
1893,13,157; Wullner, “ Lehrbuch der Experimcntalphysik,” 1896,2,385; Wiebe, Arch. N^erl., 
1901, 6, 323 (hollow stem); Dimmer, Wien Ber., 1917, 122, II A, 1439, 1629, 1735; Waidner 
and Mueller, Ind. Eng. Chem., 1921, 13, 237 (can be erroneous); Berl and Kullmann, Ber., 
1927,60, 815; Griffiths, “ Methods of Measuring Temperature,” 1925,18; Busse, in “ Tempera¬ 
ture. Its Measurement and Control,” New York, 1941, 228; Noyes, Instruments, 1942, 15, 
449; Amer. Chem. Abstr., 1943, 37, 1064, used an exponential formula; Kane and Schuette, 
Oil and Soap, 1943,20,11 (nomogram). 

2 The “ thread thermometer ” (Fadenthermometer), introduced by Luz in 1784, is a thermo¬ 
meter with a long thin cylindrical bulb which is immersed alongside until the readings (mercury 
levels) coincide and the bulb is partly immersed and partly exposed; Guillaume, Z. Instr., 
1892,12,69; 1893,13,155; Mahlke, ibid., 1893,13,58; Adam, Z. Instr., 1907,27,101; Bucking¬ 
ham, Bur. Stand. Bull., 1912, 8, 239; \Viebe, Petroleum [German], 1912, 7, 1304; Schliitcr, 
Chem. Ztg., 1915, 39, 177; Mitt. Kgl. Materialsprufungsamt, 1915, 33, 505; Henning, “Tem- 
peraturmessung,” Brunswick, 1915, 81; Ostwald-Luther, ” Phys.-chem. Messungen,” 5th 
edit., 1931, 106. 

3 Wien Ber., 1917, 122, II A, 1439, 1629, 1735; for hollow thermometers see Meissner, 
Z. Instr., 1909,29, 93. 

4 ‘‘Tabellen,” 5th edit., 1923, 2, 1212; Romberg’s tables, given in the 4th edit., are said by 
Dimmer to be unreliable. The tables in Landolt-Bornstein have been checked with Dimmer’s 
and found identical, except that the last entry in Table 1 in the column under 50° is 0-78 in 
Landolt-Bornstein, which is correct, instead of 0*80 in Dimmer. 

5 J.A.C.S., 1920,42, 1911. 
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Thermometers of Jena 16*^* Glass from —30® to 100° 

10 20 30 40 50 60 70 80 

10 0-02 0-03 005 0-06 0-08 0-09 0-11 0-12 
20 0-03 0-06 0 09 0-12 0-16 0*19 0-22 0-25 
30 0-05 0-09 014 0-19 0-23 0*28 0-33 0-37 
40 0-06 0-12 0-19 0-25 0-31 0*37 0-44 0-50 
50 0-08 016 0-23 0-31 0*39 0-47 0-55 0-62 
60 0-09 0-19 0-28 0-37 0-47 0-56 0-65 0-75 
70 0-22 0-33 0-44 0*55 0-65 0-76 0*87 
80 i 0-37 0-50 0*62 0-75 0-87 1*00 
90 1 0-56 0-70 0-84 0*98 M2 

100 0-78 0-94 1-09 1-25 
no 1-03 1-20 1-37 
120 1-31 1-50 
130 1-62 

An important correction for a mercury thermometer is the zero depression^ 
the zero (0°) immediately after heating is lower than before heating owing to a 
lag in recovery of the volume of the bulb. With Jena 16^“ glass this recovery 
takes 2-3 days, with some other glasses it may take 10-14 days.i It is usual to 
determine the depression after exposure to steam for 30 minutes and then 
measure the ice-point immediately afterwards, after cooling in air to SO'". The 
zero depression is variable until some time after the thermometer has been 
made, being smaller with a new thermometer. The following table gives the 
depressions after cooling from the temperature stated.^ 

Glass 25° 50° 1 100° 

Kew. 0-04 0*11 0*22 
Verre dur ... ... 0-02 0-05 0*11 
Jena 16^^^ . 0-015 0-03 0-07 
Jena 59“^ . 0 01 0-02 0-035 
Powell’s normal 0-01 0*02 0-05 

An example of a full thermometer correction ^ is the following: 

Observed temperature reading   38-85 
Ice-point reading   0-15 
Emergent stem correction . 0-17 

first correction 38-85—0-15+0 17= . 38-87 
Ice-point depression after \ hour heating in steam (given in thermom. 
certificate) =0-06° 

.*. depression for 38°=0 06 x 38/100=0-02 
correction for 0° (from certificate) 0-12° too high 

»» »» ,, „ vr „ ,, 

scaleand2erodepressioncorrection=—0-13—(—0-12)—0-02= ... —0-03 

final corrected temperature = . 38-84 

1 Hdppler, Chem. Ztg.^ 1933, 57, 394. 
2 Higgins, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 1001, 
3 Length of emergent stem 27°, room temperature 18°; correction from Dimmer’s tables in 

Landolt-BOmstein, ” Tabellen,” 5th edit., 1923, 2, 1212. 
^ Ostwald-Luther, ” Phys.-chem. Messungen,” 5th edit., 1931, 110 f. 
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It is convenient to make a table of the last three corrections conjointly for the 
range of the thermometer. Taylor and Noyes ^ found that the change of 
ice-point with time is given by where a and m are constants. 
Wiebe ^ corrected for freezing-point depression by having a piece of glass rod 
inside the bulb containing the mercury. 

Edenholm and Olsson ^ used the formula: 
At=nit,-QI{k-n,-{-t,) 

where temperature of emergent stem, /^=observed temperature, «i = length 
of emergent stem in degrees, 1/A:=apparent cubic coefficient of expansion. A 
monogram for the emergent stem .correction is described.A proposed ^ 
vacuum jacket to eliminate stem correction is useless.^^ Specifications for a 
laboratory thermometer in single degrees from —20^' to -flSO® are given by 
Collins. Duclaux and Hamelin ® devised an arrangement for correcting for 
change of contact angle and electrification of the mercury. 

Mercury thermometers filled with carbon dioxide, ^ reading up to 500°, or 
(now) of borosilicate glass and filled with nitrogen, reading up to 600°, are 
used. Thermometers containing potassium-sodium alloy (which turns the glass 
brown), or of quartz containing tin,^i thallium,^^ or gallium,^^ have only a limited 
use and are better replaced by thermocouples. Mercury in quartz has been used.^^ 

Temp. 
1 Temp, on mercury scale- 
j gas scale 

—temp, on 

Verre dur Jena 16^^^ * Jena 59 

-30 -0-30 -0-32 -018 
-20 -0*17 -019 -010 
-10 -007 -008 -004 

0 000 000 000 
+ 10 0052 +0056 +0024 

20 0085 0 093 0035 
30 0102 0113 0038 
40 j 0 1075 j 0120 0034 
50 ! 0103 0116 0 026 
60 00903 1 0103 0016 
70 0072 0083 00076 
80 0050 0058 0001 
90 1 0 026 0030 -0 002 

100 ! 0 000 0 000 0 000 

* Tubes of this glass have a thin purple line throughout the length, 

1 J. Amer, Ceram, Soc., 1944, 27, 57. 
2 Z. Insir,, 1910, 30, 245. 
3 Amer, Chem. Abstr,, 1936, 30, 6248. 
^ Berl and KuUmann, Ber., 1927, 60, 815; Somerville, Ind, Eng, Chem, Anal,, 1945,17, 675; 

Skau and Wakeham, in Weissberger, “ Physical Methods of Organic Chemistry,” New York, 
1945, 1, 35. 

5 Hahn, Z. angew, Chem,, 1914, 27, i, 24. 
^ Dimmer, Z. angew. Chem., 1915, 28, i, 255. 
7 Ind, Eng, Chem., 1921, 13, 240; on a short thermometer, see Coste, J.S.C.I,, 1913, 32, 

341, and discussion. 
8 J.dePhys., 1910,9, 600. 
9 Mahlkc, Ann. Phys., 1894, 53, 965. 

10 Baly and Chorley, Ber, 1894, 27, 470. 
11 Dufour, Compt. Rend,, 1900, 130, 775; Northrup, Trans. Faraday Soc., 1917, 13, 212; 

Anon., Met, Chem, Eng., 1917, 17, 558 (in graphite to 2000"). 
12 McIntosh and Johnson, J.A.C.S., 1912,34, 910. 
13 Boyer, Ind. Eng, Chem., 1925, 17, 1252 (to 1000"); J. Opt. Soc. Amer,, 1926, 13, 117; 

Moreau, Compt. Rend., 1937, 205, 967. 
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The differences between the mercury scale (1°=0*01 X difference in vols. at 
0° and 100° extended in both directions) and the gas scale (const, vol. hydrogen 
thermometer) have been investigated by Chappuis ^ and by Thiesen, Scheel, 
and Sell.2 The latter give the table, on p. 428, for three kinds of thermometer 
glass. ^ 

§ 4. Beckmann Thermometer 

Lord Charles Cavendish ^ and (less obviously) Walferdin ^ first applied the 
principle used in the Beckmann (or metastatic) thermometer, but Beckmann 
deserves full credit for making a reliable practical 
instrument available, and it is affectation to call 
his thermometer by any other name. Its con¬ 
struction and use are well known (Fig. 3.V1 A). 
It has a large bulb and only six degrees on the 
scale S, which is graduated in yoo degrees, 
thousandths being read (with a lens) by inter¬ 
polation. There is a reservoir b at the top into 
which mercury can be driven by warming and 
then detached by shaking, if higher tempera¬ 
tures are used, or from which mercury can be 
drawn by inverting and tapping and then warm¬ 
ing until the thread in the capillary joins that 
in b. It is best to have separate thermometers 
for use at widely separated temperatures, so as 
to avoid the necessity of heating the bulb too 
much, which introduces errors of change of 
volume of the bulb. 

When a Beckmann thermometer is used 
account must be taken of the degree value, since 
the quantity of mercury in the bulb is not con¬ 
stant, some being taken out into the upper 
reservoir when higher temperatures are used. 
In this case the reading is too small. If the 
reading is correct at 0°, then at 20° the reading 
is 20x0-000163=0*003° per degree too small, 
where 0*000163 is the apparent coefficient of 
expansion of mercury in glass. The degree 
factor is thus 1 -003, and any measured tempera¬ 
ture change must be multiplied by 1 *003 to give the correct value. This assumes 
that the mercury in the capillary is at the same temperature as that in the bulb, 

1 Trav, et Mem. Bur. Internat. Poids et Mes., 1888, 6. 
2 Z. Instr., 1895, 15, 433; Scheel, Ann. Fhys., 1896, 58, 168; Z. phys. Chem., 1896, 20, 643. 
3 See Higgins, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 999. 
4 Phil. Trans., 1757, 50, 300; abdgd. edit., 1809, 11, 138 (in full); Menzies, J.A.C.S., 1921, 

43,2309. 
5 Lottin, Bravais, and Martins, Compt. Rend., 1840,10, 289; Walferdin, ibid., 1842,14, 63; 

Bull Soc. Geol, 1841-2, 13, 113; Drion, Ann. Chim., 1859, 56, 5; Wullner, ” Lehrbuch der 
Expcrimentalphysik,” 1896,2,161. 

6 Beckmann, Z. phys. them., 1888, 2, 638; 1894, 15, 656; 1896, 21, 239; 1905, 51, 329; 
Grutzmacher,Z.Instr., 1896,16,171 ;Z. phys. Chem., 1896,21, 313; 1897,23,365; Ann. Phys., 
1899, 68, 769; Lemke,Z. Instr., 1899, 19, 33; Schimpfl, Z. phys. Chem., 1910,71,257; Kiihn. 
Chem. Ztg., 1912, 36, 843; 1926, 50. 437; Disch, Z. angew. Chem., 1913, 26, 279; Gray, ” A 
Manual of Practical Physical Chemistry,” 1914,48; Fdry, Bull. Soc. Encourag., 1914,. 113,405; 

Fig. 3.VI A. Beckmann 
Thermometer 
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Otherwise an emergent stem correction (§ 3) must also be applied, as with all 
mercury thermometers. It is usually sufficient to take a decrease of degree 
value of 0*001 for every 6^" rise in temperature of the stem temperature. E.g. if 
a measurement is made at 0®, where the degree value is 1 *000, and the stem 
temperature is 15°, the true degree value is l--15x0*001/6=0*997°. Griitz- 
macher gave the following degree values (reduced to the hydrogen scale): 
A values are for totally non-immersed mercury thread and B values for 
totally immersed mercury thread: 

Inter¬ 
val 

-35° to 
-30° 

0° to 5° 20° to 25° 
! 

45° to 50° 
! 

95° to 
100° 

145°to 
150° 

195°to 
200° 

245° to 
250° 

A 0*982 1*000 1*009 1020 1*037 1*050 1*058 1*060 
B 0*981 1*002 1*009 1*016 1*026 1*032 1*033 1*039 

§ 5. Fixed Temperatures 

The production and maintenance of an ice bath within very narrow limits of 
temperature about 0° are not at all easy; an expert ^ has said that control to 
0°±0*000r is not practicable, and a “ triple point bulb,” in which ice, water, 
and vapour are present at +0*0077° and 4*57 mm., has been recommended.^ 
White,3 in a most interesting and valuable paper, describes how control to 
0*0001° can be achieved. A cell is filled with pure crushed ice and provided 
with inlet and outlet tubes for washing the ice with pure chilled water, and this 
cell is immersed in a large ice bath. It may be used to maintain the cold junc¬ 
tion of a thermel exactly at 0° over a long period. Roper ^ found that if an 
accuracy of 0*001° is required, White’s apparatus can be simplified: he washed 
the crushed ice in a single Dewar vessel with chilled pure water (at 0°±0*r), 
siphoning off the wash water. Beattie, Benedict, and Blaisdell ^ gave for the 
ice-point: 

-0*0098 (/7-760)/760-0*0075iT/(13*6X760) 

where p mm. is the pressure at which the water is saturated with air, and H mm, 
the height of the water surface above the middle point of the platinum thermo¬ 
meter spiral. Moser found the difference between the triple point and the m.p. 
of ice to water saturated with C02-free air to be 0*00743+0*00005°, and since 
the melting-point of ice to this water is 0*0024°, the triple point itself is 0*0098°. 
The effect of dissolved air on the freezing-point of a liquid seems to have been 

Fajans and Wiist, “ Practical Physical Chemistry,” transl. Topley, 1930, 17; Ostwald-Luther, 
“ Phys.-chem. Messungen,” 5thedit., 1931,378; Matsui, Kambara, and Yoshino,/. Soc, Chem. 
Ind. Japan, 1932, 35, Suppl. Bdg. 313 (calibration); Busse, in “ Temperature. Its Measure¬ 
ment and Control,” New York, 1941, 228; Reynolds, Chem, and Ind,, 1947, 563 (resetting); 
on Beckmann, Z. angew, Chem., 1923,36, 341. 

^ Moser (of the Reichsanstalt), Ann, Phys., 1929,1, 341; Waring, Science, 1943, 97, 221. 
2 Moser, loc, cit.; Michels and Coeterier, Proc. K, Akad, Wetens, Amsterdam, 1927, 30, 

1017* 
3 Rev. Sci. Instr., 1933,4,142; J.A.C.S., 1934,56, 20. 
^ J.A.C.S., 1938, 60, 866; see also Foote and Leopold, Amer. J, Sci., 1926, 11 [211], 

42, who say the f.p. of air-free water is +0 0023°; Thomas, Bur, Stand. J, Res,, 1934, 12, 
313, 323, who says washed commercial ice (excluding the white core) is as good as ice from 
distilled water; Beattie, Benedict, and Blaisdell, Proc. Amer, Acad., 1937, 71, 327; Beattie and 
Blaisdell, ibid,, 1937, 71, 361, 375; Beattie, Tzu-Ching Huang, and Benedict, ibid., 1938, 72, 
137 (triple point 0*00981°); Thomas, in “Temperature. Its Measurement and Control,” 
New York, 1941, 159. 
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first investigated by Prytz.^ Stimson ^ found that the pressure and dissolved 
air together lower the freezing-point about 0-00991° C., so that the triple point 
is about +0*0100° C. Michels and Coeterier^ had found the ice-point vari¬ 
able by 0*0r on account of dissolved air, and recommended the triple point 
+0*007°±0*00023° as standard. 

The freezing-points of solutions were proposed as constant temperatures.'^ 
The steam hath for calibrating thermometers described by Regnault is depicted 
in most textbooks; ^ an improved form was described by Keesom and van der 
Horst.6 The temperature of the steam is found by taking the barometric 
pressure and finding the temperature at which the vapour pressure of water has 
this value in the tables of vapour pressures, or by using a formula. In 
Chappius’ steam-point apparatus the steam column can be swung into a 
horizontal position to give the readings for vertical and horizontal positions of 
the thermometer and thus the internal pressure correction. The influence of 
pressure has been given ^ as 0*001° per 6 mm. Hg; it may cause errors of 
more than 0*15° in vacuum distillations.^ 

For the steam-point between 660 and 860 mm. pressure /?, Beattie and 
Blaisdell gave 

100+0*0368578(/?-760)--0-04201591(/?-760)2+0-07l621(/?-760)3. 

Some fixed points which have been proposed are transition points in systems 
of salts and water, but as these have been rather differently given by the same 
experimenters at different times they are not the most accurate standards and are 
best not used (where only one formula is given, the anhydrous salt is formed): 

Na2S04, IOH2O. 
MnCl2, 4H20-^2H20 .. 
SrCl2, 6H20->2H20 
SrBra, 6H20 ~>?H20 .. 

Na2Cr04, 10H2O->6H2O 
Na2Cr04, 10H20^4H20 
Na2Cr04, 6H20->4H20 

32*383 n 
58 089±0005 12 
61 *341 ±0*0007 13 

88*6213 

19*525 14 
19*987 14 
25*9014 

Na2C03, 10H20~>7H20 32*017 15 
NaBr,2H20 . 50*674 

NaN03±Na2S04, IOH2O 13*154±0*001 
Na2S04±NaCl (solid)... 17*878±0*002 i7 
KCl eutectic .-10*645±0*0025 
KNO3 eutectic.- 2*86'^ 
Ba(N03) 2 eutectic ...— 0*71°i8 

1 Dansk. Vidensk. Selsk. Forhl, 1893, \5\; Ann, Phys. Beibl,, 1893,17, 815. 
2 /. Wash, Acad,, 1945, 35, 201. 
3 Proc. K. Akad. Wetens. Amsterdam, 1927, 30, 1017. 
4 Prytz, Z. phys. Chem., 1904, 47, 729. 
5 Balfour Stewart, “ Elementary Treatise on Heat,” Oxford, 1888, 11. 
<5 Proc. K. Akad. Wetens. Amsterdam, 1927, 30, 970; Comm. Leiden, 188^7. 
7 Higgins, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 994 (N.P.L. apparatus 

also). 
8 Loomis, Ann, Phys., 1894, 51, 500. 
9 Smith and Menzies, Z.phys. Chem., 1910, 75, 498. 

10 See note 4 on p. 430. 
11 Richards et al, Z. phys. Chem., 1898, 26, 290 1903, 43, 465 (32*383° on H2 

thermom.); Dickinson and Mueller, Bur. Stand. Bull., 1907, 3, 641; J,A.C.S., 1907, 29, 1318 
(32*384°); Redlich and Loeffler, Z. Elektrochem., 1930, 36, 716 (32*383°); Hvle, Chem. Met. 
Eng., 1945, 52, No. 6,115; this seems a reliable standard. 

12 Richards et al, Z.phys. Chem., 1908, 61, 313. 
13 Richards et al, J.A.C.S., 1918,40,89. 
14 Richards et al, J.A.C.S., 1911, 33, 847; the closeness of the first two transitions makes this 

an unreliable standard. 
15 Richards et al, J.A.C.S., 1914, 36, 485. 

Richards et al, Z. phys. Chem., 1906, 56, 348. 
17 Redlich and LOffler, Z. Elektrochem., 1930, 36, 716. 
18 Schoorl, Chem. Weekbl, 1915, 12, 222. 
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The determination of temperature from the solubility of a salt (e.g. Na2S04),i 
or the use of ice and hydrochloric acid,^ etc., are inconvenient and unreliable. 
Fusible metals of the Wood’s metal type were proposed as standards by Stein- 
metz.3 The transition temperature of CCI4 seems unsuitable, as it has been 
given differently by different experimenters.'^ The transition ^ Na2S04, 
7H20-Na2S04 at 23-465°±0-004°, is inconvenient. 

§ 6. Melting- and Boiling-Points 
In the following tables ® the melting- and boiling-points are given in ° C.: 

Elements 

m.p. b.p. m.p. b.p. 

Aluminium 659-8 >2200 Molybdenum 2620 3700 
Antimony 630-5 1380 Neon . -248-52 -245-92 
Argon . -189-25 -185-85 Nickel . 1455 2900 
Arsenic . 814-5 615 

(sublimes) 
Niobium. 
Nitrogen. 

1950 
-210 

3700 
-195-8 

Barium . 710 1537 Osmium. 2750 >5300 
Beryllium. 1280 1500 Oxygen . -218-4 -183 
Bismuth. 271 1450 Palladium 1553 2200 
Boron . 2300 2550 Phosphorus t 44-1 287 
Bromine. -7-2 58-7 Platinum. 1755 4300 
Cadmium. 320-9 767-3 Potassium 63-50 757-5 
Caesium. 28-45 670 Radon . -71 -62 
Calcium. 851 1439 Rhenium. 3167 — 

Carbon . 3500 4200 Rhodium 1970 >2500 
Chlorine. -101-6 -34-6 Rubidium 39-0 700 
Chromium 1900 2200 Ruthenium 2450 >2700 
Cobalt . 1495 2900 Selenium. 220-2 684-8 
Copper . 1083-0 2310 Silicon . 1420 ' 2600 
Fluorine. -217-8 1 -187 Silver . 960-5 1955 
Gallium . 29-75 >2000 Sodium . 97-9 j 882-9 
Germanium 958-5 2700 Strontium 800 i 1366 
Gold . 1063-0 2610 Sulphur §. 112-8 444-60 
Hafnium. 2200 3200 Tantalum. 2850 >4100 
Helium . -272 -268-87 Tellurium 452-5 1390 
Hydrogen * -259 -252-78 Thallium. 303-5 1475 
Indium . 155-4 >1450 Thorium. 1845 >3000 
Iodine . 113-9 184-4 Tin . 231-84 2260 
Iridium . 2440 >4800 Titanium. 1800 >3000 
Iron . 1539 2450 Tungsten. 3390 5900 
Krypton. -157 -152-9 Uranium. 1689 3500? 
Lead . 327-4 1620 Vanadium. 1710 3000 
Lithium . 180 1336 Xenon . -111-5 -107-1 
Magnesium 651 1100 Zinc . 419-4 920 
Manganese 
Mercury. 

1260 
-38-90 

1900 
356-95 

Zirconium 1600 >2900 

• Deuterium, m.p. —254-5, b.p. -249-6. t White. § Rhombic. 

> Richards et al, J.A.C.S., 1918,40.164. 
^ Richards et al, Z. phys. Chem., 1906,56, 362. 
3 J.A.C.S., 1918, 40, 96; for a long table of fixed points, see Burgess, Amer. Chem. Abstr., 

1912, 6, 2881; J. Chim. Phys., 1913,11, 529. 
“ McCollough and Phipps, J.A.C.S., 1928, 50, 2213 (-48-45° ±0-02°); Skau and Meier. 

ibid., 1929, 51, 3517 (-47-55° ±0-12°); Johnston and Long, ibid., 1934, 56, 31 (-47-665°); 
Hicks, Hooley, and Stephenson, ibid., 1944, 66, 1064; Davidson, Argersinger, and Michaelis, 
J. Phys. Chem., 1948,52, 332 (-47-8°). 

5 Washburn and Clem, J.A.C.S., 1938,60, 754. 
6 Landolt-Bbmstein, “Tabellen,” 5th edit., 1923, 313 (elements), 335 (inorganic com¬ 

pounds), 366 (organic compounds); 1931, Erganzsbd. 2, i, 229; Weygand, Hand u. Jahrb. 
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Hume-Rothery i found that the b.ps. of elements are given by T^N^V^jm^ 
55, where iNr=principal quantum number (§§ 14-17.V) of the valency electron, 

F=ionising potential of the valency electron, /w=atomic weight. The melting- 
and boiling-points of elements are periodic functions of the atomic weights.^ 

Increased density in allotropic forms is accompanied by increased m.p.^ All 
solids which do not decompose can be melted and boiled in the electric arc 
furnace.** Some carbides have the highest m.ps. of any substances known, 
about 4100° K.5 and this has been related to the valencies of the two elements 
forming the binary compound: 

LiF MgO TiN NbC 
m.p.°K. 1115 2920 3200 4100 

For the same valencies, the m.p. of the binary compound AB is highest for a 
given relation between the atomic or ionic volumes of the constituents, in many 
cases one of approximate equality. A small volume of one ion compared with 
the volume of the other ion leads to low m.p., the anion volume being of major 
importance. For low m.p. gases (HCl, etc.) the anion volume is overwhelmingly 
large in comparison with the cation volume. The m.p.s of elements are functions 

chem, Phys.^ 2, iiiC, 104; Partington, “ A Textbook of Inorganic Chemistry,” 1946,410; b.ps. of 
metals, van Laar, Chem. WeekbL, 1936,33,215 (Zn 907°, Cu 2369°); for plot of m.p. and b.p. of 
elements against atomic number, see Fischer, J. prakt. Cheni., 1941, 158, 200; Renaud, Bull. 
Soc. Chim., 1945, 12, 1060; m.ps. of pure elements, Guertler and Pirani, Z. Metallkcle, 1919, 
11, 1; Amer. Chcm. Abstr., 1920, 14, 664 (tables); of salts, Hultner and Tammann, Z. anorg. 
Chern., 1905, 43, 215; Roberts, Phys. Rev., 1924, 23, 383; barium, Hartmann and May, Z. 
anorg. Chem., 1929, 185, 167 (m.p. 658°); Guntz (m.p. 850°); boron, Cucilleron, Compf. 
Rend., 1944, 219, 209, m.p. pure B, 2000°-2075°; carbon, Crookes, Chem. News, 1906, 92, 
147; La Rosa, Ann. Phys., 1909, 30, 369; 1910, 34, 4; 1911, 36, 841; Watts and Mendenhall, 
ibid., 1911, 35, 783; Thiel and Rittner, Z. anorg. Chem., 1923, 132, 153; Kohn and Gucker, 
Z. Phys., 1924, 27, 305; chromium, Grube and Knabe, Z. Elektrochem., 1936,42,793; cobalt, 
van Dusen and Dahl, Bur. Stand. J. Res., 1947, 39, 291; deuterium, Scott, Brickwedde, Urey, 
and Wahl, J. Chem. Phys., 1934, 2, 454 (b.p. 23*5° K., triple pt. 18-58° K.); Huorine, Kanda, 
Bull. Chem. Soc. Japan, 1937, 12,511 (m.p. —218°); gallium, Roeser and Hoffmann, Bur. Stand. 
J. Res., 1934, 13, 673 (m.p. 29-780°); gold, Holborn and Day, Ann. Phys., 1901, 4, 99 (m.p, 
1063-9°); hydrogen, Heuse and Otto, Ann. Phys., 1931, 9, 486 (b.p. —253-78°); iridium. 
Henning and Wensel, Bur. Stand. J. Res., 1933,10, 809 (f.p. 2454°); iron, Roeser and Wensel, 
Bur. Stand. J. Res., 1941, 26, 273; lithium, Hartmann and Schneider, Z. anorg. Chem., 1929, 
180, 275; krypton, Allen and Moore, J.A.C.S., 1931; 52, 2522; mercury, Heuse and Otto, 
Ann. Phys., 1931, 9, 486 (m.p. -38-832°); Henning, ibid., 1914, 43, 282; nickel, Wensel and 
Roeser, Bur. Stand. J. Res., 1930, 5, 1309; van Dusen and Dalil, Bur. Stand. J. Res., 1947, 
39, 291; niobium, Wensel and Roeser, Bur. Stand. J. Res., 1930, 5, 1309; nitrogen, Aoyama 
and Kanda, J. Chem. Soc. Japan, 1934, 55, 15 (b.p. —195-79°); oxygen, Heuse and Otto, 
Ann. Phys., 1931, 9, 486 (b.p. -182-962°); Aoyama and Kanda, J. Chem. Soc. Japan, 1934, 
55, 15 (b.p. —182-98°); platinum, Ribaud and Mohr, Cornpt. Rend., 1931, 192, 37 (m.p. 
1762°); Schofield, Proc. Roy. Soc., 1934, 146, 793; Hoffmann and Tingwalt, Phys. Z., 1934, 
35, 434 (f.p. 1773-8° ±1°); rhenium, Agte, Alterthum, Becker, Heyne, and Moers, Natiirwiss., 
1931, 19, 108; Z. anorg. Chem., 1931, 196, 129; selenium, de Selincourt, Proc. Phys. Soc., 
1940, 52, 348 (b.p. 684-8°); silicon, Gayler, Nature, 1938, 142, 478 (m.p. 1415°); strontium, 
Trautz and Kiphan, Z. anal. Chem., 1929, 78, 350 (m.p. 797°); Hartmann and May, Z. anorg. 
Chem., 1929, 185, 167 (m.p. 752°); tellurium, Kracek, J.A.C.S., 1941, 63, 1989 (m.p. 449-8°); 
titanium, Waggaman and Gee, Chem. Eng. News, 1948,26, 377 (m.p. 1725°); xenon, Allen and 
Moore, J.A.C.S., 1931, 52, 2522; zirconium, Waggaman and Gee, op. cit. (m.p. 1860°?). 

1 J. Phys. Chem., 1940, 44, 808. 
2 Biltz, Z. Elektrochem., 1913, 19, 613; Ono, Proc. Phys. Math. Soc. Japan, 1919, 1, 251; 

Renaud, Bull Soc. Chim., 1945,1060. 
3 Mohr, Ann., 1872, 62, 61. 

Moissan, Compt. Rend., 1906,142,189,425,673; Ann. Chim., 1906,8,145. 
5 Friedcrich and Sittig, Z. anorg. Chem., 1925, 144, 169; 1925, 145, 251; Friederich, Z. 

Phys., 1925, 31, 813; on refractory nitrides, see Friederich and Sittig, Z. anorg. Chem., 1925, 
143, 293; for the fusion and evaporation of carbon, see, e.g., Alterthum, Z. tech. Phys., 1925, 
6,540. 
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of the forces by which the atoms are held together by valency electrons: 
the highest m.p.s occur at places where metals change to non-metals in the 
Periodic Table. ^ Ruff 2 found no regular relation of the b.p. with the mass of 
the central atom, the atomic volume, or the number of atoms in the molecule. 
The most important factors for volatility are the minimum negative charge on 
the central atom and the symmetry of the molecule, high symmetry favouring 
volatility. 

The relation between melting-point and the valency forces between the atoms 
was clearly stated by Nernst,^ the high m.p. of diamond, for example, being 
attributed to the strong chemical valency bonds between the carbon atoms, and 
the low m.ps. of the inert gases to the weak van der Waals forces between their 
atoms. 

Inorganic Compounds 

m.p. b.p. 

HCN ^ . -13-24 25-70 
HF 5 . -83 194 
PCM . -92 76 
POCI3 . 1*25 107-2 
POF3 7 . -394 -39-8 
SiCU . -68‘7 57-0 
TiCU . -25 1364 
SnCU . -33 114-1 
GeCU . -49-5 86-5 
ASCI3 . -16 130 
AsBra . 32-8 221 

SbCb . 73 222 

SbBri . 96-6 283 

Hg2Cl2 . 525 383 
Hg2l2 . 290 310 
HgCl2 .' 280 302 
HgBr2 .i 238 320 
Hgl2 . 257 350 
PbF2 . 818 1290 
PbCl2 . 498 954 
PbBr2 . 373 916 
Pbl2 . 393 950 
TlCl . 451 708 
TlBr . 463 — 

Til . 446 800 

LiF 8 . 840 1676 
NaF . 992 1695 
KF. 846 1505 
LiCl . 614 1382 

NaCI . 803 /1430 
11441 

1 

1 m.p. b.p. 

KCl 768 1417 
LiBr 1 535 1310 
NaBr 766 1393 

KBr 1 748 
/1376 
1 1381 

Lil 450 1170 
Nal 660 1300 
KI 682 1330 

Li2C03 735 _ 

Na2C03 853 — 

K2CO3 894 — 

CuCl 430 1367 
CuBr 488 1345 
Cul 588 1293 
AgCl 449 1554 
AgBr 419 — 
Agl 556 — 

CaF2 i 1330 2451 
CaCl2 774 — 

CaBr2 I 760 812 
Cal2 740 — 
AICI3 1 190 

(2-5 atm.) 
— 

AlBr3 ... 1 97-5 265 
AII3 -! 191 >350 

Li2S©4 859 _ 
Na2S04 ' 897 — 
K2SO4 1074 — 
Rb2S04 1074 — 

CS2SO4 1019 — 

1 See note 2 on p. 433. 
2 Ber., 1919, 52, 1223 (tables of b.ps. of salts). 
3 “ VortrSge uber die kinetische Theorie der Materie und der Elektrizit^t ” (Wolfskehl 

Samml., Gottingen), Leipzig and Berlin, 1914, 63; Mazzucchelli, Gazz-^ 1920, 50, i, 93. 
4 Giauque and Ruhrwein, J.A.C.S., 1939, 61, 2626. 
5 Wohler and Jung, Z. phys, Chem., 1933, 21B, 31. 

Biltz and Jeep, Z. anorg. Chem., 1927, 162, 33, 
Booth and Dutton. J.A.CS., 1939, 61, 2937. 

8 Boiling-points of alkali halides, von Wartenberg and Schulz, Z. Elektrochem,, 1921, 
27, 568. 



§6 MELTING- AND BOILING-POINTS 435 

In the following table ^4^^ js the density in g./ml. at 15°, the refractive 
index for the sodium line at 15°; is the hydrogen line 6563 A. 

Organic Compounds* 

m.p. b.p. P4I5 

acetaldehyde, CH3CHO . -123-5 75 20-2 0-7834(20”) 1-33157(20°) 
acetic acid, CH3COOH . 16-7 118-5 1-05148 1-37182(20°) 

acetic anhydride, (CH3CO) 2O -73 139-5 
(18°) 

1-0876 1-39038(20°) 
acetone, (CH 3)200 . -94-6 75 56-48 71 — — 

— 56-20 2 0-79597 2 1-36157 2 
acetophenone . 19-655 4 202-0 6 1-0238 1-53427 

acetyl chloride, CH iCOCl -112 51 
(25°) 4 

1 -03236 6 

(19-r) 
1-5363 6 

allyl alcohol, CH2;CH.CH20H ... (glassy) 97-0 3 0-85511 3 1-41175 

/5<7-amyl acetate, CH3COOC5H11 142-0 0-8764(20°) 
(Ha) 3 

1-40143(18-1°) 
w-amyl alcohol, C5H j j OH -73-85 3 138-25 3 0-81837 3 1-41173 3 
iso-2imyl alcohol, C5H11 OH -117-2 75 131-6 0-81289 1-4084(17-8°) 

tert-amyl alcohol, C5H i lOH -11-9 75 
(765 mm.) 
101-8 0-812 _ 

anethole . 22-5 235-2 0-98556(21.6°) 1-5624 (12°) 
aniline, C6H5NH2. -6-1 5 184-40 5 1-02613 5 1 -58872 5 

-5-98 66 — — — 

anisole, C6H5.OCH3 . -37-5 6 153-80 6 0-99858 6 1-519616 
anthracene. 217-5 333-961 1-25(20°) — 

anthraquinone . 
benzaldchyde, CeH 5COH 

(213) 
286(subl.) 
-26 

376-8 61 
179-1 1 0504 1-54629(17.6°) 

benzene, CeH^ . 5-51 58 { 
(751-3 mm.) 

80-093 5 8 

5-497 80-2 11 0-8791 1 -50439 10 

5-58 8 80-110 57 

0
 
0

 

5 -483 9 80-08 16 0-88420 10 1-49794 

5-50 10 0-87367 
(25°) 

5-48 11 

(25°) 58 

5-493 — 1 — — 

9, 12 
5-7 68 
5-85 54 — _ 1 — 

benzoic acid . 122-36 59 250-03 61 — — 
benzonitrile, CeHsCN . -12-9 75 — — — 

-13-8 5 19M0 5 1 -00948 5 1-53056 5 
tbenzophenone, (CeH 5) 2CO 47-8 »5 305-44 15 — 

— 305-9 61 — — 

benzoyl chloride, CeHsCOCl -0-5 198 _ — 

benzyl alcohol, C6H5CH2OH -15-36 205 -45 6 1 04927 6 1-54259 6 

bromobenzenc, CeHsBr -30-6 10 156-15 10 1-50170 10 1-56252 10 

bromoform, CHBra . 8-05 2 149-55 2 2-90350 2 1-60053 2 
a-bromonaphthalene, C ioH7Br ... 6-1013 277 13 1-4834 1 -6582 

butane {see hydrocarbons, below) 
«-butyl alcohol, C4H9OH. 

6-20 13'* 

-90-2 2 118-02 

(20°) i 3^ 

0-81337 2 

(20°) 13^ 

1-40118 2 
-79-9 75 

See pp. 440-2 for footnotes. t The a-form. 
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Organic Compounds—continued 

m.p. b.p. p,is 

/5<9-butyl alcohol, C4H9OH glassy 2 108*10 2 0*80576 2 1 *39768 2 

-108 75 — — — 

jcc-butyl alcohol, C4H9OH -114*7 75 99*50 2 0-81088 2 1*39946 2 
A^r/-butyl alcohol, C4H9OH 25*55 82*5014 0*7762 

(30°) 14 
— 

w-butyric acid, C3H7.COOH -5*50 3 164*05 3 0*96286 3 1-39803 
(Ha) 3 

w^)-butyric acid, C3H7.COOH -461 154*70 14 0*95296 14 1*39525 14 
camphor {d\ C loH 160 . 180 209 — — 

carbazolc, (C6H4)2NH . 240*3 61 354 — — 

carbon disulphide, CS2 . -1121 46*252,18 1*27055 2 1*63189 2 
-116*8 2 46*85 71 — 1*63149 71 
-111*8 16 — — — 
-111.99 17 — — — 

carbon tetrachloride, CCI4 -22*85 16 76*75 >0* 18 1 *60370 10 1*46305 10 

-22*9 18 — — — 

-22*95 10 — — — 

carbonyl chloride, COCI2. -10475 8*2 

(756*4 mm) 
1*432(0°) — 

1,2.4-carvacrol, CHa-CeHsCOH) 
CH(CH,)2 

0*5 237*9 0*981 — 

chloral, CCh.CHO . -57*5 97*7 1*5121(20°) l-4557(20‘’l 
chlorobenzene, C6H5CI . -45*216,18 132*00 

10, 18 
1*1117210 1 *52748 10 

-45*1 10 — — — 

-45*35 16 _ — — 
chloroform, CHCI3 . -63-5 

10, 16. 18 
61*20 

10, 18 
1*49845 10 1*44858 10 

i -63*71 _ 1 — i — 
1 -63*2 20 — 1 — — 

-63*45 16 — — — 
a-chloronaphthalene, C10H7CI — 262-7 1*19382(20°) 1*6332 (20°) 
i8-chloronaphthaIene, C10H7CI 56 264-3 1*2656(16°) — 
o-chlorotoluene, C7H7CI ... -34 159-5 I *0785 (20°) 1*52221 (25°) 
m-chlorololuene . ... -47*8 162-2 

(756*5 mm.) 
1 *07166 (20°) 1*5214(19°) 

/?-chlorotoluene ... . — 161*8 1.0700 (20°) 1*51895 (25°) 
cineol, CioHisO . 0*9 69 176*4 0*9294 1*45839 (20°) 
cinnamic acid, CbH.sCH :CH.COOH 133 300 — — 
a-citral, C9H15.CH6 .1 — 228 0*8868(20°) 1*4875 (20°) 
ocresol, CH3.C6H4.OH . 30*95 190*67 1*0458 (25°) 1*5453 (20°) 
w-cresol, CH3.C6H4.OH.! 11*95 13 202*70 13 1*03803 13 1*54318 13 
p-cresol, CH3.C6H4.OH .I 37 202*32 21 1*0341(20°) 1*5395(20°) 
cyclobutane, C4H8.! -50 75 11*12 0*7038(0°) 1*3752(0°) 
cyclohexane, CeH 12 . 6*40 10 80*80 10 0*78310 10 1*42886 10 

cyclohexanol, CH2:(CH2.CH2)2: 23*9 75 — — — 

CHOH 25*15 13 161*10 13 0*94155 
(30°) 13 

1*46477 
(25°) 13 

cyclohexanone, CH2:(CH2.CH2)2: -15*0 75 — — — 

CO -16*413 155*65 13 0*95099 13 1*45203 13 
1,4-cymene, CH3.C6H4.CH(CH3)2 -51 177*3 0*8570(20°) 1*4926(13*7°) 
c/j-decalin. -36 193 0*8952 1*48054(20°) 
/riz/w-decalin. — 185 0*8695 (20°) 1*46958(20°) 
/7-dichlorobenzene, C6H4CI2 53*13 67 174 — — 

dimethylamine, NH(CH 3) 2 -92*19 
22, 23 

6*88 23 0*6804(0°) 1*350(17°) 

dimethylanilinc, CeHsNCCH 3)2 ... 2*45 5 194*15 5 0*96012 5 1*56083 3 
1 



MELTING- AND BOILING-POINTS 437 §« 

Organic Compounds—continued 

m.p. b.p. P415 

o-dinitrobenzene, C6H4(N02)2 116-93 318-14 _ _ 

A/z-dinitrobenzene, C6H4(NO 2) 2 ... 89-59 24 302-6 — — 

/?-diiii trobenzene, C6H4(NO 2) 2 ... 173-5 299 — — 

1-4 dioxane, 0<(CH2.CH2)2>0. .. 11-8013 101-40 13 1-0391613 1 42436 13 
diphenyl, C6H5.C6H5 .! 69-015 254-93 15 — — 

diphenylaminc, (C6H5)2NH ... 52-98 302 — 1 
4, 4'-dipyridyl, C5H4N.C5H4N ... 112 304-8 _ i — 

ether, (€2115)20 ... stable | 
-116-3 2. 16 
-117-6 20 

34-60 2 

34-50 70 
0-71925 2 1-35555 2 

r -123-32 — — — 

metastable < 
-123-7 20 

-123-61.20 
— — “— 

i -123-3 16 — — — 

ethyl acetate, CH3COOC2H5 -82-4 77-06 0-9005 (20°) 1-37257(20°) 

ethyl alcohol, C2H5OH ... -114-6 78-319«o| 0-78992(20°) 
0-789344(20°) 

ri-36170(20°) 
11-36232(20°) 

ethylamine, C2H5NH2 . -11275 16-6 0-7059 (0°) — 
ethyl benzoate, C6H5COOC 2 H 5 ... -34-7 5 212-45 5 1-05112 5 1-50748 5 
ethyl bromide, C2H5Br . -117-8 75 — — — 

-119-0 10 38-40 10 1 -47080 10 1-42756 10 
ethyl chloride, C2H5CI . -136-413 12-30 13 0-90280 13 — 
ethyl formate, HCOOC2H5 -79-4 8 54-15 3 0-92892 3 1-36047 

(Ha) 3 

ethyl iodide, C2H5I . -111-1 2 72-30 2 1 -94707 2 1-51682 2 
-10575 — — — 

ethyl malonate, CH2(COOC2H5)2 -51-5 14 199-30 14 1 -06040 14 1-41393 
(Ha) 14 

ethyl tartrate C4H406(C2H5)2 17 280 — — 

ethylene bromide, C2H4Br2 10-00 10 131-70 10 2-1911 10 1-54160 10 
ethylene chloride, C2H4CI2 1 -35-5 2 83-50 2 1-26000 2 1 -44759 2 

ethylene oxide, C2H4O . -111-7 13 10-7 13 0-89713(0°)! 3 — 

1,4, 3-eugenoI,* C3H5.C6H3(OH) 10-3 253 1-071 1-5416(19 4°) 
OCH3 

fluorobenzene, C6H5F . I -41-96 84-85 6 1-03091 6 1 -46837 6 

formamide. 1 2-55 6 — 1-137566 1-44911 6 

formic acid, HCOOH . 8-25 100-7 1-22647 1-37137(20°) 
fumaric acid, COOH.CH :CH. 286-5 290 — — 

COOH — 77-0 (37 mm.) — — 

furfural, C4H3O.CHO . -31 161-7 64 1-1563 (25°) 1 -52608 (20°) 
glutaric acid, CH2(CH2COOH)2 97-5 304 — — 

glycol, (CH20H)2. -12-66 197-85 6 1-117106 1-43312 6 

glycerol, HO.CH2.CHOH.CH2.OH 18-07 65 290 1 -26443 6 1-47319 6 

o-guiacol, HO.C6H4.OCH3 32 205-1 1-1287(214°) 1 — 

indene, C9H8 . -2 182-4 1-0059(4°) 1-5711(12-7°) 
indole, CbHtN . 52-5 254 — 

iodobenzenc, CeHsI . -28-5 75 — — — 

1 -31-35 3 188-45 3 1 -83829 3 1-61559 
j (Ha) 3 

^/-limoncne, C10H16 . 1 -96-9 177-7 0-846 1 -4749 
maleic acid, COOH.CH :CH4COOH 130-5 — — — 

mannitol, C6H14O6 . 166-05 72 — — __ 

f/-menthol, C10H19OH . 43*5 216-4 — -- 
menthyl benzoate, C17H24O2 54-5 — — — 

1, 3, 5-mesitylene, C6H3(CH3)3 ... -46 164-6 0-8634(20°) 1 49804(17-1°) 
mesityl oxide, CeHioO . -59 128-39 0-86532(20°) 1.44582(164°) 

* Oil of cloves. 
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Organic Compounds—cow/Z/iw^^/ 

m.p. b.p. p,l5 

methyl acetate, CH 3COOCH 3 -98*05 57-0 0-9337 (20°) 1-36143(20") 
-98-7 — — — 

methyl alcohol, CH 3OH . -97-8 25 64-72 0-7952 1-3312 
-97-88 26 — — — 

1 -97-68 27 — — ! - 
methyl aniline, C^H5NHCH 3 ! -57(?) 196-25 5 0-99018 5 1-57367 5 
methyl benzoate, C6H5COOCH3 ... 1 -12-4 5 199-50 5 1-09334 5 1-51924 5 
methyl bromide, CH3Br . i -93 4-5 1-732 (0^) ! 

i 

methyl chloride, CH 3CI . ; -97.72 -24-09 51 — — 
-91-5 52 -23-73 — ! _ 

methyl iodide, CH3I . 1 -64-4 25 — — — 
; -66-45 
I 

42-50 14 2-29300 14 1-52900 
(Ha) 14 

methyl ether, (CH3)20 . ! -138-5 52 -24-9 — — 

methyl formate, HCOOCH 3 -99-75 31-85 0-9742(20") 1 -34332 (20°) 
methyl salicylate, HO.C6H4. 

COOCH3 

-8 6 223-3 1-1850(20.2") 1-53773(18-1‘') 

methylamine, CH3NH2 . ~6-7 51 
-93-46 28 -6-32 28 — — 

methylene bromide, CH aBr2 -52-7 3 96-95 3 2-50986 3 1-54012 
(Ha) 

methylene chloride, CH 2CI2 -96-8 3 39-95 3 1 -33479 3 1-42466 
(Ha)i 

methylene iodide, CH2I2. a 5-5430 180 3-3345 3 ♦ 1 -74428 3 
5-60 3 — — — 

P 6-01 30 — — — 
6-10 3 — — — 

naphthalene, CioHs. 80-05 15 217-68 15 — 
— 218-06 31 — 1 — 
— 218-0 10 — — 
— 217-96 61 — — 
— 217-97 63 — — 

a-naphthol, C10H7OH . 96 288 — — 

/3-naphthol, C10H7OH . 122 294-9 — — 
a-naphthylamine, C10H7NH 2 50 300-8 — — 
j5-naphthylamine, C10H7NH 2 112 306-1 — — 
nitrobenzene, C6H5NO2 . 5-7032,5 210-80 5 1-20824 5 1-55457 5 

5-76 33 — — — 

5-83 8 — — — 

nitroethane, C2H5NO2 .i -90 75 114-5 1-0461 (25") 1.39007(24-3°) 
nitromethane, CH3NO2 . -28-6 3 101-25 3 1-14476 3 1-38139 

(Ha) 3 
/7-nitrotoluene, CH3. C6H4. NO2... 51-65 13 238-50 13 1-12259 

(55") 13 
1-53818 

(55°) 13 
palmitic acid, C16H32O2 62-65 54 — — — 
phenanthrene, (C6H4CH) 2 99-6 340-2 — — 

phenetole, C6H5OC2H5 . -30-2 170-35 0-9666(20-2") 1-5076(21") 
phenol, C6H5OH . t 40-75 13 182-20 13 1-05446(45") 1-54027 

(45°) 13 
40-6 75 — — — 

phenylacetic acid, C6H5CH2COOH 76-7 265-5 — — 

phorone, C9H14O. 28 197-2 
(743-3 mm.) 

0-8850(20°) 1-4998(20") 

phthalic anhydride,C6H4<(C0)2>0 130-95 73 295-09 61 — — 
131-6 — — — 

* Coefficient of expansion, 0 0381. t Literature values, 33‘9°-43°. 
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Organic Compounds—-continued 

m.p. b.p. 

a-picoline, CeHvN. --69*9 129 22 0*950 I ■50293(16-7°) 
a-pinene,* CioHi6. -50 156*2 0*859 (20°) 1*46634(18-1°) 
piperidine, CH2<(CH2.CH2)2>NH -10-5 13 106*40 13 0*86591 13 1*45515 13 

— 106*5 22 — — 

— 106*3 
(751 mm.) 

— — 

piperonal, C8H6O3. 37 263 — — 
propionic acid, C2H5COOH -22 75 — — — 

-20*8 140 0-9916(20°) 1*38736(19*9°) 
propionitrile, C2H5CN . -91-9 97*20 14 0*78673 14 1*36641 

(Ha) 14 
/7-propyl alcohol, C3H7OH -12775 — — — 

glassy 14 97*15 14 0*80749 14 1*38501 
(Ha) 14 

/5^?-propyl alcohol, C3H7OH -89-5 14 82*40 14 0*78916 14 1*37719 
(Ha) i-t 

/7-propyl bromide, C3H7Br -110010 71*00 10 1 *35965 10 1 *43695 10 

/7-propyl chloride, C3H7CI -122*8 46*60 0*890 (20°) 1*38838(20°) 
/7-propyl ether, (C 3117)20. -122 — 0*7360(20°) 1*38318(14.5°) 
/7-propyl iodide, C3H7I . -101 *3 14 102*45 14 1 *75840 14 1*50448 

(Ha) 14 
/5c?-propyl iodide, C3H7I . -90*1 14 89*45 14 1*71371 14 1 *49763 

(Ha) 14 
pyridine, C5H5N . -41*8 13 115*5013.22 0*98783 13 1*51247 13 

— 115-2 35,55 — — 
pyrrole, C4H5N . — 130*5 0*948 (20°) 1.50347(19*7°) 
quinoline, C9H7N. -15*0 75 — — 1 — 

-15*613 237*10 13 1*09771 13 1*62928 13 
/j<?-quincline, C9H7N . 24*6 238 1 *0925 (20°) 1*62233(25.1°) 
salicylaldehyde, C6H4(0H)C0H ... -7 196*5 1*669 (20°) — 

salol, C13H10O3 42*5 173/12 mm. — — 

skatole, C9H9N . 95 1 266*2 — — 
styrene, CsHg . 30*77^ 144 0*9073(19-9°) 1*54849(16*6°) 
succinic acid, C2H4(COOH)2 182*8 235 — — 
tartaric acid, C4H6O6 . 170 — — — 
terebene, CioHj6 . — 156 — — 
a-terpineol, C10H17OH . 35 218 — — 
tetrachloroethylene, (CCl 2) 2 -22*35 12M 1*63109 1 *50566 (20°) 
tetralin, C)oHi2 . -31 75 — 0-9731(15*l°) 1*5434(20°) 

-35*0 207*3 — — 
tetramethylmethane, C(CH 3)4 — 146*4 74 0*7524 1*4200 

(p420) 74 (/to^O) 74 
thiophen, C4H4S . -38*30 56 84*12 56 1*0573 (25°) 1*52989(18°) 
thymol. Cl0H14O. 51*5 231*5 0*9689(244°) 1*5189(24*4°) 
toluene, C6H5CH3 . -95*01 10 110*70 18 0*87160 10 t 1*49985 10 

— 110*58 10 — — 
-95.1 18,36 110*80 i — — 

10, 36 
-97to-992o — — — 

o-toluidine, C7H7NH2 . -16*4 5 200*40 5 1*00279 5 1 *57486 5 
/«-toluidine, C7H7NH2 . -31*25 5 203 *40 5 0*99302 5 1*57021 5 
p-toluidine, C7H7NH2 . 43*75 13 200*55 13 0*96589 1*55344 

(45°) 13 (45°) 13 

♦ Oil of turpentine. 
t At 0® 0*8854, and 25° 0*8622: see footnote 19; Smith and Wojciechowski, Roczn. Chem., 

1936, 16, 104, give P425=0*86172. 
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Organic Compounds—continued 

m.p. b.p. P413 

trichloroethylene, C2HCI3 -86-4 87 — — 

triethylamine, N(C2H5)3 .! -114-7 3 89-35 3 0-73255 3 1 40133 
(Ha) 

urethane, C3H7O2N .1 48-7 184 — — 

o-xylene, C6H4(CH3)2 .j -25-34 37 142-5 0-8804 (20®) 1-50265(20®) 
1 -25-22 10 144-41 10 — — 

m-xylene, C6H4(CH3)2 .! -17-89 37 139-15 0*8641 (20°) 149962(14*9®) 
;7-xylene, C6H4(CH3)2 .j 4-13-28 10 

13-23 37 
13-35 10 

138-40 10 

138-36 10 

0-86535 10 I -49860 10 

Hydrocarbons so 

1 m.p. b.p. P4I5 /id15 

methane, CH4 . 1 -182-5 38 -161-4 39 _ — 

ethane, C2H6 . -183-3 40 -89-1 40 — j — 

propane, C3H8 . -187-7 41 -42-1 41 — — 

-187-1 53 -42-17 53 — — 

— -41-14 42 — — 

/z-butane, C4H10 . -138-3 43 -0-5 43 — — 

/i-pentane, C5H12. -129-7 44 36-0 44 — — 

-129-1 6 36-10 6 0*631146 1-36033 6 
W(7-pentane, C5H12 . -159-618.10 27-95 

18, 10 
0-62470 10 1 -35796 10 

-159-9 27-89 39 — — 

-160-062 — — — 

/i-hexane, CeH 14 . -95-0 36 68-8036.2 0-66380 2 1-37787 2 
-95-39 39 i 68-72 39 — — 

1 -95-1 2 — — — 

/2-heptane, C7H16. -906 98-35 6 0*68785 6 1-39002 6 
, -90-6 36 98-4 36 — ' — 

/2-octane, CsHis . ! -57-3 36 125-8036.2 0-70637 2 1-40007 2 
-57-0 2 — — — 

-56-8 75 — — _ 

/2-nonane, C9H20 . -53-9 36 150-7 36 0-71780(20®) 1 -40563 (20®) 
-53-7 39 — — _ 

ethylene, C2H4 . -169-4 45 -103-945 — — 

propylene, C3H6 . -185-2 46 -47-6 47 — — 

acetylene C2H 2 . -81-0 48 -83-648 
(sublimes) 

— — 

isoprene, CsHg . -146-8 49 34-07 49 0-7003 142207(18-3®) 

1 Henning, Ann, Phys., 1914, 43, 282. 
2 Timmermans and Martin, J. Chim. Phys,, 1928,25,411 (also values for other compounds; 

see also Timmermans, Bull. Soc. Chim, Belg., 1911, 25, 300; 1914, 27, 334; Proc, Roy. Dublin 
Soc., 1912,13, 310, for values for several organic liquids). 

3 Timmermans and Mme. Hennaut-Roland, J. Chim, Phys,, 1930, 27, 401; 1932, 29, 529 
(also values for other compounds; see table in Amer. Chem. Abstr,, 1931, 25, 2038). 

4 Morgan and Lammert, J,A,C.S., 1924,46, 881. 
s Timmermans and Hennaut-Roland, J, Chim, Phys,, 1935,32,589 (also values for other com¬ 

pounds); Bingham and van Klooster, J. Phys. Chem., 1920,24,1, found b.p. of aniline 182*75®, 
<5 Timmermans and Hennaut-Roland, J, Chim. Phys., 1935, 32, 501 (also values for other 

compounds). 
7 Menzies and Lacoss, /. Phys. Chem., 1932,36,1967. 
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8 Masson, Nature, 1931, 128, 726; Oliver, Eaton, and Huflfman, J.A.C.S., 1948, 70, 1502 
(m.p. 5*53). 

^ Richards and Shipley, J.A.C,S,, 1914, 36, 1825 (H2 thermom.); J. Meyer, Z. phys, Chem,, 
1915,90, 721. 

10 Timmermans and Martin, J. Chim. Phys., 1926,23, 733 (also values for other compounds); 
Gibbons et aL, J.A.C.S., 1946, 68, 1130; Streiff et ai. Bur. Stand. J. Res., 1947, 38, 53. 

Cohen and Buij, Z.phys. Chem., 1937, 35 B, 270; Smith, Bur. Stand. J. Res., 1941, 26,129. 
12 Richards, Carver, and Schumb, J.A.C.S., 1919, 41, 2019 (saturated with air). 
13 Timmermans and Hennaut-Roland, J. Chim. Phys., 1937, 34, 695; Gordon and Giauque, 

J.A.C.S., 1948, 70, 1506 (m.p. -138-30). 
13^ Jones and Lapworth, J.C.S., 1914, 105, 1804. 
14 Timmermans and Delcourt, J. Chim. Phys., 1934, 31, 85 (also values for other compounds, 

including several nitriles). 
15 Jaquerod and Wassmer, J. Chim. Phys., 1904,2, 53; Ber., 1904, 37, 2531 (H2 thermom.). 
i<> Timmermans, Comm. Leiden, 1928, Suppl. 64«; Skau, J. Phys. Chem., 1933, 37, 609; 

Johnston and hong, J.A.C.S., 1934, 56, 31. 
17 Brown and Manov, J.A.C.S., 1937, 59, 500. 
18 Timmermans, van der Horst, and Onnes, Compt. Rend., 1922, 174, 365; Hicks, Hooley, 

and Stephenson, J.A.C.S.^ 1944, 66, 1064; Davidson, Argersinger, and Michaelis J. Phys. 
Chem., 1948, 52, 332. 

19 Burlew, J.A.C.S., 1940, 62, 690. 
20 Archibald and McIntosh, 1904, 26, 305. 
21 Gibbs, J.A.C.S., 1927, 49, 839, 2118. 
22 Riley and Bailey, Proc. Roy. Irish Acad., 1929, 38B, 450. 
23 Aston, EidinofF, and Forster, J.A.C.S., 1939, 61, 1539. 
24 McCamish and Salathe, J.A.C.S., 1928, 50, 1785, 
25 Parks, J.A.C.S., 1925, 47, 338. 
26 Kelley,1929, 51, 180 (157-22° K. misprinted for 175-22° K.). 
27 Koptr, J.A.C.S., 1938, 60, 1693. 
28 Aston, Siller, and Messerly, J.A.C.S., 1937, 59, 1743. 
29 Messerly and Aston, J.A.C.S., 1940, 62, 886. 
30 Stone,1932, 54, 112. 
31 Crafts, J. Chim. Phys., 1913, 11, 429 (N2 thermom.). 
32 Hansen, Z. phys. Chem,, 1904, 48, 592. 
33 Cohen and te Bokhorst, Z. phys. Chem., 1934, 24 B, 241. 
34 Cook, J.A.C.S., 1937, 59, 2661. 
35 Constam and White, Amer. Chem. J., 1903, 29, 1. 
36 Smittenberg, Hoog, and Henkes, J.A.C.S., 1938, 60, 17. 
37 Pitzer and Scott, J.A.C.S., 1943, 65, 803. 
38 Parks and Huffman, Ind. Eng. Chem., 1931, 23, 1138. 
39 Doss, “ Physical Constants of the Principal Hydrocarbons,” New York, 1942, 1 f. 
40 De Witt and Kemp, J.A.C.S., mi, 59, 273. 
41 Kemp and Egan, J.A.C.S., 1938, 60, 1521. 
42 Harteck and Edse, Z. phys. Chem., 1938, 182, 220. 
43 Aston and Messerly, J.A.C.S., 1940, 62, 1917. 
44 Mair, Bur. Stand. J. Res., 1932, 9, 457; Messerly and Kennedy, J.A.C.S., 1940, 62, 2988. 
45 Kistiakowsky et al, J.A.C.S., 1935, 57, 65. 
46 Powell and Giauque, J.A.C.S., 1939,61, 2366. 
47 Lamb and Roper, J.A.C.S., 1940, 62, 806. 
48 Morehouse and Maass, Canad. J. Res., 1931, 5, 306. 
49 Bekkedahl, Wood, and Wojciechowski, Bur. Stand. J. Res., 1936, 17, 883. 
50 See Ref. 39; Edgar and Calingaert, J.A.C.S., 1929, 51, 1540 (isom. heptanes); Signaigo 

and Cramer, ibid., 1933, 55, 3327 (isom. mono- and di-alkyl cyclohexanes); Schmerling, 
Friedman, and Ipatieff, ibid., 1940,62,2446 (3 hexanes, 1 heptane, 3 octanes); Egloff, “ Physical 
Constants of Hydrocarbons,” New York, 1939; Rossini et al.. Bur. Stand. Circ., 1947, 461 
(Selected Values of Properties of Hydrocarbons); for m.ps. and b.ps. generally, see: Camelley, 
“Melting and Boiling Point Tables,” 2 vols., 1885-7; Landolt-Bornstein, “ Tabellen,” 5th 
edit., 1923, 366 (organic compounds); Ergzb. 1, 1927; Ergzb. 2, i, 1931, 229; “ Chemischer 
Taschenbuch” (annual); Kempf and Kulter, “Schmelzpunktstabellen zur organischen Mole- 
kular-Analyse,” Brunswick, 1928; Dcffet, Bull. Soc. Chim. Belg., 1931,40, 385; Van Nostrand's 
“ Chemical Annual,” 1935, 196 f.; Beilstein, “ Handbuch der organischen Chemie ” (several 
vols.); Weissberger and P’roskauer, “ Solvents,” Oxford, 1935. 

51 Gibbs, J.A.C.S,, 1905, 27. 851. 
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52 Baume, Compr. Rend., 1909, 148, 1322. 
53 Hicks-Bruun and Bruun, J.A.C.S., 1938, 58, 810. 
54 Partington and Stratton, Phil. Mag., 1924, 48, 1085. 
55 Middleton and Partington, Nature, 1938, 141, 516. 
56 Fawcett and Rasmussen, J.A.C.S., 1945,67, 1705. 
57 Swietoslawski and Usakiewicz, Roczn. Chem., 1933, 13, 495. 
58 Wojciechowski, Roczn. Chem., 1936, 16, 524; Smith and Matheson, Bur. Stand. J. Res., 

1938, 20, 641. 
5*^ Schwab and Wichers, Bur. Stand. J. Res., 1940, 25, 747. 
60 Swietoslawski, Zmaczynski, and Usakiewicz, Compt. Rend., 1932, 194, 357. 
6J Marti, Bull. Soc. Chim. Belg., 1930, 39, 590. 
62 Timmermans, Comm. Leiden, 1928, Suppl. 64n. 
63 Eppley, J. Franklin In.^t., 1928, 205, 383. 
64 Evans and Aylesworth, Ind. Eng. Chem., 1926, 18, 24. 
65 Samsoen, Compt. Rend., 1926, 182, 846. 
66 Applebey and Davies, J.C.S., 1925, 127, 1836 (p420 = l 01236; = 1-58685). 
67 Cooper, Canad. Chem. Met., 1925, 9, 59. 
68 Meldrum, Chem. News, 1916, 113, 266; begins to freeze at 3-9'' but docs not solidify 

completely; m.p. 5-7°. 
69 Fawsitt and Fischer, J. Roy. Soc. N.S. Wales, 1917, 51, 467. 
70 Wade and Finnemore, J.C.S., 1909, 95, 1842; sp. gr. 15715*^=0-71994. 
71 Vecino y Varona, An. Fis. Qitim., 1913, 11, 49^ 
72 Braham,/./I.C.5., 1919, 41, 1707. 
73 Monroe, Ind. Eng. Chem., 1919, 11, 1116; Debeau,/./l.C.S., 1946, 68, 2725. 
74 Horton, 1947, 69, 182. 
75 Stull, Ind. Eng. Chem., 1947, 39, 540. 
76 Guttman, Wcstrum, and Pitzer, J.A.C.S., 1943, 65, 1246. 

§ 7. The Platinum Resistance Thermometer 
The measurement of temperatures from the resistance i? of a platinum wire 

was proposed by Siemens,^ who gave the formula /?=ar^^2+j8r+y, and was 
taken up again, at the suggestion of J. J. Thomson, by Callendar,^ who 

1 Ann. Phvs., 1861, 113, 91; Proc. Roy. Soc., 1871, 19, 443 (brief abstract of lecture); Phil. 
Mag., 1871, 42, 150; B.A. Rep., 1874, 242. 

2 Phil. Trans., 1887, 178, 161; Phil. Mag., 1891, 32, 104; 1892, 33, 220; 1899, 47, 191; 
Shaw, B.A. Rep., 1888, 590; Griffiths, Proc. Roy. Soc., 1890, 48, 220; Phil. Trans., 1891, 182, 
43; Nature, 1895, 53, 39; Callendar and Griffiths, Phil. Trans., 1891, 182, 119; Griffiths and 
Clark, Phil. Mag., 1892, 34, 515; Heycock and Neville, J.C.S., 1895, 67, 160; Holborn and 
Wien, Ann. Phys., 1896, 59, 213 (low temps.); Wade, Pwc. Cambr. Phil. Soc., 1898, 9, 526; 
Jaeger and Diesselhorst, Berlin Ber., 1899, 719; Wiss. Abhl. Phys. techn. Reichsanst., 1900, 3, 
269; Holborn and Day, Ann. Phys., 1900,2, 505; Chree, Proc. Roy. Soc., 1900, 67, 3; Chappius 
and Harker, Phil. Trans., 1900,194, 37; Trav. et Mem. Bur. Internat. Poids et Mes., 1902, 12; 
Holborn and Henning, Ann. Phys., 1901,6,242(b,p. 02—182-79°); 1911,35,761 (comparison of 
Pt with N2, H2, and He thermoms. at 200°—450°); Jaeger and Stcinwchr, Verhl. d. D. Phys. Ges., 
1903, 5, 353; Harker, Phil. Trans., 1904, 203, 343, Waidner and Dickinson, Phys. Rev., 1904, 
19, 51; Travers and Gwyer, Z. phys. Chem., 1905, 52,437; Stern, ibid., 1909, 65, 667; Waidner 
and Burgess, Bur.,Stand. Bull., 1909, 6, 149; Beckmann and W^ntig, Z. anorg. Chem., 1910, 
67, 17; Burgess, J. Chim. Phvs., 1913, 11, 529; Henning, Ann. Phvs., 1913,40, 635; 1913, 
41, 1064; 1914, 43, 282 (H2 and Pt. at 0° to -193°); Holborn, Z. Electrochem., 1915, 21, 
559; Hoffmann and Meissner, Z. Instr., 1915, 35,41 (compar. with H2 thermom.); Warburg, 
Ann. Phys., 1915, 48, 1034 (P.T.R. fixed points); Henning, “ Die Grundlagen dcr Temperatur- 
messung,” Brunswick, 1915, 90, 101; Mclnnes and Braham, J.A.C.S., 1917, 39, 2110; Robin¬ 
son, in “ Pyrometry Sympos. Vol,” Amer. Inst. Min. Met. Eng., New York, 1920, 450; Frey, 
ibid., 458; Gillis, Bull. Soc. Chim. Belg., 1921, 30, 51 (standardising); Sligh, Bur. Stand. Bull., 
1921, 17, 49; Griffiths, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 693; Manley, 
Phil. Mag., 1922, 43, 95; Davis and Cooper, Ind. Eng. Chem., 1924, 16, 579; Elliott, J. Phys. 
Chem., 1924,28, 611; Lang, J. Sci. Instr., 1925, 2,228 (Callendar form, wound on mica cross); 
Knoblauch and Hencky, “ Anleitung zu genauen technischen Temperaturmessungen,” 
Munich and Berlin, 1926, 2nd edit., 1930; Beattie, Jacobus, and Gaines, Proc, Amer. Acad., 
1930, 66, 167 (full of details of mica cross); Redlich and Ldffler, Z. Elektrochem., 1930, 36, 
716; Hall, J. Sci. Instr., 1933, 10, 4 (precision form, wound on quartz in sealed envelope); 
Mueller, in “Temperature. Its Measurement and Control,” New York, 1941, 162; Hoge, 
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developed it into a successful method. In its present form it corresponds with a 
standard scale. According to Callendar ^ the temperature pt on the “ platinum 
scale ” is defined by: 

p/=100(/?~/?o)/(i?ioo“i^o).(1) 
where Rq, R are the resistances of a pure platinum wire at 0°C., 
100° C., and the temperature to be measured. The denominator, R^qq—R^, is 
called the fundamental interval of the thermometer. If t is the temperature 
measured on the standard gas scale, it is found experimentally that between 
0° C. and 600° C.: 

R^Ro{\+at+ht^) . ... (2) 

where a and b are constants for a given specimen of 
platinum. For r=100: 

/^ioo=^o(l + 100^z+104fe) ... (3) 

Substituting R and i?ioo from (3) and (2) in (1) gives: 

/?/= m{at+bt^)l{ma+ Wb) 

/~-p/=[io4Z)/(fl+iooZ))][//ioo-(//ioo)2] 

= 8[//100-(//100)2] .... (4) 

where 8= \0^b/(a+l00b) is a constant for a given plati¬ 
num wire. 

The value of 8 can be found accurately by measuring 
R at the boiling-point of sulphur (/=444*60°); for most 
purposes 8 can be taken as 1 *50. The correction (t—pt) 

is small and negative between 0° and 100°; on either 
side it rises rather rapidly.^ The value of / may be 
calculated ^ from pt by equation (4), or, more con¬ 
veniently, tables ^ may be used. 

The platinum wire should not be thinner than 0*05 
mm. nor thicker than 0*2 mm. diameter and it should 
be annealed at a temperature not lower than 660°. 
Matsui and Kambara ^ found it necessary to anneal 
the wire fourteen times at 400°-600° to obtain a con¬ 
stant value of i?o- Keesom and Dammers ^ found the 
optimum annealing temperature 800°-850°. The purity 
of the platinum should be such that JRioo/^o is not less Fig. 4.V1 A. Platinum 
than 1 -390 and R444.6IR0 not less than 2 -645. The wire Resistance Thermometer 

is wound as a spiral on a cross of mica plates con¬ 
tained in a tube (Fig. 4.VI A) and it is attached to thicker leads, which, for tem¬ 
peratures below 600°, may be of silver. The resistance of the coil is 2*56 or 

ibid., 141; Wood and Cork, “ Pyrometry,” 2nd edit.. New York, 1941, 88; Stull, Ind. Eng. 
Chem. Anal., 1946, 18, 234 (general). Mercury in a glass tube was used by Jaeger and von 
Steinwehr, Ann. Phys., 1914,43,1165; for other metals used at low temperatures, see § 19.VIC. 

1 Smith, Proc. Amer. Acad., 1907, 42, 421, could not confirm Callendar's equation. 
2 Sligh,/.^.C.5., 1921,43,470. 
3 Hoare, /. Sci. Instr., 1929, 6, 99; Phil. Mag., 1929, 7, 384; Callendar, Phil. Mag., 1932, 

14, 729. 
Callendar and Hoare, “ Correction Tables for Use with Platinum Resistance Ther¬ 

mometers,” 1933. It should be noted that some writers use a value of h which is lO"^ times 
that defined by Callendar, and sometimes it is given a negative sign. 

5 J. Soc. Chem. Ind. Japan, 1930, 33, suppl. bind. 401, 403. 
^ Physica, 1935, 2, 1051, 1080 {Comm. Leiden 239 d-e). 
^ For the optimum resistance, see Michels and Geels, Proc. K. Akad. Wetens. Amsterdam, 

1928, 31, 485. 
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25*6 ohms, when the fundamental interval is 1 or 10 ohms. The leads are kept 
apart by passing through holes in a number of mica discs which also prevent 
convection currents, and in some cases the tube may be sealed to prevent ingress 
of moisture. The mica dehydrates at 1000® and becomes white and brittle, but 
is still satisfactory in this condition. To prevent errors due to the unequal 
heating of the leads and the possible temperature difference at the junction of 
the thick and thin wires, compensating leads are used. These consist of lengths 
of the same thick wire as those connected with the coil, but these are joined to a 
short piece of the thin wire, placed near the junction of the main coil and its 
leads. The compensating leads C1C2 are connected in the opposite arm of the 
Wheatstone bridge from the main coil P1P2, and hence the resistance (including 
all its changes with temperature) of the leads is automatically subtracted from 
that of the thermometer, and the resistance measured is that of the part of the 
coil at a uniform temperature between the ends. 

For high temperatures (1100®) Moser ^ used wires of 0-5-0-6 mm. diameter, 
the value of being 0* 13-0-25 ohms. The ice-point Rq usually alters somewhat, 
probably on account of small changes in purity of the wire. He eliminated these 
by making use of Matthiessen’s 2 rule that the change of resistance of a metal 
produced by a small amount of impurity is almost independent of temperature. 

Matthiessen’s law, that apo=const., where a=temperature coefficient of 
resistance, po=specific resistance, was confirmed for small amounts of titanium 
in zirconium, and vice versa, by de Boer and Clausing.^ Henning,"^ for com¬ 
parison with a standard platinum thermometer in the range 20®-70® K. used 
the formula w'—iv=(273 —r){.4 —[^^/(r+lO)]}, where A and B are constants, 
w=^RiIRq. At very^low temperatures, Matthiessen’s rule does not apply to the 
resistance of gold and silver.^ Van Itterbeek and de Greve ^ found, with thin 
films, that Matthiessen’s rule is obeyed by copper and silver, but not by lead. 

For two platinum thermometers, Tory used the formulapt^pti+apti+b, 

where a and b are constants. The relations used in low temperature work are 
discussed in § 19.VI C. 

Jaeger and Steinwehr ^ passed the thin platinum wire through a thin glass 
capillary tube, or covered it with shellac varnish and passed it through a 
U-shaped metal tube. The wire must be supported free from strain, and 
forms in which a platinum spiral is fused on the inside of a quartz tube (Heraeus) 
are not accurate it is also not satisfactory to wind it on a form and cover it 
with varnish, although this can be done with lead.^i Dickinson and Mueller 
put the wire between two thin sheets of mica enclosed in a thin-walled flat metal 
box. A disturbing cause of error is the electrical conductivity through the 
glass of the apparatus. 

* Ann, Phys., 1930, 6, 852; cf. Stern, Z,phys. Chem., 1909, 65, 667. 
2 Ann. Phys., 1860,110, 190; 1861,112, 353; 1862,116, 369; 1864,122,19 (47); see GuerUer, 

Phys. Z., 1908, 9, 29; Partington, in Taylor, “ Treatise on Physical Chemistry,” 1931, 1, 617; 
derivations in Dube, Proc. Cambr. Phil. Soc., 1938, 34, 559. 

3 Physica, 1930,10,267; another confirmation by Geiss and van Liempt,Z.P/iy5., 1927,41,867. 
Naturwiss., 1928, 16, 617; see § 19.VIC. 

5 De Haas and van den Berg, Physica, 1934, 1, 1115; 1936, 3, 440; 1937,4, 683. 
« Physica, 1944, 11, 78. 
7 Phil. Mag., 1900, 50, 421; Nernst, Berlin Ber., 1911, 306. 
8 Verhl d. D. Phys. Ges., 1903,5, 353; Ann. Phys., 1906, 21, 23; Z. Instr., 1906, 26, 237. 
’ Roebuck, J, Opt. Soc. Amer., 1922, 6, 865. 

10 Henning, Z. Elektrochem., 1921, 27, 494. 
11 Schimank, Ann. Phys., 1914,45,706; Simon and Zcidler, Z. phys. Chem., 1926,123, 383. 
t2 Bur. Stand. Bidl., 1907, 3, Ml. 
13 Hogc, Bur. Stand. J. Res., 1942, 28, 489. 
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An objection to the Callendar form, which is prominent in most physico¬ 
chemical work, is its large temperature lag. A much improved type devised by 
Dickinson and Mueller i has the platinum wound on a flat mica strip enclosed 
in a flat silver tube, from which it is insulated by strips of mica. For higher 
temperatures, silica tubes are used.^ In general, the platinum thermometer for 
ordinary work is troublesome and, unless great care is used, liable to error, and 
it is not much used in physico-chemical work, thermocouples being preferred.-^ 

An important source of error in platinum thermometry is due to the heating 
of the coil by the current used to measure its resistance; a current of 0*01 amp. 
with a thermometer of the usual construction with 0*15 mm. wire produces a 
rise of temperature of 0*16°-0*17°, and unless great care is taken with this matter 
the supposed accuracy of the readings may be quite illusory. In the case of 

Fig. 5.VI A. Mueller Bridge 

very fine wires the heating by the current is most disturbing and productive of 
error, and every care must be taken to avoid it. 

Special bridges are necessary for use with platinum thermometers.^ Dickinson 
and Mueller’s ^ bridge circuit is shown in Fig. 5.VI A. The balance is adjustable 

1 Bur. Stand. Bull., 1907, 3, 641; cf, Callendar, Phil. Trans., 1902, 199, 55; Jaeger and 
Steinwehr, Z. phys. Chem., 1905, 53, 153; 1906, 54, 428. Other constructions: {a) flat coil: 
Keyes, Townshend, and Young, J. Math. Phys. Mass. Inst. Tech., 1922, 1, 243 (somewhat 
anomalous unless carefully annealed); strain-free type, Sligh, Bur. Stand. Bull., 1922, 17, 49; 
{h) coiled-coil (Pt-hlO per cent. Rh): Meyers, Bur. Stand. J. Res., 1932, 9, 807; Southard and 
Milner, J.A.C.S., 1933, 55, 4384; details of construction of Pt thermometers: Sligh, J.A.C.S., 
1921, 43, 470; a simple home-made type is described by de Leeuw, Z. phys. Chem., 1911, 77, 
284; for modern types, see Mueller, in “ Temperature. Its Measurement and Control,” New 
York, 1941, 162. 

2 Haagen, Z. angew. Chem., 1907, 20, 565. 
3 Cf. Kuenen and Robson, Phil. Mag., 1902, 3, 149; White, J.A.C.S., 1914, 36, 1856, 1868; 

Moser, Ann. Phys., 1929, 1, 341 (Pt thermom. for very accurate work); Bylewski, Roezn. 

Chem., 1931, 11, 552 (to d=0 OOF at 0°-250"). 
4 For the Callendar-Griffiths bridge, see Electrician, 1908, 60, 477. 
3 Bur. Stand. Bull, 1907, 3, 641; Mueller, ibid., 1917, 13, 547; the bridge calibration is 

described by Griffiths, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 702 (from which 
Fig. 5.VIA is taken); other bridges, see, e.g. Callendar, Phil. Trans., 1902,199,55; Edwards, Proc, 
Atner. Acad., 1905,40, 549; Northrup, Trans. Amer. Inst. Elec. Eng., 1906, 25, 466,473; Smith, 
Phil Mag., 1912, 24, 541; Harper, Bur. Stand. Bull, 1915, 11, 259 (296); Sligh, ibid., 1922, 
17,49; Eppley, Rev. ScL Instr., 1932,3,687; Matsui and Kambara, J. Soc. Chem. Ind. Japan, 
1930, 33, suppl. bind. 401,403; Kuroda and Yumen, ibid., 1936,39, suppl. bind. 472; Eggers, 
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at three points, where the contact resistance is so placed as to have the minimum 
effect on the accuracy. The slide wire consists of 11 turns of manganin wound 
spirally on a marble cylinder, providing a continuous scale 240 in. long, ten 
turns equivalent to one step of the rheostat Ri. Half the additional turn is 
located at the high, and the other half at the low, end of the scale, providing for 
1 turn slide wire=0*01 ohm:^0*rc. if Ro^25'3 ohms; ^div.crii^jV in.c^O'OOOr, 
The slide wire contact is in series with the battery; the contacts of the rheostats 
R and Ri are each in series with a ratio coil of 200 ohms; R provides coarse 
adjustment, Rj is for fine adjustment, Rj is composed of ten 0* 1-ohm coils, 
R of ten 1-ohm coils. An additional 0*5-ohm resistance extends the range an 
additional 5°, making 115° in all. This resistance is included in the circuit at 
will and is connected in series with Rj between the posts To and T.5. 

The use of nickel wire below 500° was proposed by del Regno ^; the resistance 
is a cubic function of temperature. Taylor 2 described a compact lead filament 
thermometer. Jones calibrated a tungsten wire resistance thermometer from 
0° to 3350°. Brown ^ used fused masses of lead oxide or other metallic oxides 
between platinum wires as a resistance thermometer. 

The International Temperature Scale ^ was agreed upon by the National 
Physical Laboratory (Teddington, England), the Bureau of Standards (Washing¬ 
ton) and the Physikalisch-technische Reichsanstalt (Charlottenburg), and 
adopted by the Conference Generate des Poids et Mesures in Paris on 4 October, 
1927. The International Temperature Scale from 0°-660°C. is based on a 
platinum resistance thermometer constructed of pure platinum for which 
RmjRQ is not less than 1 -390 and i?444.6//?o not less than 2*645. The b.p. of 
sulphur is defined as 444*60° C. and the equation R^R^il+At+Bt^), or 
(R—gives Callendar’s equation^ /—/>/=S(/—100)/, with 
/?/=(i?~Ro)/100(Rjoo-“7?o), and S= — B/(y4-l-100i9). Keesom and Dammers 
studied the range —190° to -f 660°. 

Another formula given by Henning ^ for two platinum thermometers in the 
interval 20°-80° K. is: 

i^7^o'==(273 - T)[A-BI{T+10)] 

where A and B are constants, determined at the b.p.s of hydrogen and oxygen. 
Southard and Milner ^ give data for 14°-109° K. by the constant volume hydro¬ 
gen thermometer, and show that they agree with Henning’s formula. Henning 
proposed a more accurate formula than Callendar’s parabolic equation (2): 

Arch. Tech. Messen, 1941, 117, T39; Guillicn, Cornpt. Rend., 1943, 216, 521; see the useful 
summary by Griffiths in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 697; “ Methods of 
Measuring Temperature,” 1925, 30; Stack, Gen. Elec. Rev., 1948, 51, No. 7, 17. Special 
bridges are supplied by the Cambridge Scientific Instrument Co., and by Leeds and Northrup. 

t Rend. Fis. Mat. Accad. Napoli, 1926, 32, 194. 
2 Phys. Rev., 1925, 26, 841. 
J Phys. Rev., 1926, 28, 202. 
4 Phys. Rev., 1915, 5, 126; 1915, 6, 499; 1917, 9, 205. 
5 Burgess, Bur. Stand. J. Res., 1928, 1, 635; Henning and Otto, Z. Phys., 1928, 49, 742; 

Focken, N. Zeal.J. Sci. Techn., 1934,15, 423; Wensel, Bur. Stand. J. Res., 1939, 22, 375. 
6 Hoare, Phil. Mag., 1929, 7, 584; 8 is here 10“4 times 8 in (4). 
7 Physica, 1935,2,1051,1080 {Comm. Leiden, 239 d-e). 
® Naiurwiss., 1928, 16, 617; litrmmgmd Otto, Z.ges.Kdlte-Ind., 1932,39, 86; cf. Henning 

and Heuse, Z. Phys., 1924, 23, 95; Loomis and Walters, J.A.C.S., 1925, 47, 2851; Heuse and 
Otto, Ann. Phys., 1931,9, 486. 

^ J.A.C.S., 1933, 55, 4384 (with correction tables for pt to °K.); Blue and Hicks, ibid.^ 
1937, 59, 1962. 

10 Z. Phys., 1924, 23, 95. 
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in which the constant c may have the same value for all samples of pure platinum, 
in which case calibration at three points is sufficient. A simpler formula given 
by Van Dusen,i valid from —40'' to — IW, is 

/=(l/a)(/?/;?o~l) + 8(^/100-l)(//100)+iS(//i()0-1)0/100) 
the last term being negligible above 0° C., when the equation reduces to 
Callcndar’s. 

§ 8. Fixed Temperature Points 
In the graduation of thermometers the melting-point of ice (0" C.) and the 

boiling-point of water at 760 mm, pressure (lOO"" C.) are used as fixed points; 
at p mm. pressure the b.p. of water is taken as 100-000+0-0367(/7—760)— 
0'0423(/;—760)2. por higher temperatures, other fixed points are used, the 
most important being the boiling-point of sulphur, which is taken 2 by inter¬ 
national convention as: 

444*60+0-0909(/7-760)-0 0448(/?-760)2 

where p is the atmospheric pressure in mm. Hg. The sulphur is boiled in a 
porcelain or silica tube inside which is a cylindrical shield with a conical part 
at the top which fits the tube of the thermometer (which may be a thermocouple 
or a platinum resistance thermometer) and prevents radiation loss and the flow 
of condensed liquid sulphur over the lower part of the thermometer.^ 

Other fixed points are the boiling-point of naphthalene: 

217-96+0-208(/-f 273-2) log (/7/760), 
the boiling-point of benzophenone: 

305-9+0-194(/-b273-2) log (/?/760), 

and the freezing-points of pure metals: 

Sn, 231*85° Zn, 419*45° Au, 1063° 
Cd, 320*9° Sb, 630*5° * Cu, 1083° 
Pb, 327*3° Ag, 960*5° Pd, 1555° 

* In a reducing atmosphere. The silver and gold points are international standards.^ 

Finck and Wilhelm ^ for the effect of pressure on b.p. gave: 

/x,mm. = ^760+^0p+273-l) log (/7/760) 

^760 A 

Naphthalene . 217*95 0*2075 
Benzophenone . 
Anthracene: 

! 305*84 0*194 

Kahlbaum’s ! 340*36 i 0*201 
another specimen ... 339*87 , 0*201 

1 J.A.CS., 1925, 47, 326; Yost, Garner, Osborne, Rubin, and Russell, ibid., 1941, 63, 
3488. 

2 Burgess, Bur. Stand. J. Res., 1928, 1, 635; valid for 695-805 mm.; cf. Eumorfopoulos, 
Proc. Roy. Soc., 1914, 90, 189 (444*61°). 

3 Henning, “ Temperaturmessung,” 1915, 258; Mueller and Burgess, J.A.C.S., 1919, 
41, 745 (standard apparatus); Beattie, Benedict and Blaisdell, Proc. Amer. Acad., 1937, 71, 
361 (precision apparatus); Barber, J. Sci. Instr., 1937, 14, 227; Blaisdell and Kaye, in “ Tem¬ 
perature. Its Measurement and Control,” New York, 1941, 127 (S 444*7°; Hg 356*7°). 

^ For m.p. of silver, see Roeser and Dahl, Bur. Stand. J. Res., 1933, 10, 661; for the scale 
from 660°-1063°, Roeser, Bur. Stand. J. Res., 1929,3, 343. 

5 J.A.C.S., 1925, 47, 1577 (full tables). On calibration, see Van Dusen, J.A.C.S., 1925, 
47, 326; Loomis and Walters, ibid., 1926, 48, 3101 (solid CO2 —78*51°, b.p. O2 — 183*(X)°); 
Southard and Milner, ibid., 1933, 55, 4384; Niven, Canad. J. Res., 1936, 14A, 1; Hoge and 
Brickwedde, Bur. Stand. J. Res., 1942,28, 217 (-190° to 445°). 



448 THERMOMETRY VI A 

Swietoslawski i selects for the b.ps. of water from 660-860 mm. Hg: 

1 
mm. Hg b.p. " C. mm. Hg 

1 
b.p." C. 

660 96-096 780 100-729 
680 96-914 800 ! 101-443 
700 97-712 820 102-142 
720 98-492 840 102-828 
740 99-255 860 103-500 

Moser 2 gave for the b.p. at 680~780 mm. Hg, accurate to 0 001°: 

I=100-000+0-03687(p-760)-0-0422(p-760)2. 

Michels, Blaisse, Ten Seldam, and Wouters ^ gave: 

I=100+0-0369736(p-760)-0 04l9590(p-760)2 

/=100+0-0370083(p-760)-0-04l9380(p-760)2-0 07l20(p-760)3 to 0-001°. 

Zmaczynski and Bonhoure ^ gave: 

100+36-8863 X 10-3O-760)-20-017x 10-6(p-760)2+15-33x 10-9(p-760)l 

Boiling-points given by Smith and Matheson ^ are: 

benzene: 80-094+0-042683(/?-760)-0-042199(p-760)2+0-07250(p-760)2. 

«-heptane: 98-413+0-044849(p-760)-0-042344O-760)2+0-07l45Cp-760)3. 

Eppley® gave for naphthalene at p=842— 704 mm. (b.p. at 760 mm.= 
217-973°): 

log 1=0-2024 logp+1 -755102. 

The freezing-point of silver is sensitive to oxygen which dissolves in the fused 
metal on exposure to air.2 Melting-points of salts for calibration purposes 
given by Roberts * include (° C.): 

NaCI, 800-4° KCI, 770-3° Na2S04, 884-7° K2SO4,1069-1° 

§ 9. Thermocouples 

From 660° (when the standard platinum resistance thermometer scale ends), 
the International Temperature Scale is defined ® as far as 1063° C., when the 
optical scale begins (§ 13.VI B), by the e.m.f. of a thermocouple of pure platinum, 
such that i? 100/^0 is not less than 1-390, and an alloy of platinum with 10 per 
cent, of rhodium. This couple must give an e.m.f. not less than 10200 nor 
greater than 10400 international microvolts with one junction at 0° and the 
other at the f.p. of gold (1060°), and the wire diameter must be between 0-35 and 

I In Weissberger, “ Physical Methods of Organic Chemistry,” New York, 1945,1, 57. 

3 Physica, 1943,10, 613. 
^ Compt. Rend., 1937, 205, 1222; see also Zmaczynski and Bouhoure, Cony)t. Rend., 1929, 

189, 1069; /. de Phys., 1930, 1, 285; Osborne and Meyers, Bur. Stand. J. Res., 1934, 13, 1; 
Smith, Keyes, and Gerry, Proc. Amer. Acad., 1934, 69, 137; Beattie, Blaisdell, Kaye, Gerry, 
and Johnson, ibid., 1937, 71, 371; Zmaczynski and Moser, Phys. Z., 1939,40, 221. 

3 Bur. Stand. J. Res., 1938,20, 641. 
« J. Franklin Inst., 1928, 205, 383. 
7 Roeser and Dahl, Bur. Stand. J. Res., 1933,10, 661. 
« Phys. Rev., 1924, 23, 386; see p. 434. 
* Burgess, Bur. Stand. J. Res., 1928, 1, 635. 
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0-65 mm. Agreement to O-T was finally reached in comparative tests in the 
National Physical Laboratory, the Reichsanstalt, and the Bureau of Standards.^ 

To the mathematically minded, this composite definition of temperature will 
appear very inelegant, but it is of the same character as the definition of all exact 
working standards (such as electrical units) “ where 
experimental precision is the primary consideration 
and logical exactness is made secondary.” ^ __-"^2 

The electromotive force generated when /wo junc¬ 
tions of two wires of different metals are at different Fig. 6. VI A. Thermocouple 

temperatures (Fig. 6.VI A) ti and (2, discovered by 
T. J. Seebeck ^ in 1821, gives a very convenient method of measuring tempera¬ 
ture differences. Since it is not altered if other metals are interposed in the 
circuit the two junctions may be connected by copper leads (Fig. 7.VI A) to a 
potentiometer and the cold junction ^2 immersed in melting ice or at a 
suitable constant temperature (e.g. in a metal block), the hot junction ti being 
in the system in which the temperature is to be 
measured. Base metal couple junctions are sol¬ 
dered, platinum and platinum alloys are melted 
together in the oxyhydrogen flame or (for use 
below 1000°) soldered with gold. A fuller des¬ 
cription of thermo-electricity will be given later 
and the present account is limited to the use of 
thermocouples for measuring temperature. By 
connecting several couples in series the e.m.f. is 
correspondingly multiplied, and such thermopiles 
are generally used, except with wires of platinum 
and platinum alloys, with which single couples are 
the rule. The general name “ thermel ” for thermo¬ 
couple and thermopile was suggested by White."* Fig. 7.VI A. Thermo- 

A six-junction copper-constantan thermopile is couple Circuit 

shown ^ in Fig. 8.VI A; this combination is much 
used, and it shows no appreciable hysteresis.^ The wires for the couples should 
be suitably annealed; platinum and platinum alloy wires may be annealed by 
heating to bright redness by an electric current. The thermo-e.m.f. between 
a hard and soft wire of the same metal may be ^ about 1*1 x 10“^ volt/l°. 

When the e.m.f. of a couple with the cold junction at a constant temperature 
(say 0°) is plotted against the temperature t of the hot junction it first increases, 
then reaches a maximum (at the so-caUed neutral temperature), and then decreases 
again: at a certain high temperature it becomes zero and then negative, i.e. the 

1 Roeser, Schofield, and Moser, Ann, Phys., 1933, 17, 243. 
2 Day and Sosman, in Glazcbrook, “ Diet, of Applied Physics,” 1922, 1, 838; cf. Henning, 

“Die Grundlagen der Temperaturmessung,” Brunswick, 1915, 110; Wood and Cork, 
“ Pyrometry,” 2nd edit., New York, 1941, 33; Roeser, in “ Temperature. Its Measurement 
and Control,” New York, 1941, 180 (theory); Scott, ibid,^ 206; Aston, ibid,^ 219 (low temps.). 

3 Abhl, K, Akad, Wiss, Berlin, 1822-3 (1825), 265-374 (read 1821-2); 1825 (1828), 71; Ostwald’s 
Klassiker, 1895, 63, 70; Ann. Phys., 1823, 73, 115 (Dobereiner), 430 (Oersted); Yelin, ibid,, 
1823, 73, 415; Fourier and Oersted, Ann. Chim., 1823, 22, 375; Muncke, in Gehler, “ Phy- 
sikalisches Wbrterbuch,” 1836, 6, ii, 710; Antinori and Santi Linara, Compt, Rend., 1837, 
4,520; Arm. Phys., 1 837,40, 642. 

^ Science, 1922, 55, 617. 
5 Hart, Thesis, London, 1941, 18-23. 
6 Richards and Richter, J.A.C.S., 1917, 39, 231; Griffiths, “ Methods of Measuring Tem¬ 

perature,” 1925, 61; ibid., “ Pyrometry,” 1926, 31. 
^ Tammann and Baudcl, Ann. Phys., 1933,16, 120. 
a.t.p.c.-~15 
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Thin copper foil 

Grooved ebonite 
holder for junctions 

direction of the e.m.f. is reversed. Avenarius,^ from experiments of Lord 
KeJvin,^ found that the curve is a parabola symmetrical about the ordinate I through the neutral temperature, e^bt+ct'^, 

where t is reckoned from the cold junction 
n temperature. 

The thermoelectric power should be defined 
Hollow ebonite rod either as the mean value for T over a specified 

I range of temperature, or as the value for T 
difference at a specified temperature: for 
Pt~(Pt+10 per cent. Rh) the mean value per T 

Thin copper foil over the range O'-lOO'' is 4*74 mv., the values 
per r at 0° and 100’ being 4*3 m.v. and 5T8 

Grooved ebonite m.v., respectively.^ 
holder for junctions Copper-constanlan couples give 40 micro¬ 

volts per r difference but cannot safely be used 
in air above 350°, in vacuum perhaps ^ to 600°. 

Ahlberg and Lundberg ^ found for a copper- 
^ C constantan couple in the range 2° to 90° K.: 

e==:A + BT2+CT^+ DT\ 
End of holder , i i • • 

and for a particular couple and e in micro- 
^ . . volts, A = 6039-9, R == - 1-5475 X lO ^, 
Fig. 8.VI A.^Su-junction ^ ^ ^ 2064 X 10-^, jD = - 1 -5652 X 10-6. por 

two dififerent couples the differences in voltage 
are approximately proportional to the average voltage. Nernst,* for the range 
15°-273° K., used: 

c=31 •327’ log (1 + r/90)-f I -0 X10-77“ microvolts. 
Eastman and Rodebush ’ used the formula e=co—a7^(a>0) for copper- 

constantan, but it is of doubtful utility. Adams and Johnston * used a cubic 
equation, e=A+BT+CT'^+DT^. Between 0° and 350°, with a hot junction 
temperature of t, the best formula for the e.m.f. of a copper-constantan couple 
is: 9 

where A, B and c are constants, but in practice it is usual to make use of the 
tables for typical couples given by Adams and prepared by using the formula 

11 End of holder 

Fig. 8.VI A. Six-junction 
Thermopile 

J Ann. Phys., 1863, 119, 406; 1864, 122, 193; 1873, 149, 372; Tait, Trans. Roy. Soc. Edin., 
1872-3,27, 125. 

2 Phil. Trans., 1856, 146, 649; “ Math, and Phys. Papers,*’ Cambridge, 1884, 2, 189. For 
thermo-electric properties of crystals, see Voigt, “ Lchrbuch der Kristallphysik,” Leipzig, 
1928, 534. 

3 Wurschmidt, Z. Metallkde., 1924,16, 271. 
4 Klinkhardt, Ann. Phys., 1927, 84, 167. It is not recommended for such temperatures. 
5 J.A.C.S., 1935, 57, 2722. 
6 Nernst and Schwers, Berlin Ber., 1914, 355. 
7 J.A.C.S., 1918, 40, 489. 
8 Z. anorg. Chem., 1911, 72, 11. 
9 Adams and Johnston, Amer. J. Sci., 1912, 33, 534; J. Wash. Acad. Sci., 1912, 2, 275; 

Adams, J.A.C.S., 1914, 36, 65. 
Adams, J. Wash. Acad. ScL, 1913, 3, 469; J.A.C.S., 1915, 37, 481; “ Pyrometry Sympos. 

Vol.,” Amer. Inst. Min. Met. Eng., New York, 1920, 165; White, J.A.C.S., 1914, 36, 
2292; Keyes et al, J. Math. Phys. Mass. Inst., 1922, 1, 243; AnfilogofF, Thesis, London, 
1932, 177; Hart, Thesis, London, 1941, 18 f. A short selection of papers on the Cu- 
constantan couple includes: Adams, J.A.C.S., 1915, 37, 481 (construction); Randall and 
Vanselow, ibid., 1924, 46, 2418; Giauque, Buffington, and Schulze, ibid., 1927, 49, 2343 
(comparison with H2 thermom. 15^-283® K.); Giauque, Johnston and Kelley, ibid., 1927, 
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with average values oi A, B and c for different wires. The values of e for a 
given couple found at various fixed points are subtracted from the tabulated 
values and the values of Ae plotted against the thermocouple reading. From this 
curve and the standard tables the temperature corresponding with a thermo¬ 
couple reading is readily found. 

Although an accuracy of 0*000r is claimed with copper-constantan couples,^ 
others 2 find only 0-0005''. A 2000-junction iron-constantan thermocouple 
embedded in vaseline was said ^ to attain an accuracy of at least 0-0001". 

Norbury^ proposed the formula c==—o-fZ?r+cl0““'^. Southard and 
Andrews ^ for a copper-constantan couple at low temperatures found 

and gave a deviation curve. Jaeger and Rosenbohm^ 
found /==0-00279698e—0-08629^2 ^ly.) at high temperatures (to 960°). 
Holman found that the e.m.f. of a platinum metal couple between 0° and f 
could be represented by the formula e^mf, where m and n are constants, or 
log e^n log r-flog m^a log t+b. For Pt and (Pt+10 per cent. Rh) a— 1 -2196, 
fe=0-302 with e in microvolts. A large collection of important data on various 
thermocouples was given by Barus,^ but his e.m.f. standard (Daniell cell) is 
somewhat ambiguous. 

Simple thermocouples may replace mercury thermometers in many laboratory 
operations, 9 but they lack portability and require auxiliary apparatus which 
may not be available. An ingenious way of making a large number of couples 
(4000) is to electroplate copper on one side of a constantan spiral.!^ 

A platinum-palladium couple was used by Becquerel; the couple formed of 
pure platinum and platinum-rhodium (10 per cent.) alloy was introduced by 
Le Chatelier, 12 whose excellent work has not received sufficient credit, and was 
marketed by Heraeus in Germany from about 1890.^^ Barus,^^ and Roberts 

49, 2367 (do.); Southard and Milner, ibid,, 1933, 55, 4384 (do.); Roeser and Wensel, Bur. 
Stand. J. Res., 1935, 14, 247; Roeser and Dahl, ibid., 1938, 20, 337; Scatchard, Raymond, 
and Gilman, J.A.C.S., 1938, 60, 1275 (sensitive to O OOr, reading to 0 01°); Burlew and 
Smith, ibid., 1940, 62, 701; Lancaster and Brunot, Gen. Elec. Rev., 1942,45, 649. 

1 White, Fhys. Rev., 1910, 31, 135. 
2 White, Dickinson, and Mueller, Fhys. Rev., 1910, 31, 159; White, J.A.C.S., 1914, 36, 

2292. 
3 Lange and Streeck, Z. phys. Chem., 1931,157, 1; Damkohler and Weinzierl, ibid., 1933, 

167, 71; for a 100-element set, see Karagunis, Hawkinson, and Damkohler, ibid., 1930, 151 
433; a 1300-element set, Whitelow and Felsing, J.A.C.S., 1944, 66, 2028; Cu-constantan 
couple for low temp., see Slizkovskaya, J. Chem. Ind. U.S.S.R., 1937, 14, 576. 

4 Fhil.Mag., 1926,2,1188. 
5 J. Franklin Inst., 1929, 207, 323; Wiebe and Brevoort, Bur. Mines Rep. Invest., 1931, 

3077. 
^ Proc. K. Akad. We tens. Amsterdam, 1927,30, 905. 
7 Phil. Mag., 1896, 41, 465; Proc. Amer. Acad., 1896, 31, 193, 234; Holman, Lawrence, and 

Barr, ibid., 218. 
« U.S. deal. Survey Bull., 1889,8, No. 54 (a 306-pp. paper on high temperature measurement, 

with a very full bibliography); for thermo-e.m.fs. of alloys, see Pdlabon, Compt. Rend., 1923, 
176, 1305; van Aubel, Bull. Acad. Roy. Belg., 1926, 12, 559; for historical information, see 
Steinmann, Arch. Sci. Phys. Nat., 1900, 9, 413. 

9 Minor, Phys. Rev., 1918,11,479; Foote, Harrison, and Fairchild, in “ Pyrometry Sympos. 
Vol.,*’ Amer. Inst. Min. Met. Eng., 1920, 74. 

Wilson and Epps, Proc. Phys. Soc., 1920, 32, 326. 
11 Ann. Chim., 1863,68,49 (on high temp, measurement generally, including optical methods); 

cf. ibid., 1826,31, 37 (high temps.). 
12 Bull. Soc. Chim., 1887, 47, 2; /. de Phys., 1887, 6, 23; cf. Day, Clement, and Sosman, 

J. de Phys., 1912, 2, 111, 831, 899. 
13 Holbom and Day, Ann. Phys., 1900, 2, 505. 
14 Phil. Mag., 1892, 34, 1, 376; cf. U.S. Geol. Survey Bull., 1889, 8, No. 54, 48; this couple 

was first used by Tait, Trans. Roy. Soc. Edin., 1872-3, 27, 125. 
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Austen,^ used platinum and platinum+20 per cent, iridium, which gives a 
higher e.m.f. than the Pt-(Pt+Rh) couple but tends to disintegrate at very high 
temperatures.2 The Pt and Pt-Rh (10 per cent.) couple can be used up to 
1600°, and with 13 per cent. Rh up to 1773°.^ A couple of iridium and 
iridium with 10 per cent, of ruthenium ^ can be used up to 2000°, with suitable 
precautions. At the highest temperatures a couple of tungsten and tungsten- 
molybdenum was proposed,5 but this could be used only if protected from 
contact with atmospheric oxygen. The self-registering Pt-(Pt+Rh) couple was 
introduced by Kurnakow.^ 

With platinum-platinum+rhodium couples constructed on International 
specifications the e.m.f. at f hot junction temperature (cold junction 0°) 
is given ^ by e^A+Bt+Cfl, where the constants A, B, and C are determined 
from e at the f.p.s of antimony (630*5°), silver (960*5°), and gold (1063°). Tables 
like those for copper-constantan couples can be used. Day and Sosman ® 
gave c= —169+7*57r-f0*002648/2--0*054724t3 microvolts, but for the highest 
accuracy they found it necessary to include a term in 

It is important to notice, in using older experimental data, that thePt-(Pt-f Rh) 
thermocouples standardised by the Reichsanstalt between 1894 and 1st April, 
1901, were based on a scale determined by Holborn and Wien,^ and rather 
seriously inaccurate (8° at 500°); a better scale was introduced by Holborn and 
Day in 1899. 

A convenient method of calibrating thermocouples at high temperatures is to 
take readings when a metal wire of known m.p. (e.g. silver or gold), placed near 
the hot junction, just melts and so interrupts a current passing through itM 
A gas-tight furnace for calibrating thermocouples was described by Niven. 

The “ hot ’’junction of the couple (or, more accurately, the one measuring the 
temperature) must be sufficiently immersed in the system—the further the 
better—since otherwise conduction of heat along the wires to the colder (or 
from the hotter) parts outside will tend to cause too low (or too high) a reading. 
For the same reason, thin wires should be used. 

The size of the wires really depends on a proper balance between low electrical 
resistance (leading to increased sensitivity of the galvanometer) and low thermal 
conduction, as well as on possible restriction of the allowable thermal capacity 
of the part of the couple inside the apparatus. One (or both) of the wires of 

1 Stansfield, Phil. Mag., 1898, 46, 59. 
2 Holborn and Austin, Berlin Ber., 1903, 245. 
3 Barker, Wire Ind., 1943,10, 163, 
4 Heraeiis, in Le Chatelier and Boudouard, “ High Temperature Measurements,” transl. 

Burgess, New York, 1904, 168; Arndt, “ Phys.-chem. Technik,” 2nd edit., 1923, 356; Muller, 
Ann. Phys., 1930, 7,48, used Ir-|-10 per cent, Rh and Ir+lO per cent. Ru to 1800®. 

5 Pirani and Wangenheim, Z. techn. Phys., 1925,6, 358. 
6 Z. anorg. Chem., 1904,42,184. 

Bams, U.S. Geol. Survey Bull., 1889, 8, No. 54, 67; Matsui, J. Soc. Chem. Ind. Japan, 
1929, 32, Suppl. Bdg., 12; Roeser, Bur. Stand. J. Res., 1929, 3, 343. 

8 Day, Sosman, and Allen, Amer. J. Sd., 1910,29, 93. 
Ann. Phys., 1895, 56, 360. 

10 Berlin Ber., 1899, 691; Ann. Phys., 1900, 2, 505; 1903,12,447, 666. 
11 Holborn and Wien, Ann. Phys., 1892, 47, 107; Holborn and Day, ibid., 1899, 68, 817; 

1900, 2, 505 (524); D. Berthelot, Compt. Rend., 1898,126, 473; Loebe, Z. Elektrochem., 1907, 
13, 592, 699; Holborn, ibid., 1907,13, 646; Sosman, Amer. J. Sd., 1910, 30, 1; cf. Gmbitsch, 
Chem. Fabr., 1941, 14, 319. 

12 Canad. J. Res., 1936,14 A, 177; for calibration in lower temperature range, see Monack, 
Chem. Met. Eng., 1931,38,416. 

13 Wood and Cork, ” Pyroraetry,” New York, 1927, 60. 
Whipp, Phil. Mag., 1934,18, 745; Gucker, Pickard, and Planck, J.A.C.S., 1939, 61,459. 
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the couple may be insulated in a silica capillary tube, or a series of short silica 
tubes strung on. The junction may be fused in the oxy-hydrogen blowpipe or 
arc welded.^ Rodebush and Dixon ^ found the temperatures 20°~30® too low 
at high temperatures if a couple was loosely inserted in a silica sheath, and they 
recommend that it should be fused into a drawn-out silica tip. 

The constancy of the cold junction temperature is one of the conditions which 
must be rigorously achieved at any cost of trouble, and the practice recom¬ 
mended and used by Eucken,^ that this temperature can be allowed to drift, and 
an extrapolation made in the hope that an observed linear drift implies one in 
the cold junction, must not be followed if reasonably accurate results are 
aimed at. Eucken’s results (sometimes with errors of 20 per cent.) for specific 
heats at low temperatures are affected by his ill-defined temperature scale, and the 
apparent agreement of some with thecorrect values is due to a balancing of errors.^ 

Adler ^ checked the equalisation of the temperature of the cold junction with 
the environment by putting it inside a mercury thermometer bulb and noting 
when the mercury level was steady (electric contacts): this method could be 
suitably modified. Burying the cold junction 10 ft. deep in the earth inside a 
building was used for technical thermocouples by Whipple.^ At high tempera¬ 
tures, the “ cold ” junction may be immersed in steam or other vapour.^ It 
may also be put in a copper block, the temperature of which is read by a thermo¬ 
meter.^ Retzow ^ gave corrections for cold-junction temperature in the cases 
of linear, quadratic, and cubic relations between e.m.f. and temperature. The 
effect of impurities on platinum-platinum-f rhodium couples was investigated 
by Fairchild and Schmitt. 

A suitable potentiometer circuit is necessary for the thermocouple and great 
care is necessary to prevent insulation leaks in the couple circuit, particularly if 
electrical heating is used (this is preferably by A.C.),^2 and stray e.m.f.s from 
metallic contacts in the circuit at different temperatures, particularly between 
copper and brass (3*4 microvolts per r).^^ Some general references on the 

1 Coats, J.A.C.S., 1926, 48, 2130. 
2 J.A.C.S., 1925, 47, 1036. 
3 Wien-Harms, “ Handbuch der Experimentalphysik,” 1929, 8, i, 69, where the correct 

judgment of White, J.A.C.S., 1918, 40, 1887, is called in question; on a method for keeping the 
cold junction at constant temperature see White, Rev, Sci. Instr.^ 1934, 5, 269; on the large 
errors in some of Eucken’s results, see Lewis and Gibson, J.A.C.S.y 1917, 39, 2554; Giauque 
and Wiebe, ibid., 1929, 51, 1441. 

^ Giauque and Johnston, J.A.C.S., 1929, 51, 2300; Wiebe, Hubbard, and Brevoort, ibid., 
1930, 52, 611; Wiebe and Brevoort, ibid., 1930, 52, 622; for eliminating effect of cold junction, 
see Kuntze, Z. Verein. D, Ing., 1941, 85, 703. 

5 Ann. Phys., 1904, 15, 1026. 
6 Trans. Faraday Soc., 1917, 13, 253. 

Ruff and Bormann, Z. anorg. Chem., 1914, 88, 365. 
8 Forster, Meteorol. Z,, 1942, 59, 298. 
» Z. techn.Phys., 1929,10, 164. 

10 Chem. Met. Eng., 1922, 26, 158. 
11 Randall, Bichowsky, and Rodebush, J.A.C.S., 1916, 38, 1266. 
12 White, J.A.C.S., 1914,36,1856,1868,2292,2313 (precision apparatus); idemin. “ Temper¬ 

ature. Its Measurement and Control,” New York, 1941, 265. 
13 Walger and Lorenz, Z. iechn. Phys., 1930, 11, 242; on mercury contacts, see Lange and 

Messner, Z. Elektrochem., 1927, 33, 431. 
14 Holbom and Wien, Ann. Phys., 1892, 47, 107 (corrected in Winkelmann, “Handbuch 

der Physik,” 1906, 3, 147); 1895, 56, 360 (high temp.); McCrae, Ann. Phys., 1895, 55, 95 
(m.p. salts); Czermak, ibid., 1895, 56, 353 (0*1 mm. wires); White, Phys. Rev., 1906, 23, 449; 
1910, 31, 135; Amer. J. Sci., 1909, 28, 474; J.A.C.S., 1914, 36, 1856, 1868, 2229, 2313; Knopp, 
Phys. Z., 1909, 10, 439; Darling, /. Roy. Soc. Arts, 1910, 59, 133, 149, 180, 194; 1915, 63. 590 
(thermocouples and general pyrometry); Trans. Faraday Soc., 1917, 13, 344 (base metal 
couples); White, Dickinson, and Mueller, Phys. Rev., 1910, 31, 159; Magnus, Ann. Phys., 



454 THERMOMETRY VI A 

construction and use of thermocouples may be consulted. Besides the common 
copper-constantan, and platinum-platinum+rhodium couples, and the an¬ 
timony-bismuth couples used in thermopiles and instruments for measuring 
radiant heat (§ 5.V1 B), various special couples have been used, including some 
described in the section on low temperatures (§ 19.V1 C). 

The so-called “ chromel-alumel ” couple,* made from the alloys nickel 
and chromium, and nickel and aluminium, respectively, can be used to 1370”. 
Its e.m.f. deviates ^ from a linear relation to temperature by as much as 25 per 
cent, from 0° to —200° (as much as copper-constantan), but at high temperatures 
(to 900°) only by less than 5 per cent. Constantan-chromel couples have been 
used.^ Nichrome-constantan has some advantages.^ Couples from metals 
having transition temperatures (Fe, Ni) are not very satisfactory. ^ 

Some couples described are: platinum-ironcopper-German silver,'* copper- 
iron,* iron-constantan,** iron-nickel-cobalt alloys,*® silver-constantan,** plati¬ 
num with gold, silver, iridium, ruthenium, rhodium, and platinum-f-palladium,*^ 
platinum-steel (or nickel steel),*^ nickel-copper,*'* nickel-silver,*^ tung¬ 
sten-tungsten-1-molybdenum,*^ tellurium-constantan,*^ bismuth-silver, and 

1910, 31, 597; Flugel, Z. phys. Chem., 1912, 79, 577 (useful); Burgess, J. Chim. Phys., 1913, 
11, 529; Foote, Harrison, and Fairchild, Met. them. Eng., 1918, 18, 343, 403 (standardising 
all types of couples); Hoffman and Schulze, Elektrotechn. Z., 1920, 41, 427; Griffiths, in 
Glazebrook, “Diet, of Applied Physics,” 1922, 1, 901; Gmelin, Ann. Phys., 1925, 76, 198 
(industrial); Goedecke, Siebert Festschr. [Hanau], 1931, 72; Snethlage, Chem. Weekhl., 1932, 
29, 557 (dtm. freezing-points); Griincisen and Reddemann, Ann. Phys., 1934, 20, 834 (calibra¬ 
tion); Tournay, Bull. Soc. Chim.,1931, 4, 1482; Roeser and Wensel, in “Temperature. Its 
Measurement and Control,” New York, 1941, 284 (calibration); Blackie, J. Sci. Instr., 1941, 
18, 113; Rowse, ibid., 1941, 18, 240; Lancaster and Brunot, Gen. Elec. Rev., 1942, 45, 649 
(calibration); Cichelli, Ind. Eng. Chem., 1948, 40, 1032. 

t Lohr, Bull. Amer. Inst. Min. Met. Eng., 1919, 1837; Quiggle, Tongberg, and Fenske, 
Ind. Eng. Chem., 1937,29, 827 (chromel-alumel; copper-copel). 

^ Spooner, J. Franklin Inst., 1919, 181, 509. 
3 Mason, Rev. Sci. Instr., 1944,15,205. 
4 Hoffmann and Schulze, Elektrotechn. Z., 1920, 41, 427 (to 1200^); Mandelkar and 

Banerjea, Current Sci., 1938, 6, 447 (to 800°). 
5 Stone, Trans. Faraday Soc., 1918, 13, 348. 
6 Pouillet, Compt. Rend., 1836, 3, 782. 
’’ Wroblewski, Ann. Phys., 1885,25, 371 (liquid N2 temp.); Hoffmann and Schulze, Elektro- 

lechn. Z., 1920, 41, 427. 
8 Rosenthal, Berlin klin. Wochenschr., 1893, 30, 911; Ann. Phys. Beibl., 1894, 18, 446. 
^ Holborn and Wien, Ann. Phys., 1896, 59, 213; Rubens, Z. Elektrochem., 1898, 5, 281; 

de Forest Palmer, Phys. Rev., 1905,21, 65; Hunter, J. Phys. Chem., 1906,10, 330. 
10 Kowalke, Trans. Amer. Electrochem. Soc., 1913, 24, 377. 

Gier and Boelter, in “Temperature. Its Measurement and Control,” New York, 
1941, 1284. 

12 Holborn and Day, Ann. Phys., 1900, 2, 505 (Pd couples require two formulae for tem¬ 
perature range); Jaeger and Rosenbohm, Proc. K. Akad. Wetens. Amsterdam, 1941, 44, 144 
(ruthenium). 

13 Belloc, Compt. Rend., 1902, 134, 105. 
14 P6cheux, Compt. Rend., 1906, 143, 397. 
15 Von Hevesy and Wolff, Phys. Z., 1910, 11, 473; Wohler and Lund, Z. Elektrochem., 

1918, 24, 261. 
16 Bristol, Trans. Amer. Soc. Mech. Eng., 1906, 27, 552; Pirani and von Wangenheim, 

Z. techn. Phys., 1925, 6, 358; Morugina, ibid., 1926, 7, 486 (W-Mo, W-Ta); Watson and 
Abrams, Trans. Amer. Electrochem. Soc., 1928, 54, 19 (W-graphite); Van Liempt, Rec. Trav. 
Chim., 1929, 48, 585 (W-Mo, W-PtRh, Mo-IHRh, to 1600°); Binnie, J. Inst. Fuel, 1932, 5, 
211 (W-Mo, wires 0-4 mm. diam., 1200°~1600°; 8 microvolt/l° at 1600°); Osann and Schroeder, 
Arch. Eisenhiittenw,, 1933, 7, 89. 

17 Lewitsky and Lukomsky, Phys. Z., 1929, 30, 203 (Te-Bi); Lange and Heller, ibid., 1929 
30, 419 (Te-Pt); Ketelaar, Rec. Trav. Chim., 1941, 60, 523. For Pt-SnSea, P61abon, Ann. de 
Phys., 1915, 3, 97. 
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bismuth—(bismuth+6 per cent, tin),^ Kovar (Fe, Ni, Co alloy).^ Up to 2000'", 
combinations of graphite with silicon carbide or tungsten have been used.^ 

Bidwell ^ found a large but erratic e.m.f. between carbon and graphite rods. 
A platinum-carbon couple agreed with the Avenarius law.^ Shearer ^ found 
that thermocouples of platinum or platinum-rhodium against Nernst mass 
(§ 2.VI B) had an e.m.f. 40 times that of platinum against platinum-rhodium at 
20°-980"‘. Alloys of platinum with 4*5 or 8 per cent, of rhenium against pure 
platinum, or rhodium with 40 per cent, iridium against pure iridium, can be 
used ^ up to 2000°: the e.m.f. of the latter is a linear function of temperature 
from 0° to 2000°. 

Some characteristic data for important thermocouples are given in the 
following table: ® 

Couple 

j 

1 
Usual temp. 

' range ° C. 

1 

E.m.f. mv. per junction, with cold 
junction at 0° C. 

-200° + 100° + 300“ + 1000° 

Pt-Pt+Rh. ... i Oto 1450 0 643 2-3]5 9-57 
Chromel P-alumel ... j -200 to 1200 -5-75 410 12-21 41-31 
Fe-constantan ... -200 to 750 i -8-27 5'40 16*56 58-22 
Cu-constantan -200 to 350 i 

1 
-5-54 j 

i 
4-28 

j 
14-86 

1 1 — 

B. HIGH TEMPERATURES 

§ 1. Combustion Furnaces 
Small pieces of platinum and rhodium can be melted in a small coke blast 

furnace,^ and Deville melted platinum in a good wind furnace. Retort (gas 
carbon, especially if blown with oxygen, gives a very high temperature. 

J Coblentz, J. Franklin Inst., 1913, 176, 671. 
2 Mason, Rev. Sci. Instr., 1937, 8, 265. 
^ Fitterer, Amer. Inst. Min. Met. Eng., 1933, Contrib. 42 (C-SiC couple 300 mv./l°, the 

largest recorded); Schulze, Chem. Ztg., 1938, 62, 285; Losana, Amer. Chem, Abstr., 1942, 36, 
6844; Busch, Schmid, and Spondlin, Helv. Phys. Acta, 1947, 20, 461 (SiC-Pt or Cu). 

^ Phys. Rev., 1914, 3, 450; for W-graphite, Watson and Abrams, Trans. Amer. Electro- 
chem. Soc., 1928, 54, 19. 

5 La Rosa, Nuov. Cim., 1916,12, 284. 
6 Phys. Rev., 1912, 34, 238. 
7 Goedecke, Siehert Festschr. [Hanau], 1931, 72; Chem. Fabr., 1932, 5, 361; Feussner, 

Elektrotechn, Z., 1933, 54, 155. 
8 Sturtevant, in Weissberger, “ Physical Methods of Organic Chemistry,” New York, 

1945, 1, 322; for various metals for couples, cf. Hunter and Jones, in “Temperature. Its 
Measurement and Control,” New York, 1941, 1227; l.ohr, Hopkins, and Andrews, ibid., 
1232. 

Faraday, “ Chemical Manipulation,” 1842, 96. 
10 Deville and Debray, Ann. Chim., 1859, 56. 385; 1861, 61, 5; Ann., 1859, 111, 209; 1860, 

114, 78; Becquerel, Ann. Chim., 1863, 68,49 (gas carbon in air reaches 1300°-1400°); V. Meyer 
and Langer, “ Pyrochemische Untersuchungen,” Brunswick, 1885; V. Meyer, Ber., 1896, 
29, 850. 

11 Deville, Lemons sur la Dissociation, in “ Lemons de Chimie profess6es en 1864-5,” Paris, 
1866, 308; V. Meyer and von Recklinghausen, Ber., 1897, 30, 1926 (1500° with air); Holborn 
and Day, Ann. Phys., 1899, 68, 817 (air-blown retort carbon in Deville furnace reaches 1720°); 
Thompson, Proc. Soc. Chem. Ind. Victoria, 1932, 32, 693 (temp, reached 1500°-1600° in a few 
minutes, later 1700°-1800°). 
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Aluminium burning in oxygen ^ gives a very high temperature. The old Berzelius 
spirit lamp gives a higher temperature than an ordinary Bunsen gas burner, and 
the Mitscherlich lamp,^ in which oxygen is passed into an ether flame, readily 
melted platinum and quartz. A petroleum-oxygen blowpipe ^ in a zirconia 
tube reaches 2600''C., which is higher than an iron thermit temperature 
(2400"' C.).^ The various types of gas furnaces (e.g. Fletcher’s with draught, 
or bellows-blast) and especially the Perrot gas furnace ^ may reach IbSO^-lTOO", 
and 1900° with water-gas, although Crafts ^ found the highest useful temperature 
only about 1350°. The Fletcher furnace with pre-heated air reaches 1250°.'^ 
The oxy-hydrogen (or oxy-coal gas) blowpipe (about 2800°), with which Hare ^ 
melted platinum, rhodium, and iridium, and the oxy-acetylene blowpipe (3100°- 
3315°), which can be used in a zirconia tube,^ are well known. The atomic 
hydrogen blowpipe (“ welding torch ”) of Langmuir is useful for special 
purposes, since it gives a flame free from oxygen, the heat developed being due 
to the recombination of hydrogen atoms formed from a jet of molecular 
hydrogen by an arc between tungsten electrodes. 

An electrically pre-heated gas blowpipe was described by Guntz.^' Coolidge 
used an acetylene-air blowpipe for working Pyrex glass. Hauser and Rie 
dispersed liquid hydrocarbon in hydrogen gas and surrounded the 1-m. long 
luminous flame with an oxygen mantle, so reaching 3000°. A gas-oxygen 
furnace with zirconia lining was described by Podszus.^^ A general review of 
the production of high temperatures (including blowpipes, thermit, and elec¬ 
trical) was given by Darling.^5 Rosenhainand Coad-Pryor^^^ described a fairly 

1 Zengelis, Z. phys. Chem,, 1903,46,287. 
2 Berzelius, “ Lehrbuch der Chemie,” 3rd edit., Dresden and Leipzig, 1841, 10, 329; 

Griffin, “ Chemical Recreations,” 10th edit., 1860, 2, 189. 
3 Von Wartenberg, Linde, and Jung, Z. anorg. Chem., 1928,176, 349. 
4 Chabri6, Compt, Rend,, 1909, 145, 188; von Wartenberg and Wehner, Z. Elektrochem,, 

1936, 42, 293. 
5 V. and C. Meyer, Ber., 1879, 12, 1112; Nilson and Pettersson, Z. phys. Chem., 1889, 4, 

206; Biltz and V. Meyer, Ber., 1889, 22, 725; Foerster, Z. anorg. them., 1895, 8, 274; Biltz, 
Z. phys. Chem., 1896, 19, 387; Heinecke, Z. Elektrochem., 1911, 17, 438; Parmentier, Ann. 
Chim., 1911, 22, 417 (M6ker gas furnace); von Frerichs, Z. angew. them., 1916, 29, i, 367; 
Bigot, Chim. et Ind., 1919, 2, 27 (1400° with recuperator; 1750° in 5^ hours with new gas fur¬ 
nace); Mylius, Sprechsaal, 1931, 64, 225 (1650° with laboratory gas furnace). For gas tube 
furnaces, see Roscoe and Schorlemroer, “ Treatise on Chemistry,” 1885, 3, i, 53; for a simple 
crucible furilace, Le Chatelier and Boudouard, ” High Temperature Measurements,” transl. 
Burgess, New York, 1904, 159. For a gas tube furnace for 1175°-! 300°, see Slooff, Chem. 
Weekbl., 1938, 35, 104; do. for 1100°, Van den Berg, ibid., 1934, 31, 24. 

6 Compt. Rend., 1880, 90, 183, 309. 
7 Holborn and Wien, Ann. Phys., 1892, 47, 107; Lorenz, Z. anorg. Chem., 1893, 3, 290; 

Heyn and Bauer, ” Metallographie,” 1909, I, 73; gas heated magnesia furnace, Baum, Ann. 
Phys., 1939, 34, 377. 

8 Phil. Mag., 1847, 31, 357; E. F. Smith, ” The Life of Robert Hare.” Philadelphia, 1917; 
Hare also used an electric furnace in 1839, J. Phys. Chem., 1917, 21, 607; Deville and Debray, 
Ann. Chim., 1859, 56, 385; 1861, 61, 5; Ann., 1859, 111, 209; 1860,114, 78. 

» Ludwig, Elektrotechn. Z., 1913, 34, 886; Zumstein, Phys. Rev., 1926, 27, 562 (carbon 
tube); Ruff, Ebert, and Stephan, Z. anorg. Chem., 1929, 180, 215; 

10 Science, 1925, 62, 463; /. Western Soc. Eng., 1926, 31. 373; Gen. Elec. Rev., 1926, 29. 
153, 160; Ind. Eng. Chem., 1927, 19, 667; Alexander, Gen. Elec. Rev., 1926, 59, 169; Ribaud, 
Chim. et Ind., 1936, 35, 3; Van den Bold and Smit, Physica, 1946,12, 475. 

11 Bull. Soc. Chim., 1934,1, 259. 
12 J.A.C.S., 1921, 43, 1319. 
13 Wien Ber., 1920,129, IIA, 539. 
14 Z. angew. Chem., 1919,32, i, 146. 
15 J, Roy. Soc. Arts, 1918, 66, 621, 635, 649. 
16 Engineering, 1919,107, 702; Scott and Erotmm, Bur. Stand. Bull., 1919,15, 317; “ jPyro- 

metry Sympos. Vol.” (Amer. Inst. Min. Met. Eng.), New York, 1920,214. 
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small gas recuperative furnace, with a lining of 5 per cent, of china clay and 95 
per cent, of silicon carbide applied as a wash or dusted on. A rotating gas tube 
furnace was described by Pannetier.^ 

§ 2. Electric Furnaces 

Although very high temperatures can be produced by chemical means, nearly 
all modern apparatus for the development of high temperatures (up to nearly 
3000° C.) uses some form of electric heating. This is much easier to control 
and the apparatus is generally more compact than with other types of heating. 
The following summary deals with various types of electric furnaces.^ Many 
references are to relatively early publications, and indicate the pioneer work 
in this field. Recent papers describe electric heating devices practically iden¬ 
tical with older apparatus described in greater detail in earlier papers; refer¬ 
ences are given to modern sources when these are likely to afford help in the 
construction of furnaces. Many commercial types of electric furnace are on 
the market, and no attempt is made to cover this field.^ 

A very useful type is the electrically heated tube furnace,^ in which a refrac¬ 
tory tube is heated by a spiral of wire or strip wound on it, the whole being 
enclosed in an outer casing filled with suitable lagging such as magnesia, 
kieselguhr, Alundum grains, bauxite, etc. With platinum winding the insulating 
lagging must be free from iron; Alundum and magnesia are most suitable. 
Porcelain tubes begin to conduct at 1500°,^ and also corrode platinum at high 
temperatures. Unglazed porcelain covered with a layer of a paste of pure 
magnesia and pure alumina ^ may be used, or magnesia tubes.*^ At very high 
temperatures tubes of zirconia (m.p. 2900°) ® have been used. Alundum is 
very porous. Non-porous alumina tubes can be made by glazing the outside 
with an oxy-hydrogen flame.^ At temperatures below 1000° a Vitreosil tube 

1 Chim. et Ind., 1946, 57, 250. 
2 Bredig, “ Chemie der extremen Temperaturen,” Leipzig, 1901; idem, Phys. Z., 1901,2, 418, 

433; Wright,“Electric Furnaces and their Industrial Applications,” 1904; Havard, “Refractories 
and Furnaces,” New York, 1912; Jaeger, “ Eine Anleitung zur Ausfiihrung exakter phys.- 
chem. Messungen bei hoheren Temperaturen,” Groningen, 1913; Arndt, “ Handbuch der 
phys.-chem. Technik,” 1915, 30, 790, 2nd edit., 1923, 36, 869; Symposia, Trans, Faraday 
Soc,, 1917, 13, 205; 1919, 14, 70; Pring, “The Electric Furnace,” 1921; Moffett, “The 
Electric Furnace,” 1921; Lebeau, “Fours filectrique et Chimie,” Paris, 1924; Griffiths, 
“Methods of Measuring High Temperatures,” 1925, 166; idem, “Pyrometry . . . with Notes 
on Electric Furnaces,” 1926, 108; Muller, in Geiger and Scheel, “ Handbuch der Physik,” 
1926,11, 340; Cohn, Z. techn. Phys., 1928, 9, 110; von Wartenberg, in Wien-Harms, “Hand¬ 
buch der Experimcntalphysik,” 1929, 9, i, 1; Pirani, “ Elektrothermic,” Berlin, 1930; Fehse, 
in Ullmann, “ Enzyklopadie der technischen Chemie,” 1931, 8, 162; Ostwald-Luther-Drucker, 
“ Physikochcmische Messungen,” 5th edit., 1931, 151 (brief); Ruff, Chim. et Ind., 1936, 35, 
255; Thompson, “Theoretical and Applied Electrochemistry,” 3rd edit.. New York, 1939; 
much information on laboratory and technical electric furnaces is contained in earlier volumes 
of Z. Elektrochem. 

3 Brauer and Reitstotter, “ Elektrische Ofen,” Leipzig, 1934-6. 
4 Friedrich, Metallurgie, 1907, 4, 778; 1908, 5, 703; Day and Clement, Amer. J. Sci., 1908, 

26, 405; Berry, Ind. Eng. Chem., 1910, 2, 255; Ubbelohde, Z. Elektrochem., 1911, 17, 1002; 
crucible furnace, Day and Allen, Z. phys. Chem., 1906,54,1. 

5 Pirani and von Siemens, Z. Elektrochem., 1909,15, 969. 
Guntz,/. Chim. Phys., 1903,1,177 (resistance furnaces). 

7 Mehl, Whitten, and Smith, Ind. Eng. Chem., 1925, 17, 1171; Barrett and Holbrook, Ind. 
Eng. Chem. Anal., 1938,10, 9 (MgO crucibles); on the electrical conductivity of MgO at high 
temps., Saklatwalla, Z. Elektrochem., 1907,13, 589. 

8 Cohn, Z. techn. Phys., 1928,9,110. 
» Adcock and Turner, J. Sci. Instr., 1930, 7, 327; on Alundum, Anon., Met. Chem. Eng. 

1911, 9, 225, and trade literature. 
15* 
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with nichrome winding is satisfactory.^ For temperatures higher than this 
(when Vitreosil crystallises, and also attacks platinum) gas-tight tubes of 
Pythagoras mass with platinum strip winding^ are suitable, but this material 
tends to crack. The so-called Pythagoras mass (Haldenwanger, Spandau, 
Berlin) is composed of an aluminous clay or kaolin and a felspar flux, and 
softens only at 1800°. The so-called Marquardt mass (m.p. 1825°), a Berlin 
porcelain, contains pure clay and alumina: Schwarz and Reidt ^ found the 
most refractory composition (m.p. over 1920°) contained 22 of kaolin, 68 of 
alumina, and 10 of felspar. The coefficient of linear expansion increases with 
the alumina content. 

Thin platinum strip winding is best for high temperatures and the cost, after 
allowance for platinum scrap, is moderate. Up to 2000° iridium (m.p. 2350°) 
can be used,^ but is difficult to work and is generally used as a tube about 2 
mm. thick; it disintegrates rapidly in air, although this can be prevented by 
repeatedly coating the metal with magnesia and dilute magnesium chloride. 

Up to 2500° molybdenum (m.p. 2620°) and tungsten (m.p. 3390°) wire 
windings ^ may be used, but they have the great disadvantage of oxidising very 

^ Partington and Shilling, Trans. Faraday Soc.^ 1923, 18, 387; devitrification above 1300'’, 
Crookes, Proc. Roy. Soc., 1912,86,406; Chem. News, 1912,105,205. 

2 Shilling and Partington, Phil. Mag., 1928, 6, 920; King and Partington, ibid., 1930, 9, 
1020; platinum wire, strip and tube furnaces, Lummer and Kurlbaum, Ann. Phys., 1901, 5, 
829; Berthelot, Ann. Chini., 1902, 26, 58; Haagn, Z. Elektrochem., 1902, 8, 509; Kalahne, 
Ann. Phys., 1903, 11, 257; Guntz, J. Chim. Phys., 1903, 1, 177, 607; Hutton and Patterson, 
Trans. Faraday Soc., 1905, 1, 187; on high temps., Ruff, 15 Congr. Chim. Ind. (Brussels), 1935, 
Ixviii; Ribaud, ibid., lix. 

^ Z. anorg. Chem., 1929, 182, 1; Bouthron and Durrer, ibid., 1931, 198, 141; on refrac¬ 
tories, see also Hahn, Z. phys. Chem., 1903, 44, 513; Goecke, Metallurgie, 1911, 8, 667; Ruff, 
Z. Elektrochem., 1914, 30, 356; Metall u. Erz, 1924, 21, 272; Ruff, Sieferheld, and Bruschke, 
Z. anorg. Chem., 1914, 86, 389; Ruff and Lauschke, ibid., 1914, 87, 198; 1916, 97, 73 (ZrOa); 
Podszus, Z. angew. Chem., 1917, 30, 17; 1919, 32, 146 {ZrOi); Kanolt, J. Franklin Inst., 1919, 
188, 489; Dana and Foote, Chem. Met. Eng., 1920, 22, 23, 63 (tables); Andersen, Norg. Geol. 
Vndersdkelske, 1922, No. 101 (oxides); Cohn, Z. techn. Phys., 1928, 9, 110 (Tli02, m.p.> 
3000°); von Wartenberg and Werth, Z. anorg. Chem., 1930, 189, 178; Ruff, Ebert, and von 
Wartenberg, ibid., 1931, 196, 335 (Zr02-BcO); von Wartenberg and Gurr, ibid., 1931, 196, 
374; von Wartenberg and Reusch, ibid., 1932, 207, 1 (m.p.s BcO 2530°, La203 2315°, Gd203 

1740°, Th02 3050°, Cr203 2275°); 1932, 208, 380; von Wartenberg and Prophet, ibid., 1932, 
208, 369; von Wartenberg, Reusch, and Saran, ibid., 1937, 230, 257; von Wartenberg and 
Eckhardt, ibid., 1937, 232, 179; Clausing, ibid., 1932, 204, 33 (m.p. Zr02 c. 2715°, m.p. HfOi 
c. 2775°); Ruff, Ebert, and Loerpabel, ibid., 1932, 207, 308 (Zr02); Ebert and Cohn, ibid., 
1933, 213, 321 (Zr02 and MgO); Ruflf, Ebert, and Krawezynski, ibid., 1933, 213, 333 (MgO, 
CaO, BeO); Dawihl and Schroter, ibid., 1937, 233, 178 (m.p. Ti02 1750°); Koeppel, “ Feuer- 
feste Baustoffe,” Leipzig, 1938; Wood and Cork, “ Pyrometry,” 2nd edit., New York, 1941, 
224; Geller, Bur. Stand. J. Res., 1941, 27, 555 (resist, furnace, 1800°-2(XX)°); Cohn, in “ Tem¬ 
perature. Its Measurement and Control,” New York, 1941, 764; refractory (1400°) sillimanite 
porcelain tubes can be sealed to glass: Dalton, J.A.C.S., 1935, 57, 2150; on sealing mica to 
glass or metal, Doual, Rev. Sci. Instr., 1942,13,266; quartz to Pyrex glass, Benson, ibid., 1942, 
13, 267 (fused AgCl); for similar joins, see § 13, VII A. 

4 Nemst, Z. Elektrochem., 1903, 9, 622; Z. anorg. Chem., 1906, 49, 213; Nemst and von 
Wartenberg, Z. phys. Chem., 1906, 56, 534; Waidner and Burgess, Bur. Stand. Bull., 1907, 3, 
163; Friedrich, Metallurgie, 1908,5,703 (tube); von Wartenberg, Anmrwws., 1943, 31,307. 

5 Von Wartenberg, Z. Elektrochem., 1909, 15, 866; Verhl. d. D. Phys. Ges., 1910,12, 121; 
Fischer and Tiede, Ber., 1911, 44, 1717; King, Astrophys. J., 1911, 34, 37 (pressure furnace); 
Winne and Dantsizen, Trans. Amer. Elektrochem. Soc., 1911, 20, 287; Tiede and BirnbrSuer, 
Z. anorg. Chem., 1914, 87, 129; Oesterheld, Z. Elektrochem., 1915, 21, 54; Ruder, Bull. Amer. 
Inst. Min. Eng., 1918, No. 134, 585; Trans. Amer. Inst. Min. Eng., 1918,59,162; Chem. Zentr., 
1919, IV, 1038; Jackson and Morgan, Ind. Eng. Chem., 1921,13,110; von Wartenberg, Broy, 
and Reinecke, Z. Elektrochem., 1923, 29, 214 (pressure furnace); Fehse, Z. techn. Phys., 
1924, 5, 473; idem, “Elektrische Ofen mit HeizkOrpem aus Wolfram” (Samml. Vieweg, 
90); Prescott, J.A.C.S., 1926, 48, 2534 (W rod); Schumacher, ibid., 1926, 48, 396 (W ribbon 
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easily at high temperatures, and must be used in vacuum, an inert gas (e.g. 25 
per cent* H2 and 75 per cent. N2), or methyl alcohol vapour. Tantalum (m.p. 
3030°) wire on a magnesia tube in vacuum,^ and Nernst mass 2 (zirconia, etc.), 
have been used. Heating wire (Ni) may be wound on a porcelain “ lantern ” 
instead of tubes ^ (up to 500°). 

For moderate temperatures pure nickel (m.p. 1450°; 0-5 or 1 mm.) or 
nichrome (m.p. 1550°) or similar alloy wire windings are suitable. As a general 
rule, the diameter of the wire should not be less than 0*00025/ mm., where t is 
the temperature which the wire must reach. (This is always higher than the 
heated space of the furnace).^ One m. of 0*5 mm. nickel wire at room tempera¬ 
ture has a resistance of 0*6 ohm and at 900° of 2*8 ohms, hence for a voltage of 
110 to obtain 5 amps,, which heats it to redness, a length of (110/5)-f*2*8=8 in. 
of wire is required. If wound on a 25-mm. diam. tube with windings 1 *5 mm. 
apart, 100 windings or 15 cm. of tube will be needed. Similar calculations 
may be made in designing tube furnaces with other kinds of wire,^ e.g. nichrome 
(80 per cent. Ni and 20 per cent. Cr, specific resistance 108 microhms per cm. 
cube, temperature coefficient 0*00012), which can be used up to 900° in air and 
to 1100° if air is practically excluded,^ but the life is only a few hours at 1300.° 

S.W.G. 18 20 22 24 28 30 36 

Diameter, inches 0*048 0*036 0*028 0*022 0*0148 0*0124 00076 
Ohms per foot at 8C0° ... 0 301 0*534 0*883 1*43 1 3*16 4*53 12*5 
Amps at 800° . 15 10 7*8 4*8 1 

1 
2*8 2*0 

1 

1*29 

The heat developed per sec. is /27?joules=/2i?x 0*2387 g.cal.; e.g. for 5 amp. 
in 22 ohms, 5^x22x0*2387=131 g.cal. 

The drop in temperature at the ends of a heated tube due to increased heat 
losses may be compensated by spacing the windings or by putting on additional 
windings at the ends.^ Since the voltage of a public supply is liable to fluctuate 

to 2500''); Cohn, Z. techn, Phys., 1928, 9, 110 (also zirconium; bibl. all types); tungsten can be 
sealed into quartz: Coehn, Naturwiss.y 1915,3, 610. 

1 Saklatvalla, Dissert.^ Berlin Techn. Hochschule, 1908. 
2 Nernst, Z. Elektrochem., 1899, 6, 41; Ncmst and Reynolds, Gott. Nachr., 1900, 328; 

Reynolds, Dissert., Gottingen, 1902; Ann. Phys. Beibl., 1904, 28, 121; Marker, Chem. News, 
1912,106, 85, 97; on making Nernst rods, Griffiths, Phil. Mag., 1925, 50, 263. 

3 Weigert, Ann. Phys.^ 1907, 24, 55. 
^ Day and Allen, Z. phys. Chem., 1905, 54, 1; Doeltz and Graumann, Metallurgk, 1907, 

419-421, 468; Poole, Phil. Mag., 1914, 27, 58. 
5 On some other types of resistance tube furnaces, see Kaiahne, Ann. Phys., 1903, II, 257 

(Ni wound tube); Morse and Frazer, Amer. Chem. J., 1904, 32, 93; Loewenstein, Z. phys- 
Chem., 1906, 54, 707; von Wartenberg, ibid., 1906, 56, 513; Friedrich, Metallurgie, 1907, 4» 
778; 1908, 5, 345; von Hevesy and Lorenz, Z. Eiektrochem., 1910, 16, 185; Z. phys. Chem., 
1910, 74, 443; Beny, Ind. Eng. Chem., 1910, 2, 255 (wire wound); Gillett, J. Phys. Chem., 
1911,15, 213; Slade, Proc. Roy. Soc., 1912, 87, 519; Wolf and Muller, Z. Eiektrochem., 1914, 
20, 1; Morey, J.A.C.S., 1914, 36, 215; Dubsky, Ber., 1917, 50, 1713 (nichrome); Klemm and 
Rockstroh, Z. anorg. Chem., 1926, 152, 235; Tammann furnace for vacuum, Wever and 
Reinecken, ibid., 1926, 151, 349; White, Z. anorg. Chem., 1911, 69, 305, 331 (Pt to 1600°); 
Roberts and Morey, Rev. Sci. Instr., 1930, 1, 576 (Pt-Rh strip micro); Voos, Z. anorg. Chem.* 
1935, 222, 201 (vacuum); Truesdale and Waring,/./I.C.5., 1941, 63,1610. 

6 Oxidation and scaling of nickel: Carpenter, Metallurgie, 1909, 6, 94; protection by carbon 
packing, Ubbelohde, Z. Eiektrochem., 1911, 17, 1002; or by hydrogen, Seibert, Chem. Ztg., 
1911, 35, 443; for a nichrome-wound vacuum furnace (to 1000°), Kelley, Ind. Eng. Chem. Anal., 
1932,4, 391. 

7 Holbom and Day, Ann. Phys., 1899, 68, 817; Holbom and Henning, ibid., 1907, 23, 809; 
Meissner, Wien Ber., 1906,115, II A, 847; Hempel, Z. angew. Chem., 1910,23, 289* 
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by ± 10 volts, some kind of current regulation is necessary if a uniform tempera¬ 
ture is to be maintained over several hours. ^ The so-called “ barretter ” 
device depends on the heat loss from an iron wire in hydrogen,2 as used with 
the Nernst lamp. 

Tube furnaces with wire resistance heating and other types may operate in 
vacuum ^ or under pressure.^ A tube of platinum with 20 per cent, rhodium 
was used in a vacuum furnace.^ Electrically heated crucible furnaces have 
been described,^ and furnaces heated by Nernst mass.*^ 

Gray ^ obtained greater uniformity of temperature by winding the resistance 
wire longitudinally on an iron tube. Mellor ^ controlled temperatures to 
1300'' by a quartz air thermometer acting on a mercury cut-out in a U-tube. 
A uniform rate of rise of temperature of a furnace was achieved by Vallet 
by varying the distance of copper plates in copper sulphate solution, used as a 
resistance, together with a mercury thermoregulator in an auxiliary furnace. 
Radiation from resistance furnaces was studied by Fitzgerald.Douglas 

1 Hahn, Z. phys, Chem., 1903, 44, 513; Bodenstein and Pohl, Z. Elektrochem,, 1905, 11, 
373; Kolowrat, /. de Phys., 1909, 8, 495; Schuen, Elektrochem, Z., 1911, 17, 301; Bodenstein 
and Kranendicck, Z. Elektrochem,, 1912, 18, 417; Haughton and Hanson, J. Inst, Met,, 1915, 
14, 145; 1917, 18, 173; White and Adams, Phys, Rev,, 1919, 14, 44; Fairchild and Foote, in 
“ Pyrometry Sympos. Vol.,” Amer. Inst. Min. Met. Eng., New York, 1920, 435; Roberts, 
J, Wash. Acad., 1921, 11, 401; J. Opt. Soc, Amer,, 1922, 6, 965; 1925, 11, 171; Adams, J, Opt. 
Soc. Amer., 1924,9, 599; Adcock,/. Set, Instr., 1925,2,273 (gas thermom.); Simon and Fischer, 
Z. anorg. Chem., 1927, 162, 279; Dittler, ibid., 1928, 174, 342; Haughton, /. Sci. Instr., 1932, 
9, 310; Kambara and Matsui, J. Soc. Chem. Ind. Japan, 1933, 36, suppl. bdg. 134 (to 1000°); 
Bubam and Brintzinger, Chem. Fabr., 1933, 6, 265 (Hg reg. to 500° ±1°); Warren, Ind. Eng. 
Chem. Anal., 1933, 5, 285 (1000°); thyratron regulator to 800°, Zabel and Hancox, Rev. Sci. 
Instr., 1934, 5, 28; Ewell and Hardy, J.A.C.S., 1941, 63, 3460 (photo-cell: “ a few degrees at 
250°--^0° for a day”); Roberts, in “Temperature. Its Measurement and Control,” New 
York, 1941, 604; Thomas and EglofF, ibid., 617. Commercial voltage regulators for A.C. are 
available. 

2 Gati, Phys. Z., 1909,10, 897; Kempc, ibid., 1910,11, 331; Anfilogoff, Thesis, London, 1932, 
183; for simpler devices, Forster and Gruner, Z. Elektrochem., 1935,41,9; Hart and Partington, 
J.C.S., 1943, 104. 

3 Bolton, Z. Elektrochem., 1905,11, 45; Soddy, Proc. Roy. Soc., 1907, 78,429; von Warten- 
berg, Verhl. d. D. Phys. Ges., 1910, 12, 121; Weiss and Neumann, Z. anorg. Chem., 1910, 
65, 248; Ruff, Ber., 1910, 43, 1564; Tiede and Birnbrauer, Z. anorg. Chem., 1914, 87, 129; 

‘ Oesterheld, Z. Elektrochem., 1915,21, 54 (tungsten tube furnace); Booth and Ward, Ind. Eng. 
Chem. Anal., 1932,4,199 (“ globar ” heater; to 1000°-1500° ±5°). 

4 Boeke, Z. anorg. Chem., 1906, 50, 244; Nernst and lost, Z. Elektrochem., 1907, 13, 521; 
Haber and Le Rossignol, ibid., 1908, 14, 181, 513; Hutton and Petavel, Phil. Trans., 1908, 
207, 421; Smyth and Roberts, J.A.C.S., 1920, 42,2582. 

5 Slade, Proc. Roy. Soc., 1912, 87, 519 (horizontal tube); Sosman and Hostetler, /. Wash- 
Acad., 1915, 5, 111', Z. Elektrochem., 1915, 21, 495 (vertical tube); Alcock, Peiser, Pont, and 
Swallow,/. Sci. Instr., 1947,24,297 (Pt-*Rh). 

6 Friedrich, Metallurgie, 1907, 4, 778; Pip, Z. Elektrochem., 1910, 16, 664; Calhane and 
Bard, Chem. Met. Eng., 1912, 10, 461; Askenasy, Metallurgie, 1914, 20, 253; JSnecke, ibid., 
1917, 23, 49; Anon., Elec. Rev., 1919, 84, 342 (muffle and crucible); Hecht, Chem. Ztg., 1920, 
44, 956 (crucible); Siebert, ibid., 1921, 45, 111 (muffle); EndeU, Z. angew. Chem., 1922, 35, 31 
(muffle); Biltz and Meger, Z. anorg. Chem., 1928, 176, 23; Smith and Hardy, ibid., 1935, 
223, 1. 

7 Tingwaldt, Phys. Z., 1935, 36, 627; for “kryptol” heater, see Friedrich, Metallurgie, 
1907, 4, 778. 

8 /. Wash. Acad., 1912,2, 248; 1914, 4,134; Bur. Stand. Bull., 1914,10, 451. 
^ Trans. Ceramic Soc., 1907, 7, 114; Bluethe, Metal Progr., 1947, 52, 591 (electronic 

circuit). 
10 Bull. Soc. Chim., 1936, 3, 103; cf. Fairchild, Harrison, and Foote, Bull. Amer. Inst. Min. 

Met. Eng., 1919,2631; Mining and Met., 1919, 312. 
n Met. Chem. Eng., 1910,8, 317. 
12 QJ, Geol. Soc., 1907, 63,145. 
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used an electrically heated platinum ribbon for melting fragments of rocks. 
The volatilisation of platinum metals in electric furnaces was described by 
Crookes.^ An electric vacuum furnace for 2000° with a tungsten coil was 
described by Chaudron and Garvin;^ Winne and Dantsizen^ used an elec¬ 
trically heated molybdenum or tungsten ribbon furnace, and molybdenum and 
tungsten ^ and tantalum ^ tube furnaces have been used. 

For temperatures over 2500° only carbon is suitable; the m.p. of graphite 
(the only form stable at high temperatures) being ^ in the region of 3800° C. 
In this case the carbon heater must be in a vacuum or inert gas or protected 
from oxidation by an exterior coke packing. Despretz ^ electrically melted 
silicon, boron, titanium and molybdenum, and claimed to have softened a 
carbon rod by a current from 500-600 Bunsen cells in an atmosphere of nitrogen 
so that it bent and even melted to globules—^although the last is uncertain and 
may have been due to impurities. 

In Tucker’s ^ furnace a carbon tube of 54 cm. length, 25 mm. inner and 38-5 
mm. outer diameter, thinned to 31 mm. in the middle 9 cm., was packed round 
with coke. With 330 amps, at 6 to 8 volts, 1200° was reached in 4 min.; with 
600 amps, and 15 volts, 1860° in 11 min.; and with 850 amps, and 15 volts, 
2950° in 14 mins. Carbon tube vacuum furnaces ^ (Ruff type) have been much 

1 Proc. Roy. Soc., 1912, 86, 461; Chem. News, 1912, 105, 229, 241. 
2 Chim. et Jnd., 1923, 9, 647. 

Chem. News, 1912, 105, 75. 
* Compton,/. Opt. Soc. Amer., 1922, 6, 910; Duffendack,Rev., 1922, 20, 665; Lebeau 

and Picon, Compt. Rend., 1924, 178, 1151; Duffendack and Black, Phys. Rev., 1929, 34, 35. 
5 Fredenhagen, Phys.Z., 1913, 14, 1047. 
6 Ryschkewitsch, Z. Elektrochem., 1925, 31, 54; Ryschkewitsch and Merck, ibid., 1926, 

32, 42; Konig, Naturwiss., 1947, 34, 108. 
7 Compt. Rend., 1849, 28, 755; 1849, 29, 48, 545, 709; 1850, 30, 367. 
8 Electrochem, and Metall. Ind., 1907, 5, 227; an electrically heated carbon tube furnace for 

black-body radiation was used by Lummer and Pringsheim, Verhl. d. D. Phys. Ges., 1903, 5, 3; 
Harker and Kaye, Proc. Roy. Soc., 1912, 86, 379; Hemsalech, Phil. Mag., 1918, 36, 214; King, 
Asirophys.J., 1908,28,300; 1913,37,119,238; Silundum lube furnace, Sievertsand Krumbhaar, 
Z. phys. Chem., 1910, 74, 284. 

^ Arsem, Trans. Amer. Electrochem. Soc., 1906, 9, 153; J.A.C.S., 1906, 28, 921; Pring and 
Hutton, J.C.S., 1906, 89,1591; Hanemann, Z. Elektrochem., 1908, 14, 695; Heyn and Bauer, 
“ MetaUographie,” 1909, 1, 75; Ruff, Ber., 1910, 43, 1564; Z. anorg. Chem., 1913, 80, 373; 
Z. Elektrochem., 1912, 18, 164; 1914, 20, 177; 1924, 30, 356; Goecke, Metallurgie, 1911, 8, 
667; Z. angew. Chem., 1911, 24, 1459; Forsythe, Astrophys. /., 1911, 34, 353; Harker, Chem. 
News, 1912, 106, 85, 97; Nature, 1912, 89, 514, Trans. Faraday Soc., 1917, 12, 3; Humfrey, 
Iron and Steel Carnegie Schol. Mem., 1912, 4, 80 (simple type); Fischer and Ploetze, Z. 
anorg. Chem., 1912, 75, 1 (pressure); Stabler and Elbert, Ber., 1913,46, 2060 (pressure); 
Seiferheld and Suda, Z. anorg. Chem., 1913, 82, 373; Kanolt, ibid., 1914, 85, 1; Tiede and 
BirnbrSuer, ibid., 1914, 87, 129 (C rod); Ruff and Bormann, ibid., 1914, 88, 365; Wolf 
and Z. Elektrochem,, 1914, 20, 1; Rydt, ibid., 1914, 20, 185; Janecke, ibid., 1915, 
21, 439; Askenasy and Crude, Z. Elektrochem., 1922, 28, 130; Anon., ibid., 1922, 28, 181 
(C tube furnace for mech. press.); Lebeau and Picon, Compt. Rend., 1924, 178, 1151 (C 
tube, 2400°); Bryan, Mehring, and Ross, Ind. Eng. Chem., 1924, 16, 82 (Arsem type); 
Partington and Anfilogoff, Trans. Faraday Soc., 1925, 21, 360 (Ruff vac. type); Tammann 
and Lowenstein,Z. anorg, Chem., 1926,154,173 (C tube furnace to 3300°); Prescott and Hincks, 
J.A.C.S., 1927, 49, 2744; Lorenz and Woolcock, Z. anorg. Chem., 1928, 176, 289; Eitel and 
Spaliks, ibid., 1929,183, 263 (Ruff type); BranUey and Beckman, J.A.C.S., 1930, 52, 3956 (C 
tube); Arndt and Pollack, Z. anorg. Chem., 1931, 201, 81 (C rod); Brunner, Z, Elektrochem., 
1932, 38, 55; Podszus, Z. anorg. Chem., 1933, 211, 41 (C rod); Evans, Rev. Sci. Instr., 1933, 
4, 391 (vacuum); Mayers. J.A.C.S., 1939,61, 2053; for carbon crucible furnace, see Bonna and 
Lakoycr, Z. Elektrochem., 1897, 3, 479; carbon powder resistance furnace, Simonis, Stahl w. 
Eisen, 1907, 27, 739; on “ Kryptol ” resistance. Buss, Prometheus, 1904,15, 551, and “ Kryp- 
tol ” furnace, Leroux, Chem. Ztg., 1908, 32, 1137. For electric and thermal conductivity of 
carbon, see Cellier, Ann. Phys., 1897, 61, 511; Z. phys. Chem., 1897, 22, 636. 
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used. The thin graphite tube (or spiral) turned from a rod, which may be 
slotted to increase its resistance, is usually supported vertically between water- 
cooled copper, bronze, or brass leads, and the parts of the carbon in contact 
with these may be copper-plated by electrolysis. Very heavy currents at low 
voltages (e.g. from transformers) are needed, and at temperatures above 2700'" 
there is appreciable volatilisation of the carbon tube, which also becomes very 
friable. A zig-zag of carbon rods ^ has been used, and an electric cupola furnace 
described.^ 

In vacuum furnaces continued pumping is needed, as gas is continuously 
evolved from the heated carbon. A carbon crucible may be supported inside 
the tube on a magnesia rod, and the outside of the tube sighted by an optical 
pyrometer through a water-cooled glass window in the furnace jacket. A 
horizontal carbon tube vacuum furnace, requiring 200 amp. at 30 volts for 
2000°, 380 amp. for 2500°, and 500 amp. for 2800° (which at temperatures of 
2400' -2500° can operate for several hours) was described by Wolf and Muller.*^ 
A thick slotted tube, 30 cm. long, 5 cm. outer and 2 cm. inner diameter, was 
used, with graphite pieces for leads, one screwed in and the other a sliding fit. 
Surrounding the furnace tube were two concentric carbon tubes, slit down the 
length and held together by graphite rings. The outer case had a water-cooled 
jacket. A graphite plate furnace was used by Hemsalech (250 amp.; 3000°). 
Acheson graphite is more permanent in use than ordinary carbon, but has a 
better conductivity and needs heavier currents. Silit (containing silicon car¬ 
bide) tubes can be used up to 1400°. 

For the highest temperatures (3(XX)°) the carbon arc furnace is practically 
the only available form. The electric arc between carbon poles was first 
produced by Davy ^ as “ a light so vivid that even the sunlight compared with 
it appeared feeble.'’ The classical form is that of Moissan,^ in which two 
horizontal carbon rods lie in grooves cut in a block of limestone and are 
covered by another block of limestone, a cavity being formed between the two 
blocks in which the arc is struck. Very heavy currents are necessary. Such 
furnaces are in general suited only to qualitative and preparative work, as it is 
very difficult to determine the temperature and the material is very liable to 
contamination by carbon. 

Heating by cathode rays has been used.® The latest type of furnace, which 
requires very expensive apparatus (£750-£3000) but is very efficient, is the 
high frequency induction furnace,^ in which eddy-currents are induced by an 

1 Hempel, Ber., 1890,23, 3388; 5 Int, Kongr, angew. Chem., Berlin, 1903,1, 715; Oberhoffer, 
Stahl u. Risen, 1907, 27, 1764; Finkelstein, Ber,, 1906, 39, 1585; carbon rings, Rosenliain and 
Coad-Pryor, Trans. Faraday Soc., 1918, 14, 264. 

2 Schweitzer, Z. Elektrochem., 1926, 32, 98. 
3 Z. Elektrochem., 1914, 20, 1. 
^ Phil. Mag., 1920,39,241. 
5 “Elements of Chemical Philosophy,” 1812, 152; Phil. Trans., 1821, 111,425 (10-cm.- 

long arc from 2000 cells); “ Works,” 1840, 4, 110 ; 6, 230. 
<5 Moissan, “ The Electric Furnace,” transl. de Moulpied, 1904; Heusler, Z. anorg. Chem., 

1896, 11, 293; 1897, 14, 172; Kiister and Dolezalek, Z. Elektrochem., 1897, 3, 329; Pfleger, 
ibid., 1897, 4, 12 (large arc furnaces); Anon., Engineering, 1906, 81, 381; Clerc and Minet, 
Compt. Rend., 1908, 146, 227; Ruff and Wunsch, Z. anorg. Chem., 1914, 85, 292; Steiner, Z. 
Elektrochem., 1941, 47, 581 (lab. types). 

7 The m.p. of lime (CaO) is 2575": Schumacher, J.A.C.S., 1926, 48, 396. 
8 Von Wartenberg, Ber., 1907, 40, 3287; Fischer, Z. anorg. Chem., 1912, 81, 170; Tiede, 

Ber., 1913, 46, 2229; Gerdien and Riegger, Wiss. Veroff. Siemens^Konzern, 1923, 3, 226; 
Klinkhardt, Z. Elektrochem., 1926, 32, 534; Trombe, Bull. Soc. Chim., 1934, 1, 159, 262. 

9 Northrup, Trans. Faraday Soc., 1917, 13, 212; Trans. Amer. Electrochem. Soc., 1919, 35, 
69, 158; J. Franklin Inst., 1923, 195, 665; Ribaud, Compt. Rend., 1925, 180, 1733; Chim. et 
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alternating magnetic flux in a mass of metal supported in a refractory crucible 
in a vacuous tube. 

Most high-temperature electric furnaces require heavy currents which 
cannot be taken from the town supply, but require special dynamos or (when 
A.C. is supplied) transformers. For such currents special resistances are 
needed. A useful type consists of lead plates in running water.^ A copper 
spiral tube cooled by running water and provided with a sliding contact 2 

can also be used. A useful type consists of horizontal brass tubes cooled by 
flowing water and fixed on insulators on a wall, the tubes being connected by 
suitable bends, and with sliding contacts.^ For smaller units a resistance com¬ 
posed of plates of carbon in a rack, compressed by a screw to alter the resis¬ 
tance,is useful. 

McLennan and McLay ^ used a horizontal carbon tube as an electrode, 
arcing to a lower electrode from the middle. An enclosed micro-resistance 
furnace with a carbon rod was used for the sublimation of alloys by Fletcher, 
a carbon spiral resistance furnace was described by Tarrant,and a carbon 
muffle furnace by Siebert.^ 

The burning-glass, a lens or mirror concentrating sunlight, is one of the oldest 
means of attaining high temperatures, and the method of concentration of 
radiation could no doubt find useful modern applications.^ A small vacuum 
furnace heated by a burning-glass was described by Stock and Heynemann.^^ 
Temperatures above 4000° still await investigation.’1 

§ 3. Measurement of High Temperatures ’2 

An early method for the measurement of high temperatures was the pyrometer 

Incl, 1936, 35, 3; Fischer, Z. iechn. Phys„ 1926, 7, 513; Z. angew, Chem,. 1927, 40, 1301; 
Strutt, Ann. Phys., 1927, 82, 605; Burch and Davis, Phil. Mag., 1926,1, 768; Cain and Peterson, 
Trans. Amer, Electrochefn. Sac., 1925, 48, 199; von Wartenberg, in Wien-Harms, “ Handbuch 
der Experimentalphysik,” 1929, 9, i, 1; Leitgebel, Z. anorg. Chem., 1931, 202, 305; Boericke 
and Bangert, Ind. Eng. Chem. Ana!., 1944, 16, 302; Aitchison and Crouchley, J. Set. Instr., 
1945, 22, 176; Stauffer, Fox, and Di Pietrow, Jnd. Eng. Chem., 1948, 40, 820; Stansel, Gen. 
Elec. Rev., 1948, 51, No. 2, 44. 

1 Thiele, Z. Elekfrochem., 1910, 16, 442; Partington and Anfilogoff used iron plates in 
water in wooden tubs; the water soon boils and must be renewed. 

2 Friedrich, Metall und Erz, 1913, 10, 511. 
^ This arrangment was used for c. 100 amps, by Partington and Shilling; constantan 

strips, Feussner, Elektrotechn. Z., 1899, 20, 611, 632. 
4 Engelmann, Onderzoekingen gedaan in het phvsiol. Lab. te Utrecht, 1887, 10, 169; Arch. 

NderL, 1888, 22, 145; Hoffmann, Elektrotechn. Z., 1937, 58, 1111, 1138. 
^ Trans. Roy. Soc. Canada, 1925, 19, Til, 89. 
6 J.C.S., 1913, 103, 2097. 
7 Trans. Faraday Soc., 1920, 15, Pt. Til, 83. 
8 Chem. Ztg., 1921, 45, 772. 

Ribaud, Chim. et Jnd., 1936, 35, 3; for the Florentine lens (used by Davy and Faraday), 
Martin, J. Sci. Instr., 1931, 8, 379; for Lavoisier’s large lens, Lowry, “ Historical Introduction 
to Chemistry,” 1915, 100; Trombe, Fo^x, and la Blanchetais, Ann. Chim., 1947, 2, 385; 
Trombe, Research, 1948, 1, 393 (” solar furnace ”). 

to Ber., 1909, 42, 2863 (melting Si crystals). 
tt Finkelnburg, Naturwiss., 1944, 32, 105. 

Weinhold, Ann. Phys., 1873, 49, 186 (bibl. of various methods); Barus, On the Thermo¬ 
electric Measurement of High Temperatures, Bull. U.S. Geol. Survey, Washington, 1889, 
8, No, 54; “ Die physikalische Behandlung und Messung hoher Temperaturen,” Leipzig, 
1892; Congris Jnternat. Phys., 1901, 1, 148; Le Chatelier and Boudouard, “Tempera¬ 
tures 61ev6es,” Paris, 1900; transl. Burgess, “ High Temperature Measurement,” 2nd edit.» 
New York, 1904; new edit., Burgess and Le Chatelier, “ The Measurement of High Tem¬ 
peratures,” 3rd edit., New York, 1912; “ Die Messung hoher Temperaturen,” Berlin, 1913; 
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of Wedgwood,^ depending on the contraction of a prism of baked clay after 
strong heating; the length was measured by a gauge. The results were very 
crude: the m.p. of iron was found to be 12,000'" C., which is 10,500° too high! 
The Daniell ^ pyrometer depended on the expansion of a metal bar. The bar is 
contained in a tube of clay and graphite and pushed to the bottom. Above it 
is a porcelain index-rod in contact with the bar and kept somewhat tight by a 
collar. As the bar expands the index is forced out, but on cooling it remains in 
place and its position can be found. The motion of the index is the difference 
between the expansion of the bar and that of the tube. A graphite bar has 
been used.^ 

In the meldometer of Joly ^ the melting-point of a solid was found by heating 
it on a platinum ribbon, heated electrically and stretched by a spring, the exten¬ 
sion of the strip being measured by an eye-piece and micrometer screw. The 
micropyrometer of Burgess ^ is an adaptation of Joly’s meldometer in which the 
temperature of the heated platinum strip is determined by a small disappearing- 
filament pyrometer sighted on it, this being adjusted like a microscope on its 
stand. 

Prinsep ^ exposed a series of small flattened beads of gold-silver alloys of 
known composition on a cupel and found which melted: the melting-points of 
the alloys were determined by an air thermometer with a gold bulb. Seger 
conesP used in determining temperatures in porcelain kilns, etc., consist of 
small cones of various clay bodies, which soften and bend over at various 
temperatures. Brearley and Moorwood ® used cast cylinders of salts or 
alloys instead of Seger cones. Skirrow ^ described a works apparatus depend¬ 
ing on the release of a wire, embedded in a solid in an iron tube, on melting of 
the solid. The so-called acoustic thermometer depends on the change of 
the wave-length of sound in air with change of temperature. 

Day and Sosman, High Temperature Gas Thermometry, Carnegie Inst., Washington, 1911, 
157; Griffiths and Schofield, Trans. Faraday Sac., 1917,13,222; Foote, Fairchild, and Harrison, 
Pyrometric Practice, Bur. Stand. Bull., 1921 (Dept Commerce), Tech. Pap, 170—a 326-pp. 
general article; Wood and Cork, “ Pyrometry,” New York, 1927, 2nd edit., 1941; Lax and 
Pirani, in Ullmann, “ Enzyklopiidie der techn. Chemie,” 1932, 9, 773; Forsythe (edit.), 
‘‘ Measurement of Radiant Energy,” New York, 1937. 

1 Phil. Trans., 1782, 72, 305; 1784, 74, 358; abdgd. edit., 1809, 15. 278, 571; an extract in 
book form, “ Description and Use of a Thermometer for Measuring the Higher Degrees of 
Heat,” 1784, was translated into French and German; Guyton de Morveau, Ann. Chim., 
1803, 46,276; 1810,73,254; 1810,74, 18, 129; 1811,78, 73; 1814,90, 113,225; Lucas, Z.phys. 
Chem., 1905, 52, 327. 

2 J. Roy. Inst., 1821, 11, 309; Phil. Trans., 1830, 120, 257; “ Introduction to the Study of 
Chemical Philosophy,” 2nd edit., 1843, 111. 

3 Winkler, Z. anal. Chem., 1880, 19, 63; Beckert, ibid., 1882, 21, 248. 
4 Proc. Roy. Irish Acad., 1891, 2, 38; Wilson and Gray, Phil. Trans., 1894, 185, 361; 

Ramsay and Eumorfopoulos, Phil. Mag., 1896, 41, 360; Anon., Electrician, 1908-9, 62, 
469,721. 

5 J. Wash. Acad., 1913, 3, 7; 1914, 4, 566; Phys. Z., 1913,14, 158. 
6 Phil. Trans., 1828, 118, 79; Ann. Chim., 1829, 41, 247; Steinmetz, J.A.C.S., 1918, 40, 96; 

Prinsep’s results are very accurate and are still used; similar experiments by Erhard and Shertel, 
Jahrb.f Berg-u. Hiitten-Wesen in Sachsen, 1879, 154. 

7 Seger, Thonindustr. Ztg., 1886, 135, 145, 168; Louth and Vogt, Bull. Soc. Chim., 1886, 
46, 786; Walkin, Trans. Faraday Soc,, 1917, 13, 330; Dana and Foote, ibid., 1919, 15, 186 
(m.ps. at high temps.); Kanolt, J. Franklin Inst., 1919,188, 489. 

8 J. Iron Steel Inst., 1907, 73, 261; Anon., Met. Chem. Eng., 1915, 13, 192 (218°-1329®); 
Nehls, Elec. World, 1915, 65, 124. 

9 J.S.C.I., 1908, 27, 434. 
10 Cagniard de la Tour and Demonferrand, Compt. Rend., 1837, 4, 28; Mayer, Ann. Phys.^ 

1873, 148, 287; Quincke, ibid., mi, 63, 66. 
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The determination of the vapour density of mercury ^ or iodine ^ has been 
used to measure high temperatures. A calorimetric method was used by 
Carnelley and Williams to find the melting-points of many salts, but the 
results are inaccurate. 

Pyrometers depending on the change of viscosity of a gas with temperature 
(proposed by Bams), such as Callendar’s transpiration balance, have been 
used.4 D. Berthelot ^ measured the change of refractive index of a gas. 
The change of colour of solids, e.g. applied as paints to metals, has often been 
used.6 

For temperatures above a red heat, a thermocouple or platinum resistance 
thermometer (§ 7.VI A) can be used; for the highest temperatures some form 
of optical pyrometer, depending on the laws of radiation, is applied (§13). Special 
precautions must be used in determining the temperatures of flowing gases by 
means of thermocouples.'^ 

The history of high-temperature gas thermometry may be summarised as 
follows: 8 

1828 const, press., gold bulb ^ 
1836 const, press., platinum bulb 
1847 const, press., platinum bulb.^^ 
1853 const, vol.^^ 
1857 vap. dens, of iodine. 
1861 const, press. 
1863 const, press., platinum bulb.^^ 
1863 const, press, and vol., glazed porcelain bulb.^^ 
1879 const, press., porcelain bulb.^'^ 
1882 const, press., porcelain bulb.^® 

1 Regnault, Ann, Chim., 1861, 63, 39. 
- Deville and Troost, Ann. Chim,, 1860, 58, 257 (results vitiated by the dissociation of 

iodine). 
3 Carnelley and Williams, J.C.S., 1876, 29, 489; 1877, 32, 365; 1878, 33, 273, 281; Violle, 

Compt. Rend., 1877, 85, 543; Hoadley, J. Franklin Inst., 1882, 84, 91, 169, 252. 
4 Barus, Ann. Phys., 1889, 36, 358; Callendar, Nature, 1899, 59, 494, 519; Job, Compt, 

Rend., 1902, 134, 39. 
5 Compt. Rend., 1895, 120, 831; 1898, 126, 410, 473; Ann. Chim., 1902, 26, 58; Kennard, 

in “ Temperature. Its Measurement and Control,” New York, 1941, 685. 
6 See e.g. Naeser, Mitt. K. With. Inst. Eisenforsch. DiisseldorJ, i930, 12, 299; Penzig, 

Chem. Fabr., 1939, 12, 358; D6riber6 and Buccar, Chim. et Ind., 1941, 46, 607; Schmidt, 
Z. techn. Phys., 1942, 23, 88; Guthmann, Stahl u. Eisen, 1942, 62, 477; and patents, e.g. I. G. 
Farben, Fr. P. 822308 (1937); Tyte, Proc. Inst. Mech. Eng., 1945,152, 226; Partington, Nature, 
1947, 159, 784. 

7 Schmidt, Z. techn. Phys., 1926, 7, 518; Guillon, Chaleur et Ind., 1926, 7, 395. 
8 Bams, U.S. Geol. Survey Bull., 1889, 8, No. 54 (on the Thermo-electric Measurement of 

High Temperatures; with very complete summary of early work); Day and Sosman, in Glaze- 
brook, ” Diet, of Applied Physics,” 1922, 1, 857. 

9 Prinsep, Phil. Trans., 1828,118, 79; Ann. Chim., 1829, 41, 247. 
Pouillet, Compt. Rend., 1836, 3, 782. 

11 Regnault, Mem. Acad. Sci., 1847, 21, 163. 
12 Silbermann and Jacquelin, Bull. Soc. Encouragem., 1853,52, 108. 
13 Deville and Troost, Compt. Rend., 1857, 45, 821; 1859, 49, 239; Ann. Chim., 1860, 58, 

257 (results falsified by dissociation 12^21). 
1^ Regnault, Ann. Chim., 1861, 63, 39. 
13 Becqucrel, Ann. Chim., 1863, 68,49. 
i« Deville and Troost, Compt. Rend., 1863, 57, 894, 897; 1864, 59, 162; reply by Becquerel, 

ibid., 1863,57, 902, 925, 936. 
17 Erhard and ScherXtl, Jahrb. f. Berg. u. Hiittenwesen in Sachsen, 1879, 154. 
18 Violle, Compt. Rend., 1882, 94, 720. 
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1889 const, press., platinum bulb.i 
1892 const. voL, porcelain bulb.^ 
1899 const. voL, porcelain and platinum bulbs (latter preferred).^ 
1904 const. voL, porcelain bulb.*^ 
1905 quartz-glass bulb.^ 
1906 const, vol., various bulbs (Ir, Pt and Pt alloys with Ir and Rh).<^ 
1908-12 const, vol., platinum-iridium bulb filled with nitrogen. 

The Wiborgh pyrometer ^ is a gas thermometer type. 

§ 4. Radiant Heat 

Those parts of the spectrum which lie beyond the visible at the red end ^ 
constitute radiant heat or infra-red radiation. They differ from light only in 
having a longer wave-length (A), which is measured in Angstrom units (A.= 
10~8 cm.), or for longer waves in millimicrons (mjLt=10"^ mm.) or microns 
(/x=10“^ mm.). The instruments for measuring radiant heat are briefly 
described in § 5. 

According to Draper a solid body begins to emit red light (appearing to 
the eye as a faint “ghostly” grey)^^ at 525°; the brightness or intensity rises 
rapidly with increasing temperature, and in addition to an increase of total 
radiation the distribution in the spectrum (on which the colour depends) 
changes with rise of temperature, the intensity of short waves (violet) increasing 
more rapidly than that of long waves (red). Hyde and Forsythe fixed the 
limit of visibility at the red end of the spectrum at A=0*75/x. Amerio pointed 
out that Draper’s law (which he said is incorrect) had been stated previously by 
Wedgwood.TammannjNeubertjandBoehme,^*^ andTammann andBoehme,^'^ 
found the emission of grey light to occur at variable temperatures with various 

1 Barus, U.S. GeoL Survey Bull,, 1889, 8, No. 54 (313 pp.); Amer. J, Sci,, 1894, 48, 332. 
2 Holborn and Wien, Ann, Phys„ 1892, 47. 107; 1895, 56, 360. 
3 Holbom and Day, Ann, Phys,, 1899, 68, 817; Amer. J, Sci,, 1899, 8, 165. 
4 Barker, Phil, Trans., 1904, 203, 343. 
5 Jaquerod and Pcrrot, Arch. Sci. Phys. Nat., 1905, 20, 28, 128, 454, 506. 
6 Holborn and Valentiner, Berlin Ber., 1^6, 811; Ann. Phys., 1907, 22, 1; spectro¬ 

photometer. 
7 Day and Clement, Amer. J. Sci., 1908, 26, 405; Day, Sosman, and Allen, ibid., 1910, 29, 

93; Carnegie Inst. Publ., 1911, 157; Day and Sosman, Z. anorg. Chem., 1911, 72, 1; J. de 
Phys., 1912, 2, 111, 831, 899; Ann. Phys., 1912,38, 849. 

8 Jern-Kontorets Annaler, 1888, 43, 97; /. Iron and Steel Inst., 1888, ii, 110; Rhodin, Trans, 
Faraday Soc., 1917, 13, 260, 

^ Discovered by Scheele, “ Chemical Observations and Experiments on Air and Fire,” 
transl. Forster, 1780, 66; investigated by Herschel, Phil. Trans., 1800, 90, 255, 284, 437; 
Cornell, Annals of Sci., 1938, 3, 119; for a historical account, see Whewell, “ History of the 
Inductive Sciences,” 1857, 2, 382. 

10 Lummer, ”Die Ziele der Leuchttechnik,” Munich, 1903; Pringsheim, Z. Elektrochem., 
1903, 9, 716; Graetz, in Winkelmann, ” Handbuch der Physik,” 1906, 3, 241; Poynting and 
Thomson, ” Heat,” 1911, 220; Jellinek, ” Physikalische Cheraie der Gasreaktionen,” Leipzig, 
1913, 505 f.; Preston, “ITieory of Heat,” 3rd edit., 1919, 554; Planck, “Theorie der W^rme- 
strahlung,” 4th edit., Leipzig, 1921; Griffiths, in Glazebrook, “Diet, of Applied Physics,” 
1923, 3, 699; Wien and Muller, in Wien-Harms, ” Handbuch der Experimentalphysik,” 1929, 
9, i, 347; H. A. Taylor, in H. S. Taylor, ” Treatise on Physical Chemistry,” 1931, 2,1519. 

Phil. Mag., 1847,30, 345; ” Scientific Memoirs,” New York, 1878,23. 
12 Weber, Ann. Phys., 1887,32,256; Emden, ibid., 1889,36, 214; Lummer, ibid., 1897,62, 14. 
13 Astrophys. J., 1915, 42, 285. 
14 Nuov. dm., 1904, 8, 313. 
15 Phil. Trans., 1784, 74, 358; 1786, 76, 390; 1792, 82, 28. 
16 Ann. Phys., 1932, 15, 317. 
17 Ann. Phys., 1933,17, 863; Balarew and Karabaschew, Roll. Z., 1934, 68, 261. 
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oxides and sulphides, as low as 210° for some oxides. The temperature is 
lowered by SO^-ISO® by powdering and it is dependent on the chemical com¬ 
position. 

The so-called colour scale of temperature, due to Pouillet,^ depends on the 
colour of the light emitted by a glowing body; each of the entries should really 
refer to a range of temperature, and the results depend on personal factors and 
on the emissivity of the surface of the hot body: 

”C. "F. Colour of Light 

532 990 Dark blood-red, black-red, incipient red. 
566 1050 Dark red, blood-red, low red. 
635 1175 1 Dark cherry-red, incipient cherry-red. 
682 1 1250 Medium cherry-red. 
746 1375 Cherry, full red. 
835 1550 Light cherry, bright cherry, light red. 
899 1650 Orange, salmon. 
941 1725 Light orange, light salmon. 
996 1825 Yellow. 

1079 1975 Light yellow. 
1205 2200 White. 

That radiant heat showed the same properties of reflexion, refraction, inter¬ 
ference, double refraction, and polarisation as light was proved experimentally 
by Forbes, Melloni,^ and De la Provostaye and Desains,^ in a series of investi¬ 
gations with relatively simple apparatus, and most subsequent work has been 
a refinement of this. As Rayleigh ^ pointed out, Young ^ in 1807 had clearly 
stated that heat and light are modifications of the same “ motion,” differing 
only in frequency. 

The quantitative study of radiation provides information as to how the 
radiant energy is partitioned among the wave-lengths, and how change of 
temperature affects this partition. Strictly speaking, radiation should be 
studied in a vacuum, but as air absorbs very little ordinary radiant heat, a good 
deal of information can often be obtained by working in air. 

One of the earliest known laws of radiation, the theory of exchangeSj stated 
by Prevost<5 (of Geneva) in 1791, directs attention to the radiating body, and 
asserts that each body radiates energy tOy and also absorbs energy from, other 

1 Cornpt. Rend,, 1836, 3, 782; White and Taylor, Metallographist, 1900, 3, 41; Howe, ibid,, 
1900, 3, 43; Mellor, “ The Crystallisation of Iron and Steel,” 1918, 24. 

2 Forbes, Phil. Mag,, 1835, 6, 134, 205 (polarisation); Melloni, Ann. Chim., 1836, 61, 375; 
1838, 68,107; Ann. Phys., 1835, 35, 112 (apparatus). 

3 Ann. Chim., 1848, 22, 358; 1849,27, 109; 1850, 28, 252; 1850, 30, 159, 276; 1851, 32, 112; 
1852, 34, 192; Knoblauch, Ann. Phys,, 1847, 70, 337; 1847, 71, 1; 1847, 74, 161; Ann. Chim., 
1860,59,493, and many later papers; Seebeck, Ann. Phys., 1849,77,574 (diffraction by grating); 
Desains, Compt. Rend., 1866, 62, 1277; 1877, 84, 1056 (polarisation); Hussell, Ann. Phys., 
1891, 43, 498 (rotation of plane of polarisation by quartz); Elliott and Ambrose, Nature, 
1947, 159, 641; Elliott, Ambrose, and Temple, J. Opt. Soc. Amer., 1948, 38, 212 (polarisation 
by pile of selenium films). 

4 Phil. Mag., 1889, 27, 265. 
5 “ Lectures on Natural Philosophy,” 1807,1, 638. 
6 Obs. sur la Phys., 1791, 38, 314; ” Du Calorique Rayonnant,” Paris, 1809; Supplement: 

‘ ‘ Exposition fil6mentaire des Principes qui servent de Base k la Th6orie de la Chaleur Rayon- 
nante,” Geneva, 1832; a “ Recherches Physico-M6canique sur la Chaleur ” was published at 
Geneva, “aux d6pens de I’Auteur,” in 1792; Mach, “Die Principien der Warmelehre,” 
Leipzig, 1896, 125; Guye, Arch. Set. Phys. Nat., 1912, 33, 469; Cornell, Annals of Set., 1936, 
1, 217, where early work on radiant heat is summarised. 
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bodies. If a body radiates more energy than it receives, its temperature falls; 
if it receives more than it radiates, its temperature rises. If a number of bodies 
all at the same temperature are enclosed in a space impervious to heat, the 
energies radiated and received by each body exactly balance, and there is no 
change in temperature of any of the bodies. The system is thus in temperature 
equilibrium. 

Experiments made by Leslie ^ with a tin cube, filled with hot water, having 
faces in different conditions (black, polished, roughened, papered, etc.) and 
with the various faces turned in succession towards a differential air ther¬ 
mometer having a blackened bulb, showed that good emitters are also good 
absorbers. Quantitative experiments with a thermopile by Mellon! 2 con¬ 
firmed this. A body at every temperature thus emits the same kind of radiation 
as it absorbs. Bodies which at high temperatures are transparent (hot glass, 
Bunsen flame) emit practically no light, and if a body absorbs only one kind of 
radiation it emits only this kind when incandescent (e.g. sodium vapour and 
radiation of A=0*589/a). This is the principle of the detection of elements in 
the sun from the dark Fraunhofer absorption lines in the spectrum.^ 

A gas exposed to intermittent infra-red radiation emits a sound the intensity 
of which is proportional to the absorption; the effect has been used in gas 
analysis.^ 

The relations between diathermancy (transmissibility for radiant heat) and 
chemical composition were investigated by Schulz-Sellack,^ Nichols,^ Zsig¬ 
mondy,'^ and Friedel: ^ the modern aspect, involving a study of absorption 
bands, will be considered later. 

§ 5. Kirchhoflf’s Law 
The fundamental law of heat radiation, arrived at qualitatively by De la 

Provostaye and Desains,^ and more precisely formulated by Balfour Stewart,io 
was given a mathematical form by Kirchhoff,^! after whom it is generally called. 

1 “ An Experimental Inquiry into the Nature and Propagation of Heat,” 1804, 1 f., 22; 
Ritchie, Phil, Trans., 1827, 117, 139; Wiedeburg, Ann. Phys., 1898, 66, 92. 

2 Ann. Chim., from 1831; Ann, Phys., 1832-53; Taylor’s Scientific Memoirs, 1837, 1, 1,39, 
325, 383, 388; 1841, 2, 141; Melloni, “La Thermochrose ou la Coloration Calorifique,” 
Naples, 1850; Cornell, Annals of Sci., 1938, 3, 402; see also Tyndall, “Contributions to 
Molecular Physics in the Domain of Radiant Heat. A Series of Memoirs published in the 
Philosophical Transactions and Philosophical Magazine, with Additions,” 1872; Phil. Mag., 
1861,22,169,273; 1862,23, 252; 1863,26, 30,44; 1864,28, 81,438, 508. 

3 KirchhofF, Phil. Mag., 1860, 20, 1, from a letter to him from W. Thomson quoting 
unpublished teachings of Stokes; Tait, “Recent Advances in Physical Science,” 2nd edit., 
1876,191; idem, art. Radiation^in “ Ency. Brit,,” 9th edit,, 1886,20,212. 

4 Tyndall, Roy. Soc., 1881, 31, 307; Rontgen, Ber. Oberhess. Ges. Natur-u. Heilkde,, 
1881, 20, 19, 52; Heine, ibid., 1882, 21, 17; Rontgen, Ann. Phys., 1881, 12, 155; Veingerov, 
Zavodskaya iMb., 1947,13, 426. 

5 Ann. Phys., 1870, 139, 182. 
6 Phys. Rev., 1893, 1, 1. 
7 Ann. Phys,, 1893,49, 531, 535; 1896,57, 639; Z. phys. Chem., 1896, 20,634. 
8 Ann. Phys., 1895, 55, 453. 
9 Ann. Chim., 1850, 30, 431; 1863, 67, 5; Compt. Rend., 1853, 36, 84; 1853, 37, 168. 

10 Proc. Roy. Soc. Edin., 1858, 22, 1, 59; Proc. Rov. Soc., 1860, 10, 385, 503; Phil. Mag., 
1860, 20, 169, 534; 1861, 21, 391; Ann. Chim., 1861, 62, 188 (Kirchhoff); “An Elementary 
Treatise on Heat,” 5th edit., Oxford, 1888, 196; Rayleigh, Phil. Mag., 1900, 49, 539; 1901,1, 
98; “ Scientific Papers,” Cambridge, 1903, 4, 483, 494, who says Stewart’s work was insuffi¬ 
ciently appreciated on the Continent; cf. Stokes, “ Math, and Phys. Papers,” 1904, 4, 127 f., 
136; Schuster, Nature, 1925,115, 87. 

Berlin Ber., 1860, 783 (read 11 Dec. 1859; abstract only); Ann. Phys., 1860, 109, 275; 
Phil. Mag., 1860, 20, 1; 1861, 21, 2A\ ', Arm. Chim., 1861, 62, 160; “ Ges. Abhl.,” 1882, 571; 
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Consider an enclosure (cavity; German, Hohlraum) heated in a furnace until 
it is incandescent, and let it contain pieces of glass, silver, and coke (supposed 
not to burn but to be heated to redness), etc. Through a small hole, the interior 
of the cavity appears uniformly bright, and the different bodies inside cannot 
be distinguished. If, however, the pieces of coke and glass are quickly taken 
out of the cavity, the black coke shines much more brightly than the glass, as it 
emits much more radiation. The same holds for the coke and the piece of 
silver. Thus, the feebler emissive powers of the glass and silver are completely 
compensated in the cavity by the glass freely transmitting radiation from the hot 
wall behind it, and the silver freely reflecting radiation from the hot wall in 
front of it. The black, opaque coke neither transmits nor reflects radiation, 
and as the flux of radiation is the same at all points and in every direction inside 
the cavity, the black body must provide the whole of its contribution by radia¬ 
tion alone. The brightness of the cavity itself is unchanged if the black body is 
taken out. 

From this experiment the following important consequences follow. If a 
perfectly black body is one which absorbs all radiation falling on it and neither 
reflects nor transmits any, then: 

(1) “If a space is bounded by bodies of equal temperature, and if no 
radiation can penetrate through these bodies, then every bundle of 
rays inside the cavity is constituted, as to quality and intensity, as if 
it came from a perfectly black body at the same temperature, and is, 
therefore, independent of the nature and form of the bodies, and 
depends only on the temperature.” ^ 

(2) At a given temperature the radiation from a perfectly black body 
(usually called black-body radiation^ sometimes ^ full radiation) is 
the maximum possible; i.e. no body can be brighter at a given 
temperature, by pure temperature radiation, than a perfectly black 
body. 

(3) Inside an equally heated enclosure, the differences in radiation from 
the most different bodies completely vanish. 

The fact that an enclosure behaves as a perfectly black body is also proved by 
the absorption of radiation by it at low temperatures as well as emission at high 
temperatures. Through a small hole in the wall of a cool cavity, the interior 
appears perfectly black, although it may be of polished silver. A ray penetrating 
inside is, by successive reflexions (which may be irregular scattering) finally 
completely absorbed; since the reflexion is never perfect and there is a little 
absorption on each, no reflected ray penetrates outside the enclosure (Fig. 1 .VIB). 

Since all natural bodies reflect to some extent, the practical realisation of a 
perfectly black body is diflBcult. Carbon and platinum black do not reflect 
visible rays, and absorb those of longer wave-length, but carbon burns at 400°, 
and platinum black is converted into ordinary grey platinum at 600°. A 

Cotton, Astrophys, J,, 1899, 9, 237; Pringsheim, Z. wiss. Photogr., 1903, 1, 360; F6ry, 
Am. Chim., 1909, 17, 267; Meslin, /. de Phys., 1912, 2, 557; Richarz, Z. wiss. Photogr., 
1912, 11, 254; Preston, “ Theory of Heat,” 1919, 556; a proof for separate wave-lengths was 
given by Evans, Proc. Amer. Acad., 1910,46, 97; for experiments, see Schaum and Wustenfeld, 
Z. wiw. Photogr., 1911, 10, 213; a complete summary of all the laws of radiation is given by 
Bauer, Am. Chim., 1913,29, 5,244, 372; Voigt, Phys. Z., 1912,13,848 (heterogeneous bodies); 
jager, Wien Ber., 1915,124, HA, 305; for a refined deduction of Kirchhoff*’s law using integral 
equations, Hilbert, PAy^.Z., 1912,13,1056; 1913,14,592. 

1 Kirchhoff, Ann. Phys., 1860, 109, 275; Phil. Mag., 1860, 20, 1; Wien, Ann. Phys., 1894, 
52, 132; the Phil. Mag. translation is somewhat freer than the above. 

2 Callendar, Phil. Mag., 1913,26, 787; 1914,27, 870. 
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refractory body, such as brick or fireclay, coated with ferric or uranium oxide, 
or manganese dioxide, behaves approximately as a black body, but by far the 
best experimental black body is a cavity with a small aperture. Such cavities 
were used at temperatures of —180° to +1400° by Wien and Lummer^ and 
Lummer and Pringsheim.^ The one for use at high temperatures (Fig. 2.VI B), 
used by Lummer and Kurlbaum ^ consisted of a porcelain tube fitted with 
diaphragms and with a thermocouple at the closed end, the whole being enclosed 
in a wider porcelain tube with a platinum resistance heater. The interior was 

blackened (probably unnecessarily) by oxides of chromium, nickel, and cobalt. 
With the radiation emitted from the aperture at the open end, the laws of black- 
body radiation were established. Other types of black body used include a 
cavity in a Nernst heater,^ and a molybdenum wire 12 cm. long and 1-4 mm. 
diam. with a boring 0-5 mm. diam. and 1 mm. deep, heated in nitrogen.^ 
Rubens and Hoffmann ^ investigated the radiation from black carbon and 
platinum surfaces, and studied the effect of the thickness of the black substance. 

The intensity of radiation is measured by a special thermopile ’ (or its modi- 

^ Ann. Phys.y 1895, 56, 451; Ostwald’s Klassikety 1929, 228. The first experiments of this 
type were made by Christiansen, Ann. Phys.y 1884, 21, 364, and Boltzmann, ibid., 1884, 22, 
31, who used Leslie cubes with zig-zag sides, and perforated with small holes, respectively, 
as black bodies. St. John, Ann. Phys.y 1895, 56, 433; Wilson, Astrophys. /., 1899, 10, 80; 
Buckley, Phil. Mag.y 1927, 4, 753; 1928, 6, 447. 

2 Ann. Phys.y 1897, 63, 395; Verhl. d. D.Phys. Ges., 1899, 1, 23, 215. 
3 Lummer and Kurlbaum, Ann. Phys.y 1901, 5, 829; Valentiner, ibid.y 1910, 31, 275; Pirani, 

Verhl. d. D. Phys. Ges., 1911, 13, 19 (carbon tube); Parmentier, Ann. Chim.y 1911, 22, 417; 
Stubbs, Proc. Roy. Soc.y 1913, 88, 195; Keene, ibid., 1913, 88, 49; 1915, 91, 190; Coblentz, 
Bur. Stand. Bull., 1914, 10, 1; Roberts, J. Opt. Soc. Amer., 1925, 10, 723; Mendenhall, Phys. 
Rev.y 1929, 34, 502; Ribaud and Nikitine, Compt. Rend., 1929, 188, 618; Ann. de Phys., 1929, 
11, 451; Ribaud and Mohr, Compt. Rend., 1931, 192, 37; von Wartenberg and Wehner, 
Z, Elektrochem.y 1936, 42, 293 (to 3900°). A correction is applied for the departure from 
perfect blackness due to the finite size of the aperture. 

4 Kurlbaum and Giinther-Schulze, Verhl. d. D. Phys. Ges., 1903,5,428 (to 2150°); Ornstein, 
Vermeulen, and Wouda, Proc. K. Akad. Wetens. Amsterdam, 1930, 33, 985 (Ni body). 

5 Pirani and Altertum, Z. Elektrochem., 1933, 29, 5; Nothdurft and Wielenberg, Phys. Z., 
1942, 43, 138 (tungsten tube to 2500° K.). 

6 Berlin Ber., 1922, 424. 
7 Hutchins, Amer. J. Sci., 1887, 34, 466; Boys, Phil. Trans., 1889, 180, 159 (radiomicro- 

meter; really invented by D’Arsonval); Paschen, Ann. Phys., 1893, 48, 272; Wilson and Gray, 
Phil. TYans., 1894, 185, 361; Rubens, Z. Instr., 1898, 18, 65; Rubens and Aschkinass, Ann. 
Phys., 1898, 65, 241; Coblentz, Bur. Stand. Bull., 1908, 4, 391; 1913, 9, 7; 1914,11, 131; 1916, 
12, 503; 1918,14, 507; 1921,17, 187;/. Opt. Soc. Amer., 1921, 5, 259; 1923,7, 439;/. Franklin 
Inst., 1911,172, 559; 1913-14,175, 151, 497; /. Wash. Acad., 1913,3, 357; 1914,4, 511; Phys. 
Z.y 1913,14, 683 (Bi-Ag couple); Coblentz, in Glazebrook, “ Diet, of Applied Physics,” 1923, 
4, 541; Lebedew, Ann. Phys., 1908, 9, 209 (vacuum thermocouple); Yakovlev, /. Russ. Phys. 
Chem. Soc., 1912, 44, 459 (P) (astatic radiomicrometer); Drecq, Compt. Rend., 1914, 158, 
1019 (Bi-Ag couple); Jones and Guy, Chem. News, 1912, 106, 212,225 (radiomicromcter); 
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fication in the radiomicrometer), or by a bolometer ^ (poXou ^Xlov, sun-beams) 
using the change of resistance of a very thin blackened platinum or other metal 
strip or wire on which radiation is incident A flat-surfaced pile (Melloni type) 
of bismuth-tin and antimony-tin alloys was described by Spence.^ Extremely 
line wires for thermocouples were made by Pfund ^ by throwing molten metal 
from a crucible on to a large glass plate and picking off the filament. Soldering 
0*02-mm. iron and constantan wires for vacuum thermopiles is described."^ 
Burger and van Cittert ^ used antimony and bismuth deposited on thin mica by 
evaporation in vacuum; rapid thermopiles have antimony and bismuth deposited 
on thin cellulose nitrate films.^ The use of a bolometer in measuring solar 
radiation originated with Svanberg ^ (“galvanic differential thermometer”); 
it was improved by Langley ^ (“ actinic balance”). Lummer and Kurlbaum ^ 
used rolled Wollaston wire and mention that Julius had separated the nickel 
plating from a teapot to get a film 1/500 mm. thick.Moll and Burgers ^ used 
constantan-manganin foil rolled to 1 to 4jLt for a vacuum thermopile. Brock¬ 
man ^ used a bolometer of nickel foil OT/x, thick, the nickel being plated on 
copper which was anodically dissolved by electrolysis in cyanide solution. 
Hopkinson described a bolometer for use in exploding gas mixtures. 

Am, Phys., 1914, 43, 555; Schaeffer, Paulus, and Jones, J.A.C.S., 1915, 37, 776 (radiomicro¬ 
meter); Moll, K. Akad. Wetens. Amsterdam, 1913, 16, 568; Verslag. K. Akad. Wetens. 
Amsterdam, 1913, 22, 614; Proc. Phys, Soc., 1923, 35, 257; Z. Phys,, 1925, 32, 575; Physica, 
1926, 6, 233; Johansen, Phys. Z., 1913,14, 998; Van Recsema, Proc. K, Akad. Wetens. Amster¬ 
dam, 1918, 20, 566; Witt, Phys. Z., 1920, 21, 374 (radiomicrometer); Hase, Z. Phys., 1923, 
15, 52(vacuum thermopile); Witt, ibid., 1924,28,236 (construction of couples and bolometers); 
Moll and Burgers, ibid., 1925,32,575; Badger,/. Opt. Soc. Amer., 1927,15,370 (single couples); 
for vacuum thermopiles see Firestone, Rev. Set. Instr., 1930, 1, 630; Cartwright, ibid., 1930, 
I, 592; 1932, 3, 73 (bismuth-tellurium); Brackett and McAlister, ibid., 1930, 1, 181; Jaffray, 
Compt. Rend., 1931, 193, 926; Strong, Rev. Sci. Instr., 1932, 3, 65; Beckmann and Dickinson, 
J. A.C.S., 1930, 52, 124; Leighton and Leighton,/. Phys. Chem., 1932, 36, 1882; Jones, /. Sci. 
Instr., 1937, 14, 83; Roess and Dacus, Rev. Sci. Instr., 1945, 16, 164 (sensitive single Bi-Sb 
vacuum couple); Morpurgo and Silver, Gas Research Board Comm., 1947, 35; Simpson, 
Sutherland, and Blackwell, Nature, 1948,161, 281 (lead selenide); see also Weigert, “ Optische 
Methoden der Chemie,” 1927, 295. 

1 Svanberg, Ann. Phys., 1851, 84, 411; Langley, Amer. J. Sci., 1881, 21, 187; Lummer and 
Kurlbaum, Ann. Phys., 1892, 46, 204; Paschen, ibid., 1892, 47, 272; Kurlbaum, ibid,, 1894, 
51, 591; 1897, 61, 417; Phys. Z., 1900, 2, 147; Kayscr, “ Handbuch der Spektroskopie,’’ 
1900, 1, 651; Warburg, LcithSuser, and Johansen, Ann. Phys., 1907, 24, 25 (vacuum bolo¬ 
meter); Coblentz, Bur. Stand. Bull., 1908, 4, 391; 1913, 9, 7, 283; Burgess and Foote, ibid., 
1910, 12, 91; Leimbach, Ann. Phys., 1910, 33, 308 (linear bolometer with strip 0 00028 mm. 
thick); Kerkhof, ibid., 1938, 31, 315 (vacuum bolometer); Shive, /. Appl. Phys., 1947, 18, 
398 (lag); for a supraconducting bolometer (NbN), Milton, Chem. Rev., 1946, 39, 419. For 
a comparison of the emissive and absorptive powers of soot and platinum black at lower tem¬ 
peratures, see Kurlbaum, Ann. Phys., 1899, 67, 846; the reflecting power of carbon was 
measured by Aschkinass, Ann. Phys., 1905, 18, 373, cf. ibid., 1905, 17, 960, for metals; for 
emissivity of graphite, Prescott and Hincke, Phys. Rev., 1928, 31, 130. See also § 17. 

2 Phys. Rev., 1910, 31, 666. 
3 Phys. Rev., 1912, 34. 228. 
4 Johnston, Ann. Phys., 1910, 33, 517; Harris, Phys. Rev., 1934, 45, 635; Pearson, Rev. Sci. 

Instr., 1936, 7, 108; Pfund, ibid., 1937, 8, 417. The writer soldered much thinner wires laid 
on a sheet of glass backed with black paper, using strong illumination reflected from the wires, 
and an observation lens. 

5 Z. Phys., 1930, 66, 210. 
6 Thompson, Ann. Rep. Chem. Soc., 1945 (publ. 1947), 42, 9 (bibl.); Harris, /. Opt. Soc. 

Amer., 1946,36,597; Niven, Canad. J. Res., 1946,24 A, 93. 
7 On electrolytic removal of silver from Wollaston wire, see Partington, Proc. Roy. Soc,, 

1921,100, 27; Z. Phys., 1930, 60, 420. 
B See note 7 on p. 470. 
9 /. Opt. Soc. Amer., 1946, 36, 32. 

to Proc. Roy. Soc., 1907, 79, 138; 1910, 84, 155. 
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Modifications of Crookes’s radiometer (§ 7.VII J) have been used ^ to measure 
the intensity of radiation. Coblentz^ found the sensitivity of a thermopile 
proportional to the square root of the surface. 

Let radiation of wave-length A fall on a body, then the ratio of the radiation 
absorbed to the total incident radiation is called the absorptive power (or 
absorptivity) a^ of the body for the radiation of the particular wave-length: 

a^^absorbed radiationjtotal incident radiation. 

For a perfectly black body, a^=^\y by definition, for all values of A. For all 
other bodies a}<C\, some radiation being reflected or transmitted. 

If a body at a given temperature emits into a vacuum from unit area in unit 
time an amount of energy ^;^d A in a range of wave-lengths between A and (A+dA), 
the limiting value of when dA->0 is called the emissive power or emissivity 
of the body at the given temperature T for the given wave-length A, and is a 
function of A and T as well as of the nature of the body and of its surface. A 
flux of 1 g.cal./cm.2 has been called a langley (ly),^ the time unit being added 
(e.g. ly/min.). 

In a uniformly heated enclosure the radiation is uniform, and independent of 
the nature of the walls or contents. Hence, if dq is the heat received per sec. 
per cm.2 by any one body, this is the same for alt the bodies. If a body absorbs 
a fraction a^, of this, i.e. a^^Aq, it must reflect or transmit d^(l—and as the 
total energy emitted per sec. per cm.^ is equal to that received: 

.(1) 
For a black body, a^^\, and if is the emissive power of a black body, 
(1) becomes: 

£’;,dA=d^.(2) 
From (1) and (2): 

(\^adE,+e,^E,.(3) 

or .(4) 

Hence at constant A and T the ratio eja^ is the same for all bodies and is equal 
to the emissive power of a perfectly black body. This is called Kirchhoffs law,^ 
It applies only when e^^ depends solely on the body and not on the incident 
radiation, and would not apply to a fluorescent body.^ 

Bodies other than black bodies reflect radiation, and if they do not transmit 
radiation, the reflecting power or reflectivity for a given wave-length is obviously: 

.(5) 
from (3): 

.(6) 
which shows that if radiation lost by reflection is restored, the body emits black- 
body radiation. This will occur in an enclosure. 

The effect of a polarising body such as tourmaline, giving a different emissivity 

' Jordan, Proc. Phys, Soc., 1912, 25, 66; Klumb and Schwarz, Z. Phys,, 1944, 122, 418 (as 
manometer). 

2 Phys, Z., 1914,15, 453. 
3 Nature, 1947,160. 326. 
^ Experimental verification by Bouman, Verslag. K. Akad. Wetens. Amsterdam^ 1897, 5, 

438; Ann. Phys, BeibL, 1897,21, 589; Rosenthal, Ann. Phys.^ 1899,68, 783; Pfliiger, ibid., 
7, 806. See, on definitions of emissivity, etc., and statement of Kirchhoff’s law, Ives, Astro- 
phys.J., 1917,45,39. 

5 Wcnsel, in “ Temperature. Its Measurement and Control,” New York, 1941, 3. 
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in different directions (as though it had different temperatures) was experiment¬ 
ally confirmed.^ Kent ^ suggested that Kirchhoff’s law might not hold when 
energy is transmitted by conduction by molecular or electronic impacts between 
two media in contact; in that case the sum of the radiation and the transmitted 
energies would be zero, but this might not be true for each separately. 

§ 6. Intensity of Emission 

Radiation in an enclosure is equally distributed in all directions, or is perfectly 
diffused. Consider a small element of area di^ of a radiating body. The energy 
of wave-lengths between A and A-fdA emitted per sec. from d^ inside a thin 
cone of solid angle doj (see § 8. Ill) at right angles to d^ will be proportional to 
d^-, da>, and dA, or equal to: 

K;,dsdojdX.(1) 

where is a constant for a given A, depending only on the nature of the body 
and on the temperature,^ called the intensity of emission. The energy emitted 

Emission 

6 

Fig. 4.V1 B. Effect of Refractive 
Index on Radiation Intensity 

per sec. in a narrow cone of solid angle dco with its axis making an angle 6 with 
the normal OM to d^ at O (Fig. 3.VI B) will be"^ cos 0d^da>dA, since the “ open¬ 
ing ” of the cone, or the projected area of the radiating surface as seen along the 
axis of the cone, will now be dct> cos 0. The solid angle of the funnel-shaped 
cones shaded as AA'OB'B (where OA' or OB' makes an angle d+dO with 
OM) is (§ 8.III) da)=277 sin 6d9, and the total emission from d^ per sec., which 
is equal to ^^dAd5, is found by integrating the expression 

2TrK;^ cos 0 sin 0 dj?dAd0.(2) 

1 Kirchhoff, Ann. Phys,, 1860, 109, 275 (299); Balfour Stewart, Phil. Mag., 1861, 21, 391; 
Pfliiger, Ann. Phys., 1902, 7, 806; Jaeger and Simek, Verslag. K. Akad, Wetens. Amsterdam, 
1914, 22,162 \Proc. K. Akad. Wetens. Amsterdam, 1914,16, 799. 

2 Phil. Mag., 1917, 33, 223. 
^ Preston, “ Theory of Heat,” 1919, 558 (who uses / for K). 
4 This so-called cosine law is due to Lambert, ” Photometria sive de Mensvra et Gradibvs 

Lvminis, Calorvm, et Vmbrae,” Aug. Vindel., 1760, 26; Ostwald’s Klassiker, 1892, 31-33; 
31, 22; 33, 75; it is called LamberPs law. It was confirmed by Melloni by directing the conical 
receiver of a thermopile towards a radiating surface inclined at various angles, when the 
radiation received was constant. It is subject to some exceptions when the reflecting power of 
the surface depends on the direction of incidence: Lommel, Ann. Phys., 1880,10, 449; Munich 
Ber., 1887, 95; Seeliger, ibid., 1888, 201; Christiansen, Ann. Phys., 1884, 21, 364; Angstrom, 
ibid., 1885, 26, 253; Uljanin, ibid., 1897, 62, 528 (bibl.); KoMdek, ibid., 1898, 64, 398; Wright, 
ibid., 1900, 1, 17; Lummer and Reichc, ibid., 1910, 33, 857; F6ry and Drecq, Compt. Rend., 
1912,155, 1239; King, Phil. Mag., 1912, 23, 237; Zwikker, Proc. K. Akad. Wetens. Amsterdam, 

1927, 30, 853. 
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over the hemisphere, i.e. 0 from 0 to itI2 (see § 8.III): 
M2 

(5';yd5dA=27rX;^d^dA sin 6 cos 6dd 
Jo 
.(3) 

If the radiation intensity in vacuum is K, that in a medium of relative refrac¬ 
tive index n was shown theoretically by Clausius ^ to be n'^K and this was after¬ 
wards proved experimentally.^ Let A and B (Fig. 4.VI B) be two perfectly 
reflecting hemispheres filled with two media of different refractive indices, 
communicating through a small hole of area s. At the centres of A and B let 
there be small perfectly black surfaces a and cr', making angles a and ^ with 
the centre of s. Rays emitted outside these solid angles are reflected back to 
a and a' and absorbed. From Snell’s law of refraction, since sin sin 
the index of refraction ratio is rt==^0L/p, and since the areas are proportional to the 
squares of the linear dimensions, a/a'=n^. If K is the intensity of emission 
(per cm.2) in A, and K' that in B, and if a fraction R is reflected at s and 
(l — R) transmitted, then radiation equilibrium between a and a' requires that 

therefore K(ala'):=Kn^-==K\ which is Clausius’s 
equation. 

§ 7. Energy Density 
The energy density ^ p per cm.'^ in a space uniformly filled with radiation is 

found as follows. The energy radiated per sec. from ds* in the cone is given by 
(2), § 6. Also, OA=OM/cos 0=/?/cos 6, and if c is the velocity of light, the 
time taken for energy leaving ds to reach A is hjc cos 6 sec.; hence the energy 
sent out into the cone in this time is IrrK^Qilc) sin 0d.ydAd0. If h is very small 
the energy between the planes A'B' and XY due to the emission from d^ is 
found by integration between the limits 0=0 and 0=77/2 (the rotation about 
OM is already given by the factor 2rr): 

MI2 

27TKx{hlc)dsdX\ sin 0d0=27rAA(A/c)d.ydA .... (1) 
Jo 

But if pxdX is the energy of wave-lengths between A and A-f dA per cm.^, the 
space between the planes (away from the edges) contains for each element d^ 
the energy p^dXhds, Since there is equilibrium, as much energy returns to 
d^ as leaves it per sec., hence if (1) is doubled it can be equated to p^^dA/idA-, 
hence:^ 

Px^A7tKxIc^A\Ic.(2) 

The total energy of all wave-lengths emitted per sec. per cm,2 is: 

£==r"e,dA=77f X,dA=(c/4)r"p,dA=pc/4 ... (3) 
Jo Jo Jo 

from (2), and (3), § 6, where p is the total radiant energy density (all wave¬ 
lengths) in black-body radiation at a given temperature: 

1 Ann. Phys., 1864,121, 1; Bartoli, Nuov. Cim,^ 1879, 5, 265; Balfour Stewart, “ Elementary 
Treatise on Heat,” Oxford, 1888, 211; Planck, ” Theorie der Warmestrahlung,” 4th edit., 
Leipzig, 1921, 35. 

2 Quintus Icilius, Ann. Phys., 1866, 127, 30; Smoluchowski, Compt. Rend., 1896, 123, 230; 
Dunoyer, Ann. Chim., 1906,9, 30. 

3 W. Thomson (Lord Kelvin), Phil. Mag., 1855, 9, 36; ” Math, and Phys. Papers,” 1884, 
2, 28; Tumlirz, Ann. Phys., 1889, 33, 640. 

^ Wien, Ann. Phys., 1894, 52,132 (^=47r€/c; the value of (3) is sometimes denoted by S). 



§8 RADIATION PRESSURE 475 

Pokrowski ^ supposed that there is an upper limit of energy density corres¬ 
ponding with a temperature of 3 x deg., with a frequency of 10^^ and wave¬ 
length 3 x 10'^ A. 

§ 8. Radiation Pressure 

Maxwell showed from the electromagnetic theory of light 2 that light (or 
radiation) incident on a surface exerts a very small pressure on it. The radia¬ 
tion from the sun exerts a pressure of ^ mg. per m.^ of the earth’s surface. If 
the radiation is perfectly diffuse (as in black-body radiation) the radiation 
pressure on any surface, in dynes per cm.2, is equal to one-third the total energy 
density in ergs per cm.^: 

p=ip.(1) 

The existence of radiation pressure was proved experimentally by Lebedev 
and by Nichols and Hull. It should be noticed that (1) differs from the gas 
equation, § 2,111, p=^Ef,, where is the kinetic energy per unit vol., in having 
the factor j instead of f. Thus, Newton’s corpuscular theory of light would 
make the radiation pressure double the true value. The factor f refers to 
perfectly reflected particles, and the factor j to perfectly reflected radiation, or 
perfectly diffuse radiation partly or wholly emitted by the wall, i.e. in all cases 
when the radiation leaving the wall is the same as the incident radiation.^ 

§ 9. Stefan-Boltzmann Radiation Law 

In 1879 Stefan ^ showed that all the experiments published to that time were 
in agreement with the law that the intensity of radiation emitted by a body is 
proportioiml to the fourth powr of the absolute temperature. If e is the total 
emissive power: 

.(1) 
where o- is a constant depending only on the nature of the body. For a perfectly 
black body (c=£'), or is called Stefan's constant. If the body is in an enclosure 
of temperature Tq the net emission is o{T^--T{f). Mendenhall ^ says Stefan 
deduced his law “ from a discussion of bad observations on imperfect radiators, 
for which it does not hold he made use of some observations by Tyndall ^ 
on radiation from a platinum spiral. 

Bartoli had previously pointed out that a cycle in which radiation is brought 
from a lower to a higher temperature would contradict the second law of 
thermodynamics unless radiation exerts a pressure, as Maxwell had supposed 
(§ 8). This result was put into a quantitative form by Boltzmann ® (who 

1 Z.Phys., 1928,51,730. 
2 Maxwell, “Treatise on Electricity and Magnetism,” Oxford, 1873, 2, 391, 3rd edit., 

1892, 2, 440; .leans, “ The Mathematical Theory of Electricity and Magnetism,” Cambridge, 
1908, 145, 531; Planck, “ Theorie der Warme,” 1930,164; Stokes, Nature, 1947,160, 532. 

3 Wertheimer, Verhl. d. D. Phys. Ges., 1919,21,435; Stewart, Phys. Rev., 1925, 26,491. 
4 Wien Ber., 1879, 79, II, 391; confirmed by Graetz, Ann. Phys., 1880,11, 913. 
3 “ Pyrometry Sympos. Volume,” Amer. Inst. Min. Met. Eng., 1920, 63. 
6 Ann. Phys., 1865, 124, 36; Wullner, “ Lehrbuch der Experimentalphysik,” 1896, 2, 215; 

Satterly, Nature, 1946, 157, 737; Partington, ibid., 1946, 157, 879; Davies, ibid., 1946, 157, 
879. 

7 “ Sopra i Movimenti prodotti della Luce e dal Galore,” Florence, 1876; Nuov. dm., 
1884,15, 193; Repert. Phys., 1885,21,198; Straneo, Nuov. Cim., 1924,1, 345. 

8 Ann. Phys., 1884, 22, 31, 291, 616; Galitzin, ibid., 1892, 47, 479; Wien, Ann. Phys., 1893, 
49, 632; Guillaume, Arch. Sci. Phys. Nat., 1894, 31, 121; Larmor, “Aether and Matter,” 
Cambridge, 1900, 137; Nature, 1900-1, 63, 216; “Math, and Phys. Papers,” Cambridge, 
1929, 2, 431, 446; Lorentz, Proc. K. Akad. Wetens. Amsterdam, 1901, 3, 436, 607; Michclson, 
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pointed out that it applied to black-body radiation), and he was so able to 
deduce Stefan’s equation (1), which is hence usually called the Stefan-Boltz- 
mann law, after both distinguished physicists. The simplest method of deduc¬ 
tion 1 is based on Ctapeyron’s equation (6), § 41.11. 

Consider a vacuous cylinder with perfectly reflecting walls, fitted with a 
perfectly reflecting piston B (Fig. 5.VI B). Let the base A of the cylinder be 

formed of a black body at an absolute temperature 
T. The black body is in equilibrium with radiation 
of density p in the volume V of the cylinder, and a 
pressure p=^zp is exerted on the piston. If the piston 
be drawn out through a small volume S F, the work 

Fig. 5.VI B. Expansion more radiation enters to fill the 
Cylinder for Radiation volume SF to density p. The black body thus loses 

heat S^=4SF at constant temperature, where 4 is the 
latent heat of expansion of radiation in the vacuum. If 8F=1 cm.^ the 
heat taken from A is equal to the sum of the increase of energy in the cavity and 
the work of expansion, and by Clapeyron’s equation: 

4=r(dp/dr)„ (4/3)p=T(d/dr){p/3) 

(4/3)p=:(i/3)r(dp/dr) 

r(d In p/dr)=(d In p/d In r)=4 

d In p=4d In T 

In p=4 In r+const. 

P^kT^.(2) 

where k is a constant depending only on the units of energy and temperature. 
Although T is here the temperature of a material black body in equilibrium 
with radiation, it can (and later will) be identified with the temperature of the 
radiation itself in vacuum,^ 

Stefan’s law was confirmed for black-body radiation by Schleiermacher,^ 
and fully by Lummer and Pringsheim.-^ It should be carefully noted that the 
TMaw applies only to radiation from a perfectly black body; for many metals 
the intensity of radiation is more nearly proportional to (see § 17). The 
calculated and observed absolute temperatures found by Lummer and Prings- 
heim, given in their table on p. 477,^ fully confirmed Stefan’s law. 

J, Russ, Phys, Chem. Soc., 1902,34,155 (P); Kohl, Ann. Phys., 1902,8, 575; Buckingham, Phys. 
Rev., 1903,17, 211 \ PeUat, /. de Phys,, 1903, 2, 484; Cantor. Ann. Phys., 1906, 20, 333; Ray¬ 
leigh, Nature, 1913,92, 527; Bauer, Ann. Chim., 1913, 29, 5, 244, 372; JeUinek, “ Physikalische 
Chemie der Gasreaktionen,” 1913, 274; Brillouin, Ann. de Phys., 1914,1, 163 (who points out 
that the energy of radiation could be completely converted into work by adiabatic expansion 
to absolute zero); Jeans, “ Dynamical Theory of Gases,” 3rd edit., Cambridge, 1921, 366. 

^ Haber, ” Thermodynamics of Technical Gas Reactions,” 1908, 282. 
2 Wien, Ann. Phys., 1908,25, 5, mentions that Lord Kelvin never brought himself to believe 

that radiation could have a temperature apart from matter. 
3 Ann. Phys., 1885, 26, 287; Wien and Lummer, ibid., 1895, 56, 451; Wilson, Astrophys. J., 

1899,10,80. 
Ann. Phys., 1897, 63, 395 (100"-1300°); 1900, 3, 159; Verhl. d. D. Phys. Ces., 1899, 1, 

23, 215; Kurlbaum, Ann. Phys., 1898, 65, 746 (0°~100°); Lummer, Congris. Internet. Phys., 
1901, 2, 41; Valentiner, Ann. Phys., 1910, 31, 275 (to 1600"); Mendenhall and Forsythe,Phys. 
Rev., 1914, 4, 62 (1063"-1549°); see Griffiths, in Glazebrook, “Diet, of Applied Physics,” 
1922,1,663. 

5 The original German is given: Siedetopf—vessel of boiling water; Salpeterkestel= 
fused-nitre pot; Chamotteofen=fireclay furnace. Lummer and Pringsheim gas ther¬ 
mometry up to 1150" and the temperatures are probably correct to 3°; at higher temperatures 
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Black Body Abs. Temp. Obs. Abs. Temp. Calc. 

Siedetopf . 373-1 374-6 
Salpeterkessel 492-5 492-0 

,, ... 723-0 724-3 
745 749-1 

Chamotteofen 789 778 
Salpeterkessel 810 806-5 

„ ... 868 867-1 
Chamotteofen 1092 1074 

,, 1112 1095 
» . 1378 1379 
,, ... ... 1470 j 1468 
,, ... ... 1497 1488 
,, ... ... 1535 1531 

Since the radiation pressure is it follows ^ that Stefan’s 
law is usually applied to the emission of radiation per sec. from 1 cm.^ of the 
surface of a black body, in which case E is obtained from p by (3), § 7, E^pcjA^ 

E^kT^cjA^oT^ .(3) 

where a is called Stefan's constant. Theusually accepted value ^ iso*=5*75 X 10“ ^ 
erg cm.'”^ sec.~^ deg.”^. (In optical pyrometry the radiation intensity E is 
often denoted by /.) 

The radiating body of temperature T will usually be radiating to surroundings 
of temperature Tq, in which case £=a(r^—ro"^). If (T—ro)==8r is small, 
(r4~ro^)=(ro+Sr)^-ro^c::^4ro38r, which is proportional to SJ or {T-T^\ 
when TJy is approximately constant. This is the so-called Newton’s law (which 
really applies to cooling in moving air).^ 

they extrapolated thermocouple e.m.f.-temperature curves, and their temperatures would not 
be quite correct. 

1 Galitzin, Ann. Fhys., 1892,47,479; Pellat, J. de Phys., 1903, 2, 484, and Michaud, J. Chim. 
Phys., 1938, 35, 99, by a different deduction, found p=ikT^-^CT, but on Maxwell’s theory the 
integration constant C is zero. 

2 Kurlbaum, Ann. Phys., 1898, 65, 746; Verhl. d. D. Phys. Ges., 1912, 14, 576 (summary); 
Todd, Proc. Roy. Soc.., 1909, 83, 19 (5-48xl0~5 ergs); Bauer and Moulin, Compt. Rend.^ 
1909,149, 988; 1910,150, \El\J.de Phys., 1910,9,468 (5*3 X10-12 watts); F6ry, Compt. Rend., 
1909, 148, 111, 915; Royds, Phil. Mag., 1911, 21, 167; Fery and Drecq, J. de Phys., 1911, 1, 
551; 1913,3, 380 (6-33 x IO-12 watts); Puccianti, Nuov. Cim., 1912, 4, 322 (6 0-6-3 x IO-12 

watts); Westphal, Verhl. d. D. Phys. Ges., 1912, 14, 987 (5-54x 10* 12 watts); Shakespear, 
Proc. Roy. Soc., 1912, 86, 180 (5*67xl0~i2 watts); Valentiner, Ann. Phys., 1912, 39, 489 
(5-58x10-12 watts); Gerlach, ibid., 1912, 38. 1; 1913, 41. 99; 1913, 42, 1163, 1167 (5-803 x 
10-12 watts); Paschen, ibid., 1913, 38, 30; Kurlbaum and Valentiner, ibid., 1913, 41, 1059; 
Westphal, Verhl. d. D. Phys. Ges., 1913, 15, 897 (5-57x10-12 watts); Keene, Proc. Roy. 
Soc., 1913, 88, 49 (5-90x10-5 erg); 1915, 91, 190—copper sphere receiver; Mendenhall and 
Forsythe, Phys. Rev., 1914, 4, 62; Coblentz, Phys. Z., 1914,15, 762; Phys. Rev., 1916,1, 694; 
Proc. Nat. Acad., 1917, 3, 504; Bur. Stand. Bull., 1916, 12, 553; 1920, 15, 529, 617; idem, 
in Glazebrook, “Diet, of Applied Physics,” 1923, 4, 541 (5-72x10-5 ergs); Millikan, Phil. 
Mag., 1917, 34, 1 (adopts 5-72x10-5 ergs); Kussmann, Z. Phys., 1924, 25, 58 (5-795x10-12 

watts); Hoare, Phil. Mag., 1928, 6, 828; 1932,13, 380; 1932, 14, 445 (5-742x10-5); Menden¬ 
hall, Phys. Rev., 1929, 34. 502 (5-79x10-12 watts); Wensel, Bur. Stand. J. Res., 1939, 22, 
375 (5-33 to 5-96x10-5 ergs; mean (5-69dbO-13)xlO“5 ergs); Kaye and Laby, “Tables of 
Physical and Chemical Constants,” 1941, 75, give values from 5-7 to 5-79 x 10-5 ergs; Birge, 
Rep. Progr. Phys., 1942, 8, 90, takes 5*6728X10-5, and Du Mond and Cohen, Rev. Mod. 
Phys., 1948, 20,82, take 5-6724x10-5, erg cm.“2 dcg.-^ sec.-i. 

5 Newton’s law will be considered in § 3. IX M, Vol. 11. 
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§ 10. Wien’s Displacement Law 
As the temperature of a solid body rises, the colour of the radiation emitted 

shifts from red, through yellow, to dazzling bluish-while, Pouillet ^ attempted 
to lay down a scale of high tempera¬ 
tures from the colour of the radiation, 
from dull red at 600"' to dazzling 
white at IbOO"* (§ 4). At each tem¬ 
perature, the maximum radiation, 
distributed over the wave-lengths, 
occurs for a particular wave-length, 
and it is clear that this wave-length of 
the maximum will move from the red 
towards the violet end of the spec¬ 
trum as the temperature increases. 
Earlier workers located the maximum 
in sunlight in the infra-red, but this 
result depended on the absorption 
and dispersion of the glass prisms 
used, and Draper,^ using a ruled glass 
grating, showed that the maximum is 
in the yellow part of the visible 
spectrum. A great advance was made 
by Lummer and Pringsheini ^ by 
finding the distribution of energy in 
the spectrum of black-body radiation 

at different temperatures. The curves (Fig. 6.VI B) giving the emissive powers 
in c.g.s. units plotted against the wave-lengths A in cm.) show 

the shift of A^, the wave-length of the maximum, towards shorter wave-lengths 
with rising temperature. The locus of the maxima is shown by the dotted 
curve and A^ plotted against T gives a curve which resembles a hyperbola, 
so that a relation: 

A^T)„=const.=Z? 

might be anticipated. This is Wien's Law, which is confirmed experimentally, 
and was also deduced theoretically by Wien ^ in 1893. The following simple 
deduction is sufficient for our purpose.^ 

J Compt. Rend., 1836, 3, 782. 
2 Phil. Mag., 1857, 13,153; “ Scientific Memoirs,” 1878, 97. 
3 Verhl. d. D. Phys. Ges., 1899,1, 23; 1900,2,163; Graetz, in Winkelmann, ” Handbuch der 

Physik,” 1906, 3, 388. 
4 Berlin Ber., 1893, 55; Ann. Phys., 1894, 52, 132; 1896,58, 662; “Enzykl. d, math. Wiss.,” 

1909, 5, iii, 282; Oswald’s Klassiker, 1929, 228; confirmed experimentally by Paschen, Ann. 
Phys., 1897, 60, 662. 

5 See, e.g., Paschen, Astrophys. J., 1895, 2, 202; 1899, 10, 40; Paschen and Wanner, ibid., 
1899, 9, 300; Very, ibid., 1895, 2, 316; 1896, 4, 38; 1899, 10, 208; Thiesen, Verhl. d. D. Phys. 
Ges., 1900, 2, 65; Larmor, Nature, 1900-1, 63, 216; Proc. Roy. Soc., 1909, 83, 82; “ Ency. 
Brit.,” nth edit., 1911, 22, 785; ” Math, and Phys. Papers,” Cambridge, 1929. 2, 217; Cantor. 
Ann. Phys., 1906, 20, 333; Reiche, ibid., 1908,25, 521; Saurel, Phys. Rev., 1910, 30, 350, 356; 
Buckingham, Phil. Mag., 1912, 23, 920; Westphal, Verhl. d. D. Phys. Ges., 1914, 16, 93; 
Salpeter, Phys. Z., 1914,15, 764; Dempster, ibid., 1914,15, 694; Preston, “Theory of Heat,” 
1919, 569; Jeans, “ Dynamical Theory of Gases,” 3rd edit., 1921, 368; Planck, “ Theorie der 
Warmestrahlung,” 4th edit., 1921, 69; Jellinck, “ Physikalische ^emie der Gasreaktionen,” 
1913, 280; Brillouin, Ann. dePhys., 1914,1,163; Henning, “ Die Grundlagen der Temperatur- 
messung,” Brunswick, 1915, 132; Wood, Phil. Mag., 1918, 35, 190; Urbach, Wien Ber., 1930, 
139, IIA, 473; Lohr, Z. Phys., 1936,103,454; Hercus, Nature, 1948,162,143. 

Fig, 6.VI B. Distribution of Energy over 
Wave-lengths at different Temperatures 



Wien’s displacement law 479 $10 

Consider a definite amount of radiation enclosed in a rectangular box with 
reflecting walls and with sides x, y, z, which can expand or contract so that the 
box always remains similar to itself; i.e. if Sx, by, Sz, are sma// displacements 
per sec. of three sides, the opposite sides remaining fixed, then; 

bxlx—Syjy=8zlz.(1) 

Any ray just reflected from the moving face perpendicular to the x axis must 
travel along a path I to the opposite face, and back along a path /, before the 
next reflexion, and if a is the angle made by the ray with the x axis (Fig. 7.VI B): 

/cosa=x, /=x/cosa. 

The total path traversed per sec. is i 2/=2x/cos a, the time taken to traverse 
this is 2x/ccosa, where c=velocity of light, and hence the numbers of reflex¬ 
ions per sec. is c cos a/2x. For rays reflected from faces normal to the y and ^ 
axes, the corresponding values are ccosj8/2>’, and ccosyjlz, where ^ and y 
are the angles between the rays and the axes. 

Consider a ray OA of wave-length A incident at A (Fig. 8.VI B) at an angle 
a on the face KX perpendicular to the x axis, KX being in motion from left to 
right with a constant velocity u. When the crest of the reflected ray reaches C, 
where AC=A, the next crest will be at A, but this must now travel along AB 
to overtake the receding reflecting surface at K'X', the ray being reflected 
along BD. The distance between the first and second crests is increased from 
AC to (AB-f BD), and the increase in wave-length is 8A,.'=(AB-1-BN), where 
AN is perpendicular to BD. Hence if A' is the image of A in K'X': 

SA,f'=AB-f-BN=AA' cos a=2AM cos a. 

The time taken for the ray to travel AC is equal to the time taken by the 
reflecting surface to travel over AM, and if the time taken by the second ray to 
travel over AB (which is small compared with AC) is neglected: 

AM/u—Xfc, AM=mA/c 

.•. 8A*'=2A«cosa/c. 

■ This change of wave-length occurs at each reflexion, hence the total change of 
wave-length per sec. is found by multiplying it by the number of reflexions 
per sec.: 

SA*=2i'8A*'=(2Aw cos a/c)[(c cos a)/2x]=(A« cos^aj/x 

8A*=A cos^ a(8x/x), 

I Actually the second path is (x-t-Sx)/cos a, but as the ray moves with the very great velocity 
c, 8x is negligible in comparison with x. 



480 HIGH TEMPERATURES VI B 

since «=S.v. Similarly: 
SXy=:Xcos^^(Sy/y) 

A cos2 y{Szj2), 

The total change of wave-length is 

8X=X[{Sx/x) cos^ 0L+(Sy/y) cos^ j8-f (5z/z)cos2 y] 

/, 8X^X8x/x .(2) 

from (1), and (6), § 78.1 (cos^ a+cos^ p+cos^ y= I). Since xyz= V, the volume 
of the box, 

yz8x+zx8y -b xy8z=S K 

8V/V=:8xlx+8y/y+8zlz=38x/x 

SA/A=8 In A=i5K/F=^ S In F 

In A=-3" In F+const. or AF“^ •^=const. 

/. A/Ao=(F/Fo)i^3  (3) 

Since (V/VQy^^==^rjro, where r is the length of a side of the box, it follows that 
when the box expands without altering its shape, the ratio of the wave-lengths 
is equal to the ratio of the linear dimensions of the cavity: 

A/Ao=r/ro.(4) 

It must now be shown ^ that if black-body (full) radiation is adiabatically 
expanded or compressed in a reflecting box, it remains full radiation. If this 
were not so, the introduction of a speck of black carbon would bring the radiation 
to the thermodynamic equilibrium of full radiation without change of energy 
(the changes produced in the black speck are quite negligible), and as this is a 
spontaneous change there will be an increase of entropy (§ 51.II). Leaving in 
the black speck, the volume change is adiabatically reversed and the original 
volume restored. Since the radiation pressure depends only on the total energy 
density p, the work of expansion is equal and opposite to the work of compres¬ 
sion, and as no heat has entered or left, the energy is unchanged and so, by 
Stefan’s law, is the temperature. The process has thus been completely reversed 
without any changes occurring in external bodies. This contradicts the assump¬ 
tion of a finite entropy increase on bringing in the black speck, hence there cannot 
be such an increase, i.e. full radiation after adiabatic compression or expansion 
in a reflecting box remains full radiation, which was to be proved. 

The total energy in the box is Fp, where p is the energy density, and the work 
done in the adiabatic expansion is (since p=ip): 

pd F= -d( Fp)= - Fdp-pc/F= Jpd F, 

Fdp+fpdF=0, and on division by Fp this gives dp/p+fdF/F=0. By 
integration In p-fj In F==const., therefore: 

p/po-(^^o/n"^'=('*o/r)^-(Ao/A)^ .(5) 

by (4). But Stefan’s law, (2), § 9, gives p/po=(377o)^ TITq^Xq/X, or: 

Ar=const.(6) 

1 Planck, “ Theorie der Wflnnestrahlung,” 4th edit., 1921, 70; Darwin, in Glazebrook, 
“ Diet, of Applied Physics,” 1923,4,566, pointed out that some part of the walls must reflect 
diffusely, otherwise the directions of some parts of the radiation will be changed and it will 
no longer be completely isotropic; Planck, op, dt,, 72, specified “white” walls, which is the 
same thing. 
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which is Wien’s displacement law. If A is in cm., the best value i of the constant 
is 0*2897 cm. deg. 

From (3), § 6, E^^rrK^ (^a=Fa for full radiation), and (2), § 7, it 
follows that pxdX is proportional to E^dX, From (5) 

FAdA/FA,dAo=(Ao/A)4 .(7) 

Since, from (5), A+dA=(r/ro)(Ao+dAo) and A==(/*//'o)Ao, therefore: 

dA=(r/ro)dAo=(Ao/A)dAo.(8) 
and from (7) and (8): 

Fa/Fa,=(Ao/A)5, or FAA-^=const.(9) 
Hence from (6): 

E,= CiX-H(XT).(10) 

where C] is an absolute constant and f(Ar) is some unknown function of (XT) 
considered as a single parameter. 

§11. Optical Pyrometry 

The principle of optical pyrometry is the great increase in the visible radiation 
intensity with temperature. Red light is usually measured. The relative 
intensities of light of wave-length A=0-656/x at different temperatures are: 
1000" C. 1, 1500" C. 130, 2000" C. 2100. The first application of optical 
pyrometry was made by Becquerel.^ Lummer and Kurlbaum ^ found that the 
intensity of light from heated platinum was given by (/l//2)=(^2/^2)^ where x 
varied ffom 30 to 14 over the temperature range 900" to 1900" abs. (In what 
follows, E is denoted by 7, as is usual in pyrometry.) Since the intensity varies 
with the nature of the heated surface (Pt, Fe, MgO, C, etc.), and as some flames 
(e.g. the Bunsen flame) hardly radiate at all, the heated source must be as nearly 
as possible a black body, the radiation from which is a function of temperature 
only. This is ensured by causing the radiation to proceed from a small aper¬ 
ture in a hollow opaque enclosure or cavity heated by the given source. In 
general, the temperature as determined by an optical pyrometer is lower than 
the true temperature (“ black-body temperature ”) by an amount depending on 
the departure from black-body radiation of the radiation from the source. 

As compared with, for example, the platinum resistance thermometer, radia¬ 
tion pyrometry “ has a sufficiently sound and well-established theoretical basis 
to have attained a practically independent status,” and in high temperature 
regions, where gas thermometry “ is losing its precision, but where the total 
radiation thermometer is gaining precision or at least holding its own, the gas 
thermometer will reach a point where it can no longer compete with its rival.” ^ 

1 Lummer and Pringsheim, Verhl. d. D. Phys. Ges., 1899, 1, 23; 1900, 2, 163, found 0*2876; 
Lummer, Congres Internat. Phys,, 1901, 2, 41; Pirani and Meyer, Verhl, d. D, Phys. Ges,, 
1912, 14, 576; see Wensel, Bur. Stand, J. Res., 1939, 22, 375; Dunnington, Rev. Mod, Phys., 
1939, II, 65; Du Mond and Cohen, ibid., 1948,20, 82, give 0*289715 cm. deg. Kaye and Laby, 
“ Tables of Physical and Chemical Constants,” 10th edit., 1948, 80, 129, 139; Tables of Ex, 
Nx^ExIhv (=numher of photons emitted per sec. in the range A to A-hdA in solid angle 27t), 

J F^dA andj^ N\&\ are given by Lowan and Blanck, J. Opt. Soc. Amer., 1940, 30, 70; for a 

brief discussion of the values of the radiation constants, see Dushman, in Taylor and Glass- 
tone, “ Treatise on Physical Chemistry,” 1942,1, 198. 

2 Ann. Chim., 1863, 68, 49-143 (full bibl.); Le Chatelier, Compt. Rend., 1892,114, 214. 
3 Verhl. d. D. Phys. Ges., 1900, 2, 89. 
4 Day and Sosman, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 862; on optical 

pyrometry, see Henning, “Die Grundlagen der Temperaturmessung,” Brunswick, 1915, 
128; idem, in Geiger and Scheel, “ Handbuch der Physik,” 1926, 9, 540; Burgess and Foote, 

A.T.P.C.—16 
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The fundamental laws used in radiation pyrometry are Stefan’s law, that the 
energy intensity / of radiation from a black body is proportional to the fourth 
power of the absolute temperature (§ 9), and Wien’s displacement law (§ 10) 
that when the temperature increases the wave-length of every monochromatic 
radiation (i.e. one of given A) decreases in such a way that the product of the 
wave-length and absolute temperature is constant, A7’=AoTo, in particular that 
A„,T=const.=v4, for the wave-length of maximum energy A^. A combination 
of the two laws gives = or where is the maximum 
intensity corresponding with A,„. if the radiation is not from a black body, 
/^T~«=const., where for polished platinum, e.g. a=6 (see § 17). From 
theoretical reasoning which cannot be considered satisfactory ^ Wien (1896) 
deduced the formula: 

.(1) 

where / is the intensity corresponding with the spectrum region between A and 
A-f dA, and Cj and ^2 are constants. 

Fig. 6.VIB shows results of Lummer and Pringsheim; / is proportional to the 
intensity, A is in /x, and the temperatures are given over the curves. Wien’s 
assumptions are very artificial and unlikely, and Rayleigh (1900) said that 
Wien's formula, “ reviewed from the theoretical side, ... is little more than a 
conjecture.” Wien’s formula shows that the intensity of radiation of a given 
wave-length reaches a maximum at a certain temperature, and then decreases, 
and Rayleigh seems to have considered this an objection. It had, however, been 
found experimentally by Violle ^ in 1879. 

Wien’s formula was deduced in a different way by Planck.^ It was found ^ 
to hold for A=9-2/x to A=0*5f4 and temperatures of 100 -1300" C. It holds 
fairly well in the visible spectrum, but it shows deviations at very high tempera¬ 
tures and long wave-lengths.^ Rayleigh ^ by an application of the principle of 
equipartition of energy (§ 20.1V) found the equation: 

h^ckTX~^=kTv^lc^ .(2) 

where v=frequency, c=velocity of light, Boltzmann’s constant. This was 
found to hold for long waves, but failed in other regions. 

Bur, Stand, Bull., 1916, 12, 91; Foote, Trans. Faraday Soc., 1917, 13, 238; Optical F^rometry 
Symposium, ibid., 1917,13, 205; Amer. Inst. Min. and Met. Eng., “ Pyrometry,” Symposium 
Volume, New York, 1920; Griffiths, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 
643, 663; Gibson, ibid., 1923, 4, 737 (spectro-photometry); Walsh, ” Photometry,” London, 
1926, 126; Brodhun, in Geiger and Scheel, “Handbuch dcr Physik,” 1928, 19, 468 (photo¬ 
metry); Mendhousse, Ann. de Phys., 1931, 16, 209 (full review of all methods); Riband, 
“Traite de Pyrometrie Optique,” Paris, 1931. 

1 Ann. Phys., 1896, 58, 662; cf. Michelson, Phil. Mag., 1888, 25, A15\Phy5. Z., 1901, 2, 576. 
For some discussions and criticisms of Wien’s deduction and formula, see Rayleigh, Phil. 
Mag., 1900, 49, 539; ” Scientific Papers,” 1903, 4, 483; Planck, Ann. Phys., 1900,1, 69; 1900, 
3, 764; Wien, ibid., 1900, 3, 530; 1901,4,422; Lummer and Jahnke, ibid., 1900, 3, 283; Jahnke, 
Lummer, and Pringsheim, ibid., 1901, 4, 225; Wood, Phil. Mag., 1918, 35, 190; Jeffreys, ibid., 
1918, 35, 410. 

2 Compt. Pend., 1879, 88, 171; cf. Larmor, Proc. Roy. Soc., 1909, 83, 82; “Math, 
and Phys. Papers,” Cambridge, 1929, 2, 217, 396. 

. 3 Ann. Phys., 1900,1, 69, 719; Syrkin, Z. Phys., 1925, 31, 836 for another deduction. 
4 Paschen, Ann. Phys., 1896, 58, 455; 1897, 60, 662; 1^1, 6, 646; Paschen and Wanner, 

Berlin Ber., 1899, 5, 405, 959; Wanner, Ann. Phys., 1900, 2, 141; F6ry, Ann, Chim., 1909, 17, 
267; Baisch, Ann. Phys., 1911,35. 543 (for 0-334h). 

5 Lummer and Pringsheim, Verhl. d. D. Phys. Ges., 1899, 1, 215; 1900, 2, 163. 
6 Phil. Mag., 1900, 49, 539; Nature, 1905, 72, 54, 243; Jeans, Phil. Mag., 1905, 10, 91; 

Phys. Z., 1908, 9, 853. 
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Planck,^ at first empirically but very soon after by the introduction of the 
quantum theory (§ 15.IV), found the equation: 

.(3) 

which reduces to Wien’s for short wave-lengths and to Rayleigh’s for long wave¬ 
lengths, and was found ^ to agree with experiment over the whole range of wave¬ 
lengths. The deduction of this is given in § 12. 

The wave-length for which 4 is a maximum is found from (d/^/dA)=0. By 
differentiation of (3) it is found (if C2/A,„r=^) that e“^+j8/5—1=0, or 
5(1—e”^)=i8. The two roots of this equation ^ are /3=0, which corresponds 
with A,„->oo and is without physical significance, and jS=:4-9651. Thus 
X^T=C2l^ is constant, in agreement with Wien’s displacement law (§ 10). 
The value of A^r=Z) can thus be calculated from C2 and /3, i.e. from c. A, 
and /3, and Planck found 0-288 cm. deg. Lummer and Pringsheim found 
experimentally 0*294 and Paschen^ 0*292. Although the accuracy of Planck’s 
fomiula was called in question by Nernst and Wulf,^ it was fully confirmed by 
newer measurements of Rubens and Michel. 

H. F. Weber s had proposed a radiation formula: 

.(4) 

for the energy radiated per sec. per cm.- of a body at a temperature T, A being 
the wave-length, c is the “ emission constant,” a is the ” temperature constant” 
0*0043, the same for all bodies, b a constant called the ” luminous power” 
(Leuchtvermogen). The formula was used for T varying from 0 ’ to 1775"C. 
and A from 0*0004 to 0-015 mm. The total radiation is given by: 

£=rA(7r V7r/2)e^^'. 7= CTe"^.(5) 

where C is a constant. The results are not so good as those with Stefan’s 
equation.^ 

Callendar (whose attitude towards fundamentals was heterodox) tried to 
establish the formulae: 

Elv+p=^CvHT+bv)c~'^^''^.(6) 

and E+pv=abh>2T(l+bv/T)t-^^^^''^.(7) 

’ Verhl. d, D. Phys. Ges., 1900, 2, 202 (formula), 237 (deduction); Ostwald’s Klassiker, 
1923, 206; Ann. Phys., 1901, 4, 553; 1901, 6, 818; tables of Planck’s function, Moon, J. Math. 
Phys. Mass. Inst. Techn., 1937, 16, 133. 

2 Lummer and Pringsheim, yerhi. d. D. Phys. Ges., 1900, 2, 163; Ann. Phys., 1901, 6, 192; 
Rubens and Kurlbaum, ibid., 1901, 4, 649; Paschen, ibid., 1901, 4, 111. 

^ Jellinek, “ Physikalische Chemieder Gasreaktionen,” Leipzig, 1913, 354; Planck, “ Theorie 
der Warmestrahlung,” 1921, 183, who gives only the second root; Richtmayer and Kennard, 
“ Introduction to Modern Physics,” New York, 1942, 203; Smith, Phil. Mag., 1942, 33, 775; 
for solution by successive approximations, see Haskins, Phvs. Rev., 1914, 3, 476. 

4 Ann. Phys., 1901, 6, 192. 
5 Ann. Phys., 1901,6,646. 
6 Verhl. d. D. Phys. Ges., 1919, 21, 294. 
7 Berlin Ber., 1921, 590; Phys. Z., 1921, 22, 569; Michel, Z. Phys., 1922, 9, 285. 
8 Berlin Ber., 1888, 933; Z. phys. Chem., 1888, 2, 967 (abstr.); Petavel, Proc. Roy. Soc., 

1898, 63, 403; Phil. Trans., 1898, 191, 501, thought his measurements on the emissivity of 
incandescent bright platinum confirmed Weber’s formula; Compan, Compt. Rend., 1901, 133, 
813, 1202, thought Weber’s equation better than Stefan’s at —182-5° to 302°. 

9 Graetz, Ann. Phys., 1889, 36, 857; Paschen. ibid., 1893, 49, 50; 1896, 58, 455. 
10 Phil. Mag., 1913,26,787; 1914,27, 870; Nature, 1913,92,450, 553; for other formulae, see 

Byk, Ann. Phys., 1913, 42, 1417; Brillouin, Ann. de Phvs., 1914,1, 13, 163, 433; Tolman, Phys. 
Rev., 1914, 3, 244; Ratnowsky, Verhl. d. D. Phys. Ges., 1915,17, 64; Nernst and Wulf, ibid., 
1919, 21,294. 
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where cT=Stefan’s constant, r=frequency, E=radiant energy per mol, such that 
pv^RT, /?=radiation pressure and z;=volume (E/zj—energy density), and 
b and C are constants, b being hjk^EjRv (A=PIanck’s constant, A=BoltZ' 
mann’s constant). 

Charlier ^ proposed the formula: 
.(8) 

where Z?, c, and are constants. An attempt to deduce a formula without the 
quantum hypothesis was made by Walker.^ 

Priest ^ gave the empirical formula: 

.(9) 

where Di and D2 are constants, and A is the Wien displacement law constant 
(§ 10), \,T==A. 

§ 12. Planck’s Radiation Formula 

It was shown in § 78, I, that for a system of plane stationary waves of length 
A and frequency v=c/A, where 6*=velocity, the number of modes of vibration 
(proper vibrations) with frequencies in the range v to i^+dr is, for a volume V: 

dn=4TTVv-dv/c^ 
or for unit volume: 

dn=47rv^dvlc^ .(1) 
This refers to longitudinal vibrations in a medium in which the wave velocity 

is c, and also to a single frequency v. For a range of frequencies each equation 
is replaced by a sum of an infinite number of terms for which v varies from 
0 to 00, i.e. by a Fourier’s series (§ 73.1). Radiation in a vacuous cavity does 
not consist of longitudinal vibrations but of transverse vibrations at right angles 
to the direction of propagation of the ray OS (Fig. 39.1). Every ray having 
transverse vibrations in a plane at right angles to OS can, however, be com¬ 
pounded of two rays polarised at right angles and with independent phases, and 
hence a longitudinal wave train of given frequency and direction must now be 
replaced by two transverse wave trains of equal frequency, and the number of 
proper vibrations per cm.^ is double that of (1); hence if c=velocity of light 
in vacuum: 

d7i=(87r/c3)v2dv.(2) 

Rayleigh ^ and Jeans ^ assumed the principle of equipartition of energy and 
attributed the energy kT to each proper vibration (§ 20JV), thus finding for the 
energy density of radiation of frequency v: 

/9,dv=(87r/c3)v2dv.*r=(87rv2*r/c3)dv .... (3) 

Planck ^ assumed that the energy of an electromagnetic wave system in a 

1 Arkiv Mat. Astron. Fys., 1912, 7, No. 31; 1913, 9, No. 11. 
2 Proc. Roy. Soc., 1914, 89, 393; cf. de Boissoudy, J. de Phys., 1913, 3, 385, 649; Bauer, 

ibid., 1913, 3, 641; Lewis and Adams, Phys. Rev., 1914,4, 331. 
3 Phys. Rev., 1919, 13, 314. 
4 Phil. Mag., 1900, 49, 539. 
3 Phil. Mag., 1905,10, 91; the factor Sn was first given correctly by Jeans, and was accepted 

by Rayleigh; cf. Carwilc, Phil. Mag., 1938, 25, 926. 
Ann. Phys., 1901, 4, 553; “ Theorie der Wilrmestrahlung,” 1921, 183. On Planck’s 

radiation equation, including alternative deductions, see also Frank, Phys. Z., 1912, 13, 506; 
Poincare, J. de Phys., 1912, 2, 5; Wolfke, Verhl. d. D. Phys. Ges., 1913,15, 1123,1215; 1914, 
16, 4; Phys. Z., 1914, 15, 308; Goldhammer, ibid., 1913, 14, 1185; de Boissoudy, J. de Phys., 
1913, 3, 385, 649; Bauer, ibid., 1913, 3, 641; Krutow, Phys. Z., 1914, 15, 133, 363; Brillouin, 
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vacuous cavity is quantised in the same way as the energy of a linear harmonic 
oscillator, (9), § 16.1V, omitting the zero-point energy; > 

e = A v/(e*“'^*^ — 1).(4) 

By combining (2) and (4) the energy density of equilibrium (black-body) radia¬ 
tion in the frequency range v to v+du is found to be: 

1 
Tlhi^ikir-x d.(5) c3 (Qi«’/kr_i 

The total energy density for all frequencies is: 

f*oo 
5= p,dv= 

Jo 

S-rrh 

ZnikTY 

J 0 

xMx , 

e*-T “ ISc^h^^ 
(6) 

where x^hvjkT^ v^=x^(kTyidv^(kTlh)dx. Equation (6) is the Stefan- 
Boltzmann radiation equation (2), § 9, with the constant k as determined by 
Planck. The evaluation of the integral ^ is carried out by expanding (e^~ 1)”^ 
by division: 

and integrating 
]/(e^~.])=e’-^+e~2^+e“3^+ . . . 

/' A'Xe ^’+e . . .)d.v 

term by term, making use of the results: 
00 

x^e“"^dx=6/;2^ /■ 
1 + 1/24+1/3^+1/44+ . . . =774/90. 

At low frequencies and high temperatures (5), with /[~>0, gives the Rayleigh- 
Jeans equation (3); at high frequencies, unity in the denominator is negligible 
in comparison with the exponential, giving the Wien formula: ^ 

p^dv=(S7Thv^/c^)Q~^*'^^^dv.(7) 

Ann. dePhys., 1914,1,13;/. dePhys., 1914,4, 681; Livens, P/?//. Mag., 1914, 28, 648; Einstein, 
Phys.Z., 1917,18, 12; Flamm, ibid., 1918, 19, 116; Bichowski, Phys. Rev., 1917, 10, 92; 1918, 
11, 58: Tolman, ibid., 1918, 11, 261; Kunz, Phil. Mag., 1923, 45, 300; Einstein and Ehrenfest, 
Z. Phys., 1923, 19, 301 (generalisation of Einstein’s deduction); Planck, Ann. Phys., 1924, 
73,272 (nature of radiation); Schidlof, Arch. Sci. Phys. Nat., 1924,6,281,381; Heitler, Z. Phys., 
1925, 34, 526 (modified Einstein deduction); Eddington, Phil. Mag., 1925, 50, 803 (modified 
Einstein deduction); Saha and Sur, Phil. Mag., 1926, 1, 890; Syrkin, Z. Phys., 1925, 31, 836; 
Westphal, ibid., 1925,33, 557; Schaposchnikoff, ibid., 1928, 51, 895; Sturm, ibid., 1928, 51, 287 
(generalised Planck formula); Forsythe,/. Opt. Soc. Amer., 1928,16, 307; Cs^szdr, Naturwiss., 
1942, 30, 265; for attempted deductions without quantum theory, see Page, Phys. Rev., 1916, 
7, 229; Swann, Phil. Mag., 1917, 33, 64; Nagaoka, Proc. Phys. Math. Soc. Japan, 1917, 9, 200; 
Bruis, Acta Univ. Latviensis, 1929, 20, 433; Schweikert, Z. Phys., 1932, 76, 679; Lewis, Proc. 
Phys. Soc., 1947, 59, 34. 

1 Otherwise there would be an infinite density of electromagnetic energy at r=0. The 
theoretical justification for the omission of the zero-point energy is still unknown, but it 
obviates one of the “diseases of infinity”: Bom, “Experiment and Theory in Physics,” 
Cambridge, 1943, 35. 

2 See Jellinek, “ Physikalische Chemie der Gasreaktioncn,” Leipzig, 1913, 353; Planck, 
“ Theorie der Wdrmestrahlung,” Leipzig, 1921, 183. 

3 Ann. Phys., 1896, 58, 662. 



486 HIGH TEMPERATURES VI B 

The (more satisfactory) deduction from Bose-Einstein statistics, which applies 
to photons (§ 31.1V), proceeds as follows.^ The frequency range from 0 to oo 
is divided into regions such as and the number of stationary 
waves in this range is a^. The total energy is £'=:2X^y==-^ViXAv^)=const. 
The condition however, drops out. The entropy is 

S=^kE[aj In (1 +7ijla^+n, In (n^A+ 

as in (15), § 33.IV. For equilibrium (black-body) radiation, this is a maximum 
and since 5==k In W, Sin 1F=0 corresponds with 55=0, with the subsidiary 
condition S£’=0. 

{dS/bji,) = k(d/c%)[af In (1 +nja,)+r7, In (ajn,+1)] 

= k[aj{a,+n,)+\n (a,/fi,+ ])-aJ{a,+n,)] 

= /rln OjJ77,+ \\ 

and (iEjo(jf = h]’y\ hence, by the method of undetermined multipliers (§ 8.1V; 
A=0): 

k In ( \ +ar/fir) — kfjihv^=0, where /A=l/kr, 

//,/«,= l/(e'*‘'^^*'^-l).(8) 

Drop the suffix r. The number of photons in the given frequency range is, 
from (2): 

/idv=87rF(i'2/c3)di<e'*‘’^^'^~l) ».(9) 

and the energy density is found by multiplying the number per cm.3 by the 
energy hv of each: 

p^dv=(/idv/F)Av.(10) 

Hence, by substituting from (9) in (10), equation (5) results. 

§ 13. Optical Pyrometers 
In optical pyrometry practice a standard of intensity is used, and the bright¬ 

ness of the photometric field illuminated by the red light emitted by the body 
(or passing a light filter) is varied until its intensity is equal to that of the 
standard. The variation may be effected by (i) an iris diaphragm (Le Chatelier), 
(ii) an-absorbing wedge (Fery), (iii) a polarising device (Wanner), or (iv) varying 
the standard light in a known way (Holborn and Kurlbaum, Morse).^ Besides 
this photometric method, others have been used: 

(i) The ratio of the intensities of two wave-lengths in the emitted radiation 
is measured. Crova ^ (1878) chose the red (A=676) and the green 
(A=523), making one equal by a variable diaphragm and comparing 
the intensities of the other. Violle ^ found that the variation in 
intensity for A=0*656/x (red) and A=0*482/4 (blue) for radiation 
from platinum was only 1:14 for a rise in temperafure of 700'', so 
that the method is not very sensitive. 

(ii) The upper wave-length limit of the spectrum, proposed by Crova,^ 
was shown by Hempel ^ to give only crude results. 

^ Tolnian, “Statistical Mechanics,” Oxford, 1938, 382; Mayer and Mayer, “Statistical 
Mechanics,” New York, 1940, 369 (followed above). 

2 For a bibliography of pyrometers, see Hadfield, Trans, Faraday Soc,, 1918, 13, 362; for 
a general review, see Henning, “ Die Grundlagen der Temperaturmessung,” Brunswick, 
1915, 128, 170, 177; Wood and Cork, “Pyrometry,” 2nd edit., New York, 1941. 

3 Compt, Rend., 1878, 87, 322; see the references to Crova’s papers in Le Chatelier and 
Boudouard, “ High Temperature Measurements,” transl. Burgess, New York, 1904,329. 

4 Compt. Rend., 1879, 88, 171; 1881, 92, 866, 1204. 
5 J.dePhys., 1878, 7, 357. 

Z. angew. them., 1901, 14, 237. 
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(iii) The use of Wien’s displacement law with monochromatic radiation, 
either in the form A^r=const., or r=C>^4,; this requires elaborate 
apparatus. 

(iv) The measurement of total radiation and the use of Stefan’s law; this is 
the commonest method, but it presupposes a black-body source. 

By substitution of v—cjX in (5), § 12, it is found that: 

^Tth I 
V — ^7- _-j ^d I 

The replacement of v by A, however, requires the replacement of dv by dA. 
Since dv=-~(c/A2)dA, then if dv and dA are both taken positive (since when 
V increases A decreases): 

877 Ac 1 
p^dA= -yf 

Hence Planck's radiation equation may be written in the form: 

.(1) 

where C\ and C2 are constants. The values Ci = 3*71 x 10~5 erg cm.'~2 sec."^ 
and 6*2=1*433 cm. deg. may be adopted. Values of C2 varying from 1*430, 
found by Rubens and Michel (1921-2), to 1*436, found by Wensel (1939), have 
been used.^ If the unit is the micron (=10"'^ cm.) deg. the value for cm. deg. is 
multiplied by 101 

Stefan’s law gives for the total emission in ergs per cm.2 per sec.: 

I-=-aT^.(2) 

where a=5*75x 10*-*^ erg cm.“2 sec."^ deg.~*^. 

The ratio of two intensities for the same wave-length is given by (I) as: 

and in the visible spectrum and at temperatures attainable in the laboratory the 
effect of neglecting -—1 in each expression on the right corresponds with an 
error in T of less than at a temperature of 1500'*". Thus, with sufficient 
approximation: 

.(3) 

or l/r2-l/ri=(A/r2)ln(/,//2).(4) 

1 Buckingham and Dellinger, Bur. Stand. Bull., 1911,7, 393; Pirani and Meyer, Verhl. d. D. 
Phys. Ges., 1912,14, 429; Coblentz,/. Wash. Acad., 1913, 3, 177; Bur. Stand. Bull., 1914, 10, 1 
(1*4456); Warburg, Leithauser, Hupka, and Muller, Berlin Ber., 1913, 35; Ann. Phys., 1913, 
40, 609 (1*437); Haskins, Phys. Rev., 1914, 3, 476 (1*460); Warburg and Muller, Ann. Phvs., 
1915, 48, 410 (1 *430); Dellinger, Bur. Stand. Bull., 1917,13,535; Mendenhall, Phys. Rev., 1917, 
10, 515 (1*440); Roeser, Bur. Stand. Bull., 1918, 14, 237(1 *434); Nemst and Wulf, Verhl. d. D. 
Phys. Ges., 1919, 21, 294; Rubens and Michel, Berlin Ber., 1921, 590; Phys. Z., 1921, 22, 569 
(1*430); Michel, Z. Phys., 1922, 9, 285 (1*427); Henning, Z. Elektrochem., 1924, 30, 309, 396; 
Wensel, Bur. Stand. J. Res., 1939,22,375; idem, in “ Temperature. Its Measurement and Con¬ 
trol,” New York, 1941, 3; Forsythe, ibid.^ 1115. The National Physical Laboratory (England) 
chose the value C2=1*4350 to correspond with the m.p. of palladium as 1555^ C., and the 
Bureau of Standards (U.S.A.) to correspond with the m.p. of gold as 1063'’ C. The two scales 
give agreement to a degree or two over the range l(X)0°-2400" C. (see Wood and Cork, ” Pyro- 
metry,” New York, 2nd edit., 1941, 10). Du Mond and Cohen, Rev. Mod. Phys., 1948, 20, 
82, give 87rAc=4*9902xl0“i5 erg cm., C2~Ac*/A=1*43847 cm. deg., and a=5*6724x 10 
erg cm.“2 sec.-i deg.“^, pointing out that the International Temperature Scale is based on 
C2=» 1*432 cm. deg. 



488 HIGH TEMPERATURES VI B 

Wien’s formula thus holds with sufficient approximation for \T<C 3000/x, and 
since the longest wave-length used in optical pyrometry is less than 0-7/x, it is 
valid for the whole practical range of temperature.^ Equation (4) gives a 
linear relation between log / and l/Tfor a given wave-length: 

log I=^K,^K2(1 IT) .(5) 

Plots of log / against l/T arc called isochromaiics. Equation (5) is commonly 
used in calibrating optical pyrometers, the constants Ki and K2 being found by 
measurements at two standard temperatures. 

The International Temperature Scale (1927) ^ is defined above the f.p. of 
gold by the ratio of the intensity J2 of monochromatic visible radiation of 
wave-length A cm. emitted by a black body at the temperature C. to the 
intensity /j of radiation of the same wave-length emitted by a black body at the 
gold point (1063° C.) by means of the formula: 

1 1 J 
■/i~ a\1336 /+273 

the constant C2 being taken as 1-432 cm. deg. This equation is valid if 
A(r+273) is less than 0*3 cm. deg. As secondary points, the f.ps. of palladium 
(1555° C.) and tungsten (3400° C.) are specified, but the last is not so certain as 
the others. 

In calibrating total radiation pyrometers, the Bureau of Standards used an 
electrically heated nickel strip, 17 cm.xl3 cm.xO-015 cm., mounted between 
water-cooled brass clamp terminals, the strip having a firm and uniform black 
coat of nickel oxide deposited by heating in air. The radiation is not com¬ 
pletely black-body, but a calibrated instrument is used as a comparative stan¬ 
dard. The strip can be used indefinitely to 1300°; cooling from 500° to room 
temperature must be slow, to prevent flaking of the oxide film. 

§ 14. Fery’s Optical Pyrometer 

This ^ makes use of Stefan’s formula. A metal or silvered or gilt glass 
concave mirror M, is contained in a metal tube T movable by a rack and pinion, 

1 Shook, Met. Chem. 1912, 10, 238, 334, 416, 478; Griffiths, in Glazebrook, “ Diet, of 
Applied Physics,” 1922, 1, 644; “Methods of Measuring High Temperatures,” 1925, 118; 
Day and Sosman, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 862; Coblentz, ibid., 
1923,4, 541. If A=6-58 X 10“5 cm. (red light) and the upper limit of T is 4000° K., ef2M7’=:230, 
which is large compared with 1; Wood and Cork, “Pyrometry,” 2nd edit., 1941, 103, 149. 
Birge, Rep. Progr. Phys., 1942, 8, 90, took C2=l -4384 cm, deg., and Wien’s displacement law 
constant C2/4-965114=0-289718 cm. deg.; cf. Wensel, Bur. Stand. J. Res., 1939, 22, 375; Van 
Dusen and Dahl, Science, 1947, 106, 428 (c2=1*438 cm. deg.); on calibration of optical 
and general pyrometers, see Held, Chaleur et Ind., 1930, 11, 473; Hoffman and Tingwaldt, 
“ Optische Pyrometrie,” Brunswick, 1938; Parlee, Canad. Chem. Process Ind., 1942, 26, 230. 

2 Burgess, Bur. Stand. J. Res., 1928,1, 635; Roeser, ibid., 1929, 3, 343 (660°-1063°); Wensel, 
ibid., 1939, 22, 375. 

3 Thwing, Phys. Rev., 1908, 26, 190; Burgess, Bur. Stand. Bull., 1909-10, 6, 111; Anon., 
Electrician, 1909, 63, 293; F^ry and Ch6neveau, J. de Phys., 1910, 9, 397; F6ry and Drecq, 
ibid., 1911, 1, 551; Gillette, J. Phys. Chem., 1911, 15, 213; Randolph and Overholser, Phys. 
Rev., 1913, 2, 144; Millochau, Compt. Rend., 1914, 159, 171; Burgess and Eooic, Bur. Stand. 
Bull, 1914,11, 41; 1915,12,91; Burgess and Waltenberg, ibid., 1914,11, 591; Coblentz, ibid., 
1916, 12, 533; Keinath, Elektrotechn. Z., 1921, 42, 1384; Forsythe, J. Opt. Soc. Amer,, 1925, 
10,19 (general on optical pyrometers); Philpot,/. Sci. Instr., 1926,3,366 (distance from source); 
for errors, e.g. due to absorption by lenses, etc., see Miething, IViss. Verdffenil. Siemens Konz., 
1928, 6,135; Fidge, Chem. Eng. Mining Rev., 1931, 23,189 (radiation pyrometry); Gourevitch 
and Lerner, Zavadskaya Lab., 1946, 12, 292; Volochine and Gerard, Chim. et Ind., 1947, 
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and an eye-piece views through a hole in the mirror a small diaphragm D in 
the form of two halves of a metal mirror inclined at a small angle (Fig. 9.VI B). 
The small blackened receiving surface R, to which is attached one junction of 
a thermocouple, is placed immediately in front of a small aperture in D, and 
M is adjusted so that the image of the radiating body is focused on the hole 
in D. This will be the case when the two halves of the image formed on the 
two parts of D form an undisplaced circle a, otherwise they will be displaced, 
as in b. The other (cold) junction of the thermocouple is shielded from 
radiation by enclosing it in a box. 

T 

Fig. 9,VI B. Fery Optical Pyrometer 

If the aperture in D is filled by the image, the reading is independent of the 
distance from the radiating body. For, the thermocouple reading depends only 
on the intensity of radiation K^pcjAn erg. cm.““ scc.“^ falling on the aperture, 
and both the energy received by M and the area of the hole in D are inversely 
proportional to the square of the distance from the radiating body, so that K, 
the energy received per unit area, is constant. In order that the image shall 
fill the aperture (usually 1-5 mm. diam.) the source must have a minimum 
diameter at each distance, given in a table supplied with the instrument or 
easily calculated if the focal length of M is known. 

The instrument must be calibrated to give readings of the niillivoltmeter 
attached to the thermocouple against temperatures. Sometimes a bi-metallic 
spiral attached to a pointer replaces the thermocouple. 

§ 15. The Disappearing Filament Pyrometer 

This was used in a crude form as far back as 1888; it was improved by Morse 
about 1902, who used a carbon filament lamp in a metal tube through which 
the hot body was sighted, the current in the lamp being varied until the lamp 
filament and hot body appeared equally bright, and the filament merged into 
the brightness of the source.^ Holborn and Kurlbaum ^ added an objective 
and eye-piece, so that an image of the furnace is projected in the plane of the 
lamp filament, and hence the fatigue of the eye in looking at two objects at 

57,567; Griffiths, in Glazebrook, “ Diet, of Applied Physics,” 1922,1,669; Griffiths, “ Methods 
of Measuring Temperature,” 2nd edit., 1925, 93 f.; Wood and Cork, “ Pyrometry,” 2nd edit.. 
New York, 1941, 149; for transmissibility of glasses for infra-red, see Liana, Compt. Rend., 
1925, 180, 578. 

1 Burgess and Waltenberg, Z. anorg. Chem., 1913, 80, 361; Bur. Stand. Bull., 1914, 11, 
591; Burgess, J. Wash. Acad., 1913, 3, 7; Phys. Z., 1913, 14, 158 (micro-type); Forsythe, 
Astrophys. J., 1916, 43, 295; Trans. Faraday Soc., 1920,15, pt. iii, 21. 

2 Arm. Phys., 1903,10,225; Nernst, Phys. Z., 1906,7,380; Henning, “ Temperaturmessung,” 
Brunswick, 1915, 170; Henning and Heuse,Z. Phys., 1924, 29,157. 

16’*' 
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different distances is avoided. In modern types, a red light-filter glass is fixed 
in the eye-piece; this makes the radiation approximately monochromatic, and 
the scale of the instrument can be extrapolated on the basis of Wien’s law, 
(5), § 13. 

The pyrometer (Fig. lO.VI B) consists of an arrangement in which an image of 
the radiating surface S is formed by a lens into a plane in which the filament F of 
an incandescent electric lamp is situated. The image and filament are focused 
in an eye-piece E, in front of which is a piece of red glass G which transmits 
only a very narrow band of wave-lengths, so that Wien's equation applies. The 
filament current is adjusted by a resistance and ammeter until the filament is 
invisible on the background of the image of the source, when /i==/2. If the 

filament is too hot, it appears brighter 
than its background; if too cool, darker. 
The instrument is calibrated by the am¬ 
meter readings up to the m.p. of gold by 
direct observation of a black body 
(cavity or incandescent strip); at higher 
temperatures either a suitable coloured 
glass filter or a rotating sector between 
the instrument and source arc used.^ 
In interpolation between two calibration 

temperatures not too far apart, the lamp current / is related to the temperatures 
by the equation log i=^a+b log T, where a and b are constants {b being very 
nearly unity) which can be found from known temperature (m.p.) standards. 
As supplied, the ammeter scale reads temperatures directly, two scales being 
used, one for use without, and one with a filter. This type of pyrometer is 
very handy and easy to use and with suitable precautions can give accurate 
results. The disappearing filament and Fery pyrometers give the same results, 
within the range of experimental error (about S'") up to 2820"" C. 

It is important to remember that this type of pyrometer does not really give 
the temperature of the source, but merely compares brightnesses: a cold mirror 
reflecting rays from a hot body would be recorded as having the temperature of 
the latter. It is, therefore, important to make sure that the body is not reflecting 
radiation from a hotter source.- The same applies to other optical pyrometers. 

^ Waidner and Burgess, Bur. Stand. Bull, 1904, 1, 189; Henning, Z. Instr., 1910, 30, 61; 
Foster, J. Franklin Inst., 1910, 169, 391; Mendenhall, Phys. Rev., 1911, 33, 74; Fisher, Met. 
Chem. Eng., 1913, 11, 532 (Shook pyrometer); Mendenhall and Forsythe, Phys. Rev., 1914, 
4, 62; Worthing and Forsythe, ibid., 1914, 4, 163; Gen. Elcc. Rev., 1917, 20, 749; Chem. Met. 
Eng., 1920,22,1211 (calibration); Trans. Amer. Inst. Min. Met. Eng., 1936,120,171; Hyde, Cady, 
and Forsythe, Astrophys.J., 1915,42, 303; Forsythe, ibid., 1916,43, 295; Foote, Trans. Faraday 
Sac., 1918,13, 238; Forsythe, ibid., 1919,15,20; Chem. Met. Eng., 1920, 22, 1211; /. Opt. Soc. 
Amer., 1925, 10, 19; 1928, 16, 307; idem, in “ Pyrometry Sympos. Vol.,” Amcr. Inst. Min. 
Met. Eng., New York, 1920, 291; Foote and Fairchild, ibid., 324; Bash, ibid., 352; Henning, 
Phys.Z., 1919,20, 34; Fairchild, Rev., 1921,18, 116; Fairchild and Hoover,/. Opt. Soc. 
Amer., 1923, 7, 543; Schofield and Gall,/. Sci. Instr., 1924, 1, 193; Henning,Z. Elektrochem., 
1924, 30, 309; von Wartenberg and Moehl, Z. phys. Chem., 1927,128, 445; Fairchild, Hoover, 
and Peters, Bur. Stand. J. Res., 1929, 2, 930; Egerton and Milford, Proc. Roy. Soc., 1930, 130, 
111; Mendhousse, Ann. de Phys., 1931,16, 209; Rocser, Caldwell, and Wensel, Bur. Stand. J. 
Res., 1931, 6, 1119; Milford, Bracey, Cunnold, and Egerton, /. Sci. Instr., 1935, 12, 80; 
Cunnold, Proc. Roy. Soc., 1935, 152, 64; Stott, /. Sci. Inst., 1937, 14, 370; Harrison and 
Wanamaker, Sci. Instr., 1941, 12, 120; Freivert, Compt. Rend. U.R.S.S., 1944, 43, 237 
(600"-700"); Barber, /. Iron Steel Inst., 1945, 42, 171; Land and Lund, ibid., 1947, 156, 75 
(photoelectric barrier cell); on the Schoficld-Orififiths pyrometer, see Griffiths, “ Pyrometry, 

. . with Notes on Electric Furnaces,” 1926, 93. 
2 Wood and Cork, “ Pyrometry,” New York, 2nd edit, 1941, 133. 

Fig. lO.VIB. Disappearing Filament 
Pyrometer 
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§16. The Wanner Pyrometer 

This is an adaptation ^ of the Konig^ spectrophotometer. It depends on the 
alteration of intensity of a selected spectral portion of the radiated light, which 
is compared with the brightness of a small incandescent electric lamp illu¬ 
minating a matt glass surface. The alteration of intensity is effected by means 
of a pair of polarising prisms, the intensity of the light polarised by the first 

(Rochon) prism being suitably reduced by rotation of the second (Nicol) 
prism. The angle of rotation is read off on a divided circular brass scale, over 
which an arm attached to the eye-piece rotates (Fig. 1 l.VI B). The instrument is 

Eye piece 

Nfco! prism 
rotating with 

pointer over 
scale 

^rcular scale 

Rochon 
pnsm 

ILO 
Bipnsm lens Lens 

Ij tl. 

Radiation 
from source 
^- 

-Mott rt. angle prism 

Electric lamp 

Appearance of images 
m eye-piece 

Fig. 11 .VI B. Wanner Pyrometer 

calibrated, and temperatures are read off from a table directly from the angle of 
rotation. Usually, the red part of the spectrum (0-656/x) is selected by a prism 
in the instrument.^ The standard electric lamp must be carefully compared 
from time to time with a Hefner-Alteneck amyl acetate standard lamp to 
correct for errors due to the variations in the electric lamp filament. 

J Wanner, Arm. Phys., 1900, 2, 141; Phys. Z., 1900, 1, 226; 1902, 3, 112; Lummer and 
Pringsheim, Verhl. d. D. Phys. Ges., 1901,3, 36; Hartmann, Phys. Rev., 1904,19, 452; Holborn, 
Engineering^, 1907, 84, 345; Hildebrand, Z. Elektrochem., 1908, 14, 349; Shook, Phys. Rev., 
1910,31,342; Fisher, Met. Chetn. Eng., 1913, 11, 532; Henning, “ Temperaturmessung,” 
Brunswick, 1915, 177; Anon., Iron Age, 1917, 100, 243; Griffiths and Schofield, Trans. Fara- 
day Soc., 1917, 13, 222; Daeves, Stahl u. Eisen, 1922, 42, 121; Hoffmann, Z. Phys., 1926, 37, 
60; Brodhun and Hoffmann, ibid., 1926, 37, 137. 

2 Ann. Phys., 1894, 53, 785; Lummer and Brodhun, Z. Instr., 1892, 12, 132; Holborn and 
Valentine!*, Ann. Phys., 1901, 22, 1; Gillette, J. Phys. Chem., 1911, 15, 213 (bibl.); Muller, 
Ann. Phys., 1930, 7, 9 (bibl,); Lewin, Z. techn. Phys., 1932, 13, 497 (micro-pyrometer). On 
photometry, Tudor, in Glazebrook, “Diet, of Applied Physics,” 1923,4,410; Gibson,/W., 1923, 
4, 737; for Carcel oil lamp, Violle, Ann. Chim., 1884, 3, 373; Rosa and Crittenden, J. Wash. 
Acad., 1914, 4, 280 (inaccurate); for Hefner-Alteneck standard amyl acetate lamp, Hefner- 
Alteneck, Berlin Ber., 1902, 980; for standard lamps (Carcel, Hefner-Alteneck, Harcourt 
pentane). Anon., Electr. Rev., 1898, 42, 759; Violle, kclair. Elec., 1900, 24, 420; Liebenthal, 
J. Gasbeleucht., 1906,49, 559; Dow, Elec. Rev., 1906, 59, 491; Laporte and Jouaust, Bull. Soc. 
Int. Elec., 1906, 6, 375; Perot and Laporte, Compt, Rend., 1906, 143, 743; Hyde, Bur. Stand. 
Bull., 1907, 3, 65; Glazebrook, Electrician, 1908, 61, 922; Nature, 1909, 80, 374; Paterson, 
Phil. Mag., 1909,18, 263; Rosa and Crittenden, Trans. Ilium. Eng. Soc., 1910, 5, 753; J. Wa.sh. 
Acad., 1914, 4, 280; Bur. Stand. Bull., 1914,10, 557 (Hefner better than pentane); Butterfield, 
Haldane, and Trotter, Ilium. Eng. (London), 1911, 4, 509 (corrections for atm. press, and 
humidity); Gerlach, Phys. Z., 1913,14, 577; 1921, 21, 299 (total radiation from Hefner lamp); 
Coblentz, Bur. Stand. Bull., 1914, 11, 87; Crittenden and Taylor, Bur. Stand. Bull., 1914, 10, 
391 (pentane lamp); Liebenthal, Z. Instr., 1923, 43, 209 (effect of atm. pressure on Hefner 
lamp); Brodhun, in Geiger and Scheel, “ Handbuch der Physik,” 1928, 19, 478; on acetylene 
flame as standard, Violle, Compt. Rend., 1895,122, 79; F6ry, ibid., 1898, 126, 1192; on stand¬ 
ards of illumination, Walsh, “ Photometry,” 1926, 126 (bibl., 62 refs.). 

3 Nemst and von Wartenberg, Verhl. d. D. Phys. Ges., 1906, 8, 48, 146, used the sodium 
line region, and calibrated against the m.p. of gold; the relation Ice tan2 & was only approxi¬ 
mately true; cf. Henning, Z. Elektrochem., 1924, 30, 309, 396. 
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The standard light and that from the hot source pass through two circular 
apertures and then through a lens which makes both beams parallel. They 
then pass through a Rochon polarising prism and each is transmitted as two 
beams polarised at right angles. A biprism lens then splits each image into 
two semicircles, making a total of eight beams. From these beams six are 
screened off and two remain, one from each pair, which are polarised at right 
angles, and are in juxtaposition. These pass through a Nicol prism, eye-piece, 
and red glass screen, and by rotating the prism the beams are adjusted to equal 
intensity of the two semicircles in juxtaposition. If d'l, d'l are the angles of 
rotation of the Nicol prism to produce equality of the standard with two plane 
polarised sources of intensities /], I2, then Ixll2=tsLn'^ O'llia.n- &2- 

If the two sources are denoted by a and /I, then a appears dark and bright 
when the vibration direction of ^ coincides with that of the Nicol prism, and a 
appears bright and j8 dark if the prism is rotated through 90"". If both sources 
are of equal intensity, both halves of the field are equally bright when the prism 
is rotated through 45°; if the intensities are unequal the prism must be rotated 
through an angle &, Let this be with the standard and source a, and &2 

with the standard and source The amplitude of ^ after passing through the 
Nicol prism at an angle & is cos (since it is 1 for and 0 for i?=90°), 
and that of a is A^'^A^ sin & (since it is 0 for li—O and 1 for i?=90°). Since 
the intensities are proportional to the squares of the amplitudes, cos^ & 
and = 4 sin^ &. For equal brightness of the two halves of the field 
therefore cos^ sin^ or O'. If a is the standard source, 
and /3 the variable source, then /^,/42=lan^ j^i/tan^ stated. 

For monochromatic radiation, Wien's formula gives: 

L>i/tan2 O'2 

2(ln tan I?!—In tan i9‘2)=(^^2/^)(l/^2~ 

/. In tan i?=a+/;/r, 

where a and h are constants. 
From C2, A, and one value of 0 corresponding with a known temperature T, 

the values of a and b can be found. Actually, the calibration is made against a 
black body over a range of temperature. 

E.g. for the m.p. of gold (T’i = 1336) 79‘i=26-6°. After inserting a smoked 
glass screen of factor 147 the angle was found for the source. If the 
selected wave-length is the sodium line, A=5893 A. = 5*893 x 10"^ cm., a 
reduction factor of 0*995 was necessary for standardisation with red light. 
Hence: 

log [tan2 (0*995x28*5°)x 147]~log [tan^ (0*995x26*6°)] 

==[1 *432/(5*893 X 10-5)] X0*4343(1/1336-1/72) • 7^=1865° K. 

Instead of taking a single wave-length A, the formula may be considered to 
apply to the total brightness Hof the visible spectrum with an average A=0*6/x= 
6x 10~5 cm. If //i = l is the standard brightness of the amyl acetate lamp and 
7i the corresponding black-body temperature, then: ^ 

In //==(! *432/6 X 10-5)(l/7i- l/72)-a(l -~7i/72), 

where a is a constant = 1 *43271/A. 

1 Rasch, Ann. Phys., 1904, 14, 193; Haber, “Thermodynamics of Technical Gas Reac¬ 
tions,” 1908, 288; Griffiths, in Glazebrook, “ Diet, of Applied Physics,” 1922,1, 662. 

On an absorbing wedge pyrometer, see Le Chatelier, 7. de Phys.y 1892, 1, 185; F6ry, ibid,^ 
1904, 3, 32; Le Chatelier and Boudouard, “ High Temperature Measurements,” transl. 
Burgess, New York, 1904,208, used an adjustable aperture (“ cat’s eye ”). 
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In taking the temperature of a metal surface, the Wanner pyrometer must be 
sighted on it normally, since light emitted at an angle to the normal is appre¬ 
ciably polarised. 

Smoked glass of varying opacity may be prepared. Dufour ^ with a 72 cm.^ 
plate of glass found that 0*3 mg. of soot slightly darkened it, 4-9 mg. made it 
possible to view the sun through it, 14*5 mg. made it opaque to sunlight. If 
the density of soot is 1 *4 these correspond with thicknesses of 0*0003, 0*0005 and 
0*0014 mm. The absorption of glasses coloured with metallic oxides depends on 
the composition of the (colourless) glass.2 Jena red glass (e.g. 4512) is often used.^ 

Naeser ^ isolated red and green light by filters and then re-combined them to 
form white light for comparison. Lindemann and Keeley used a photo¬ 
electric-cell radiation pyrometer using two colour bands. Wensel and Roeser,^ 
in finding the m.p. of nickel, compared the brightness of red light A=0*6533/x 
emitted by black-body cavities in freezing nickel and gold. Foote, Mohler, 
and Fairchild pointed out that an absorbing glass for use with an optical 
pyrometer should follow the transmissivity formula /=e“'’2\ where C2 is 
Wien’s constant. This can be attained by combining black and coloured 
glasses. Rosengarten ^ found the transmissivity of glasses for the infra-red 
rays practically constant over the temperature range 40^-460'^. 

§ 17. Departure from Black-body Emission 
One source of error in optical pyrometry is the departure of the radiat¬ 

ing surface from a black-body state, to which the laws used apply. The emis- 
sivity of a surface is the ratio of the emissive power K to that of a black body 
for the same wave-length and temperature, and if the emissivity differs appre¬ 
ciably from unity the apparent temperature shown by an optical pyrometer (the 
so-called brightness temperature) is not the same as the true temperature, the 
difference being greater for bright metallic or white surfaces of good reflective 
power. 

Crova ^ tried to find the wave-length for which the brightness ratio was 
equal to the intensity ratio. Violle^^ found that the intensity of radiation from 
platinum up to its m.p. was given by: 

l=mTb^^a^.(1) 

1 Arch. Sci. Phys. Nat., 1896,1, 220. 
2 Zsigmondy, Ann.Phys., 1901,4, 60; Rasch, Ann. Phys., 1904, 14, 193; Pirani, Verhl. d. D. 

Phys. Gcs., 1913, 15, 826; Pirani and Loebe, ibid., 1915, 17, 47; Fedotietf and Lebedeff, 
Z. anorg. Chem., 1924,134, 87; Brode,Z,T.C.5., 1933,55,939 (Co glass). 

3 Peyches, J. de Phys., 1932, 3, 486, 
^ Stahl u. Eisen, 1929, 49, 464. 
5 Proc. Phys. Soc., 1925, 38, 69; Barber, J. Iron Steel Inst., 1945, 42, 171; Lund, /. Sci. Jnstr., 

1947, 24, 95. 
6 Bur. Stand. J. Res., 1930, 5, 1309; for platinum m.p. 1772° by a similar method, see 

Hoffmann, Z. Phys., 1924, 27,285. 
7 J. Wash. Acad., 1917, 7, 545. 
s Phys. Rev., 1920, 16, 173; for transmissivity of substances, including coloured glasses, see 

Coblcntz, Emerson, and Long, Bur. Stand. Bull., 1919, 14, 653; Forsythe, J. Opt. Soc. Amer., 
1921, 5, 85 (colour glass screens for pyrometry); 1925, 10, 19 (absorbing screens); trans¬ 
missivity of red glass, Hyde, Cady, and Forsythe, Astrophys. J., 1915, 42, 294; Phys. Rev., 
1915, 6, 70; on coloured glasses, Weyl, J. Soc. Glass Techn., 1943, 27, 133, 265; 1944, 28, 
158, 267, 276; 1945, 29, 289; 1946, 30, 91; glasses absorbing ultraviolet, Crookes, Phil. Trans., 
1914, 214, 1. 

9 Compt. Rend., 1881, 93, 512; Rasch, Ann. Phys., 1904, 14, 193; Foote, Bur. Stand. Bull., 
1916,12, 483; Foote and Fairchild, ibid., 1916,13, 137. 

10 Compt. Rend., 1881, 92, 866, 1204; Ann. Chim., 1884, 3, 373; J. de Phys., 1888, 7, 193; 
Phil. Mag., 1884, 17, 563 (abstr.). 
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where ^^=0*9999938, ^=1*03550—13A (A==wave-length in mm.), and m=con- 
slant. From molten platinum the radiation was nearly a thousand times that 
from molten silver. Violle adopted the radiation from 1 cm.^ of liquid platinum 
at its freezing-point as a standard of brightness. 

A modification of Wien’s formula, (1), § 11: 
^rrrCi'A-'e-^^'MT.(2) 

has been used ^ to represent the energy distribution in radiation from metals. 
For platinum, Paschen found a=64, and Lummer and Pringsheim 6-0, while 
McCauley could not find any constant value of a which satisfied (2), or a modi¬ 
fied Planck’s equation (3), §11: 

.(3) 

If e is the total emissivity of an approximately non-selcctive surface at tem¬ 
perature T, and S is the apparent temperature observed with a total radiation 
pyrometer, then (§ 9): 

where a is Stefan's constant. Thus: 

.(4) 

above 600\ when the term in Tq can be omitted. Actually, an arbitrary co¬ 
efficient h should replace 4. 

Del Regno 2 determined the emissivity of bismuth and nickel; for nickel 
(344 -643'), E^kV\ where n=4'588±0-031, in agreement with values found 
by Suydam (4*648), Schmidt and Futhermann (4*81) and Barnes (4*77). The 
emissivities of gold, and copper undergo discontinuous change at the melting 
point.3 The average emissivities of some solid surfaces for radiation of 
A=0*65/r as fractions of the black-body emissivity arc given below.^ The 
figures for liquid surfiiccs arc approximately the same. 

Carbon, 0-85 Iridium, 03 Nickel, 0-35 Rhodium, 0-3 
Copper, 0*1 Iron, 0-35 Nickel, oxidised, 0-9 Silver, 01 
Copper, oxidised, 0-7 Iron, oxidised, 0*95 Palladium, 0-35 Slag (average), 0*65 
Gold, 015 Nichrome, 0-9 Platinum, 0-35 Thoria,0‘6 

Tungsten, 0*45 

Johnston and Marshall '' found that radiation from a 0*6-1 *2 mm. drilling 
in nickel was black-body radiation up to high temperatures; that from a 1 *8 mm, 

^ McCauley, Astrophys. 7., 1913, 37, 164; Henning, “ Temperaturmessung,’" Brunswick, 
1915, 187; Foote and Fairchild, /. Wash. Acad., 1916, 6, 193; Foote, ibid., 1916, 6, 317, 323; 
Forsythe, Phys. Rev., 1917, 10, 395; Hyde, Gen. Elec. Rev., 1917, 20, 819; Griffiths, in Glaze- 
brook, “ Diet, of Applied Physics,” 1922, 1, 655, for further details of the distribution of energy 
in radiation from metals, and correction to black-body temperature, for metals, oxides, etc. 
For Nernst filaments, sec Kuiibaum and Gunther-Schulze, Verhl. d. D, Phys. Ges., 1903, 5, 
428. On emissibilities see Coblcntz, Bur. Stand. Bull,, 1911, 7, 243; 1913, 9, 81 (metals, 
oxides, etc.; dependence on thickness); Hyde, Astrophys. J., 1912, 36, 89 (metals); Randolph 
and Overholser, Phys. Rev., 1913,2,144 (oxidised metals); Bidwell, ibid., 1914, 3,439 (metals at 
700 -1700°); Burgess and Foote, Bur. Stand. Bull., 1914, 11, 41 (iron and nickel oxides); 
Foote, ibid., 1915, 11, 607 (platinum); Hulbert, J. Franklin Inst., 1916, 182, 695 (tungsten); 
Worthing, Phys. Rev., 1917, 10, 377 (tungsten); idem, in ” Temperature. Its Measurement 
and Control,” New York, 1941, 1165; Zwikker, PHysica, 1925, 5, 249, 319 (tungsten); 1927, 
7, 71 (molybdenum); Polak, Z. techn. Phys., 1927, 8, 307; Ornstein, Physica, 1936, 3, 561 
(tungsten); Price, Nature, 1946, 157, 765; Proc. Phys. Soc., 1947, 59, 118, 131; Weil, ibid., 
1947, 59, 781. 

2 Atti R. Accad. Lincei, 1929,10, 77 (Bi); 1930,11, 989 (Ni). 
^ Stubbs and Prideaux, Proc. Roy. Soc., 1912, 87,451; Stubbs, ibid., 1913, 88, 195. 

Kaye and Laby, ” Tables of Physical and Chemical Constants,” 10th edit., 1948, 62. 
5 J.A.C.S., 1940, 62, 1382. 
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drilling was less than black-body radiation at 1100”, and at 1600” the apparent 
temperature was 20° in error. The total emissive power of nickel ^ is propor¬ 
tional to below the Curie point and above it; the maximum of 
emissive power lies above the Curie point at A^T^-'^^—O-ObO and its height is 
proportional to 

The total radiation at 1000”-2000° from Nernst mass (for Nernst lamp rods) 
and uranium oxide (U3O8) was measured by Wiegand,” who pointed out that 
oxides of high emissivity are good conductors of electricity. Hagen and 
Rubens ^ found good agreement with metals with a formula deduced by 
Planck:'^ £"=36*5\/(a/A), where £''=ratio of emissivity to that of a black-body 
taken as 100, (7=electric conductivity in ohnv ^ for a rod 1 m. long and I mm.” 
section, A=wave-length in /x. Deviations from the Hagen-Rubens equation 
were found in the far infra-red by Ornstein and Price; ^ the latter found that, 
for a given wave-length characteristic of each metal, the emissivity and reflec¬ 
tivity are constant over a wide range of temperature. A more accurate equation 
used by Hagen and Rubens is: ^ 

£'=0-365(a/A)» 2-~0-0667(a/A)+0-0091((7/A)^ 2 ... (5) 

where a is the specific electric conductivity. 
Petavel ^ found for the total heat loss per cm.^ per sec. from platinum in 

gases at high pressure: 
E^ap''+hp^{)' .(6) 

where />=pressure in atm., = temperature diflerence, and ch a. /3 are 
constants. 

Foote ^ defined the '' colour temperature," T\ of a non-black body by the 
emissivity equation: 

.(7) 

where E\ p, and q are constants and +p. The colour temperature is 
the temperature at which the ratio of intensities in the radiation from a given 
body is the same as the ratio of intensities for the same two wave-lengths in 
the radiation from a black body; it is larger than the true temperature.^^ 
The change of colour-scale temperature as a function of temperature was dis¬ 
cussed by Judd.^^ The “ brightness scale ” depends on the use of the colour 
temperature, and if T is the colour temperature at a wave-length A and is 
the emissivity of the non-black body, at the same wave-length, then: ^2 

l/r=l/r+(A/c2)lnE,.(8) 

The brightness temperatures for A=6*65xl0“^ corresponding with the true 
temperature of 1400° for some metals are: W 1330°, Mo 1316°, Ni 1315°, Pt 

^ Cennamo, Nuov. Cim,, 1941, 18, 19. 
2 Z. Phvs., 1924, 30, 40, 
3 Berlin Ber,, 1903, 269; 1909, 478; Foote, 7. Wash. Acad, 1915, 5, I; Hasc, Z. Phvs„ 

1923,15, 54. 
4 Berlin Ber., 1903, 278. 
5 Physica, 1936, 3, 561. 
0 Nature, 1946, 157, 765; Proc. Phys. Soc., 1947, 59, 118, 131. 
7 Henning, Radioakt. Elektronik, 1920, 17, 30. 
« Phil. Trans,, 1901, 197, 229. 
9 J, Wash. Acad., 1916, 6, 193, 317, 323. 

10 Hyde, Cady, and Forsythe, J. Franklin Inst., 1916, 181, 418 (carbon and tungsten); 
Phys.Z., 1917, 10, 395. 

J. Opt. Sac. Amer., 1933, 23, 7. 
12 Hyde, in “ Pyrometry Sympos. Vol.,” Amer. Inst. Min. and Met. Eng., New York, 1920, 

285; Worthing, ibid., 367. 
13 Forsythe, Phys. Rev., 1931, 38, 1247; idem in “Internat. Crit. Tables,” 1929,5, 238,245; 

Caldin, Proc. Phys. Soc., 1945, 57, 440. 
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1296°. In all cases, the total emissive power approaches that of a black body 
at very high temperatures. 

The Fery total radiation pyrometer is most affected by deviation from 
Stefan’s law. By way of correction, the reflecting power can be measured ^ or 
other methods used.^ Lummcr ^ assumed a law of total emissive power (all 
wave-lengths) E=a'T^ similar to Stefan’s and determined a' and n empirically, 
but this formula holds only over a limited range of T. Helfgott ^ modified 
Stefan’s law by multiplication by a factor (1—e““^), where a is an empirical 
constant: 

.(9) 

and this holds for many metals. The true and apparent temperatures for 
tungsten filaments have been carefully investigated,^ and a tungsten lamp can 
be used as a temperature standard. Schumacher ^ corrected the temperature 
of a tungsten strip up to 2500° C. by the formula: 

1/r- l/r,,,=(A/c2)(ln p,+ln A).(10) 

where A is the wave-length in [i, e\ the spectral emissivity for tungsten for wave¬ 
length A and temperature T, A is the transmission coefficient, 0*92 for tungsten, 
and C2 is Wien's constant, 14,330. 

The optical temperatures of a blackened quartz vessel were investigated by 
Ruff and Mugdan.'^ There are also likely to be small differences in temperature 
between the surface and interior of a radiating body unless this is in a constant 
temperature enclosure,^ but these are appreciable only at relatively low tem¬ 
peratures. The use of band spectra in measuring high temperatures was dis¬ 
cussed by Knauss and McKay.^ 

§ 18 Flame Temperatures 
Wedgwood'® found that air at such a high temperature that it raised gold foil 

to bright redness did not itself emit any light. Iodine vapour becomes luminous 

^ Holbom and Henning, Berlin Ber., 1905, 311; Coblentz, Bur. Stand. Bull., 1920, 16, 
249; Henning, Z. Elektrochem., 1924, 30, 309, 396; Zwikker, Fhysica, 1925, 5, 249, 319; 
Mendhousse, Ann. de Phys., 1931, 16, 209; Ackerlein, Z. techn. Phys., 1929,10, 129, described 
the correction of optical temperature when the reflecting power of an object in a furnace is 
known; for reflectivity of incandescent tungsten, Weniger and Pfund, Phys. Rev., 1919,14, 427. 

2 Pirani, Verhl. d. D. Phys. Ges., 1910,12, 301, 1054; 1911,13,19; and ref. 13, p. 495. 
2 Elektrotechn. Z., 1902, 23, 787, 806; Rasch, Ann. Phys., 1904, 14, 193; Suydam, Phys. 

Rev., 1915, 5, 497; Utterback, ibid., 1929, 34, 785. 
4 Z. Phys., 1928, 49, 555. 
5 Langmuir, Phys. Rev., 1913, 2, 329; Langmuir and Mackay, ibid., 1914, 4, 377; Langmuir, 

ibid., 1915, 6, 138; 1916, 7, 302; Worthing, ibid., 1917, 10, 377; Hyde, Gen. Elec. Rev,, 1917, 
20, 819; Hyde, Cady, and Forsythe, Phys. Rev., 1917, 10, 395; Nutting, J. Opt. Soc. Amer., 
1923, 7, 399; Lax and Pirani, Z. Phys., 1924, 22, 275; Forsythe and Worthing, Astrophys. J., 
1925, 61, 146; Jones, Phys. Rev., 1926, 28, 203; Griffiths, “ Pyrometry with Notes on Electric 
Furnaces,” 1926, 100 (standard tungsten lamp); Zwikker, Proc. K. Akad. Wetens. Amsterdam, 
1926, 29, 792; Jones and Langmuir, Gen. Elec. Rev., 1927, 30, 310, 354, 408; Langmuir, 
MacLane, and Blodgett, Phys. Rev., 1930, 35, 478; Djoudat, Rev. Opt., 1937, 16, 401; Estey, 
J. Opt. Soc. Amer., 1938, 28, 293; Reiman, Phil. Mag., 1938, 25, 834; Brinkman, Rutgers, and 
De Vos, Rev. Opt., 1948, 27, 426; on a supposed difference between true and black-body 
temperatures of metals, see Pirani, Verhl. d. D. Phys. Ges., 1910, 12, 301, 1054; 1911, 13, 19; 
Mendenhall, Astrophys. J., 1911,33, 91. 

6 J.A.C.S., 1926, 48, 396; Walsh, “Photometry,” 1926, 137; Ure and Tolman, J.A.C.S., 
1929, 51, 974; Wensel, Judd, and Roeser, Bur. Stand. J. Res., 1934, 12, 527; Garelli, Nuov. 
Cim., 1943, 1, 101. 

7 Z. anorg. Chem., 1921, 116, 147. 
8 Kurlbaum, Ann. Phys., 1900, 2, 546. 
9 Phys. Rev., 1937, 52, 1143. 

10 Phil. Trans., 1792,82,270; abridged edit., 1809,17.215; Smithells, Phil. Mag., 1894,37,245. 
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below the temperature at which glass shows a red heat.^ Pringsheim ^ sup¬ 
posed that the emission of light by vapours of salts in a flame is due to chemical 
action; he obtained “cool flames.” Nernst ^ found that radiation from hot 
gases is considerable, and obeys Stefan’s law. The determination of the 
temperatures of flames is a special branch of high-temperature study.*^ Of 
various methods, mention may be made of the use of: 

(i) wire resistance thermometers in the flame,^ with suitable correction for 
heat loss; 

(ii) platinum and platinum-rhodium thermocouples, with extrapolation to 
zero thickness of wire or other correction for heat loss; ^ 

(iii) temperature of reversal of sodium lines; a flame coloured with sodium 
vapour is placed between an incandescent body and a spectroscope, 
and the bright sodium lines change to dark lines when the tempera¬ 
ture of the incandescent body passes upwards through the tempera¬ 
ture of the flame. 7 

Some values of flame temperatures quoted (in C.) are: 

Bunsen, fully aerated ... 1871° Acetylene flame . 2548° (1937°) « 
„ insufficient air ... 1812° Oxy-coal gas blowpipe ... 2200° 
,, alcohol ... ... 1862° Oxy-hydrogen blowpipe ... 2420° 

Alcohol flame ... 1705° Oxy-acctylene explosion 3000°-4000° 
Hydrogen flame in air ... 1900° 

1 Salet, Compt. Rend. 1872, 74, 1249; Ann. Phvs., 1872,147, 319. 
2 Ann. Fhys., 1892, 45, 428; 1893, 49, 347; 1894, 51, 441; Paschen, ibid, 1893, 50, 408; 

1894, 51, 1, 40; 1894, 52, 209. According to Bonhoeffcr, Z. Elcktrochem., 1936, 42, 448, 
chemiluminescence is generally negligible. 

3 Phys. Z., 1904,5, 777; Z. phys, Chem., 1905,53, 124. 
4 Haber, “Thermodynamics of Technical Gas Reactions,” 1908, 279; Amerio, Atti. 

Accad. Torino, 1906, 41, 328, 1054 (black-body radiation); Bauer, Compt. Rend., 1909, 148, 
908, 1756 (radiation) ;Z.c Radium. 1909, 6,110, 360;4aiw. Chim., 1913,29,5,244, 372;Schwarz, 
Chaleur ct Ind., 1926, 7, 613; Henning and Tingwaldt, Z. Phys., 1928, 48, 805 (C2H2 3100°); 
Ellis and Morgan, Trans. Faraday Soc., 1932, 28, 826; Lewis, Seaman, and Jones, J. Franklin 
Inst., 1933, 215, 149 (mixtures; cf. Payman, J.C.S., 1919, 115, 1446); Brevoort, Rev. Sci. 
Instr.. 1936, 7, 342; Lewis and von Elbe, “Combustion, Flame, and Explosion in Gases,” 
Cambridge, 1938; idem, in “Temperature. Its Measurement and Control,” New York, 
1941, 707; Jost, “Explosions- und Verbrennungsvorgange in Gasen,” Berlin, 1939; Ribaud 
and Laure, Rev. Opt., 1940, 19, 123, 220. 

5 Nichols, Phys. Rev., 1900, 10, 234 (C2H2 1900°); Hopkinson, Proc. Roy. Soc., 1906, 77, 
387; David and Jordan, Phil. Mag., 1934, 18, 238; David, ibid., 1935, 20, 65; Engineer, 1941, 
172,186. 

0 Waggoner, Ann. Phys., 1896, 58, 579; Berkenbusch, ibid., 1899, 67, 649; Nichols, /. 
Franklin Inst., 1900, 150, 356 (374); White and Traver, J.S.C.I., 1902, 21, 1012; Baikov, 
Chem. Ztg., 1904, 28, 1107; Haber and Richardt, Z. anorg. Chem., 1904, 38, 5; Haber, 
“ Thermodynamics of Technical Gas Reactions,” 1908, 292; Ellis, Photogr.J., 1935, 75,482. 

Kurlbaum, Phys. Z., 1902, 3, 332; F^ry, Compt, Rend., 1903, 137, 909; Loomis and 
Perrott, Ind. Eng. Chem., 1928, 20, 1004; Griffiths and Awbery, Gas J., 1928, 183, 596; Gas 
World, 1928, 89, 261; Proc. Roy. Soc., 1929, 123, 401; Jones, Lewis, Friauf, and Perrott, 
J.A.C.S., 1931, 53, 3992; Lewis and von Elbe, Phil. Mag., 1935, 20, 44; “ Combustion, Flame, 
and Explosion in Gases,” Oxford, 1938, 399; J. Appl. Phys., 1940, 11, 698; Ribaud, Compt. 
Rend., 1937, 205, 901; Chaleur et Ind., 1937, 18, 235, 295; Kinosita and Kenzi, Proc. Phys. 
Math. Soc. Japan, 1941, 23, 646; on flame temperatures calculated from heats of combustion, 
see Goodenough and Felbeck, Bull. Univ. Illinois Eng. Expt. Station, 1924, 139; Coheur, Rev. 
Univers. Mines, 1938, 650; David, Engineer, 1941, 172, 186, says the method gives too high 
values. 

8 Heinrich, Phys. Z., 1926, 27, 287. 
^ Klibanov, Amer. Chem. Abstr., 1943, 37, 2974, found 3128°-32(X)°. 
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The temperature of the electric arc is estimated ^ as about 3500° and of the 
sun 2 as 6000°, 

Loomis and Perrolt compared the brightness of an electrically heated 
tungsten band with that of a flame charged with sodium vapour. Schack ^ 
found that the optical temperature of the carbon particles in a luminous hydro¬ 
carbon flame was practically equal to the flame temperature, Senflleben and 
Benedict determined optically the temperature of a thin gold or platinum wire 
heated in the flame. Lochtc-Holtgreven and Maecker ^ gave the carbon arc 
temperature as 7600and said it can reach 87(Xr with over-run arcs. Zerdovich 
and Lcipunskyestimated that temperatures of 30,000 K. and 43,000° K., 
respectively, are attained in mercury vapour compressed by powerful shock- 
waves produced by shooting into it projectiles with speeds of 2500 m./sec. and 
3000 m./sec. Alentsev, Belyaev, Sobolev, and Stepanov ^ by optical (luminosity) 
methods found the explosion temperatures for liquids and solids of the order of 
3000' K. The temperatures attained in nuclear fission atomic bomb are 
supposed to be extraordinarily high.^ 

§ 19. High-temperature Melting-points 
Several methods have been used in determining melting-points at tempera¬ 

tures above 500°, when the usual methods are no longer applicablc.^^ 
(1) Change of form methods.—In these, a piece of the solid is heated until it 

flows, and when this is perceived visually the temperature is taken. Jn the case 
of metals, a coherent oxide film may hold the melted metal in its original form, 
or the metal may sublime through the film, as was found by Arndt with calcium 
and magnesium, respectively. He found the m.p. of calcium by placing a 
piece of the metal over a slit in a sheet of iron, putting a 5 g. iron cylinder over 
the calcium, and heating in an evacuated porcelain tube in a vertical platinum- 
wound tube furnace, the upper end of the tube having a glass window; when 
the calcium melted, the iron weight was seen to fall, and the temperature was 
determined by a thermocouple, protected by a thin porcelain tube, below the 
plate. 

Day and Allen ^2 heated long, thin splinters of felspars resting horizontally in 
small platinum crucibles, but found that even after three hours at 1225 ' they 
had not sagged, although on cooling they were found to have been fused; in this 

J Waidner and Burgess, Phys. Rev., 1904, 19, 241; von Engel and Stecnbeck, Naturwiss., 
1931, 19, 212, found the arc temperature 2827"'-4977"’; Barbanti-Silva and Ligabu, Nuov. Cim., 
1941, 18, 361, gave 4200'-5000"; Mannikopff, Z. Phys., 1943, 120, 228, calculated the arc 
temperature in air as 7000" K. 

2 Stheiner, “ Strahlung und Temperatur der Sonne," Leipzig, 1899 (5400"~6200°); Rosen¬ 
berg, in Geiger and Scheel, " Handbuch der Physik," 1928, 19, 50 (6000"). The radiation 
from the sun is estimated as 5 9 X lO^^ g.cal. per minute. 

Ind. Eng. Chem., 1928, 20, 1004. 
4 Z. techn. Phys., 1925, 6, 530. 
5 Phys. Z., 1918, 19, 180. 
^ Z. Phys., 1937,105, 1; Griffith, B.A. Rep., 1923,4.30, mentioned 8600" K. for an arc in gas 

at 80 atm. pressure. 
7 J. Exptl. Theor. Phys., U.S.S.R., 1943, 13, 181; J. Phvs. U.S.S.R., 1943, 7, 245. 
8 J. Exptl. Theor. Phys. U.S.S.R., 1946, 16, 990. 
9 Smythe, Rev. Mod. Phys., 1945, 17, 351. 

Arndt, " Phys.-chem. Technik," 2nd edit., 1923,372 f.; Dana and Foote, Chem. Met. Eng., 
1920, 22, 23, 63 (tables of m.ps. metals, oxides, salts, refractories, and bibl.); Mendhousse, 
Ann. de Phys., 1931, 16, 209. 

Ber., 1904, 37,4733. 
J2 Z. phys. Chem., 1906, 54, 1 (32). 



§19 HIGH-TEMPERATURE MELTING-POINTS 499 

case the liquid has a very high viscosity. The m.p. was found by holding the 
temperature near the supposed m.p. for a long time, then taking the crucible 
rapidly from the furnace and finding, by the glassy appearance and by the lack 
of crystalline structure shown by a polarising microscope, if the solid had been 
fused. Doelter ^ used a crystallographic microscope, with a water-cooled 
objective focused on the substance supported on a small quartz tray in a small 
platinum-wound vertical tube furnace (15 mm. wide tube) below the microscope 
objective, and closed above by a quartz window. The temperature was deter¬ 
mined by a thermocouple below the quartz tray. The measurements could go 
up to 1380''. Mendenhall and Ingersoll ^ observed the fusion of smalt beads of 
rhodium and iridium put on a glowing Nernst mass, calibrating with beads of 
gold and platinum, and determining the temperature optically. 

(2) Flow methods.—Waidncr and Burgess ^ heated about 1 mg. of powdered 
substance on a strip of platinum foil 6 cm. long, 4 mm. wide, and 0-02 mm. 
thick, heated by an electric current, and observed this through a microscope. 
When the substance was seen to melt, a 
second observer read the temperature of 
the strip by an optical pyrometer, a 
correction to black-body temperature 
being applied. To prevent oxidation, 
Burgess enclosed the strip in an inclined 
tube with a mica window, and passed 
dry hydrogen free from oxygen through 
the tube (Fig. 12.VI B). The observation 
microscope M and disappearing filament 
pyrometer T were sighted on the in¬ 
candescent strip S through the window. A fresh strip was used for each 
experiment. The m.ps. of several metals were found, the pyrometer being 
calibrated by the m.p. of platinum taken as 1753The accuracy was estimated 
at 5"', but the values for nickel and cobalt were too low, probably on account of 
some alloying with the platinum. 

Von Wartenberg ^ heated an agglomerated rod of tungsten, supported on a 
magnesia crucible fixed to the end of an iron tube, and made the anode, in a 
vacuous vessel, by bombardment with cathode-rays from a strip of platinum 
foil covered with alkaline earth oxides and heated electrically (Wehnelt cathode). 
The temperature of the tungsten was observed electrically through the window 
by a Wanner pyrometer; the moment of fusion could be seen in the pyrometer. 
With Wien’s constant c’2= 14,370, the m.p. of tungsten was 2970 '. 

Pirani and Meyer,^ by using a mercury arc for heating the tungsten, found 
3100"'-3205"; Langmuir,^ by measuring the brightness of the surfaces of tungsten 
electrodes in an atmosphere of nitrogen when one electrode fused in an alter¬ 
nating current arc between them, found 3270''. The metal used by earlier 
workers may have contained carbon. 

(3) Electrical contact method.—A platinum wire is covered with powdered 
material which is an insulator and is immersed in mercury. The wire and 
mercury are made parts of an electrical circuit including a bell. The mercury 

1 Wien Ber., 1906, 115,1, 1329; Z. Elekfrochem., 1906, 12, 617. 
2 Phys. Rev., 1907, 25, 1. 
3 Phys. Rev., 1906, 22, 359 (abstr.). 
4 Bur. Stand. Bull., 1907, 3, 345. 
5 Ber., 1907, 40, 3287; VerhI. d. D. Phys. Ges., 1910, 12, 121 (reflexion coefT. of W), 
6 Verhl. d. D. Phys. Ges., 1912, 14, 426. 
7 Phys. Rev., 1915, 6, 138. 

Fig. 12.Vi B. Burgess Melting-point 
Apparatus 
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is heated, and when the substance melts the platinum and mercury make contact, 
a current passes, and the bell rings; then the temperature of the mercury is 
taken.1 This method has been little used, but seems capable of improvement, 
with the use of a fusible metal bath. 

(4) The wire method,—This method has often been used in various forms.^ 

In one, two platinum wires are soldered with a piece of gold and put in circuit 
with a galvanometer; when the gold melts the current is interrupted and the 
temperature is read by a thermocouple with the hot junction near the gold. 
In another method, a piece of gold is used to solder the junction of a platinum 
metal thermocouple; on heating slowly in the furnace there is an arrest in the 
e.m.f. because the temperature is constant when the gold is melting, and the 
thermocouple reading gives the m.p. directly. In another method, the melting 
of an electrically heated wire is observed visually. 

Forsythe used the wire method to find the m.p. of tungsten, a 0*014 mm. wire 
being heated electrically in a vacuum carbon tube furnace, the temperature of 
the outside of the carbon tube being found optically by a pyrometer, and the 
fusion of the wire being indicated by an electric bell and relay. Pirani and 
Meyer observed the fusion of an electrically heated wire or band of tungsten 
visually, and Langmuir used the method with tungsten. In the case of oxidis- 
able metals, a high vacuum or inert atmosphere is necessary, and with thin 
wires the optical method of determining temperature is diflBcult. 

5. The lever method.—In this,^ a metal or other rod rests on the surface of 
the metal contained in a magnesia or other crucible, under a flux, and the 
rod, which is suitably weighted, is connected with a lever arm carrying a pointer 
moving over a scale. When the metal melts, the rod sinks in it and the pointer 
moves. The temperature is then read by a thermocouple in the crucible.** 
The rod may rest on the solid flux, when two movements arc seen, the first due 
to the melting of the flux and the second to the melting of the metal. 

6. The cooling curve method.—This gives the freezing-point. A relatively 
large amount of material is fused in a crucible suitably protected from the 
atmosphere, and a thermocouple is immersed in the melt. On slow cooling, 
the temperature sinks regularly until solidification begins, when there is an 
arrest, due to the evolution of the latent heat of fusion. Usually the liquid 
supercools, and on solidification the temperature runs up to the freezing-point, 
and then remains constant. Porcelain, platinum, graphite, or magnesia crucibles 
are used, or a graphite crucible “ brasqued ” inside with a magnesia lining. 
The metal is protected from oxidation by a flux, a layer of carbon, or an inert 

1 Lowe, Dinfrl.J., 1871,201, 250; cf. Washburn and Smith, Bur. Stand. J, Res., 1929, 2, 787. 
2 Holborn and Wien, Ann. Phys., 1892, 47, 107 (132); Holborn and Day, ibid,, 1900, 2, 

505; 1901, 4, 99; Holborn and Henning, Berlin Ber., 1905, 311; Harker, Proc. Roy. Soc., 
1905, 76, 235; Nernst and von Wartenberg, VerhL d. D. Phys. Ges., 1906, 8, 48; Shukov and 
Kurbatov, J. Russ. Phys. Chem. Soc., 1907, 39, 1546 (C); Holborn and Valentiner, Ann. Phys., 
1907, 22, 1; Loebe, Z. Elektrochern., 1907, 13, 592; Biltz, Z. anorg. Chem., 1908, 59, 273; 
Sosman, Amer. J. Sci., 1910, 29, 93; 1910, 30, 1; Forsythe, Astrophys. J., 1911, 34, 353; Pirani 
and Meyer, Verhl. d. D. Phys. Ges., 1912,14,426; Langmuir, Rev., 1915,6,138; Ornstein, 
Vermeulen, and Wouda, Proc. K. Akad. Wetens. Amsterdam, 1930, 33, 985; Mendhoussc, 
Ann.dePhys.,m\,16, 209. 

3 Holborn and Day, Ann. Phys., 1900, 2, 505; Muthmann and Weiss, Ann., 1904, 331, 1. 
4 See also Stock, Ber., 1917, 50, 156; Wick and Barchfeld, Chem. Fabr., 1928, 1, 281. A 

similar method was used at very low temperatures by Travers and Jaquerod, Z. phys. Chem., 
1903, 45, 449, to find the m.p. of hydrogen. A glass rod dipped into liquid hydrogen in a 
tube and had an iron spiral at the upper end. As long as the hydrogen was liquid, the rod 
could be drawn out by a solenoid round the iron, but when it solidified the rod was held fast in 
the solid. 
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gas atmosphere. The method has often been used for metals.’ The thermo¬ 
couple junction in the metal must then be suitably protected, c.g. by narrow 
unglazed porcelain or quartz tubes. 

The method may also be used for salts (which may supercool strongly), when 
the thermocouple can generally be used unprotected. On account of the poor 
thermal conductivity of salts, the rate of cooling must be very slow, and a fairly 
large quantity must be used. The method has been used in the Geophysical 
Laboratory, Washington, for the determination of the melting-points of sili- 
cates.2 In this case, the poor thermal conductivity and small velocity of crystal¬ 
lisation make the determination difficult. The arrest in the heating curve is 
then more suitable than that in the cooling curve, whilst for metals the opposite 
is true. Two types of crucible were used, one holding about 100 c.c. and the 
other only about 1 c.c., each having some advantages and disadvantages. The 
sources of error were discussed by White. 

7. Black-body methods.—These make use of the principle that a cavity 
pierced by a small hole emits radiation practically identical with that which 
would be emitted by a perfectly black body at the same temperature, and if 
bodies inside the cavity are at the same temperature as the cavity they cannot 
be seen on looking into it through the hole,^ Such a cavity has been used in 
determining melting-points of metals, usually in the form of wires, an electrically 
heated carbon tube being used, or concentric porcelain tubes with diaphragms 
and heated electrically by windings of platinum strip.^ Other optical methods 
of determining melting-points involve the optical observation of a small hollow 
sight-tube or other black body in the solidifying fused metal, ^ sighting on a bubble 
blown in the mass of fused metal at the end of a tube,^ observation on a hollow 
perforated metal filament heated electrically,'^ sighting on the inside of a strip of 
metal folded to a wedge of small angle and heated electrically; ® in these cases 
the correction of the optical temperature for deviation from black-body con¬ 
ditions is, in general, negligible. 

1 Heycock and Neville, J.C.S.y 1895, 67, 160; Holborn and Day, Ann. Phys.y 1900, 2, 505; 
1901, 4, 99; for a volume (dilatometer) method, Ssobolewa, Z. phys. Chem.y 1903, 42, 75. 

2 White, Phys. Rev.y 1907, 25, 331; Z. anorg. Chem.y 1911, 69, 305, 331; Day and Sosman, 
Z. anorg. Chem.y 1911, 72, 1; Johnston and Adams, ibid.y 1911, 72, 11 (effect of pressure); 
see also Tammann, ibid.y 1905, 47, 289; Janecke, Z. phys. Chem.y 1915, 90, 257, 265, 280; 
Arndt and Kunze, Z. Elektrochem.y 1917,18, 994. 

3 Wien and Lummer, Ann. Phys.y 1895, 56, 451; Roberts, J. Opt. Soc. Amer.y 1925, 10, 
723; Buckley, Phil. Mag., 1928, 6, 447; Price, NaturCy 1946, 157, 765. 

4 Wien and Lummer, Ann. Phys., 1895, 56, 451; Lummer and Pringsheim, ibid.y 1897, 63, 
395; Waidner and Burgess, Bur. Stand. Bully 1907, 3, 163; Coblentz, in Glazebrook, “ Diet, 
of Applied Physics,” 1923, 4, 541 (bibl.); Cohn, Z. techn. Phys., 1928, 9, 110 (high temp, 
furnaces); Fairchild, Hoover, and Peters, Bur. Stand. J. Res., ‘ 929, 2, 931; Sosman, Ind. Eng. 
Chem.y 1931, 23, 1369 (control of high temps.). 

5 Kanolt, Bur, Stand. Bully 1914, 10, 295; Schofield, Proc. Roy. Soc., 1929, 125, 517; 
1934, 146, 792; 1936, 155, 301; Fairchild, Hoover, and Peters, Bur. Stand. J. Res.y 1929,2, 931 
(Au, Pd); Ribaud and Nikitine, Compt. Rend.y 1929, 188, 618; Liebmann, Z. Phys., 1930, 63, 
404 (bibl.; radiation from colourless oxides); Egerton and Milford, Proc. Roy. Soc.y 1930, 
130, 111; Wensel and Roeser, Bur. Stand. J, Res.y 1930, 5, 1309 (Pt cylinder black body); 
Roeser, Caldwell, and Wensel, ibid., 1931, 6, 1119 (Th02 black body); Mendhousse, Ann. de 
Phys.y 1931, 16, 209; Henning and Wensen, Ann. Phys.y 1933, 17, 620 (m.p. iridium 2454°); 
Wensel, Judd, and Roeser, Bur. Stand. J. Res.y 1934,12, 527 (Pt, Rh, Ir). 

<5 Jenkins and Gayler, Proc. Roy. Soc.y 1930, 129, 91. 
7 Worthing, J. Franklin Inst.y 1916,181, 417; Phys. Rev.y 1917, 10, 377; Pirani and Alter- 

thum, Z, Elektrochem.y 1923, 29, 5; Agte, Alterthum, Becker, Heyne, and Moers, Naturwiss., 

1931,19, 108; Z. anorg. Chem.y 1931, 196, 129. 
8 F6ry, Compt. Rend.y 1909, 148, Illy 915; Mendenhall, Astrophys. J., 1911, 33, 91; Cob¬ 

lentz, Bur. Stand. Bully 1913,9, 81; Spence, Astrophys. J., 1913, 37, 194; Egerton and Milford, 
Proc. Roy. Soc.y 1930,130, 111, 
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C. LOW TLMPERATURES 

§ 1 The Liquefaction of Gases ^ 

Loukianos (Lucianus) in his satirical “True History'’ (Fera Historid),^ 
composed about 150 a.d., relates that the inhabitants of the Moon drank air 
compressed to a dew-like liquid in goblets; and some poetical references to 
“ liquid air ” have been delected in Virgil {c. 50 b.c.).^ Van Helmont (d. 
1644) supposed that the atoms “ of gas can condense to minute liquid drops 
by intense cold,"^ but Bocrhaave ^ found that only moisture deposits from air on 
cooling, and he doubted if air is capable of being solidified by the most intense 
cold or greatest degree of compression. Amontons and Black both considered 
that air might be a body of a high degree of volatility, capable of liquefaction 
or even solidification by sufficiently strong cooling,^ and steam has many 
properties of air. Lavoisier, also, clearly recognised ^ that gases differ from 
vapours only in being further from their temperatures of liquefaction, and 
in “ the absence of a sufficient degree of heat . . . would revert to the liquid 
state, and produce new liquids of the properties of which we cannot at present 
form the most remote idea.” Dalton ^ also supposed we might expect from 
analogy with vapours that “ a still greater pressure would succeed in giving the 
attractive force [between the particles of gases] the superiority [over the repul¬ 
sive], when the elastic fluid would become a liquid or solid.” 

Ammonia was said by Van Marum and Pacts van Trovstwyk ^ to be com¬ 
pletely liquefied by compressing to about 3 atm. (the result was due to the 
presence of moisture in the gas),^^^ and it was liquefied by cooling in a freezing 
mixture at —4ff' (crystalline calcium chloride and ice) by Guyton de Morveau.^^ 
Fourcroy and Vauquelin failed to liquefy hydrogen chloride, hydrogen sul¬ 
phide and sulphur dioxide by such cooling, although sulphur dioxide (first 
liquefied by cooling by Monge and Clouet is easily liquefied in a freezing 
mixture of ice and salt (—18'). Chlorine, hydrogen chloride, and sulphur 

1 Sloanc, “ Liquid Air and the Liquefaction of Gases,” 1899; Alt, ” Die K^lle,” Leipzig 
1910; Dewar, “ Ency. Brit.”, 1911, 16, 744; Ewing, in Glazebrook, ” Diet, of Applied 
Physics,” 1922,1, 564; Claude, ” Air liquide, Oxygene, Azote, Gaz rares,” 2nd edit. (D’Arson- 
val), Paris, 1926; transl. Cottrell, ‘‘ Liquid Air, Oxygen, and Nitrogen,” 1913; Meissner, in 
Geiger and Scheel, v Handbuch der Physik,” 1926, 11, 272; von Wartenberg, in Wicn-Harms, 
” Handbuch der Expcrimentalphysik,” 1929, 9, i, 33 (low temps.); Lenz, ihicl, 1929, 9, i, 47 
(liquefaction and separation); M. and B. Ruhemann, ” Low Temperature Physics,” Cam¬ 
bridge, 1937; idem^ “ The Separation of Gases,” Oxford, 1940; Faraday Soc. discussion on the 
production and utilisation of cold, Trans, Faraday Soc., 1922, 18, 139 f. 

2 “ Works,” transl. Fowler and Fowler, Oxford, 1905, 2, 145. 
3 ” Georgies,” i, 404 (apparet liquid© sublimis in a^ra Nisius); ” Acneid,” vi, 202 (liquid- 

umquc per a^ra lapsae); cf. Lippmann, Chem. Ztg., 1931, 55, 819; Nature, 1931,128, 666. 
4 ” Ortus Medicinae,” Amsterdam, 1652, 66; Partington, Annals of Science, 1936, 1, 359. 
5 “ Elementa Chemiae,” Leyden, 1732, 1, 429; ” Elements of Chymistry,” 1734, 105. 
^ Mach, ” Principien der W^rmelehre,” Leipzig, 1900, 179. 
7 ‘‘ Traite de Chimie,” 1789, 31; ” Elements of Chemistry,” 1799, 77. 
8 ” New System of Chemical Philosophy,” 1808, 1, i, 148. 
^ Description dc quelques Appareils Chimiques Nouveaux, Verhandelingen TcyleFs 

Genootschap, Haarlem, 1798; Ann, Phys., 1799, 1, 145. 
Cohen and Cohen-de Meestcr, Verhandelingen aangeboden aan P. Zeeman, Hague, 

1935, 395. 
11 Ann. Chim., 1799, 29, 290. 
12 Ann. Chim., 1799,29, 281. 
13 Lavoisier, “Traite 616mentaire de Chimie,” 1789, 244 (Clouet); Nicholson, “Diet, of 

Chemistiy,” 1795, 2, 925; Fourcroy, “ Syst^me des Connaissances Chimiques,” 1801, 2, 74 
(Monge). 
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dioxide were liquefied by Northmore ^ in 1806 by compression into a strong 
glass receiver. He used a condensing pump, but with carbon dioxide the 
receiver exploded. When 2 pints of chlorine were compressed to 2} cu. in. a 
very volatile yellow fluid separated. 

When Faraday ^ began his work (at Davy’s suggestion) in 1823, therefore, a 
number of other experimenters (whom he does not mention) had forestalled 
him with several gases, notably chlorine. He used the combined effects of pres¬ 
sure and cold—which bring the molecules closer together, and also decrease their 
velocity—by sealing up in one leg of a V- 
shaped tube (Fig. l.Vl C) ^ the materials 
which can generate the gas (e.g. chlorine 
hydrate by w^arming), and cooling the other 
leg in a freezing mixture. In this way he 
liquefied chlorine, sulphur dioxide, hydrogen 
sulphide, carbon dioxide, nitrous oxide. Fig. l.VIC. Faraday's Tube 

euchlorine (CI2 + CIO2), ammonia, and 
cyanogen, and in the same way Davy'^ liquefied hydrogen chloride. Davy also ^ 
made some interesting prophecies about the future use of liquefied gases. 
Dovc^ calculated the temperatures at which gases should liquefy at 1 atm. 
pressure (the correct figures are in brackets): N2O —158' (—89 ), CO2 —156'" 
(-78^^), HCl -130° (-85°), NH3 -53" (-33°) by comparison with steam, 
if ti, I2 are the temperatures at which a liquid has pressures Pi, P2, and ti\ 
t2 are the temperatures for steam, then ^i— 

After Faraday’s work, many other experimenters used higher pressures and 
obtained larger quantities of the liquids, although Colladon,^ who used a bent 
tube cooled at the sealed end into which gas was compressed, failed to liquefy 
air at 400 atm. at —30°. Thilorier ^ made a notable advance by obtaining large 
amounts of liquid carbon dioxide by what was essentially Faraday’s method. 
The gas was generated in a cast-iron vessel and the liquid condensed in another 
cast-iron vessel cooled in a freezing mixture. Thilorier’s apparatus was gener¬ 
ally used, but one of them burst in a lecture demonstration and killed the 
assistant, Hervey,^ so that Mareska and Donny made the apparatus of lead- 
lined copper; wrought iron was also used, which was reasonably safe. Thilorier ® 
was the first to obtain solid carbon dioxide by allowing the liquid to escape into 
a brass box (a flannel bag, used by Bianchi about 1869, is better), and by 

1 Nicholson's J., 1805, 12, 368; 1806, 13, 233; Alembic Club Repr,, 1904, 12, 69. North- 
more says he was in touch with the “ chemical operator ” at the Royal Institution. For a 
simple apparatus for liquefaction by piston compression in a tube, see Benedicks, Phys Z., 
1910, 11, 547. 

2 Phil. Trans., 1823, 113, 160, 189; “ Researches in Chemistry and Physics,” 1859, 85, 89; 
Alembic Club Reprint, 1904, 12, where an historical summary by Faraday, from Quart. J. Sci.^ 
1824, 16, 229, is given. 

^ Even in his “ Chemical Manipulation,” 1842, 424, where directions for making the lubes 
are given, Faraday does not give a figure. 

4 Phil. Trans., 1823, 113, 164; ” Works,” 1840, 6, 264. 
5 Phil. Trans., 1823, 113, 199; ” Works,” 1840, 6, 266. 

Ann. Phys., 1831, 23, 290. 
7 Pictet, Ann. Chim., ISIS, 13,145 (226); Wroblewski and Olszewski,1883,20,243. 
s Ann. Chim., 1835, 60, 427, 432 (no description of apparatus); [Liebig], Ann., 1839, 30, 

122 (description of apparatus, and lithographed plate). 
Aime, Ann. Chim., 1843, 8, 275; Natterer,/. pmk/. Chenu, 1844, 31, 375. 
Bull. Acad. Roy. Belg., 1843, 10, 75; Mim. Couronn. Acad. Roy. Bruxelles, 1845, 18, vi; 

Bloxam, “ Chemistry,” 1883, 82; Roscoe and Schorlemmer, ” Treatise on Chemistry,” 1920, 
1,811. 

11 Landolt, Ber., 1884,17, 309; Hempel, ibid., 1898,31,2993, used a linen bag. 
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mixing it with ether obtained a refrigerating mixture at —78", the temperature 
of which could be lowered to —110° by rapid evaporation under reduced 
pressure. Landolt ^ compressed the snow-like solid into sticks like black¬ 
board chalk, sp. g. 1*2, and the modern “ dry ice,” in the form of blocks of 
compressed solid carbon dioxide, is now largely used industrially.^ 

Bussy 3 liquefied sulphur dioxide by cooling in a mixture of ice and salt, 
and in the cold produced by the rapid evaporation of the liquid he liquefied 
chlorine and ammonia, and solidified chlorine, ammonia, and cyanogen. 
Faraday,using Thilorier’s mixture in a vacuum, liquefied several gases. 
In the cooling mixture at atmospheric pressure CI2, C2N2, NH3, H2S, HI, 
HBr, CO2, and CFO liquefied; by cooling in the mixture in vacuum and com¬ 
pressing the gases with a powerful pump all the gases mentioned, and nitrous 
oxide, were solidified, and ethylene, phosphine, and silicon fluoride were lique¬ 
fied. Six gases (oxygen, nitrogen, hydrogen, carbon monoxide, nitric oxide, 
and coal gas—containing methane)—the so-called “ permanent gases ”— 
resisted liquefaction at this low temperature and pressures of 500-700 lb. per 
sq. in. Berthelot ^ found that oxygen is not liquefied at 780 atm. 

The Vienna physicist, J. O. Natterer, who prepared liquid nitrous oxide in 
quantity in 1844,^ subjected the permanent gases to enormous pressures (up to 
3600 atm.) by means of an ingenious Kraft's compressing pump, but without 
success. The reason for this failure became clear as a result of the work of 
Andrews,'^ who showed that each gas has a critical temperature, above which it 
cannot be liquefied by pressure, however high. The realisation that strong 
cooling was necessary in the case of the permanent gases led to the liquefaction 
of oxygen in 1877 independently by Cailletet ^ and by Pictet.^ In 1878 Natterer 
reached a temperature of —140° by the rapid evaporation of a mixture of liquid 
nitrous oxide and carbon dioxide. Cailletet (who was an ironmaster, not a 
professional scientist) announced his result in a letter to Deville of 2 December, 
which was read to the Academy on 24 December; Pictet (professor of physics 
at Geneva, later in Berlin) sent his in a telegram to the secretary of the Academy 
on 22 December, and this also was read on 24 December. 

§ 2. Cailletet’s Method 

The principle of Cailletet’s method was to allow a portion of gas, strongly 
compressed to a pressure /?i in a strong glass capillary tube over mercury at an 
absolute temperature Tj, to expand suddenly to atmospheric pressure pi 
by opening a valve, so as to release the mercury. The expansion of the gas was 

1 Landolt, Bcr., 1884, 17, 309; Hampel, ibid., 1898, 31, 2993. 
2 Uii\QV,J.S.C.L, 1932, 52, 533R. 
3 Ann. Chim., 1824, 26, 63; also describing the freezing of mercury, and making ice in a 

red-hot platinum dish containing liquid SO2 in the spheroidal state. 
4 Phil. Trans., 1845, 135, 155; Ann. Chim., 1845, 15, 257; “ Researches in Chemistry and 

Physics,’* 1859, 96; Alembic Club Reprint, 1904,12, 33 
5 Ann. Chim., 1850,30, 237. 

<5 J. prakt. Chem., 1844, 31, 375; 1845, 35, 169 (apparatus); 1852, 56, 126; 1855, 94, 436; 
Ann. Phys., 1844, 62, 132; Wien Ber., 1850, 5, 351; 1851, 6, 557; 1854, 12, 199; cf. Addams, 
B.A. Rep., 1839, 7, 70; Mitchell, Amer. J. ScL, 1839, 35, 346; Aim6, Ann. Chim., 1843, 8, 275, 
also tried high pressures. 

7 In Miller, “ Elements of Chemistry,” 3rd edit., 1863, 1 (“ Chemical Physics ”), 328; Phil. 
Trans., 1869, 159, 575; 1876, 166, 421. 

8 Compt. Rend., 1877, 85, 1213, 1217, 1270; Ann. Chim., 1878, 15, 132; on Louis Cailletet, 
1832-1913, see Mathias, Rev. Gen. ScL, 1913, 24, 174. 

9 Compt. Rend., 1877, 85, 1214, 1220; 1878, 86, 37, 106; Ann. Chim., 1878, 13, 145; Arch. 
Sci. Phys. Nat., 1878, 61, 16. 
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approximately adiabatic (i.e. no heat was transferred to or from the surroundings; 
see § 4.II); hence, from (17), § 4.II, 7®’'“^=const., and as pv/T—const.: 

{PxIPzY-^^^'^^TylT^.(1) 

where T2 is the final absolute temperature after adiabatic expansion, and 
y=cjc^, 

log(r,/r2)=f(y-l)/y]log(p,/p2) .... (2) 

The cooling effect in adiabatic expansion is due to the external work done 
by the gas in expanding against the atmospheric pressure, energy being taken 
from the gas. The effect depends on the value of y; for most diatomic per¬ 
manent gases (H2, O2, N2, CO, NO), y is approximately 1 *4, hence (2) becomes: 

Iogri-Iogr2=0-286(log/?i-]og/72) .... (3) 

from which T2 is easily calculated if pi and P2 (measured in the same units, e.g. 
atm.) and Ti are known. E.g. at 50 atm. 
initial pressure at 20° C. and 1 atm. final 
pressure, the final temperature is — 177°C. 
The cooling effects fall off at lower initial 
temperatures, which sets a limit to the 
method. The theoretical cooling is never 
attained, on account of the rapid exchange of 
heat between the warmer walls of the capillary 
and the cold gas. 

Cailletet’s apparatus is shown inFig.2.VIC. 
The compressor is a special pump containing 
water. The piston in the pump is operated 
by a lever, the fine adjustment of pressure 
(indicated on a Bourdon manometer) by 
screwing in a piston in a side barrel of the 
pump by means of a wheel. The water from 
the pump passes by the steel tube TU to the 
steel cylinder B containing mercury below, 
and this mercury is driven into the glass 
Cailletet tube TT, which contains the gas, 
and ends above in a thick-walled capillary 
(which may be graduated). The capillary is 
surrounded by a glass water bath M (which 
may contain a cooling mixture), and a bell-jar Fig. 2.VI C. Cailletct’s Apparatus 

C, which offers some protection in case of 
a burst, but mainly serves to prevent atmospheric moisture condensing on the 
outside of the cooled tube M. When the gas is strongly compressed, a valve 
on the pump is opened, when the pressure falls suddenly to 1 atm., the gas in 
the tube T thus suddenly expanding. By compressing oxygen, carbon mon¬ 
oxide, and nitrogen to about 200-300 atm. at room temperature, and then 
releasing the pressure, Cailletet saw a fog of liquid droplets form in the tube, 
but this rapidly disappeared and he was unable to obtain any liquid in bulk. 
He thought he saw a trace of fog with hydrogen, but he could not have liquefied 
this gas with the arrangement used. Liquid oxygen in bulk was first obtained 
by Pictet, with a much more complicated apparatus working on a different 

principle. 
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§ 3. Pictet’s Method 
The principle of Pictet’s ^ method is the so-called cascade process. By 

evaporating liquid sulphur dioxide (easily liquefied by compression to about 
atm. at 15 ) under reduced pressure, the temperature drops to a point 

(—65'' to —15'') at which carbon dioxide in a tube surrounded by the liquid 
sulphur dioxide is liquefied by a moderate pressure. By rapidly evaporating 
the liquid carbon dioxide (or a mixture of carbon dioxide and sulphur dioxide) ^ 
under reduced pressure, the temperature attained ( — 150'') drops below the 
critical temperature of oxygen, which then liquefies under moderate pressure 
(12 atm. at — 15(T) in a tube surrounded by the liquid carbon dioxide. By the 

rapid evaporation of liquid oxygen, the 
temperature can be reduced to —220", 
but as the critical temperature of hydro¬ 
gen (—241 ) is still lower, this gas can¬ 
not be liquefied by Pictet’s method. 

The temperature attained by the 
evaporation of a liquid depends on the 

L pressure and is equal to the boiling- 
I point of the liquid at that pressure. By 

-j protecting the liquid by heat insula- 
I tion and maintaining a low pressure by 

means of a pump, a low temperature can 
f therefore be reached if the liquid does 

not freeze. The last limitation makes it 
necessary to use several liquids and to 

Fig. 3.V[ C. Pictet’s Apparatus drop the temperature in successive steps, 
. hence the name “ cascade process.” 

The later form of the process was used by Kamerlingh Onnes in the Cryogenic 
Laboratory at Leyden.-^ In this the steps are methyl chloride (—24" to —90"), 
ethylene (—103"*7 to —165°: first used by Olszewski), and oxygen (—183° to 
—217°: the first figure in all cases gives the b.p. at 1 atm.). The liquid used for 
cooling must not solidify, and this limits the temperature to its triple point. 
Hydrogen and helium cannot be liquefied by this method. The cascade 
method was used in Cracow by Wroblewski and Olszewski,in London by 
Dewar,and in Berlin by Pictet. 

1 Compt. Rend., 1877, 85, 1214, 1220; 1878, 86, 37, 106; Ann. Chim., 1878, 13, 145; Z. 
kompr. u.fliiss. Case, 1903, 7, 1, 17, 37, 52. 

2 The so-called “ Pictet’s liquid ” is a mixture of liquid sulphur dioxide and carbon dioxide: 
see Blumcke, Ann. Phys., 1888, 34, 10; 1889, 36, 911; Pictet, ibid., 1888, 34, 734. 

3 Verslag. K. Akad. Wetens. Amsterdam, 1894-5, 3, 164 {Comm. Leiden 14); Proc. K. Akad. 
Wetens. Amsterdam, 1900, 2, 129, 437 {Comm. Leiden, 51, 54); 1903, 5, 502, 628 (Comm. 
Leiden 83); 1904, 6, 668 (Comm. Leiden 87); 1906, 8, 77, 79, 82 (Comm. Leiden 94); 1907, 9, 
156 (Comm. Leiden 94/); 1909, 11, 883 (Comm. Leiden 109); Comm. Leiden, 1922, Suppl. 
45 (summary); 1926, 158 (summary); Trans. Faraday Soc., 1922, 18, 145; Crommelin, ibid., 
1922, 18, 175; Henning, Z. Instr., 1913, 33, 33. 

4 Wroblewski and Olszewski, Ann, Phys,, 1883, 20, 243; Wroblewski, Compt. Rend., 1883, 
97, 1553; Ann. Phys., 1885, 25, 371; 1885, 26,134; Wroblewski and Olszewski later on worked 
independently, and to some extent in rivalry. They say, Ann. Phys., 1883, 20, 243, tha 
Cailletet showed his method freely to others. On Olszewski (1846-1915), see Onnes, Chem. 
Ztg., 1915, 39, 517. 

5 Olszewski, Ann. Phys., 1889, 37, 337; 1905, 17, 987; Phil, Mag., 1895, 39, 188 (summary 
and list of papers); Bull. Acad.Polon,, 1908, 375 (historical; bibl., illustr.); Z. kompr. u.fliiss. 
Case, 1912, 14, 93, 111, 127. 

6 Phil. Mag., 1884, 18, 210 (where the apparatus is very insufficiently described); Liveing 
and Dewar, ibid., 1892, 34, 205; 1893, 36, 328; Dewar and Fleming, ibid., 1892, 34, 326; 
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The important data are: 
b.p. triple pt. 

Methyl chloride ... —24-09'’ —102-9” 
Ethylene .-103*7° -169" 
Oxygen .-182-95° -2184" 

A diagram of Pictet’s apparatus is shown in Fig. 3. VIC. Oxygen was generated 
by heating potassium chlorate in the iron retort P, connected with the copper 
tube N about 4 m. long, with a valve at the lower end, and a Bourdon mano¬ 
meter Q. The tube N was cooled by liquid carbon dioxide LL evaporating 
at about —140'', the vapour being re-liquefied by compression by a pump G 
into a copper tube EF surrounded by liquid sulphur dioxide evaporated at 
— 65" by another pump. The oxygen in N was thus cooled below its critical 
temperature (—119 ) and liquefied under pressure. On opening the valve at 
N, a lustrous jet of liquid oxygen issued with great violence. Some of the 
liquefaction was probably due to the extra cooling by adiabatic expansion on 
opening the valve, the initial pressure being about 475 atm. (much above the 
critical pressure of oxygen. 

Pictet ^ claimed that by generating hydrogen in the apparatus by heating 
sodium formate with caustic soda, a grey mist ” and a steel-blue jet ” 
issued from N on opening the valve and '' rattled on the floor like small shot;” 
hence he thought he had obtained solid hydrogen. This was impossible, as its 
critical temperature could not have been reached, and the effect was probably 
due to impurity in the gas. 

In Olszewski's apparatus, oxygen at 100 atm. pressure was contained in a 
10-lit. iron bottle, connected by a valve and metal tube with a 400-c.c. iron 
cylinder and a manometer. The cylinder was contained in a Dewar vessel 
filled with liquid ethylene taken from an iron cylinder cooled in ice and salt, 
the liquid passing through a spiral cooled in a mixture of carbon dioxide and 
ether maintained at —100" by pumping. The liquid ethylene in the Dewar 
vessel was evaporated by a pump and the cold produced liquelied the oxygen. 
The liquid oxygen was let out to atmospheric pressure (when the temperature 
fell to —181 -4") through a valve and collected in a triple-walled Dewar vessel. 

The cascade process (step by step cooling) is very efficient: in the Leyden 
apparatus, using ammonia, ethylene, and methane, the energy consumption 
for 1 kg. of liquid nitrogen from gas at 1 atm. and 25" C. is 463 k.cal., as com¬ 
pared with 894 k.cal. by the Linde process (§ 5) and 751-2 k.cal. by the Claude 
process (§ 4).^ A simple ethylene liquefier (without a compressor) was 
described by Clusius and Riccoboni.*’ 

§ 4. Claude's Process 
The possibility of cooling a gas by allowing it to do external work in an 

engine or turbine was recognised by Onnes and by Lord Rayleigh,and was 

Proc. Roy. Soc., 1898, 63, 256; J.C.S., 1898, 73, 528 (liq. H:); Proc. Roy. Inst., 1899-1901, 
16, 1, 212, 473, 730; Clerke, ibid., 16, 699; Armstrong, ibid., 1908, 19, 354 (portr. of Dewar); 
on the polemic between Dewar (who disclosed his methods only incompletely, as if he wished 
to prevent their use by others) and Olszewski, sec Olszewski, Nature, 1895, 51, 245; Muir 
(who gives priority to Olszewski), ibid., 1895, 51, 364, 388; Dewar, ibid., 1895, 51, 245, 365, 
413; Phil. Mag., 1895, 39, 298. Dewar did not agree to supply liquid hydrogen in Ramsay’s 
work on the inert gases, and Travers set up a second apparatus in London for its production. 

1 Compt. Rend., 1878, 86,106. 
2 Keesom, Comm. Leiden, 1933, Suppl. 76a. 
3 Z.phys. Chem., 1937, 38 B, 81. 
4 Onnes, Comm. Leiden, 1896, 23; Ann. Phys. Beibl., 1896, 20, 518 (experiments with 

hydrogen); Rayleigh, Nature, 1898,58,199; “ Scientific Papers,” 1903,4,360(suggestion only). 
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applied by Claude ^ in a process for the liquefaction of air. The moderately 
compressed air, after purification from moisture and carbon dioxide in the 
usual way, is divided into two parts. One part passes through an expansion 
engine, which cools the gas by extracting heat from it for conversion into work, 
and the other part is cooled by the cold air from the engine in a heat inter¬ 
changer, and then expands through a valve, when it liquefies. The lubrication 
of the pistons was a difficulty; liquid nitrogen was used by Claude, but in some 
forms of compressor a piston with a small clearance and not lubricated is used. 
Claude also made use of the fact, first noticed by Wroblewski,^ that air liquefies 
in fractions of different composition when progressively cooled. 

§ 5. Liquefaction of Gases by the Joule-Thomson Effect 

The cooling produced by the Joule-Thomson effect, unlike that in adiabatic 
expansion, is due to the internal work performed against the attractions of the 
molecules. This was first used for large-scale liquefaction by Linde ^ in Ger¬ 
many, and by Hampson ^ in England, in 1895. The equation given by Linde 
for the lowering of temperature by the Joule-Thomson effect (§ 24. VII A) is: 

Jr=0-276JX273/r)2.(1) 

where T is the initial absolute temperature. If J/;=50—1=49 atm., the 
initial temperatures of +20°, 0°, —20°, —60°, —100°, and —140°, give final 
temperatures of +8*.3°, -13*5°, -35*7°, -82-2°, -133-7°, and -197°; i.e. 
the effect increases at lower temperatures. If air at —20° expands from 50 
atm. to 1 atm. it is cooled to —36°. If this cools a second portion of air to 
—36°, it is cooled on expansion to —54°, and this is repeated to temperatures of 
— 101°, —136°, and —190°, when the air liquefies at atmospheric pressure. 
This cumulative cooling is achieved, according to an invention of Siemens 
(1857), by letting the cold expanded air sweep over the outer surface of a metal 
tube bringing the compressed air to the expansion jet. 

Linde’s apparatus is shown diagrammatically in Fig. 4.VI C. Air freed from 
dust and carbon dioxide, taken in on the low-pressure side of the two-stage 
compressor, 5 is compressed to 20 atm. Its heat is removed by passing through 
a metal spiral in water, and the air is then compressed to 200 atm. on the high- 
pressure side. This compressed air, again cooled in a metal spiral, goes 

1 Compt. Rend., 1905, 141, 823; Claude, “Liquid Air, Oxygen, and Nitrogen,” transl. 
Cottrell, 1913; Trans. Faradav Soc., 1922, 18, 139. 

2 Ann. Phys., 1885, 26, 134. 
3 Germ. Pat. 88824 (5 June, 1895, with full description of Joule-Thomson effect); Ann. 

Phys., 1896, 57, 328; Z. phys. Chem,, 1896, 20, 638; Engineer, 1896, 82, 509; Z. ges. Kdlte^Ind., 
1897, 4, 7, 23; Ber., 1899, 32, 925; Schroter, Z. Verein D. Ing., 1895, 39, 1157; Lorenz, Civil- 
ingenieur, 1895, 41, 633; Z. ges. Kdite-Ind., 1897, 4, 49 (theory); D’Arsonval, Compt. Rend., 
1898, 126, 1683; Cottrell, J. Phys. Chem., 1906, 10, 264; Bradley and Hale, ibid., 1906, 10, 
275; Rozic, Wien Ber., 1906,115, IIA, 1559; Brot, Bull. Soc. Encourag., 1914,113, 16; Hausen, 
“ Geschichte der Ges. fur Lindes Eismachinen,” 1929; on Linde, see Hausen, Z. techn. Phys., 
1932, 13, 250 (portrait); Z. ges. Kdlte-Ind., 1935, 42, 209; for summary of gas liquefaction 
methods, see Teichmann, “ Komprimierte und verfliissigte Gase,” Halle, 1908; Plank, Phys. Z., 
1920, 21, 150 (tables for cooling by adiabatic expansion and Joule-Thomson effect); Burton, 
Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,” New York, 
1940,13 f. 

4 Brit. Pat., 10165 (23 May, 1895: although antedating Linde’s patent, this prescribes only 
“ the usual cycle of compression, cooling, and expansion ” and “ heat interchange ”); Nature, 
1896, 53, 513; Tilden, Rev. Gen. Sci., 1896, 7, 329; Kausch, Z. kompr. fluss. Gase, 1902, 5, 
171, 185; 1902, 6, 33; Buckingham, Bur. Stand. Bull., 1909, 6, 125 (theory). 

5 On gas compressors, seee.g. Ernst,7/1^. £>ig. CA^w., 1926,18,664; Tongue, “The Design 
and Construction of High Pressure Chemical Plant,” 1934. 
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through a water-separator, which is an empty steel cylinder in which the water 
used to lubricate the vulcanite packing of the compressor pistons is separated. 
The moisture is then removed by passing through a drier containing calcium 
chloride (or is dried by refrigeration), and the dried air passes into the inner 
coil of three concentric metal tubes, which are surrounded by heat-insulating 
packing. This air at —20° then expands to 20 atm. through a needle-valve 
and cools by the Joule-Thomson effect to about —78°. This cold air then rises 
through the second tube and cools the air coming down the inner tube. The 
air at 20 atm. and about —20° goes back to the high-pressure compressor 
cylinder. The cooling effect accumulates until the air liquefies and the needle- 

Fig. 4.VI C. Liquefaction of Air 

valve is then adjusted so that two-thirds of the air passes out through the 
second tube to the compressor, and one-third expands to atmospheric pressure, 
partly liquefies, and partly passes out to the free air through the third tube of 
the spiral. The liquid air collects in a Dewar vessel and can be withdrawn 
through a valve. 

In Hampson’s apparatus, ^ which is more convenient for smaller-scale 
laboratory work than Linde’s, air from a two-stage compressor passes through 
a water-separator, and a drier containing solid caustic soda, into the liquefier. 
This contains two or four metal tubes in parallel wound into a close spiral and 
ending in an expansion valve, controlled from outside by a screw. The upper 
part of the spiral is heat-insulated by raw-wool packing, and the lower part is 
contained in a large Dewar vessel. The cooled expanded air (from 180-200 
atm. to 1 atm.) sweeps over the metal spiral, and escapes at atmospheric pres¬ 
sure, passing to the pre-purifier, containing moist slaked lime on trays. To 
avoid breakage, the inner vessel of the Dewar is joined to the valve by an elastic 
glass spiral. 

The possibility of collecting liquefied gases was first realised by the invention 
of the well-known double-walled vacuum vessel (“ Dewar vessel ” or “ thermos 

1 See Travers, “ Study of Gases,” 1901, 192; Allen and Ambler, Phys. Rev.^ 1902, 15, 181; 
Olszewski, Ann. Phys., 1903, 10, 768; for regenerator coils, Travers, Gwyer, and Usher, 
Smithsonian Misc. Coll, 1907, 49, Pt. 11, No. 1652; for laboratory liquid oxygen apparatus, 
Akhumov, Zavadskaya Lab., 1935,4,1510; Keyes, Chem. Rev., 1946,39,449. 
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flask ”) by Dewar ^ in 1892. In this there is a high vacuum between the glass 
walls, which are silvered on the inside to cut down heat transmission by radia¬ 
tion. Dewar found the rate of heat transmission at —180'' proportional to the 
cube of the absolute temperature.^ Large metal vessels ^ holding a gallon or 
two are used, the vacuum being maintained by a tube of absorbent charcoal open 
to the annular space and cooled in the liquid air or oxygen in the inner vessel 
—also a device invented by Dewar.^ The lecture experiments with liquid air 
and liquid oxygen need not be described.*^ 

§ 6. Liquid Hydrogen 
Wroblewski, by suddenly expanding compressed hydrogen, saw a fog which 

vanished immediately, and this may have been due to the liquefaction of 
hydrogen,^ but the first to obtain liquid hydrogen in bulk was Dewar in 1895.'^ 
The necessity of pre-cooling the gas below the inversion temperature (§ 25.V11 A), 
was realised: Wilkowski ^ calculated for this —79"' from Rose-lnnes' equation 
(§ 24.V11 A) for the Joule-Thomson effect, and Olszxwski ^ found experimentally 
— 80*5"'. Onnes pointed out the possibility of liquefying hydrogen in the 
Linde apparatus and calculated the conditions thermodynamically. 

Travers in 1901 independently devised and worked an apparatus for the 

^ Proc. Poy. Inst., 1893, 14, I; I3cwar claimed that he had used Xhc principh' in 1873 {Trans. 
Roy. Soc. Edin., 1876, 27, 167, vacuum jacketed brass calorimeter). Double-walled nnsilvercil 
vacuum vessels arc mentioned by Violle, Coinpt. Rend., 1882,94, 1510; D’Arsonval, ihid.^ 
1898,126,1683 (used in 1887); 7. de Phys., 1898,7,497; and Wcinhold, “ Physikalische Demon- 
strationen,” 1881,479; Ann. Phys., 1898, 66, 544; Hcmpcl, ibid., 1899, 68, 137. 

2 Cr. Pictet, Z. phys. Chem., 1895, 16, 417. 
3 Griffiths, Trans. Earaday Soc., 1922, 18, 224; for 2-lir. porcelain vessels, Beckmann, 

Z. angew, Cheni., 1909, 22, 673; Moser, ibid., 1919, 32, i, 365; on large Pyrex vessels, see 
Phipps, Cox, and Shaw, J.A.C.S., 1931,53, 1365; for losses in mclal Dewar vessels, see Briggs, 
Proc. Roy. Soc. Edin., 1921, 41, 97; Briggs and Mollinson, ibid., 1923, 43, 160; conduction of 
heat down necks of ditto, Hogg, Trans. Faraday Soc., 1924. 20, 327; liquid oxygen in aircraft, 
Grayson-Smith and Findlay, Chem. Rev., 1946, 39, 397; Giauque, Rev, Sci. Instr., 1947, 18, 
852 (Jena glass less permeable to helium than Pyrex); Haynes and Scott, Science, 1948, 107, 
301 (silvering). 

^ Proc. Chem. Soc., 1896, 11, 229; J.C.S., 1898, 73, 528; Compt. Rend., 1898, 126, 1408; 
1904, 139, 261. 

5 Dewar, Proc. Roy. Inst., 1894-5, 14, 1, 393, 665; Anier. J. Sci., 1901, 12, 168; Pictet 
and Altschul, Z. phys. Chem., 1894, 5, 386; Pictet, Compt. Rend., 1894, 119, 527; J. Roy. 
Soc. Arts, 1911, 59, 678; Ladenburg, Bcr., 1898, 31, 1968; Tripler, Chem. News, 1898, 77, 113; 
Sloane, “ Liquid Air and the Liquefaction of Gases,’' 1899; Hardin, “ The Rise and Develop¬ 
ment of the Liquefaction of Gases,” New York, 1899; Kaslle, Amer. Chem. J., 1900, 23, 50; 
D’Arsonval, Ann. Chim., 1902, 26, 433; Bleekrode, Ann. Phys., 1903, 12 218; Nowicki and 
Mayer, “Fliissige Luft,” 2nd edit., Leipzig, 1906; Claude, “Liquid Air, Oxygen, and Nitro¬ 
gen ” (transl. Cottrell), 1913; Ewing, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 
564; Cady, J. Chem. Educ., 1931, 8, 1027; Partington, “ Text Book of Inorganic Chemistry,” 
1946, 141. See also C. G. von Wirkner, “ Geschichte und Theorie der K^lteerzcugung,” 
Hamburg, 1897. For a summary and bibliography of low temperatures from 1890, see 
Shearer, Phys. Rev., 1902, 15, 243; to 1900, Bredig, Phys. Z., 1901, 2, 418, 433; on change of 
colour of solids at low temperatures, Obriemow and de Haas, Proc. K. Akad. Wetens. Amster¬ 
dam, 1928, 31, 353. 

6 Pictet, Z. phys. Chem., 1895, 16, 417. 
7 Proc. Chem. Soc., 1896, 11, 229 (lecture of 1895); J.C.S., 1898, 73, 528; Proc, Roy. Inst., 

1899-1901, 16, 1, 212, 473 (solid H2), 730 (the date is often given as 1898). 
8 Bull. Acad. Polon., 1898, 282. 
9 Ann. Phys., 1902, 7, 818. 

Verslag. K. Akad. Wetens. Amsterdam, 1895-6, 4, 236 {Comm. Leiden 23); Ann, Phys. 
Beibi, 1896, 20, 518. 

Phil. Mag., 1901, 1, 411; Z. phys. Chem., 1901, 37, 100; “Study of Gases,” 1901, 196; 
Trans. Faraday Soc., 1922,18, 199. 
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liquefaction of hydrogen, which he described in detail, and Olszewski ^ in 
1902 also described an apparatus, which he improved in 1903, so that in 1906 
Graetz ^ could say that “ it is not difiBcult to obtain liquid hydrogen in not 
inconsiderable quantities.” A simplification and modification of Travers’ 
apparatus was described by Nernst ^ in 1911; it was constructed and sold by 
his mechanic, Hoenow, for 250 marks (£12 10.y.), and the author saw it in 

successful operation in the Berlin laboratory in 1912, when a litre or more of 
liquid hydrogen was regularly made daily for research purposes. 

InNernst’s apparatus (Fig. 5. VIC)compressed hydrogen (either from a cylinder 
or, more economically, from a compressor) enters through the copper coil A 
and passes through an extension A' of the coil immersed in liquid air in a large 
Dewar vessel. The cooled gas then passes through an extension A" of the 

1 Ann. Phys., 1903,10, 768; 1903,12, 196. 
2 In Winkelmann, “ Handbuch dcr Physik,'’ 1906, 3, 896. 
3 Z. Elektrochem.y 1911, 17, 735; for other apparatus, see Otincs, Proc. K. AkacL Wetens. 

Amsterdam^ 1900, 2, 129 {Comm. Leideny 51); 1926, 29, 1176 {Comm. Leidcny 158); Comm. 
Leideny 1922, Suppl. 45; Olszewski, Ann. Phys., 1903, 10, 768; 1903, 12, 196; Z. kompr. ftuss. 
GasCy 1912, 14, 93, 111, 127; Lilienfeld, Z. kompr. ffuss. Case, 1911, 13, 35, 165; Meissner, 
Verhl. d. D.Phys. Ges.y 1913,15,5^'yZ.Phys.y 1923,18,12; Latimer, Buffington, and Hoenshcl, 
J.A.C.S.y 1925, 47, 1571; Ruhemann, Z. Phys.y 1930, 65, 67 (small scale); Simon, Cooke, and 
Pearson, Proc. Phys. Soc.y 1935, 47, 678; Fischer, Z. ges. Kdlte-lnd.y 1935, 42, 174 (calcula¬ 
tions); Keyes, Gerry, and Hicks, J.A.C.S.y 1937, 59, 1426 (desorption from charcoal included 
in cooling effect; theory); Ahlberg, Estermann, and Lundberg, Rev. Sci. Instr., 1937, 8, 422 
(1 lit. liquid per hour from cylinder gas without compressor); Starr, ibid.y 1941, 12, 193; 
Blanchard and Bittner, ihid.y 1943, 13, 394; Hilsch, Ann. Phys.y 1942, 42, 165; Gilbert and 
Rossol, Helv. Phys. ActOy 1945, 18, 343; de Sorbo, Milton, and Andrews, Chem. Rev.y 1946, 
39, 403; Fairbank, Rev. Sci. Instr.y 1946, 17, 473 (small Ha liqueiier); Jones, Larsen, and 
Simon, Researchy 1948,1, 420. 
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coil, composed of two coils in parallel inside a small Dewar tube completely 
enclosed in a brass vessel B, which can be taken off to get at the Dewar tube. 
At the end of this coil is a very carefully made expansion valve V, operated 
from outside. In the tube A" the previously cooled gas is further cooled by 
cold expanded gas from the valve sweeping over the outside, and finally the 
hydrogen liquefies, the liquid collecting in the small Dewar vessel. The cold 
hydrogen gas passes out through a copper coil C wound in close contact with 
the coil A, and takes heat from the incoming hydrogen in the latter. The liquid 
air boiling in the outer Dewar vessel gives off cold air which passes out through 
another copper coil D, wound between the two coils A and C, and also takes 
up heat from the incoming hydrogen. The brass vessel B is in two pieces 
screwed together. 300-400 c.c. of liquid hydrogen are obtained per hour with 
a gas velocity of 2-3 c.c. per sec. and the use of about 300 c.c. of liquid air. The 
most important part of the apparatus is the expansion valve V. The theory of 
the efficiency of hydrogen (and helium) liquefiers ^ shows that the maximum 
effect occurs at pressures for which the Joule-Thomson effect (d77d/?)jj=0. 

§ 7. Liquid Helium 
Although Dewar ^ claimed to have liquefied helium by simply cooling in 

liquid hydrogen, Olszewski ^ failed to do this, and concluded that the tempera¬ 
ture of liquefaction was below —271°. It is certain that the first to make liquid 
helium was Kamerlingh Onnes,^ on 10 July, 1908. The maximum inversion 
temperature (§ 25.VII A) of helium is about —173°, and the gas must be 
cooled below this temperature before expansion, which must then cool it 
below —267-8°. 

The original apparatus used by Onnes is shown diagrammatically ^ in 
Fig. 6.VI C (the complete diagram is very complicated). A volume of 200 lit. of 
helium was used. The gas was compressed to 100 atm., and passed through a 
water separator cooled by the vapour of liquid air in a Dewar vessel. The cooled 
helium gas divided through two tubes passing to regenerative coolers, the first 
cooled by helium vapour from the liquefier and the second by hydrogen vapour. 
The two streams of gas combined and passed through charcoal in a tube 
immersed in liquid air, to remove traces of air from the helium. The gas then 

1 Keesom, Comm, Leiden^ 1928, Suppl. 65/. 
2 y.C5., 1898, 73, 528; Ann, Chim., 1898,14, 145. 
3 Ann. Phys., 1896, 59, 184; 1905,17, 994. 
4 Nature, 1908, 78, 370; Compt. Rend,, 1908, 147, 421; Proc. K. Akad. Wetens. Amsterdam, 

1908, 11, 108 {Comm, Leiden, 108); 1926, 29, 1176 {Comm. Leiden, 158); Comm. Leiden, 1910, 
Suppl. l\a', ibid., 1922, Suppl. 45; Trans. Faraday Soc., 1922,18, 145; Crommelin, ibid., 1922, 
18, 175; for other descriptions of helium liquefaction, see Meissner (Reichsanstalt apparatus), 
Naturwiss., 1925, 13, 695; Phys. Z., 1926, 26, 689; 1928, 29, 610; McLennan, Nature, 1923, 
112, 135; Ruhemann, Z. Phys., 1930, 65, 67 (small scale); Simon and Ahlberg, ibid., 1933, 
81, 816; Kapitza, Proc. Roy. Soc., 1934,147, 189; Rollin, Proc. Phys. Soc., 1936, 48, 18; Kurti, 
Lain6, Rollin, and Simon, Compt. Rend., 1936, 202, 1421; Dixit, Current ScL, 1938, 6, 589; 
Sellier, Z. kompr. fliiss. Case, 1941, 36, 13, 39; Schallmach, /. Sci. Instr., 1943, 20, 195; Van 
Itterbeek, Meded. K, Vlaam. Acad. Wetens., 1943, No. 10; Bull. Intern. Inst, Froid, 1943, 24, 
Annex 9 (Louvain liq. He app,). 

An apparatus in which liquid helium temperatures are attained without complete liquefac¬ 
tion of the helium was described by Seiler, Z, Elektrochem., 1941, 47, 116; Ann. Phys., 1941, 
39, 129; on the manipulation of liquid helium, Meissner, Polanyi, and Schmid, Z. Phys., 
1930, 66, 477; Van Itterbeek, Nature, 1939, 143, 560; Physica, 1939, 6, 728; Simon, ibid., 
1940,7, 502; Anon., Nature, 1947,160, 736 (Collins app.). 

5 Burton, Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,” New 
York, 1940, 24, Fig. 8; for later apparatus, see Keesom, ” Helium,” Amsterdam, 1942,150 f., 
155 (solid He). 
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passed through a spiral cooled in liquid air, through a regenerator C cooled by 
hydrogen vapour, a spiral D cooled to —258° in liquid hydrogen, and then 
through a regenerator spiral A cooled by helium vapour. (In the actual 
apparatus, A and C were vertical and not side by side, as shown.) 

The helium was then expanded through a valve V, and partly liquefied in an 
unsilvered Dewar tube E, the helium vapour passing from B through a regen¬ 
erator (not shown) back to the compressor. The liquid hydrogen (20 lit. were 

used) was contained in a Dewar vessel cooled in liquid air, and could be siphoned 
to surround the cooling spiral D. The height of liquid hydrogen was checked 
by a helium gas thermometer in C, with a metal capillary passing to a mercury 
manometer. This liquid hydrogen was under the reduced pressure of 6 cm. Hg 
(—258°), the vapour being drawn off by a pump. The bulb of a second helium 
gas thermometer, containing gas below atmospheric pressure, was immersed in 
the liquid helium collecting in the Dewar vessel E, surrounded by a second one 
containing liquid hydrogen, which was in turn surrounded by a third one 

A.T.P.C.—17 
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containing liquid air. These were unsilvered and the whole was surrounded by 
a vessel of alcohol to prevent deposition of moisture. 

The liquid was kept in a Dewar vessel immersed in another containing liquid 
hydrogen, and this in turn in a third Dewar vessel containing liquid nitrogen. 
In his first experiments Onnes obtained 60 c.c. of liquid helium. By reducing 
the pressure to 3 cm. Hg he reached a temperature of —271*6°. 

In an apparatus designed by Kapitza ^ liquid hydrogen is not used for pre¬ 
cooling, but liquid air or nitrogen, the first temperature drop being effected in 

an expansion engine (§ 4) to below the 
inversion point, after which the Joule- 
Thomson effect is used. 

Onnes found that liquid helium boiling 
at 0*82° K. under reduced pressure did 
not solidify.2 Solid helium was first ob¬ 
tained by Keesom ^ by a method pre¬ 
viously used with hydrogen by Onnes and 
van Gulik.^ Helium was compressed in a 
narrow brass tube cooled in liquid helium, 
and at 130 atm. the tube became blocked 
by solid. In a glass tube with a magnetic 
stirrer, the latter was found to stick when 
the strongly cooled liquid was compressed. 
No line of demarcation could be seen be¬ 
tween solid and liquid. The solidification 

^ curve (Fig. 7.VI C) was traced from 1 *1° K. 

FIG.7.VIC. Phase Diagram for Helium (20 atm.) to 4-2° K. (140 atm.). At low 
temperatures it bends and tends to run 

horizontal, and helium has no ordinary triple point. At B there is a change 
of slope, when a second form of liquid helium appears.^ The triple point 
(solid, liquid I, liquid II) at 2*3° K. was established by a cooling curve. 

Helium thus shows very remarkable properties from the point of view of 
phase transitions. The gaseous, liquid, and solid forms are all known, but 
the solid form does not exist at the ordinary atmospheric pressure, and can be 
obtained only by cooling the liquid under pressure. The liquid can, therefore, 
exist at very low temperatures, and probably (under the very low pressure of 

1 Proc. Roy. Soc., 1934, 147, 189; Nature, 1934, 133, 708; Hausen, Z. Res. Kalte-Ind., 1941, 
48, 24; Lane, Rev. Sci. Jnstr., 1941, 12, 326; Meissner, Phys. Z., 1942, 43, 261; Keesom, 
“ Helium,” Amsterdam, 1942, 165 f. 

2 Trans. Faraday Soc., 1922, 18, 145 {Comm. Leiden, 159). 
3 Nature, 1926, 118, 81; Compt. Rend., 1926, 183, 26, 189 {Comm. Leiden, 1926, 1846); 

Natuurw. Tijds., 1929,11, 65; Proc. K. Akad. Wetens. Amsterdam, 1932, 35, 136 {Comm. Leiden, 
2l9a\ 0*7° K.); Z. ges. Kdlte-Ind., 1933, 40, 49; Simon, Ruhemann, and Edwards, Z. phys. 
Chem., 1929, 2B, 340; 1929-30, 6 B, 62; on Keesom (with portrait), Vcrschaffelt, Physica, 
1929,9, 1. 

^ Comm. Leiden^ 1926, 184a; van Gulik and Keesom, ibid., 1928, 1926; Keesom and 
Lisman, ibid., 1931, 213^; 1932, 221a. 

5 Keesom and Wolfke, Comm. Leiden, 1927, 1906; Keesom and Clusius, ibid., 1931, 2166; 
1932, ll9e,f; Keesom, ibid., 1932, Suppl. 71e; Keesom and Keesom, ibid., 1932,12ld', 1933, 
224/, Suppl. 75a, 766; Physica, 1933, 1, 128; 1935, 2, 557; 1936, 3, 105, 359; Keesom and 
Taconis, ibid., 1937, 4, 28, 256; Simon, Nature, 1934, 133, 529; Kaischew and Simon, ibid., 
1934, 133, 460; Schubnikow and Kikoin, Sow. Phys. Z., 1936, 10, 119; Bijl, Physica, 1937, 4, 
329; Allen and Jones, Nature, 1939, 143, 227; Satterly, Rev. Mod. Phys., 1936, 8, 347 (dia¬ 
gram); Burton, Smith, and Wilhelm, “Phenomena at the Temperature of Liquid Helium,“ 
New York, 1940, 60. See §8. VIII E, Vol. IL 
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the vapour) it could exist at absolute zero. Helium does not, therefore, show 
a triple point, since the fusion and evaporation curves never intersect. 

Still more remarkable is the existence of two different kinds of liquid helium, 
called He I and He II, which differ in density, surface tension, viscosity, dielectric 
constant, thermal conductivity, etc.,i one form changing sharply into the other 
at a so-called yl-point of 2-19° K. Just below this point the specific heat curve 
rises steeply; just above it, the curve falls again to a normal value. 

§ 8. Low-temperature Baths (Cryostats) 

Low-temperature thermostats, or cryostats, for various temperatures are 
described. At 0^" ice is used;^ for temperatures below O'" various freezing 
mixtures are formed by mixing ice with different salts,^ the commonest being 
ice and common salt (—18°).'^ A mixture of 3 parts of CaCl2,6H20 and 
2 parts of dry snow reaches —40''C., when mercury (m.p. —38*9®) freezes.^ 
Snow or ice and concentrated hydrochloric acid can be used,^ and a mixture 
of Glauber’s salt (Na2SO4,10H2O) and concentrated hydrochloric acid 
(—18*6'').'^ The eutectic mixtures or “cryogens” of ice and various salts 
were investigated by Guthrie,** covering the range —9*85° to —24*9°; the theory 
of freezing mixtures was discussed by Porter and Gibbs.^ Mixtures of crystals 
of washing soda (Na2CO3,10H2O) with nitrates of copper, lead, bismuth, 
and aluminium, liquefy and produce temperatures as low as —18°.^*^ 

For lower temperatures, solid carbon dioxide is very convenient. The dry 
solid is a poor conductor of heat. Awbery found that the temperature of 
solid carbon dioxide crushed into small pieces may fall to —95*5° by evapora¬ 
tion, and is not constant throughout the mass. The solid is usually made into a 
paste with a liquid such as ether, acetone, alcohol, toluene,^^ or trichlorethylene.^^ 
Prevention of frothing in solid C02-acetone baths was described by McGregor. 

According to Cailletet and Colardeau solid carbon dioxide in air has a 

1 Ehrenfest, Comm. Leiden, 1933, Suppl. lSb \ Keesom and Keesom, Proc. K. Akad. Wetens. 
Amsterdam, 1933, 36, 612; London, Phys. Rev., 1938, 54, 947; J. Phys. Chem., 1939, 43, 49; 
Keesom, “Helium,” Amsterdam, 1942, 218, 220, 255 f.; Kapitza, J. Phys, U.S.S.R., 1944, 
5, 59; Landau, ibid., 1944, 5, 71; Anon, Nature, 1947, 160, 736. 

2 Morse, Amer. Chem. J., 1911, 45, 383; Cohen, Z. phys. Chem,, 1911, 75, 475; Foote and 
Akerlof, Ind. Eng. Chem. Anal., 1931, 3, 389; see § 5. VJ A. 

3 R6aumur, Mem. Acad. Sci., 1734, 167; Walker, Phil. Trans., 1788, 78, 395; 1789, 79, 
199; 1795, 85, 270; 1801, 91, 120; abdgd. edit., 1809, 16, 501, 579; 17, 560. 

^ Archibald, J.A.C.S., 1932, 54, 3886; Gortner, Science, 1914, 39, 584, found —21®; 
cryostat, Walton and Judd, J. Phys. Chem., 1914,18, 717. 

5 Graham, “ Elements of Chemistry,” 2nd edit., 1850,1,46, 218. 
6 Witz, Compt. Rend., 1876, 82, 329; Pfaundler, J.C.S,, 1876, 30, i. 867; ii, 39. 
7 Szydlowski, Wien Ber., 1907, 116, IIA, 855. 
8 Phil. Mag., 1875, 49, 269; 1876, 1, 49. Gay-Lussac, Ann. Chim., 1822, 21, 82, was able 

to freeze mercury by a mixture of ice and salt in vacuum, the water vapour being absorbed by 
sulphuric acid. 

9 Phn. Mag., 1922, 44, 787. 
10 Walton, Phil, Mag., 1881,12, 290. 
n J. Sci. Jnstr,, 1932, 9, 200. 
32 Ether was used by Faraday (§1); acetone by D’Arsonval, Compt. Rend., 1901, 133, 980; 

toluene by Trautz and Gerwig, Z. anorg, Chem., 1924, 134, 409; Cameron, Rev. Sci. Jnstr., 
1933,4, 610; Denslow, Chemist-Analyst, 1937,26, 33. 

33 Beatty, Science, 1946, 103, 235. 
3^ Science, 1945, 102, 648. 
IS Compt. Rend., 1886, 106, 1489, 1631; cf. Landolt, Ber., 1884, 17, 309; Lorenz, Z. ges, 

Kdlte-lnd,, 1896, 3, 148, 191, 211, 231; Mollier, ibid., 1896, 3, 63, 90; Du Bois and Wills, 
Verhl, d, D, Phys. Ges., 1899, 1, 168; Behn, Ann. Phys., 1900, 3, 733; Travers and Gwyer, 
Z. phys, Chem., 1905, 52, 433 (who say ether is no better than alcohol); Thiel and Caspar, 
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temperature of —60° and in vacuum —76°; a paste with ether has a temperature 
of —77° in air and —103° in vacuum. With other liquids the temperatures in 
air arer CHaCl —82°, SO2 —82°, amyl acetate —78°, PCI3 —76°, absolute 
alcohol —72°, C2H4CI2 —60°. In vacuum these mixtures mostly solidify. 
Methyl chloride alone can be used ^ to —38°. 

The temperatures given by Cailletet and Colardeau are all too high: some 
other results are: (i) solid carbon dioxide in air —78-16°,^ —78-34°,^ —78*2°,^ 
-80°,5 --79°,6 --784°,7 -78*35°,8 -78*483°; ^ (ii) solid carbon dioxide and 
alcohol —78-6,10 —78.34; 7, 8 carbon dioxide and ether —79°,^ 
—78*26°,^ —79*5.11 Du Bois and Wills,i2 with solid carbon dioxide under 
5-mm. pressure, obtained a temperature of —124°. Carbon disulphide frozen 
in liquid air 1^ has a temperature of —112°, and liquid methane —164°. 

For still lower temperatures, liquid oxygen, nitrogen, or air can be used. 
Normal liquid air has a temperature 1^ of —194*4° (not —193° as commonly 
stated), but its temperature, of course, depends on its composition. Behn 
and kiebitz i^ measured the temperature of liquid air by its density, found by a 
series of small calibrated silica glass floats, using Baly’s i^^ figures for the rela¬ 
tion between composition and boiling-point. On the International Tempera¬ 
ture Scale the b.p. of oxygen at a pressure ofp mm, is: 

-182*970+0*0126 (p-760)-0-0s65 (p-760)2. 

The b.p. of nitrogen at 760 mm. is —195*81° or —195*787°. The triple 
points (solid+liq.+gas) are: oxygen 54*24+0*04° K., 1*20+0*05 mm.; 
nitrogen 63*09° K.,/;=93*91+0*05 mm., or —219*994° C. and 9*401 cm. Hg. 

In low-temperature cryostats, some kind of low-freezing-point liquid, gener¬ 
ally a mixture, is used. Liquid air (or oxygen or nitrogen) cooling,^! usually 

ibid,^ 1914, 86, 257; Thiel and Schulte, ibid.y 1920, 96, 312; Michels, Blaisse, and Koens 
Physica, 1942, 9, 356. 

1 Moissan, Compt. Rend,, 1901,133, 786; Cohen and Olie, Z,phys, Chem., 1910, 71, 394. 
2 Regnault, Ann. Chim., 1849, 26, 257. 
3 Zeleny and Zeleny, Phys. Z., 1906, 7, 716. 
4 Zeleny and Smith, Phys. Z., 1906, 7, 667. 
5 Pictet, Arch. Sci. Phys. Nat., 1878, 61, 16; Ann. Phys. Beibl., 1878, 2, 131. 
6 Villard and Jarry, Compt. Rend., 1895,120, 1413. 
7 Holbom, Ann. Phys., 1901, 6, 242. 
8 Average value adopted by Thiel and Caspar, Z. phys. Chem., 1914, 86, 257 (bibl. of 14 

authors); Thiel and Schulte, ibid., 1920, 96,312; Kannuluik and Law, J. Sci. Instr., 1946,23,154. 
^ Heuse and Otto, Ann. Phys., 1931, 9, 486; in ibid., 1932, 14, 185, they give — 78-47P; 

Aoyama and Kanda, J. Chem. Soc. Japan, 1934, 55, 15, found —78-5P; for apparatus for 
dry-ice cooling, see Brown, J. Franklin Inst., 1945, 240,487. 

10 Ladenburg and Krugel, Ber., 1899, 32, 1818. 
n Archibald and McIntosh, J.A.C.S., 1904, 26, 305. 
12 Verhl. d. D. Phys. Ges., 1899,1, 168. 
13 Stock, Ber., 1913,46, 1971. 
H Kcyts,J.A.C.S., 1941, 63, 3545. 
15 Ann. Phys., 1903, 12,421. 
16 Phil. Mag., 1900, 49, 517; for modern values, see Dodge and Dunbar, J.A.C.S., 1927, 

49, 591; for temperatures below the b.p. of oxygen, Hoge, in “ Temperature. Its Measure¬ 
ment and Control,” New York, 1941, 141. 

17 Burgess, Bur. Stand. J. Res., 1928, 1, 635; Heuse and Otto, Ann. Phys., 1932, 14, 185 
(b.p. -182*965‘^; N2 -195*814°; CO -191-484"); Anon., Nature, 1949, 163, 427. 

18 Justi, Ann. Phys., 1934, 10, 983. 
19 Keesom and Bijl, Proc. K. Akad. We tens. Amsterdam, 1937, 40, 235; Physica, 1937, 4, 

305 (bibl.). 
20 Ruhemann and Lichter, Sow. Phys. Z., 1934, 6,139; Ruhemann, Lichter, and Komarow, 

ibid., 1935. 8, 326. 
21 Plotnikow, Z. phys. Chem., 1905, 53, 605; McIntosh and Steele, ibid., 1906, 55, 129; 
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applied to some low-freezing-point liquid such as pentane (when precautions 
must be taken to avoid explosions from the mixing of the oxygen with pentane 
vapour) is common. For still lower temperatures, liquid hydrogen ^ is used, 
and at still lower temperatures liquid helium,'^ For various kinds of low tern- 
perature cryostats, reference must be made to the literature. ^ A constant triple 
point of hydrogen is only found with a small amount of liquid present, other¬ 
wise there is a temperature gradient in the liquid. 

Between the temperatures of liquid nitrogen and hydrogen and liquid hydrogen 
and helium, there are gaps not covered by other liquid gases. Temperatures in 
the second of these ranges may be attained by Simon’s ^ desorption method. 

Stoltzenbcrg, ibid., 1910, 71, 649; Stock, Ber., 1913, 46, 1971; Henning, Z. Instr., 1913, 33, 
33; Germann, Phys. Z., 1913, 14, 857; Holst and Hamburger, Z. phys. Chem., 1916, 91, 513; 
Holborn and Otto, Z. Phys., 1924, 30, 320; Jackson, J. Sci. Instr., 1925, 2, 158; Walters and 
Loomis, J.A.C.S., 1925, 47, 2302 (to -180^); Patterson, Phil. Mag., 1926, 2, 383; Southard 
and Andrews, J. Franklin Inst., 1929, 207, 323; Egerton and Ubbelohde, Trans. Faraday Soc., 
1930, 26, 236; MacGillivray and Swallow, J. Sci. Instr., 1930, 7, 257; Scott and Brickwedde, 
Bur. Stand. J. Res., 1931, 6, 401; Shepherd, ibid., 1938, 21, 831; Peters, Chem. Fabr., 1934, 7, 
47; Baldeschwieler and Wilcox, Ind. Eng. Chem. Anal., 1939, 11, 221; for a constant tempera¬ 
ture apparatus in dry air at —180°, see Cioffi and Taylor, J. Opt. Soc. Amer., 1922, 6, 906; 
Bose, Indian J. Phys., mi, 21, 275. 

t Onnes, Proc. K. Akad. Wetens. Amsterdam, 1902, 5, 505, 628 {Comm. Leiden, 83); 1905-6, 
8, 75, 77, 79, 82 {Comm. Leiden, 94); 1917, 19, 1049 {Comm. Leiden, 15L/); Nernst, Z. Elekiro- 
chem., 1911,17, 735; Latimer, Buffington, and Hoenshel,/./(.C.-S*., 1925, 47, 1571; Ruhemann, 
Z. Phys., 1930, 65, 67; Aoyama and Kanda, J. Chem. Soc. Japan, 1934, 55, 23 (—250°). 

2 Onnes, Proc. K, Akad. Wetens. Amsterdam, 1911-12, 14, 204 {Comm. Leiden, 123^7); 
Z. angew. Chem., 1913, 26, iii, 813; Onnes and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 
1921, 23, 1185 (Comm. Leiden, 154r); Mendelssohn, Z. Phys., 1931, 73, 482; Justi, Ann. Phys.. 
1931,9, 570; Daunt and Mendelssohn, Proc. Phys. Soc., 1938,50, 525; Alekseev and Shalnikov, 
J. Exptl. Theor. Phys. U.S.S.R., 1946, 16, 361. 

^ D’Arsonval, Compt. Rend., 1901, 133, 980; Timmermans, Proc. Roy. Dublin Soc., 1912, 
13, 310; von Siemens, Ann. Phys., 1913, 42, 871; Henning, Z. Instr., 1913, 33, 33; Cardoso, 
Arch. Sci. Phys. Nat., 1913, 36, 97; 1915, 29,400;/. Chim. Phys., 1915,13, 312; Meissner, Ann. 
Phys., 1915, 47, 1001; Stock, Ber., 1920, 53, 751; Henning and Stock, Z. Phys., 1921, 4, 226; 
Maass and Wright, J.A.C.S., 1921, 43, 1098; Taylor and Smith, ibid., 1922, 44, 2450; Keyes, 
Taylor, and Smith, /. Math. Phys. Mass. Inst. Techn., 1922, 1, 211; Walters and Loomis, 
J.A.C.S., 1925, 47, 2302 (liq. air; short bibl.); Trautz and Gerwig, Z. anorg. Chem., 1925, 
146, 1; Jackson, /. Sci. Instr., 1925, 2, 158; Sligh, J. Opt. Soc. Amer., 1925, 10, 691; Meissner, 
in Geiger and Scheel, “ Handbuch der Physik,” 1926, 11, 272; Dana. Burdick, and Timm, 
Refrig. Eng., 1926, 12, 387; Kanolt, Bur. Stand. Bull., 1926, 20, 619 {Sci. Pap. No. 520); 
Simon et al, Ber., 1927, 60, 568; 1928, 61, 2173; Maass and Barnes, J.A.C.S., 1927, 49, 360; 
Andrews and Southard, J. Franklin Inst., 1929, 207, 323; Zintl, Ber., 1930, 63, 234; Schatten- 
stein, Z. anorg. Chem., 1930, 193, 187 (32 refs.); Z. Elektrochem., 1934, 40, 653; Bartlett^/ 
al., J.A.C.S., 1930, 52, 1363; Scott and Brickwedde, Bur. Stand. J. Res., 1931, 6,401; 
Monosson and Pleskow, Z, phys. Chem., 1931, 156, 176; Feher, Z. Elektrochem., 1932, 38, 
53; Lundstrom and Whittaker, Ind. Eng. Chem, Anal., 1932, 4, 294; Romberg, Chem. Fabr., 
1932, 89; Kambara and Matsui,/. Soc. Chem. Ind. Japan, 1933, 36, suppl. bdg. 134; Deitz, 
J.A.C.S., 1933, 55, 472 (Al block); Southard and Brickwedde, ibid., 1933, 55, 4378; Lalande, 
J. Chim. Phys., 1934, 31, 439 (theory and bibl.); Adenstedt, Ann. Phys., 1936, 26, 69; Heisig, 
Ind. Eng. Chem. Anal., 1936, 8, 149 (solid CO2, +25° to —75°); Blaisse, Cooke, and Hull, 
Physica, 1936, 6, 231; Ruhemann, “ Lx)w Temperature Physics,” Cambridge, 1937; Blue and 
Hicks,/./4.C.5., 1937, 59, 1962; Kurte and Voana, Zavadskaya Lab., 1937, 6, 107; Booth and 
Bozorth, Ind. Eng. Chem., 1937, 29, 470; Roper,/.Z.C.5., 1938, 60, 1693; Thode, ibid., 1940, 
62, 581; Temperature: its Measurement and Control in Science and Industry,” New York, 
1941; Tarbutton, Egan, and Frary, J.A.C.S., 1941, 63, 1782; Van Itterbeek and de Bock, 
Physica, 1946,12, 163; Aston and Fink, Chem. Rev., 1946, 39, 357; Collins, Phys. Rev., 1946, 
70,98 (He cryostat); Rev. Sci. Instr., 1947,18,157; Tunnicliff, Anal. Chem., 1948, 20,962, 

4 Messerly,/.Z.C.5., 1941, 63, 1487. 
5 Z. ges. Kdlte-Ind., 1927, 34, 217; Phys. Z., 1926, 27, 790; 1934, 87, 815; Justi, Ann. Phys., 

1931,9, 570 (50° K. to 112® K.); Z. Phys., 1933,87,273; Van Itterbeek and Vereycken, Physica, 
1936, 3, 954. 
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Helium is adsorbed on charcoal in a vessel cooled in liquid hydrogen, with 
helium gas in a space between the two to conduct away the heat liberated. This 
gas is then pumped out, leaving a non-conducting gap, and the helium is 
desorbed from the charcoal by powerful pumping, when the temperature can 
be lowered as far as the boiling-point of helium- By adsorbing under pressure,^ 
the heat absorbed in expansion is also utilised, and the temperature can be 
lowered to 1 *5 K. Another type of apparatus, working on the principle of a 
micro-Linde apparatus,^ will bridge both gaps. 

§ 9. Very Low Temperatures 

Since about 1930 there have been great advances in the attainment of very 
low temperatures, with a corresponding increase of knowledge in many direc¬ 
tions. It was well said by M. and B. Ruhemann ^ that: ‘"Half a century's 
experience has taught us that as long as we are in a position to attain yet lower 
temperatures, there will always be something of interest to study there, even if 
it is but those processes with the help of which the temperature has been lowered. 
No one seriously believes that because five-thousandths of a degree is the lowest 
limit hitherto reached, there is no point in attempting to go farther.” 

By the rapid evaporation of liquid helium, Keesom ^ in 1932 reached the 
temperature of 0-7L K., but a limit was set to this method by the circumstances: 
(i) at very low temperatures the vapour pressure of liquid helium is lower than 
the pressure attainable by the best vacuum pump, (ii) the heat entering the 
system from the surroundings may reach the maximum amount of heat which 
can be extracted by the evaporating liquid. Temperatures below this point, 
and closely approaching absolute zero, were first attained by the new method of 
adiabatic demagnetisation due to Debye ^ and Giauque.^ 

§ 10. Magnetic Susceptibility 

Of the theory of magnetic susceptibility, only enough will be given here as is 
required to make clear the method of attaining very low temperatures.^ 

1 Mendelssohn. Z. Phys., 1931,73,482. 
2 Ruhemann, Z. Phys., 1930, 65, 67; “ Low Temperature Physics,” Cambridge, 1937, 49; 

cf. Crawhall, “ Very Low Temperatures,” 1936 (Sci. Mus., London), 4, 8. 
5 “ Low Temperature Physics,” 1937, preface. 
^ Proc, K, Akad. Wetens. Amsterdam, 1932, 35, 136. 
5 Ann. Phys., 1926, 81, 1154 (theory); 1938,32, 85. 
« J.A.C.S., 1927, 49, 1864, 1870. 
7 Cans, Ann. Phys., 1915, 49, 149 (theory of dia-, para-, and meta-magnetism); Eger, 

Z. Metallkde, 1914, 5, 278; 1914, 6, 89; 1914, 7, 93; 1919, 10, 82 (metals and alloys); Reiche, 
Ann. Phys., 1917, 54, 401 (old quantum theory of paramagnetism); “ Report of the Committee 
on Theories of Magnetism of the National Research Council,” Washington, 1922; Weiss and 
Fodx, ” Le Magn6tisnie,” Paris, 1926; E. C. Stoner, ” Magnetism and Atomic Structure,” 
1926; “Magnetism,” 1930, 3rd edit,, 1946; “Magnetism and Matter,” 1934; Cabrera, 
/. de Phys., mi, 8, 257; An. Fis. Quim., 1928, 26, 50; Stoner, ScL Progr., mi, 21, 600; 
Proc. Phys. Soc., 1930, 42, 358; Allen, ibid., 1930, 42, 372; Powell, ibid., 1930, 42, 390; Bates, 
ibid., 1930, 42, 441; Congress on Magnetism, 6^Conseii Solvay {Physique), 1932; Van Vleck, 
“ Theory of Electric and Magnetic Susceptibilities,” Oxford, 1932; reports by various authors 
in Rapport Cons. Solvay Phys. (1930), Paris, 1932; summary of Leiden work by Gorter, Arch. 
Mus. Teyler, 1933, 7, 183; Grimm and Wolf, Magnetochemie, in Geiger and Scheel, “ Hand- 
buch der Physik,” 1933,24, ii, 1119; Bhatnagar zmd Mathur, “ Physical Principles and Applica¬ 
tions of Magneto-Chemistry,” 1935; Klemm, “ Magnetochemie,” Leipzig, 1936; for several 
papers on magnetism, see Sci. Rep. Tdhoku Imp. Univ., 1936, Honda Anniversary Volume; 
Jellinek, “ Lehrbuch der physikalischen Chemie,” 1937,5,629; Robey and Dix, J. Chem. Educ., 
1937,14, 414; Bhatnagar, Sci. and Culture, 1938,3,466; Selwood, “ Magnetochemistry,” New 
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In 1778 Brugman,^ of Leiden (where much of the latest work on the subject 
has been done), noticed that a floating piece of bismuth is repelled by a pole of a 
magnet, and Becqucrel ^ found that antimony repels, and is repelled by, a 
magnetic pole. Faraday ^ (who quite inadequately mentions the earlier 
workers) used a powerful electromagnet, and found that all substances are 
acted upon, some being attracted and called by him paramagnetic^ others 
repelled and called diamagnetic, Tyndall’s researches on “ magnecrystallic 
action ” were summarised by Bragg.^ If the pole strength of a bar magnet of 
length I and cross-section ah m, the magnetic moment is ml, and the quotient 
of this by the volume, or the moment per cm.^, is called the intensity of mag^ 
netisation (or magnetic polarisation),^ J^mljal^mla (=pole strength-r area 
of pole surface). If this were due to the material of the magnet being put into 
a magnetic field of strength H, the ratio //H=/c is called the magnetic sus¬ 
ceptibility of the material. The dimension of /c is a volume; if J is in e.g.s. 
units and H in 0rsteds, k is in cm.^ The Orsted is i^ Anni, where n=turns of 
wire per cm. on a solenoid, /—current in amp. 

The field strength H may be defined by the number of magnetic lines of force 
crossing 1 cm.^ of area in the field in vacuum. Inside the material put into the 
field this number will be different, and is equal to the magnetic induction B. 
Since each unit pole generates Att lines of force: 

B=H+47rJ.(1) 

/. B/H=l+47r//H=l-f477/c. 

The unit of B is the gauss. The ratio B/H is called the permeability /x, hence: 

P^I+Attk.(2) 
The unit <5 of fx is [gauss]/[0rsted]. If B>H it follows that jLt>l, hence k is 
positive for paramagnetic substances; if B<H, fx<.\ and k is negative for 

York, 1943; Klemm, Z. Elektrochem., 1945, 51, 14 (review; inorganic compounds); MUller, 
ibid., 1945, 51, 23 (review; organic compounds); Ray and Sahu, J. Indian Chem. Soc., 1946, 
23,161 (salts); Bozorth, Rev. Mod. Phys., 1947,19, 29; for the physical aspects of magnetism, 
see, e.g., F, Auerbach, in L. Graetz, “ Handbuch der Elektrizitat und des Magnetismus,” 
Leipzig, 1920, 4, 1, 711; Auerbach, “ Modern Magnetics,” transl. Booth, 1925; Schmidt, in 
Chwolson, ” Lehrbuch der Physik,” 2nd edit., 1927, 4, ii, 424; Geiger and Scheel, “ Handbuch 
der Physik,” 1927, 15, 147 (Steinhaus), 222 (Gumlich); 1927, 16, 679 (Steinhaus), 688 (Gum- 
lich); Peddie, “ Molecular Magnetism,” 1929; Klemm, Z. an^eyv. Chem., 1931, 250; 1935, 
48, 617; Vogt, Magnetismus der mctallischen Elemente, in Ergebn. d. exakt. Naturwiss., 
1932, 11, 323; Kussmann, Z. Metallkde., 1933, 25, 259; 1934, 26, 25; Gmelin, ” Handbuch 
der anorganischen Chemie,” 8th edit., 1934, 59 A, 1421; Vogt, Z. angew. Chem., 1935, 48, 
734; Sugden, J.C.S,, 1943, 328; summary of earlier magneto-chemical papers by Cabrera, 
J. Chim. Phys., 1918, 16, 444. 

1 ” Magnetismus seu de affinitatibus magneticis observationes,” Leiden, 1779; Poggendorff, 
Ann. Phys., 1827,10, 293; Henrichson, ibid., 1888,34, 180. 

2 Becquerel, Ann. Chim., 1827, 36, 337; Le Baillif, Bibl. Univers., 1829, 40, 82. 
3 Phil. Trans., 1846, 136, 21; 1851, 141, 7; Phil. Mag., 1847, 31, 401; Ann. Phvs., 1847, 

70, 24; 1848, 73, 256; 1851, 82, 327; Pliicker, Ann. Phys., 1848, 73, 549; Weber, ibid., 1848, 73, 
241 (theory of magnetism). 

^ Proc. Roy. Inst., 1927, 25, 161; Tyndall, Phil. Trans., 1855, 145, 1; 1856, 146, 237; “ Re¬ 
searches on Diamagnetism and Magnecrystallic Action,” 1870; for magnetic properties of 
crystals, see Voigt, ” Lehrbuch der Kristallphysik,” Leipzig, 1928, 468, 505; Krishnan et al., 
Phil. Trans., 1933, 231, 235; 1935, 234, 265; 1936, 235, 343; Lonsdale, Sci. Progr., 1938, 32, 
677; Selwood and Parodi, J. Chem. Educ., 1947, 23, 574. 

5 The symbol M is sometimes used for J, and the symbol a is sometimes used for the surface 
density of magnetisation; in the case considered this is identical with 7; for another use, see 
§14. 

^ On the ” dimensions ” of fi, etc., see e.g. Kennelly, Proc. Amer. Phil. Soc., 1931, 70,103; 
1933, 72, 39; Kaye and Laby, “ Tables of Physical and Chemical Constants,” 1948, 8. 
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diamagnetic substances. The relation of para- and ^/a-magnetism to the 
ratio B/H was explained by Faraday. For dia- and para-magnetic materials, 
fc is a constant; for ferromagnetic materials it depends on H. The suscepti- 
tibility k is the moment per cm.^; the mass susceptibility (susceptibility per 
gram) is where p=density in g./cm.^, and the molar susceptibility 
Xm—Mx^MKlp^KV^y where M=molar weight, and F^=molar volume.^ 

§ 11. Curie’s Law 

It has long been known that the strength of a magnet decreases at higher 
temperatures, and at a red heat a steel magnet loses its magnetism. A very 
simple law relating the magnetic susceptibility to the absolute temperature was 
discovered by Curie: ^ x^^/T, where C is a constant. Curie’s law applies 
strictly only to a dilute system such as a paramagnetic gas (of which very few, 
notably O2 and NO, are available). Curie himself tested the law with the 
results of Wiedemann ^ and of Plesser ^ on solutions of paramagnetic salts. 
Wiedemann measured the force F of attraction in a magnetic field H and 
verified the formula F=^aMH\ where a is the mass of the body and M the 
moment induced by unit field. He showed for various salts that the moment 
(which, in arbitrary units, he called the specific magnetism) is proportional to 
the concentration, as had been found before by Plucker (1848), the magnetism 
(or diamagnetism) of the solvent being involved additively. The product of the 
specific magnetism by the molecular weight, or the molecular magnetism, was 
found to be the same for different salts of a metal with the same valency: 

Chloride Nitrate Sulphate Mean 
Ferrous . 38-58 38-62 39-04 38-7 
Ferric . 96-33 94-10 92-97 94-5 

In this case, for equal weights of metal, the ferric salts are 1 *24 times as magnetic 
as the ferrous. The same values were found for crystalline salts. Complex 
salts (e.g. ferro- and ferri-cyanides) gave much smaller values, K4Fe(CN)5 

being, as Faraday had found, diamagnetic. Wiedemann found that the mag¬ 
netism of solutions decreased with rise of temperature, and for different sub¬ 
stances by the same fraction of the value at 0° for T rise in temperature. If 
Mo=100, then 100—0-325/, the coefficient being nearly the same as that 
giving the decrease of electrical conductivity of a pure metal with rise of tem¬ 
perature. Curie in all cases found approximate agreement with his law, but 
the ranges of temperature were fairly small. 

Onnes ^ made the important suggestion that crystalline salts, in which the 
paramagnetic ions are largely “ diluted ” with diamagnetic ions and molecules 
of water of crystallisation, might be expected to behave like dilute solutions, 

* Van VIeck uses x for k and Xmou f^^ 
2 Compt, Rend., 1892,115,1292; 1^4,118,1134; Ann. Chim., 1895,5.289-405; “ Oeuvres,” 

Paris, 1908, 232; Larmor, “Mathematical and Physical Papers,” Cambridge, 1929, 2, 115, 
735; Kanzler, Ann. Phys., 1939, 36, 38 (compressed O2); Burris and Hause, J. Chem. Phys., 
1943, 11, 442 (O2, NO). 

3 Ann.Phys., 1865,126, 1; 1868,135, 177; 1878,7,45; 1887, 32, 452; earlier experiments by 
Plucker, ibid., 1848, 74, 321; 1854, 91, 1; 1886, 27, 376, used the magnetic balance method 
usually attributed to Gouy, Compt. Rend., 1889,169, 935. Bequerel, Ann. Chim., 1850, 28, 
282; 1851, 32, 68; 1855, 44, 209, also made many measurements. For permeabilities at low 
temperatures, see Dewar and Fleming, Proc. Roy. Soc., 1896-7,60, 57. 

4 Ann. Phys., 1890, 39, 336; Henrichsen, ibid., 1888, 34, 180; 1892, 45, 38, made many 
measurements with organic compounds. 

5 Onnes and Perrier, Comm. Leiden, 1911,122a. 
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and Onnes and Oosterhuis confirmed Curie’s law for ferric alum between 
14*7° K. and 290° K., in which interval x varies from 30 x 10“^ to 600 x 10“^, 
but xT is constant at about 880x 10“5 to ±0*5 per cent. Similar results were 
found by Jackson ^ for hydrated manganese ammonium sulphate; by Onnes, 
Perrier, and Oosterhuis 2 for hydrated gadolinium sulphate; by Leiterer ^ for 
chromium salts; and by Giauque and MacDougall ^ for gadolinium phos- 
phomolybdate. By using this device, the magnetic moments of many para¬ 
magnetic ions have been determined. The absorption spectra show that the 
rare earth ions behave, in fact, like ions in the gaseous state under the influence 
of external electric fields.^ Oxley ^ explained deviations from Curie’s law by 
the formation of aggregates of particles. 

§ 12. Weiss’s Law 

For many paramagnetic substances 1/x is a linear function of temperature, 
as required by Curie’s law, but on extrapolation to r=0, the line does not pass 
through the origin as Curie’s law requires, but cuts the temperature axis at some 
point above or below the absolute zero. This behaviour is shown by compressed 
and liquid oxygen, many concentrated solutions, and many crystalline salts. 

This result may, as Weiss ^ showed, be represented by the equation: 

x-c/(r-@) or i/x=r/c-« 
where & (sometimes denoted by A) is the temperature of intersection of the 
1/x line with the Taxis, and is called the Curie point, and n^&jC. The table 
below gives some values ^ of 0, and it is seen that the agreement is often 
unsatisfactory, probably owing to the presence of traces of impurities. 

Fe2(S04)3 CuS04 C0SO4 MnS04 FCSO4 FeCh MnCh NiCb 
-~79-5(T.) -72(1.) -29-9(T.)-19 0(T.) -160(1.) +204 +3-1 (T.) +70 0(1.)'* 
-73 0 (I.) (W. & W.) +21 0(1.) +94 0(1.)^ 

+77*6 (T.) 
+670(W.) 

a Below 220'’ K. b Above 220° K. 

Weiss’s law was verified by Jackson and Onnes ^ for crystals at low tempera¬ 
tures. The Curie point may be expected to be sharply defined; an interval of 
temperature has been ascribed to inhomogeneity of material.^ supposed 

1 Phil, Trans., 1923, 224, 1, 
2 Onnes and Perrier, Comm. Leiden, 1911, 122^7; 1914, 139(7; Oosterhuis, ibid., 1914, 1396; 

Perrier and Onnes, ibid., 1914,139c: Oosterhuis, Phys. Z., 1913, 14, 862; Fo6x, Compt. Rend., 
1913, 157, 1145. 

3 Z. phys. Chem., 1936, 36 B, 325. 
4 J.A.C.S., 1938, 60, 376. 
5 Freed and Spedding, J.A.C.S., 1930, 52, 3747; Spedding and Nutting, ibid., 1933, 55, 

496; see § 17. 
<» Proc. Cambr. Phil. Soc., 1912, 16, 486. 
7 Compt. Rend., 1907, 144, 25; Ann. de Phys., 1914, 1, 134; summary by Stern, Phys. Z., 

1911,12, 935; Z. Phys., 1920,1,147; Kunz, Phys. Rev., 1915, 6. 113; Honda, Sci. Rep. Tdhoku 
Imp. Univ., 1932, 21, 332; Gorter, Phys. Z., 1932, 33, 546. On Weiss, see Fo€x, Ann. de 
Phys., 1945, 20, 111. 

8 From Ishiwara (I.), Scl. Rep. Tdhoku Imp. Univ., 1914, 3, 303; Honda and Ishiwara, ibid., 
1915, 4, 215; Th6odorid6s (T.), Arch. Sci. Phys. Nat., 1921, 3, 5, 137; J. de Phys., 1922, 3, 1; 
Woltjer (W.), Comm. Leiden, 1923, 1676; Woltjer and Wiersma (W. and W.), ibid., 1929, 
201a; and Laurent, J. de Phys., 1938,9, 331 (NiCh); cf. Guha, Nature, 1945,155, 364. 

9 Con^t. Rend., 1923, 177, 154; Proc. Roy. Soc., 1923, 104, 671; Jackson, Phil. Trans., 

1923, 224, 1; 1926,226, 107. 
10 Kussmann and Schulze, Phys. Z,, 1937,38,42. 
!?♦ 
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displacement of the Curie point by tension * is non-existent.^ Some empirical 
equations relating specific heat to the Curie point were given by Ashworth.^ 

De Klerk** found that CuK2(S04)2,6H2O obeys Weiss’s law below TK. 
with @=0-052, and the specific heat satisfies the l/r^ law. 

Weiss explained his law by assuming that when the paramagnetic ions are 
not in the condition of an ideal gas, the effect of the influence of adjacent 
particles is equivalent to a molecular field set up by interaction, proportional 
to the intensity of magnetisation J and acting in the same direction as the applied 
magnetising field H, but in either the same or the opposite sense. The effective 
field is thus; 

H,=H+H„=H-bcy 

where c is a constant. If the mean magnetic moment per mol in a field H is 
d=NfjL, where /:x=molecular moment, A=Avogadro’s number, then since J 
is the moment per cm.-’, J=dlV„, where V„ is the molar volume: ^ 

where c'=cjV„. Substituting the effective field instead of H in Curie’s law 
gives: 

ff=C(H-f-HJ/r=C(H-l-c'a)/r 
and thus 

x.=c/(r-c'C)-cy(r-0) 

where Xm=^/H is the molar susceptibility and Since 0 may be 
positive or negative, this must also hold for c\ i.e. the molecular field may either 
increase or decrease the effect of the external magnetising field. 

By considering the exchange effect (resonance) between neighbouring ions, 
Heisenberg ^ deduced Weiss’s law by quantum mechanics, but the subject still 
admits of progress and, as van VIeck said: “ the perfectionist will not get the 
same comfort from magnetochemistry as he does from spectroscopy.” 

§ 13. Measurement of Magnetic Susceptibilities 

Various methods of determining magnetic susceptibilities have been used.^ 
The classical method, used by Pllicker and Gouy, and improved by Curie and 

1 Ray-Chaudhuri, Z. Phys., 1931, 71, 473. 
2 Englert, Z. Phys., 1935, 97, 94. 
^ Nature, 1928, 121, 323; on ferro- and para-magnetic Curie points, see Cabera, An. Fis. 

Quim., 1924, 22,463; 1928, 26, 50; J. de Phys., 1925,6, 241, 273; Cabrera and Palacios, An. Fis. 
Quim.^ 1926, 24, 297; Forrer, Compt. Rend., 1929, 188, 1242; on diamagnetism, Debye, in 
Marx, “ Handbuch der Radiologic,” Leipzig, 1925, 6, 668; Bieler, J. Franklin Inst., 1927, 203, 
211; Klemm, ” Magnetochemie,” 1936, 160, 196; Kremann and Pestemer, ” ZusammenMnge 
zwischen physikalischen Eigenschaften und chemischer Konstitution,” 1937, 159; Cabrera, 
J. Chim. Phys., 1941, 38, 1; Smith, Sci. Progress, 1946, 34, 764, 

^ Physica, 1946, 12, 513; correcting Casimir, de Klerk, and Polder, ibid., 1940, 7, 737. 
5 See § 10; it will be noted that a (mostly used in the literature) replaces H. 

Z. Phys., 1928, 49, 619, 
7 /. Phys. Chem., 1944, 48, 235; on the doubtful physical significance of 0 sec Penney and 

Schlapp, Phys. Rev., 1932, 41, 194; Selvtood, J.A.C.S., 1933, 55, 3161 (Who found diffeicnt 
values of B with different compounds of Nd). 

» Pluckcr, Ann. Phys., 1854, 91, 1; Wiedemann, ibid., 1865, 127, 1; Quincke, Ann. Phys., 
1885, 24, 347; 1888, 34, 401; Kdnigsberger, ibid., 1898, 66, 698; Gouy, Cottpi. Rend., 1889, 
109, 935; du Bois, Congres Internat. Phys., 1900,2,460; Ch6ncvcau, Phil. Mag., 1910,20, 357; 
Honda, Ann. Phys., 1910, 32, 1027; Owen, ibid., 1912, 37, 657; Foex, Ann. de Phys., 1921, 
16, 174; Driggs and Hopkins, J.A.C.S., 1925, 47, 363; Decker, Ann. Phys., 1926, 79, 324; 
Aharoni and Simon, Z. phys. Chem., 1929, 4 B, 175; Almeda, An. Fis. Quim., 1947, 43, 421; 
and literature in § 10. 
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Cheneveau, measures the pull on a small rod of substance, or a powder or liquid 
in a small glass tube, hanging vertically from a balance in the inhomogeneous 
field in the pole-gap of a circular permanent magnet. In the Wciss-Foex 
method, the substance is fixed at the end of a horizontal rod with a bifilar 
suspension, the movement of which tilts a mirror. Electromagnets are now 
generally used. In Quincke’s method, used for liquids, the rise (or fall) of 
liquid in a tube in the air-gap is measured. In some cases very large magnets 
have been used, e.g. the Leiden magnet giving a field of 30,000 0rsted ^ across 
a pole gap of 16 mm. and using 450 kw. In low-temperature work,^ very 
narrow Dewar vessels with very thin walls are used, including double and triple 
vessels blown in one piece with silvered walls and with a total diameter less than 
2 cm. Very ingenious adaptations of the apparatus include one in which a 
horizontal metal tube containing the substance, e.g. a compressed gas, sus¬ 
pended by two V-shaped pairs of thin wires, moves horizontally in the magnetic 
field (Foex method), the whole being enclosed in a horizontal cryostat through 
which a current of cold gas is passed. In another, the vertical tube containing 
the specimen is hung from floats in mercury, in a vacuous case, weights being 
put on the top, after the principle of Nicholson’s hydrometer. When a large 
magnet is not available, a small solenoid immersed in liquid hydrogen (to 
reduce the resistance), with a strong current applied only for about a second 
to minimise heating, has been used by Ahroni and Simon. ^ Air-free water is 
generally used as a standard substance: its mass (diamagnetic) susceptibility, 
found by several recent workers whose results are in good agreement, is 
—0*720x10“^ and the temperature coefficientis (l/x)dx/dr=2*9x 10"^ at 
5°, and 0-62x10-4 at 70". 

§ 14. Langevin’s Formula 

Langevin’s formula ^ (cr^ being the value of a for H->oo): 

W^oo=coth a—1/a; a=/xH/A:r.(1) 
was deduced on classical grounds for the change of paramagnetic suscepti¬ 
bility with temperature; the literal application of it would contradict the Nernst 
heat theorem, which requires a steeper approach to saturation.^ 

In Langevin’s calculation, atoms of permanent moment /x are supposed to 
make angles 6 with a magnetic field H. The energy of each is —/xHcos 6, 

1 Since 1930 the name erstec/(or oersted) (0) has been used for the c.g.s. unit of field strength 
H, the older name gauss being given to the unit of induction B. 

2 Onnes and Perrier, Comm, Leiden, 1911, 122^; 1914, \39 a, c, d\ Onnes and Oosterhuis, 
ibid,, 1913, 134J; Oosterhuis, ibid., 1914, 1396; Woltjer, ibid., 1923, 1676; Proc. K. Akad. 
Wetens. Amsterdam, 1925, 28, 536 (Comm. Leiden, 1736); Woltjer and Onnes, Comm. Leiden, 
1923,167c; Proc. K. Akad. Wetens. Amsterdam, 1925, 28, 544 (Comm. Leiden, 173c); Wiersma 
and Woltjer, Comm. Leiden, 1929, 201c; Woltjer and Wiersma, Proc. K. Akad. Wetens. Amster¬ 
dam, 1929, 32, 735 (Comm. Leiden, 201^); de Haas, Wiersma, and Capel, ibid., 1929, 32, 739 
(Comm. Leiden, 2016); Woltjer, Coppoolse, and Wiersma, Comm. Leiden, 1929,201c/; Wiersma, 
de Haas, and Capel, ibid., 1931, 2126, 2156; Wiersma, “Eenige Onderzoekingen over Para- 
magnetisme,” ’s Gravenhage, 1932; de Haas and Wiersma, Comm. Leiden, 1932, Suppl. 
746, 36; brief summary in Ruhemann, “ Low Temperature Physics,” Cambridge, 1937, 207; 
Casimir, “ Magnetism and Very Low Temperatures,” Cambridge, 1941; for a summary of 
earlier work, see ” Het Natuurkundig Laboratorium der Rijksuniversiteit te Leiden in de 
Jaren 1904-1922,” Leyden, 1922, 233 f.; Gorter, Arch. Mus. Teyler, 1933, 7, 183. 

3 See note 8, p. 522. 
^ Auer, Ann. Phys., 1933, 18, 593. 
5 Ann. Chim., 1905, 5, 70; for coth x see § 47.1. 
« Debye, in Marx, “Handbuch der Radiologie,” Leipzig, 1925, 6, 668; Ann. Phys., 1926, 

81, 1154. 
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The area cut off a sphere of unit radius by a strip of width d^ is (Fig. 8.VI C) 
(Itt sin 0)d0, and by Boltzmann’s equation (24), § 8.IV, the number of molecular 
magnets with axes directed in this solid angle is: 

^'e^coso/fcr ^ 277 sin sin OdO 

where A' and A are constants. The moment in this direction is: 

yIe^Hcos0/*rr^ cos 0 sin 0d0, 

The mean moment is: 

Fig. 8.VI C. Molecular Dipole in Field 

Put /i,H/A:r=a, cos 0=x, therefore —sin 0d0=dx, when: 

^ + i /e‘*+e~^ 1\ 
(coth a-l/a). 

For 

J^e“d.Y=(l/fl)j^e“j^ =(e‘'-e^‘')/a.(2) 

and, by integration by parts (§ 19.1) 

J e'^^A'd .Y=xe^^y«—(!/«)/ e'^'^d a=a—{d^ja'^) 

/^ +1 " “ +1 

e^AdA= xd^la—d^ja?- =(e'*+e"0/«+(e"“'*—e'*)/^^ ^ 

Divide (3) by (2), giving (e"+e“0/(e'*—e"^)—l/n. Hence (the value of coth a 
being inserted), equation (1) follows. With a—N^ this gives Langevin’s 
equation, the value (jl corresponding with saturation, i.e. with cto,. If a is 
small, the exponentials under the integrals may be expanded and l+ax only 
retained, when the integrations easily give: 

fi—jafi—fxmi3kT..(4) 

The calculation on the basis of quantum mechanics ^ shows that the shape 
of the saturation curve depends on the nature of all the lower energy levels, and 

1 Van Vleck, Phys, Rev., 1927, 29, 727; 1927, 30, 31; 1928, 31, 587; “ Theory of Electric 
and Magnetic Susceptibilities,” Oxford, 1932, 30, 181; Niessen, Phys. Rev., 1929, 34, 253; 
Freed and Kasper, J.A.C.S., 1930, 52, 4671; for older literature on the theories of magnetism^ 
see various authors in Bull. Nat. Res. Council, 1922, 3, No. 18. 
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no general formula can be derived; the approach to saturation, however, is 
steeper than Langevin’s formula predicts. 

A test of Langevin’s formula by Woltjer and Onnes ^ with gadolinium 
sulphate, Gd2(S04)3,8H20, was made using fields up to 22,000 0 and low 
temperatures attainable with liquid helium. The resulting curve (Fig. 9.VI C), 
in which (a/croo)x 5564/6 x 10^^ is plotted against a, where is the saturation 
value, shows that Langevin’s curve is followed up to 85 per cent, of saturation. 
The actual points, however, show a rather steeper approach to saturation than 
the curve. 

Other experiments of this type are wanting, but an approach to the subject is 
possible in another direction, viz. from the Faraday effect,^ the rotation of the 

1 2 3 4 5 6 7 o 

Fig. 9. VI C. Curve of Langevin’s Equation with Experimental Points 

plane of polarisation of plane polarised light passing through a substance placed 
in a magnetic field. This is not confined to liquids, but is also shown by trans¬ 
parent solids—it was discovered by Faraday with heavy glass. H. Becquerel ^ 
had shown that it is connected with the magnetic properties of the substance, 
and Kundt ^ that thin transparent films of ferromagnetic metals show a strong 
magnetic rotary power which is not proportional to the field strength but 
shows saturation. If it is assumed that the magnetic rotary power a> is pro¬ 
portional to the susceptibility a, it will be connected with H/J by a Langevin 
formula: experiments by J. Becquerel ^ with field strengths up to 27,000 0 

1 Comm. Leiden, 1923, 167r; van der Handel, Physica, 1941, 8, 513. 
2 Faraday, Phil. Trans., 1846,136, 1; see Vol. II. 
3 Ann. Chim., 1877,12, 5; Compt. Rend., 1897,125, 679, 
4 Ann. Phys., 1884, 23, 228. 
5 Becquerel et al.. Comm. Leiden, 1928, 191c, 193«; 1929, 199a, b, 204a, 6; 1929, Suppl. 

68 a, b, c; 1930, 211a, b, c; 1931, 218a; 1932, Suppl. 78a; 1934, 231a; Z. Phys., 1928, 52, 678; 
1929, 52, 678; 1929, 57, 11; 1929, 58, 205;/. de Phys., 1928, 9, 346; Compt. Rend., 1928, 186, 
1720; 1929, 188, 1156; 1930, 191, 782; 1934, 198, 1400, 1849, 1987; Proc. K. Akad. Wetens. 
Amsterdam, 1929, 32, 590 (Camm. Leiden, 199b), 1199; 1930, 33, 913 {Comm. Leiden, 211a; 
bibl); Physica, 1934, 1, 383; 1936, 3, 1133; 1937,4, 345; 1940,7, 705, 711, 945; de Haas and 
Goiter, Proc. K. Akad. Wetens. Amsterdam, 1930, 33, 1101 {Comm, Leiden, 119d)', Gorier, 
Dijkstra, and Grocndyk, Physica, 1940, 7, 625; Eisses, Groendijk, and Gorier, ibid., 1940, 
7,865. 
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and temperatures as Jow as 1 *3° K., mostly with the mineral tysonite (La, Cc)F3, 
and ethylsulphates of rare earths, showed that magnetic saturation is reached 
with strong fields and low temperatures. The values of co for saturation 
depended on the temperature and on the frequency of the light. The rotational 
power depends on the absorption bands of the crystals, the absorption differing 
for two beams of light circularly polarised in opposite directions. The curves 
in general resemble that for gadolinium sulphate, and are in agreement with the 
formula of Kramers ^ for the case of a rare earth ion excited only in the ground 
state: 

tanh (/iH/kT)+BH 

where, at low temperatures, A and B arc functions of wave-length only. For 
erbium ethylsulphate, B=0. 

§ 15. The Quantum Theory of Magnetism 

The mechanical angular momentum of an electron with serial quantum 
number / (§ 14.V) is: 

A=V[/(/+1)].(A/277) (/=0, 1,2,3,...) .... (1) 

The magnetic moment due to this is: 

A/,=i(e/mc)/;,=-i(cA»c)(A/2Tr)v[/(/+l)]= \/[/(/+l)]. Mob • (2) 

where iXi^Q^^ehlAumc is the Bohr magneton, this being the 
moment of the magnetic shell equivalent to the elec- 
iron revolving in the smallest Bohr orbit of the hydro¬ 
gen atom^ (viz. orbital, not electron spin). In e.m. 
units it is 9*273 x 10~^^ erg orsted”^, or per mol 
5586 erg prsted”^ mol~L The Weiss magneton,^ which 
is 1/4*95 of the Bohr magneton, is now regarded as 
having no theoretical significance. 

For the spin of the electron the angular momentum is, 
similarly: 

Ps^V[s{s+\)],{hl2n) (s^i) ... (3) 

but the expression M,^\{elmc)p, for the corresponding 
magnetic moment gives only half the correct result, hence: 

A/,=2[i(e/wc)/7j=(cA/4wwc)v'[45(.v+l)]= 

V'[4j(5’4- 1)]. /xoB=2V['5'('y+1)]. /iofl . (4) 

The two vectors /♦(A/27r) and j*(A/27r), where: 

/•=V[/(/+l)] and s*=V[5(5+i)] 

couple according to the following rules/ For a single electron they combine 
vectorially to give a vector j*{hjln), where: 

y*=V[y(y+i)] 

Fig. lO.Vl C. 

1 Proc. K. Akad. Wetens. Amsterdam, 1929,32,1176; 1930,33,959; Physica, 1934,1 182. 
2 Bohr,/•*//. Mag., 1913,26,476,857; Chalmers, Nature, 1914,92, 687; Veggnd, Phil. Mm. 

1915,29, 651; Am. Phys., 1917,53,27; Wereide, Am. Phys., 1916,49, 976; 1917,52,276 283* 
289; 1917,53,574; 1918,55, 589; Cabrera, An. Fis. Quim., 1923,21,505; Bapp. Cons. S^vay, 
Pans (1930), 1932, 81; Pauli, ibid., 1932, 175. 

2 Weiss, J. de Phys., 1911,1,900,965, and many later papers. 
^ Herzfeld, Phys. Z., 1925, 26, 824; Rabinowitsch, Z. Elektrochem., 1933, 39, 702. 
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andy=/±J'=/±i. For /=i0, 1, 2, there are the cases (Fig. lO.VI C): 

/=0,.9=i-; ./=i/*=0; .s*-V3/2,y*=V3/2; 

/= I, ./=f or I, /•=V2; .v*=a/3/2,,/*=v'3/2 or VI5/2; 

/-2, y=f or f, /*=V6; .y*=A/3/2,;*=^15/2 or V35/2. 

For wore than one electron, the corresponding expressions are; 

5*=V[«5+1)] 5=0.il,|... 
L*=^/[^L+\)] L=0, 1.2,_ 

ABC D E 
Fig. 11.VI C. 

For two outer electrons with /i = l and lz=1, h*—\/2 and /2*=\/2, and the 
orientation is such that !.*=a/[Z.(L+1)], i.e. L*=0, v'2, and \/6, since L is 
0, 1, and 2. The other cases are shown in Fig. 11 .VI C: ^ 

/i = l,/2=l /, = 1,/2=2 /, = 1,/2=3 /i=2,/2=2 /,=2,/2=3 

L=0,1,2 L=l,2,3 L=2,3,4 L=0,1,2,3,4 L=l,2,3,4,5. 

For the spin vectors for two outer electrons, S*—^/[\{\+\)]=^/3|2 or zero, 
and the S* values combine vectorially so that the resultant is 0 or a/2, as shown 
in Fig. 12.VI C. The combination of the L* and S* vectors takes place, in 

Fio. 12. VIC 

L-1 S4 L-2 S-1 L*3 S=1 
J=0.1,2 JM.2,3 J-2,3.4 

Fig. 13.VI C 

1 While, “ Introduction to Atomic Spectra,” New York, 1934, 121,155, 184, 215. 
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so-called Russell-Saunder’s coupling,^ as shown in Fig. 13.VI C, to give a vector 
/* (A/27r), where: 

L=l, S=l; y=0, I, 2; L^= \/2, V2; i*=V[*/(-/+l)]=0, V2, or V6. 

The orientation of J* in a not too strong magnetic field is such that its projection 
cos S' in the direction of the field (i?=angle between the magnetic axis 

and the field) is integral (Fig. 14.VIC). The magnetic moment, [jl, of the atom 
may now be compounded of the component moments fij as follows. 

If *S’=0 then and every value of L corresponds with only one state 
{singlet). In this case for all atoms at all temperatures: 

/x='\/[J(7+l)]. ^qy^=\/[L{L+\)\ . /xoR. 

If the atom is brought into a magnetic field its moment parallel to the field is 
quantised: where M=—J, —(7—1),(Note that this is not 

Fig. 14,VI C. Space Quantisation 

^/[M{M+\)], since there is now a fixed axis, that of the applied field). The 
average value of jXfn is given by the usual statistical equation: 

.(5) 

where the sums are from M= —/ to M= +J, The molar susceptibility Xm 
is defined by where A^is Avogadro’s number. 

The evaluation of the expression (5) is tedious but simple. The projection 
of J* on the direction of H is given by m=J* cos For each atom there are 
2J+1 orientations (all positive and negative values of J, and zero). The 
potential energy of the atomic magnet is —/xH cos i?, where p is the moment, 
and the number of atoms oriented in a given direction at a given temperature 
and field strength is given by Boltzmann’s equation (§ 8.IV) as: 

[A 7(2/+ l)]e-^/*^=.Ie-^/^^=.4e^« 

where is a constant, independent of d'. The average value of pcosd' is 
then 

p cos cos &)e^ cos ^IkT 

1 In this, the s vectors of aU the electrons {siMIlv) combine to form a resultant S*, and 
independently all the / vectors (l{.hl2n) form a resultant L*. The two resultants S* and L* 
then combine vectorially to form a resultant /*. (5*, L*, and J* are quantum numbers 
multiplying kjln to give the magnitudes of the corresponding vectors.) 
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where the sums are taken from —J to +/. Since cos 
and is a constant: 

mW[J{J+1)]}eft"/v'iK/+i)i/i;e«v'i«t+ ‘>1 

where P=fiHlkT. For small values of H the exponentials may be expanded 
and only the first term retained (e*=l+x): 

m/viJ(j+1)]} .{i+MV[j(j+ mmi +mv[j(j+ i)]} (6) 

The denominator in (6) can be written: 

S{l+^mlV[J(J+m= 
(2J+i)+{|8/vW7+i)]}[j+(y-i),... +0, -(y-i)-y]=2j+i 

since J is kept intact but m varied from —J to +y, giving (2y+1) terms, and the 
sum in square brackets is zero. The numerator is: 

S{ mjV[J(J+1)]} {1 \)\}=S{m|^/[J{J+1)] }+i:[j6/n W+ D] 

={\|^/[J{J+\)]) [y+(y-i),... +0, _(y_i)-y]+ij3/y(y+i)]i:m2 

= \^IJ{J+\)\Em\ 
n 

Now i?x2=(2M+!)/;(«+1)/6, both for integral values of x and values which are 
0 

odd multiples of hence: 

[/3/y(y+i)]2;m2=03/y(y+i)]. 2(2y+i)y(y+i)/6=(i3/3)(2y+i) 

(the multiple 2 coming from the sets of positive and negative values of J). 
Hence: 

n cos t?=i/x)8(2y+ l)/(2y+ \)=n^lZ=iimiZkT. 

Since/i cos d'=p,=Xm^l^ 

x„=fi^NI3kT={}iN)^l3kNT=(jxN)2/3RT= CjT 

where C=(Nfiyi3R is the Curie constant, 

N^^=VQRC).(7) 

This is identical with the classical Langevin equation (see § 14) and differs 
from the equation found from the old quantum theory. All these equations 
hold also for the case L=0, therefore J=S 
(S-terms). 

For multiplet terms, with all the atoms 
practically in the ground states, each 
component is defined by S, L, and J. 
The atom precesses round the direction 
of the vector J*, but on account of the 
“ double ” magnetism of the spins (see 
above) the direction of the resultant moment fi is usually different from that of 
J*. 

In Fig. 15.VIC, OA is the mechanical orbital impulse vector L*=‘\/mL+1)]. 
hjlTT drawn as \/W^+1)1 units, AB is mechanical spin vector S*=1)]. 
hjln drawn as ^[5(5+1)] units, and OB the resultant total mechanical impulse 
vector 1)] • hft-jT. Now L* produces a moment 1)]. ehjAnmc^ 
^/[L{L+\)\, which is drawn from O and of the same length as OA (actually 
it is in the opposite direction), and S* produces a moment 2V[‘S(<S+1)). 
ehlAnmc drawn as 2AB=AC. The resultant moment is represent^ by OC. 
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OA = ^/[L(L+ l)](^A/4frmc)«=/x^ 

AC=2 A B=2 V[ S(S+1 )](eh/47rmc) 

OC==fji^\/(fjii^+fXs^—2/jLi f^^^^ cos OAC) 

cos OAC=cos 0AB=(0A2+AB2-0B2)/20A . OB 

^L(L+l)+5(5+l)-J(y+l) 

2V[L(L+\)] . V[S(S+\)] 

OC=/i=V[2/(/+1)+5'(5+1)-L(I+1)] . (ehl47Tnic). 

Of the total moment fi, on account of precession of and fis about the direction 
of y*, only the projection OE of /x; =OA on OB, and the projection ED of 
/x^=AC on OB, come in. Their sum, OE+ED=OD, is also the projection 
of fjL=OC on OB, i.e. [Mj, therefore /X;=sOD=OA cos AOB+2AB cos OBA. 

The two cosines are again given from the mechanical impulses in the triangle 
OAB and the result is: 

^^=OD = V[y(7+l)] 
y(y+i)+*S(^+i)-~T(L+i) 

(ehlAnmc) 

• Mob (8) 

where ;?= 1 + [J(J+1)+S(S+ \)-L(L+\ )]I2J(J+1) 

is called Landis's splitting factor and arises from the “double” spin magnetism. 
Such an atom in a magnetic field is subject to two effects: 

(i) If a directional force is exerted by the field during the precession, the 
latter is deformed and a component in the direction of the field, 
proportional to H, appears, viz. x2m==Ha, where a is the constant of 
induced magnetism (analogous to induced electric polarisation); 

(ii) a temperature-dependent magnetic polarisation xiw> obeying Curie’s 
law but with /x; in place of /x, appears: 

Xi.=(A^Mob) l)/3/?T=fA^/x,)2/3/?r^ 

Npij^^ORC), 

The total susceptibility is given by a formula analogous to Debye’s for the 
electric polarisation: 

Xm=Xim+X2m=(A^M/+3A[7a)/3A:r. 

In the case where L=S'/0,7=0, the mechanical impulses cancel, but as the 
spin magnetic moment is double the orbital, there is a residue; 

fl=flOBV[S(S+\)]. 

The atom then has no permanent magnetic moment (pf=0 for 7=0), since the 
direction of fi in the atom is completely indefinite, and there is no orientation of 
p in a magnetic field. (This is related to Heisenberg’s uncertainty principle, 
§ 14.IV). The whole paramagnetism then depends on the induced moment 
(e.g. Eu+++). 

The above case refers to “ wide multiplets,” when Aej^kT, where Acj is 
the energy difference between the ground state and the higher level for a 
multiplet component. For “ narrow multiplets ” the relation Ae^kT 
may apply, in which case there is a distribution of the atoms among the different 

1 Lande.Z. Phys., 1923, 15, 189. 



§15 THE QUANTUM THEORY OF MAGNETISM 531 

multiplet components according to their Boltzmann factors and statistical 
weights (§ 9.IV), and a statistical mean is taken: ^ 

Sxj(2J+1 )e--'«' (AyioB)^ SgAJ+ mJ+1 

X«-X2«.+Xi«=^2;(27+l)e-‘-'^*^ ■*" ^RT 27(2/+ 

in which all J values from |L~*S1 to L+S are taken, and (2J+1) is the statistical 
weight for a state with the total impulse quantum number /. In such cases, 
owing to an appreciable xim term, Curie’s law need not be obeyed strictly. 

In the other extreme case of very small multiplet splitting, A€j<^kT, all the 
Boltzmann factors are practically unity, and the division of Xm i^to xim 
Xitn loses its meaning, on account of very weak coupling of and The 
two moments and now precess independently, and there are two separate 
equations for Xm- 

Xsm=^iN^.,^y.AS{S+\)|^R^' 

XunHN^^Y,L{L+mRT 

/. x.«=X5.+Xl.= [(A'/^ob)^/3/?T][4S(5+ 1^ 

The magnetic moment (in Bohr magnetons) of paramagnetic ions of the 
transition metals is given approximately by: 

,iB=\/[W+l)+L(L+l)] 

where S is the resultant spin (25 is the number of unpaired electrons, each 
with spin and L is the resultant orbital angular momentum. Except with 
cobalt, however, the interaction and perturbing effects of the other ions in the 
solution or crystal cancel out most of the L contribution, since the electrons of 
the incomplete M shell are outermost, and this so-called “quenching ’’ of orbital 
momentum leaves only the electron spin effect to be considered^: /xb= 
\/[5'(5+1)]. If the number of unpaired electrons is «, the relation gives 
;xB=\/[n(n+2)], 

The values of /xb so calculated for simple salts and oxides are in good agree¬ 
ment with experiment. For complex compounds, e.g. cobaltammines, the 
electronic levels are rearranged and the ion may be diamagnetic. In the case 
of rare earths the incomplete shell is 4/, and as this is screened by the 5p and 
5s shells outside it, the moment is no longer accounted for by S alone. 

The agreement with some metallic oxides is good only if /xb is calculated 
from the measured molar susceptibility Xm by Weiss’s formula: ^ 

/XB=2-839V[Xm(7’-@)]. 

where 0 is a characteristic temperature, instead of Curie’s formula: 

/xb=2*839V(x.7^)- 

Diatomic molecules have the quantum numbers /l = the projection of L on 
the molecular axis, giving -T, il, J , .. states with yl=0, 1,2,..., and 27«=thc 
projection of S along the molecular axis. 

1 Van Vleck, Phys, Rev., 1927, 30, 31; 1928, 31, 587; Bhatnagar and Mathur, “ Physical 
Principles and Applications of Magneto-chemistry,” 1935, 161. 

2 Cabrera and Duperier, J. de Phys., 1925, 6, 121; Cabrera, ibid., 1925, 6, 241, 273; Bose, 
Z. Phys., 1927, 43, 864; Stoner, Proc. Leeds Phil. Soc., 1930, 2, 56; Pauling, J.A.C.S., 1931, 
53, 1392; “The Nature of the Chemical Bond,” 1939, 107; Fahlenbrach, Am. Phys., 1932 
14, 524; von Auwers and Kiihlwein, ibid., 1933,17, 107, 121. 

^ Bhatnagar et a!., J.C.S., 1939, 1433. The residual paramagnetism in La - compounds 
is perhaps due to a surface effect: Haller and Selwood, J.A.C.S., 1939, 61, 85; for Nd **, see 
Selwood, ibid., 1931, 53, 1799; Fritsch, Am. Phys., 1941, 39, 31 (Eu sulphate to 20" K.). 
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The angular momentum (moment of momentum) J is formed by combining 
the angular momenta of orbit, spin, and nuclear rotation, and there are two 
main cases: 

(a) a strong coupling between orbit and spin, when J is the resultant of 
nuclear momentum, A and -S; 

(b) a weak coupling between orbit and spin, when J is formed by vectorial 
addition of these; this case always holds when yl=0 (i^-states): 

(i) ground level of type i.e. /I=i7=0; corresponds with diamagnetic 
substances; 

(ii) ground level a i7-term but 27^0; case {b) holds, the term is a narrow 
multiplet, and the moment is due to spin only: 

X=WA^+l)/3*r.(9) 
(iii) A / 0. Case {b): 

X=^M^kT)[AE{E+\)+A^] . . . (9a) 

(iv) id7^0. Case («). If the ground multiplet is narrow in comparison 
with AT, (9) again holds, but if wide 

X^M^kT){2E+Ay.(9b) 

It is noteworthy that the paramagnetic susceptibility of bivalent rare earth 
ions approaches that of the tervalent ion of the element of next higher atomic 
number, e.g. Sa*‘==Eu“'; in each case the electronic arrangement is the same.^ 

In practice an effective moment calculated from x Curie’s law, i.e. 
neglecting a, and this is equal to the true moment fx only for singlet terms. For 
other cases: 

for wide multiplets. 

fXgff^sum over multiplets for medium multiplets. 

for narrow multiplets (independent of T). 

For the case when the orbital angular momentum is “ quenched,” J*=S, and 
g=2, and (8) and (5) (with the inclusion of g in the exponent) show that the 
state sum ^ is: 

Af-S M-S 

Z== U 27 e^^^ 
M»=~S Af=~S 

where x^sfiQ^HjkT, and Z is a function of H and T. The series is a geometrical 
progression, the sum of which is: 

e(2s.i):r_e~(2s.i)^ sinh [(2S+1)a] 

e^—sinh x ■ (10) 

The sum of the geometrical progression starts from the first term 
the number of terms is n=2S+l (i.e. all + and — values of S plus zero); the 
common ratio is r=e^ (since successive values of S differ by unity). Hence 
the sum is; 

J_I_g2x(2S+l) _q(2S+2)x 

1 Hughes and Pierce, J.A.C.S., 1933, 55, 3277; Selwood, ibid., 1933, 55. 4869; 1934, 56, 
2392. 

2 For further details on this section, see Fowler and Guggenheim, “ Statistical Thermo¬ 
dynamics,” 1939, 608f.; Aston, in Taylor and Glasstone, “Treatise on Physical Chemistiy,’’ 
1942, 1, 627 f. The quantum number is denoted by s to distinguish it from the entropy S, 



§15 THE QUANTUM THEORY OF MAGNETISM 533 

Multiply numerator and denominator by —e~*, and (10) follows, with (§47.1) 
i(e*—e"'^)=sinh jc. The entropy due to the spin orientation is given by (28), 
§8.IV: 

5=i?[ln Z+(77Z)(dZ/dr)]. 

By inserting the values of Z and dZ/dT, it is found that 

5==J?|ln ---(2S+l)xcoth [(2S + l);c]+xcoth . (11) 

(the two meanings of S in this and subsequent equations must not be confused) 
where coth a ==cosh A'/sinh x. If H, and hence x, are small 

5=/?{ln (2S+l)-i[4S(S + l)x2]} 

and if H==0, i.e. in the absence of an external magnetic field 

5=i?ln (2S+1) 

as is obvious, since there are 2S + 1 orientations of spin of equal energy. 
Equation (10) is true only when the external magnetic field is large compared 

with the effect of the charged ions in the crystal (“ internal Stark effect ”) and 
the interaction between spins. The former was considered by Van Vleck and 
Penny,^ but the results are tentative and will not be discussed here. The effect 
is to remove part of the entropy at absolute zero, and it seems probable that the 
whole of this entropy vanishes. 

When a paramagnetic substance in an S-state (real or effective) is magnetised 
at low temperature, (11) shows that there is a decrease of entropy, the consequent 
heat liberation from which may be conducted away by a bath of helium boiling 
under reduced pressure. The substance is then thermally isolated, and the 
field is removed. If this is a reversible adiabatic change, the entropy is constant, 
and since practically no heat enters from outside, the temperature falls. If (11) 
were true to the absolute zero, it would theoretically be possible to reduce the 
temperature to absolute zero, but this contradicts Nernst’s heat theorem and 
complicating effects appear at very low temperatures. 

§ 16. Ferromagnetism 

In the case of ferromagnetic metals (iron, cobalt, nickel, Heusler alloys), 
which show the phenomena of saturation, spontaneous magnetism, and hysteresis,'^ 
Weiss’s equation holds at temperatures higher than the (positive) Curie point 0, 
which was thus regarded as marking the transition between ferromagnetism 
(below &) and paramagnetism (above 0). Weiss explained ferromagnetism 
by assuming a term in the molecular field which was independent of field 
strength, leading to spontaneous magnetisation in “ elementary groups ” of 
atoms. In the absence of a field, these groups are oriented irregularly, the 
resulting magnetisation being inappreciable, but they are oriented by a very 
small field and so the typical magnetisation curves are deducible. This is 
essentially the same as Ewing’s theory.^ 

The physical significance of these positive Curie points was doubtful when 
the susceptibilities of many substances which followed Weiss’s law accurately 

1 PhiL Mag., 1934,17.961; Hebb and PurceU,/. Chem. Phys., 1937,5, 338. 
2 The name ferromagnetism is now coming to mean any case where the susceptibility 

depends on the field strength. 
3 Ewing, “ Magnetic Induction in Iron and other Metals,” 3rd edit, 1900; Proc. Roy. 

Soc., 1922, 100, 449; Proc. Phys. Soc., 1930, 42, 355; Fleming, “Magnets and Electric 
Currents,” 3rd edit, 1914; Spooner, “ Properties and Testing of Magnetic Materials,” New 
York, 1927; Wall, “Applied Magnetism,” 1927; S. R. Williams, “Magnetic Phenomena, 
an Elementary Treatise,” New York, 1931; Gmelin, “ Handbuch der anorganischen Chemic,” 
8th edit.. 1934,59 A. 1429 (and bibUography). 
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down to liquid-air temperature were found to show marked deviations at lower 
temperatures, although the Curie point was still at a much lower temperature* 
The curve then rises above the extrapolated Weiss line (1/x against T) and 
bends down again, forming a “ hook.” This effect is called the cryomagnetic 
anomaly and is established for a number of substances.^ The ” ferromagnetic ” 
Curie point @p has thus been defined as the temperature at which the body begins 
to deviate from the Weiss line and show ferromagnetic properties, but it is 
usually taken as the point where the curve actually cuts the T axis, and this may 
differ from the “ paramagnetic ” Curie point &p extrapolated from Weiss’s 
formula. &p may be greater or less than ©p, and may even be negative when 
0p is positive. The 0p point is more sharply defined by anomalies in specific 
heats (see Vol. II). The behaviour is different from that of ferromagnetic 
metals in the relation between x H. Above x is independent of H but 
Weiss’s formula ceases to hold at appreciably higher temperatures. 

Landau 2 explained this difference quantitatively by the assumption that 
interaction forces in the layers of paramagnetic ions in crystals orient their 
moments in one direction, whilst the weaker forces between the layers orient 
adjacent layers in opposite directions, and as large fields are required to reverse 
this, no permanent magnetism occurs. 

The cases of oxygen and nitric oxide, both paramagnetic, are very interesting. 
Van Vleck ^ deduced the equation for NO: 

X=N0^l3kT; G^:=^4fjL^^([—er'^+xer^)/(x+xc^^); x^^HAvjkT 

where Jv is the frequency difference between the two 2/7 levels and-v=173’2/r. 
The equation was found ^ to agree with experiment from 1B"" K. to 292° K. 

In the case of liquid oxygen diluted with liquid nitrogen, Perrier and Onnes ^ 
found a deviation from Curie’s law (which oxygen gas obeys at ordinary 
pressure^), but Weiss’s law is obeyed. Compressed oxygen gas obeys neither 
law. This was explained by Lewis on the assumption of a polymerisation 
to diamagnetic O4, increasing with pressure in the gas, or concentration in the 
liquid mixtures, and this was shown by Wiersma and Gorter ® to explain the 
dependency of the Curie constant C on pressure. The assumption is also in 
agreement with the absorption spectrum.^ 

1 NiCL, C0CI2, FeCL, CrCL: Woltjer and Onnes, Comm. Leiden, 1925, 1736, c; Woltjer 
and Wiersma, ibid., 1929, 201a; on specific heats, see Trapeznikowa and Schubnikow, Nature, 
1934, 134, 378; Sow. Phys. Z., 1935, 7, 66, 255; Trapeznikowa, Schubnikow, and Mfijutin, 
ibid. 1936, 9, 237; Kiirti, Lain6, Rollin, and Simon, Compt. Rend., 1936,202, 1576; 1937,204, 
754; 1939; 208, 173; Trapeznikowa and Miljutin, Sow. Phys. Z., 1937, 11, 55; Schubnikow 
and Schalyt, ibid., 1937,11, 566; de Haas and Schultz, Physica, 1939,6,481; de Haas, Schultz, 
and Koolhaas, ibid., 1940, 7, 57; Schultz, ibid., 1940,7,413; Van Dijk and Keesom, ibid., 
1940, 7, 970 (FeNH4 alum; anomal. max. at 3 6^' K.). 

2 Sow. Phys. Z., 1933, 4, 675; Schultz, Physica, 1940, 7, 413. 
3 Phys. Rev., 1928, 31, 587. 
^ Wiersma, de Haas, and Capel, Comm. Leiden, 1930, 2126; de Haas and Wiersma, ibid., 

1932, Suppl. 746, 36 (NO). 
5 Comm. Leiden, 1914, 139^. 
6 Onnes and Oosterhuis, Comm. Leiden, 1913, 134c; Wiersma and Gorter, Physica, 1932, 

12, 316. 
7 J.A.C.S., 1924, 46, 2027. 
8 Physica, 1932, 12, 316. 
9 Salow and Steiner, Nature, 1934,134, 463; Guillien, Compt. Rend., 1934,148, 1223, 1486; 

Prikhotko, Ruhemann, and Federitenko, Sow, Phys. Z., 1935, 7, 410; cf. Bccqueiel, Le 
Radium, 1908, 5, 5; Van Vleck, “ Electric and Magnetic Susceptibilities,” Oxford, 1932, 89. 
For the detection of liquid oxygen in liquid nitrogen by the magnetic susceptibility, see Kapitsa 
and Milner, J. Sci. Instr., 1937,14, 201. 
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§ 17. Magneto-thermal Effect 

If a magnetic field is applied to a paramagnetic substance which contains 
atoms, ions, or molecules in degenerate states, these are split into Zeeman com¬ 
ponents of smaller statistical weight (sec § 9.IV). The weight g in the ground 
level gives, at low temperatures, a term i? In g per mol to the entropy S, and hence 
in the magnetic field the entropy is decreased. In an adiabatic enclosure (for 
which S is constant) this loss of magnetic entropy is compensated by a gain 
of thermal entropy, and there is a rise of temperature from Ti to Ti such that 
rT2 

(C/T)dT (where C«heat capacity) is equal to the loss of magnetic entropy. 
JTi 
When the field is removed, a corresponding fall of temperature occurs. This 
provides a means of attaining very low temperatures. 

The magneto-thermal effect (which Weiss called the magneto-caloric effect) ^ 
dr/dH can be calculated by thermodynamics as follows.^ To produce a 
change of magnetisation do- the field does work Hdor, and in all practical cases 
any changes of volume and pressure can be disregarded. Hence, if / is the 
latent heat: 

Sq^dE-Hdo .(1) 
8q:^CdT+lda .(2) 

dE==Cdr+/dcr+Hda 

and since d£is a perfect differential, Euler’s criterion (§ 27.1) gives: 

(dc/dcr)^=(d//dr),+(dH/dr),.(3) 

By dividing (2) by T: 

dS^SqlT^{C/T)dT+{l/T)da.(4) 

and since dS is a perfect differential: 

(i/r)(dc/d<7)i.=(d/dr)(//r),.(5) 

therefore from (3) and (5): 
/=-r(dH/dr),.(6) 

which corresponds with Clapeyron’s equation (5), § 41. II, and could, as ex¬ 
plained there, be at once written down as a result of the generalised Clapeyron 
diagram. Since llT=(dq/6a)j^jT^(dSlda)j^, and since it follows from a general¬ 
ised Maxwell’s relation (3), § 48.11, that {dSlda)x^(dll/dTX, this is an alterna¬ 
tive very direct deduction of (6). By replacing a by (§ 12) this gives: 

(d5'/dH)r=H(dx/dr)„.(6) 

which is a useful equation, but involves the assumption of Curie’s law (§ 11). 
From (1), per mol: 

(dqldT)H^ CH=(d£/dr)H-H(da/dr)H 

' Weiss, J. de Phys., 1921, 2, 161; Debye, in Marx, “ Handbuch der Radiologic,” Leipzig, 
1925, 6, 742. 

2 W. Thomson, Phil. Mag., 1878, 5, 4; “ Mathematical and Physical Papers,” 1882, 1, 
291, 315; Weiss and Piccard, /. de Phys., 1917, 7, 103; Weiss, ibU., 1921, 2, 161; Weiss and 
Forrer, Ann. de Phys., 1926, 5, 153; Giauque, J.A.C.S., 1927, 49, 1870; Ahrens, Ann.Phvs., 
1934, 21, 169 (high temps.); Stoner, Phil. Mag., 1935, 19, 565; 1937, 23, 833; Phil. Trans., 
1936, 235, 165; Proc. Roy. Soc., 1939, 169, 339; a magneto-thermal equation for supra- 
conducting states is considered in Vol. II; Giauque and MacDougall, J.A.C S., 1935,57,1175; 
Honda and Hironc, Nature, 1936,137, 492; Epstein, “ Textboerfe of Thermodynamics,” 1937, 
352; Dixit, Current Set, 1938,6, 589; van 'L»er,Physica, 1939, 6,1; J. K. Roberts, " Heat and 
Thermodynamics,” 1940, 117. 
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and for an adiabatic change (diS'=0), (4) gives: 

(CH/r)=-(//7’)(d(T/dr)s, 

from (6): CH=-/(dcr/d7’)s=7’(dH/d7')„(do-/dr)5. 

Again: 
dS=(dSldH)j4iH+(dSldT)HdT 

and for adiabatic conditions d5=0: 

(dT/dH)s= -idSldH)rKdSldT)a 

= -H(dx/dT)ulidSldTh, from (6) 

= -(daldT)tilOIT)idqldT)u 

(d77dH)s=-(r/CH)(dcr/dr)H.(7) 

giving the magneto-thermal effect. Since da/dr-<0, it follows that (dZydH) 
i.e. the temperature falls when the field is decreased. At low temperatures, 
da/dT becomes large, and (unless there is a cryomagnetic anomaly, § 16) Ch 
becomes small, hence the cooling efiect becomes large at very low temperatures. 
If Curie’s law (§ 11) is valid: 

(T=xH=CH/r (da/dr)H=-CH/7’2 .... (8) 

.’. by substituting in (7) and assuming Ch constant: 

rTi /•« 

r(d77dH)s=CH/CH, .-. rd7'= (CH/CiOdH 
JTt Jo 

... ^iT2^-Tt^)==i(T2+Ti)(T2-Ti)=UCH^/CH). 

If T2—T1 is small, 2(^2+7’i) can be put equal to the average temperature T, 
and hence: 

T2-T,={\l2Cn){CiPIT).(9) 

Values of T2—T1 calculated from (9) at room temperature are very small 
even with large fields. In general, however, Ch is not constant, as assumed, but 
decreases considerably with temperature. For small values of Ch, (9)—^which 
then does not really apply, as it was deduced on an incorrect assumption— 
gives quite large values of T2—T1. 

A new magneto-thermal effect, periodic heating and cooling when a ferro¬ 
magnetic single crystal is rotated in a strong magnetic field at low temperature, 
was deduced, and experimentally verified with nickel at liquid nitrogen tempera¬ 
ture, by Akulov and Kirensky.* 

A thermodynamic deduction of Curie’s law (§ 11) was given by Larmor.2 
By taking the system round a small Carnot cycle, as in Clapeyron’s deduction 
(§ 41.11), the heat absorbed at Tis —HSJ, and the work in the cycle is —SHS/ 
(the p and v coordinates being replaced by H and J). Hence — SH5/= 
—(HSJ)8TjT. If K, the susceptibility, is constant at constant temperature, 
H=JIk, 

8H=[Jd(l/K)/dT]8T=Ii8TIT 

d(l/K)=(H//)dr/r=(l/»c)dr/r, or dln(l/K)=dlnr, 

In (l/»c)=ln r-Hconst., or In (l/»<r)s=const., k^CIT, where C is 
a constant. This is Curie’s law. 

> /. Phys. U.S.S.R., 1940, 3, 31. 
2 “Mathematical and Physical Papers,” Cambridge, 1929, 2, 115, 729, 736; Stoner, PAi7. 

Mag., 1935, 19, 565. 
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The magneto-thermal effect may be deduced ^ by a slight generalisation of 
equation (2a), § 3.II, and equation (10), § 21.11. In; 

8^'=c„d TH-/„d D=c„d T-f [(d£/d ©) y 

V must be replaced by a and p by —H, c,,=(d£'/d7’)„ becoming (d£'/d7’)„: 

89=(d£'/d7’)„d r+ [(d E/da)y-H]d<T 

.-. d5'=8</r/7’=(l/7’)(d£'/dr)„dr-f-[(l/r)(d£'/da)r-H/r]da. 

Since AS is a perfect differential, A^SIATAG=A^SIAaAT, and differentiation of 
the coefficient of dr with respect to a gives the same result as differentiation of 
the coefficient of da with respect to T (§ 27.1), 

.-. (l/r)(d£'/da)r-H/r=-f((T) and (d£/da)y=g'(a) 

on integration, where f and g' denote functions of a. Hence: 

H=7T(tr)+g'(a) (11) 
The complete theory of the magnetothermal effect would lead too far from 

the scope of the present chapter. It may be mentioned that the molar entropy 
decrease due to an applied field H is, for a gadolinium salt, equal to: 2 

In S cosh (gjMH cos 0/i?r)-ln 4 

(12) 

where, for the Gd"’ ion in the state, g=2=ratio of magnetic to mechanical 
moment, y=S (quantum number)=7 total momentum, molar Bohr 
magneton, and the summation requires four values of cos 9, viz. 1, 5/7, 3/7, 1/7, 
negative values being included by using the hyperbolic functions (see § 47.1). 

Bates and Edmondson ^ found an abnormally large temperature change with 
cobalt in small fields. 

§ 18 Realisation of Very Low Temperatures 

Debye ^ and Giauque ^ suggested that the magneto-thermal effect could be used 
in attaining temperatures below the lowest (0-7° K.) reached with liquid helium. 
The ions of paramagnetic salts such as gadolinium sulphate, iron ammonium 
sulphate, and potassium chromium sulphate, owing to the spin magnetism, 
behave like small magnets which, in ordinary conditions, are in a state equivalent 
to a random orientation. If the salt is cooled to the lowest temperature attain¬ 
able with liquid helium (0-7° K.), and then subjected to a powerful magnetic 
field, the spin components are orientated, the entropy decreases, and heat is 
evolved, which is removed by the cooling bath. When the temperature has 

1 Halpern, Ann, Phys., 1932,12,169; Debye, Phys, Z., 1934,35, 923. 
2 Giauque and Clark, J.A.C.S., 1932, 54, 3135; cf. Spedding, Phys. Rev., 1931, 38, 2080; 

Spedding and Nutting, ibid., 2294; Selwood, “ Magnetochemistry,” New York, 1943, 89. 
^ Proc. Phys. Sac,, 1947, 59, 329; Bates and Harrison, ibid., 1948, 60, 213, 225; Bates and 

Davis,1948,60,307. 
4 Arm.Phys., 1926,81, 1154; Phys.Z., 1934, 35, 923; Z. techn.Phys., 1934, 15,499; Squire, 

in “ Temperature. Its Measurement and Control,” New York, 1941, 745. 
5 J.A.C.S., 1927, 49, 1864, 1870; Hebb and Purcell, J. Chem. Phys., 1937, 5, 338; Dixit, 

Current Sci., 1938, 6, 589. For thermal insulation at T K. (as little as 1 erg/min.) see Cooke 
and Hull, Proc. Roy. Soc., 1942,181, 83. 
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fallen again to O’?"" K, the field is suddenly switched olf. The resulting change 
from ordered to disordered orientation causes an increase of entropy (§ 5 JV) 
and the temperature falls to about 0*015''K. By using very powerful 
magnetic fields a temperature as low as about O-OOS'' K. was reached. For 
the measurement of these very low temperatures, only the change in magnetic 
susceptibility of some paramagnetic salts can be used. According to Curie’s 
law, the suceptibility is inversely proportional to the absolute temperature. 
The susceptibility is measured by means of two coils wound round the tube con¬ 
taining the paramagnetic substance (Fig. 16.VI C). Through one coil, an alter¬ 
nating current is passed, and the induced current in the other coil depends on 

To i/acuum system 

Fig. 16.VI C. Production and Measurement of Very Low Temperatures 

the magnetic susceptibility of the crystal core. This induced current is amplified 
and measured, and from it the temperature of the crystal can be calculated. 
There is, however, considerable difficulty in linking up this low-temperature 
scale with the gas thermometer scale. 

The experimental realisation of very low temperatures by the magneto- 
thermal method is due to Giauque, MacDougall, and Clark,^ at Berkeley, 
California; de Haas and Wiersma ^ at Leiden; and Kilrti and Simon ^ at 

1 Giauque and Clark, J.A.C.S., 1932, 54, 3135; Giauque and MacDougall, Phys, Rev,, 
1933,43, 768; 1933,44, 235; 1935,47, 885; 1935,57,1175; MacDougall and Giauque, 
ibid., 1936, 58, 1032; Hebb and Purcell, J. Chem. Phys., 1931, 5, 338 (bibl); Van Vleck, ibid,, 
1938, 6, 81; Giauque, Stout, Egan, and Clark, ibid., 1941, 63, 405; Stout and Giauque, ibid., 
1941, 63, 714. 

2 De Haas, Proc. K. Akad. Wetens. Amsterdam, 1932, 35, 136; Nature, 1933, 132, 372; 
Naturwiss., 1933,21, 732; de Haas and Wiersma, Physica, 1935,2, 335; 1937, 3,491; Crawhall, 
“ Very Low Temperatures,” (Sci. Mus.) 1936; Ruhemann, ” Low Temperature Physics,” 
Cambridge, 1937; Casimir, de Haas, and de Klerk, Physica, 1939, 6, 255; Casimir, de Klerk, 
and Polder, ibid., 1940, 7, 737; Van Lammeren, ” Technik der tiefen Temperaturen,” Berlin, 
1941; van Dijk, Physica, 1946,12, 371; Luttinger and Tisza, Phys. Rev., 1946, 70, 954; de 
YAQvii, Physica, 1946,12, 513; Weissman, Amer. J. Phys., 1947, 15, 451; Alekseyevsky and 
Migunov, J. Phys. U.S.S.R., 1947, 11,95; de Klerk, Steenland, and Gorter, Nature, 1948,161, 
678 (0 003° K,). 

3 KUrti, Z.phys. Chem., 1933,20 B, 305; Kiirti and Simon, Naturwiss., 1933,21,178; Physica, 
1934, 1, 1107; Nature, 1934, 133, 907; Proc. Roy. Soc., 1935, 149, 152; 1935, 151, 610; 1935, 
152, 21; Phil Mag., 1938, 26, 849; Kurti, Rollin, and Simon, Physica, 1936, 3, 266; Kiirti, 
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Oxford. The American workers used gadolinium sulphate as the paramagnetic 
substance, but this is not really very suitable, and de Haas and Wiersma found 
that chrome alum is much better. Kurti and Simon used much simpler 
apparatus, and their lowest temperature (0*05° K.) did not attain ^ that 
(0*0044'’ K.) reached at Leiden with a mixture of 1 part of chrome alum diluted 
with 14*4 parts of potash alum. Giauque’s results, with gadolinium sulphate, 
were less striking. In the Leiden method, the salt was cooled by liquid helium 
at low pressure in the magnetic field (30,000 Oersted), then the whole apparatus 
was swung out of the pole gap to reduce the field to zero, and the temperature 
measured by determining the susceptibility by an induction method with a 
solenoid. Kiirti and Simon, with only a few c.c. of liquid helium, used the salt 
in a thin sealed glass bulb containing 1 c.c. of helium gas, and cooled it in 
liquid helium at as low a temperature as possible. The field was applied and 
the heat evolved was removed in about 3 min. The field was switched off 
and the condensation of the helium gas produced a hard vacuum in the bulb, 
and, as there was very little thermal contact between the loosely packed salt 
and the tube, a very low temperature was reached. With about O-OOT K. the 
limit of the magneto-thermal method is reached, and any further progress 
would probably involve the utilisation of the random distribution of nuclear 
spins.2 

§ 19. Measurement of Low Temperatures 

The measurement of low temperatures is carried out in various ways. For 
approximate work down to liquid-air temperature a thermometer containing 
pentane is used.^ As the liquid becomes viscous at low temperatures the bulb 
should be gradually lowered into the cooling bath, taking care not to immerse 
the stem until the bulb is thoroughly cooled. The total volume change from 
30° to —189° is about a quarter of the volume at 30°. 

Vapour pressure thermometers^ are very convenient. A pure liquid, the 

Lain6, Rollin, and Simon, Compt. Rend,^ 1936, 202, 1576; Kiirti, Laine, and Simon, ibid.^ 
1937, 204, 754; 1939, 208, 173; Simon, J. Inst, Met,, 1941, 67, 325; Ashmead, Nature, 1939, 
143, 853. 

1 Newer calculations suggest that the temperature reached was actually 0 0034° K.; Hebb 
and Purcell, J, Chem, Phys., 1937, 5, 338. The calculated Curie point is 0 0013° K. For a 
discussion of earlier doubts whether such low temperatures had been reached, see Burton, 
Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,” New York, 1940, 
236. 

2 Debye, Phys. Z., 1934, 35, 923; Kiirti and Simon, Nature, 1935, 135, 31; Proc, Roy. Soc., 
1935, 149, 152. 

3 Kohlrausch, Ann. Phys., 1897, 60,463; Holborn and Henning, ibid., 1901,6, 242; Baudin, 
Compt, Rend., 1901, 133, 1207; Rothe, Z. Instr., 1904, 24, 47; Beckmann and Waentig, Z. 
anorg. Chem., 1910, 67, 17; Scheel, Z. angew. Chem., 1919, 32, 347 (general on temperature 
measurement); ether and chloroform thermometers had been used (not for low temperatures) 
by Joule and Thomson: see W. Thomson, ” Mathematical and Physical Papers,” 1890, 3, 
142; and an alcohol thermometer by Angot, J. de Phys., 1891, 10, 399; see Wroblewski, Ann, 
Phys., 1885,25, 371. 

^ W. Thomson, “Ency. Brit.,” 9th edit., 1878, art. ” Heat ” Math, and Phys. Papers,” 
1890, 3, 156; 1911, 5, 88, 90, 113; Stock and Nielsen, Ber., 1906, 39, 2066 (liq. O2); Onnes 
and Braak, Proc. K. Akad. Wetens. Amsterdam, 1908, 11, 333 {Comm. Leiden, Wla\ O2); 
von Siemens, Ann, Phys., 1913, 42, 871 (O2, N2, CO2, CS2); Thiel and Caspar, Z.phys. Chem., 
1914, 86, 257; Thiel and Schulte, ibid., 1920, 96, 312; Henning, Z. Elektrochem., 1921, 27, 
494; 1922, 28, 248; Henning and Stock, Z. Phys., 1921, 4, 226; Menzies, J.A.C.S., 1921, 43, 
2309, 2314; Proc. Nat. Acad., 1921, 7, 81; Stock, Henning, and Kuss, Ber., 1921, 54, 1119; 
Stock, Z. Elektrochem., 1923, 29, 354; Henning and Heuse, Z. Phys., 1924, 23,105; Henning, 
Z. Phys., 1927, 40, 775; Giauque, Johnston, and Kelley, J.A.C.S., 1927, 49, 2367 (H2); 
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vapour pressure of which at various temperatures is known, is contained along 
with its pure vapour in a bulb connected with a mercury manometer. The bulb 
is immersed in the bath and the pressure read on the manometer. The bulb 
may be filled with a gas (O2, N2, etc.) which liquefies when sufficiently cooled. 
In the case of helium, used at very low temperatures, it must be noted that 
there is a discontinuity in the vapour-pressure curve at 2-19° K., owing to the 
existence of two forms of liquid helium, with a transition-point (/1-point) at 
that temperature (§ 7); hence * two vapour-pressure formulae, one above 
219“ K.: 

logPcm.=-3-024/r-f-2-208 log jr-1-1-217, 

and one below 2-19“ K.: 

logPcra.= -3-859/7’-l-0-922 log 7’-|-2-035 

or logpmm. = -3-018/r-f-2-4841og7’-0-00297r:‘+M97 

must be used. For other liquids the Nernst vapour-pressure formula (also 
used for helium by Onnes): 

log 0/a)=2-5 log (7y7;)-0-53(r./r)-l-0-59, 

where and are the critical values, may be used. Another formula due to 
Nernst is: 

logp=—u/r-1-1-75 log T—cT+k 

with the following constants ^ (p in mm. Hg; T=f C.-f 273-1): 

Substance B.p. X. Range in °C. a CX103 k 

CS2 . +46-2 + 12 to -25 1682-38 5-2980 5-44895 
SO2 . -9*99 -11 to -62 1561-36 6-1757 6-20476 
NH3. -33-36 -35 to -80 1393-60 5-7034 5-89654 
CO2. -78-52 -80 to -110 1279-11 2-0757 5-85242 
HCl . -85-03 -87 to -118 905-53 5-0077 4-65739 
PHj . -87-43 -90 to -132 845-57 6-1931 4-61480 
C2H4. -103-72 -110 to -141 834-13 8-3753 5-32340 
CH4. -161-37 -162 to-170 i 472-47 9-6351 4-60175 
O2 . -182-97 -183 to -205 379-95 9-6219 
N2 . -195-78 -195 to -205 1 301-91 9-0272 

The most recent values for the b.ps. of hydrogen and helium are: ^ H2 

—252*762° C. and He —268-928° C. The vapour pressures of liquid helium 
have been determined ^ for use in thermometry from T to 4-2° K., but the results 
are not quite consistent, and there is the complication of the existence of two 
forms of liquid helium. 

Keesom, Comm. Leiden, 1929, 2026, c (He to 0-84'' K.); Heuse and Otto, Am. Phys., 1931, 9, 
486; 1932, 14, 185; Henning and Otto, Phys. Z., 1936, 37, 633; Andersen, Rev. Sci. Instr., 
1946,17, 12 (CO2; ±0 02°). 

1 Ruhemann, “ Low Temperature Physics,” Cambridge, 1937, 61. 
2 Stock, Henning, and Kuss, Ber., 1921,54,1119; different values are given in a table (con¬ 

taining some errors) by Ebert, in Drucker and Proskauer, “Phys.-chcm. Taschenbuch,” 
Leipzig, 1923, 2, 266. 

3 Schmidt and Keesom, Physica, 1937, 4, 963, 971; Comm. Leiden, 2506, c; Bleaney and 
Simon, Trans. Faraday Soc., 1939, 35, 1205; Burton, Smith, and Wilhelm, “ Phenomena at 
the Temperature of Liquid Helium,” New York, 1940, 54. 



§19 MEASUREMENT OF LOW TEMPERATURES 541 

In 1921 the Reichsanstalt adopted ^ the following low temperature standards: 

O'" C.==273-20° K. (see § 18.VII A). Freezing-point of mercury --38-89®C. 
Sublimation temperature in ° C. of solid carbon dioxide at p mm. pressure near 
760 mm.: 

-78*52-bl*595x 10-2(;;--760)-~M X 10-5(/7-760)2 

Boiling-point of oxygen in "" C. near 760 mm. pressure: 

-182*97+1 *258 X 10--2(;7~-760)-0-79x 10-5(^-760)2 

Boiling-point of hydrogen in ° C. near 760 mm. pressure: 

-252*80+0*45 X 10-2(j^-760). 

The International Temperature Scale 2 is defined by a platinum resistance 
thermometer between 0° and —190'' C. by the formula: 

R,^RX\+At+Bt^+C{t-m)t^ 

with the constants jRq, and B found from the ice, steam, and sulphur points, 
and the additional constant C from the b.p. of oxygen at 1 atm. pressure, 
taken as —182*970" C. on the gas scale; at p mm. pressure the b.p. is 

/^=-182*970+0*0126(/?-760)-0*0565(;?-760)2. 

The steam point at p mm. pressure is: 

/^=100*000+0*0367(/?-760)-0*0423(/>-760)2, 

and the sulphur point: 

/^=444*600+0*0909(/?-760)-00448(/?-760)2. 

The temperatures so defined differ ^ by less than 0 T from the gas scale between 
-183" and-39". 

For measurements of low temperatures the Societe Internationale du Froid 
defined ^ the International Helium Scale as a helium constant-volume gas 
thermometer with 1 m. Hg pressure at 0° and corrected by the constants 
A, B, and C in the characteristic equation for helium determined at Leiden 
(§ 10.VII A) 

pv=^A(l+B/v+Clv^+ . . .). 

At temperatures below the boiling-point of helium, the vapour pressure of 
liquid helium was used at Leiden to define temperature. 

That Callendar’s platinum thermometer formula fails at low temperatures 
was proved by Holborn,^ Meilink,^ Onnes et aL,’^ and Henning.* Henning 

J Z. Elektrochem., 1923, 29, 90; cf. Holbom, ibici.^ 1915, 21, 559. 
2 Burgess, Bur. Stand. J. Res., 1928,1, 635; Rocser, ibid., 1929,3, 343; Henning and Otto, Z. 

Phys., 1928, 48, 742; Phys. Z., 1936, 37, 601; Michels, Blaisse, and Koens, Physica, 1942, 9, 
356; Anon., Nature, 1949,163, 427. 

3 Heuse and Otto, Ann. Phys., 1931, 9, 486; 1932, 14, 181, 185; Keesom and Dammers, 
Physica, 1935, 2, 1051, 1080; Henning and Heuse, Z. Phys., 1924, 23, 105, pointed out that the 
Leiden and Reichsanstalt scales differed by the former being a few hundredths of a degree 
higher; Aston and Fink, Chem. Rev., 1946,39, 357. 

^ Keesom, Comm. Leiden, 1929, Suppl. 67f>; Physica, 1929, 9, 385, who says the scale is 
defined to i;0 02° at the best; cf. Jacyna, Bull. Acad. Polon., 1937A, 260. 

5 Am. Phys., 1901, 6, 242. 
^ Proc. K. Akad. Wetens. Amsterdam, 1902,4,495 (Comm. Leiden, 77); 1905, 7, 290 (Comm. 

Leiden, 93). 
7 Onnes and Clay, Proc. K. Akad. Wetens, Amsterdam, 1907, 9, 207, 213 (Comm. Leiden, 

9Sc,d)\ Am. Phys. BeibL, 1907,31,772); Onnes and Tuyn, Proc. K. Akad. Wetens. Amsterdam, 
1907, 10. 207 (Comm. Uiden, Suppl. 58); Onnes, Braak, and Clay, ibid., 1907-8, 10, 422 
(Comm. Leiden, 101a). 

8 Ann. Phys., 1913, 40, 635; Z. Instr., 1914, 34, 116; Heuse and Otto. Ann. Phys., 1932,14, 
181,185; Henning and Otto, Phys. Z., 1936, 37, 601, 639. 
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found that the calculated temperature is too low below and at —193° it 
is 2° in error. He found that the platinum temperatures pt' given by different 
specimens of platinum wire could be reduced to a standard platinum tempera¬ 
ture pt by Nernst’s ^ formula /?/'—/7/=c/7/(/?/—100), where c is a constant for a 
given wire. Zernike ^ for the resistance of platinum at low temperatures used 
R:=CTl{l+aT+bT'^+CT^)+r, where T=0*0ir; C, b, and c are constants, 
and r is the part due to impurities. Henning and Otto ^ used a 5-constant 
equation for the platinum thermometer in the region 14°-80° K. Henning,"^ 
for comparison with a standard platinum thermometer in the region 20°~70° K. 
used the formula w'—'W=(273—5/(r+10)], where w^RJRq, and 
A and B are constants. De Haas and de Boer ^ found that the electrical resist¬ 
ance of platinum at very low temperature cannot be represented by any simple 
function of the temperature. 

Between the b.ps. of oxygen (—190°) and hydrogen (—259°), Henning and 
Otto ^ used for the platinum resistance thermometer 

i?.^/i?(^.c=«+(z>r+cr2)D(ioo/r)+(^+cr-cr2)D(230/r), 

where D is the Debye function of the specific heat (see §3.IX N, Vol. II): 
(*x 

3 
D(^)=^,3 here 0= 100 or 230) 

J 0 

which is tabulated. Keesom found that this gives a maximum difference 
from the helium gas thermometer of 0-05°. A simpler empirical formula used 
by Keesom is: 

log T=a+61og(103r')+cr' 

where is the resistance ratio corrected for the effects 
of impurities in the platinum by subtracting the value extrapolated to 0° K,; 
it gives results correct to ±0-07°. 

The platinum resistance thermometer cannot be used at temperatures ^ 
below 10° K., since then the resistance of platinum, which is lower the purer 
the specimen, becomes almost independent of temperature. Lead ^ can be 
used to 7° K., when it becomes supraconductive (§16.IX O, Vol. II). An 
inaccurate temperature scale for the lead thermometer found by Euckcn 
was corrected by Latimer and Hoenshel and by Clusius,^® and care should 
be taken to use the new figures. The lead thermometer is now practically 
obsolete. A copper thermometer has been used,^^ also constantan and 

1 Berlin Ber.^ 1911, 306. 
2 Proc, K. Akad. Wetens. Amsterdam, 1916, 18, 914. 
3 Z. ges. Kalte^lnd., 1932, 39, 86. 
4 Naturwiss,, 1928, 16, 617. 
5 Physica, 1934, 1, 609. 
6 Phys. Z., 1936, 37, 639. 
7 Keesom and Bijl, Physica, 1936, 3, 418; 1937, 4, 305; Keesom and Tuyn, Comm. Leiden, 

1936,Suppl.78. 
8 Holborn and Henning, Ann. Phys., 1911, 35, 761; comparison of Pt and He gas ther¬ 

mometers — 190° to —258°, see Keesom and Bijl, Physica, 1936, 3, 418. 
9 Onnes and Clay, Proc. K. Akad. Wetens. Amsterdam, 1907, 10, 207 (Comm. Leiden, 95c); 

and papers listed in §11 .IX M, Vol. II. 
Eucken and Schwers, Verhl. d. D. Phys. Ges., 1913, 15, 578; Latimer and Hoenshel, 

J.A.C.S., 1926, 48, 19; Clusius, Z. phys. Chem., 1929, 3B, 41; Clqsiys and Vaughen, Z. ges, 
Kdite-Ind., 1929, 36. 215. 

Siemens, Ann. Phys., 1861,113,91; Proc. Roy. Soc., 1871,19,443; Dewar, Proc. Roy. Soc., 
1901, 68, 360; Onnes and Holst, Proc. K. Akad. Wetens. Amsterdam, 1914, 17, 508 (Comm, 
Leiden, 142a); Meissner, Verhl. d. D. Phys. Ges., 1914, 16, 262; Darling, Proc. Phys. Soc., 
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manganin,! but the best material for very low temperatures is unannealed 
phosphor bronze.^ 

The sensitivity of some samples of phosphor bronze (not all are suitable for 
the purpose of thermometry) seems to be due to the accidental or intentional 
inclusion of small amounts of supraconducting lead in the metal, which causes 
a rapid fall of resistance, without actual supraconductivity, as the temperature is 
reduced.^ Unannealed phosphor-bronze gives a reproducible and almost linear 
change of resistance with temperature between 4*2° K. and 0*99° K. Gold wire 
has been used instead of platinum/ An advantage of gold over platinum is that 
it can be obtained purer, has a resistance-temperature curve better suited to 
interpolation, and has a lower inflexion point in the resistance curve. 

In temperature measurements in strong magnetic fields, such as are used to 
produce low temperatures by the magneto-thermal effect (§ 18), it is important 
to remember that the resistance of metal wires changes in a magnetic field, ^ so 
that non-magnetic carbon or Indian-ink resistance thermometers have been 
used in such fields.^ Austin and Pierce ^ measured temperatures from 18° 
to —200° by the change of refractive index of silica glass with temperature. 
Radiation thermopiles for liquid-air temperature are described.^ 

Thermocouples have been used in low-temperature measurements. Dewar 
and Fleming ^ showed that the ordinary parabolic formula (§ 9.VI A) fails 
at low temperatures, especially for iron, antimony, and bismuth against lead. 
Dewar used platinum-Zjerman silver couples to —250°; Pellat used iron- 
zinc, and iron-constantan or steel--constantan couples have been used by 
several experimenters.^^ The common copper-constantan couple can be used 
if suitably calibrated.Silver-gold couples have some advantages. Nernst 

1921, 33, 138; Gibson and Giauque, J.A,C.S.^ 1923, 45, 93; Maier, J, Phys. Chem,^ 1930, 34, 
2861; Giauque and Stout, J.A.C.S., 1936, 58, 1144. 

1 Onnes and Braak, Proc, K. Akad, Wetens, Amsterdam, 1908, 10, 204; Onnes and Clay, 
ibid., 1908,10, 200, 207 (Comm. Leiden, 99 a-c) \ Onnes and Holst, ibid., 1914,17, 508 (Comm. 
Leiden, 142 a, r). 

2 Keesom and Van den Inde, Comm. Leiden, 1929, 203c; 1932, l\9b'. Southard and Milner, 
J.A.C.S., 1933, 55; 4384; Babbitt and Mendelssohn, Phil Mag., 1935, 20, 1025; Van Laer and 
Keesom, Physica, 1935, 5, 541; Allen and Shire, Nature, 1937, 139, 878 (to 0 027° K.); Van 
Dijk, Keesom, and Stellcr, Physica, 1938, 5, 625 (to 0-25° K.) 

3 Burton, Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,” New 
York, 1940, 56. 

4 Dewar, Proc. Roy. Soc., 1901, 68, 360; Giauque and Wiebe, J.A.C.S., 1928, 50, 101; 
Schafer, Z. phys. Chem., 1937, 36 B, 85. 

5 Kapitza, Proc. Roy. Soc., 1929, 123, 292; 1930, 126, 683; Stout and Barieau, 
1939, 61, 238 (Au and Ag at 1-5° to 20° K.); Giauque and Stout, ibid., 1940, 62, 3516 
(manganin). 

6 Giauque, Stout, and Clark, Ind. Eng. Chem., 1936, 28, 743 (bibl.); J.A.C.S., 1938, 60, 
1053; Van Dijk, Keesom, and Steller, Phvsica, 1938, 5, 625; Fairbank and Lane, Rev. Sci. 
Instr., 1947, 18, 525. 

7 Physics, 1935, 6, 43. 
* Cartwright, Rev. Sci. Instr., 1933,4, 382. 
9 Phil, Mag., 1895, 40, 95. 

to Proc. Roy. Soc., 1905, 76, 316. 
Compt. Rend., 1901,133, 921. 
Holbom and Wien, Ann. Phys., 1896, 59, 213; Ladenburg and Kriigel, Ber., 1899, 32, 

1818; Onnes, Clay, and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 1907, 9, 180, 199, 
367, 403 (Comm. Leiden, 9Sa, b, c, d). 

*3 Giauque, Buffington, and Schulze, J.A.C.S., 1927, 49, 2343; Aston, Willinghanz, and 
Messerly, md., 1935, 57,1642 (tabic for XT to 273° K.). 

Onnes and Clay, Proc. K. Akad. Wetens. Amsterdam, 1907, 9, 213 (Comm. Leiden, 95/); 
1908, 11, 344 (Comm. Leiden, 1076); BcMelius, Keesom, Johanson, and Linde, Comm. Lei^n^ 
1932,2nd,e. 
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and Schwers ^ give for the e.m.f. of a copper-constantan couple between 10® 
and 100® K.: 

e=3M2riog (l+7y90)+10-7r4 microvolts. 

The copper-constantan and iron-constantan couples are useful down to —190® C. 
or 83® K. Between 5° and 14® K. there are no fixed points, and a helium 
gas thermometer or some resistance thermometer or thermocouple compared 
with it is most suitable. Keesom and Matthijs ^ used alloys of gold and copper 
with various metals (the best being gold with about 2 per cent, of cobalt) against 
a standard silver alloy with 0*37 atomic per cent, of copper, down to 2*5® K. 

§ 20. Measurement of Very Low Temperatures 
The measurement of very low temperatures (below 1° K.) is possible only by 

the effect on the magnetic susceptibility, x, of a paramagnetic salt which obeys 
Curie’s law ^ (§ 11): where C is a constant. Gadolinium sulphate 
Gd2(504)3,8H2O was first used, or caesium titanium alum, but potassium 
chromium alum is better. Curie’s law is verified for the substances down to, 
say, r K., and is then assumed to hold to the lowest temperatures measured, say 
0 01® K. 

In Fig. 17.VIC the entropy 5 of a paramagnetic substance is plotted against 
temperature for zero magnetic field strength (H==0). The temperature Tq is 
(i) high enough to be measured by a gas thermometer, (ii) low enough to make 
the entropy due to ordinary vibrations in the crystal lattice negligible. The 
entropy at Tq and H=0 will then be due only to the multiplicity g due to the 
degeneracy of energy levels (§9.IV), and equal to Ring per g.atom. If 
Nernst’s heat theorem (§ 69.11) applies, this multiplicity will be resolved at the 
absolute zero, when g=l and the entropy is zero. The curve will, therefore, 
fall off at lower temperatures, as shown. If the specific heat is measured, the 
value of dE/dT^ is known, where T* is the temperature measured magnetically 
on the assumption of Curie’s law. The shape of the curve may be found by a 
series of adiabatic demagnetisations along vertical lines descending from various 
values of the field strength. Hi, H2 . . ., and thus Tj*, . . . found. The 
slope dS/dT* is thus found, and the thermodynamic temperature at any point 
of the curve is then given, from (2), § 35.11, i.e. T=(dEldS), by: 

r=:(d£/dr*)H=o/(d5'/dr*)H»o. 
In determining the quantity of energy required to warm the substance, this 

was supplied in the form of y-rays from radioactive material. A plot of T* 
and the time of irradiation was converted into a curve between E and T* by 
using the condition that the Curie and absolute scales must coincide at the 
higher temperatures."^ 

J Berlin Ber., 1914, 354. 
2 Physica, 1935, 2, 623; Comm. Leiden, 23Sb, 
3 Keesom, /. de Phys., 1934, 5, 373; Phys. Z., 1934, 35, 928; Physica, 1935, 2, 805; 1936, 3, 

491; De Haas and Wiersma, ibid., 1935,2, 335; 1936,3,491; Kiirti, Lam6, and Simon, Compt. 
Rend., mi, 204,754; 1939,208, 173; Kiirti and Simon, Phil. Mag., 1938, 26, 840, 849; Jacyna, 
Bull. Acad. Polon., 1937 A, 260; Jacyna, Malis, and Obnorsky, ibid., 1938 A, 33; Giauque and 
Sioui,J.A.C.S., 1939, 61,1384; Casimir, de Klerk, and Polder, Physica, 1940,7, 737; Giauque, 
Stout, Egan, and Clark, J.A.C.S., 1941, 63, 405; Van Dijk, Physica, 1941, 8, 67; 1943, 10, 
248; 1946,12,371 (0*25°~1 -5° K.); general reviews in Ruhemann, “ Low Temperature Physics,** 
1937, 245; Dixit, Current Sci., 1938, 6, 589 (59 refs.); Giauque, Nature, 1939,143, 623; PoweU, 
Rep. Progr. Phys., 1939, 5, 164; Roberts, “ Heat and Thermodynamics,** 1940,120; Luttinger 
and Tisza, Phys. Rev., 1946,70,954; de Klerk, Physica, 1946,12,513; de Klerk, Stecnland, and 
Gorter, Nature, 1948, 161, 678 (0 005° K.). 

4 Burton, Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,*’ New 
York, 1940, 228. 
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Even when the susceptibility is not known as a function of temperature, and 
hence Curie’s law cannot be used in the calculation, it is still possible to use the 
following method, due to Keesom. If temperature-entropy curves (which 
need not be known) are supposed to be drawn through the horizontal 
and cutting this at 1 and 2 for field strengths Hi and H2, and if the verticals 
through Hi and H2 nieet the curve for H=0 at 3 and 4, as shown in Fig. 17.VI C, 
the quantity of heat required to pass from 4 to 3 can be found by using an 
arbitrary thermometer which can be used to locate the point 3. If an adiabatic 
demagnetisation is carried out from H2 to Hj, i.e. from point 2 to point 5, the 
quantity of heat qi required to pass from 5 to 1 at the field strength Hi may be 
found. Since ^=/rd5, the quantities of heat are proportional to the areas 
and hence T2/7i)=(area 3687)/(area 
1287). If Hi and H2 are nearly ^ 
equal, this ratio is very nearly the 
same as (area 3487)/(area 1587) 
=^2/^0- (I^ Ihe figure, where Hi jo 
and H2 are widely separated, for 
clearness, this is obviously wide 
of the mark, but if the verticals 
through Hi and H2 come closer 
together, the equality of the two 
ratios of the areas will be ap¬ 
proached.) Since Tq, and ^2 h 
are known, (equal in the limit 
to 7'i) can be calculated. 

Another method, used by de ' 
Haas and Wiersma, depends on 
their observation that adiabatic pj^ n.yjc. Entropies as Functions of Tempera- 
demagnetisation of caesium ti- ture in a Magnetic Field 
tanium alum, from various high 
field strengths, produced no change in molar magnetic moment a=(7o^H/3i?r, 
where gq^^jjlN, fx being the atomic magnetic moment and N Avogadro’s 
number. If Hi, Ti, and H2, F2, are two points on two known saturation 
curves at helium temperatures, for which a has a value oq remaining con¬ 
stant in demagnetisation, and if (dE'/do)^^—g'(cr), where E is the energy and 
g' is a function of a, then g'(u-)=g'(ao)=g' can be calculated from Hi, H2, 
Ti, and Ti^ and if H^, r„, and H^, are the field strengths and temperatures 
at the beginning and end of a demagnetisation experiment, then it can be shown 
that r^/r^=(H,-'g')/(H^-g'), and, as 7;, H„ H^, and g' are known, T, 
can be calculated. 

For two points on the saturation curve (a=cro=const.) (11), § 17, gives: 

Hi=rif(<7o)+g'(ao) 

H2=r2f(ao)+gVo) 
/. gX^o)=l7^i7’2/(7^2-ri)KHi/ri-H2/r2). 

Since a is constant during demagnetisation (magnetisation independent of 
H), and f and g' are constants for the conditions of experiment used by de Haas 
and Wiersma, therefore (H—g'y7'=f, therefore {Hj,—g')/7’(,=(Hj—g')/r,, or 

g')/(Hj—g'), which is the formula just given. 
To measure temperatures below 1° K., Lawson and Long * used the Brownian 

movement of a quartz crystal bar. 

1 Phys. Rev., 1946,70,220,977; Brown and MacDonald, ibid., 1946,70, 976. 
A.T.P.C.—18 



SECTION VII 

THE PROPERTIES OF GASES 

A. PRESSURE-VOLUME-TEMPHRATURE RELATIONS 

OF GASES. EXPERIMENTAL 

§ 1. The Material Nature of Air 

The material nature of air was recognised by the Greek philosophers ^ 
Anaxagoras (498-428 b.c.) and Empedokles (.//, 472 B.c.) who quote an experi¬ 
ment in which a pipette-like vessel (klepshydra) is plunged mouth downwards 
into water, which does not enter unless a vent is made in the top of the vessel 
for the escape of air. Philo of Byzantium (250 B.C.?) in his De Ingeniis Spiritu- 
alibus (known only in a Latin translation from an Arabic version) ^ describes 
the experiment with a flask, and also the ascent of water into a vessel of air in 
which a candle has burnt out.^ The first experiment is described by Hero of 
Alexandria (a.d. 50?) in his Pneumatica^ Menon,-*’ a pupil of Aristotle, says 
that a bladder weighs less when blown up with air than when deflated, but 
Simplikios (Simplicius) ^ in the 6th century A.D., who quotes the experiment 
from a (lost) work of Ptolemaios the astronomer, “On Weights,” says he tried 
the experiment and found no change in weight, hence air has no weight when 
weighed in air. Cardan much later proposed to weigh air by inflating a 
bladder with it and weighing. Lucretius ^ inferred that air has weight. The 
loss of weight of a body when weighed in air, and the variation according to 
the density of the air, are clearly stated in the “ Book of the Balance of Wisdom ” 
by the Greek, al-Khazini ^ (12th century a.d.). Galileo,in 1628, published a 

1 Burnet, “ Early Greek Philosophy,” 1920, 197 (E.), 251 (A.). 
2 Printed in Hero of Alexandria, ” Opera,” edit. Schmidt, Leipzig, 1899,1,460. 
^ In Hero of Alexandria, “Opera,” edit. Schmidt, Leipzig, 1899, 1, 476; the same experi¬ 

ment is described by Fludd, “ Utriusque Cosmi Maioris . . . Historia,” Oppenheim, 
1617,471. 

4 Thevenot, “ Veterum Mathematicorura Opera,” Paris, 1693, 145; “The Pneumatics of 
Hero of Alexandria,” transl. Greenwood and edit. Woodcroft, 1851, 2; Hero of Alexandria, 
“Opera,” edit. Schmidt, Leipzig, 1899, 1, 4. 

5 See Partington and McKie, Annals of ScL, 1938, 3, 2. 
6 Commentary on Aristotle’s De Coelo, edit. Heiberg, Berlin, 1894, 17. 
7 “ De Rerum Varietate,” lib. i, cap. 8; Basel, 8vo, 1557, 86. 
8 Young, “ Lectures on Natural Philosophy,” 1845, 1, 12. 
^ Khanikoff, J. Amer, Orient. Soc^, 1860, 6, 1; on similar work by al-BirunI, see Clement- 

Mullet,/. Asiat., 1858,11,379; Sarton, “ Introduction to the History of Science,” 1931,2,216. 
“ Discorsi e Demonstrationi Matematiche intorno a due nuoue Scienci,” Leyden, 1628^ 

81; “Opere,” Bologna, 1655,2,59; Ostwald’s Klassiker, 1890,11,69; transl. Weston, “ Mathe¬ 
matical Discourses concerning Two New Sciences relating to Mechanicks and local Motion, in 
four Dialogues,” London, 1730(and 2nd edit. 1734), 118; new transl. by Crew and De Salvio, 
“ Dialogues concerning Two New Sciences,” New York, 1924; Jean Rty, im 1630, “ Recerche 
de la cause pour laquelle I’Estain & le Plomb augmente de Poids quand on les calctne,” 
Bazas, 1630 (Paris, 1777, 35), proposed to weigh air by compressing it into a vessel, but it is 
doubtful if he tried the experiment. 
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rough determination of the specific gravity of air by compressing it into a globe 
and weighing, finding it (water=l) 1/400=0*0025, whilst Boyle ^ in 1660 
found 1/938=0*00106, and in 1666,1/900=0*0011; the correct figure is 0*001293 
at S.T.P. 

§ 2. The Barometer 

The recognition of the density of the air played an important part in the 
invention of the barometer. It had been found that a pump would not lift 
water higher than 34 ft., and hence the old explanation that the water rose 
because “ Nature abhors a vacuum ” got into difficulties. Galileo’s pupil, 
Torricelli,2 in 1643 showed that mercury in a vertical tube sealed at one end 
sank to a height of 30 in., leaving a vacuous space above, and he suggested that 
the mercury column in this apparatus, which Boyle ^ named a barometer 
i^dpos, weight, fierpov, a measure), is sustained by the pressure of the atmo¬ 
sphere on the surface of the mercury in the open dish in which the tube stands. 
Torricelli’s experiment was reported by Mersenne to Pascal, and a description 
of it was published in Pascal’s posthumous work,"^ edited by Perier. The 
experiment had been suggested by Descartes ^ in 1631. 

Pascal, in his “New Experiments concerning the Vacuum”^ (1647), had 
pointed out that, as the densities of mercury and water are in the approximate 
ratio 13*5:1, a water column of 34 ft. should be upheld by the atmospheric 
pressure. He found this to be so by using a 46-ft. tube supported on the side of 
a house, the level being read from an upper window, and with other liquids the 
height was inversely proportional to the density. Perier in 1647 repeated 
Torricelli’s experiment (at Pascal’s suggestion) at the foot and summit of the 
Puy-de-D6me mountain, and found, as Pascal predicted, that the mercury sank 
with increasing altitude, when the air became increasingly rarefied. Townley ^ 

1 “New Experiments Physico-Mechanicall, Touching the Spring of the Air,” 1660; 
“ Works,” 1744,1, 56; “ Hydrostatical Paradoxes,” 1666; “ Works,” 1744, 2, 417; Musschen- 
broek, “ The Elements of Natural Philosophy,” transl. Colson, 1744, 2, 164, gave 1/800. 

2 Letter to Ricci of 11th June, 1644; Torricelli, “ Opere,” edit. Loria and Vassura, Faenza, 
1919, 3, 186-88 (cf. pp. 198, 211); transl. in I. H. B. and A. G. H. Spiers, “ The Physical 
Treatises of Pascal,” New York, 1937, 163; cf. de Waard, “ L’Exp6rience Barom^trique,” 
Thouars, 1936, 110; the actual experiments were made by Torricelli’s pupil Viviani. 

3 “New Experiments and Observations Touching Cold,” 1665, 27; “Works,” 1744, 2, 
244; for history of the barometer, see De Luc, “ Recherches sur les Modifications de I’Atmo- 
sphdre,” Geneva, 1772, 1, 5 f. 

^ “ Traitez de I’Eqvilibre des Liqvevrs et de la Pesantevr de la Masse de I’Air,” Paris, 
1663, preface, fol, viii, and pp. 92, 105,176; transl. Spiers, “ The Physical Treatises of Pascal,” 
New York, 1937, 49; Mach, “ The Science of Mechanics,” 1893, 114. 

5 “ Oeuvres,” Paris, 1824, 6, 204; 1825,10, 344, 351 (letters of 1649 to Carcavi); see Duhem, 
Rev. G^n. ScL, 1906, 17, 769, 809. 

“ Discovrs dv Vvide svr les Experiences de Monsievr Paschal, ct le traicte de Mr. 
Pierius . . .,” Roven, 1648; “ Experiences Novvelles tovchantle Vvide . . . Dedi^ ^ Monsievr 
Pascal . . , Par le sievr B. P. son fils,” Paris, 1647; “Observation tovchant le Vvide, fait 
povr la Premier fois en France . . . par Monsievr Petit,” Paris, 1647; Pascal, “ Oeuvres,” 
1908, 2, 53; Thurot, /. de Phys., 1872, 1, 171 (Torricelli’s expt.), 267 {horror vacui)\ Adam, 
Rev, Phihsoph.y 1887, 24, 612; 1888, 25, 65 (Pascal and Descartes); Duhem, Rev, Gen. Sci., 
1905,16, 599; 1906,17, 769, 809 (Pascal and hydrostatics; attempts to weigh air from Cardan 
to Descartes); Milhaud, Rev. Sci., 1907, 7, 769 (Pascal’s experiments on the vacuum); Leaven¬ 
worth, “ A MethodologicaPAnalysis of the Physics of Pascal,” New York, 1930, 74 f., 92 f,; 
Maire, “ L’Oeuvre Sdcntifique de Blaise Pascal,” 1912. 

7 Letter of 1644 in Pascal, “ Traitez de TEqvilibre des Liqvevrs,” Paris, 1663, 176; Spiers, 
“ The Physical Treatises of Pascal,” New York, 1937, 103. 

8 Boyle, “ Works,” edit. Birch, 1744,1, 98. 
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(at Boyle’s suggestion) repeated the experiment, with a similar result, on Winter 
Hill, near Chorley, in Lancashire. 

The barometer experiment, as Boyle ^ says, was explained differently by 
some philosophers, such as Hobbes and Franciscus Linus, who postulated an 
invisible “ cord ” ov funiculum stretching from the surface of the mercury to the 
top of the tube and supporting the mercury column; these plenists still main¬ 
tained that an extended vacuum was impossible, whilst the vacuists (Guericke, 
Pascal, and Boyle) believed that a vacuum could be produced in a suitable 
apparatus, and tried to prove this experimentally. 

The various forms of barometers (the siphon barometer, usually credited to 
Hooke, seems really to have been invented by Torricelli in 1644), and the 
necessary corrections, are described in works on Physics.^ 

Very pure mercury wets (but does not adhere to) clean gas-free glass, giving a 
flat surface in a barometer.^ The fact that the mercury in a completely filled 
barometer tube does not always sink to the barometric level on inverting the 
tube, but remains filling the tube, was known to Boyle: the height of the column 
may ^ exceed 2 m. 

The coefficient of expansion of mercury at room temperature is 0*0001817, 
and if ^ is that of the scale (assumed correct at O'") the corrected barometer 
reading at O'" is i?o=^/[l—(0*0001817—)S)/]. The values of jS are for ordinary 
glass 0*00001, brass 0*00002, steel 0*000012. Correction tables are generally 
used and one may conveniently be hung near the barometer. 

In calculating the absolute pressure in dynes/cm.^ from the reading of a 
barometer (or mercury manometer, § 7) it is necessary to know not only the 
density of mercury (§ 7) but also the value of the acceleration of gravity, g, at 
a given place. This depends on the latitude (f> and the height h above sea-level. 
The meniscus correction is considered in § 7. 

The variation of g, the acceleration of gravity, with the height h m. above 
sea-level and latitude is given by some form of an equation due originally to 
Clairaut (1743) and modified, e.g. by Helmert ^ (1901): 

g=978*030(l +0*005302 sin2 sin^ 24>)-0^0^30S6h, 

1 “ New Experiments Physico-Mechanical touching the Spring and Weight of the Air 
proposed by Mr. Boyle . . . against the Objections of Franciscus Linus,” London, 1662; 
” Works,” edit. Birch, 1744, 1, 76. 

2 Koch, Ann. Phys., 1895, 55, 391; 1899, 67, 485; Prytz, Z. Instr., 1896, 16, 178; Shields, 
Phil Mag., 1896, 41, 406 (temperature correction); Collie, J.C.S., 1895, 67, 128; Travers, 
” Study of Gases,” IWl, 143; Woringer, Z.phys. Chem., 1901, 38, 326; Auerbach, in Winkel- 
mann, ” Handbuch der Physik,” 1908, 1, ii, 1289; Green, Chem. News, 1908, 98, 49 (tempera¬ 
ture compensated); Morrison, Proc. Roy. Soc. Edin., 1910, 30, 386; Stillman, Bur. Stand. Bull., 
1914, 10, 371 (setting Hg surface to ivory point); Cintra do Prado, An. Acad. Brasil Cienc., 
1941, 13, 337 (corrections); Levanto, Ann. Acad. Sci. Fenn., 1941, lA, No. 8; Satterly, J. Roy. 
Astron. Soc. Canada, 1944, 38, 21; for a full description of barometer corrections, see Beattie, 
Benedict, and Blaisdell, Proc. Amer. Acad., 1937,71, 327. 

3 Schumacher, J.A.C.S., 1923, 45, 2255; Baker, Science, 1928, 67, 74; Manley, Phil. Mag., 
1928, 5, 958. 

4 Pizzarello, Nuov. Cim., 1898, 8, 266; McKie, Sci Progr., 1936, 55. 
5 See e.g. Landolt-Bdrnstein, “Tabellen,” 5th edit., 1923, 68 (also to sea-level and lat. 

45"); Ostwald-Luther, ” Phys.-chem. Messungen,” 5th edit., 1931, 202; for a mechanical 
correcting device, see Shields, Phil. Mag., 1896,41, 406. 

<» See e.g. Glazebrook, “Diet, of Applied Physics,” 1922, 1, 587; Landolt-Bdrnstein, 
” Tabellen,” 5th edit., 1923, 25; Newman and Searle, ” Properties of Matter,” 1928, 50; Kaye 
and Laby, ” Tables,” 10th edit., 1948, 19; no two works of reference agree on the formula, 
Jeffreys, Nature, 1948, 162, 915, gives go=978*0373, and g at Teddington 98 I T 807, at Wash¬ 
ington 980*0831, and at Potsdam 981 *2606. 
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The value of g (to two decimal places) in London is 981*20, in Oxford 981*21, 
in Cambridge 981 *26, in Paris 980*94, in Washington 980*10, etc. The standard 
value of go for ^=45° from Helmert’s formula is 980*616; the value accepted has 
varied, and at present 980*629 is taken i (§ l.VII D) A more accurate formula 
by Heiskanen ^ (1924) is: 

^0=978*052[1+0*005285 sin^ ^i^O-Os? sin^ 2^+0*0419 cos^ cos 2(A~17")] 

for h=0, and g=go~’0‘033086/2; A is the degree of east longitude 

§ 3. Units of Pressure 
The natural unit of pressure ^ is unit force acting uniformly and normally on 

unit area. In the c.g.s. system this is 1 dyne per cm.^, called a barye, but as 
this is a very small unit, 10^ dynes per cm.2, called a bar, is used; a millibar 
0*001 bar. By Richards the bar (10^ dynes per cm.^) was called a megabar ^ 
(a bar being 1 dyne per cm.\ which is here called a barye), and a millibar was 
called a kilobar. The bar (10<5 dynes per cm.^) is equivalent to 750*06 mm. Hg 
of the standard barometer (acceleration of gravity g=980*665) or 0*98703 
atm., and is sometimes (to add to the unfortunate confusion) called a “ c.g.s. 
atmosphere.” Since the utility of the convenient names “ bar ” and ” atmo¬ 
sphere ” has now been completely vitiated, they are best avoided altogether, 
the pressure being given in other, unambiguous, units. The original definition 
of the bar as 10^ dynes per cm.^ has been restored by international convention, 
but still another name, the microbar, has been introduced for the barye (1 dyne 
per cm.2).^ 

The normal atmosphere has been defined as the pressure of a mercury column 
of 760 mm. with a density of mercury of 13*59509 g. cm.“^ in a place with 
^=980*665 cm. sec.“^; this is equal to 1,013,249 dyne cm.~2. The standard 
value of g has since been changed to 980*629 cm. sec.~2, and the normal atmo¬ 
sphere defined (independently of barometric height) as a pressure of 1,013,250 
dyne cm."'^. 

In laboratory or technical preparative chemistry, pressures from 10“^ to 
10~^*'7 mm. Hg are common, 10~^ mm. occurs in electronic practice, 10“^ mm. 
is the present lower limit of pressure attainable; at this nadir of pressure there 
are still about lO^^x 10“9/760::::!l0^ or 1,000,000,000 molecules per cm.^. 
Hickman proposed a low-pressure notation similar to the pH scale, pm being 
the exponent of 10 in the mm. Hg pressure, e.g. 10“^ mm. is pm=—9; 
760mm.=102-88 nim. is pm=2*88, etc. The mm. Hg unit is quite unnecessarily 
called a torr (after Torricelli) in some German works.^ A very confusing unit 
proposed by Townsend takes the logarithm of the pressure in torrs in a 
completely negative form and multiplies it by —10, e.g. if /?=2xl0~5 mm., 

1 Moles, y. Chim, Phys., 1937, 34, 49; Clark, Proc. Roy. Soc., 1946, 186, 192, says 980*62 
was adopted in 1941; Birge, Rep. Progr. Phys., 1942, 8, 90, takes 980*616 for <^==45'". 

2 Landolt-Bornstein, “ Tabellen,” 1931, Ergzb., 2, i, 17; Berroth, in Geiger and Scheel, 
“ Handbuch der Physik,” 1926, 2, 463. 

3 Sometimes, incorrectly, the whole force on an area (called a “ thrust ” by Briggs and 
Bryan, “Matriculation Hydrostatics,” 1896, 71) is called “pressure.” On exact pressure 
units, see Onnes and Keesom, “ Encycl. d. math. Wiss.,” 1912, 5, i, 615 (Comm. Leiden, 1912, 
Suppl. 23). 

^ Richards and Stull, Z.phys. Chem., 1904,49, 9; all Richards’ papers contain this name; for 
the confusion, see report on A.E.F. units, Verhl. d. D. Phys. Ges., 1913, 15, 143. 

5 McAdie, Phys, Rev., 1919, 13, 285, proposed a bar of I dyne/cm.2 and a kilobar of 1,000 
of these; Whipple, Proc. Phys. Soc., 1919, 31, 237; Meyers and Jessup, Bur. Stand. J. Res., 
1931,6, 1061. 

6 For another “ tor ”=10 baryes, see de Baillhache, Rev. Gen. Sci., 1913,24,17. 
2 Nature, 1945,155, 545; Fein berg, ibid., 1945,156, 85; Wylie, ibid., 1945,156, 85. 
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log 2x 10~^=5*30I = —4*699=47 units. The micron unit of pressure is 
10~3 mm. Hg.^ 

As Meldrum ^ said, if “ science is measurement ” then it “ has little to do 
with definitions of time and space in the abstract. The man of science proceeds 
by defining standards, which serve in the measurement of time and space.” 
The same applies to ‘‘ matter,” and ” when a body is divested, in thought, of 
all those qualities which, according to the teachings of modern science, are in 
their nature phases of motion, the residue is not matter, but mass.” ^ The 
name “ somatology ” (acofMOi, body) proposed by Leslie for the subject generally 
called ” properties of matter,” has not been adopted. 

The British standard atmosphere ^ is the pressure of a column of mercury at 
32"* F. which is 29*905 in. in height at sea-level and in the latitude of Greenwich, 
near London. This is approximately 14*7 lb. wt. per in.^ (76 cm.=29*921 in.), 
and since no work of high accuracy is expressed in British units, this will suffice. 
The obsolete line^XjM in.=0*08333 in.=0*21167 cm. is used in some older 
barometric data. 

Some comparisons of metric and other units ^ are: 

1 foot=0*3048010 metre 1 yard 7=0*91439862 m. 

1 cu. in. =16*387 cu. cm. 

1 cu. ft.=28315 ml. (1 mL=0*001 lit.). 

1 English gallon=4*5435 lit. 

1 U.S.A. gallon=3*7853 lit. 

1 lb. avoirdupois ^=453*6 gm. 

1 lb. U.S. = 1/2*20462 kg. 

Some metric units in metre, metric ton, etc., units are: 

1 sthene =^foxct giving 1 metric ton an acceleration of 1 m. sec.-^ 
= 1000 newtons, 

1 p/e2e=pressure of 1 sthene m.'”^. 

The microgram y = 10“^ g. =0*(X)1 mg. 

1 Dushman, Ind. Eng. Chem., 1948, 40, 778. 
2 “ Avogadro and Dalton,” Edinburgh, 1906, 53. 
3 Stallo, “ Concepts of Modern Physics,” 1882, 25. 
^ ” Elements of Natural Philosophy,” Edinburgh, 1823, 1, 6. 
5 Gould, Proc. Roy. Soc., 1946, 186, 171, 195. 
^ Everett, ” Units and Physical Constants,” 1879; “ Illustrations of the C.G.S. System of 

Units,” 5th edit., 1902; F. M. Perkin, “The Metric and British System of Weights, Measures, 
and Coinage,” 1907; Partington and Shilling, “Specific Heats of Gases,” 1924, 27; Wallot, 
in Geiger and Scheel, “ Handbuch der Physik,” 1926, 2, 1; Henning and Jaeger, ibid,^ 487; 
Block, “ Messen und Wilgen,” Leipzig, 1928; Kaye and Laby, “Tables of Physical and 
Chemical Constants,” 1948, 4; Kennelly, “ Vestiges of Pre-Metric Weights and Measures,” 
New York, 1928, gives interesting examples of how metric weights have been given old names, 
and how trade is still carried on in old units. In my time (1912) in Berlin, groceries were 
sold by the Pfund (=500 g.), or its “ Viertel ” or “ Halbes-Viertel ” (=62*5 g.), and paid for 
in “ Thaler ” and “ Grosschen.” On units, see “ Computer’s Handbook,” Meteorological 
Office, 1917; Trotter, Electrician, 1919, 82, 300 (British units); history of the metric system, 
Guillaume, Bull. Sac. Internal, Elec., 1908, 8,27; on A.E.F. units (including y=0-001 mg.), 
Verhl. d. D. Phys, Ges., 1913, 15, 143; E. E. A. in Glazebrook, “Dictionary of Applied 
Physics,” 1922, 1, 580; on changes in standard kg. weights over a period of over 100 years, 
see Siertsema, Physica, 1928, 8, 37; Anon., Nature, 1946, 157, 538 (British units). 

7 Sears and Barrell, Phil. Trans., 1932, 231, 75; 1934, 233, 143; Sears, Proc. Roy.Soc., 1946, 
186, 152. 
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Prefixes used in the metric system are: 

T tera 1012 h hecto 102 m mini 10-2 
G gjga 10« D deca 10' P micro 10-6 
M mega 106 d deci 10-1 n nano 10-9 
k kilo 101 c centi 10-2 P pico 10-12 

§ 4. Measurements of Heights by the Barometer 

Halley ^ measured heights barometrically by arbitrary calibration against 
measured heights; according to Auerbach ^ this method was proposed by 
Pascal. The atmospheric pressure decreases with height according to a formula 
given by Halley and by Laplace ^ (for deduction, see § 19.111), the so-called 
barometer formula. Jf/)o=pressure at sea-level, p that at a height h cm., /)o=den- 
sity of air at sea-level in g./cm.^, then: 

.(1) 
or, since Po'^o^PolM, where A/=moI. wt. of air=29-00, 

p=PoO~^'^^^^^  (2) 

For a gas composed of one kind of molecule, of mass m, M=^Nm and 
R:=z]\/k (A^=Avogadro’s number, /:=Boltzmann’s constant), 

.(2a) 
This assumes that Af, and hence the composition of the air, is constant, but 

owing to the different masses of the molecules of oxygen and nitrogen there 
should be a tendency for the atmosphere to be enriched with nitrogen at high 
altitudes; owing to mixing by convection, winds, etc., the composition is almost 
constant ^ up to a height of 20 km., and only at altitudes above 29 km. is a 
change in composition found experimentally.^ G. Johnstone Stoney^ calcu¬ 
lated that light molecules, such as hydrogen, should escape from the upper 
atmosphere into space against gravitational attraction; owing to its smaller 
gravitating mass, the moon has lost its atmosphere. Jeans,however, showed 
that the earth should be able to retain hydrogen and ail other gases. 

§ 5. Boyle’s Law 

The invention of the air pump by Otto von Guericke,^ Burgomaster of 
Magdeburg, about 1650, gave an impetus to experiments on the “ vacuum ” 
(actually a low atmospheric pressure), and noteworthy in this connection is 

1 Phil. Trans., 1720, 31, 116; abridged edit., 1809, 6, 496. 
2 Winkelmann, “ Handbuch der Physik,” 1891,1,547, 
3 Halley, Phil. Trans., 1685, J6, 104; abridged edit., 1809, 3, 300; Laplace, “ Mecanique 

Celeste,” bk. X, ch. 4; “ Oeuvres,” 1880,4, 290, 294; Angot, Cornpt. Rend., 1898,126, 826. 
^ Yost and Russell, “ Systematic Inorganic Chemistry,” New York, 1944, 1. 
5 Paneth, Nature, 1937,139, 181; Carpenter,/./I.C.^*., 1937,59, 358. 
6 Of Atmospheres upon Planets and Satellites, in Trans. Roy, Dublin Soc., 1897, 6, 305; 

Bryan, Phil. Trans., 1900,196, 1. 
7 Jeans, “Dynamical Theory of Gases,” Cambridge, 3rd edit., 1921, 339; Vassy, Le Vide, 

1948, 3, 375 (stratosphere). 
8 “ Experimenta Nova Magdeburgica de Vacuo Spatio,” Amsterdam, 1672; Rodwell, 

Chem, News, 1864,9, 14; Schimank,Z. techn.Phys., 1936,17, 209; Kossel, ibid., 1936, 17, 345 
(portraits). See Partington, “ Short History of Chemistry,” 1947, Fig. 37, p. 68. On the 
date of invention of von Guericke’s pumps, and supposed extant examples, see Gcrland, Ann. 
Phys., 1883,19, 534; Berthold, ibid., 1883, 20, 345; 1895, 54, 724; 1916, 51, 881; Poggendorff, 
“ Histoire de la Physique,” 1883,258,286; Rosenberger, “ Geschichte der Physik,” Brunswick, 
1884,2, 142. 
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Boyle’s work.^ He had an improved pump constructed, and showed that a 
barometer contained in a receiver fell as the air pressure was reduced, until the 
mercury-level in the tube fell nearly to that in the trough. A criticism of 
Boyle’s views by Hobbes and Linus 2 called forth in 1662 a reply ^ from Boyle, 
in which he first announced the famous Boyle's Law, In the course of experi¬ 
ments made in 1661, he examined both the effect of pressures higher than 
atmospheric on the volume of air enclosed in the shorter sealed limb of a 
U-tube, by pouring mercury into the long open limb of the tube, and also the 
effect of pressures less than atmospheric (the “ debilitated force ”), by using a 
straight glass tube, closed at one end and containing about a 1-in. length of air 
confined over mercury; the tube could be raised in a vessel of mercury until the 
air expanded to 32 in. The pressures used varied in both sets of experiments 
from 3 cm. to 300 cm. of mercury. The “ hypothesis that supposes the pres¬ 
sures and expansions [volumes] to be in reciprocal proportion,” Boyle says, 
was suggested to him by Richard Townley, after an examination of Boyle’s 
results. This is Boyle's law: 

/7z;=const.(1) 

which was much later extended to other gases than air ^: the volume of a given 
mass of gas at constant temperature is inversely proportional to the pressure. 

If v—v'^Av, p—p'=Ap, then ^ Avjv^^Apjp, 
On 2 August, 1661, Hooke made some experiments which confirmed Town- 

ley’s hypothesis, and on 11 September, 1661, Croone and Boyle communicated 
some experiments to the Royal Society.^ In his publication of 1662, after 
describing the making of the siphon tube and the bringing of the included air to 
atmospheric pressure by inclining the tube till the mercury was at the same level 
on both sides, Boyle says: 

“ This done we began to pour quicksilver into the longer leg of the syphon, 
which by its weight pressing up that in the shorter leg did by degrees straighten 
the included air; and continuing this pouring of quicksilver till the air in the 
shorter leg was by condensation reduced to take up but half the space it possessed 
(I say possessed, not filled) before; we cast our eyes upon the longer leg of the 
glass, on which was likewise pasted a list of paper carefully divided into inches 
and parts,and we observed not without delight and satisfaction that the quick- 

1 “ New ExperimentsPhysico-Mechanicall, Touching the Spring of the Air,” 1660; “ Works,” 
edit. Birch, 1774,1,1; James, Sci, Progr., 1928-9,23, 263. 

2 According to Polvani, Nuov. dm,, 1924, 1, 1, Franciscus Linus was Francis Hall, b. 
London 1595, d. 1673. On Hobbes, see Rodwell, Chem. News, 1864, 9, 242. 

3 “ A Defence of the Doctrine touching the Spring and Weight of the Air proposed by Mr. 
Boyle . . . against the Objection of Franciscus Linus,” 1662, pt. I, chapt. 5; ” Works,” edit. 
Birch, 1744,1, 76. A full quotation and tables from the original are given by Tait, ” Properties 
of Matter,” 4th edit., 1899, 162 f., 328 f., who emphasised that Boyle also used pressures less 
than atmospheric, sometimes credited to Mariotte; extracts in Harper’s Scientific Memoirs, 
New York, 1899, 5. Boyle’s priority over Mariotte was pointed out by Muncke, in Gehler’s 
” Physikalisches Worterbuch,” 1828, 4, 1026, 1028, who says Boyle’s publication was almost 
certainly known to Mariotte. 

^ Mayow, “Tractatus Quinque Medico-Physici,” Oxford, 1674, ch. ix; Alembic Club 
Reprint, 1907, 17, 113, had proved this experimentally for some gases, which he found are 
compressed to the same extent as air. 

5 Rebenstorff, Chem. Ztg., 1908, 32, 570. 
6 Rodwell, Chem. News, 1864,9,14,26, 50,242; 1864, 10, 74,195,208; 1865, 11, 38, 74, 160, 

291; 1865, 12, 62, 74, 293; 1866, 14, 51. Boyle’s law was stated, as a hypothesis, before 1663 
by Pascal, who says of a balloon of air, “ il deuroit s’61argir k proportion de ce qu’il seroit 
moins charg6 ”: ” Traitez de I’Eqvilibre des Liqvevrs et de la Pesantevr de la Masse de I’Air,” 
Paris, 1663, 50; Spiers, ” The Physical Treatises of Pascal,” New York, 1937, 30. 

7 Into eighths, as is stated earlier. For simple demonstration apparatus for Boyle’s law, 
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silver in that longer part of that tube was 29 inches higher than the other. . . . 
Here the same air being brought to a degree of density about twice as great as 
that it had before, obtains a spring twice as strong as formerly.” 

Although Boyle’s law might ^ be called “ Townley’s law ” (see above), the 
name “ Mariotte’s law,” formerly more used on the Continent, has litttle 
justification, since Mariolte ^ published it seventeen years after Boyle, and 
(although he does not mention Boyle) he makes no claim to an independent 
discovery, as he could, in fact, hardly do, since Boyle’s publications were well 
known in France. Mariotte used the same explanation of the pressure or 
” spring ” of the air, by comparing it with little fleeces of wool or tiny coiled 
springs, as had been given by Boyle the same explanation had, in fact, been 
given long before by Hero of Alexandria (a.d. 50?) and by Descartes. ^ 

Descartes himself preferred a kinetic explanation, based on his famous theory 
of vortices, and very well summarised by Boyle: ^ “ by the restless agitation of 
that celestial matter [the ether] wherein the particles swim, are so whirled round 
that each corpuscle endeavours to beat olf all others from coming within the 
little sphere requisite to its motion about its own centre.” 

§ 6. Deviations from Boyle’s Law 

Until late in the eighteenth century, when other gases besides air were charac¬ 
terised by Black, Cavendish, and Priestley, Boyle’s law was applied only to 
atmospheric air. It was realised that more accurate experiments were necessary 
to test its strict validity. Van Musschenbroek,'^ Sulzer,^ and Robison ^ 
obtained no very definite results: the first found air less compressible than 
Boyle’s law requires, and attributed this to the finite volume of the molecules. 
In 1799 Van Marum pointed out the first decisive deviation from Boyle’s law 
in the case of ammonia at high pressure (which finally liquefied it), and similar 
experiments with other easily condensable gases (hydrogen sulphide, cyanogen, 

see e.g. Humphreys, Phys. Rev., 1900, 10, 123; Rogers, ibid., 1900, 11, 112; Williams, ibid., 
1900,11, 255; Reiff, Verhl. d. D. Phys. Ges., 1906, 8, 526; Dehn, J.A.C.S., 1908, 30, 578. 

1 Eggert, “ Physical Chemistry,” 1932, 12. 
2 “ Discours sur la Nature de I’Air,” Paris, 1679; reprint, 1923; ” Oeuvres,” Leyden, 1717,1, 

149; Mariolte says experiments were made by Hubin and himself; McKie, Endeavour, 1948, 
7, 148. 

3 “New Experiments Physico-Mechanicall, Touching the Spring of the Air,” 1660; 
“ Works,” edit. Birch, 1744, 1, 8. 

^ ” Pneumatica,” in ” Opera,” edit. Schmidt, Leipzig, 1899, 1, 8; transl., edit. Woodcroft, 
1851, 3 (” when any force is applied to it, the air is compressed, and . . . falls into the vacant 
spaces from the pressure exerted on its particles: but when the force is withdrawn, the air 
returns again to its former position from the elasticity of its particles, as is the case with hom 
shavings and sponge [rot? rtDv KcpdroDv o-uft^atVet (€ap.aaL Kal rots oTTo/yotj], which, when 
compressed and set free again, return to the same position and exhibit the same bulk.”) 

5 “ Principia Philosophiae,” Amsterdam, 1644, lib. iv, cap. 46, p. 218; transl., ” Oeuvres,” 
edit. Cousin, Paris, 1824, 3, 369 (” aSr . . . ejus particulae fere omnes sint flexiles, instar 
mollium plumularum vel tenium funiculorum ...” like small feathers or thin strings . . 
he is speaking of the dilatation by heat rather than resistance to compression). Pascal, 
“Traitez de I’Eqvilibre des Liqvevrs,” Paris, 1663, 48; Spiers, “The Physical Treatises of 
Pascal,” New York, 1937, 29, speaks of the air being like a great mass of wool, compressed by 
the weight of the upper layers. 

® ” New Experiments Physico-Mechanicall,” 1660; ” Works,” 1744,1, 8. 
7 “Introductio ad Philosophiam Naturalem,” Leiden, 1762, 2, 858; “The Elements of 

Natural Philosophy,” transl. Colson, London, 1744,2, 181. 
8 Hist. Acad, Berlin, 1753, 114. 
9 ” System of Mechanical Philosophy,” edit. Brewster, Edinburgh, 1822, 3, 635 f. 

10 Ann, Phys,, 1199,1, US, 
18* 
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Fig. 1 .VII A. Results of Amagat for Nitrogen 

etc.) showed that as the pressure increases the value of pv decreases, i.e. the gas 
is more compressible (v smaller for a given p) than it should be according to 
Boyle’s law. In the case of air, the deviation begins to be appreciable only 
above 20 atm.^; with sulphur dioxide (which liquefies under 2-5 atm. pressure 

Fig. 2.Vn A. Results of Amagat for Hydrogen 

1 Gilbert, Ann. Phys., 1799, 1, 145 (“ not every gas obeys Mariotte’s law,” NH3 does not); 
Oersted and Schwendsen, Edin. J. Set, 1826,4,224; Despretz, Ann. CMm., 1827,34, 335, 443; 
Compt. Rend., 1842,14,239; Arago and Dulong, Ann. Chim., 1830,43,74; Bull. Soc. Eneourog!, 
1830,29,295; M^m. Acad. Set, 1831, 10, 193; Magnus, Compt. Rend., 1842, 14, 165; Pouiflet, 
Compt. Rend., 1847, 24, 915; Pliysique Exp^rnnentalc,” 6tb edit, Pam, 1853, 1* 
121. For a simple demonstration apparatus, see Famiglini, Nuov. dm., 1922, 23, 393, 
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at 15®) the deviation is easily recognised in an ordinary Boyle’s-law tube. 
Experiments at higher pressures with so-called “ permanent gases ” (i.e. those 
not liquefied by the application of pressure unless they are strongly cooled) 
were made by Regnault,^ Natterer ^ (who reached 3,000 atm.), Cailletet,^ and 
especially Amagat.^ 

Fio, 3.VII A. Results of Amagat for Ethylene 

1 Mint. Acad. ScL, 1847, 21, 1, 329; 1862, 26, 229; “ Relation des Exp6riences,” 3 pts., 
1847-62-70, and plates; Henri Victor Regnault, b. Aix-Ia-Chapelle, 1810, d. 1878; Henning, 
Phys. Z., 1910,11, 770. 

2 Am. Phys., 1844, 62, 132; 1855, 94, 436; J. prakt. Chem., 1844, 31, 375; 1845, 35, 169; 
1852,56,126; Am., 1845,54, 254; Wien Ber., 1850,5, 351; 1851,6, 557; 1854,12,199; Natterer 
was a medical student when he began this work. 

3 Compt. Bend., 1870, 70, 1131; 1879. 88, 61; 1880, 90, 210 (mixtures); 1891, 112, 764; 
de Phys., 1879,8,267; Am. Chim., 1880,19, 386. 
4 Compt. Rend., 1869, 68, 1170; 1870, 71, 67; 1871, 73, 183; 1872, 75, 479; 1876, 82, 914; 

1879, 88, 336; 1879, 89, 437; 1880, 90, 995; 1880, 91, 428; 1881, 93, 306; 1882, 94, 847; 1882, 
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Natterer first showed that pv^ after decreasing with rise of pressure up to a 
point, afterwards increases with all gases; Regnault had found this only with 
hydrogen, which he ironically called ^ “ plus que parfait.” Thus, all gases at 

Fig. 4.VII A. Results of Amagat for Carbon Dioxide 

95, 281, 638; 1888, 107, 522; 1890, 111, 871; 1898, 127, 88; Ann, Chim,, 1873, 28, 274; 1873, 
29, 246; 1876, 8, 270; 1880, 19, 345; 1881, 22, 353; 1883, 28, 456, 464, 480, 500; summary in 
ibid., 1893, 29, 68; Arch, Sci,Phys, Nat., 1869, 35, 169; 1871, 40, 320; 1871, 41, 365; Phys. Z., 
1901, 1, 530; Congris Internal. Phys,, 1901, I, 550; Amagat and D6combe, “La Statique 
des Fluides,” Paris, 1917; see also Winkelmann, Ann. Phys,, 1878, 5, 92 (C2H4); Roth, ibid 
1880, 11, 1 (CO2, SO2, NH3, C2H4); Koch, ibid., 1908,27, 311 (air); Koch and Wagner, ibid!, 
1909, 31, 31; Holborn et al, ibid., 1915, 47, 1089 (air. A, He); 1920, 63, 674 (H2 at 0°, 50“, 
and 100° at 20-100 atm.); on interpolating pv for even volumes, see Bridgeman, J.A.C.S., 
1927, 49, 1130. Extracts from Amagat’s papers are given in Harper’s Scientific Memoirs, 
Nev^' York, 1899, 5. Of Emile-Hilaire Amagat (1840-1915), Guye, J. Chim. Phys., 1915,' 
13, 260, says: “ Compl^tement ind6pendant des influences des ecoles, Amagat a imprim6 i 
toute son oeuvre une originalite particulidre . . . En toutes circonstances, ce savant 6vite les 
chemins battus, pour ouvrir une voie qui est bein h lui,” 

1 Mem Acad. ScL, 1847, 21, 402. 
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sufficiently high pressures become less compressible than according to Boyle’s 
law. Hydrogen at ordinary temperatures, and also helium and neon, show this 
at pressures of the order of 1 atm. 

Some results of Amagat are shown in Figs. 1-5.VII A; the values of pv are 
taken as ordinates for the mass of gas used, and pressures in m. Hg as abscissae. 
The minimum value of pv occurs at different pressures for different gases and at 
different temperatures for the same gas. At 0° it occurs at 100 atm. for air 
and nitrogen, 200 atm. for oxygen, 35 atm. for carbon dioxide, and 44 atm. 
for ethylene. The minimum is most marked near the critical temperature of 
the gas, and at temperatures well above this it becomes less appreciable; with 
hydrogen at 0'^ (critical temperature --24r) it has disappeared. Hydrogen 

Fig. 5.V11 A. Results of Amagat for Methane 

shows a minimum in pv at low temperatures, at 25 atm. at —140^ 45 atm. at 
— 195°, and 51 atm. at—213°. 

Although the curves for the permanent gases are nearly straight lines, Amagat 
emphasised ^ that “ the isothermals of all bodies, including hydrogen, show a 
perfectly distinct curvature,” although high pressures are sometimes necessary 
to disclose it, and the curve of rising pv is somewhat concave to the p axis. The 
results depend on the temperature; Fig. 4.VII A for carbon dioxide at 40°-100° 
shows that the dip towards lower values of pv becomes less and less pronounced 
at higher temperatures. The fact that hydrogen also shows a minimum value 
of pv at low temperatures, although a very flat one, was proved by Witkowski ^ 
and by Kamerlingh Onnes and collaborators.^ 

1 Phil. Mag., 1901, 2, 651. 
2 Phil. Mag., 1896,41, 288; 1896,42, 1; Wroblewski, Monatsh., 1889, 9, 1067. 
3 Onnes and Braak, Proc. K. Akad. Wetens. Amsterdam, 1907, 9, 754; 1907-8, 10, 204, 413 

{Comm. Leiden, 1907, 91a, 99a, 100a); de Haas, /hid., 1912, 14, 101; 1912-13, 15, 295, 299 
{Comm. Leiden, 1912, 127a, b); Onnes and de Haas, ibid., 1912-13, 15, 405 {Comm. Leiden, 
127c); Onnes, Dorsman and Holst, ibid., 1915, 18, 458 {Comm. Leiden, 146a, H2); Onnes, 
Crommelin, and Smid, ibid., 1915, 18, 465 {Comm. Leiden, 1915, 1466, H2); Crommelin and 
Smid, ibid., 1915, 18, 472 {Comm. Leiden, 146c) (pressure balance); Kuypers and Onnes, 
Arch. Nierl, 1923, 6, 111 {Comm. Leiden, 165a, O2); Onnes and Penning, ibid., 1924, 7, 157 
{Comm. Leiden, 1656); Penning and Onnes, ibid., 1924, 7, 166 {Comm. Leiden, 165c, He); 
Penning, ibid., 1924, 7, 172 {Comm. Leiden, 166); see the summary in “ Het Natuurkundig 
Laboratorium der Ryksuniversiteit te Leiden in de Jaren 1904-22,” Leyden, 1922. 
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In Despretz’s apparatus, the gases were confined over mercury in glass tubes 
and the whole placed in a vessel of water to which pressure was applied by a 
screw plunger. Pouillet first used a metal compression chamber with a screw 
plunger, the capillary tube containing the gas projecting from the chamber. 
Dulong and Arago applied pressure directly by a mercury column, but they 
failed to find any deviations from Boyle’s law. Natterer compressed the gas 
into a wrought-iron vessel by a pump, the pressure being transmitted by mercury 
to a loaded piston which acted as a manometer. The lower surface of the gas- 
piston was hollowed and the edges, ground to razor sharpness, formed a thin 
ring of metal which was pressed by the liquid against the cylinder walls and so 
formed a tight joint. 

The first really accurate measurements were by Regnault, who confined the 
gas at atmospheric pressure in a vertical piezometer tube 3 m. long and 10 mm. 
diameter, over mercury (Fig. 6.VII A). This tube was surrounded by a water- 
jacket and communicated with a water compression pump by which mercury 

Fio. 6.VIIA. Regnault’s Apparatus Fig. 7.V11 A. Cailletet 
(diagrammatic) tube 

could be forced into it, and with a long vertical manometer, consisting of a 
series of glass tubes, 24 m. long, in which mercury rose when the pump was 
operated until a final pressure of about 30 atm, was reached. The gas was first 
compressed to half its volume, and the pressure (c. 4 atm.) read. Fresh gas 
was then pumped in to restore the original volume under 2 atm, pressure, then 
this was again compressed to half, and the process of adding gas and compressing 
to half the volume was repeated until the maximum pressure was reached. The 
manometer was read to 0-5 mm. 

Cailletet confined a fixed quantity of gas over mercury in a special compression 
tube terminating above in a graduated capillary (Fig. 7. VII A) and dipping below 
into mercury, and pressure was applied by a screw with a capstan wheel. At 
first the pressure was determined by the rise of mercury in a thermometer, 
enclosed in the pressure vessel, owing to compression of the bulb. In later 
apparatus, the tube containing the gas was completely enclosed in a steel vessel 
connected by a long flexible steel tube with an open vessel of mercury. The tube 
was wound on a vertical drum 2 m, in diameter, and the case containing the 
compression tube was lowered into an artesian well. The inside of the gas 
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compression tube had a thin film of gold deposited on it, and the height to 
which this was dissolved off by the mercury gave the final volume of the gas. 
The pressure was measured by a vertical mercury manometer column, which 
sometimes reached 500 m. Cailletet invented a very compact and powerful 
pump for forcing water into an apparatus, the pressure then being transmitted 
to the gas through mercury (Fig. 2.V1 C). The Cailletet pump, made by Ducretet 
et Paris, easily reaches 1,000 atm. or more.^ 

Amagat used pressures in his later experiments which reached 3,000 atm. 
at 15^-260^, and for many years his work stood alone 
in the field of such pressures. Up to 450 atm. he 
used a strong glass capillary tube, 1 mm. internal and 
1 cm. external diam., enlarged below and contain¬ 
ing mercury. Jt was surrounded by a metal water- 
jacket with windows at intervals.^ The tube was 
fixed in a compression block, and pressure was 
applied by pumping in glycerol, which forced mercury 
into the tube and compressed the gas. The mercury 
levels were observed visually through the windows. 
The pressure was measured by the height of mercury 
in an open vertical tube of steel, which finally reached 
a length of 340 m. and was fixed to a mine-shaft. A 
fixed mass of gas was used, the volume being read 
on the capillary. At higher pressures, the piezo¬ 
meter tube was enclosed in a steel pressure cylinder g yjj ^ Bridgman’s 
so that it was compressed both internally and ex- apparatus 

ternally by pumping in water. The volume was 
measured by having platinum wires sealed through the capillary, and when 
the mercury meniscus touched these an electric current flowed, this increasing 
abruptly as successive wires made contact. This method is due to Tait. 

After Amagat, the use of high pressures was resumed by Bridgman,^ who 
went to about three times the highest pressures of 3,000 atm. reached by the 
French pioneer. (Bridgman’s work was partly on the compressibility of liquids 
and solids.) In Bridgman’s apparatus (Fig. 8.VII A) the piston P presses on the 
inner piston A by a ring of hard steel R, a ring of soft steel C, and a rubber pack¬ 
ing B, the thrust being communicated to the liquid L. The shaft of A enters the 
ring R, but there is a space a between P and A. The upward thi*ust of the liquid 
on A is compensated by the pressure of the packing on the flange of A, which is 
greater than the pressure on the upper surface of A, so that liquid does not leak 
past B.4 A mixture of treacle and glycerol was used to lubricate the pistons. 

The advantage of very deep pistons without packing for compressors was 
pointed out by Joule. ^ Hydrogen at high pressures penetrates and bursts 

1 Cailletet, Ann. Chim., 1878, 15, 132; Cohen and Sinnige, Z. phys. Chem., 1909, 67, 1; 
Cohen and de Boer, ibid., 1913, 84, 32. 

2 On a pressure window, see Roebuck and Miller, Rev. Sci. Instr., 1939,10, 179. 
3 See e.g. Proc. Amer. Acad., 1909, 44, 201, 221; 1911, 47, 321; 1924, 59, 171 (He, A, H2, 

N2, NH3); 1935, 70, 1; “The Physics of High Pressure,” 1931, 30, 98f.; Rev. Mod. Phys., 
1946,18, 1. 

4 See also Petavel, Engineering, 1907, 84, 97 (calibration of pressure gauges, etc.); Adams, 
Williamson, and Johnston, J.A.C.S., 1919, 41, 12; Ernst, Ind. Eng. Chem., 1926, 18, 664; 
Keyes, ibid., 1931, 23, 1375; Tongue, “The Design and Construction of High Pressure 
Ch^ical Plant,” 1934 (compressors, etc.); Newitt, “ The Design of High Pressure Plant and 
the Properties of Fluids at High Pressures,” Oxford, 1940; Werescayin and Zelinsky, Bull, 
Acad. ScL U.R.S.S., 1943(6), 443; Comings, Ind. Eng. Chem., 1947, 39, 948 (bibl.). 

5 Manch. Mem., 1862, 3, 5; “Scientific Papers,” 1884, 1, 531. 
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ordinary steel. ^ By using small pistons of “ Carboloy,” Bridgman ^ reached 
pressures of 250,000 kg./cm.^. At pressures of 100,000 kg./cm.^ he used 
Duprene for packing, as this does not harden like rubber.-"^ Basset^ claimed to 
have reached gas pressures of 5,000 kg./cm.^ at 1,000°. Poulter and Buckley ^ 
used diamond windows for pressures up to 21,500 atm. 

§ 7 Manometers 
The simple manometer (Latin manus, force; Greek fxirpov^ a measure) 

consists of a U-tube ^ containing a suitable liquid, such as water, mercury 
(which is very dense, causing insensitivity), a-bromonaphthalene, dibutyl 
phthalate,^ amyl phthalate (/d=1-0 at 25°), nonylic acid,^ octane,^ carbon 
tetrachloride,!^ olive oil,^^ etc. The density of a-bromonaphthalene at 25° 
is 1*48834 and changes by 0*00101 per T. The coefficient of expansion of 
paraffin oil is 0*037643 at room temperature (16°). Densities of mercury in 
g./ml.,temperatures on the hydrogen scale, are 13 plus the decimal in the table: 

cc. P FC. P / C. P ! F c. 
1 

P 

0 0*5955 20 0-5462 40 0-4973 60 0*4486 
2 •5905 22 •5413 42 •4924 62 •4437 
4 *5856 24 *53M 44 *4875 64 *4389 
6 *5806 26 *5315 46 ■4826 66 *4340 
8 ■5151 28 -5266 48 •4778 1 68 •4292 

10 *5708 30 •5217 50 •4729 70 ■4243 
12 *5659 32 *5168 52 •4680 80 •4001 
14 •5609 34 •5119 54 •4632 90 •3711 
16 •5560 36 •5070 56 ■4583 I 100 *3518 
18 •5511 j 38 •5022 58 *4534 1 

1 

1 Bridgman, Rec. Trav. Chim.y 1923, 42, 568. 
2 Phys. Rev., 1940, 57, 342; Rev. Mod. Phys., 1946, 18, 1. 

Proc. Amer. Acad., 1945, 76, 1, 9. 
4 Compt. Rend., 1930, 191, 928; for 25,000 kg./cm.2 see idem, Chim. et Ind., 1928, Spec. No. 

(April), 148; for 15,000 kg,/cm.2, Compt. Rend., 1927, 185, 343; for 300,000 kg./cm.2, Chim. 
etlnd., 1945,53, 303. 

5 Phys. Rev., 1932, 41, 364. 
6 On mercury manometers: Lala, Ann. Fac. Sci. Toulouse, 1891, 5, G; Rayleigh, Proc. Roy. 

Soc., 1893, 53, 134; Villard, Ann. Chim., 1897, 11, 289 (open and closed ends); Holborn and 
Day, Ann. Phys., 1899, 68, 821; Brady,/. Franklin Inst., 1919, 187, 499; Mulhaeuser, Metallu. 
Erz, 1919, 16, 101, 147; Swan, J.A.C.S., 1925, 47, 1341; Hartshough, Science, 1925, 26, 160; 
Hagen, Z. techn. Phys., 1927, 8, 599; Phys. Z., 1927, 28, 735; Hickman, J. Opt. Soc. Amer., 
1929, 18, 305 (0 01-5 mm.); Melville, J.C.S., 1931, 2509; Martin and Collie, ibid., 1932, 2658; 
Lane, Hammerschlag, and Roehl, J.A.C.S., 1932, 54, 1020; van Santen, Comm. Leiden, 
1934, 227 (calibration); Roebuck and Cram, Rev. Sci. Instr., 1937, 8, 215; A. B. Hart, Thesis, 
London, 1941; Werner, Ind. Eng. Chem. Anal., 1945, 17, 805; for a barometer-manometer 
independent of atmospheric pressure variations, see Lawson, Wien Per., 1915,124, IIA, 669. 

2 Hickman and Weyerts, J.A.C.S., 1930, 52, 4714; Malmberg and Nicolas, Rev. Sci. Instr., 
1932, 3, 440. 

8 Drucker, Jimeno, and Kangro, Z. phys. Chem., 1915, 90, 513. 
9 Jaeger, Z. anorg. Chem., 1917,101, 30. 

Henry, Compt. Rend., 1912,155, 1078; for tetralin, see Hull,/. Sci. Instr., 1936,13, 165. 
Frowein, Z. phys. Chem., 1887, 1, 5: /5 =0*917 at 20°, coefficient of expansion 0*000798; 

precision oil manometer, Chadwick and Palkin, Ind. Eng. Chem. Anal., 1938, 10, 399; cf. 
Palkin, ibid., 1935, 7, 434. 

12 Timmermans and Hennaut-Roland, /. Chim. Phys., 1937, 34, 695; Roozeboom, Z. phys. 
Chem., 1889, 4, 81; Bodenstein, Z. Elektrochem., 1918, 24, 186, who gives the densities 1*4894 
at n*72°, 1*4844 at 16*9°, and 1*4814 at 19*00°, and iois=p/[l-0*0015(/~ 15)]; Biltz and 
Meinecke, Z. anorg. Chem., 1923, 131, 1. 

13 Lundal, Ann. Phys., 1898, 66, 741. 
1^ Chappuis, Trav. et Mim. Bur. Internat. Poidset Mes., 1917,16. 
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The effect of temperature is given by (0°—100°): 
P^=Po/(1 + 1.816904x 10-^r~2-951266x 10“9/2+i.14562x 10-10/3). 

Various types of manometers are described in the literature; i a few of the 
most useful forms are briefly reviewed here. 

A correction for the volume of the mercury meniscus in a glass tube is 
necessary in accurate work. This deviates from a spherical shape. In the 
table 2 the values of/ (cm.), the ratio of the volume of the meniscus to its lower 
section, are given for tubes (Jena normal glass) of radius R cm., where S=ratio 
of height of meniscus above the lower section to R : 

R 5=005 0 1 0*15 0*20 0*25 0-30 0 35 040 

0 05 000126 0*00252 0*0038 0*00506 0*00637 0*00773 0*0091 0*0107 
01 000252 0*00504 0*0076 0*0102 0*0128 0*0155 0*0183 0*0213 
015 000376 0*00756 0*01145 0*0153 0*01925 0*02325 0*0274 0*0318 
0-2 0*00505 0*0103 0*0155 0*0206 0*0257 0*0310 0*0366 0 0426* 
0‘25 0*00655 0*0131 0*01965 0*02615 0*0327 0*0393 0 0462* 0 0536* 
0*3 0*0080 00159 0*0239 00320 0 0401* 0 0483* 0 0566* 0 0657* 
0-35 0*00935 0*0188 0*0283 0 0384* 0 0489* 0 0592* 0 0700* 0 0815* 
0-4 0*01085 0 0218 0 0331* 0 0453* 0 0583* 0 0737* 0 0904* — 

(Starred values show important deviations from a spherical meniscus.) 

For most purposes Winkler’s corrections are sufficient. For a tube of 
radius R mm., / mm. is subtracted from the reading of the top of the meniscus 

when this is dry, and f mm. when it is moist: 

R 2 4 6 8 10 12 
/ 0*4 0*58 0*60 0*56 0*50 0*43 
/ 0*54 0*71 0*75 0*71 0*65 0*56 

Bunsen 3 obtained a flat mercury surface by covering the meniscus with 
mercuric chloride solution: twice the space between the curved surface and the 
flat surface was taken as the correction when the tube was used in the inverted 
position. This correction is not satisfactory for wide tubes. 

In calibrating the volume of a capillary by weighing mercury threads, it is 
necessary to correct for the non-planar shape of the ends of the mercury column, 
and this can be done if the volumes of the meniscus caps at each end are known. 
Scheel and Heuse and Palacios ^ determined this for mercury in air, and the 
volume in mm.3 is (to 2 per cent.): 

^=xX2*77x--4*5>^’"0’13), 

1 Baume, J. Chim. Phys., 1908, 6, 1; Auerbach, in Winkelmann, “ Handbuch der Physik,’* 
1908, 1, 1311; Jakeman, in Glazebrook, “Diet, of Applied Physics,” 1922, 1, 623; Arndt, 
“ Handbuch der phys.-chem. Technik,” 1923, 247 f.; Haehnel, in Stabler, “ Arbeitsmethoden 
der anorganischen Chemie,” 1925, 2, ii, 1291; Ostwald-Luther-Drucker, “Phys.-chem. 
Messungen,” 1931, 195 f.; Ebert, in Eucken and Jakob, “Der Chemie-Ingenieur,” 1933, 2, 
iii, 1; for Barcroft differential manometer, Gibson, Biochem. /., 1947, 41,44. 

2 Mendel6eff and Gutkowsky, /. Russ. Phys. Chem. Soc., 1877, 8, 212; Ann.Phys. Beibl.y 
1877, 1, 455 (table); Onnes and Schalkwijk, Proc. K. Akad. Wetens. Amsterdam, 1901, 3, 421, 
481; Comm. Leiden, 1901, 67; abstr. in Z. phys. Chem., 1903, 42, 114; for corrections for 
mercury and water meniscuses see Winkler, Z. anal. Chem., 1901, 40, 403; Z. angew. Chem., 
1903, 16, 718; abstr. in J. Chim. Phys., 1905, 3, 277; Germann, ibid., 1914, 12, 66; Goig, An. 
Fis. Quim., 1931, 29, 189; Cawood and Patterson, Trans. Faraday Soc., 1933, 29, 514. 

3 “ Gasometry,” transl. Roscoe, 1857, 32. 
^ Ann. Phys., 1910, 33, 291 (table); Lohnstein, ibid., 1910, 33, 296; cf. Malt6zos, Compt. 

Rend., 1894, 118, 583. 
3 An. Fis. Quim., 1919, 17, 275; Phys. Z., 1923, 24, 151; cf. Onnes and de Haas, Proc. 
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where x=radius in mm., >^=memscus height in mm. In narrow tubes, the 
meniscus may be taken approximately as a hemisphere of radius x. 

The sticking of mercury in gauges, etc., was investigated by Moser.^ Methods 
of filling U-gauges, closed at one end, with mercury are described.^ Another 
type of gauge uses the variation in length of a column of air between two 
columns of mercury in a capillary tube,^ In Topler’s differential manometer, 

a drop of xylene is contained in a very flat nearly 
horizontal U-tube with gas pressures on both sides.^ 

A sensitive mercury U-lube manometer {Ap ±0*01 
^ mm.) has tungsten wires in the mercury and the 

change of resistance due to the change of shape of 
the meniscus is measured.^ If mercury in a mano¬ 
meter comes in contact with platinum (e.g. in 
electric contacts) it may be necessary to take account 
of the small solubility of platinum in mercury (0-0205 
atomic per cent, at to 1-77 at 200°),^ which 
would slightly increase its density. Faraday’s state¬ 
ment that gas can pass between the mercury and 
glass of a containing vessel standing in a mercury 

Fig. 9,VII A. Huygens’ trough, was found by Dixon ^ to be untrue if the 
Manometer glass and mercury are clean, as Faraday himself 

implies. To keep a mercury surface clean it may 
be covered with syrupy metaphosphoric acid. Most workers tap the manometer 
smartly with a piece of soft wood before taking a reading. Keesom, van der 
Horst, and Taconis ^ read the mercury miniscus by an X-ray shadowgraph. 

In the Huygens (or Kretz, or manometer two liquids of different 
densities meet in a bent tube (Fig. 9.VII A) at the interfaces A and B, the heavier 

Akad. Wetens. Amsterdam, 1912, 15, 405 {Comm, Leiden, 127r); Verschaffelt, ibid., 1919, 21, 
836; Cawood and Patterson, Trans. Faraday Soc., 1933, 29, 514 (bibl.); on meniscus correc¬ 
tion, see also Guye, J, Chim. Phys., 1907, 5, 203; Germann, ibid., 1914, 12, 66; J.A.C.S., 
1914, 36, 2456; Kistemaker, Physica, 1945, 11, 270, 211 \ a full description of barometer 
corrections is given by Beattie, Benedict, and Blaisdell, Proc. Amer. Acad., 1937, 71 
327. 

J Ann.Phys., 1877, 160, 138. 
2 Swan, J.A.C.S., 1925, 47, 1341; WeatherUl, ibid., 1925, 47, 1947. 

Tammann and Nernst, Z. phys. Chem., 1892, 9, 1. 
4 Ann. Phys., 1896, 57, 472; Foch, Ann. Chim., 1913, 29, 597 (optical reading). 
5 Klumb and Haase, Z. techn. Phys., 1932, 13, 272; same type with electrolyte solution and 

platinum wires, see Smith, Opt. Soc. Amer., 1926,12, 655. 
Plaskin and Suvorovskaya, J. Phys. Chem. U.S.S.R., 1941, 15, 978; tantalum is not 

wetted by mercury, Jones, Taylor, and Vogel,7./I.C.5\, 1948,70,966. 
7 “ Chemical Manipulation,” 1842, 343, 554. 
8 Chem. News, 1886, 54, 227 (Davy, in 1826, had also found this). 
y Physica, 1934, 1, 324. 

10 Kretz, in Jamin, ” Cours de Physique,” 1882, 1, i, 218; Topler, Ann. Phys., 1895 56 
609; Smjts, Arch. Nderl., 1898, 1, 97; Z. phys. Chem., 1902, 39, 385; for a differential paraffin 
Oil manometer for low pressures, sec Bleier and Kohn, Monatsh., 1899, 20, 505, 909; Battelli, 
Nuov. dm., 1901, 1, 5, with mercury, aniline, and water, 100 times as sensitive as mercury; 
Chattock, Walker, and Dixon, Phil. Mag., 1901, 1, 79; Smith, Engineering, 1910, 90, 144- 
Henry, Compt. Rend., 1912, 155, 1078; /. de Phys., 1913, 3, 652 (sensitive form); Panncll, 
Engineering, 1913, 96, 343; Druker, Jim^no, and Kangro, Z. phys. Chem., 1915 90, 513* 
Miilhaeuser, Metall u. Erz, 1919, 16, 101, 147; Jakeman, in Glazebrook, “Diet, of AppUed 
Phy^s, 1922,1, 640; Duncan, J. Sci. Instr., 1927,4, 376; Darbord, Compt. Rend., 1929 188 
50; Owen, Phil. Mag., 1930, 10, 544; Pearson, Z. phys. Chem., 1931, 156, 86; Topley and 
Srnith, J. Sci. Instr., 1931, 8, 194; Dickens and Greville, Biochem. J., 1933, 27, 213 (const 
vol.); Vincent, Proc. Phys. Soc., 1933,45, 808; Stdhlane, J. Sci. Inst., 1934,11, 79 (±0 01 mm.* 
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Cs 

liquid being in this tube and the lighter above it on both sides. If the densities 
are and (pa>pb) if an increase of pressure p mm. Hg on the right causes 
a difference of level h, the difference of level in the wide reservoirs C and D will 
be hfa, where a=aratio of cross-section of reservoir to that of the tube. Then, 
if ais much larger than h, 13*56p=/7(p^—p*). 
Thus, A=13*56p/(p^—p^), and if p^ and p^ are nearly the same 
this is large. E.g. with moist aniline p^= 1 -022 and water p^,= 
0*998 at 20°, then /2=(13*56/0*024)p=565p, so that a pressure 
change of 1 mm. Hg produces a change of level in the mano¬ 
meter of 565 mm. 

Amagat ^ calibrated his manometers by means of very long 
mercury columns. One was fixed to a church spire at Lyons, 
two others were in mine shafts 400 m. and 500 m. deep. 
Cailletet^ used a mercury manometer of steel tube, 4*5 mm. 
bore, fixed to the Eiffel Tower in Paris, 300 m. high. High- 
pressure mercury gauges with closed ends should contain nitro¬ 
gen, since air causes slow oxidation of the mercury and the gas 
volume thus changes.^ 

A manometer used by Holborn and Henning ^ consists of a 
mercury reservoir Q (Fig. lO.Vll A), which has to withstand 
the high gas pressure transmitted to the mercury surface through 
the tube J3, and from which a vertical steel tube LL', 12 m. 
long, 6 mm. wide, and 1 mm. thick, projects. On every 2 m. 
of this was a stopcock leading to a 2-m.-long vertical glass 
tube (Gi to 65). When the mercury had risen into a part of 
the steel lube communicating with one of these glass tubes, the 
stopcock was opened and the mercury level read in the glass 
tube. Since mercury is oxidised by air at high pressure, the tube 
should be filled with nitrogen. 

An explosion of a pressure mercury manometer used with 
ammonia gas was recorded. ^ 

Instead of using the very long open manometers employed 
by Regnault, Amagat, etc,, Kamerlingh Onnes^ invented a shortened form 
which can be used up to 100-200 atm. It consists of a number of thick-walled 
glass siphon manometers connected in series with mercury columns of about 
4 atm. in each, the upper end of each being connected by steel capillary tube with 
the lower part of the next, and the last one open to the air. By an arrangement 

J3 

Ficj. lO.Vll A. 
Holborn and 
Henning’s 
Manometer 

water); Becck, Rev. Sci. Instr., 1935, 6, 399; Robbelen, Z. tcchn. Phys., 1936, 17, 95 (micro- 
manometer depending on a capillary meniscus); 1937, 18, 11; Cope and Houghton, J. Sci. 
Instr.y 1936, 13, 83; Holmes and Emmett, J, Phys. Chem., 1947, 51, 1262; Young and Taylor, 
Ind. Eng. Chem. Anal., 1947,19,133; Brow and Schwertz, Rev. Sci. Instr.y 1947,18, 183; South 
Met. Gas Co., Gas J.y 1948, 253, 318. 

J Ann. Chim.y 1893, 29, 68; Koch and Wagner, Ann. Phys.y 1909, 31, 31. On similar long 
manometers at Manchester, St. fetienne, etc., see Anon., Engineer, 1913,115, 535. 

2 Compt. Rend., 1891, 112, 764; Z. kompr. Case, 1897, 1, 88; J. Phys. Chem., 1897, 1, 
738 (abstr.). 

3 Kuenen and Robson, Phil. Mag., 1902, 3, 149; Cardoso and Levi, J. Chim. Phys., 1921-2, 
19, 244. 

4 Ann. Phys.y 1908, 26, 833. 
3 Sampey, Chem. Eng. News, 1947, 25, 2138. 

<» Proc. K. Akad. Wetens. Amsterdam, 1899, 1, 213 {Comm. Leiden, 44); 1906, 8, 75, 77, 79, 
82 {Comm. Leiden, 946-e); Schalkwijk, ibid., 1^1, 3, 421, 484; 1902, 4, 23 {Comm. Leiden, 
67,70); Meyers and Jessup, Bur. Stand. J. Res., 1931,6, 1061 (bibL); Hunt and Larsen, J. Phys. 
Chem., 1934,38,801; Roebuck and Cram, Rev. Sci. Instr., 1937,8, 215 (200 atm.). 
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of steel stopcocks the air pressures in the upper and lower parts of the tubes are 
gradually built up with compressed air, and the total pressure to be measured 
is then the sum of the pressures in the tubes, i.e. the sum of the mercury columns. 
E.g. with a pressure of 42 atm., there will be eleven columns of 4 atm. in the 
closed tubes and a column of 2 atm. in the last tube with one side open to the 

atmosphere. Certain corrections for the temperature of the 
mercury and the weight of the compressed air are applied. 

A manometer depending on the change of volume of the bulb 
of a mercury thermometer when exposed to pressure (“ mano- 
metre a ecrasement ”) suffers from the defect of change of zero.^ 
An interferometer method, depending on the change of refractive 
index of water by pressure, was used up to 270 atm. by van 
Doren, Parker, and Lotz.2 A differential manometer accurate 
to 1 in 1,000 at 3,000 Ib./in.^ was described by Boyd.^ 

The Bourdon gauge ^ is very much used f^or high-pressure 
measurement (e.g. with oxygen cylinders). It consists of a 
hook-shaped metal tube (German-silver or steel) of elliptical 
cross-section, which may be filled with paraffin oil, and when 
pressure is applied to the interior the tube stretches and the free 
end moves. The motion is approximately proportional to the 
pressure and is registered by a pointer-hand on a circular scale 
operated by wheel-work. Such gauges have been known to 
burst and cause fatal accidents, and they should be tested from 
time to time. They also show some elastic after-effect. 

The Spurge manometer uses the elastic deformation of a 
hollow metal cylinder or shell. ^ Baume and Robert ^ measured 
pressure changes by the change in volume of a//im thermometer 

Spiral Mano- bulb containing mercury and exposed to the gas. 
meter For high pressures, a bifilar steel spiral capillary, which may 

form part of the gas supply system, has been used.^ 
The spiral manometer ^ operates on the principle of the Bourdon gauge. It 

consists of a spiral of thin-walled tube of elliptical section, of glass or quartz 
(which shows no elastic after-effect), with a small mirror attached by a fibre to 
the closed end. The whole is enclosed in a tube in which a compensating gas 
pressure, read on a mercury manometer, is maintained (Fig. 1 l.YII A), the spiral 

1 Cardoso,/. Chim.Phys., 1921-2,19, 217. 
2 JA.CS., 1921, 43, 2497. 
3 J.A.C,S., 1930, 52, 5102; another was described by Wildhagen, Z. angew. Math. Mech,, 

1923, 3, 181. 
4 Bourdon, Compt. Rend., 1853,37,656; Barus,T////. A/ag., 1891,31,400; made by Bourdon, 

of Paris, Gindre Fr^res & Oc, of Lyons, and Schaffer and Budenburg, of Magdeburg. On 
calibration see Wagner, Ann. Phys., 1904,15, 906; temperature correction, Jakeman, in Glaze- 
brook, “ Diet, of Applied Physics,” 1922, 1, 633; correction for elastic after-effect, Bennewitz, 
Phys. Z., 1921, 22, 329; theory, Lorenz, Z. Verein D. Ing., 1910, 54, 1865; Phys. Z., 1917, 18, 
117; Wohlfarth, Z. techn. Phys., 1924, 5, 361; Koppl, Rev. Sci. Instr., 1947, 18, 850 (quartz); 
Wuest, Die Technik, 1948, 3, 23. 

5 Anon., Engineer, 1913, 115, 535. 
6 Compt. Rend., 1919,168,1199; Baume, Bull. Soc. Chim., 1922,31,129. 
2 Simon, Ruhemann, and Edwards, Z. phys. Chem., 1929, 6 B, 62. 
® Ladenburg and Lehmann, Verhl. d. D. Phys. Ges., 1906, 8, 20; Ann. Phys., 1906, 21, 305; 

Johnson, Z. phys. Chem., 1908, 61, 457; Johnson and McIntosh, J.A.C.S., 1909, 31, 1138; 
Bodenstein et al., Z. Elektrochem., 1908, 14, 544; 1909,15, 244; 1910, 16, 961; 1913, 19, 836; 
1916, 22, 327; 1917, 23, 105; Z. phys. Chem., 1909, 69, 26; Preuner and Schupp, Z. phys. 
Chem., 1909, 68,129; Preuner and Brockmoller, ibid., 1912, 81, 129; Rassow, Z. anorg. Chem., 
1920, 114, 117; Stirnemann, N. Jahrb. Min., 1925, B. Bd. 52 A, 334; Davies, Z.phys. Chem., 
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manometer being used as a null instrument. The quartz apparatus may also be 
used to read by direct deflexion, and up to high pressures (with less sensitivity). 

The disc manometer operates on the principle of the aneroid barometer 
(invented and named by Vidi ^). It can be used for high or low pressures and 
consists of a circular disc, usually of metal, of thickness appropriate to the 
pressures measured, sometimes corrugated, and clamped round the edge in a 
suitable box. The pressure (liquid or gaseous) is applied to one side and causes 
the disc to bulge, the motion being transmitted to a pointer; or else a small 
mirror is fastened to the disc and a beam of light reflected from it to a scale or, 
when the apparatus is to be used for very rapid pressure changes, on to a camera 
with a revolving film.2 An error is due to elastic after-effect, but this is not 
appreciable in the single deflexions of a steel membrane in explosion measure¬ 
ments (Pier, Bjerrum). A differential disc gauge causing a change of capacity 
of an electric condenser ^ has been described. A silica membrane,^ and a glass 
membrane platinised so that its motion breaks an electric circuit, ^ have been used. 

Gillespie and Frazer ^ adapted the membrane gauge for higher temperatures 
by attaching a vertical glass thread to the centre, projecting in a tube outside a 
heating chamber, and read the movement of the end of the thread by a micro¬ 
scope. A glass diaphragm gauge, compensated by a measured air pressure on 
the other side, can be used with gases which attack mercury. An organic film 
causing interference fringes in its motion ® is sensitive to 0-003 mm. Hg. 

The spoon gauge ^ consists of a thin glass bulb, one side of which has been 

1928, 134, 57; Daniels, J.A.C.S,, 1928, 50, 1115 (bibi); Braune and Knoke, Z. phys. Chem,, 
1931, 152, 409; Robert, Helv, Phys. Acta, 1936, 9, 405; Arii and Kawabata, Bull. Jnst. Phys. 
Chem. Res. Tokyo, 1938, 17, 299; Nitta and Seki, J. Chem. Soc. Japan, 1941, 62, 581 (in 
Japanese); Vaughan, Rev. Sci. Instr., 1947,18, 192; Yorke,/. Sci. Instr.^ 1948, 25, 16. 

1 Compt. Rend., 1847, 24, 975; Wohlfarth, Z. techn. Phys., 1924, 5, 361; Klemenc, J.A.C.S., 
1925, 47, 2173; Fredenhagen, Z. anorg. Chem., 1932, 210, 210; 1934, 218, 161; recording 
diaphragm gauge for high pressures. Smith, J. Sci. Instr., 1940, 17, 242; 1947, 24, 134 (160 
±0-4 lb./in.2); Kleiber, Rev. Sci. Instr., 1945,16, 79. The idea of the aneroid barometer was 
proposed by Leibniz in 1697 in a letter to Papin: Fleckenstein, Experientia, 1946, 2,262. 

2 Kohlrausch, Ann. Phys., 1869, 136, 618; Rontgen, ibid., 1873, 148, 580; Hansemann, 
ibid., 1884, 21, 545; Wien, ibid., 1889, 36, 834; Dieterici, ibid., 1893, 50, 47; 1897, 62, 616; 
1899, 67, 859; Martens, Z, Verein D. Ing., 1909, 53, 747; Pier, Z. phys. Chem., 1908, 62, 385; 
Scheel and Heuse, Verhl. d. D. Phys. Ges., 1909, 11,1; Z. Instr., 1909,29,14; Bjerrum, Z. phys. 
Chem., 1912, 79, 513; 1912, 81, 281; sensitive membrane manometers: Fry, Phil. Mag., 
1913, 25, 494 (0 001 dyne/cm.2); Seeliger and I^ntow, Z. techn. Phys., 1920, 1, 20; Phys. Z., 
1926, 27, 732; Bennewitz, Phys. Z., 1921, 22, 329; Kornfeld and Klingler, Z. phys. Chem., 
1929, 4B, 37 (Pt foil); Sommerfeld, ibid., 1931, 155, 208; Fischer, Chem. Fabr., 1933, 377; 
Kiirti, Z. phys. Chem., 1933, 20 B, 305 (0 02 mm. Ag foil); AUsop, Safety in Mines Res. Board, 
1925, No. 16 (electron tube type); Moser, Ann. Phys., 1932,14, 790 (high temp.); Caldwell and 
Fiock, Bur. Stand. J. Res., 1941, 26, 175. 

3 Whiddington, Phil. Mag., 1920, 40, 634; Whiddington and Hare, ibid., 1923, 46, 607; 
Karrer, Johnston, and Wulf, Ind. Eng. Chem., 1922, 14, 1015; Daniels, J.A.C.S., 1928, 50, 
1115; Olson and Gunn, ibid., 1929, 51, 2378; Hirst and Olson, ibid., 1929, 51, 2398; Lilly, 
Rev. Sci. Instr., 1942, 13, 34; Gilson, Science, 1942, 95, 513 (photocell); Matheson and Eden, 
Rev. Sci. Instr., 1948,19, 502. 

^ Stock and Gibson, Ber., 1912, 45, 3527; Smith and Taylor, J..4.C.S., 1924, 46, 1393; 
Kenty, Rev. Sci. Instr., 1940, 11, 377 (bibl.). 

5 Daniels and Bright, J.A.C.S., 1920, 42, 1131; 1921, 43, 53; Harvey and Shuette, ibid., 
1926, 48, 2065; silvered collodion was used by Lafay, Compt. Rend., 1909, 149, 1115; and 
Villey, ibid., 1910,151, 65. 

6 J.A.C.S., 1936. 58, 2260. 
t Baume and Robert, Compt. Rend., 1919,168, 1199; Klemenc, J.A.C.S., 1925, 47, 2173. 
8 Tobias, Rev. Sci. Instr., 1942,13, 232. 
9 Gibson, Dissert., Breslau, 1911;Pr<7c. Roy. Soc.Edin., 1913,33, 1; Jackson, J.C.S., 1911, 

99,1066; Scheffer and Treub, Z. phys. Chem., 1912, 81, 308; Norrish, J.C.S., 1925, 127, 2316; 
Rushton and Daniels, J.A.C.S., 1926, 48, 384; Geddes and Mack, ibid., 1930, 52, 4372; 
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Fig. 12.Vn A. 
Gauge 

Spoon 

B 
/ 

thickened and collapsed inward by melting, so that the whole resembles a very 
thick spoon (Fig. 12.VII A). A thin glass fibre pointer is attached to the end. 

Pressure causes deformation and motion of the pointer, 
observed with a microscope. On account of ease of 
breakage it is best used as a null instrument, a com¬ 
pensating and manometrically measured air pressure 
being applied outside the gauge. 

The “ clicking manometer ” or “ click gauge ” con¬ 
sists 1 of a thin blown bulb flattened by heating in a 

flame so that a small wrinkle results; change of pressure causes a clicking noise 
as the uneven glass diaphragm passes a critical position. A pressure difference 
of 0*2 mm. at 1 atm. is recorded. It seems to be 
rather troublesome to work, and usually operates only 
in one direction. 

An “ optical lever ” manometer consists ^ of a 
U-tube with a steel float on the mercury, which on 
moving tilts a mirror pivoted on two knife-edges and 
so reflects a beam of light. A fairly wide (44-mm. 
diam.) tube is used to avoid capillary depression. 
The sensitivity is O-O^l mm. Hg and an accuracy of 
0*032 mm. Hg is claimed. In Barus’s and Roseveare’s 
apparatus,2 interferometry is used. A Michelson 
interferometer optical pressure gauge was devised by 
Manley ^ for measurements from 0*0001 to 20 mm. 
Hg. An X-ray shadow manometer for pressures to 
3/x Hg was used by Kistemaker.^ 

A low-pressure manometer consisting of a graphite 
plate resting (and making a gas-tight seal) on a 
vertical glass tube evacuated below, and supported 
by a quartz fibre carrying an iron weight actuated 
by a magnet, and hung from an arm (Fig. 13.VII A), was used by Rodebush 
and Coons.5 

For the measurement of high pressures Amagat ^ used an improved form of 
the so-called Desgoffe manometer^ really invented (he says) by Galey-Cazalat, 

0 

App 

Vac 

Fig. 13.VIIA. Manometer 
of Rodebush and Coons 

Foord, J. Set. Instr., 1934, 11, 126; Henry, Bull. Soc. Chim. Belg., 1935, 44, 311; Thompson 
and Linnetl, Trans. Faraday Soc., 1936, 32, 681; Lewis and Style, Nature, 1937, 139, 631; 
Helm and Mack, J.A.C.S., 1937, 59, 60; Southard and Nelson, ibid., 1937, 59, 911; Gucker 
and Munch, ibid., 1937, 59, 1275; Berl, Rueff, and Carpenter, Ind. Eng, Chem. Anal., 1938, 
10, 220; Stoddart, J.C.5., 1944, 388. 

1 Smith and Taylor, J.A.C.S., 1924, 46, 1393; Yost and Kirchcr, ibid., 1930, 52, 4680; 
Nester, ibid., 1931, 53, 1811; Yost and Claussen, ibid., 1933, 55, 885; Negishi, ibid., 1936, 38, 
2293. 

2 Prytz, Ann. Phys., 1905, 16, 735; Knudsen, ibid., 1910, 33, 1435; Schrader and Ryder, 
Phys. Rev., 1919, 13, 321; Barus, Proc. Nat. Acad., 1921, 7, 71; Carver, J.A.C.S., 1923, 45, 
59; Roseveare, ibid., 1932, 54, 202; Henry, Bull. Soc. Chim. Belg., 1931, 40, 657; Newbury 
and Utterback, Rev. Sci. Instr., 1932, 3, 593; for other types of low-pressure, etc., manometers, 
see Gu6ritot, Compt. Rend., 1913, 156, 1974 (thermo-electric); Verbeek, Chem, Ztg., 1913, 37, 
1338, 1361; Trombe, Bull. Soc. Chim., 1934, 1, 160, 408 (bell floating in mercury); Hindley, 
J. Sci. Instr., 1947,24, 295 (bells, torsion balance; 2 x 10~4 mm.). 

3 Proc. Phys. Soc., 1928,40, 57. 
4 Physica, 1946, 12, 217. 
5 J.A.C.S., 1927, 49, 1953; Daniels, ibid., 1928, 50, 1115 (diagrams of 12 types of gauge); 

Rodebush and Henry, ibid., 1930, 52, 3159. 
6 Ann. Chim., 1893,29,68; see also Wroblewski, WienBer., 1888,97, II A, 1321; Witkowski, 

Phil. Mag., 1896, 41, 288; 1896, 42, 1; Tammann, Ann. Phys., 1899, 68, 553; Wagner, ibid!, 
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which is a kind of reversed hydraulic (Bramah) press. The pressure acts on a 
small piston (with molasses packing) which is in contact with a large piston 
(with castor-oil packing) in a vessel below in which is a liquid communicating 
with a mercury gauge 
(Fig. 14.VII A, simplified). 
If p is the pressure read on the 
mercury manometer and a, 
A, the areas of the small and 
large pistons, the pressure 
applied to the small piston 
is pAja, 

Holborn and others ^ used 
up to 250 kg./cm.2 a Stiick- 
rath’s pressure balance^ con¬ 
sisting of a piston working 
in a steel cylinder containing 
castor oil and bearing at the 
top against a spindle carrying 
a frame loaded with weights. 
The motion of the piston is registered by suitable apparatus. Pressures of 
100 kg./cm.2 can be measured to 0 012 per cent. 

Amsler’s pendulum manometer ^ consists of a cylinder containing oil, the 
piston of which presses against a heavy pendulum, the weight of which can be 
adjusted by a sliding weight. The pressure is determined (sensibility about 
0*4 kg.) by the displacement of the pendulum. 

Bridgman’s absolute manometer ^ for pressures up to 6,800 kg./cm.^, and in 
modified form up to 12,000 kg./cm.^, was a combination of an Amagat’s 

1904, 15, 906; Knoblauch, Linde, and Klebe, Forsch. Gehiet. Ingenieurwesens, Berlin, 1905, 
Heft 21, 33, 57 (steam); Martens, Z. Verein D, Ing,, 1909, 53, 747; Koch and Wagner, Ann, 
Fhys., 1910, 31, 31; Kohnstamm and Walstra, Verslag. K. Akad. Wetens. Amsterdam, 1913, 
22, 679; Cardoso, J. Chim. Phys., 1921-2, 19, 217 (small type); see, on high-pressure mano¬ 
meters, Bridgman, “ The Physics of High Pressure,’’ 1931, 60. 

1 Holbora and Baumann, Ann. Phys., 1910, 31, 945; Holborn and Schultze, ibid., 1915, 47, 
1089; Holborn, ibid., 1917, 54, 503; 1924, 75, 276; Michels, ibid., 1924, 73, 577; [Stuckrath] 
Z. Insir., 1894, 14, 307; Meissner, ibid., 1910, 30, 137; Wiebe, ibid., 1910, 30, 205; Dimmer, 
ibid., 1915,35, 245; Richards, Z. phys. Chem., 1908, 61, 77; Cohen et at., ibid., 1910, 75,257; 
1919, 93,421; Wohlfarth, Z. techn, Phys., 1924,5, 361; the instrument was made by Stuckrath, 
Friedenau. 

2 Janecke, Z. phys, Chem., 1915, 90, 257; on piston gauges and pressure balances see also: 
Jakeman, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 630; Schalkwijk, Proc. K. 
Akad. Wetens. Amsterdam, 1901, 3, 421, 481; 1902, 4, 23, 107; Comm. Leiden, 1901, 67; 
Kohnstamm and Walstra, Proc. K. Akad. Wetens. Amsterdam, 1914, 16, 754, 822; 1914, 17, 
203, 217 (3,000 atm.); Verslag. K. Akad. Wetens. Amsterdam, 1914,22, 11, 679, 808, 1366; 
Crommelin and Smid, Ann, Phys., 1916, 51, 621; Smid, ibid., 1916, 51, 635 (calibration of 
Schaffer and Budenburg pressure balance); Comm. Leiden, 1915, 146c*; Keyes and Brownlee, 
LA.C.S., 1918, 40, 25; Keyes and Felsing, ibid., 1919, 41, 589; Smith and Taylor, ibid., 1923, 
45, 2107; 1924, 46, 342; Michels, Ann. Phys., 1923, 72, 285; 1924, 73, 577; Beattie, J.A.C.S., 
1924, 46, 342; Keyes and Dewey, /. Opt. Soc. Amer., 1927, 14, 491; Bridgeman, J.A.C.S., 
1927, 49, 1174 (fixed pt., liq. C02» 34-4009 atm. at 0°, or 26144-7 mm. Hg, ^=9^-665 cm. 
sec.*"^); Michels and Gibson, Ann. Phys., 1928, 87, 850; Bartlett, Cupples, and Tremearne, 
J,A,C.S., 1928, 50, 1275; Beattie and Edel, Ann. Phys., 1931, 11, 633; Meyers and Jessup, 
Bur, Stand, J, Res., 1931, 6, 1061 (bibl.); Beattie and Bridgeman, Ann, Phys., 1932, 12, 827; 
Keyes, Proc, Amer, Acad,, 1933, 68, 505; Beattie, ibid., 1934, 69, 389; Benedict, J.A.C.s!, 
1937, 59, 2224, 2233; Vereshchagen and Aleksandrov,/. Tech. Phys. U.S.S.R., 1939, 9, 348; 
Burkw, 1940, 62, 681, 696. 

3 Proc. Amer. Acad., 1909,44,201,221; 1911,47,321; 1924,59,171; 1935,70,1. 

Large piston 

Castor od 

‘^9 

Fig. 14.VII A. Desgoffe Manometer 
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manometer with a pressure balance. A small piston (1*59 mm. diam.) moved 
in a massive steel block with a clearance of 0*0025 mm,, bearing above on a 
wider piston carrying a frame loaded with weights. An accuracy of 0*1 per 
cent, was attained and a sensitivity of 2 kg./cm.^ at 7,000 kg./cm.^ pressure. 
The pistons were lubricated with a mixture of treacle and glycerol. To measure 
very high pressures (up to 15,000 kg./cm.^) Bridgman ^ used the change of 
resistance of mercury, or ^ the change of resistance of manganin, a method used 
originally by Lisell.^ The pressures were applied by paraffin oil, which remained 
sufficiently liquid under the great compression, and an ingenious method of 
sealing the piston was used. The gas, already compressed to 2,000 kg./cm.^, 
was contained in a small steel bomb with a valve which opened when the pres¬ 
sure of the paraffin oil in which it was immersed exceeded this value. The 
volume was found from the distance the compressing piston was driven into 
the cylinder containing the oil and the gas bomb. 

The pressures reached by Kamerlingh Onnes and his collaborators in the 
Leiden laboratory were not very high, but the measurements were made at low 
temperatures, when the gases would liquefy if high pressures were used, and 
precision was aimed at. From the numerous publications a representative 
selection only can be given here.'^ 

It is obvious from the above summary that many types of manometer are 
available for moderate and high pressures, and if the designs suitable for use 
at very low pressures (considered in Section VIIJ) are included the range of 
choice is considerable. As a general rule, the simplest apparatus which fulfils 
the requirements of a particular investigation should be chosen, due regard 
being paid to the rest of the apparatus. If, for example, the manometer is 
required to record the pressure of a gas at a fairly high temperature, some 
design (such as the spoon-gauge) which can be enclosed in a constant-tempera¬ 
ture space will be best. If accurate readings of pressure at room temperature 
are to be made, some form of simple U-type will probably be best, in which case 
great care should be taken in the choice of the manometric liquid, the density 
and coefficient of expansion of which must be accurately determined. For high 
pressures, a study of the publications listed which cover this field will enable a 
suitable choice to be made. Elaborate apparatus, with electrical contacts and 
parts which may easily get out of order, should be avoided. Manometers of 
the Bourdon type should be frequently recalibrated. 

Although several manometric liquids have been mentioned, many more will 
suggest themselves. The chief property of a manometric liquid which should 
be considered is its volatility; a liquid having an appreciable vapour pressure at 
the temperature of the manometer must not be used. 

1 Proc, Amer. Acad., 1909, 44, 201, 221; first used by de Forest Palmer, Amer, J. Sci., 
1898, 6, 451, to 3,500 atm. 

2 Proc. Amer, Acad., 1911, 47, 321, 335; 1914,49, 627; 1924, 59, 173; 1935, 70, 1. 
3 Lisell, Dissert., Upsala, 1903; Ann. Phys. BeibL, 1903,27, 852; Lmdeck,Z. Instr., 1908,28, 

229; Lafay, Compt. Rend., 1909,149, 566 {Pt, Hg, manganin); Ann. Chim., 1910,19,289;Biron, 
J. Russ. Phys. Chem. Soc., 1910, 42,223 {P) ',Ann. Phys. BeibL, 1911,35, 746; Jaeger and Stein- 
wchr, Z. Phys., 1922, 9, 201; Bridgman, “ The Physics of High Pressure,” 1931, 70; Ziklis, J. 
Techn. Phys. U.S.S.R., 1945,15,960. It should be noted that the results of Lussana, Nuov. Cim., 
1903, 5, 305; 1918,15,130, were in error, since he did not use manganin in the experiments. 

^ Onnes, Proc. K. Akad. Wetens. Amsterdam, 1900, 2, 29 {Comm. Leiden, 50); 1900, 2, 
437 {Comm. Leiden, 54; Hg compr. pump); Onnes and Braak, ibid., 1901, 3, 299 {Comm. 
Leiden, 60); Onnes and Hyndman, ibid., 1901,3, 621 {Comm. Leiden, 69); Gzn, Z.phys. Chem., 
1902, 39, 14 (HCI, C2H6; bibl.); Schalkwijk, Proc. K. Akad. Wetens. Amsterdam, 1902, 4, 
107 {Comm. Leiden, 70: H2 to ^ atm.); 1903, 5, 636 {Comm. Leiden, 84: volumeter); Onnes 
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§ 8. Manostats 
The manostat, or pressure regulator of Moitessier,^ consists (Fig. 15.VII A) of a 

weighted bell inverted over a mixture of 2 parts of glycerol and 1 part of water. 
The gas enters by a tube inside the bell and leaves by another tube*which is 
closed at the top by a valve operated by a rod from the bell, which is lifted when 

the latter rises. The pressure is adjusted by weights in a pan at the top of the 
bell. The adjustment is to 0-5 mm. of water pressure. In Giroud’s apparatus 
a weighted membrane is used. Other types of manostat, some for reduced 
pressures, are described by Lothar Meyer,^ Perkin,^ Smits,^ Drucker,^ Scheel 

and Hyndman, ibid,, 1902, 4, 761 (Comm. Leiden, 78); Keesom, ibid., 1904, 6, 532, 541, 554, 
565 (Comm. Leiden, 88, O2+CO2); Onnes and Braak, ibid., 1907, 9, 754, 775 (Comm. Leiden, 
97a; Ann. Phys. Beibl., 1907, 31, 933: H2); 1907-8, 10, 204, 413, 419, 429, 743 (Comm. Leiden, 
99a, 100a, 100^, I02d; deviations from Boyle’s law; H2); Onnes, ibid., 1907-8, 10, 445, 741 
(Comm. Leiden, 102a, c; He); Onnes and de Haas, ibid., 1912, 15, 295 (Comm. Leiden, 127a; 
H2); Onnes, Crommelin, and Smid, ibid., 1915, 18, 465 (Comm. Leiden, 1466; H2); Onnes and 
Crommelin, ibid., 1915, 18, 515 (Comm. Leiden, i41d\ Ne); Crommelin, Martinez, and Onnes, 
ibid., 1919,22,108 (Comm. Leiden; 1921,154a; Nc); Kuenen, Vcrschoyle, and Urk, ibid., 1923, 
26, 49 (024-N2); Kuypers and Onnes, Arch. Neerl., 1923, 6, 111 (Comm. Leiden, 165a; O2); 
Martinez and Onnes, ibid., 1923, 6, 253 (Comm. Leiden, 164; H2, He); Onnes and Penning, 
ibid., 1924, 7, 157, 166 (Comm. Leiden, 1656, c; H2, He); Penning, ibid., 1924, 7, 172 (Comm. 
Leiden, 166; isochores of air); van Urk and Nijhoff, Comm. Leiden, 1924, 169c (O2); Kuypers, 
ibid., 1924, 1696 (O2); Onnes and Kuypers, ibid., 1924, 169a (O2); Onnes and van Urk, ibid., 
1924, \69d (N2); van Urk, ibid., 1924, 169c (N2); Boks and Onnes, ibid., 1924, 170a (He); 
Onnes and Boks, ibid., 1924,1706 (He); Crommelin and Swallow, 4lh Internat. Congr. Refrig., 
1924, 1, 53a (Comm. Leiden, 1925, 172a; H2); van Agt and Onnes, Proc. K. Akad. JVetens. 
Amsterdam, 1925, 28, 674 (Comm. Leiden, 1766; H2, He); Nijhoff and Keesom, ibid., 
1925, 28, 963 (Comm. Leiden, 1796, O2); 1928, 31, 404 (Comm. Leiden, 1886; He); Nijhoff, 
Keesom, and Iliin, ibid., 1928, 31, 408 (Comm. Leiden, 188c); Nijhoff and Keesom, ibid., 
1928, 31, 410, 413 (Comm. Leiden, 188^/; H2); Nijhoff, Gerver, and Michels, ibid., 1930, 33, 
72 (CO2 0‘^-100^ 2,000 atm.); Michels and Michels, Physica, 1934, 1, 587 (N2); Michels and 
JLenssen,/. Sci. Instr., 1934, 11, 345 (to 3,000 atm.); Michels, Wouters, and de Boer, Physica, 
1936, 3, 585, 597 (N2); Keesom and Walstra, ibid., 1940,1, 985 (He, low temp.); Michels and 
Goudeket, ibid., 1941, 8, 347 (H2 to 3,000 atm,); Michels and Wouters, ibid., 1941, 8, 923 
(He to 200 atm., 0°-150°); Kistemaker and Keesom, ibid., 1946, 12, 227 (He, low temp.); on 
Kamerlingh Onnes (1853-1926) see Mathias, Rev. Gen. Sci., 1926, 37, 294; Keesom, Physica, 
1926,6) 81; de Haas-Lorentz, Naturwiss., 1926,14, 441. 

1 Stansfield, Trans. Faraday Soc., 1911, 7,116; Collins, Chem. News, 1912,105, 244; Z. Instr., 
1912, 32, 305; cf. Mathews and Faville, J. Phys. Chem., 1918, 22, 1; Arndt, “ Handbuch der 
physikal.-chem. Technik,” 1923, 173 f.; Smith, Ind. Eng. Chem., 1924,16, 22; Carroll, Rollef- 
son, and Mathews, J.A.C.S., 1925, 47, 1785, 1791; Coffin, ibid., 1933, 55, 3646; Campbell and 
Dulmage, ibid., 1948, 70, 1723. 

2 Arm., 1873, 165, 303. 
3 J.C.S., 1881, 53, 689. 
4 Z. phys. Chem., 1900, 33, 565. 
5 Z.phys, Chem., 1910, 74, 612. 
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and Reuse, ^ Beckmann,^ Speranski,^ Beckmann and Liesche,*^ and Ruif and 
Hartmann.5 Manostats for high pressures are described by Cohen and 
de Boer^ and Hershberg and Huntress,^ and for low pressures by Seller, 
Goldwasser, and Beebe.^ A Cartesian diver type was first used by Caswell.^ 

§ 9. Results of Compressibilities of Gases at High Pressures 

Table I 

Values of PV found by Amagat lo (value at 0” C. and 1 atm. = 1.) 

Oxygen 

Patm. 100 200 300 400 500 600 700 800 900 1000 

0° 0-9265 0-9140 0-9625 1-0515 11560 1 -2690 1-3855 1 -5030 1-6200 1-7355 
15-65*^ 1-0045 0-9945 1-0420 1-1250 1 -2270 I 1-3370 1-4515 1 -5660 1-6820 1 -7980 
99-50“ 1 -3750 1-4000 1 -4530 1 -5320 1-6220 I 1-7200 1 -8270 J -9340 2-0415 2-1510 

199-50“ 1 1-8190 
i 

1 -8850 
1 
1 

1-9610 2 0500 2-1420 2-2415 
i [ 

2-3430 2-4465 — 

Nitrogen 

Patm. 100 200 300 1 400 ! 
1 

500 
1 
! 600 
! 

700 800 900 
1 

1000 

0“ I 0-9910 1 -0390 1-1360 1-2570 1-3900 1 1 -5260 1-6615 1 -7980 1-9340 2-0685 
16-03° 1-0620 1 1-1145 1 -2105 1-3290 1-4590 1 -5945 1 -7290 1-8655 2-0015 2-1360 
99-45“ ! 

1 
1 -4890 1 -5905 I 1 -7060 1 -8275 1 -9545 1 2-0865 2-2200 2-3540 — 

199-50“ j 

i 
1-9065 2-0145 1 

i 
2-1325 ' 

1 
2-2570 1 

! 
2-3840 2-5125 

j 
2-6400 2-7715 — 

Hydrogen tt 

Patm. 100 200 300 1 400 500 600 700 800 900 1000 

0“ 1-0690 1-1380 1 -2090 j 1 -2830 1 -3565 1-4315 1-5045 1 -5775 1-6490 1-7200 
15-50“ 1-1290 1-1980 1-2685 : 1-3410 i I 1-4150 j 1 -4890 1 -5620 1 1 -6340 1 -7060 1-7760 
99-25“ — 1-5135 1 -5860 1 1 -6590 j 1-7310 1-8040 l-8760i : 1 -9490 2-0210 2-0930 

200-25“ { 
1 1 

1 -8840 1-9560 j 2-0300 j 
1 1 

2-1050 2-1762 2-2480 1 
i 

2 3200 2-3915 — 

1 Ann, Phys., 1912, 37, 79. 
2 Z.phys, Chem., 1912, 79, 565. 
3 Z.phys, Chem,, 1913, 84, 160. 
4 Z.phys. Chem., 1914, 88, 13. 
5 Z. anorg. Chem., 1924, 133, 29; see also Stephenson, J. Phys. Chem., 1907, II, 107; 

Miller, ibid., 1907,11, 392; Joseph, Proc. Chem. Soc., 1914,30, 254; Dawson, Ind. Eng. Chem., 
1924, 16, 160; J. Phys. Chem., 1925, 29, 1408; Johnson,/.C.5., 1931, 2523; Martin and ColUe, 
ibid., 1932, 2658; Trombe, Bull. Soc. Chirn., 1938, 5, 710; Thelin, Ind. Eng. Chem. Anal., 1941, 
13, 908; Oliver and Bickford, Rev. Sci. Instr., 1945, 16, 130; Donahoe, Russell, and Van der 
Werf, Ind. Eng. Chem. Anal., 1946, 18, 156; Spardo, Vix, and Gastrock, ibid., 1946, 18, 214; 
Goodwin, J. Chem. Educ., 1947, 24, 511; Campbell and Dulmage, Anal. Chem., 1948, 70, 
1723. 

^ Z. phys. Chem., 1913, 84, 32. 
7 Ind. Eng. Chem. Anal., 1933, 5, 344. 
« J.A.C.S., 1936, 58, 1703; 1938, 60, 1265. 
9 Phil. Trans., 1704, 24, 1597 (“baroscope”); Dubrovin, Instruments, 1933, 6, 194 (low- 

pressure gauge); Germann and Gagos, Ind. Eng. Chem. Anal., 1943, 15, 285; Gilmont, ibid., 
1946, 18, 633. 

10 Ann. Chim., 1893,29. 68. 
11 Amagat says he prepared his hydrogen by heating “ oxalic acid” with soda lime; he 
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Table 1—continued 

Air 

Patm. 100 200 300 400 500 600 700 
i 

800 900 1000 

0° 0-9730 1-0100 1-0975 1-2145 1 -3400 1 -4700 1-6020 1 -7345 1 -8640 1 -9920 
15*70° 1-0460 1 0855 M740 1*2835 1-4110 1-5375 1 -6670 1*8000 1 -9300 ! 2-0600 
99*40° 1-4030 1 -4670 1*5585 1 -6625 1-7815 1 *9060 2-0300 2*1555 2-2830 2-4150 

200*4° 
i 

— 1-8860 1 *9865 2*0960 2-2110 2-3300 2-4515 
j 

2-5750 2*7000 2-8280 

Carbon Dioxide 

P atm. 100 200 300 400 500 600 700 800 1000 

0° 0-2020 0*3850 0-5595 0-7280 0-8905 1-0495 1 -2055 1 -3580 1*6560 
20° 0-2285 0-4190 0-5985 0-7710 0-9380 1 -0995 1-2590 1-4170 1-7160 
40° 0-3090 0-4675 0-6485 0-8230 0 9900 1-1570 1*3190 1 -4790 1*7800 
60° 0-6610 1 0-5425 0-7100 0*8840 1 -0540 1*2190 1*3825 1-5435 1*8475 
80° 0-8725 0-6600 0-7900 0-9560 1-1240 1-2900 1*4535 1-6140 I 1-9210 

100° 1 1*0300 1 0-8145 1 0*8900 1 -0385 1*2005 1 -3655 1*5285 1-6890 * 1 1*9990 
198° j 1-5820 1 1-4960 1-4935 1-5630 1 -6775 1-8120 1-9560 2-1080 — 
258° i 1*8470 1-8040 1*8200 1-8830 

i 
1 i 

_ — j — 

The compressibilities of air ^ and hydrogen ^ were measured by Witkowski, 
his values for hydrogen being particularly good, and he also worked down to very 
low temperatures. The values found by Amagat ^ and by Witkowski are given 
(with some abridgement) in tables 11 and 111 (PF=1 at O' and 1 atm. in 111). 

Table II 

Relative Volumes (Amagat). Volume at 0"' C. and 1 atm. = 1,000,000. 

Atm. 
Oxygen Air Nitrogen Hydrogen 

0° 99*5° 199-5° 0° 99*4° 200*4° 0° 99-45° 199-5° 0° 99-25° 200-25' 

100 9265 13750 12000 9730 14030 _ 9910 _ 1069 — _ 
200 4570 7000 9095 5050 7335 9430 5195 7445 9532 5690 7567 9420 
300 3208 4843 6283 3658 5195 6622 3786 5301 6715 4030 5286 6520 
400 2629 3830 4902 3036 4156 5240 3142 4265 5331 3207 4147 5075 
500 2314 3244 4100 2680 3563 4422 2780 3655 4514 2713 3462 4210 
600 2117 2867 3570 2450 3177 ! 1 3883 2543 3258 3973 2387 3006 3627 
700 1981 2610 3202 2288 2900 3502 2374 2980 3589 2150 2680 3211 
800 1880 2417 2929 2168 2694 3219 2247 2775 3300 1970 2436 2900 
900 1800 2268 2718 2071 2537 3000 21*49 2616 3079 1835 2244 2657 

1000 1736 2151 1 — 1992 2415 2828 2068 — — 1725 2093 — 

1500 1526 — — — — — — — — 1380 
1 

— 

2000 1408 
1 

— — — — — — — 1194 i ““ 
probably meant formic acid, and Wroblewski, Wien Ber.^ 1888, 97, IIA, 1321, says the gas 
would contain about 20 per cent, of carbon monoxide; Balandin and Freidlin, /. Gen, Chem. 
V.S.S.R,, 1936, 6, 868, say the method gives pure H2* free from CO. 

1 Phil, Mag,, 1896, 41, 288; 1896, 42, 1 (values for +16°, -136°, and -140° also given; 
for air at 0° to —79° to 200 atm., see Koch, Ann. Phys., 1908, 27, 311). Thermodynamic 
functions of air were calculated from Witkowski’s data by Clausius’s equation (§ 28.VII C) 
by Fouch6, Compt, Rend., 1919, 169, 1089, 1158. 

2 Bull. Acad. Polon., 1%5, 6, 305; Landolt-Bornstein, “ Tabellen,” 5th edit., 1923, 105. 
3 Arm. Chim., 1893, 29, 68. 
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Table III 

Values of PF for Air and Hydrogen (Witkowski) 

Atm. 100" 0" -35" -78-5"* -103-5"t -130° -145“t -183° -205° 

0 1 

1 
air 
H2 

1-367 
1-3661 

1-0000 
1-0000 

0-8716 0-7119 
0-7180 

0-6202 
0-6189 

0-5229 0-4679 
0-4611 0-3283 0-2470 0-2207 

10 
air 
H2 

1 -3678 
1-3721 

0-9951 
1-0055 — 0-7228 0-6232 

— 
0-4635 0-3284 0-2427 0-2145 

20 
air 
H2 

1-3691 
1-3789 

0-9897 
1-0118 

0-6778 
0-7282 

0-5697 
0-6279 

0-4410 0-3447 
0-4661 

__ 

0-3272 0-2373 0-2065 

30 
air 
H2 

1-3704 
1-3858 

0-9842 
1-0181 — 

0-6599 
0-7336 

0-5417 
0-6327 

0-3936 0-2444§ 
0-4689 0-3270 0-2321 0-1997 

40 
air 
H2 

1-3725 
1-3927 

0-9793 
1-0245 — 

0-6423 
0-7391 

0-5125 
0-6376 

0-3329 
0-4721 0-3270 

. . 

0-2288 0-1946 

50 
air 
H2 

1 -3754 
1-3996 

0-9754 
1-0309 

0-8288 0-6252 
0-7445 

0-4839 
0-6427 

0-2544 
0-4758 0-3278 0-2275 0-1928 

60 
air 
H2 

1-3784 
1-4064 

0-9723 
1-0373 

0-8219 0-6089 
0-7501 

0-4567 
0-6478 

0-2013 
0-4801 0-3296 0-2275 0-1928 

70 air 1-3821 0-9701 0-8158 0-5937 0-4318 0-1989 
1 

— ~ j — 

80 air 1-3866 0-9688 0-8105 0-5796 0-4103 0-2043 
n 

— — ; — 

90 air 1-3908 0-9681 0-8058 0-5680 0-3948 — 1 — — : -- 

100 air 1-3951 0-9681 0-8023 0-5600 
1 

0-3881 — — — 1 — — 

110 air 1-4004 0-9690 0-8006 0-5544 [ 0-3877 — ! — > — ' 

120 air 1 -4065 0-9710 0-8006 0-5520 
1 

0-3914 ~ 1 — —■ -- — 

130 air 1 0-9738 
1 

— 0-5528 j 
1 

0-3981 
i 

— ' 1 

1 
— ' — j — 

♦ -77°forH2. t *“104" for H2. t -147" for H2. § 29 atm. 

Table IV 1 

Values of PKin Amagat units (P atm.; unit mass of gas=mass of 1 lit. at S.T.P.). Observers: 
A=Amagat, B=Bartlett, H=Holborn, 0=0nnes, S=Schalkwijk, ST=Smith and 
Taylor, V=Verschoyle, W=Witkowski. Values collected by Bartlett et ai, 1930. 

Nitrogen 

Atm. +20° -25° -50° -70° 

1 1*0735 0-9082 0-8162 0-7432 
25 1-0685 (V) 0-8910 (H) 0-7900 (H) 0-7044 (H) 

1-0689 (0) — — — 

1-0695 (H) — — — 

50 1-0667 (V) 0-8780 (O) 0-7680 (O) 0-6747 (B) 
1-0668 (0) 0-8780 (H) 0-7672 (H) 0-6680 (O) 
1-0646 (ST) — — 0-6680 (H) 
1-0672 (H) — — — 

1 Bartlett, Hetherington, Kvalnes, and Tremearne, J,A,C,S., 1930,52,1363, where values for 
75, 125, 150, and 300 atm. are also given; Bartlett, Cupples, and Tremearne, 1928, 50, 



§9 RESULTS OF COMPRESSIBILITIES OF GASES AT HIGH PRESSURES 573 

Table IV—continued 

Nitrogen—continued 

Atm. +20° -25° -50° 1 -70° 

100 1-0745 (B) 
1-0737 (V) 
1 -0766 (H) 
1 -0796 (A) 
1 -0693 (ST) 

0-8676 (B) 
0-8677 (H) 

0-7438 (B) 
0-7407 (H) 

i 0-6362 (B) 
0-6290 (H) 

! 3 

200 1-1320 (B) 1 
1 M297 (V) 

M332 (A) 

0-9151 (B) 0-7854 (B) 0-6823 (B) 

400 ! 1 1 -3467 (B) 
1 -3468 (A) 

1-1445 (B) 1 -0334 (B) 0-9477 (B) 

500 i 1 -4761 (A) 1 -2798 (B) 1-1748 (B) ' 1-0914(B) 
600 1 -6098 (B) 

1-6115 (A) 
1-4186 (B) 1-3159 (B) 1-2331 (B) 

800 1-8817 (B) 
1-8822 (A) 

1 -6958 (B) 1-5928 (B) 1-5111 (B) 

1000 2-1481 (B) 
2-1527 (A) 

1 

1 -9600 (B) 1-8573 (B) 1-7783 (B) 

1275. Amagat’s and Holborn’s values are interpolated from observations at 0° and 15°-16°, 
and at 50°, 0°, —50°, and —100 , respectively. According to Deming and Shupe, J.A.CS., 
1931, 53, 843, the temperatures given above, from Bartlett et ai, as —25°, —50°, and —70°, 
should be —24-99°, —49-93°, and —69-90°, respectively, for the Hz table. Lala, Ann. Fac. 
Sci. Toulouse, 1891, 5, G3 (gases and mixtures); Kuenen, Arch. Neerl., 1893, 26, 354, 392 
(CH3CI); Amagat, Ann. Chim., 1893, 29, 68; Leduc, ibid., 1898, 15, 5; Compt. Rend., 
1909, 148, 407 (several gases, 0-3 atm.); Verschalfelt, Proc. K. Akad. Wetens. Amsterdam, 
1899, 1, 329 (Comm. Leiden, 1899, 47) (CO2+H2); Ramsay and Travers, Z. phys. Chem., 
1901, 38, 641 (675) (He, Ne, A, Kr, Xe); Onnes and Boudin, Proc. K. Akad. Wetens. Amster¬ 
dam, 1901, 3, 299 (Comm. Leiden, 1901, 60); Schalkwijk, ibid., 1902, 4, 23, 107 (Comm. 
Leiden, 1902, 70); Witkowski, Bull. Acad. Polon., 1905, 6, 305; Onnes and Braak, Proc. 
K. Akad. Wetens. Amsterdam, 1907, 9, 754 (Comm. Leiden, 97a); 1907-8, 10, 204 (Comm. 
Leiden, 99a), 413 (Comm. Leiden, 100a), 419 (Comm. Leiden, 100^); ibid., 1907-8, 10, 
743; Verslag. K. Akad. Wetens. Amsterdam, 1908, 16, 501, 817 (Comm. Leiden, 1908, 102J) 
(He); Kohnstamm and Walstra, Proc. K. Akad. Wetens. Amsterdam, 1914, 17, 203 (values 
marked **); Onnes, Crommelin, and Smid, Comm. Leiden, 1915,146Z? (recalculated by Michels 
and Gerver, Ann. Phys., 1933, 16, 745); Holbom et al., Ann. Phys., 1915, 47, 1089; 1920, 
63, 674; Z. Phys., 1925, 33, 1; 1926, 38, 359; Holborn and Schultze, Ann. Phys., 1915, 47, 
1089 (air, He, A; 0°-200°); Keyes and Felsing, J.A.C.S., 1919, 41, 589; Holborn, Ann. Phys., 
1920, 63, 674 (H2); Holborn and Otto, Z. Phys., 1922, 10, 367 (H2, O2, He); 1925, 33, 1 (air, 
O2, N2, Ne, He); Kuypers and Onnes, Arch. Neerl., 1923, 6, 111 (O2); Smith and Taylor, 
J.A.C.S., 1923, 45, 2107; 1926,48, 3122; Crommelin and Swallow, Ath Internat. Congr. Refrig., 
1924, 1, 53a (Comm. Leiden, Ilia)’, Verschoyle, Proc. Roy. Soc., 1926, 111, 552; [Pickering], 
Bur. Stand. Circ., 1926, No. 279 (extensive data); Sameshima, Bull. Chem. Soc. Japan, 1926, 
1,41 (C2H2, to 12 atm. at 0° and 25°); Crommelin and Watts, Proc. K. Akad. Wetens. Amster¬ 
dam, 1927, 30, 1059 (Comm. Leiden, 189c) (C2H4); Keyes and Burks, J.A.C.S., 1927, 49, 1403; 
1928, 50, 1100 (CH4 and CH44-N2); Shidei, Bull. Chem. Soc. Japan, 1928, 3, 25 (HCl); NijhofF 
and Keesom, Proc. K. Akad. Wetens. Amsterdam, 1928, 31, 410, 413; Goig, Compt. Rend., 
1929, 189, 246 (CO, 53-127 atm.); BoteUa, An. Fis. Quim., 1929, 27, 315 (CO 0°-20°, to 50 
atm.); NijhofF, Comm. Leiden, 1929, Suppl. 64c (He, H2), 64/(02, N2); Heuse and Otto, Ann. 
Phys., 1929, 2, 1012; Bartlett, Hetherington, Kvalnes, and Tremearne, J.A.C.S., 1930, 52, 
1374 (O2); Basset and Dupinay, Compt. Rend., 1930, 191, 1295 (N2+H2 to 5,000 atm.); 
Freeth and Verschoyle, Proc. Roy. Soc., 1931,130, 453 (CH4); Dodge, Ind. Eng. Chem., 1932, 
24, 1353 (review); Beattie, Proc. Amer. Acad., 1934, 64, 389; Johnston and Weimer, J.A.C.S., 
1934, 56, 625 (N2O and NO); Michels and Michels, Physica, 1934,1, 587 (N2); Beattie, Had- 
lock, and PofFenberger, J. Chem. Phys., 1935,3,93 (C2H6); Michels and Nederbraght, Physica, 
1935, 2, 1(X)0 (CH4, 20-80 atm.); Michels and Michels, Proc. Roy. Soc., 1936, 153, 201, 211 
(CO2 to 3,000 atm.); Michels, de Gruyter, and Niesen, Physica, 1936, 3, 346 (C2H4 to 270 
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Tabi-E IV—continued 

Hydrogen 

Atm. + 20' -25'' -50" -70" 

1 1 -0732 0-9085 0-8170 0-7438 
25 1-0887 (S) 0-9230 (B) 0-8307 (B) 0-7566 (B) 

1 0889 (V) 0-9240 (W) 0-8330 (W) 0-7580 (W) 
1 0889 (H) __ —• — 
1 0885 (W)** —■ — 

50 M049 (S) 0-9384 (B) 0-8447 (B) 0-7703 (B) 
11053 (V) 0-9374 (H) 0-8447 (H) 0-7695 (H) 
1 1048 (H) 0-9382 (W) 0-8450 (W) 0-7710 (W) 
11049 (W)** — — 

100 M391 (B) 0-9706 (B) 0-8756 (B) 0-8003 (B) 
M382 (S) 0-9695 (H) 0-8754 (H) 0-7980 (H) 
M383 (V) — — — 

M402 (O) — — 
M384 (H) — — — 
1 1464 (A) — — 
M385 (A)**^ _ — — 

200 1 -2079 (B) 1 -0383 (B) 0-9411 (B) 0-8640 (B) 
1 -2054 (V) 1 1 — i — 

1-2154 (A) i — — 

1-2094 (A)** ! — — — 

400 1-3511 (B) I 1-1808 (B) 1 -0832 (B) 1 -0075 (B) 
1-3578 (A) 1 — — 1 — 

1-3545 (A)** — I 
500 1 •4240(B) 1-2542 (B) 1-1568 (B) 1 -0804 (B) 

1 -4320 (A) — — — 

1-4274 (A)** — — — 

600 1-4958 (B) 1 -3272 (B) 1 -2301 (B) 1-1555 (B) 
1-5057 (A) — — — 

1 -5006 (A)** — — — 

800 1-6391 (B) 1-4717 (B) ! 1-3755 (B) 1-3018 (B) 
1-6504 (A) — — — 

1-6450 (A)** “ — — 

1000 1 -7795 (B) 1-6139 (B) 1-5185 (B) 1-4443 (B) 
1 -7923 (A) — — — 

1-7885 (A)** — 

i 

— 

Holborn ^ represented his results with hydrogen to 100 atm. by the equations: 

0>z;=0«99918+0-0381613/z;+0‘05l220/z;2 
50°p^;=M8112+0-02l0505/z;+0'05l015/«;2 

100"/?z;=l*36506+0*02l2450/z;+0-05l240/z;2. 

atm.); Michels, Wouters, and de Boer, /6/t/., 1936, 3, 585 (N2); Beattie, Gouq-Jen Su, and 
Simard, JA.C.S., 1939, 61, 926 (C2H6); Kelso and Felsing, ibid., 1940,62, 3132, 3529 (hydro¬ 
carbons); V. Fischer, Ann. Phys., 1941, 39, 272; Kritschewsky and Levchenko, Acta Physico- 
chim. U.R.S.S., 1941, 14, 271 (binary and ternary mixtures of N2, H2, and CH4); Michels and 
Qoudckci, Physica, 1941, 8, 347 (H2); Michels and Wouters, ibid., 923 (He); Beattie, Ingersoll, 
and Stockmayer, J.A.C.S., 1942, 64, 548 (w^^butcne); Vaughan and Collins, Ind. Eng. Chem., 
1942, 34, 885 (C3H8, W0-C5H12); Felsing and Watson, J.A.C.S., 1943, 65, 780, 1889 (hydro¬ 
carbons); Michels, Geldermans, and de Groot, Physica, 1946, 12,105 (C2H4 to 3,000 atm.); 
Meyers, Bur. Stand. Bull., 1948, 40, 457 (O2); for N2 see also Keyes, Smith, and Joubert, 
J. Math. Phys. Mass. Inst., 1922, 1, 191; Onnes and Van Urk, Comm. Leiden, 1924, 169^/; 
Kvalnes and Gaddy, J.A.C.S., 1931, 53, 395 (to 1000 atm.); Benedict, ibid., 1937, 59, 2224, 
2233; Otto, Michels, and Wouters, Phys. Z., 1934, 35, 97; Maron and Turnbull, J.A.C.S., 
1942, 64, 44. 

1 Ann. Phys., 1920, 63, 674. 
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The following figures ^ show the volumes occupied by 1 volume of gas at 
16° C. at the stated pressure when released to 1 atm. pressure: 

Atm. 50 100 120 
1 

150 200 

H2 48-5 93*6 111-3 136*3 176*4 
N2 50 5 100*6 1200 147*6 190*8 
Air 50-9 101*8 121*9 150*3 194*8 
O2 — 105*2 — — 212*6 

O2 at 0^ C. 52-3 107*9 128*6 161*9 218-8 
CO 2 69 477* 485* 498* 515* 

* Liquid at pressures above 90 atm. 

Some values of pv (= 1 at 0° and 1 kg./cm.^) found by Bridgman ^ are: 

1 
p kg./cm.2 2,000 

i 

4,000 j 6,000 
1 
; 8,000 
1 _. 

: 10,000 

1 

1 13,000 ! 15,000 

He 65" _ 1 2*64 i 3*33 3*98 1 4-60 5*52 6*11 
H265" ! 2-54 j 3*83 1 5*08 6*23 8*66 — 

N2 68" ! 5*82 i 
I 

7*95 9.94 ' 11-91 1 
i 

14*70 16*50 

The intermediate values for H2 at 65° are: 

p 3,000 5,000 7,000 9,000 11,000 12,000 
pv 3‘18 4-50 5*65 6-17 7-80 8-25 

Michels, Nijhoff, and Gerver ^ found that the compressibilities of hydrogen 
at0°-100°and 1 to 1,000 atm. could be represented by {pvY^{pv)if+cf,t, where 
a is a function of pressure, having the values: 0 atm. 0*003661, 500 atm. 
0-003745, 1,000 atm. 0-003698. The values of pv (1 at 1 atm. and 0°) are: 

Atm. 
1 

1 
25* 50" 75" 100" 

0 

1 
0-9993 1*0908 1*1823 ■M 1*3654 

100 1 -0639 1*1569 1*2501 1*4358 
200 1*1328 1 1 *2269 1-3203 1*4137 1*5071 
400 1*2761 ^ L3703 1 *4635 1*5577 1*6513 
600 1 *4221 1*5157 1*6081 1 *7022 1 *7955 
800 1 *5668 1*6593 1*7512 1*8452 1 *9380 

1000 1 *7086 1*8008 1-8917 1*9856 2*0784 

Amagat’s results for hydrogen and nitrogen to 5,000 atm. were confirmed by 
Basset and Dupinay."^ Volumes of H2, N2, and CO, and mixtures of N2-b3H2, 

1 Cochrane, in “ Physical and Chemical Data of Nitrogen Fixation ” (H.M. Stationery 
Office), 1918, 5; cf. Stewart, J'. Amer. Sac, Mech, Eng.^ 1908,30, 1361; Bartlett, et e/., J,A.C.S,^ 
1928, 50, 1275; 1930, 52, 1363, 1374, for hitter pressures. See the collection of data in 
Winkelmann, “ Handbuch der Physik,” 1908,1, ii, 1257; Graetz, ibid,^ 1906, 3,1111; Landolt- 
Bdmstein, “ Tabelkn,” 5th edit., 1923, 103; “Intemat. Crit. Tables,” 3, 3f.; Pickering, 
Bur. Staud. Misc. Fubl^ 1925, 71. 

2 Proc. Afner. Acad., 1924, 59, 171. 
3 Am. Phys., 1932, 12, 562. 
4 Compt. Rend., 1930, 191, 1295. 
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at '-70'' to +300" and 1-1,000 atm. were given (with charts) by Dilley.^ Results 
found by Bridgman ^ are: 

p kg./cm.2 

1 

c.c./g. at 
30^^ 

c.c./g. at 
65^' 

He 

c.c./g. at 
65^ 

N2 

c.c./g. at 
68" 

A 

Av c.c./g. at 
55" 

NH3 

Av QX.jg. at 
30' 

2,000 13’89 __ _ __ -0*083 -0*217 
3,000 11-64 12*17 i 5-54 1*29 0*000 0000 

4,000 10*52 11 *03 1 4*77 1*20 +0*049 +0120 
5,000 9*80 10*29 1 4*31 1*14 0085 0*200 
6,000 9*29 9*73 4*00 ; 1 *09 0*112 0*261 
7,000 8*87 9-29 i 3*77 ! 1*06 0*134 0*310 
8,000 8*55 8*96 1 3*59 1*03 0*152 0*348 
9,000 8*26 8*71 1 3*44 1-00 0*167 0*380 

10,000 8*01 8*49 3*32 ! 0*982 0*180 0*409 
11,000 7*78 8*29 3*21 0*964 0*190 0*436 
12,000 7*55 8*12 3*13 0*948 0*201 0*461 
13,000 7*32 7*96 3*06 0*933 0*209 — 

14,000 — — 2*99 0*920 0*217 — 

15,000 — — 2*94 0*908 0*224 — 

The compressibility of ammonia gas is shown ^ below, the values of V ml./g. 
at the given temperatures corresponding with the pressures in atm. in the table. 
The results were represented by a Beattie-Bridgeman equation (§ 38.V1I C) 
with the following constants (NH3=17-0311; atm., lit./mol, T=t° C.+273*13): 
R 0-08206, Ao 2-3930, a 0-17031, Bq 0-03415, b 0-19112, c 476-87 X 10^. 

V ml./g. 90 80 60 40 20 

300" C. 1 29*84 33*45 44*18 65*03 123*10 
250" C. 27*01 30*27 39*83 58*26 108*18 
200" C. 24*15 27*01 35*40 51*29 92*57 
150" C. 21*23 23*70 30*86 44*11 76*24 
100" C. 18*24 20*28 26*12 36*47 58*28 

The compressibility of helium from —70" to 200" and up to 1,000 atm. 
pressure can be represented (PVin Amagat units) by the equations: ^ 

~70" PK=0-7438 +0-035322jP-0-074332P2 

~35" PF=0-8721 +0-035296P-0-074336P2 
0" PK=l-00059 +0-035217P-0-073876P2 

50" PK= M8480 +0-0351043P-0-0735308P2 
100" PF= 1-3664 +0-0350442P-0-0734889P2 
200" PF=:l-73284+0-0347795P-0-0722518P2. 

1 Chem, Met. Eng., 193], 38, 280. 
2 Proc. Amer. Acad., 1923-4, 59, 173; Av gives the change of volume from the volume at 

3,000 kg./cm.^ taken as unity. Several characteristic equations (van der Waals, Tumlirz, 
Keyes, Becker) were tested. The observed volumes were smaller than the calculated at high 
pressures, which “ is to be ascribed to the compression of the atoms.” 

3 Beattie and Lawrence, J.A.C.S.y 1930,52,6; Meyers and Jessup, Refrig. Eng., 1925,11,345; 
compressibility of N2-H2-NH3 mixtures at high temperatures, Kazarnovsky, Simonov, and 
Aristov, J. Phys. Chem. US.S.R., 1940,14,774; Kazarnovsky and Sidorov, ibid., 1947,21,1363. 

^ Wiebe, Gaddy, and Heins, J.A.C.S., 1931, 53, 1721 (P in atm.); cf. Michels and Wouters, 
Physica, 1941, 8, 923 (0°-150“). 
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The compressibility of carbon monoxide is shown below, ^ the values of PV 
being in Amagat units (unit mass of gas= 1 lit. at S.T.P.): 

Patm. 

b
 1 -25“ 0° 0

 
0

 

100° 200° C. 

1 0*8162 0*9082 1*0000 M836 1*3671 1*7336 
50 0*7622 0*8768 0*9796 1*1826 1*3837 1*7758 

100 0*7264 0*8592 0*9745 1*1955 1*4062 1*8146 
200 0*7656 0*9022 1 1*0200 1*2561 1*4794 1*9090 
400 1 -0285 1*1403 ' 1*2487 1-4716 1*6963 ! 2*1380 
600 1*3225 1*4282 1*5256 1*7378 1*9557 2*3923 
800 1*6100 1 1*7153 1*8064 2*0144 2*2244 2*6602 

1000 
1 

1*8871 1 1 *9935 
i 

2*0827 2*2879 2*4935 2*9264 

Carbon monoxide is slightly more compressible than nitrogen at lower pres¬ 
sures and slightly less at higher pressures, the difference being less at higher 
temperatures. This would be expected from the values of the critical tempera¬ 
tures (CO-139-0^ N2~147-r). Verschoyle’s results with CO-N2-H2 
mixtures were recalculated by Fischer.^ 

§ 10 Virial Coefficients 

The experimental results on compressibilities of gases are usually represented 
by empirical equations, and these are of two main types. The Leiden school ^ 
uses the so-called virial equation in which PK is expressed as a series in which 
the terms involve powers of the reciprocal of the volume multiplied by coeffi¬ 
cients which are functions of temperature: 

PV^A,+B,{ilV) + C,i\IV)^ + DX\IVr+E,{\IVf+FXl^ . (1) 

where P,., C,„ Z)„, if,,, are the first, second, third, fourth, etc., virial 
coefficients, and being usually very small below 1 atm. The value 
of PF is taken as 1 at 1 atm. pressure. The use of odd exponents of 1/F adds 
nothing to the accuracy. The virial coefficients are represented by poly¬ 
nomials as functions of temperature, usually reduced temperature, 
The physical interpretation of the second virial coefficient Bv and its relation to 
van der Waals’s constants a and b, was considered by Jones.^ Michels and 
Goudeket ^ found that the number of terms taken in the power series can affect 
the value of the virial coefficient P. Holborn and his collaborators at the 
Reichsanstalt use an equation in ascending powers of the pressure; 

FV=A^+B^+CpP^+DpP^+E^P(^+.(2) 

in which the value of PK is taken as imity at a pressure of 1 m. of mercury. 
A^, Bp, Cp, Dp , are also called virial coefficients. Equation (2) does not 

1 Selected from data given by Bartlett, Hetherington, Kvalnes, and Tremearne, JA.CS., 
1930, 52, 1374; cf. Scott, Proc, Roy, Soc„ 1929, 125, 330; Botella, An, Fis. Qulm,, 1929, 27, 
315; Goig, Compt, Rend., 1929,189, 246. 

2 Ann.Phys., 1938,31,531. 
3 Onnes, Arch, Neerl, 1901, 6, 874 {Comm, Leiden, 14t)\ Proc, K, Akad. Wetens, Amsterdam, 

1902, 4, 125 {Comm. Leiden, 1902, 71); Keesom, Comm, Leiden, 1912, Suppl. 25; Onnes and 
Keesom, “ Enzykl. d. math. Wiss.,” 1912, 5, x, 728; Onnes and Crommelin, Proc, K. Akad, 
Wetens, Amsterdam, 1912,15, 273,452 {Comm, Leiden, 128^); Bakker, Z. phys, Chem., 1916, 
91, 641; on various forms of virial equation see Core, Phil, Mag., 1923, 46, 256; Hirschfelder, 
EweU, and Roebuck, J. Chem, Phys., 1938,6, 205. 

^ Proc, Cambr, Phil. Soc,, 1924,22,105; for further discussion, see § 42. VIIC. 
5 Physica, 1941,8, 347; Michels and Michels, ibid,, 1941, 8, 587. 
« Holborn and Otto, Z. Phys,, 1924, 23, 77; 1924,30, 320; 1925, 33, 1; 1926, 38, 359. 
A.T.P.C.—19 
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hold at very high pressures,i and an equation with many constants need not be 
accurate if the functional relation is unsuitable.^ 

If P is in m. Hg, Vin lit. of gas such that K= 1 when I, the values of the 
coefficients for nitrogen are: 

Bp 

1 
! f' 

0° c. 1 000 -0-61X10-3 5-4x10-6 
50" C. M84 -0-015 Xl0“3 3 8x10-6 

100" C. 1*37 1 +0-36 X10-3 3-15x10-6 

The values of the second virial coefficient B for several gases for 1 atm. 
pressure with the molar volume of the ideal gas=22-4156 lit., were given 
by van Laar.^ The temperature variation of the virial coefficient B for helium 
was calculated from the Joule-Thomson effect by Whitelaw; ^ the virial coeffi¬ 
cients for helium at 2-6°-4*2°K. were determined by Keesom and Kraak.^ 
Keesom and Walstra ^ determined the isotherms of helium at liquid helium 
temperature. 

Equation (1) is sometimes written as: 

PV=^A{{+Bj V+ Cl E2 + Dl +EI +F/ V^), 

Thiesen proposed the equation: 

p=r7p(l-f • • •) 

where r=gas const, per g., 1/K=p=density, and 62, ^3, . . . are functions 
of temperature. Thus: 

P T'r'^ 'r2 >2 .73 ■ ■ri-'-J- 

Maron and Turnbull ^ found that over a wide range of pressure and tem¬ 
perature an equation: 

PV==RT+0LiP + 0i2P^ + ^3E^+^4P'^ 

was necessary, where: 

0L,^a,+a2/T+a,IT\ o,2^bJT^+b2lT^+b,/T^ y.,^cJT2+c2lT^+c,/T^ 
and 0i4==dJT2+d2lT^+d^/T\ 

The virial equation giving PF as a polynomial in the density up to fails to 
represent the isothermals of carbon dioxide and ethylene in the critical region, 
and {d^pjdT^, which is negative at high temperatures over the whole density 
range, becomes positive near the critical density and temperature.^ Similar 
results were found for nitrogen.^® 

1 A. and C Michels, Proc. Roy. Soc„ 1937, 160, 348; Benedict, J.A.C.S., mi, 59, 2224, 
2233. 

2 Keyes,/.v4.C.5., 1921, 43, 1452. 
3 /. Chim. Phys., 1919,17, 266. 
4 Physica, 1934,1, 749. 
5 Proc, K, Akad. Wetens. Amsterdam, 1934, 37, 746; Physka, 1935, 2, 37 {Comm. Leiden 

1935, 7Me). 
6 Physica, 1940, 7, 985; 1947,13, 225; correcting Onnes and Boks. 
7 Ann. Phys., 1885, 24, 467. 
8 J.A.C.S., 1942, 64, 44. 
9 Michels and Gibson, Ann. Phys., 1928,87, 850 (Ne to 500 atm.); Michels, de Gray ter, and 

Niesen, Physka, 1936, 3, 346 (C2H4); A, and C. Michels, Proc. Roy. Sac., 1937,160. 348. 
10 Benedict, LA.C.S,, 1937, 59, 2224. 
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A very complicated equation was used for nitrogen at high pressures by 
Benedict: ^ where Po^o=ideal value, J=density in Amagat 
units (density of gas at S.T.P.==1) and: 

^==p+qd+rd*+{Tim){s+l(l+ud^‘’)+{miT)v+{miTyd^w. 

where Pis in atm., Kin Amagat units (vol. of gas at S.T.P. = 1), T—f C.+273 *20 
and the constants are: 

1 66453 .v=0-67617 1-21342 
^=-135938 /=0*91512 >v= 107 03 
1* = 11*3200 w=2 06932 

Another equation used for nitrogen by Benedict ^ [A' = ^/(i000/P)] is: 

103K=(3-54842+0-03588ir--(4*6131/v'P)x~(240797+0-02l9102r)A2 

+(-048596+0-0257846r+8-2630/V7^~6*0483/P).v3. 

Rozen,'^ for high pressures, used PK==4 + PP + CT. Michels, Wouters, and 
de Boer used F{y—<x)=^A+^p+yp^+Sp^. 

§11. Compressibility of Gases at Low Pressures 

It was, apparently, first suggested by Regnault that at very low pressures all 
gases should obey Boyle's law (cf. § 6). Some anomalous results at low pres¬ 
sures,e.g. a break in the pressure-volume curve for oxygen at 0-7 mm. Hg 
pressure found by Battelli, were later shown by careful experiments by Lord 
Rayleigh ^ and others to be due to experimental errors, and there is no doubt 
that at sufficiently small pressures all gases obey Boyle’s law within the very 
small limits of experimental error. Rayleigh worked with two ranges of 
pressure, 1‘5-0*02 mm. and 150-75 mm., and with both ranges he concluded 
that no deviation from Boyle’s law was perceptible to 1 in 10,000 with hydrogen, 
nitrogen, air, oxygen, and argon. Oxygen showed no anomalies. The devia¬ 
tion in the pressure range 1 *5-0*02 mm. was less than 0*5 in 1,000 for the gases. 
In the range 150-75 mm. the deviations were less than 0*2 in 1,000 for hydrogen, 
air, oxygen, and argon, but nitrous oxide showed deviations of 0*6 in 1,000. 

If pqVq is the limiting value of pv for zero pressure (/?->0), when the gas obeys 
Boyle’s law, the deviation from Boyle’s law at moderate pressures (up to about 
6 atm.) can be represented, as Regnault found, by the equation {A !=const.): 

l~pvlpoVo=Ap.(1) 

1 Benedict, J.A.C.S., 1937, 59, 2224. 
2 J.A.C.S., 1937, 59, 2233. 
3 /. Phys. Chem. U.S.S.R., 1946, 20, 333. 
^ PhysicOf 1936, 3, 585. 
^ Siljestrdm, Ann. Phys., 1874, 151, 451, 573; Ber., 1875, 8, 576; Mendd6eff and Kir- 

pitschoff, Bull, Acad. Sci. St. Petersb., 1874, 19, 469; Ber., 1874, 7, 1339; Mendeldeff, Ann. 
Chinu, 1874, 2,427; 1876, 9, 111; Amagat, ibid., 1876, 8, 270; Krajewitsch, J. Russ. Phys. 
Chem. Sac., 1882, 14, 198; Repert. Phys., 1883,19, 118; Ann. Phys. Beibl., 1885, 9, 315; Bohr, 
Ann. Phys., 1886, 27, 459; Fuchs, Ann. Phys., 1888, 35, 431; van der Yen, ibid., 1889, 38, 
302; Baly and Ramsay, Phil. Mag., 1894, 38* 301; Battelli, Nuov. Cim., 1901,1, 5, 81; Phys. Z. 
1901, 2, 409; 1901, 3, 17; Bestelmeyer and Valentiner, Ann. Phys., 1904, 15, 61. 

6 Phil. Trans., 1901, 196, 205; 1902, 198, 417; 1905, 204, 351; Proc. Roy. Sac., 1904, 73, 
153; Z. phys. Chem., 1901, 37, 713; 1902, 41, 71; 1905, 52, 705; see also Thiesen, Ann. Phys., 
1901, 6, 280; Hering, ibid., 1906, 21, 319; Scheel and Reuse, Verhl. d. D. Phys. Ges., 1909, 
11, 1, and the references in § 15, VII D; Onnes, Proc. K. Akad. fVetens. Amsterdam, 1907-8, 
10, 445, 741( Comm. Leiden, 1907-8, 102<2, c; Ha, He); Onnes and Braak, ibid., 1907, 9, 
754 (Comm. Leiden, 1907, 97); 1907-8, lO, 204, 413, 419 (Comm. Leiden, 1907, 100^, b); for 
He at 2*7-1 *7° K., Kistemakers and Kcesom, Physica, 1946,12, 227. 
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§ 12. Vacuum Pumps 
The old types of air pump ^ had a piston and valves similar in principle to those 

of the water lift-pump, but the valves were much lighter (e.g. oiled silk flaps) 
so that they were raised by fairly small pressures of air. These were improved 
by Geryk by making the piston descend at the bottom of the stroke into oil, 

thus eliminating clearance and giving a much 
better vacuum. The Gaede piston oil pump 
gave a vacuum of 0*045 mm. directly.^ Such 
pumps are still used, generally power-driven, 
for producing the preliminary vacuum (or, 
as is said, as “ backing pumps ”) for the 
newer types of high vacuum pumps, some of 
which do not operate unless the pressure is 
first reduced to the order of 1 mm. or less. 
The modern pumps ^ are of various types. 
The newer types of rotary oil-sealed pumps, 
which are very compact and efficient, require 
no backing but exhaust rapidly from atmo¬ 
spheric pressure to 10~^ to lO'"^ mm. with 
pumping speeds of 0*5-100 lit./sec. They work 
on the principle^ shown in Fig. 16.VII A. 

Fig. J 6.VII A. Rotary Pump An eccentric rotor 2 rotates anti-clockwise 
in the body 1 of the pump. The rotor is 

slotted and two blades 3,3 are pressed outwards by a spring s so that they 
rotate continuously with the rotor and press against the walls of the cylindri¬ 
cal cavity in the body of the pump. Air is drawn through the suction orifice 4 and 
expelled through the exhaust valve 5. All working parts run in special high 
vacuum oil in an outer case, which ensures lubrication and sealing and prevents 
friction and air-leakage. Such pumps are either one or two-stage; in the 
latter two single pumps are connected in series. The vacuum is of the order 

1 Rosenberger, “ Geschichte der Physik,” Brunswick, 1884,2,124,145 f., 206 f. (historical); 
Auerbach, Ann. Phys., 1890, 41, 364 (theory of piston pump); Auerbach, in Winkelmann, 
“ Handbuch der Physik,” 1908, 1, ii, 1316; Anon., “ Ency. Brit.,” 11th edit., 1911, 22, 645; 
Arndt, ” Handbuch der phys.-chem. Technik,” Stuttgart, 1915, 63; 2nd edit., 1923, 83; Glaze- 
brook, “Diet, of Applied Physics,” 1922, 1, 2; Schlecde, in Stabler, “ Arbeitsmethoden der 
anorganischen Chemie,” 1925, 2, ii, 1119; Veil, Rev. Gen. Sci., 1928, 39, 10; Ostwald-Luther, 
“ Phys.-chem. Messungen,” 5th edit., Leipzig, 1931, 253; Pingriff, School Sci. Rev., 1940, 21, 
1078; Justi, Elektrotechn. Z., 1943,64, 285 (historical); Sullivan, Rev. Sci. Instr., 1948,19,1. 

2 Gaede, Phys.Z., 1913, 14, 1238. 
3 Dushman, Gen. Elec. Rev., 1920, 23, 493, 605, 672; “Production and Measurement of 

High Vacuum,” Schenectady, 1922; suppl. in J. Franklin Inst., 1931, 211, 689; Dunoyer, 
“ La Technique du Vide,” Paris, 1924; “ Vacuum Practice,” 1926; Newman, “ The Production 
and Measurement of Low Pressures,” 1925; Gotze, “ Physik und Technik des Hochvakuums,” 
Brunswick, 1926; Kaye, “High Vacua,” 1927; HoUand-Merten, “Die Vakuumtechnik,” 
Erfurt, 1936; Moench, “ Vakuumtechnik im Laboratorium,” Weimar, 1937; Yarwood, “ High 
Vacuum Technique,” 2nd edit.. New York, 1945; L. H. Martin and R. D. Hill, “ A Manual 
of Vacuum Practice,” Melbourne, 1947; Jnanananda, “ High Vacua,” 1947; Dushman, Ind. 
Eng. Chem., 1948, 40, 778; Weingartner, ibid., 1948, 40, 780; Normand, ibid.^ 1948, 40, 783; 
Mellen, ibid., 1948,40, 787; Jacobs, ibid., 1948,40, 791; Dayton, ibid., 1948,40, 795; a French 
journal, Le Vide, commenced in 1946. Comparison of pumps, Scheel and Heuse, Z, Instr., 1909, 
29, 46. For a reciprocating piston mercury pump (to 0 0001 atm.), see Bianu, Bull. Sect. Sci. 
Acad. Roumaine, 1916-17, 5, 58; rocking crescent-shaped mercury pump (Roden pump). 
Anon, Engineering, 1909, 88, 735. 

^ See Young, “ Lectures on Natural Philosophy,” 1845, 256, plate xxiii, fig. 315; Fischer, 
Verhl. d. D. Phys. Ges., 1905,7, 383; P/fyj. Z., 1905,6, 868. 
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of0-0001 mm. Fischer ^ found that one pump reduced the pressure to 0-015 mm. 
(the vapour pressure of the oil), and two in series to 0*00015 mm. The modern 
“ Hyvac ” pump is an improvement on this type. These pumps have largely re¬ 
placed the older types of mercury-seal ^ or rotary ^ “molecular” Gaede pumps. 

For still higher vacuum some type of vapour-stream or diffusion pump,^ in¬ 
vented by Gaede and Langmuir and improved by others, is used. These are 
of glass, silica, or metal (steel) and various models are available. They pro¬ 
duce a vacuum of 10“<5 to 10“^ mm. They all require some type of backing 
pump; for some types (glass and silica pumps) a good water pump is sufficient, 
but for all types a rotary oil-sealed pump of the type described above is pre¬ 
ferable. The Volmer type is inexpensive and very handy and efficient. The 
diffusion pumps use mercury, special (Apiezon) oil of very low vapour pres¬ 
sure, ^ pure esters, or silicone fluids,^^ boiled in a vessel and the vapour made to 

J Verhl. d. D, Phys. Ges., 1905, 7, m\Phys. Z., 1905, 6, 868. 
2 Gaede, Z. Elektrochem,, 1905, 11, 873; Phys. Z., 1905, 6, 758; 1907, 8, 852; Jones, Phys. 

Rev., 1921, 18, 332. 
3 Gaede, Verhl. d. D.Phvs. Ges., 1912, 14, 775; Phys. Z.,I912, 13, 864; Electrician, 1912, 

70,48; Ann. Phys.. 1913, 41, 337; Goes, Phys. Z., 1913,14,170; Glazebrook, “ Diet, of Applied 
Physics,” 1922, 1, 18; von Friesen, Rev. Sci. Instr., 1940,11, 362. 

^ Gaede, Ann. Phys., 1915, 46, 357; Z. techn. Phys., 1923, 9, 337; Langmuir, Phys. Rev., 
1916, 8, 48 (mentioning Gaede); J. Franklin Inst., 1916, 182, 719; Stimson, J. Wash. Acad., 
1917, 7, 477 (2-stage); Crawford, Phys. Rev., 1917, 10, 557; Kraus, J.A.C.S., 1917, 39, 2183; 
Baker, Phys. Rev., 1917, 10, 642; Knipp, ibid., 1917, 9, 311; 1918,12, 492; Jones and Russell, 
ibid., 1917, 10, 301; Crawford, ibid., 1917, 10, 557; Schrader and Sherwood, ibid., 1918, 11, 
134; 1918, 12, 70; Volmer, Ber., 1919, 52, 804; Z. angew. Chem., 1921, 34, 149; Magnus, 
Ber., 1919, 52, 1194; Gehrts, Z. techn. Phys., 1920, 1, 61; Palacios, An. Fis. Quim., 1920, 18, 
331; Jones, Gen. Elec. Rev., 1920, 23, 605, G12',Phys. Rev., 1921,18, 332; J. Opt. Soc. Amer., 
1923, 7, 537; Kurth, Science, 1921, 54, 608; Knipp, ibid., 1922, 55, 183; Dushman, “Pro¬ 
duction and Measurement of High Vacuum,” Schenectady, 1922, 57; Loosli and Lauster, 
Z. techn. Phys., 1923, 4, 392; Ebert, Z. Phys., 1923, 19, 206 (pumping speed); Waran,/. Sci. 
Instr., 1923, 1, 51; Blanchard, Ann. Chim. Anal., 1923, 5, 274; Backhurst and Kaye, Phil. 
Mag., 1924, 47, 918, 1016; Rutherford, Engineering, 1924, 117, 365; Hauff and Buest, Elektro- 
techn. Z., 1924, 45, 661; Licht u. Lampe, 1924, 104; Stintzing, Z. phys. Chem., 1924, 108, 
70; Romanoff, J. Russ. Phys. Chem. Sac., 1925, 57, 124 (P); Parsons, J. Sci. Instr., 1925, 2, 
293 (large steel Hg vap. pump); Molthan, Phys. Z., 1925, 26, 712 (theory); Z. Phys., 1926, 
39, 1; Z. techn. Phys., 1926, 7, 377, 452; Kaye, J. Roy. Soc. Arts, 1926, 74, 991, 1011, 1030; 
Engineering, 1926, 121, 240, 308, 366, 367; Phil. Mag., 1926, 1, 349 (metal pump); Dunoyer, 
Compt. Rend., 1926, 182, 686; J. de Phys., 1926, 7, 69; Ansiau, Compt. Rend., 1931, 192, 670; 
Becker and Jaycox, Rev. Sci. Instr., 1931, 2, 773; Matricon, J. de Phys., 1932, 3, 127 (theory; 
formulae); Munch, Science, 1932, 76, 170; Hickman, J. Franklin Inst., 1932, 213, 119; Ester- 
mann and Byck, Rev. Sci. Instr., 1932, 3, 482 (high speed Hg vap.); Boddy, ibid., 1934, 5, 278; 
Henry, Bull. Soc. Chim. Belg., 1935, 44, 307; Klumb, Elektrotechn. Z., 1936, 57, 1445 (high 
vac. pumps); Westin and Ramm, K. Norsk. Vidensk. Selsk, Skrift., 1936, No. 9 (high vac. 
technique); Thermal Syndicate, J. Sci. Instr., 1937,14, 32 (silica pump for high fore-pressure); 
Abbott, Rev. Sci. Instr., 1942,13, 187 (fusible metal); Anderson and Emmett, J. Phys. Chem., 
1947, 51,1308 (Stimson pump); Jaeckel, Z. Naturforsch., 1947,2 A, 666 (theory); Anon.,/. Sci. 
Instr., 1948, 25, 245; Licbmann, ibid., 1948, 25, 186. 

5 Burch, Nature, 1928, 122, 729; Proc. Roy. Soc., 1929, 123, 271; von Brandenstein and 
Klumb, Phys. Z., 1932, 33, 88 (dibutyl phthalate—dissolves gases too readily; paraffin); Mills, 
Rev. Sci. Instr., 1932, 3, 309 (oils, etc.); Klumb and Glimm, Phys. Z., 1933, 34. 64; Edwards, 
Rev. Sci. Instr., 1935, 6, 145; Amdur, ibid., 1936, 7, 395; Gatt, J. Techn. Phys. U.S.S.R., 
1936, 6, 1292; Klumb, Z. techn. Phys., 1936, 17, 201; Burch and van Dijck, J.S.C.L, 1939, 
58, 39 T; Fawcett, ibid., 43 T; Burrows, ibid., 50 T; Jewell, Mead, and Phipps, ibid., 56 T; 
Wang, Ind. Eng. Chem. Anal, 1945, 17, 670; Bachman, Rev. Sci. Instr., 1945, 16, 153; Ray 
and Sengupta, Indian J. Phys., 1945, 19, 138 (theory); Blears, Proc. Roy. Soc., 1946, 188, 62 
(effect of oils); Alexander, /. Sci. Instr., 1946, 23, 11 (theory; new high-speed pump); Avery 
and Witty, Proc. Phys. Soc., 1947, 59, 1016 (theory); Jacobs and Kappf, Ind. Eng. Chem., 
1948,40, 842 (theory); Gibson, Rev. Sci. Instr., 1948,19, 276. 

^ Hickman and Sandford,/. Phys. Chem., 1930, 44, 627, 637; Rev. Sci. Instr., 1930, 1, 140; 
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entrain air or gas (already at low pressure). The mercury or oil, etc., vapour 
is then condensed by cooling and the entrained gas pumped off by the backing 
pump. The liquid runs back into the boiler. Mercury is now little used, as 
compared with oils. 

Fig. 17. VII A shows the principle of a modern form (the Kaye metal pump). 
The mercury or oil is contained in the 
boiler S, heated by gas or electrically. 
The vapour rises through the tube a and 
is deflected downwards through the 
narrow annular space ee, which is of 
the order of the mean free path at the 
working pressure. The preliminary 
exhaustion is maintained by the back¬ 
ing pump through V. The gas mole¬ 
cules dilfuse from H, the high vacuum 
side, which is connected by a flange 
with the vacuum line, which must be of 
wide-bore tubing (not less than 2 cm. 
diam.), and contains a glass or steel 
mercury trap ^ of the form shown in 
Fig. 18.VII A, immersed in liquid air 
to remove any mercury vapour, when 
mercury is used in the boiler. The 
gas is carried along with the vapour, 
and the latter is condensed on the 
cooled walls by an annular water 
cooler K, the liquid draining back into 
the boiler S. The gas is removed 
through V by the backing pump. 
Any trace of vapour diffusing upwards 
is condensed by a second cooling 

jacket L and by the trap. Very pure mercury must be used and a special 
grade of oil for the oil pumps, which are not quite so easy to operate as the 
mercury pumps, but under favourable conditions will give lower pressures. 
The pumps may be used singly or two-stage (usually of different types). The 
pumping speed may be from a few lit. to over 1,000 lit. per sec. per unit.^ 

With oil pumps no vapour trap is necessary, according to Hickman and 
Sandford,^ whilst Mills ^ says it is. Becker and Jaycox ^ with an oil pump and 
an active charcoal trap replacing a liquid air trap obtained a vacuum of 2 x lO""* 
mm. A solvent trap for use in evaporation with an oil pump is described by 

Baxter and Hickman, J. Franklin Inst., 1936, 221, 215, 383; Mailer and Marcuvitz, Rev. Sci. 
Jnstr., 1938, 9, 92 (modif. Hickman pump); Burrows,/. Sci. Instr., 1943,20, 21, 77; Hickman, 
Chem. Rev., 1944, 34, 51 (bibl.); Nature, 1945, 156, 635; Ind. Eng. Chem., 1947, 39. 686; 
Brown, Rev. Sci. Instr., 1945, 16, 316; Ray and Sengupta, Nature, 1945, 156, 636; Witty, 
/. Sci. Instr., 1945, 22, 201; silicone fluids for use in pumps are supplied by Dow-Corning, 
Michigan, and Albright and Wilson, Oldbury, England. 

1 For influence of traps on vacuum, see Guichard, Bull. Soc. Chim., 1917, 21, 237; Fredlund, 
Arkiv. Mat. Asiron. Fys., 1937, 26 A, No. 6; for spiral vane trap, Humphreys and Watson, 
Rev. Sci. Instr., 1937, 8, 263 (oif diffusion pump). 

^ On measurement of pumping speed, see Dayton, Ind. Eng. Chem., 1948. 40, 795 (bibl.). 
3 Rev. Sci. Instr., 1930,1, 140. 
^ Rev. Set. Instr., 1932, 3, 309. 
5 Rev. Sci. Instr., 1931, 2, 773. 

Pump 
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Askew and Bourdillon.^ Poindexter 2 used a sodium trap with a mercury- 
vapour pump. Bumping of mercury in the pump is prevented by first exposing 
the metal to hydrogen sulphide at atmospheric pressure. 

The principle of the pump is described by Langmuir as follows.^ The mer¬ 
cury (or oil) molecules are rapidly condensed on 
the cool walls near the mercury (or oil) vapour 
outlet and the condensed, cooled liquid does not 
re-evaporate to any appreciable extent. The gas 
molecules diffusing in from the space to be 
exhausted collide with the mercury (or oil) mole¬ 
cules rushing to the jet and acquire a velocity 
component which removes them rapidly from the 
vicinity of the jet. The gas passing on, which 
accumulates to a higher pressure, is continuously 
removed by the backing pump. The diffusion 
pump may be modified ^ so as to determine gases 
evolved from a system being pumped off. 

A “high duty” mercury-vapour diffusion pump 
described by Gaede and Keesom ^ dealt with 
130 lit. of air and 420 lit. of helium per sec. with 
a vacuum of 0*15 mm. Very large high-vacuum 
apparatus (for separation of uranium isotopes) is 
described by Colaico and Hopper.'^ According to 
Ramsauer ® the present limit of low pressure of 
10“^ mm. Hg might perhaps be extended to 10“^^ 
mm. by using liquid helium, with the vapour 
pumped off under low pressure, for cooling the 
charcoal bulb. 

Since some of the older pumps are still useful, a few words will be said about 
them in conclusion. 

The mercury pump of Geissler^ (1858), used to exhaust electrical discharge 
tubes, consisted of a barometer tube with a bulb at the top provided with a 
3-way tap and a mercury reservoir attached by rubber tubing below. The bulb 
was filled with mercury, air escaping through the tap. Then the tap was opened 
to the vessel to be exhausted and the reservoir lowered, and the process repeated. 

A mercury pump which has been extensively used and is still sometimes 

1 J. Set. Instr., 1932, 9, 280. 
2 J. Opt. Soc. Amer., 1924, 9, 629 (no liquid air required); Hughes and Poindexter, Phil. 

Mag., 1925,50,423 (potassium). 
3 Adam and Balson, J.C.S., 1941, 620. 
4 Cf. Ray and Sengupta, Nature, 1945,155, 727. 
3 Johnson, J. Franklin Inst., 1928, 205, 99; Vacher and Jordan, Bur. Stand. J. Res., 1931, 

7, 375 (Stimson pump); Chipman and Fontana, Ind. Eng. Chem, Anal., 1935,7, 391; Holm and 
Thompson, Bur. Stand. J. Res., 1941, 26, 245; Derge, Metals Tech., 1943, 10, T.P. 1544; 
Naughton and Uhlig, Ind. Eng. them. Anal., 1943, 15, 750; Puddington, ibid., 1944,16, 592. 

6 Proc. K. Akad. Wetens. Amsterdam, 1928,31, 985 (Comm. Leiden, 195a). 
^ Westinghouse Engr., 1946, 6, 103. 
« Chem. Fabr., 1937, 10, 391; for a review of high-vacuum technology, Morse, Ind. Eng. 

Chem., 1947, 39,1064; various authors, ibid., 1948,40, 778 f.; Chem. and Ind., 1948, S. 3 f. 
^ Poggendorff, Ann. Phys., 1862, 117, 610; Auerbach, in Winkelmann, “ Handbuch der 

Physik,’* 1908, 1, ii, 1321 (also other types); a mercury pump on the principle of Oeissler’s 
had bc^n used by the Florentine Academicians, ** Saggi di Natvrali Esperienze,** Florence, 
1666, fol. xxvi f., LIV, and plates; sec also Joule, “ Scientific Papers, 1884,1,623. 

Trap 
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employed is that of Topler.^ In the Topler pump (Fig. 19.VII A) the gas is 
exhausted from E by alternately raising and lowering by hand the mercury 
reservoir R connected to the tube ab of barometric length. On raising R, 

mercury enters B, and the glass valve z; closes 
the entrance to E by rising on the mercury, 
which also forms a tight liquid seal round 
the upper part of v. The gas in B is 
forced out through ef and bubbles through 
mercury in the pot M. On lowering R 
a vacuum is formed in B, and as the 
mercury falls v drops and gas from E passes 
into B. The process is repeated until the 
limit of exhaustion (0*02-0*01 barye) is 
reached. The pump is tiring in use and 
involves much manual labour. In the later 
stages, R must be raised slowly, since a rush 
of mercury will drive v so forcibly against 
its seat that the tube is fractured. An 
advantage of the Topler pump is that the 
gas pumped off may be collected in M, 
and, if required, circulated round a system. 
For this purpose, however, the Sprengel 
pump is usually more convenient. 

The Sprengel pump ^ is of the barometer 
type also, but differs from the Geissler and 
Tdpler pumps in having no upper bulb. 
Mercury is run from an upper reservoir 
down a vertical fall tube longer than baro- 

Fig. 19.Vir A. Topler Pump metric length, having a side tube near the 
top. The mercury breaks into columns, 

between which air bubbles are trapped and carried down, escaping under 
mercury into which the fall tube dips. An automatic form of Sprengel pump 
is very convenient, the mercury being raised in an air-lift by a water-pump 

1 Topler, Dingl, 1862, 163, 426; on an old type used by Swedenborg see Gren, /. der 
Phys,, 1791, 4, 407; Wiedemann, Ann, Phys., 1880, 10, 208; Neesen, ibid.^ 1880, 11, 522; 1895, 
55, 733; 1896, 58, 415; 1897, 61, 414; 1902, 7, 693; SchuUer, ibid., 1881, 13, 528; Greiner and 
Friedrich, ibid., 1886, 29, 672; S. P. Thompson, J. Soc. Arts, 1887, 36, 20 (historical); Usagen, 
/. Russ. Phys. Chem. Soc., 1890, 2, 229 (P); Raps, Ann. Phys., 1891, 43, 629; 1892, 47, 377; 
Morley, Amer. J. Sci., 1894, 47, 439; Wood, Ann. Phys., 1896, 58, 205; Jaumann, Z. Instr., 
1897, 17, 243 (automatic); Ann. Phys. 1897, 61, 204 (regulator); Travers, “ Study of Gases,” 
1901, 3; PhiUips, Phil. Mag., 1904, 8, 218 (automatic); Pauli, Z. Instr., 1906, 26, 251; de Lury, 
Phys. Rev., 1907, 25, 495; Grimsehl, Verhl. d. D. Phys. Ges., 1907, 9,466; Phys. Z., 1907,8,762; 
von Reden, Phys. Z., 1^9, 10, 316; Elektrochem. Z., 1909, 16, 98 (rocking type); Klein, 
Compt. Rend., 1909,148,1181;/. de Phys., 1910,9,44; Steele, Chem.News, 1910,102,53; Phil. 
Mag., 1910, 19, 863 (automatic); Antropoff, Chem. Ztg., 1910, 34, 979; Johnson, J.A.C.S., 
1912, 34, 909; Pamfil, J. Chim. Phys., 1913, 11, 801 (automatic); Maass, J.A.C.S., 1915, 37, 
2654 (automatic); 1919, 41, 53 (automatic); 1920, 42, 2571 (with H2SO4 in place of Hg); 
Bianu, Bull. Soc. Sci. Acad. Roum., 1916, 5, 58; Stock, Z. Elektrochem., 1917, 23, 35 (auto¬ 
matic); Stedman, Trans. Roy. Soc. Canada, 1921, 15, 93; Porter, Ind. Eng. Chem., 1924, 16, 
731; Weaver and Shepherd, J.A.C.S., 1928,50,1829; Taylor, ibid., 1930,52, 3576; Williamson, 
Rev. Sci. Instr., 1932, 3, 782 (automatic); Saffert and Wustrow, Z. Elektrochem., 1934, 40, 
231; Puddington, Ind. Eng. Chem. Anal., 1945,17, 592. 

2 Sprengel, J.C.S., 1865, 18, 9 (from Odling’s laboratory, St. Bartholomew’s Hospital; 
the original Sprengel pump taken by Odling to Oxford has disappeared); Gimingham, Proc. 
Roy. Soc., 1876, 25, 396 (from Crookes’s laboratory); von Babo, Ann. Phys. Beibl., 1879, 3, 
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To vacuum 

t 
To water pump 

Ac 

vacuum, this device being due to von Babo (Fig. 20.VII A). The fall tube tends 
to crack owing to “hammering” of the mercury in high vacuum. A very 
small Sprengel fall pump using very little mercury (8-20 ml.) was described by 
Beutell.i Although very many special and expen¬ 
sive types of pump are on the market, and new 
types appear almost daily, it is not at all necessary 
to use these, and an experimenter who has moderate 
skill in glass-blowing can easily produce an efficient 
pump on the Sprengel principle at very small 
expense. The simple hard-glass or quartz mercury 
vapour pumps with a water filter-pump backing, 
are also perfectly satisfactory for nearly every 
purpose. The increasing tendency to use more and 
more elaborate and expensive apparatus, which is 
fostered by manufacturers and advertisers, is often 
quite unnecessary, and it is perhaps most evident 
in the field of low pressure research. Many of the 
papers in the references will give valuable hints on 
making simple apparatus. 

T 

Dry air inlet Urv air 

■ 
6 13. Vacuum Technique P'o- vii A. Sprengel-von 

It is perhaps worth mentioning that thick, strong 
glass vessels, such as desiccators, may burst with great violence when 
standing in an evacuated state, the pieces of glass being projected to great 
distances with sufficient force to bore into wooden doors, etc. They should 
be protected in strong wooden boxes with an opening above for the leading 
tube and stopcock.^ 

It is impossible to obtain a really high vacuum unless the glass vessel is 
heated, whilst exhausted, to the highest temperature possible without collapse, 
in order to drive off the condensed film of moisture (see § 6.III); if part is 
afterwards sealed off by melting, some moisture is driven off the glass melted. 
This can be reduced by first heating the sealing place to as high a temperature 
as possible for some time previous to sealing, and finally melting off as quickly 
as possible.^ The use of charcoal (previously strongly heated in a vacuum), 

738 (with figure); Narr, Ann, Phys., 1885, 25, 542; Prytz, ibid., 1891, 42, 191 (simple inter¬ 
mittent type); Wells, Ber., 1891, 24, 1037; Kahlbaum, Ann. Phys., 1894, 53, 199; 1901, 6, 
590 (modified von Babo type); l^afft, Ber., 1895, 28, 2583; 1896, 29, 1316 (2-fall von Babo 
type); Boltwood, Arner. Chem. 1897, 19, 76; Muller, Ann. Phys., 1897, 60, 82; 1898, 65, 
476 (2-fall type); Friedrichs, ibid., 1897, 62, 383 (automatic); Donle, Z. Instr., 1900, 20, 78; 
Ann. Phys., 1903, 10, 313 (automatic von Babo type); Kahlbaum, Roth, and Siedler, Z. anorg. 
Chem., 1902, 29, 177 (Kahlbaum type); PoUock, J. Proc. Roy. Soc. N.S. Wales, 1907, 41, 140; 
Guichard, Bull. Soc. Chim., 1909, 5, 571 (simple type); Hansen, Z. angew. Chem,, 1909, 22, 
337; Keyes, J.A.C.S., 1909, 31, 1271; Zehnder, Ann. Phys., 1910, 33, 646 (modified Kahl- 
baum’s); Williams, Amer. J. Sci., 1911, 32, 13 (chain and bucket); Odell, J.A.C.S., 1911, 33, 
56 (Boltwood type); Ranque, Compt. Rend., 1921, 172, 1653; Chen, Science, 1923, 58, 18; 
Manley, Proc. Phys., Soc, 1924, 36, 291; 1925, 37,142; Broom and Travers, Proc. Roy. Soc., 
1932,135,512 (continuous); Csisivo, Bull. Soc. Encourag. Ind. Nat., 1933, 132, 187; Reynolds, 
Chem. and Ind., 1947, 176 (modified Sprengel). 

1 Chem. Zig., 1910, 34, 1342, and Rep. 181; Beutell and Oberhoffer, ibid., 1919, 43, 705; 
Greiner and Friedrichs, Z. angew. Chem., 1921,34, i, 46; Arndt, “ Handbuch der phys.-chem. 
Technik,” 2nd edit., 1923, 90. 

2 Lehmann, Ann. Phys., 1902, 7, 1; Gibson, J.S.C.I., 1932, 51, 1064; Mann, ibid., 1933, 
52,13; McDermott, ibid., 1933,52, 82. 

3 Dushman, “ Production and Measurement of High Vacuum,” Schenectady, 1922, 156 f. 
19* 
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in a bulb cooled in liquid air, introduced by Dewar,^ is a well-known adjunct 
to high-vacuum technique; silica gel has also been used. 

If the vessel exhausted has eventually to be sealed off, a constriction in the 
tube is necessary; a bore of 3 mm. is the widest which can be sealed off under 
vacuum in the ordinary way, but with special sealing devices a maximum bore of 
1 cm. can be sealed. 

Special thick and soft rubber tubing is used for high vacuum connections: 
the ordinary “ pressure tubing ” used with water pumps is not suitable. Pauli ^ 
made the rubber tubing vacuum tight by bathing it (externally) in a molten 
mixture of picein and lanoline, hanging it up, and carefully brushing it over 
with a flame. Painting with cellulose lacquer (which must not crack on bending) 

can also be used. The tubing should be dried out in 
a warm cupboard for a few days before use.^ 

Willard used a valve consisting of a glass capil¬ 
lary sealed by a graded seal into an outer quartz 

Fig. 21.VII A. P2O5 Tube tube: the glass was closed by melting, heating being 
effected outside the quartz tube, and opened by 

blowing out with gas pressure while soft. A mercury trap obviating stopcocks 
was developed by Stock,-"' and a greasclcss stopcock by Ramsperger.^ 

Very useful practical hints, including making joints, glass-blowing, etc., in 
connection with vacuum pumps, arc given by Zehnder.'^ Usually, a P2O5 

drying tube, of horizontal type (Fig. 21.V1T A), which may be provided with a 
stirrer,^ is included between the pump and the system evacuated. Various 
pumps for circulating gases are described.^ 

A hemispherical ground glass joint for vacuum systems was described by 
Rubens and Henderson,flexible metal tubes, and metal joints and valves for 
vacuum by Duran,and a non-lubricated all-glass vacuum valve by Vaughan. 

1 Dewar, “ Conferences. Special Loan Collection of Scientific Apparatus ” [South 
Kensington Museum], 1876, 155; Proc. Roy. Soc., 1904, 74, 126; Claude and Levy, Compt. 
Rend., 1906, 142, 876; Merton, J.C.S., 1914, 105, 645 (finely divided copper); Dushman, 
Gen. Elec. Rev., 1921, 24, 436; “Production and Measurement of High Vacuum,” 1922, 
123f. (also calcium, etc.); Collie, Proc. Phys. Soc., 1934, 46, 252 (charcoal and liq. H2); 
Zamenhof, Physica, 1939,6,47 (charcoal; silica gel). 

2 Z. Instr., 1910, 30, 133. 
3 Miindel, Z.phys. Chem., 1913, 85, 435. 
4 J.A.C.S., 1935, 57, 2328. 
5 Stock and Priess, Ber., 1914, 47, 3109; Stock, Z. Elektrochem., 1917, 23, 33; 1933, 39, 

256; Ber., 1925, 58, 2058; Bodenstein, ibid., 1918, 51,1640; Wolf and Reichel, Z. Elektrochem., 
1933, 39, 143; Schumb and Crane, J.A.C.S., 1936, 58, 2649; Burg and Schlesinger, ibid., 1940, 
62, 3425. 

^ J.A.C.S., 1929, 51, 2132; Yee and Reuter, ibid., 1931, 53, 2645 (greaseless diaphragm 
valve); Lockenvitz, Hughes, Lipson, and Olewin, Rev. Sci. Instr., 1948, 19, 272 (bellows 
valve); Kurie, ibid., 1948,19, 485 (seals and valves). 

7 Lehmann, “ Physikalischc Technik,” Halle, 1885; Zehnder, Ann. Phys., 1903, 10, 623; 
Mbnch, Chem, Ztg,, 1936, 60, 465; Burrows, J. Sci. Instr., 1943, 20, 21, 77. 

8 Moles, An. Fis. Quim., 1911, 9,214; Dennis, J.A.C.S., 1925, 47, 797. 
9 Rubber-tubing pump, Prytz, Z. Instr., 1905, 25, 193; Rollctt, Z.phys. Chem., 1942, 191, 

251; water pump, Fischer and Ringe, Ber., 1908, 41, 2017; mercury pumps, Liebert, them. 
Weekbl, 1911, 8. 342; Scheel and Heuse, Ann. Phys., 1913, 40, 473; spiral tube pump, von 
Wartenberg, Z, Elektrochem., 1913, 19, 482; electromagnetic circulating pumps, Livingstone, 
J. Phys. Chem., 1929, 33, 955; Brcnschede, Z. phys. Chem., 1936, 178, 74; Marshall, J. Sci. 
Instr., 1947, 24, 192. 

Rev. Sci. Instr., 1939, 10, 49. 
H Z.Phys., 1934,89,143,148,152. 
12 Rev. Sci. Instr., 1945, 16, 254; for vacuum valves, see Geissmann, Z., 1943, 44, 

268; for a wide-bore high-vacuum cut-off, Schmitt, Rev. Sci. Instr., 1937, 8, 68; a vacuum’ 
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Seals between porcelain and metal are described by Schad,i and Pyrex glass 
seals by Fraenckel.^ The nickel steel called kovar is used for seals into glass.^ 

Rubber tubing and stoppers which have stuck to glass tubing may be softened 
and removed after heating by passing steam through the glass tube.^ 

Adsorption of water vapour on glass is prevented by covering the glass with a 
hydrophobic unimolecular film by washing with a 0*05 per cent, solution of 
“ Cetavlon.” ^ Testing for leakage in high-vacuum systems may be carried out 
with a mass spectrometer.^ 

Special mercury-sealed stopcocks are generally used for vacuum work 7; 
a stopcock with the conical barrel inverted to withstand internal pressure 
without blowing out was devised by Dixon and Edgar.^ 

Many varieties of tap greases or lubricants have been used. The so-called 
“Ramsay lubricant” is blended from rubber and vaseline.^^ Travers heated 
2 parts of soft rubber clippings, 1 part of vaseline, and | part of hard paraffin 
wax in a basin on a sand-bath, stirring until the rubber dissolved. Zintl and 
Goubeau ^ heated purified beef suet at 150° for 30 minutes, added an equal 
weight of Para rubber, heated at 150° till homogeneous, and then at 200° for 
2 hours. For exposure to chlorine, etc., a paraffin-base grease may be heated 

door,” Mehl and Smith, Jml. Eng. Chem. Anal., 1925, 17, 598; on high-vacuum technique and 
measurement, Rabe, Z. angew. Chem., 1910, 23, 20 (stopcocks with square bore); Bodenstein, 
Ber., 1918, 51, 1640 (stopcocks, valves,etc.); Garner,/.S.C/., 1920, 39, 347 T (metal-glass disc 
connector); Schirmann, Phys. Z., 1926, 27, 659 (all aspects, inch stopcocks and sealing off); 
Peters, Z. angew. Chem., 1928,41, 509; RichardsS, Rev. Sci. fnstr., 1931,2,49 (pressure control); 
Pti2yn,7. Techn.Fhys. U.S.S.R., 1932, 2, 651. 

1 Sprechsaal, 1938, 71, 139; silica to metal, Buttolph, J. Opt. Soc. Amer., 1925, 11, 549 
(bibl.); Oliver, /. Sci. Jnstr., 1928, 5, 9; Morris, ibid., 1934, 11, 232. 

2 Ret). Sci. Jnstr., 1936, 7, 395; quartz to Pyrex with fused silver chloride, Palmer, Phys. 
Rev., 1934, 45, 556; Weber and Bazzoni, Rev. Sci. Jnstr., 1937, 8, 170; Benson, ibid,, 1942, 
13, 267; with a sealing glass. Dale and Stanworth, J. Soc. Glass Techn., 1945, 29, 77; with 
Wood’s fusible metal, Mach, Z. Jnstr., 1893, 13, 428; Welo, J. Opt. Soc. Amer., 1924, 8, 453; 
Lux, Z. anorg. Chem., 1935, 226, 21; for glass to porcelain, Sue, Bull. Soc. Chim., 1946, 410. 

3 Scott, J. Franklin Jnst., 1935, 220, 733; on sealing metals to glass, see Shaw, Proc. Phys. 
Soc., 1912, 24, 95 (metals to glass); Schaller, Z. Jnstr., 1914, 34, Beibl., 130 (graded glass to 
quartz seals for metal wires); vacuum-tight lead seals in glass and silica, Sand, Proc. Phys. 
Soc., 1914, 26, 127; McKelvy and Taylor, J.A.C.S., 1920, 42, 1364 (glass to metal; bibl.); 
scaling base metals in glass, Scott et ai, J. Amer. Jnst. Elec. Eng., 1923, 42, 877; for some 
practical recipes for platinising glass, see Taylor, J. Opt. Soc. Amer., 1929, 18, 138; de Laszlo, 
J. Sci. Jnstr., 1933, 10, 296 (copper to glass tubes); for vacuum joints in metal apparatus. 
Archer, J. Sci. Jnstr., 1936,13, 161; Rinck, Bull. Soc. Chim., 1937, 4,199 (metal wires in glass); 
for glass to metal joints (theory), Redston and Stanworth, J. Soc. Glass Techn., 1945, 29, 48; 
Douglas, ibid., 1945, 29, 92; for copper mirrors, Chattaway, J.C.S., 1908, 93, 270; “ Discussion 
on the Making of Reflecting Surfaces,” Physical Society and Optical Society, 1920 (including 
silvering); Eyber, Chem. Ztg., 1927, 51, 4; Barnard, Science, 1927, 66, 330; on ordinary glass 
and silica working, Threlfall, ” On Laboratory Arts,” 1898; on attaching glass to steel tubing 
by coppering and soldering, Onnes, Proc. K. Akad. Wetens. Amsterdam, 1905, 8, 75 {Comm. 
Leiden, 94/>). 

^ Skazin, Canad. J. Res., 1934, 10, 592; on loosening “seized” stopcocks, Bailey, Jnd. 
Eng. Chem., 1932, 4, 324; Friedrichs, Chem. Fabrik., 1933, 6, 40; Robinson, Chemist Analyst, 

1947, 36, 70. 
3 Norrish and Russell, Nature, 1947,160, 57. 
^ Jacobs, Jnd. Eng. Chem., 1948, 40, 791. 
7 Thiele and Eckard, Ann. Phys., 1901, 6, 428; Randall and Bichowsky, J.A.C.S., 1915, 

37, 137; Trivelli, J.S.C.J., 1928, 47, 496R. 
8 Dixon and Edgar, Phil. Trans., 1905, 205,169; Randall and Bichowsky, loc. cit. 
9 Shepherd and Ledig, Jnd. Eng. Chem., 1927, 19, 1059; Zintl and Goubeau, Z. anorg. 

Chem., 1927,163, 105; Boughton, J.A.C.S., 1930, 52, 4858; Cacciapuoti, Rivista Nuov. Cim., 
1943, 1, 56 (various). 

to “ Study of Gases,” 1901, 24, 
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in chlorine,^ e.g. a mixture of 3 parts of stearin and 2 of paraffin for 4~5 hours in 
chlorine at ISO^-ISO®, and then for a day in vacuum at the same temperature. 
“ Perchlornaphthalene ” can be used with chlorine and bromine at higher 
temperatures.2 “ Apiezon ” oil can be blended with rubber.^ For corrosive 
substances, deliquesced phosphorus pentoxide can be used, the dry tap barrel 
being dipped into P2O5 and then breathed upon. Various lubricants with 
metaphosphoric acid base have been proposed."^ In contact with grease- 
solvents (e.g. benzene) lubricants such as treacle,^ fused dextrose and glycerol,^ 
a mixture of dextrin, mannitol, and glycerol,'^ a mixture of concentrated sul¬ 
phuric acid and aluminium sulphate,® etc., and amalgams on silvered stop¬ 
cocks,^ have been used. 

Faraday’s^® cement consists of 5 parts of resin, 1 of yellow wax, and 1 of red 
ochre melted together; for higher pressures, half the amount of wax is used;^^ 
it is softer if more wax is used. Roth cemented Cailletet tubes with a mixture 
of 2 parts of resin strongly heated, into which 1 part of cuttings of old rubber 
tubes or stoppers was stirred. Marine glue contains rubber, petroleum and 
asphaltum, Chatterton’s compound and de Khotinsky cement are special 
preparations. Of sealing wax, the black English variety is the best.^^ Picein 
is a black pitch-like cement, but rather soft for pressure sealings. Glass to 
metal joints are necessary in pressure work. 

§ 14. Low-pressure Manometers 

The simple U-shaped manometer for oil, a-bromonaphthalene, mercury, etc., 
needs no description some special types will be described in connection with 

1 Wourtzel, J. Chim. Phys,^ 1913, II, 29; Bodenstein and Dux, Z.phys, Chem.^ 1913, 85, 297 
(beeswax and lanoline chlorinated at 150°); Biltz and Mcinecke, Z. anorg. Chem,, 1923,131, 1. 

2 For higher temperature lubricants, see Puddington, J.A.C,S., 1943, 65, 990 (metallic 
soaps); silicone greases for use at higher temperatures (Dow-Corning, Michigan; supplied in 
England by Edwards), Bass, Chem. and Ind.^ 1947, 171, 189; various authors, Ind. Eng, Chcm,^ 
1947, 39, 1364 f. 

3 Slee, Chem. Trade 1932, 90, 380; for greases (aliphatic diesters+lithium stearate, etc.) 
for low temperatures, see Hain, Jones, Merker, and Zisman, Ind. Eng. Chem.^ 1947,39,500. 

4 Bodenstein and Fink, Z. phys. Chem., 1907, 60, I; Wohler, Pliiddemann, and Wohler, 
Ber., 1908, 41, 703; Stephens,/./t.C.5., 1930, 52, 635; Boughton, ibid., 1930, 52, 2814; Pinkus, 
Bull. Soc. Chim. Belg., 1934, 43, 462. 

5 MoUer, Ann. Phys., 1902, 7, 256. 
6 Tyrer,/.C.5., 1911,99, 1633. 
7 Meloche and Fredrich, J.A.C.S., 1932, 54, 3264. 
8 Traube, Ber., 1913,46, 2513. 
9 Boughton, J.A.C.S., 1930, 52, 2421, 4335, 4858 (various); Francis, Rev. Sci. Instr., 1933, 

4, 615 (various); Wagner, Oesterr. Chem. Ztg., 1940, 43, 229; Herrington and Starr, Ind. 
Eng. Chem. Anal., 1942,14, 62 (starch and glycerol). 

10 Faraday, “ Chemical Manipulation,” 1842, 489; Phil. Trans., 1845, 135, 155. 
11 Bradley and Browne, J. Phys. Chem., 1904, 8, 37. 
12 Ann. Phys., 1880, 11, 1. 
13 Heat 10 pts. asphalt and 10 pts. gutta-percha at 150°-180° and stir well. Add a little 

powdered resin, 1 pt. oil of turpentine and 1 pt. of coal tar. To soften, stir in some asphalt 
varnish mixed with turpentine. 

14 Miindel, Z. phys. Chem., 1913,85,435; white sealing wax is often used for pressure joints. 
15 Walter, Ann. Phys., 1905, 18, 860. 
i<5 McKelvy and Taylor, J.A.C.S., 1920, 42, 1364 (bibl); Dundon, ibid., 1923, 45, 716; 

Meyers, ibid., 1923, 45, 2135; Ridyard, ibid., 1924, 46, 287; on brass-glass joint with sealing 
wax, McBain and Britton, ibid., 1930,52, 2198; on fixing tubes in Cailletet apparatus, Bradley 
and Browne, J. Phys. Chem., 1904, 8, 37; Cardoso, /. Chim. Phys., 1912, 10, 470; calibrating 
tubes, Hulett, Z. phys. Chem., 1900, 33, 237; see the section on critical constants, § 4.Vn B. 
For laboratory waxes and cements in general, see Walden, /. Sci. Instr., 1936,13, 345. 

17 See § 7; Travers, “ Study of Gases,” 1901, 141; Auerbach, in Winkelmann, “ Handbuch 
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apparatus for particular measurements, and only manometers for the measure¬ 
ments of low pressures will be described here. Some special types (Knudsen 
absolute manometer, Pirani gauge, etc.) for very 
low pressures are described in Section VIIJ. 

A much-used manometer for low-pressure meas¬ 
urements is the McLeod gauge.^ In its simplest 
form this consists of a glass bulb A (Fig. 22.VII A) 
of known volume (e.g. 500 ml.) surmounted by a 
graduated capillary tube n, also of known volume 
and each division corresponding with 0*001 ml. 
The bulb is connected below by a long vertical glass 
tube and rubber pressure tubing with a mercury 
reservoir B. From the tube at 6 below the bulb A 
a side tube branches into c and d, joining again at 
e, which is connected with the vessel in which the 
pressure is to be measured. The tube c, which is 
close to and parallel to a, may also be graduated 
or (usually) backed by a graduated scale. When 
the reservoir B is raised a volume of gas at the low 
pressure x is trapped in A and the mercury then 
rises in the bulb and in the tubes c and d. The gas 
in A is then further compressed into the capillary a 
and its volume is read off. Suppose it is z^=0‘010ml. 
The level of the mercury in c (and d) is higher than 
that in a; suppose the difference of level is S=5 -Smm. 
Then Boyle’s law gives Sx V=xxv, therefore 
8(z^/F)=5*3x(0*01/500)=0*000106mm. Pressures 
down to 0*00001 mm. can be measured. 

Fig. 22.VJIA. McLeod 
Gauge 

If the tubes a and c are of different bores there is a correction for capillary 
depression; as this is considerable for narrow tubes it is often eliminated by 
making a and c from the same tubing. Klemenc and Bankowski ^ found the 

der Physik,” 1908, 1, ii, 1311; Dushman, “Production and Measurement of High Vacua,” 
Schenectady, 1922, 86; Arndt, “ Phys.-chem. Technik,” 2nd edit., 1923, 209; Ostwald-Luther, 
“ Phys.-chem. Messungen,” 5th edit., 1931,195; Newman, “ The Production and Measurement 
of Low Pressures,” 1925; Kaye, /. Roy, Soc, Arts, 1926, 74, 991, 1011, 1030; Rius, An, Fis, 
Quim,, 1947, 42, 106 (4-arm gauge). 

1 McLeod, Phil, Mag., 1874, 48, 110; Crookes, Phil, Trans., 1881, 172, 387; Baly and 
Ramsay, Phil. Mag., 1894, 38, 301; Brush, ibid., 1897, 44, 415; Science, 1898, 7, 730; Zehnder, 
Ann. Phys., 1903, 10, 623; Wohl and Losanitsch, Ber., 1905, 38, 4149; Hering, Ann. Phys., 
1906, 21, 319; Ubbelohde, Z. angew. Chem., 1906, 19, 753; Baume, J, Chim. Phys., 1908, 6, 1; 
Guichard, Bull. Soc. Chim., 1911, 9, 435 (influence of moisture); Gaede, Ann. Phys., 1913, 41, 
289; Reiff, Z, Instr., 1914, 34, 97; Bailey, Chem. News, 1920, 120, 302; Dushman, Gen. Elec. 
Rev., 1920, 23, 731, 847; Hay, J. Opt. Soc, Amer., 1923, 7, 1015; Smith and Taylor, J.A.C.S.* 
1924, 46, 1393; Harrington, J. Opt. Soc, Amer., 1924, 9, 469; Duffendack and Schaefer, ibid.<> 
1924, 9, 689; Shirai, Bull. Chem. Soc. Japan, 1926,1,109; Bless, Science, 1928, 68, 38; Clarke* 
J. Sci. Instr., 1928, 5, 126 (calibration); Taylor, J.A.C.S., 1928, 50, 2937 (dtm. permanent gas 
in condensible vapour, e.g. air in H2O vapour); Brunner, Helv. Chim, Acta, 1930, 13, 915; 
Hickman, J. Phys. Chem., 1930, 34, 627; Pearson, Z. phys. Chem,, 1931, 156, 86; Booth, Jnd. 
Eng. Chem. Anal., 1932, 4, 380; Ramaswamy, Phil. Mag., 1932, 14, 96 (calibration); Mac- 
DougaU, J.A.C.S., 1936, 58, 2588; Flosdorf, Ind. Eng. Chem. Anal., 1938, 10, 534; Keevil, 
Errington, and Newman, Rev. Sci. Instr., 1941,12, 609 (measuring small volumes); Ind. Eng. 
Chem. Anal, 1942,14, 542 (olive oil); Le Roy, ibid., 1945,17, 652; Flosdorf, Chem. Met. Eng., 
1945, 52, No. 11, 102; Balson, Trans. Faraday Soc., 1947, 43, 48; for a very complicated 
set-up with Apiezon-B oil displaced by a plunger in a 300 ml. bulb, instead of mercury, see 
Baimon, Rev. Sci. Instr., 1943,14,6. 

2 Naturwiss., 1934, 22,10. 
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capillary depression for mercury in 30-mm. tubes only 0-002 mm., and in 
40-mm. tubes it was less than 0-0002 mm. The McLeod gauge may be made 
more compact ^ by dispensing with the long vertical tube and levelling bulb and 

replacing them by a vessel of mercury which 
is connected with an air pump for reducing 
the pressure; by cautiously admitting air to 

O this vessel the mercury is driven from it into 
/pr / / U ^ tubes c and d. 

I / / The manometer and mercury must be very 
[[ II clean and dry. The effect of the vapour 

I pressure of mercury and of grease on joints, 
^ ^ ^ etc., in the use of the McLeod gauge requires 
I / ^ careful consideration. The vapour pressures 
/ I remain constant during the compression into 
\ J order of 10"^ mm. and the 

I I I same on both sides of the mercury in a and c, 

N ^ hence the pressure reading gives the perma* 
nent gas pressure only. The total pressure 

t I y m the apparatus, however, includes the mercury 
\\ ^ pressure, which has the following values about 

I I 0 ^ J g room temperature: ^ 

^ /"C. 0 5 10 16 20 25 30 

pmm. 0 00019 0-0C025 O’OOOS 0 0012 0 0013 0 0017 0-0029 

or is given by the formula: 

Fig. 23.VII A. Vacuoscope = 15-24431-3623•932/7-2-367233 log 7. 

By careful drying of the manometer and gas, pressures of 10~5 jnm. can be 
measured quite exactly.^ 

A combination of a McLeod and membrane gauge was used by Yamasaki 
and Yosida.^ The sticking of mercury in the closed capillary of the McLeod 
gauge at pressures below 10~3 was studied with tubes of various materials and 
forms by Hagen,^ who utilised it to measure low pressures. A combination of 
a McLeod and Pirani gauge was used by Pfund ^ and Cox."^ Klayrfeld,® 
with a McLeod gauge and an electric discharge tube, measured pressures down 
to 5x 10“® mm. 

A convenient manometer using the principle of the McLeod gauge is the 
vacuoscope ^ (Fig. 23.VII A), a small glass gauge into which 8-13 ml. of pure 

1 Ubbelohde, Z. angew, Chern,, 1906, 19, 753; 1907, 20, 2172; 1908, 21, 976, 1454; Hart¬ 
mann, ibid., 1908, 21, 439; Rciff, ibid., 1908, 21, 911; Druecker, Jimeno, and Kangro, Z.phys. 
Chem., 1915, 90, 513; Underwood, J. Opt. Soc. Amcr., 1929, 19, 78; Martin, Phil Mag., 1930, 
9, 97; Peters and Lohmar, Z. phys. Chem., 1937, 180, 58; Bourstein, Zavadskaya Lab., 1946, 
12. 382. 

^ Hertz, Ann. Phys,, 1882, 17, 193; Kaye and Laby, “Tables of Physical and Chemical 
Constants,” 1948, 55; the values given by Rcgnault, Mim. Acad. Set., 1862, 26, 339 (506) 
are much larger, those of Morley, Z. phys. Chem., 1904, 49, 95, are somewhat smaller, than 
Hertz’s (the value at 16° given is from Morley); Knudsen, Ann. Phys., 1910,33, 1435. 

3 Scheel andHeuse, Verhl.d. D.Phys.Ges.,\90%,lfi,n5; 1909,11,1 ;Z.Z/w/r., 1909,29,14. 
^ Proc, Phys. Math. Sac. Japan, 1933, 15, 400. 
3 Phys. Z., 1926, 27, 47; cf. Rieger, Z. techn. Phvs., 1920,1, 16; Simon, ibid., 1924, 5, 221. 
0 Phys. Rev., 1921, 18, 78. 
7 /. Opu Soc. Amer., 1924, 9, 569 (to IQ-? mm.). 
8 /. Russ. Phys. Chem. Soc., 1925, 57,129 (P). 
^ Von Meyeren, Z. phys. Chem., 1932, 1^, 273; for similar apparatus, see Karrcr, Phys. 
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mercury is introduced, with the apparatus horizontal, through a, which is after¬ 
wards connected by pressure tubing to the evacuated system. In position A, if 
the closed limb b is first completely filled with mercury, it acts as a short baro¬ 
meter, the difference of levels being read with a cathetometer. At low pressures, 
position B is used, the gas in c being forced into the capillary d. Since the level 
at € in the wide tube is practically constant, d can be graduated to read the 
pressure (from 0-005 mm.) directly. The total 
pressure is shown, as with the McLeod gauge. 

A manometer for low pressures suggested 
by Langmuir ^ used the damping of the vibra¬ 
tions of a thin (0-01--0-001 mm.) quartz fibre 
fixed at one end, or of a bifilar pendulum of 
two thin quartz fibres supporting a small 
weight. Knudsen used a small glass sphere 
on a quartz thread; if P=frictional force on 
surface moving with a tangential velocity of 
1 cm./sec., /?=!gas pressure in dynes/cm.^, 
T—absolute temperature, A/= mol. wt. of gas, 
then 522-25 Xl06r(P//))2. A vibrating 
quartz plate or horizontal rod suspended by 
a quartz thread has also been used.^ The 
Pirani gauge, depending on the variation of 
thermal conductivity of a gas, and other gauges, suitable for very low pressures, 
are described in Section Vll J. A vacuum indicator ^ for low pressures depends 
on the flow of heat across the space in a Dewar vessel connected with the 
apparatus; the thermal conductivity of a gas depends on the pressure when 
this is very low (§ 4.VII J). The Edelmann manometer described by Heis ^ 
consists of two cups suspended on a rod hanging from a fibre suspension, like an 
anemometer. 

In his experiments on Boyle’s law at low pressures (§11) Rayleigh ^ used 
(for the range 0*02-1-5 mm.) the manometer shown in Fig. 24.VII A, which 
indicated pressures to 1/2000 mm. Hg. Two bulbs B and B' had sealed glass 

Rev,, 1915, 6, 49; J.A.C.S., 1918, 40, 928; /. Franklin Inst., 1918, 185, 555; HamUn, J.A.C.S., 
1925, 47, 709; Hartshough, Science, 1925, 62, 160 (tilting type); Demontvignier, Bulk Soc. 
Chirn., 1927, 41, 1244; Moser, Phys. 2., 1935, 36, 1; Ievlev, Zavadskaya Lab., 1946,12, 831. 

1 Langmuir, J.A.C.S., 1913, 35, 105; Haber and Kerschbaum, Z. Elektrochem., 1914, 20, 
296; Knudsen, Ann. Phys., 1914, 44, 525; Ann. Phys. BeihL, 1915, 39, 763 (dtm. of mol. wts.); 
Henglcin, Z. anorg. Chem., 1922, 123, 137; Coolidge, J.A.C.S., 1923, 45, 1637 (can be used at 
01-1 mm.); 1924, 46, 680; Coolidge and Coolidge, ibid., 1927, 49, 101; King, Proc. Phys. 
Soc., 1925, 38, 80; Brtiche, Phys. Z., 1925, 26, 717; Ann. Phys., 1926, 79, 695; Burk, J. Phys, 
Chem., 1927, 31, 590; Martin, Phil. Mag., 1930,9, 97. 

2 Briiche, Phys. Z., 1925,16,111; King, Proc. Phys. Soc., 1925,38, 80; Nikliborc, Acta Phys. 
Polon., 1935, 4, 85; 1937, 6, 19. 

3 Herzog and Scherrer, Helv. Phys. Acta, 1933,6,277. 
4 Phys.Z., 1924, 25,326; for micro-manometer (bells on torsion balance), 2 x lO”** mm., see 

Hittdley, /. Sci. Instr., 1947, 24, 295; for strain-sensitive resistance wire stretched by bellows, 
Keenan and McIntosh, Rev. Sci. Instr., 1948,19, 336. 

5 Phil. Trans., 1901, 196, 205; 1902, 198, 417; 1905, 204, 351; Z.phys. Chem., 1901, 37, 
713; 1902, 41, 71; 1905, 52, 705; Proc. Roy. Soc., 1904, 73, 153; Thiesen, Z. Instr., 1886, 6, 
89; Morley and Brush, Amer. J. Sci., 1902, 13, 455; Tower, J.A.C.S., 1908, 30, 1219; Scheel 
and House, Z. Instr., 1909, 29, 344; Ann. Phys., 1909, 29, 723; Maier, ibid., 1910, 31, 423; 
MUndel, Z. phys. Chem., 1913, 85, 435; Frazer and Lovelace, J.A.C.S., 1914, 36, 2439; Z. 
phys. Chem., 1915,89,155; Schrader and Ryder, Phys. Rev., 1919,13,321; Schibata and Mori, 
J. Chem. Soc. Japan, 1933,54, 44 (in Japanese); on low-pressure measurements, see Etzrodt, 
Chem. App., 1938, 25, 321. 

M 
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points which at L and V supported a small table M. The bulbs were con¬ 
nected with two vessels, between which the pressure difference was measured, by 
tubes C and C'. By suitably inclining the whole manometer, the mercury levels 
in B and B' were brought to the glass points, and from the angle of tilt, measured 
by reflexion from a mirror attached to M, the pressure difference could be 
calculated. In the second apparatus, pressures of 75 mm. and 150 mm. were 
exactly maintained by contact of mercury with glass points 75 mm. apart. 
Hering i used a modification suggested by Paschen in which, instead of tilting 
the gauge, an electric contact is screwed down until it touches the mercury and 
makes a circuit. 

In Rayleigh’s manometer the platform M, carrying the mirror at right angles 
to its plane, was supported by three points L L', two on one bulb and one on the 
other, fitting into three holes in the platform. The mirror, stand, and mano¬ 
meter were rigidly fixed to a board which could be rotated on a horizontal axis 
parallel to the face of the mirror, lying approximately in the mirror surface and at 
about the middle of the height of the operative part of the apparatus. This 
very simple apparatus is capable of giving results of great precision with suitable 
care in manipulation, and could find more extensive use. The form described 
by Scheel and Heuse has perhaps the most convenient equipment for tilting 
the apparatus. 

§ 15. Charles’s Law 

The expansion of air on heating was demonstrated by the bubbling of air 
from a bent tube with one end in water and the other connected with a globe 
of air by Philo of Byzantium (250 b.c.?) ^ and Hero of Alexandria (a.d. 50); ^ 
the latter made use of air expanded by heating to perform curious tricks, such 
as opening the doors of a temple when fire was kindled on an altar containing a 
concealed air vessel, the expanded air driving water into buckets drawing on 
cords. Experiments on expanding air are mentioned by Baptista Porta 
(1589),4 Galileo 5 (1603), Cornelius Drebbel (1608),^ and Fludd (1617).7 Van 
Helmont ® used an air thermoscope to indicate changes of temperature. 
Amontons ^ found that equal masses of air gave changes of pressure at constant 
volume in the same ratio at two temperatures, whatever the initial pressure, so 
that the same rise in temperature produces the same increase of pressure at 
constant volume. He calculated that air would exert no pressure if cooled 
below the freezing-point of water by about 2} times the range of temperature 
between the freezing- and boiling-points of water (i.e. at —250° C.; Lambert 

1 A/i/i. Phys,, 1906, 21, 319; cf. Mundel, ref. 5, p. 591. 
2 In Hero of Alexandria, “ Opera,” edit. Schmidt, Leipzig, 1899,1,474. 

Hero of Alexandria, ” Pneumatica,” lib. ii, cap. 8; ” Opera,” edit. Schmidt, Leipzig, 1899, 
1, 225. 

4 “ Magia Naturalis,” Naples, 1589, lib. xix, cap. 3; Leyden, 1650, p. 635. 
5 Rosenberger, “ Geschichte der Physik,” Brunswick, 1884, 2, 18; Taylor, Annals of ScL, 

1942, 5, 129. 
6 ” Ein kurzer Tractat von der Natur Der Elementen,” Leyden, 1608, fol. asv; Burckhardt, 

Ann. Phys., 1868,133, 680; Hoefer, “ Histoire de la Chimie,” 1869, 2, 128; Jaeger, ” Cornelis 
Drebbel en zijn Tijdgenooten,” Groningen, 1932; Tierie, “ Cornelis Drebbel,” Amsterdam, 
1932; Gibbs, Annals ofScL, 1948, 6, 32. 

7 “ Utriusque Cosmi Majoris . . . Historia,” Oppenheim, 1617, 203-4. 
8 ” Ortus Medicinae,” Amsterdam, 1648, 64; Partington, Annals of ScL^ 1936, 1, 359. 
9 Hist. Acad. Sci. (Paris), 1699,101; 1702,1; 1703, 6; M^m. Acad, Set, 1699,112; 1702,155; 

1703, 101; Hauksbee, ” Physico-Mechanical Experiments,” 1709, 170; De Luc, ” Recherches 
sur les Modifications de TAtmosph^re,” Geneva, 1772, 2, 60. 

10 “ Pyrometrie, oder vom Maase des Feuers und der Warme,” Berlin, 1779, 29, 40, 74; 
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by more accurate experiments obtained a result which located this “ absolute 
zero ” at —274°). Boerhaave ^ concluded that “ air of unequal masses but 
of the same density, is always expanded in the same measure by the same degree 
of fire; so that these expansions ... are always proportional to the augmenta¬ 
tion of heat.” 

Priestley ^ from “ a very coarse experiment ” concluded that ” fixed and 
common air were expanded alike with the same degree of heat,” and although 
Berthollet, Monge, and others,^ found different degrees of expansion for 
different gases, this law of equal expansions was proved by Charles ^ in 1787 
and Volta ^ in 1793. 

Dalton 6 in 1801 suspected that the experiments giving different expansions 
for different gases were vitiated by neglecting to dry the gases,^ and his own 
experiments showed that “ all elastic fluids, under the same pressure, expand 
equally by heat.” Gay-Lussac » used a glass bulb containing the dried gas 
with a long narrow neck containing a drop of mercury to confine the gas. The 
bulb and tube were laid horizontally in melting ice and then in boiling water, 
and the increase in volume found from the movement of the drop of mercury, 
allowance being made for the expansion of the glass bulb. Gay-Lussac stated 
his results in terms of a coefficient of expansion a, giving the increase in volume at 
constant pressure for 1° rise in temperature as a fraction of the initial volume 
at 0° C.: 

K,-Ko(l+aO, a-(L,-Fo)/Fo/ .... (1) 

where /=final temperature. He found that a was very nearly the same for 
various gases, the values varying from 0-003740 to 0-003757. The mean value 
0-00375 is too high. 

Dalton ^ at first found that 1000 measures of air at 55° F., when corrected 
for the expansion of the glass, become 1,325 at 212° F., but later (from other 
experiments) he says ^ 1000 measures at 32° F. become 1376 at 212° F., according 
to his own and Gay-Lussac’s experiments. Regnault says Rudberg finished 
his second memoir (see below) by an important remark, already made by 

Mach, “ Die Principien der Warmelehre,” Leipzig, 1896,9. For older references, see Munckc, 
in Gehler, “ Physikalisches Worterbuch,” 1841,10, 933 f. 

1 “ Elementa Chemiae,” Leyden, 1732, 1,458. 
2 “ Experiments and Observations on Air,” Birmingham, 1790, 2, 448. 
3 De Morveau, “ Encyclop^die Methodique,” Chimie, 1786, 1, 678 f. 

Quoted by Gay-Lussac, Ann. Chim., 1802, 43, 137 (157); Charles did not publish his 
experiments, but communicated the results to Gay-Lussac, who seems to have b^n the first 
to refer the expansions to a standard initial volume and temperature, e.g. 0° C. 

5 Annali di Chimica, 1793, 4, 227; “Opere,” 1816, 3, 329 (coefficient for air=0-003662). 
Volta's paper is entitled; ” Memoria sulla uniforme dilatazione Dell'Aria per ogni grade di 
calore, cominciando sotto la temperature del ghiaccio fin sopra quella deir ebolizione dell’ 
acque,” and he was the first to publish the law; Charles preceded him by six years in expert- 
ments\ Guareschi, Archiv Gesch. Naturwiss. Technik, 1914-15, 5, 142, 209; Guye, J. Chim. 
Phys., 1917,15, 471; Aumerio, Nuov. dm., 1928,5, 39. 

6 Manch. Mem., 1802, 5, 595; Ann. Phys., 1803, 12, 310; Ostwald’s Klassiker, 1894, 44; 
Harper’s Scientific Memoirs, 1902, “ The Expansion of Gases by Heat,” edit. Randall; Dixon, 
Manch. Mem., 1891, 4, 36; James, Sci. Progr., 1929-30, 24, 57. 

7 Flaugergues, /. de Phys., 1813, 77, 273, and quoted in Gehler’s “ Physikalisches Worter¬ 
buch,” 1825,1,637, found that moist air expands by heat rather more than dry; on coefficients 
of expansion of moist gases, see Amagat, Compt. Rend., 1872,74, 1299. 

8 Arm. Chim., 1802, 43, 137; Ann. Phys., 1803, 12, 257; Biot, “ Traits de Physique,” 1816, 
1,182, and plate III; Ostwald’s Klassiker, 1894,44. 

^ “ New System of Chemical Philosophy,” 1808,1, 19. 
10 Mem. Acad. Sci., 1847, 21, 15 (23). 
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Gilbert, 1 viz. that Dalton’s and Gay-Lussac’s results differ appreciably, since 
the former refers to an initial volume at 55° F. instead of 32°. Preston ^ says 
Regnault [who quotes Dalton accurately] was misled, as it was supposed that 
Dalton took the initial volume as 1000 at 32° F. instead of 55° F., whereas 
Dalton expressly says in 1802 that when the volume was 1000 at 55° F. it was 
1325 at 212° F., and he mentions in 1808 that he had not the means of finding 
the volume at 32° F. According to Preston, this gives the coefficient of expan¬ 
sion as 0-00373, which is nearly the same as 0 00375, the mean of Gay-Lussac’s 
experiments. Dalton’s figures, however, give the following result: 55°F.*= 
12-8° C, 212° F. = 100° C. If Vo is the initial volume at 32° F. or 0° C, 1000= 
Fo(l + 12*8a), and 1325= Fo(l +100a), whence a=0 00391, and not 0-00373, 
and it seems as if Gilbert and Regnault are correct. ^ 

Although Gay-Lussac’s value 0-00375 was apparently confirmed by an in¬ 
direct method by Dulong and Petit,^ Magnus ^ pointed out a source of error 
which vitiated Gay-Lussac’s results and has frequently turned up in other 
researches,^ the authors of which are apparently still unaware of it. This is 
the leakage of gas past a thread of mercury used to confine it in a glass tube; 
Magnus by this method found results varying from 0*00355 to 0*00387. 
Regnault,“7 using a mercury thread as in Gay-Lussac’s apparatus, found that 
if the initial reading at 0° of the mercury index was 152-7, the reading was 
534-5 at 100°, and on cooling again to 0° it was 154-5, the barometer being 
sensibly constant. 

Better results were obtained by Rudberg,^ who found a=0-00365 for air, and 
also measured the increase of pressure at constant volume. The pressure 
coefficient ^ is then defined by: 

P,=Po(l+i3/) .(2) 

where Pq, Ft are the pressures at 0° and f at constant volume. If Vo is the 
volume at 0° and /° and if the gas obeys Boyle’s law, then if the pressure were 
reduced to Pq at P the volume would become: 

F,=P,Fo/Po, /. from(l) P,Fo/Po-Ko(l+a?) 
+0C/).(3) 

Hence, from (2) and (3) it follows that: 

«=^.(4) 
but this is true only if Boyle’s law holds, and will not be exactly correct for 
actual gases. 

On the Fahrenheit scale the initial volume is at 32° F. (not 0° F.), and the 
ideal coefficient of expansion on that scale, a^, is related to that on the Centi¬ 
grade scale, olq, by the equation: ^ 

(1/273)=1/490 .(5) 

1 Am. Phys., 1803, 14, 266. 
2 “ Theory of Heat,” 1894, 191; still in the 3rd edit., 1919,197. 
3 Joule, Manch. Mem., 1858 (1860), 15, 143; Scientific Papers,” 1884,1, 384. 
4 Ann. Chim., 1818, 7, 113; Ostwald’s Klassiker^ 1894, 44; T. Thomson, “ Heat and Elec¬ 

tricity,” 1840, 6, says Prout in unpublished experiments found 0‘(X)36861 for air. 
5 Ann. Phy.9., 1842, 55, 1; 1842, 57,177; Ostwald’s Klassiker, 1894, 44. 
^ See Kuenen and Visser, Proc. K. Akad. Wetens. Amsterdam, 1913-14,16,75 (Comm. Leiden, 

1913,138); Noyes, J.A.C.S., 1925, 47, 1942, used a mercury thread in what was claimed to be 
an accurate differential air thermometer; for a demonstration apparatus, Dehn, J.A.C.S., 1908, 
30, 578. 

7 Ann. Chlm., 1842,4, 43; M^m. Acad. ScL, 1847, 21, 15. 
8 Ann. Phys., 1837, 41, 271; 1838, 44, 119; Taylor’s Scientific Memoirs, 1841, 2, 507; Ost¬ 

wald’s Klassiker, 1894, 44; Winkelmann, “ Handbuch der Physik,” 1906, 3, 112. 
^ Baynes, in O. E. Meyer, “ Kinetic Theory of Gases,” 1899, 29. 



CHARLES’S LAW 595 §15 

Dalton seems to have assumed that the increase in volume per T at any 
temperature is a constant fraction a of the volume at that temperature, not at 
0°C., dK/dr==aF, therefore dK/F=adr, therefore (see §§ 13, 18.1): 

V^Voe^^Vo(l+oLt+ioLt^+ 

If terms in the second and higher powers of t are neglected, Dalton’s and 
Gay-Lussac’s statements are identical.^ 

The mean of all Rudberg’s results for air was a=0*003646. Magnus 
founds the values of air 0-0036678, H2 0-0036594, CO2 0-0036937, SO2 
0-0038591. 

The equality of a and ^ (assumed by earlier experimenters) is not exact, as is 
seen from the following more accurate figures ^ (0°-100'0: 

1 

Air ! H2 CO2 CO 
J 

N2O SO2 

3670 3661 3710 
HHMgH 

3665 3667 3688 

Hoffmann,'^ for air, found a—^=0-05123. Measurements of a and j8 were 
made by Regnault ^ (five methods), Amagat,^ Jolly,Chappuis,^ Kuenen and 
Randall,^ Onnes and Boudin,Travers, Senter, and Jaquerod,!^ Richards 
and Mark,Makower and Noble,Pier,^"^ Henning and Heuse,^^ Heuse and 
Otto,Day and Clement,Day and Sosman,^® Eumorfopoulos,^^ Cath and 
Onnes,^^ and Keesom and Van der Horst.^i 

1 Schreber, Am, Phys., 1898, 64, 163; 1898, 66, 118; 1898, 65, 648; Z. phys. Chem,, 1898, 
26, 751; Phys. Z., 1915, 16, 327; Auerbach, Ann, Phys., 1898, 64, 754; Peczalski, Compt, 
Rend., 1914, 158, 1164; J. de Phys,, 1914, 4, 286; Weber, Phys. Z., 1915, 16, 19; Mewes, Z. 
SauerstoffSticks/off Jnd., 1918, 10, 93; 1919, 11, 13. 

2 Corrected by Winkelmann, “ Handbuch dcr Physik,” 1906, 3, 112, for the temperature 
scale. 

^ Regnault, Mcdn. Acad. Sci., 1847, 21, 15. 
4 Ann. Phys., 1898, 66, 224. 
5 Ann. Chim., 1842, 4, 5; 1842, 5, 52; Acad. Sci., 1847, 21, 15; Ostwald’s Klassiker, 

1894, 44; Winkelmann, “ Handbuch der Physik,” 1906, 3, 115. 
^ Ann. Chim., 1873, 29, 246. 
2 Ann. Phys., 1874, Pogg. Jubelbd,, 82; Rccknagel, Ann. Phys., 1864, 123, 115; Mendcl^ff, 

abstr. mBer., 1875, 8, 1681; 1876,9, 1311; 1877, 10,81. 
® Trav. ct M^m. Internat. Bur. Poids et Mes., 1888, 6; Chappuis and Marker, ibid., 1902, 

12; 1907, 13; Chappuis, Arch. Sci. Phys. Nat., 1888, 20, 5, 153, 248; PM. Mag., 1900, 50, 433. 
9 Proc, Roy. Soc., 1895,59, 60 (He, A). 

Proc. K. Akad. Wetens. Amsterdam, 1901, 3, 299 {Comm. Leiden, 60) (H2). 
n Phil. Trans., 1903, 200, 105; Z.phys. Chem., 1903. 45, 385, 416, 435, 
^2 Proc, Amer, Acad., 1902-3, 38, 415; 1905, 41, 117; Z. phys, Chem., 1903, 43, 475. 
i J Proc. Roy. Soc., 1903, 72, 379. 

Z.phys. Chem., 1908, 62, 385 (CI2). 
15 Z. Phvs., 1921, 5, 285; Z. Elektrochem., 1921, 27, 494; 1922, 28, 248; Heuse, Z. Phys., 

1926, 37, 157. 
16 Ann, Phys., 1929, 2, 1012. 
17 Amer. J, Sci,, 1908, 26, 405. 
18 Amer. J, Sci., 1912, 33, 517; Ann. Phys., 1912, 38, 849. 
1^ Proc, Roy, Soc., 1914,90, 189. 
20 Arch, Nderl., 1922, 6, 1 (Comm. Leiden, lS6a). 
21 Proc. K. Akad, Wetens. Amsterdam, 1927, 30, 970 (Comm. Leiden, 188(7); for helium, see 

Keesom, Van der Horst, and Taconis, Physica, 1934, 1, 324. 
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§ 16. Measurements of the Coefficients a and jS 

One form of apparatus used by Regnault ^ for the determination of a, which 
can also be used as a constant-pressure air thermo¬ 
meter, is shown diagrammatically in Fig. 25.VII A. 
The dry gas is contained in the bulb A and tube B 
over dry mercury. A is first immersed in ice at 0*^ 
and the mercury brought to a level <2 in B so that 
the difference of level in B and C is very small, 
h mm., the barometer reading being H mm. The 
bulb is then surrounded by steam at the tempera¬ 
ture t (approximately 100“) and the levels again 
adjusted at h, with the small difference h\ the 
barometer reading being //'. 

If Vq is the volume of the bulb at 0°, vi the 
volume of the stem and tube to the mark a, V2 the 
volume of the tube between a and b, then if the 
gas were all at the same temperature, its volume 
at 0° would be Vq+vi and at t would be 
(Vo+'Vi+V2)(l+gt), where g is the coefficient of 
cubical expansion of glass. If the pressure were 
constant: 

(Fo+z^i)(l +ar)=(Fo+z^i +^2)(i +,§'0- 
But if the volume Vi is at the temperature /i, V2 

at t2, and the initial and final pressures are (H+h) and {H'+h'), the equation 
pv/(\ +ar)=const., for a fixed mass of gas (§ 21), gives: 

[^o(l +<?0/(i +a/)-fzJi(l +g/i)/(l +a/i) + x^2(i +gh)K^ +!Xt2)](H' +h') 
^[yo+vi(l+gtiW+o^t,)]{H+hl 

I +h')(l +gt)/D, where D stands for: 

Fig. 25.VII A. Regnault's 
Apparatus 

[H+h+viH+h)IVo{l+atO-v{H'+h')IVo{l+oit,)^v\H'+h')IVo{l+oLt2^^^ 

where ^^=^^1(1+^^!) and v'=V2{l+gt2). In the denominator, D, an approxi¬ 
mate value of a is first substituted, then the value found from the equation. 
The new value of a may be resubstituted if necessary. Accurate determinations 
of Vq, Vi, V2 (which are found by weighing mercury), and of ti and t2, the 
manometer temperatures (read from a well-stirred water jacket), are necessary. 

The theory of an apparatus containing gas with parts at different temperatures 
is important in gas thermometry and in many other experiments.^ A mass mi 
of gas of mol. wt. A/ in a volume at a temperature Ti exerts a pressure 
(§ 21) p—{miRTilMv{), therefore pvilTi^^miRjM. If the pressure is the 
same throughout, pI!(vilTi)=(RIM)Ilmi. If the gas is contained in another 
volume at a temperature Ti' and pressure p\ p'^{vi ITi)^pE{vilTi). 

Barus gave the general equation: 

Z 
l+gt' 1+gA 

.1 +a// 
^A, 

1 Mdm. Acad. ScL, 1847, 21, 15 (168); for a simple apparatus, see Schiff, Z. phys. Chem., 
1887,1, 68; Adams, Phys. Rev., 1900,10, 178 (H2SO4 gauge). 

2 Voigt, “ Thermodynamik,” Leipzig, 1903, 1, 6; Fischer, Z. anorg, Chem., 1929, 184, 333; 
Allen, J.A.C.S., 1934, 56, 2053. 

3 (7.5. Geol. Survey Bull., 1889, 8, No. 54, 188, 210, where full details of calculatioils are 
given. 
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where Fis a zero volume at the temperatures t' {ti\ . . .) and pressure p\ 
and temperatures / (Ji, ti, . . .) and pressure p, a is the coefficient of expansion 
of the gas (assumed ideal), g the coefficient of cubic expansion of the bulb, 
stem, etc., and A is proportional to the excess of volume at over that of a 
fixed mass of gas at /. In the constant volume apparatus, ^=0, in the constant 
pressure apparatus 

In measurements of the pressure coefficient jS, Regnault kept the mercury 
level constant at a mark a, which must be on the wide part of the tube, no 
consistent results being obtainable when it was on the capillary tube. (A 
fixed glass point, brought to contact with the adjustable mercury surface, as 
used by Brodie,^ is preferable to a mark.) If the bulb is in ice and the barometer 
reading is H and the manometer reading A, and the corresponding readings are 
H' and A' with the bulb in steam at the temperature t (approximately 100°), 
then if Fq is the volume of the bulb at 0° and Vx the volume of the stem and tube 
up to the mark a, the equation for ^ is (if the manometer temperature is the 
same ti throughout, otherwise Vx may be suitably corrected by multiplication 
by (1 +gt\) and (1 +gt2), as above): 

[Fo+z;i/(l +i3/,)](//+A)=[Fo(l +gm +^t)+vxl(\ +^tx)]{H'+h'), 

\+^t^{\+gt){H'+W)ID 

Z>=//+A-z;i(//'+A'-~7/«-A)/Fo(l +^tx), 
where, as before, an approximate value of j8 can be used in the denominator.^ 

Regnault found the following values of a at 1 atm. pressure (he found it very 
difficult to dry sulphur dioxide thoroughly): 

Air ... 00036706 SO2 ... 0 0039028 C2N2 . ... 00038767 
H2 ... 0 0036613 CO ... 0 0036688 
CO2 ... 0 0037099 N20 ... 00037195 

In another method Regnault admitted dry air to a bulb of known volume 
heated in a steam bath, the pressure being atmospheric. The tip of the stem 
was then sealed, and after cooling the bulb was inverted in mercury and the tip 
broken off. The mercury entering the bulb was determined by weighing, and 
thence the change in volume of the gas between steam and air temperatures was 
calculated. Regnault found that the mercury rushing into the bulb on breaking 
the tip was apt to carry some outer air with it, which he supposed came from a 
film of air between the glass tube and the mercury, so that he surrounded the 
tube with an amalgamated brass collar which made contact with the mercury. 

§ 17. Values of a and j8 

Regnault ^ found that j8 for air increased gradually as the pressure increased, 
indicating a deviation from Boyle’s law, and the increase of /3 for carbon 
dioxide with pressure was larger than for air.^ Regnault found that l + lOOa 
for air at 0° increased from 1*36706 at 760 mm. to 1*36964 at 2620 mm., and 
1 + I00j8 from 1*36482 at 110 mm. to 1*37091 at 3656 mm. A correction 
pointed out by Mendeleeff,^ for latitude and the absolute expansion of mercury, 
applied to the pressure coefficient makes the results of different observers 
more concordant. 

1 Phil Trans., 1872, 162, 435. 
2 Porter, in Glazebrook, “ Diet, of Applied Physics,” 1922,1, 885. 
3 Ann, Chim,, 1842,4, 5; Penning, Arch, Neerl, 1924, 7, 172 (various gases). 
4 Regnault, M^m, Acad, ScL, 1847, 21, 110, 119; 1862, 26, 565. 
5 Ber„ 1877, 10, 81. 
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Some accurate values of a and /3 for the range 0°-100° at the pressures stated 
are given in the table below.^ Keyes ^ suggested that the values of a found 
with glass bulbs may be too high because an adsorbed moisture or gas film is 
partly driven off by heating, and he considered that results with metal and silica 
bulbs are more accurate. He remarked that Holborn and Henning ^ found 
for nitrogen a mean value of a of 0-0036703 in a glass bulb and 0-0036684 in a 
silica bulb, at 620 mm. I have no personal experience in this work, but on 
reading the various publications 1 have formed the opinion that figures after 
the fifth place (i.e. 0*1 per cent, accuracy) are significant only in unusually 
accurate experiments. 

Coppock and Whytlaw-Gray,^ who used a modification of Callendar’s 
apparatus (§ 19) found irregular results with glass bulbs with easily condensable 
gases, and found results in good agreement with those of previous workers 
when they used silica bulbs. Regnault found that a>/8 for a gas more compres¬ 
sible than the ideal, and a<^ for hydrogen, which is less compressible. ^ 

Gas p mm. 

1 

OLXW Observer Po mm. pxW Observer 

He 504-8 3658-9 Henning and 504-8 3659-5 Henning and 
(0"- Heuse(1921) Heuse (1921) 

100^) 1 520-5 3660-3 520-5 3659-9 ,, 
760-1 3659 1 760-1 3659-8 

1102-9 3658-2 99 1102-9 3660 1 »> 

1116-5 3658-1 1116-5 36600 
760 3661-1 Cath and Onnes; 

Kecsom et al. 
(1922-7) 

700 3662-55 Travers, Senter, 
and Jaquerod 
(1903) 

500 3662-8 

H2 760 3661 Regnault (1847) 760 3667 Regnault (1847) 
1000 3660-04 Chappuis(1903) 1000 3662-54 Chappuis (1903) 
762 3660-92 Richards and 

Mark (1903-5) 
1095-3 3659-0 Henning and 1000 3662-7 Onnes and 

Heuse (1921) Boudin (1901) 
508-2 3660-2 700 3662-55 Travers, Senter, 

and Jaquerod 
! (1903) 

1095-2 3662-3 Henning and 
Heuse (1921) 

508-2 3661-2 

N2 1000 3673-13 Chappuis (1903) 550 3668 Day and Clement 
(1908) 

1387 3677-5 »» 985 3673 >9 

760 3669-8 Eumorfopoulos 500 3668-46 Chappuis and 
(1914) Harker(J902) 

1105-3 3674-2 Henning and 760 3668 Regnault (1847) 
Heuse (1921) 

511-4 3667-9 >» 1000 3674-4 Chappuis (1903) 

1 See also Landolt-Bomslein, “ Tabellen,” 5th edit., 1923, 1, 114 f.; 1931, Ergzb. 2, i, 67. 
2 JA.C.S., 1921,43, 1452. 
3 Ann.Phys,, 1911,35, 761. 
4 Proc. Roy. Soc„ 1934, 143* 487. 
5 Moutier, “ Thermodynamique,” 1885, 42. 
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Gas p mm. ax 106 Observer Po mm. /Sxio* Observer 

N2 220-3 3663-0 Henning and 793-5 3671-8 Chappuis (1903) 
House (1921) 

530-8 3668-3 Chappuis (1903) 
1105-3 3675-2 Henning and 

Heuse(1921) 
511-4 3667-5 
220-3 3662-6 >» 

O2 500 3671-7 Makower and 
Noble (1903) 

700 3674 >> 

Air 760 3670 Regnault (1847) 760 3665 Regnault (1847) 
760 3670-8 Eumorfopoulos 1000 3674-4 Chappuis 

(1914) 
1000 3672-8 Chappuis (1914) 

CO 760 3669 Regnault (1847) 760 3667 Regnault (1847) 
760 3674 Coppock and 

Whytlaw-Gray 
(1934) 

CI2 760 3883 Pier (1908) 760 3807 Pier (1908) 

C2N2 760 3877 Regnault (1847) 760 3829 Regnault (1847) 

CO2 760 3710 Regnault (1847) 760 1 3688 Regnault (1847) 
761 3728-2 Richards and 999 3726-2 1 Chappuis (1914) 

Mark (1903-5) 
999 3741-4 ! Chappuis (1914) 

1377 3770-3 »» 
518 3707-8 1 
760 3725 Coppock and 

(12"-48°) Whytlaw-Gray 
(1934) 

SO2 760 3903 Regnault (1847) 760 3845 Regnault (1847) 

NO 760 3679 Coppock and 
Whytlaw-Gray 
(1934) 

N2O 760 3719 Regnault (1847) 760 3676 1 Regnault (1847) 

SFe 760 3808 Coppock and 
(12M8") Whytlaw-Gray 

(1934) 

(CH3)20 760 3920 Coppock and 
(12"^8°) Whytlaw-Gray 

(1934) 

The effect of pressure on the values of a and f was investigated by Regnault,i 
and at much higher pressures by Andrews 2 and by Amagat.i jiig general 
result was that, for gases more compressible than according to Boyle’s law, 
the coefficient of expansion is increased, for gases less compressible it is decreased, 
by increase of pressure. Some of Amagat’s figures for a for carbon dioxide at 
0°-10°, a=(l/F) .dV/At, are: 

;»atni. 75 100 200 500 1000 
ax 103 654 544 416 253 175 

1 Mem. Acad. Set., 1847, 21, 96; 1862, 26, 565. 
2 Phil. Trans., 1876,166, 421. 
3 Compt. Rend., 1892, 115, 771, 919, 1041, 1238; Ann. Chim., 1893, 29, 68; the unit of 

volume is the volume at the lower temperature. 
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and for ^ for nitrogen at 0''-100°, jS=(l//?) . ApJAt: 

p atm. 100 200 300 400 500 600 
pxlO^ 462 537 582 595 596 597 

and for nitrogen at 0°-16° at very high pressures: 

/?atm. 1000 1200 1500 1800 2000 2400 2800 
^Xl05 550 510 471 475 468 448 424 

Henning and Heuse ^ found the following effects of pressure (p mm. Hg): 

N2 ax 107=36604+0 1 lip p X 107 = 36604+0-134/? 
H2 axl07 = 36604 -0012p jSx 107 = 36604+0 017/? 
He ax 107=36604-0 019/? /Sx 107 = 36604 -0 004/? 

These give l/ro=0-0036604, therefore 7o=273-20'' K. for the absolute 
temperature of 0° C., which is probably about 0*05"’ to 0*10° too high (§ 18). 

The effect of increase in temperature is generally to lower the coefficient of 
expansion a or of tension The following values of jSxlO^ for ethylene 
{Pq^37 atm.) were found by Amagat: 

interval 0"-20° 20"-40° 40"-60° 60"-80" 80°-100° 100°-137-5° 137-5°-198-5‘^ 
jSxlOs 838 694 610 553 489 424 366 

§ 18. Absolute Zero of Temperature 

If equation (1), § 15, remained true at all temperatures, the volume Vi should 
become zero for a temperature /= —1/a, or, since a is approximately 1/273 for 
a permanent gas, at a temperature —273'" C. This is called the absolute zero. 
Similarly (3), § 15, shows that the pressure should vanish at —273'" C., which is 
a more intelligible result. These equations hold for the so-called ideal (or 
perfect) gas, for which a or ^8 can be calculated (see § 30.VII C) from the ob¬ 
served values for an actual gas. The following values of the absolute tem¬ 
perature Tq of 0"* C. have been so found: 

273-09 D. Berthelot, Z. Elekirochem,, 1904,10, 621. 
273-13 Eumorfopoulos, Proc. Roy, Soc,, 1914, 90, 189 (const, press. N2 ther¬ 

mometer; Joule-Thomson effect). 
273-20 Henning and Heuse, Z. Phys., 1921, 5, 285; Henning, Z. Elektrochem., 

1921, 27, 494; 1922, 28, 248 (Hz, He, Nz); Heuse, Z. Phys,, 1926, 
37,157. 

273-09 Keesom and Onnes, Arch. Ne'erL, 1925, 9, 114, with a long critical 
discussion of all experimental values. 

273 -12-273 -13 Smith and Taylor,1923,45,2125. 
273-16 Heuse and Otto, Ann. Phys., 1929, 2, 1012 (He, Hz, Nz); 1930, 4, 778 

(Ne); Holborn and Otto, Z, Phys., 1924, 30, 320; 1925, 33, 1; 1926, 
38, 359 (A, H2,02,Nz). 

273 -207 Neusser, Phys. Z,, 1932,33, 76. 
273 -16+0-02 Roebuck, Phys. Rev., 1936,50,370. 
273-14 Keesom, van der Horst, and Taconis, Physica, 1934, 1, 324; Keesom, 

Comm. Leiden, 1936, Suppl. 80a. 
273■ 144 Keesom and Tuyn, Trav, et Mim. Bur. Internat. Poids et Mes,, 1936, 20; 

Comm. Leiden, Suppl. 78 (copious bibl.); Keesom and Bijl, Physica, 
1937,4,305. 

1 Z. Elektrochem., 1921, 27, 494; 1922, 28, 248; peculiar results at low pressures found by 
Melander, Ann. Phys., 1892,47, 135, may have been due to moisture. 

2 Him, “ Th6orie Mdcanique de la Chaleur,” Paris, 1862, 307,367; Amagat, locc. cit. For 
calculations by van der Waals’s equation, see § 11 .VIIC. V. Meyer and Longer, Ber., 1885,18, 
1501; “ Pyrochemische Untersuchungen,” Brunswick, 1885, 5; found that O2, N2, CO2, 
and SO2 approximately obey Gay-Lussac’s law up to 1700° C. 
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273 16 KmoshitaandOishi,PA//. Mag,, 1937,24, 52 (He, Ne, H2, N2). 
273’16 Committee on Low Temperature, National Research Council, U.S.A., 

1938; Birge, Rep, Progr. Phys., 1942,8, 90. 
273'165±0 015 Beattie, in “ Temperature. Its Measurement and Control,” New York, 

1941,74. 
273 170 Roebuck and Murrell, in “Temperature. Its Measurement and 

Control,” New York, 1941,60. 
273 15 de Groot, Nederl. Tidjschr, Natuurkde., 1942, 9, 497; Amer, Chem, 

Abstr., 1944, 38, 3884; Beattie and Edwards, J,A.C,S., 1948, 70, 
3382 (adopted by International Conference). 

The value 273-16° is suggested,^ but the second decimal, it is clear, is 
doubtful to at least 0*03°, and 273-1° seems the most probable value ^ to the 
accuracy attainable. Absolute temperatures to three decimal places are 
unjustifiable, especially when no value of Tq is given.^ Centigrade temperature 
may be known to three or four decimal places. It may be noted that in meteror- 
ology x°a. is often used for x° K. (=Kelvin, see § 37.11), although the latter 
symbol was adopted by the Association Internationale du Froid.^ Marvin ^ 
and Whipple<5 proposed an “approximate” absolute scale of /°C.+273-0. 

Although the absolute zero has been regarded as a mathematical fiction, 
thermodynamics and experiment (Section VI C) show that it is a physical 
reality,*7 although the concept of zero-point energy (§ 11.IV) has made it less 
easy to understand kinetically than formerly. 

§ 19. Air Thermometers 

The air thermometer for moderate temperatures has often been used.^ After 
Regnault’s work, the most significant improvement was introduced by Deville 
and Troost (1864), and Callendar (1891), in the use of a compensation for the 
connecting tubes not in the heated zone by having on the other side of the 
manometer a sealed duplicate of these tubes, without a bulb, which was situated 
alongside the actual connecting tubes. Any pressure changes in the latter 
were duplicated in the “ dummy ” system, and by acting on the other side of 
the manometer compensated the change in the actual measuring system. 

1 Kaye and Laby, “ Tables of Physical and Chemical Constants,” 1941, 54; 1948, 59; Birge, 
Rep. Progr, Phys., 1942, 8, 90. 

2 Batuecas, Z. phys, Chem., 1939, 183, 438. 
3 Several papers in J.A.C.S. since 1920 contain such data, 
4 Chem. Ztg., 1911, 35, 3. On the Fahrenheit scale, the absolute temperature is found by 

adding 459 -44 to °F.: “ Diet, of Applied Physics,” 1922, 1, 585. 
5 Science, 1918, 47, 267. 
6 Proc. Phys, Soc„ 1919, 31, 237. 
7 O. E. Meyer, “Kinetic Theory of Gases,” 1899, 29; Dushman, Gen. Elec. Rev., 1915, 

18, 93, 238. 
8 Flaugergues, J. de Phys., 1813,77, 273; Regnault, Ann. Chim., 1842,5, 83; Balfour Stewart, 

Phil. Trans., 1863, 153, 425; Deville and Troost, Compt. Rend., 1864, 59, 162; Berthelot, Ann. 
Chim., 1868, 13, 135; Phil. Mag., 1868, 35, 423; Jolly, Ann. Phys., Poggendorff Jubelbd., 
1874, 82; Callendar, Phil. Trans., 1887,175, 161; Proc. Roy. Soc., 1891-2, 50, 247 (compensa¬ 
tion for connecting tubes); 1914, 90, 189; Bottomley, Phil. Mag., 1888, 26, 149; Mazzotto, 
Nuov. dm., 1891, 29, 142; Holbom and Wien, Ann. Phys., 1892, 47, 107; 1895, 56, 360; 
V. Meyer and Riddle, Ber., 1893, 26, 2443; 1894, 27, 766; V. Meyer, Riddle, and Lamb, ibid., 
1894, 27, 3129 (high temp.); L, Meyer, Ber, 1893, 26, 1047; Erskine Murray, /. Phys. 
Chem., 1897, 1, 714; Holborn and Day, Ann. Phys., 1899, 68, 817 (to 1150°); 1900, 2, 505; 
Kapp, ibid., 1901, 5, 905; Travers, “Study of Gases,” 1901, 151 (Callendar’s); Holborn 
and Valentiner, Phys., 1907,22,1; Eumorfopoulos, Proc. Roy. Soc., 1908, 81,339; Miller, 
Phil. Mag., 1910,20,296; Day, Sosman, and Allen, “ High Temperature Gas Thermometry,” 
Carnegie Inst., Washington, 1911; Henning, Z. Elektrochem., 1913, 19, 185; Madsen and 
Herber, GasJ., 1920,151, 338 (differential); Noyes,5., 1925,47,1942. 
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The constant pressure gas thermometer developed by Callendar is represented 
in its final form by the apparatus (Fig. 26.V1I A) used by Eumorfopoulos, whose 
work was of a high standard. T is the thermometer bulb of Jena 6 III glass 
connected by capillary tubes with a tap A and second bulb E and by a tap M 
to the gauges, described below. E is connected with an inlet for mercury at L 
and an outlet at K. The reservoir H was used in setting up the apparatus but 
not in the actual experiments, G is a small air-trap. Alongside this thermo¬ 
metric system was the compensating system of tubes, exactly similar except 
that the bulb T is missing, so that the capillary tube passed straight across from 
D to B and thence to a stopcock alongside A; it contained a bulb similar to and 
alongside E. The two systems were connected together by the gauges shown 
in Fig. 27.VII A. NOP is a rough-adjustment mercury gauge, NQP a fine-adjust¬ 
ment oil gauge, and O and Q are three-way taps. The plane of Fig. 27,VII A is at 

Fig. 26.VII A. Constant Pressure Gas Thermometer (Eumorfopoulos) 

right angles to that of Fig. 26.VII A. The air in T is limited towards A by a 
mercury thread in the horizontal tube, and towards the gauges by the mercury and 
oil they contain, while E, which was always immersed in ice along with the similar 
compensating bulb, contains a variable amount of mercury, also occupying the 
capillary tubes to the outlets at H, K, and L. The standard pressure on the 
thermometer side was adjusted to the air pressure on the compensating side in 
the bulb corresponding with E, the two masses of air being as nearly equal as 
possible. Pressure differences were read on the oil gauge to 0-001 cm. by a 
microscope. The open end of each mercury delivery tube was cut off and 
ground at 45°. The volume of the bulb T was accurately measured. The two 
E bulbs were kept at 0° C.=7’o° K. When T was heated to any desired tempera¬ 
ture r, mercury was added or removed through L, and this mercury was weighed.' 
The volume change was calculated from this weight of mercury. 

1 The paper does not give this information, but it is contained in Callendar’s paper, PhiL 
Trans,, 1887, 178, 161. On correction of gas thermometer scale, see Callendar, Proc. Phys. 
Soc.y 1901-3,18,282. On a modification of Callendar’s apparatus, see Coppock and Whytlaw- 
Gray, Proc, Roy, Soc,, 1934,143, 487. 
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In a discussion of the relative merits of (1) the constant-pressure and (2) the 
constant-volume gas thermometer, Day and Sosman ^ remarked that (1) has 
been almost entirely used by Callendar and his associates, and has never been 
really developed above the b.p. of sulphur. It has been claimed that it has the 
advantages that (i) the apparatus and calculations are simple, (ii) the internal 
pressure on the bulb does not increase with the temperature, and hence the 
expansion of the bulb due to this does not arise, and (iii) the accuracy is limited 
only by the precision with which weighings can be made. Its disadvantages, 
recognised by Callendar and by Eumorfopoulos, are (i) a permanent change in 
the volume of the bulb after each exposure to higher 
temperatures, (ii) changes and uncertainties in the co¬ 
efficient of expansion of the bulb material (chiefly 
glass and porcelain),^ and (iii) inexact knowledge of 
the coefficient of expansion of mercury through an 
adequate temperature range. These errors can be 
greatly reduced by a judicious selection of the bulb 
material and careful study. 

In the case of (2) there are three primary correction 
factors in which sources of error may lie: ^ (i) the dead 
space ratio (unheated part to heated part), which intro¬ 
duces quite large corrections at higher temperatures, 
e.g. for the ratio 0-01 at 500° it brings in 13° and at 
1000°, 44°; (ii) the thermal expansion of the bulb, most 
appreciable with glass and platinum-iridium, for both 
of which it amounts to about 5° at 500°, but small with 
fused silica; (iii) the expansion of the bulb due to 
internal pressure, quite a small correction, not amount¬ 
ing to 1° even at 1500°. 

The dead-space ratio can be reduced to quite small 
values, and its temperature and volume determined 
with sufficient accuracy to make it only a minor source of error. The expan¬ 
sion coefficient of the bulb is the most serious source of error, and difficulties 
arise in the crystallisation of glass and silica at high temperatures, the volati¬ 
lisation of iridium from the alloy with platinum at high temperatures, etc. Day 
and Sosman emphasised that the most essential experimental precaution is 
uniformity of temperature of the bulb, which requires a large heating space; a 
space sufficient to enclose a 2(X)-ml. bulb, all of which is to have a temperature 
of 1500°±5°, has probably never been available. Temperature control of 
the long manometer columns is also necessary, since pressures of 2 or 3 atm. 
may be developed. 

Reading a mercury level by an image of a point reflected in a surface was 
used by Gay-Lussac; ^ it is doubtful if the complicated electrical contacts 
proposed ^ have any advantage when the surface is available for visual 

1 In Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 867. 
2 Callendar, Proc, Roy, Soc., 1908, 81, 363. 
3 Henning, “ Die Grundlagen dcr Temperaturmessung,’’ Brunswick, 1915, 30 (const, vol.), 

57 (const, press). 
^ In Biot, “ Traill de Physique,” 1816,1,291; Brodic, Phil. Trans,, 1872,162,435; Knudsen, 

Ann. Phys., 1910, 33, 1435; Ostwald-Luther-Drucker, ” Physiko-chemische Messungen,” 
5th edit,, Leipzig, 1931, 197. 

5 Richards and Mark, Z. phys. Chem., 1903, 43, 475; Maier, Ann. Phys., 1910, 31, 423; 
Carver, J.A.C.S., 1923,45,59; Ewald, Z. Z/ts/r., 1927,47.97. 

Fig. 27.VI1 A. Gauges 
for Constant Pressure 
Gas Thermometer 
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inspection. A differential air thermometer for low temperatures was described 
by Noyes. 1 

§ 20. Gas Thermometers 
The constant-volume hydrogen thermometer was used as a precision standard, 

adopted as international, by Chappius.^ It consisted of a 1*039 lit. platinum- 
iridium alloy cylindrical bulb, 110 cm. long and 36 mm. outer diam., with 1 mm. 
thick walls, connected with a mercury manometer by a platinum capillary tube, 
1 m. long and 0*7 mm. bore. A barometer dipped into the open limb of the 
mercury manometer; in the closed limb, connected with the bulb, the mercury 
level was brought into coincidence with a fine point near the top so that the 
dead space (gas) in the manometer was less than 1/1000 of the volume of the 
bulb; a correction for this and for the expansion of the bulb was applied, and 
an accuracy of 0-002° between —20° and +100° was claimed. With this 
thermometer, four mercury in glass thermometers were standardised from 5° to 
78°, and became “ the custodians of the international temperature scale from 
0° to 100°, and all other standard thermometers in the world’s various national 
bureaus of standards have been calibrated by comparison with these four.” ^ 

The gas thermometer with platinum-iridium, platinum-rhodium, iridium, 
glass, glazed porcelain, and quartz bulbs containing hydrogen (which permeates 
platinum and quartz at higher temperatures), helium (which permeates quartz 
at quite low temperatures), or nitrogen, has been used at high temperatures 
(Day and Sosman used nitrogen in a platinum-rhodium bulb up to 1600°).^ 
Hydrogen and helium thermometers have been used at low temperatures.5 
In this case precautions to minimise thermal diffusion (§ 16.III) are necessary. 

1 J,A,C,S., 1925,47, 1942. 
2 Trav. et Mem. Bur. Internat. Poicls et Mes.y 1888,6; 1907, 13; Arch. Sci. Phys. Nat.y 1888, 

20, 5\Phil. Mag.y 1900, 50,433; W. Thomson, “ Math, and Phys. Papers,” 1890, 3, 182; 1911, 
5, 99 (const. pHi); Harker and Chappuis, Phil. Trans.y 1900,194, 37; Buckingham, Bur. Stand. 
Bull., 1907, 3, 237 (correction to thermodynamic scale); Henning, Z. Elektrochem., 1913, 19, 
185; “ Die Grundlagen der Temperaturmessung,” 1915, 30; Burgess, Phys. Z., 1913, 14, 152; 
Preston, ” Theory of Heat,” 3rd edit., 1919, 138 (formula); Henning, in Geiger and Scheel, 
” Handbuch der Physik,” 1926, 9, 521. 

3 Day and Sosman, in Glazebrook, “ Diet, of Applied Physics,” 1922, 1, 848. 
4 Callendar,Proc. Roy. Soc., 1891, 50,2^1',Phil. Mag., 1899,48, 519 (const, press.); Holborn 

and Wien, Ann. Phys., 1892, 47, 107; 1895, 56, 360; Holborn and Day, ibid., 1899, 68, 817; 
1900, 2, 505; Travers, Senter, and Jaquerod, Z. phys. Chem., 1903, 45, 416; Jacquerod and 
Perrot, Compt. Rend., 1904, 138, 1032; Jaquerod and Wassmer, J. Chim. Phys., 1904, 2, 53; 
Holborn and Valentiner, Ann. Phys., 1907, 22, 1; Day and Clement, Amer, J. Sci., 1908, 26, 
405; Day and Sosman, ibid., 1910, 29, 93; 1912, 33, 517; Ann. Phys., 1912, 38, 849; Carnegie 
Inst. Publ., 1911, 157; Holborn and Henning, Ann. Phys., 1911, 35, 761; Henning, Z. Elektro- 
chem., 1913,19,185; Henning and Heuse, Z. Phys., 1921,5,258; Aoyama and Kanda, J. Chem. 
Soc. Japan, 1934, 55, 15 (H2 low temp.). 

5 Onnes and Boudin, Proc. K. Akad. Wetens. Amsterdam, 1900, 3, 299 {Comm. Leiden, 
60; H2); Onnes and Meilink, ibid., 1902, 4, 495 {Comm. Leiden, 70; Pt and H2 thermoms.); 
Keesom, ibid., 1903, 6, 541 {Comm. Leiden, 88; O2 and CO2); Meilink, ibid., 1904, 7, 2SK) 
{Comm. Leiden, 93; Pt and H2 thermoms.); Onnes and Braak, ibid., 1906-7, 9, 367 {Comm. 
Leiden, 95e, H2); 1907, 9, 775 {Comm. Leiden, 97b, H2); 1907-8, 10, 429 {Comm. Leiden, 
101^, H2), 589 {Comm. Leiden, 1025, He), 743 {Comm. Leiden, W2d, gas thermoms.); Onnes 
and Clay, ibid., i 907-8,10, 200 {Comm. Leiden, ^b, Pt calibr.), 422 {Comm. Leiden, 101a, H2); 
Onnes and Braak, ibid., 1908, 11, 333 {Comm. Leiden, 107a, O2 v. pr. thermom.); Onnes, 
ibid., 1909, 12, 175 {Comm. Leiden, 112; He temps, by He gas thermom.); Onnes, ibid., 1911, 
13, i093 {Comm. Leiden, 119; He temps.); 1911, 14, 678 {Comm. Leiden, 1245); Onnes and 
Holst, ibid., 1914, 17, 501 {Comm. Leiden, 141a, Pt and H2); ” Sur la Th6rmometrie des 
basses Temperatures,” Comm. Leiden, 1913, Suppl. 34a; Onnes and Weber, ibid., 1915, 18, 
493 {Comm. Leiden, XAlb, He temp, with He gas thermom.); Blue and Hicks, J.A.C.S., 1937, 
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Jacyna ^ claimed that the constant-pressure helium thermometer is more 
accurate than the constant-volume at temperatures higher than —100° C. 

The calculation of the correction for a constant-pressure or constant-volume 
gas thermometer is now usually made by the so-called virial equation (§ 10) in 
the form PV=^RT{\+BJV)c::iRT+B^Py where B^ is a second virial coefficient, 
determinable experimentally or from the characteristic equation. If a and /3 
are the mean coefficients of expansion and pressure (§ 16) for an actual gas, and 
y the value of a or ^ for the ideal gas (for which both are equal), then, if 
and are the Centigrade temperatures found by the constant-pressure and 
constant-volume gas thermometers, respectively, it is easily shown ^ that: 

/—/„=(a—y)//y — T^o)/ 
t-t,=-W-y)t/y-(B,^Bo)T/Vo, 

where t is the thermodynamic Centigrade temperature. For the helium constant- 
volume thermometer the correction is (necessarily) zero at 0° and 100° C., has 
a small negative value between 0° and 100°, and an increasing positive value 
below 0° and above 100°. 

The International Committee on Weights and Measures in 1887 adopted as a 
temperature scale the Centigrade constant-volume hydrogen scale with an initial 
pressure of 1000 mm. Hg, this being called the normal hydrogen scale. For 
temperatures below 0° C. a Centigrade constant-volume helium scale with an 
initial pressure of 1000 mm. Hg was used. For temperatures above 100° C. 
the constant-volume nitrogen scale with an initial pressure of 500 mm. Hg was 
largely used. These different scales are not actually consistent in forming a 
continuous range, and none gives exactly the temperature as defined on the 
so-called absolute or thermodynamic scale. The details of the way in which the 
corrections have been found will be mentioned later; here the corrections only 
are given. 

In 1922, Day and Sosman ^ gave the limits of divergence of gas temperatures 
(various types of thermometers) from thermodynamic absolute temperatures as 
follows: 

°c. 
1 

A °c. A 

-250 0-05 200 005 
-100 002 400 01 

0 0003 1000 10 
50 0 006 1500 2-0 

100 001 

The corrections which must be added to the readings of gas thermometers 
(derived from the assumption that the gas obeys Boyle’s law and Charles’s law) 
in order to reduce them to the thermodynamic scale (§ 36.11) are given below.^ 

59, 1962 (He to 11° K.); Schmidt and Keesom, Phvsica, 1937, 4, 963, 971 {Comm. Leiden^ 
250^, c); Woodcock, Canad. J. Res., 1938, 16 A, 133 (He). 

1 Bull. Acad. Polon., 1937 A, 97. 
2 Burton, Smith, and Wilhelm, “ Phenomena at the Temperature of Liquid Helium,” New 

York, 1940, 38 f. 
3 Glazebrook, ” Diet, of Applied Physics,” 1922,1, 846. 
^ Calculated from measurements of departure from Boyle’s law by Holborn and Otto, 

Z. Phys., 1924, 30, 320; 1925, 33, 1; 1926, 38, 359; cf. Burgess, J. Chim. Phys., 1913, 11, 529; 
for H2 thermometer, see Onnes and Braak, Proc. K. Akad. Wetens. Amsterdam, 1907, 9, 775 
{Comm. Leiden, 97b); 1907-8,10, 204 {Comm. Leiden, 101); Giauque, Buffington, and Schulze, 
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The initial pressure of gas at 0° C. is 1000 mm. Hg. The values at constant 
volume below — ISO'^C. agree with the results of Onnes; they are larger for 
hydrogen and helium thermometers than earlier measurements indicated, but 
the differences between the two sets of corrections (these and the earlier ones) 
are of the order of the experimental errors. Except when — is given, the sign 
is +. Slightly different values are given by Keesom and Tuyn.^ 

1. Constant Pressure 

Nz 

II. Constc 

i He 

mt Volume 

i Nz /°C. He 
1 1 

; 1 
C. 1 H. 

450 0012 i _ 0-670 450 0061 1 1 0190 
400 •010 1 — ; •550 400 ! 046 j - ! 150 
350 •008 i ! •430 350 ' 034 : — 1 110 
300 •006 1 _ 1 •320 300 ! 023 1 080 
250 •004 •035 i •225 250 •015 1 032 •050 
200 •002 i 020 1 •132 200 •008 •017 •027 
150 •001 1 008 •056 150 •003 •007 •Oil 
100 •000 1 000 ; •000 100 1 •000 1 000 •000 
50 •000 1 1-0003 ! -0025 50 -0 001 ! ' -0 002 -0004 
0 •000 1 •000 1 •000 0 ! •000 ! ! 000 -000 

-25 •001 i 1 007 , •039 -25 •002 1 1 003 •006 
-50 •002 j 018 ! •112 -50 •004 [ 006 ! •015 
-75 •004 1 -032 I •228 -75 •006 •010 •029 

-100 •006 •052 i •399 -100 •009 •015 i •052 
-125 1 •Oil •084 , •686 -125 •013 •021 •084 
-150 •018 •139 i — -150 •018 •028 — 

-175 1 •028 •230 — -175 1 023 •037 — 

-200 •046 •368 ' — -200 j -028 •047 ' — 

-225 •077 — — -225 ! •034 •060 — 
-250 •195 — -250 1 •043 — 
-260 •500 

1 
— -260 ' 1 048 

1 

— 

Thus if the constant-pressure N2 thermometer reading (based on the equation 
in § 16) is 150°, the true thermodynamic temperature is 150-056°. 

§ 21. The General Gas Law 

Consider a fixed mass of a gas in the state Pi, K], ti and let it be converted 
into the state P2, V2, h two stages: 

(i) While the temperature remains constant at ti change the pressure from 
Pi to P2 and let the volume become V, From Boyle’s law, PiVi^PiV, 
therefore K=PiFi/P2 (1). 

J.A.C.S,^ 1927, 49, 2343; Giauque, Johnston, and Kelley, ibid., 1927, 49, 2367 (adsorption on 
bulb at low temps.); Southard and Milner, ibid., 1933, 55, 4384; on He thermometer from 
12'' K. see Aston, Willihnganz, and Messerly, ibid., 1935, 57, 1642; on comparison of H2 and 
He thermometers, see Cath and Onnes, Comm. Leiden, 1922, 156(3; on low-temp, gas ther¬ 
mometry, see Henning, Ann. Phys., 1913, 40, 635; 1913, 41, 1064; 1914, 43, 282; Z, phys., 
1921, 5, 264; Heuse and Otto, Ann. Phys., 1931, 9, 486. 

1 Comm. Leiden, 1936, Suppl. 78. Precision constant-volume and constant-pressure gas 
thermometry was fully discussed by Beattie, Jacobus, Gaines, Benedict, and Blaisdell, Proc. 
Amer. Acad., 1941,74, 327; Beattie, Benedict, and Kaye, ibid., 1941,74, 343; Beattie, Blaisdell, 
Kaye, Gerry, and Johnson, ibid., 1941, 74, 371 (coeff. expans, and compressibility of vitreous 
silica and thermal expansion of mercury); Beattie, Blaisdell, and Kaye, ibid., 1941, 74, 389 
(capillary depression of mercury); Keyes, in “ Temperature. Its Measurement and Control,'* 
New York, 1941,45 {pv values); Cragoe, ibid., 89 (criticism of Holbora and Otto’s unit). 
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(ii) While the pressure remains constant at change the temperature from 
to /2. The volume then changes to and by Charles’s law, 

(1 +a/2)/(l +a/i) (2X where a is the coefficient of expansion. From (1) and (2): 

Vi. +^t2)1(1 +a/i). 

IfC, /2=^" C., PF/PoFo=1 +a^ or 

/^)^=A^o(l+aO-(FoKo/a)(l/a+/).(3) 

For 1 g. of gas, PqVo/ol has a constant value (since FqFo is constant, by Boyle’s 
law), which Clapeyron ^ denoted by to avoid confusion with the molar gas 
constant R it will here be denoted by /*; 

/*(/+!/a) .(4) 

He took l/a=267 from Gay-Lussac’s experiments, but the accurate value for 
an ideal gas (§ 18) is 273T, hence: 

PVz=:r(t+a)^r(t+213-l):=^rT ...... (5) 

where^ and r=/+273*I is the absolute temperature on the ideal Centi¬ 
grade gas scale (see § 36.11). The value of r is a characteristic constant for each 
gas; if P=1 atm., 1=0, then r=z;/273*l, where v is the specific volume at 
S.T.P. 

It is obviously possible to choose masses A/j, Mi^ ... of different gases for 
which Afiri=A/2r2=. . .—const., at a given temperature and pressure, since 
then V is proportional to the mass. If the mass in g. of any one standard gas is 
fixed, the Mr values of all other gases are equal to that for the chosen mass of 
standard gas. If the latter is chosen as 32-0000 g. of oxygen in the ideal state 
at S.T.P. (see § 15.VII D), called the ntolar weight of oxygen, the masses Afi, 
M2 . . ., in g. of the other gases (also in the ideal state) are then called their 
molar weights. If this value of Mr is denoted by i?, then for a molar weight of 
any ideal gas: 

PV^RT.(6) 

where R is called the general gas constant. Equation (6) is due to Horstmann ^ 
(who wrote it up^RT), For n molar weights, or molsy"^ at the same pressure 
and temperature, the volume is n times that of 1 mol, i.e. is equal to nV, hence 
(6) becomes: 

PV^nRT.(7) 

At 213'0T K. and under 1 atm. pressure the volume of 1 mol of ideal gas, 

1 J, de r£cole Folytechn.^ 1834,14,153; Taylor’s Scientific Memoirs, 1837,1, 347; Guldberg, 
Forhl. Vidensk,-Selsk, Christiania, 1867, 140, 159; Ostwald’s Klassiker, 1903, 139, 6; Hoppe, 
Z. Elektrochem., 1919, 25, 216, 324, traced the symbol R back to Newton’s viscosity formula, 
R (resistance) »»ac/r, where c=velocity, and showed that the kinetic theory values (see 
§1 .VIIF), nmclll ==a, where /=mean free path (§ 20.III) and fer, give R ^pvjT, This is quite 
accidental, however. 

2 Clausius, Ann, Rhys,, 1850,79, 368, who took a =*=273; “ The Mechanical Theory of Heat,” 
1879, 41. The symbol R for unit mass is still used in many physical works, and Jeans, “ The 
Kinetic Theory of Gases,” 1940,28, used it for Boltzmann’s constant (§ 1 .IV), the gas constant 
per molecule, k^RjN, 

3 Ann,, 1873, 170, 192; Ostwald’s Klassiker, 1903, 137, 31; Kleeman, Z. Elektrochem., 
1931, 37, 77, 371, suggestedwhere a and p are small positive quantities. 

4 Ostwald, ” Outlines of General Chemistry,” 3rd edit, transl. Taylor, 1912, 41 (” mol ”); 
Nemst, “Theoretical Chemistry,” transl. Tizard, 1911, 40 (“mol”); the name “mole” is 
often used, since it gives the international pronunciation. 
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the molar volume, is (§14.VII D) K^=22*414 lit., therefore^ R==:PVjT=^ 

1 x22-414/273'09=0-08207 lit. atm./r C. mol. 
In other units (see §13, II) the values per mol are; /f=82-07 ml. [“c.c. ”] 

atm./r C.=84801 g.cm./r C. = 1*9875 g.cal./r C. = 8316 abs. joules/r C.= 
8312 internat. joules/T C. 

Corrections of gaseous volumes to standard temperature and pressure ^ 
(0° C. and 760 mm. Hg barometer) are conveniently made by using (7) in this 
form, or (as the mass of gas is fixed) by If fh® volume and 
pressure units are chosen arbitrarily, the last form is true for all units. E.g. 
500 ml. of air at 15° C. and 750 mm. pressure become vq ml. at S.T.P., where 
750X 500/288=760z;o/273, therefore z;o=467*7 ml. Apparatus for the auto¬ 
matic reduction of a gas volume to S.T.P., apparently first used by Davy,^ has 
often been described.^ Nomographic charts ^ can be used in calculations. 

The deviations from the ideal gas laws may become very marked at very high 
pressures or even at fairly high pressures at low temperatures. Bridgman ^ 
found /7K//?r=13*2 for nitrogen at 65°C. and 15,000 kg./cm.^ (theoret.= 
1 at 0° C.), and Buchmann ^ found values of pVjRT up to 12*5 for helium at 
13*5° to 20*4° abs. and 200 kg./cm.^ A convenient function for showing the 
deviations from the ideal state is ^ cL^RTjp— V, for 1 mol, which is zero in the 
ideal state. The “ residual,’’ a, is well adapted to graphical methods, especially 
if a reduced equation (§ 16, VIIC), is used.^ If a^, are the reduced and critical 
values of a (a^=a/a^): 

VlxMRTJppiX^ln)-oi„ 

where TT^^pjp^ and d'^TjT^. The ratio RTJp^oi^ is practically constant for a 
series of hydrocarbons. The values of are plotted against those of tt. 

1 Holborn, Z. P/iys., 1921, 6, 69 (008204; 1*986 g.cal./P); “Internat. Grit. Tables,” 
1926, 1, 17 (0 08206, 8*313x107 ergs/T, with ^=980*665); Partington, “Chemical Thermo¬ 
dynamics,” 1940, 214; Birge, Rep. Progr, Phys., 1942, 8, 90 (0 08205; 8*31436x107 ergs/r; 
1*98646 g.cal./r—the last two decimal places are superfluous); Moles, Compt, Rend,, 1942, 
214,424 (0*082056, with 70=273 15°; Fm=22*4137 lit.); de Groot, Nederl. Tijdschr, Natuurkde., 
1942, 9, 497; Amer. Chem. Abstr., 1944, 38, 3884 (T98725 g.cal./l°; Im=22*414, as used by 
Guye and Batuecas, Helv. Chirn. Acta, 1922, 5, 532). Since R always refers to 1 mol it seems 
superfluous to specify this, but cf. Butkow, Sow, Phys, Z., 1937, 12, 485. The distinction 
between “ molecular weight ” and “ mol,” made by Pohl, Phys, Z., 1942, 43, 531; Westphal, 
ibid., 1942, 43, 329; Duncanson, Phil. Mag., 1944, 35, 73, 81, seems unimportant. 

2 See e.g. Partington and Stratton, “ Intermediate Chemical Calculations,” 1946, 4; 
Meyer, J, Chem, Educ., 1946, 21, 31. 

3 J. Roy, Inst., 1800,1, 45; “ Works,” 1839, 2, 232. 
^ Hall, Quart. J, Sci., 1818, 5, 52; Faraday, “ Chemical Manipulation,” 1842, 386; Barnes, 

J.C.S,, 1881, 39, 462; Vernon Harcourt, Proc, Roy. Soc., 1882, 34, 166 (“ aerorthometer ”); 
Kreusler, Ber„ 1884, 17, 29; Winkler, ibid., 1885, 18, 2533; Lunge, ibid., 1890, 23, 440; Japp, 
J.C.S., 1891, 59, 894; Than. Z. phys. Chem., 1896, 20, 307; Davis, J.A.C.S., 1908, 30, 971; 
Deming, ibid., 1917, 39, 2145; for tables for reduction of (dry) gas volumes to S.T.P. see 
Landolt-Bomstein, “ Tabellen,” 5th edit., 1923, 50. 

5 Farmer, Analyst, 1910, 35, 308; Wendriner.Z. angew. Chem., 1914,27, i, 183 (logarithmic 
method); Fenby, Chem. News, 1917,116, 5 (slide rule); Cosens, Cambr.Phil. Soc., 1922, 
21,228; Eck and Kayser, Z. Verein D. Ing,, 1925,69, 871 (plot ofpV=RTon triangular axes); 
Liesche, Chem. Fabr., 1928, 161, 228, 241, 359, 392; Bagg, Gas J., 1931, 196, 730; Trans. Inst. 
Chem. Eng., 1932, 10, 172; Allcock and Jones, “The Nomogram,” London, 1932; Patton, 
Chem. Met. Eng., 1934, 41, 488; Mairs, “ Construction of Nomographic Charts,” Scranton, 
Pa., 1939; Partington and Stratton, “Intermediate Chemical Calculations,” 1946, 222; 
Burrows, Ind. Eng. Chem., 1946,38,472; Davey, Gas World, 1947,126,182,412, 524. 

6 “ The Physics of High Pressure,” 1931, 109. 
'Z.phys. Chem., 1933,163, 461. 

8 Deming and Shupe, Phys. Rev., 1931,37, 638; 1931, 38, 2245 (tables). 
^ Edminster, Ind. Eng. Chem., 1938, 30, 352. 
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For methane, Keyes and Burks ^ found the values of v ml./g- 

p atm. 0" 50° 100° o
 

o
 

200° 

40 32*297 j 39*418 ! 46*474 52*486 60*486 
30 42*003 1 51*809 ! 61*510 .71*139 80*752 
20 1 60*129 75*980 91*240 106*540 121*806 
10 i 

1 
107*950 145*076 181*840 218*122 254*266 

Rozen ^ expressed the deviations from the ideal state by the differences of 
the magnitudes T(dp/dT)Jp, p(dv/dT)JR, and p^(dv/dp)x/RT from ±1. 

§ 22. The Law of Partial Pressures 

If the volumes . . . of various ideal gases, all at the same tempera¬ 
ture and pressure, are mixed, the total volume V of the mixture is the sum of 
the volumes of the separate gases each at the same pressure and temperature as 
the mixture: 

V=zvi+V2+v^+ , . .(1) 

Boyle’s law shows that the total pressure P of the mixture is the sum of the 
pressures which the separate gases would exert if each occupied the total 
volume of the mixture at the same temperature: 

P—pi+P2+P’s+. . -—^Pi .(2) 

The partial pressure pi, etc., of any gas is the pressure this gas would exert 
if it alone occupied the whole volume of the mixture at the same temperature, 
hence (2) expresses the fact that the total pressure is the sum of the partial 
pressures. This holds approximately also for vapours mixed with permanent 
gases, e.g. water vapour in air. The results are only approximations for actual 
gases. 

The law of partial pressures (2) was discovered by Dalton ^ in the autumn of 
1801, and stated by him ^ as follows: 

“ When two or more mixed gases acquire an equilibrium, the elastic 
energy of each against the surface of the vessel or of any liquid, is precisely 
the same as if it were the only gas present occupying the whole space, and all 
the rest were withdrawn.” 

He also ^ stated it in the form: 

“When a vessel contains a mixture of two . . . elastic fluids, each acts 
independently upon the vessel, with its proper elasticity, just as if the other 
were absent,” 

and Henry ^ in the concise form that “ every gas is a vacuum to every other gas.” 

1 J.A,C,S„ 1927,49, 1403; 1928, 50, 1100. 
2 /. Phys. Chem. U.S.S.R., 1945, 19, 469. 
3 Nicholson^sJ„ 1801, 5, 2A\; Manch. Mem., 1802, 5, 535; Ann. Phys., 1803, 12, 385; 1803, 

15, 1; “New System of Chemical Philosophy,” 1808, 1, i, 150; Partington, Annals of Science, 
1939, 4, 245. 

4 “ New System of Chemical Philosophy,” 1808, 1, i, 191. 
3 “ New System of Chemical Philosophy,” 1808, 1, i, 154. 
6 Nicholson^sJ., 1804, 8, 297. 
A.T.P.C.—20 
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Dalton’s law was misunderstood and criticised when it was put forward,^ the 
chief reason being the hypothesis used by Dalton, and taken by him from Newton 
(§ 23), that gaseous pressure is a result of the self-repulsion of particles of 
gases, since the law seemed to require that particles of different gases do not 
repel one another. 

If vi, V2 are the volumes of the separate, unmixed, gases under the total 
pressure P of the mixture, and V is the volume of the mixture, then pvi^piV 
and Pvi^PiV^ hence: 

ViIV2=PiIP2.(3) 

where py and P2 are the partial pressures. 
Dalton’s law of partial pressures is a special case of a general law ^ that in any 

gas mixture each single gas behaves, with respect to all its properties, as if it alone 
were present in the total space, under a pressure equal to its partial pressure. 

The law of partial pressures applies (as Dalton pointed out) to vapours, e.g. 
to water vapour in the atmosphere. The law is only approximate.^ Fuchs ^ 
found that when nitrogen is mixed with nitrous oxide, carbon dioxide, or oxygen; 
nitrous oxide with carbon dioxide, or oxygen; and oxygen with carbon dioxide, 
then in every case there is an expansion (V';>Uvi), which is greater the more the 
two gases differ in physical properties. The volume change reaches a maximum 
with mixtures containing more than 50 per cent, of the gas with the lower critical 
temperature, but nearer the 1:1 ratio the more the two gases resemble one 
another. Schulze ^ found an increase of pressure on mixing two vapours 
(CS2 and ether). 

Amagat ^ and Leduc found the experimental results more closely represented 
by the law that the volume of a mixture of gases is the sum of the volumes of the 
component gases each at the temperature and pressure of the mixture (equation 
(1)), but Masson and Dolley ^ found for binary mixtures of oxygen or nitrogen 
with acetylene that this gives less good results than the partial pressure law, a 
result which is unusual. Townend and Bhatt,^ with mixtures of hydrogen and 
carbon monoxide at 0^^ and 25°, up to 600 atm., found the maximum deviation 
from the Amagat-Leduc law only 2*5 per cent., whereas the deviation from the 
law of partial pressures reached 25 per cent. The observed volume was larger 
than the calculated. The volumes of N2, H2, and CO, and the mixture N2+3H2 

at —70° to +300° and 1-1000 atm. were given (with charts) by Dilley.^® 
If two gases are mixed, the volume change can be calculated from the coeffi¬ 

cients of deviation from Boyle’s law shown by the separate gases and by the 

1 Summary in Partington, Annals of Science, 1939,4, 245; cf. Bunsen, “ Gasomelry,” transl. 
Roscoe, 1857, 130; Lament, Ann, Phys., 1863, 118, 168; O. E, Meyer and Springmuhl, ibid,, 
1873,148, 526; Kedrov,/. Phys. Chem. U.S.S.R., 1930,1, 433; Fo^, Chem. andind., 1946, 97. 

2 Ostwald, “ Outlines of General Chemistry,” 1895, 117. 
3 Gay-Lussac and Clement, Ann. Chim., 1815, 95, 311; Regnault, Mem. Acad. Sci., 1862, 

26, 679; Kronig, Ann. Phys., 1864, 123, 299; Troost and Hautefeuille, Compt. Rend., 1876, 
83, 333, 975; Cailletet, /. de Phys., 1880, 9, 192; Andrews, Phil. Trans., 1887, 178, 45; Braun, 
Ann. Phys., 1888, 34, 943; Margules, Wien Ber., 1889, 98, IIA, 883; Ann. Phys., 1891, 42, 348; 
Galitzine, “Das Daltonsche Gesetz,” Strasburg, 1890; Gott. Nachr., 1890, 22; Ann. Phys., 
1890,41, 588, 770; Lala, Compt. Rend., 1890, 111, 819; 1891,112,426; Ann. Fac. Sci. Toulouse, 
1891, 5, G3. 

4 Z.phys. Chem., 1918, 92, 641. 
5 Z. anorg. Chem., 1921,118, 223. 
6 Ann. Chim., 1880,19, 345 (384); Compt. Rend., 1898,127, 88. 
7 Compt. Rend., 1898, 126, 218, 1859; 1898, 127, 88; Fo^i, Chem. andind., 1946, 97. 
8 Proc. Roy. Soc., 1923, 103, 524. 
9 Proc. Roy. Soc., 1931, 134, 502. 

10 Chem. Met. Eng., 1931, 38,280. 



§22 THE LAW OF PARTIAL PRESSURES 611 

mixture,! but the mixture rule does not apply accurately to the compressibilities 
between 1 and 2 atm. Berthelot found small increases in pressure Ap on 
mixing two gases at constant temperature and volume. By considering the 
separate gases expanded to a large volume (when they obey Boyle’s law), 
mixing, and bringing the mixture to the given volume, the value of Ap was 
calculated, and compared with measurements by Sacerdote: ^ 

Ap mm. calc. Ap mm. obs. 

S02+C02 1-52 1-36 
Air 1 001 0 
H2+O2 017 0-21 
C02-fN20 008 

The compressibility of a mixture was calculated from those of its components, 
and the results agreed with experiment. 

The deviations from (1) or (2) with actual gas mixtures make the partial 
pressures only fictitious quantities,^ and the theoretical treatment, involving 
intermolecular forces, becomes complicated. At low temperatures the cohesive 
and repulsive forces between the molecules may balance one another and the 
deviations become negligible; in some cases the observed pressure may exceed 
the sum of the pressures at the same molecular concentration and tempera¬ 
ture.^ In the present section only the experimental results ^ will be considered; 
the theory is dealt with later (§ 35.VII C). The deviation from the additive 
relation (1) may be expressed as Av^(V-‘I!vi)IIlvi, at a given pressure p 
(1 atm. in the table below), where V is the volume of the mixture; and the 

Per cent, ethylene 

p atm. 24 •74 49 •95 59 •86 70 -72 90 •06 

lOOJw Ap lOOJx; Ap I00.:lw Ap \mAv Ap 100^i> Ap 

30 215 0-75 2-7 0-85 3-2 09 31 01 1-25 0-45 
40 3-35 1 05 5-3 1-6 5-5 1-6 5-5 1-4 2-7 0-7 
50 5 0 1-7 8-4 2-7 91 2-7 9-35 2-25 5-35 1-2 
60 7-7 2-35 13-7 3-9 15*4 4 0 16-4 3-55 111 1-8 
70 10-75 3-35 21-5 5-45 251 1 5-7 28-1 4-85 22-8 1-95 
80 11-75 4-3 24-0 6-8 28 0 6*35 3L3 ! 5-25 1 21-3 , 0-75 
90 111 5-2 21-6 7-65 24-5 7-25 25-5 1 4-9 ! 111 -10 

100 9.9 6 05 17-95 80 1 190 7-1 18-2 i 40 i 3-7 i -30 
110 8-7 1 6-6 : 14-3 8-15 141 i 6-7 11-6 ! 2-7 j -0 05 i -5-25 
120 7-5 i — 10-9 1 ' 9-7 i — 6-4 ' 

1 1 -2-05 -8 05 
125 6-9 j 

1 

— 9-35 7-7 1 
1 

— 4-55 : -2-65 i -9 05 

1 Berthelot, Compt, Rend., 1898, 126, 1703, 1857; 1899, 128, 820, 1159; Berthelot and 
Sacerdote, ibid., 1899, 128, 820. 

2 /. de Phys., 1899, 8, 319. 
3 Jakob, Z. Phys., 1927, 41, 737, 739; Gillespie, Phys. Rev., 1930, 36, 121; Beattie, ibid., 

1930 36 132. 
4 Lennard-Jones, Nature, 1927, 119, 459; Jakob, Z. Phys., 1927, 41, 737, 739 (He+Ne). 
3 Braun, Ann. Phys., 1888, 34, 943; Margules, Wien Ber., 1889, 98, IIA, 883; on heat of 

mixing, ibid., 1888, 97, IIA, 1399; van der Waals, “ Die Continuitfit,** Leipzig, 1900,2, 50 f., 
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deviation from (2) by P, where P is the pressure of the mixture. 
Some values for mixtures of argon and ethylene found by Masson and Dolley 
and Tanner and Masson at 24-95° are shown in the table; except at higher pres¬ 
sures the deviations are positive (P less than 27/7 j, etc.). 

The following values of lOOAv were found for mixtures ^ (N2+3H2) by 
Bartlett, Cupples, and Tremearne: ^ 

p atm. 0® 99-85® 198-9® 299-8® 

50 0-58 0-29 0-25 -0-05 _ 
100 1-34 0-74 0-47 0-14 -0-06 
200 1-66 1*07 0-68 0-23 -0-07 
300 ! 1 -65 1 0-83 0-66 016 0-01 
400 I 1 -34 i 0-70 0-60 -0-20 -008 
600 0-78 0-54 ! 033 0-04 005 
800 i 0-64 ‘ 0-28 i 0-19 -015 0 08 

1000 0-21 003 ! 
! 

000 -0-27 0-28 

The deviations become small as the temperature increases. Equation (1) is 
very closely followed, whilst there were large deviations from (2), e.g. at 50° 
the pressure for a given volume was 977 atm., whilst the sum of the partial 
pressures was only 750 atm. 

At constant temperature the pressure exerted by one constituent of the gaseous 
mixture was found to be given with good accuracy by the product of its mol 
fraction and the pressure it would exert as a pure gas at a molecular concentra¬ 
tion equal to the total molecular concentration of the mixture, i.e. in this case: 

iP'v/PQVo)„=U^(pv/poVo)ii,+(pvlPoVo)N2] .... (4) 
V in each term representing the same molecular volume, and hence the gases 
are present in identical molecular concentrations. Krichevsky ^ found the 
rule of Bartlett, Cupples, and Tremearne gave better agreement at high pressures 
than that of Lewis and Randall (§ 62.11), but still better agreement was found 
with the rule of Gilliland ^ that the slopes of the isochores (v const.) of the 
mixture are the averages of the slopes of the components at the same molar 
concentration. Bolshakov ^ found that the Lewis and Randall rule held well 
at 200° to 1000 atm. for nitrogen-hydrogen mixtures. 

Ifpi is the partial pressure of a component of a gas mixture, then: 

Pi^n^RTIV.(5) 

66 f.; Kuenen, “ Verdampfung und Vcrflussigung von Gemischen,’’ Leipzig, 1906,99; Verschaf- 
felt. Arch. NeerL, 1906,11, 403 (Comm. Leiden, Suppl. 13); Kuenen, Verschoyle, and van Urk, 
Comm. Leiden, 1922, 161; Masson and Dolley, Proc. Roy. Soc., 1923, 103, 524; Trautz et al., 
Z, anorg. Chem., 1926, 150, 277; 1929, 179, 1; Verschoyle, Proc. Roy. Soc.^ 1926, 111, 552; 
Maass and Mennie, ibid., 1926,110,198; Lennard-Jones and Cook, ibid-, 1927,115,334 (ieory 
only); Bartlett et al., J.A.C.S., 1927, 49,65,687, 1955; 1928,50,1275; 1930, 52, 1363; Gibby, 
Tanner, and Masson, Proc. Roy. Soc., 1929, 122, 283 (Ha-f-He); Scott, ibid., 1929, 125, 330 
(H2-f CO); Tanner and Masson, ibid., 1930,126,268; Edwards and Rosevcare, J.A.C.S., 1942, 
64, 2816. 

1 The very close validity of (1) for such mixtures had previously been reported by Cochrane 
in “ Physical and Chemical Data of Nitrogen Fixation,” H.M. Stationery Office, 1918,6. 

2 J.A.C.S. 1928 50 1275. 
3 J. Phys'.Chem*.U.S.S.R.,mi, 9, 6S9\ J.A.C.S., 1937,59, 2733. 
4 Ind. Eng. Chem., 1936, 28, 212 (17 refs.). 
5 Acta Physicochim. U.R.S.S., 1945, 20, 259; measurements of partial molal volumes and 

fugacities at 0^-200® up to 1000 atm. 
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But if p is the total pressure of the mixture: 

pV=EniBT.(6) 
Hence, from (5) and (6); 

Pi=(»il^Hi)P=Nip .(7) 

where Ni is the mol fraction of the first gas. 
Penning i regarded the Amagat-Leduc law as so exact that he used it to check 

the accuracy of his experiments on gas mixtures. In an elaborate research 
Trautz and Emert 2 measured the increases in pressure resulting from the mixing 
of several pairs of gases both at 1 atm. and higher pressures. They calculated 
the a and b values by van Laar’s equation (§ 34. VII C) and from van der Waals’s 
equation, and with these values of a and b they calculated the pressures of the 
mixtures. They found that Dalton’s law did not hold with the pressures so 
corrected. 

Edwards and Roseveare ^ calculated the second virial coefficient (§ 10.VII A) 
for a mixture: by the equations: 

PivJn^)=^RT+BiP, P{v2ln2)^RT+B2P, 

PlvJ(ni+?t2)]=RT+B„P.(8) 
where rii, riz mols of separate gases, occupying volumes Vi, are mixed at the 
pressure P and constant temperature T, and v„ is the volume occupied by the 
mixture. The volume change on mixing is; 

Av=v„-{vx+V2)=-{ny+n2)B„-niBi-n2B2 . ... (9) 

or in terms of mol fractions N («=«i+n2): 

Avln=B^-NiBi-N2B2.(10) 

Justi * used the equation pV—RT-\-Bp for each component and for binary 
mixtures found (x=mol fraction; Xi+X2=l): 

B„=XiBn+XiX2!^+X2B22.(11) 
where j8=25i 2“~^i i “~^22 is a measure of the deviation from the law of additive 
volumes. The change of volume on mixing, A K, is always positive and reaches 
a maximum of j8/4 for jci=0*5. Ternary mixtures of He, H2, A at 25'" were 
also considered. Deviations from Dalton’s law by reacting gases (HCl and 
CH3OH vap., HCl and H2O vap.) were investigated by Shidei.5 They are 
larger than with non-reacting gases. Van Lerberghe and Schouls ^ used 
concentrations «i/Fand ^2/^ wrote: 

P=P\+P2+B^2nin2lV^.(12) 
where Pi,P2 are the pressures of the pure gases at the given concentrations and 
i5i2 is a function of temperature. Lennard-Jones and Cook,'^ for molecules 
with symmetrical force fields, deduced: 

B^^Nr^B^ +2NrN2B,2+N2^B2.(13) 

1 Arch. Neerl, 1923, 7A, 172 {Comm. Leiden, 166). 
2 Z. anorg. Chem., 1926, 150, 111 (bibl.). 
3 J.A.C.S., 1942,64, 2816. 
^ Forsch, Gebiete Ingenieurw,, 1944,15, No. 1,18. 
5 Mem. Coll. ScL Kyoto Imp. Univ., 1925, 97; Sexaginf, 1927, 143; Bull. Chem. Soc. Japan, 

1928, 3, 25. 
^ Bull. Acad. Roy. Belg., 1929,15, 583, where fugacities (§ 36.V11 C) are also calculated. 
7 Proc. Roy. Soc., 1927,115, 334. 
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where B12 is a second virial coefficient representing only the interaction of 
unlike molecules. Since: 

AvlnN^N2^2B^2-{B^ +^2).(14) 
the value of B12 be calculated if and B2 are known. 

§ 23. Joule’s Law 
The pressure of a gas was formerly explained by static repulsive forces acting 

between the molecules at rest and transmitted to the walls of the vessel, and 
Newton,^ by assuming repulsive forces inversely proportional to the distance 
between the molecules, was able to show that the gas would obey Boyle’s law. 
It follows, however, that a gas expanding into a vacuous vessel without doing 
external work should become heated if there are repulsive forces between the 
molecules, and cooled if there are attractive forces, since in the first case internal 
work is done and converted into heat energy, and in the second case internal 

work is spent and its equivalent is taken 
as heat from the gas. 

Gay-Lussac,2 from some approximate 
experiments, concluded that there is no 
appreciable alteration of temperature in 
such a case. He allowed air, carbon di¬ 
oxide, and oxygen to rush from one globe 
into a vacuous globe, and observed the 
changes of temperature by two mercury 
thermometers placed at the centres of the 
globes. The cooling in the first globe 

was very nearly equal to the heating in the second globe, the maximum change 
of temperature being less than r C. The results depended on the posi¬ 
tions of the thermometers, and incorrect conclusions were drawn from the 
experiments. 

Joule ^ used two copper vessels A and B (Fig. 28.VII A), the first containing 
air at 25 atm. pressure and the second vacuous, immersed in a can of water sur¬ 
rounded by an air-jacket. On opening the laps C connecting the vessels, 
expansion occurred, but after stirring the water its temperature was found to be 
unchanged. Hence, Joule concluded that “ no change of temperature occurs 
when air is allowed to expand without developing mechanical power,” i.e. 
without doing external work, and this indicates that the gas molecules exert 
no appreciable attractive or repulsive forces on one another. 

The globes and taps were then placed in three separate cans of water, as 
shown, and the experiment repeated. A fall of 0*595®kg. of water occurred 
in A, a rise of 0*606® in B, and a rise of 0*078® in C. Within the limits of error, 
the same amount of heat is absorbed by the air expanding from A and doing 
work as is evolved by the compression of the air in B. 

Since the air in Joule’s experiment did no net external work,"* w=0, and since 

1 Principia,” Book ii, prop. 23, theorem 18; London, 1687, 301. 
2 Mem, Soc. Arcueil, 1807, 1, 180; Ann. Phys.^ 1808, 30, 249; Harper’s Scientific Memoirsy 

New York, 1898, 1; cf. Leslie, “ Experimental Enquiry into the Nature and Propagation of 
Heat,” 1804, 533. 

3 Phil. Mag.y 1845, 26, 369; “Scientific Papers,” 1884, 1, 172; on the kinetic theory of 
the Joule experiment, see Natanson, Compt. Rend., 1888, 107, 164; Ann. Phys.y 1889, 37, 341; 
Fireman,/. Phys. Chem., 1902, 6, 463; Parts, Svensk. Kem. Tids., 1944, 56, 348. 

4 The misinterpretation of the experiment by H. S. Taylor, ” Treatise on Physical Chem¬ 
istry ” New York, 1931,1, 46, is a common error of beginners. 
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no heat was absorbed or emitted to the surroundings, ^=0; it follows from 
(2), § 16.11, that: 

.(1) 
i.e. the energy at constant temperature is independent of the volume: 

(d£/dK)7^=0.(2) 

This is called Joule's law and it follows by thermodynamics for any ideal gas, 
defined by the equation PV^RT. This was proved in § 54.11. 

The Joule effect i is the cooling of unit mass of gas for unit volume expansion 
when the energy remains constant, i.e. (dT/dF)/,. This is found as follows. 
From (IT and (2a), §3.11: 

d£’=S^-8w==(c,dr+/,d F)-Fd F=0, 

/. c,(dr/dF)^==--(4~P). 

But from Clapeyron's equation (5), § 41.11: 

4=r(dP/dr),., 
(dT/dF)^--(l/0[nd/^/dr),.-P]-~(r2/6*,^ . (3) 

which obviously vanishes when, at constant volume (fc=const.): 

{APIAT)y^PjT, or (dlnP/dlnr)p.= l; or P=^kT . . (4) 

The Joule effect for a gas which dissociates with absorption of heat (c.g. 
N204-^2N02) should be greater than for an ordinary imperfect gas.^ 

The energy of a gas as a function of pressure, (di'yd/?)^, was determined by 
Rossini and Frandsen ^ by a calorimetric method suggested by Washburn.^ 
At 30F K. the coefficient was practically constant up to 40 atm. and in joule 
atm."i mol“^ was: —6-08 for air, —6*51 for oxygen, and —6*51 —1 l*0x— 
for mixtures of oxygen and carbon dioxide containing a mol fraction x of the 
latter. A steel bomb electrically heated by a resistance spiral was used. 

§ 24. The Joule-Thomson Effect 
Since Joule’s thermometer would not record temperature changes in the 

water corresponding with changes of less than 1 •88'" in the air, the experiments 
were not sensitive enough to decide whether the law (2), § 23, holds accurately 
or not. (In Gay-Lussac’s experiments the temperatures were measured in the 
gases, and were constant to 0*F.) William Thomson (later Lord Kelvin) in 
1851 suggested modifications in the method, and in 1852-62 he and Joule 
carried out (in Joule’s brewery in Salford, near Manchester) the so-called 
“ porous plug ” experiment. 5 A stream of gas under constant pressure higher 

1 Him, “ Theorie Mecanique de la Chaleur,” 1862, 103; Cazin, Ann. Chim., 1870, 19, 5; 
Parenty, ibid., 1896, 8, 5; 1897, 12, 289; Rose-Innes, Phil. Mag., 1900, 50, 251; 1901, 2, 130 
(theory); Rudge, ibid., 1909, 18, 159; Worthing, Phys. Rev., 1911, 32, 245; 1911, 33, 217; 
Keyes and Sears, Proc. Nat. Acad., 1925, 11, 38; Shiba, Bull. Inst. Phys. Chem. Res. Tokyo, 
1928, 33, 357, 576; Bennewitz and Andreewa, Z. phys. Chem., 1929, 141, 37; Bennewitz and 
Windisch, ibid., 1933,166, 401; Drzcwiecki, Compt. Rend., 1931,192,1024; Michels, Wouters, 
and de Boer, Physica, 1936, 3, 597, who calculated (d£/dP)T for N2 to 3000 atm.; Roebuck and 
Murrell, in “Temperature. Its Measurement and Control,” New York, 1941, 60; Baker, 
Phys. Rev., 1943, 64, 302. 

2 Brass and Tolman, J.A.C.S., 1932, 54, 1003. 
3 Bur. Stand. J. Res., 1932, 9, 733. 
4 Bur. Stand. J. Res., 1932, 9, 521. 
5 Joule and Thomson, Phil. Mag., 1852, 4, 481; Phil. Trans., 1853, 143, 357; 1854, 144, 

321; 1862, 152, 579; Thomson, “ Mathematical and Physical Papers,” 1882, 1, 333, 337, 415; 
Joule, “Scientific Papers,” 1887, 2, 216, 231, 247, 342; Harper’s Scientific Memoirs, New 
York, 1898, 1 (also Gay-Lussac’s paper); on theory, see Schiller, Ann. Phys., 1890, 40, 149; 
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• than atmospheric was forced continuously through a porous plug of cotton-wool 
or silk supported in a heat-insulating boxwood tube. The temperatures of the 
gas before and after the plug were determined by thermometers, and, after 
various corrections, the change in temperature of the gas in passing through the 

plug was found. Suppose a volume 
Fi of unit mass of gas at a tem¬ 
perature T is pressed by a piston A 
under a pressure P] through the plug 
at C, the gas on the other side of C 
expanding to a volume V2 under a 
pressure P-, by pushing out a piston 
B (Fig. 29.VII A). 

The net work done by the gas is Pj Fj. If P, and £3 are the 
energies of unit mass before and after passing the plug, AE=E2—Eu and if ^ 
is the heat absorbed from outside: ^ 

P, ■ 

A C B 

Fig. 29.VII A. Porous Plug Experiment 

q=AE+w=E2-Ei+P2V2-PiVi = H2-Hx ... (1) 

where H is the heat content (§ 17.11), H=E+PV. 
The experiment, however, is so arranged that ^=0, therefore //a—//i=0. 

(Note that in this case P is not constant.) If the changes are very small : 

d//=d(P-|-PK)=d£'+PdK+KdP=0 . . (2) 

where d VdP is neglected as of the second order (§ 4.1) The energy change is 
the same, for the same change of state, whether the process is carried out 
irreversibly, as in the plug experiment, or reversibly, and hence 9 in (1) can be 
calculated for the reversible case. From (2a), § 3.11: 

Sq=c,dT+/,dy. 
From (5), §41.11: 

/,=r(dP/dT)y, and dF=(dV/dT)pdr+(dV/dP)j.dP, 

.-. Sq=c^.dr+r(dP/dr)y[(dV/dr)pdT-i-(dV/dP)rdP]=0 (3) 
From (2b), § 3.11: 

8q=c^dT+/j,dP, 

hence the first two terms on the right of (3) are equal to r.dP. From (2c), 
§ 5.11: 

(dP/dTUdF/dP)2 = -(dV/dr)p .(4) 
Hence equation (3) can be written as: 

8q=c^dr-r(dv/dr)^dP=o.(5) 

Since, from (2), § 16.11, S^=d£-fPdk', it follows from (2) and (5) that: 

- VdP=c^dT-r(d Vldr)pdP, 

.-. c^dT+[V-r(dV/dr)p]dP=0, 

.-. (dr/dP)„=(i/c,)[r(dv/dr)p-v] .... (6) 

Preston, “ Theory of Heat,” 1894, 699; Buckingham, “ An Outline of the Theory of Thermo¬ 
dynamics,” New York, 1900, 127; Bur. Stand. Bull., 1907, 3, 237; Clark, Trans. Roy. Soc. 
Canada, 1924,18, III, 293; Wensel, in “ Temperature. Its Measurement and Control,” New 
York, 1941, 3; Roebuck and Murrell, ibid., 60. 

1 The kinetic energy of the gas passing the plug is assumed to be converted, by friction, into 
heat in the gas after the plug; this may not always have been the case: see Keyes, J.A.C.S., 
1921, 43, 1452. Callendar’s name “ adiathermal ” for an irreversible adiabatic process of 
this kind, Phil. Mag., 1903, 5, 48, is superfluous, since “ adiabatic ” covers all of 9=0, 
the reversible process being isentropic (§ 34.11). Porter, Trans. Faraday Soc., 1922, w) 
139; “ Thermodynamics,” 1931, 59, calls ^n—dOn)=-ti4p “ the work that fails to be done 
(or shirk).” 
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A more concise deduction of (6) is the following: 

d/f=(d///dr)pdr+(d/f/d/^)rdP 

=c^dr+(d/f/dP)pdP=0 

(dr/dP)H=-(di//di>)pA>.(7) 
But 

d //= d(iE:+P V)=d £+Pd V+ KdP= TdS + VdP 

from (3), § 43.11, therefore {dHldP)j^T{dSI6P)j+V, and from Maxwell’s 
equation (4), § 48.11: 

(d.VdP)r=-(dF/dr)p 

/. (d///dP)p=~r(dK/dr)p+F .(8) 

By substituting from (8) in (7), equation (6) follows. The coefficient (dr/dP)^ 
gives the change in temperature per atm. pressure change of the gas in passing 
through the plug, and is called the Joule^Thomson effect. It is independent of 
the mass of gas, since for a mass m g., mCp replaces Cp and mV replaces F, and 
m cancels in (6). 

For an ideal gas, PV=^RT, therefore V=RTIP, therefore T(dV/dT)p^ 
RTjP= V, and hence from (6) the Joule-Thomson effect vanishes. 

It should be noticed that the Joule-Thomson effect vanishes not only for an 
ideal gas under all conditions, but also for any gas under such special conditions 
that T{d F/dr)p~- K=0, or (d F/dr)p= VjT, or: 

(din F/dlnr)p=l.(9) 

or V=^kT.(10) 

at constant pressure, k being a constant. 
The Joule-Thomson effect involves (i) the deviation of the gas from Boyle’s 

law, expressed by the external work^ and (ii) the usually larger effect due to the 
separation of the molecules under the influence of attractive forces, expressed 
by the internal work.^ 

Using initial pressures of 1*43, 2*26 and 8T8 atm. and the final pressure 
1 atm., Joule and Thomson found for air the fall of temperature 0T08®, 0-363® 
and 1*10° respectively; for hydrogen they found at 6*8° a small heating effect 
of 0*18° for 6 atm. pressure difference, or 0*03° per atm. Olszewski ^ found 
that this changed to a cooling effect if the temperature was —80*5°, a so-called 
inversion point, but this depends on the pressure (see § 6. VI C). 

The cooling effect AT was found experimentally to be proportional to the 
pressure difference AP and inversely proportional to the square of the absolute 
temperature. For air, if Tis the initial absolute temperature and AP is in atm. 

Jr=0*276(273/r)2xJP. 

Measurements and calculations of the Joule-Thomson effect for various 
gases have been made,^ and it has an important application in the liquefaction 

1 Hausen, Z. techn. Phys., 1926, 7, 444; these are sometimes confused in the literature; 
for H2 and He, (i) outweighs (ii). 

2 Am. Phys., 1902, 7, 818; Phil. Mag., 1902, 3, 535; 1907, 13, 722; Bull. Acad. Polon., 
1906, 792; Keyes, Gerry, and Hicks, J.A.C.S., 1937, 59,1426. 

^ Joule and Thomson, ref. 5, p. 615; Him, “Theorie M6canique de la Chaleur,” 1862, 
103; Sutherland, Phil. Mag., 1886, 22, 81; Natanson, Am. Phys., 1887, 31, 502; 1888, 33, 
683 (theory); Bouty, J. de Phys,, 1889, 8, 20; Rose-Innes, Phil. Mag,, 1898, 45, 227; 1899, 48, 
286; 1900,50,251; 1901, 2,130; 1903,6, 353; 1908,15, 301; Love, ibid., 1899, 48,106; van der 
Wads, “ Continuitfit,” Leipzig, 1899, 1, 119; Grindley, Phil. Trans., 1900, ISM, 1; Olszewski, 
Am. Phys., 1902, 7, 818; Phil, Mag., 1^2, 3, 535; Bevan, Proc, Cambr, Phil. Soc., 1903, 12, 
127; Callendar, Phil. Mag,, 1903, 5, 48; Griessmann, Forschungsarb, Gebiet Ingenieurwes., 

20* 
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of gases (see § 5.VI C). For the experimental data and curves, reference is 
made to the original papers. 

In a type of apparatus for measuring the Joule-Thomson effect (Hausen) the 
porous plug was of asbestos pressed between two perforated plates of ebonite 
or (for higher temperatures) porcelain; it was 40 mm. diam. and 23 mm. thick. 

1904, 13, 1; Kester, Phys, Rev., 1905, 21, 260; Phys. Z., 1905, 6, 44 (CO2); Peake, Proc. Roy. 
Soc., 1905, 76, 185; Porter, Phil. Mag., 1906, 11, 554; Dodge, J. Amer. Soc. Mech. Eng., 
1907, 28,1265; 1908, 30, 1227; Bradley and Y{di\Q,Phys. Rev., 1909, 29, 258; Dalton, Proc. K. 
Akad. Wetens. Amsterdam, 1^9, 11, 863, 874 {Comm. Leiden, 1909, 109a and c) (reduced 
virial equation); Rudge, Phil. Mag., 1909, 18, 159; Proc. Cambr. Phil. Soc., 1910, 16, 48; 
Vogel, Munich Ber., 1909, Abhl. 1; Ann. Phys. Beibl., 1909, 33, 967; Forschungsarb. Gebiet 
Ingenieurwes., 1911, Nos. 108-9, 1; Burnett and Roebuck, Ph\s. Rev., 1910, 30, 529; Jenkin 
and Pye, Phil. Trans., 1914, 213, 67; 1915, 215, 353 (CO2); Plank, Phys. Z., 1914, 15, 904; 
Noell, Forschungsarb. Gebiet Ingenieurwes., 1916, 184 (air); Schulze, Ann. Phys., 1916, 49, 
569, 585; Jakob, ibid., 1918, 55, 527; Phys. Z., 1921, 22, 65; Hoxton, Phvs. Rev., 1919, 
13, 438 (bibl.); Keyes, J.A.C.S., 1921, 43, 1452; Meissner, Z. Phys., 1923, 18, 12; Burnett, 
Phys. Rev., 1923, 22, 590; Bur. Stand. Circ., 1923, 142 (NH3); Univ. Wise. Bull., Eng. Ser., 
1926, 9, No. 6; Perry, J. Phvs. Chem., 1924, 28, 1108, 1338 (He); Seligmann, Z. techn. Phys., 
1925, 6, 237; Hausen, ibid., 1926, 7. 371, 444; Z. Verein D. Jng., 1926, 70, 266; Sci. Abstr., 
1926, 29, 428; Forschungsarb. Gebiet Ingenieurwes., 1926, 274 (air); Roebuck, Proc. Amer. 
Acad., 1925,60, 537; 1930,64,287 (see errors in these papers corrected in J. Chem. Phys., 1940, 
8, 627); Roebuck and Oesterberg, Phys. Rev., 1933, 43, 60; 1934, 45, 332; 1934, 46, 785; 
1935, 48, 450; J.A.C.S., 1938, 60, 341; Roebuck, Murrell, and Miller, ibid., 1942, 64, 400; 
Roebuck and Oesterberg, J. Chem. Phys., 1938, 6, 205; 1940, 8, 627; Eumorfopoulos and Rai, 
Phil. Mag., 1926, 2, 961; Bridgeman, Phys. Rev., 1929, 34, 527 (air); Huang, Liu, and Fu, 
Z. Phys., 1936, 100, 594 (CO2 from Beattie-Bridgeman equation); Gusak, Sow, Phys, Z., 
1937, 11, 60 (N2); Weng Wen-Po, Phil. Mag., 1938, 26, 225; Verschaffelt, Bull. Acad. Roy. 
Belg., 1938, 24, 825; 1940, 26, 193; Wis. Natuurkde. Tijdsch., 1941,10, 173; ColUns and Keyes, 
J. Phys. Chem., 1939, 43, 5 (steam); Dorsey, “Properties of Ordinary Water Substance,” 
New York, 1940, 119 (H2O); Zelmanov, /. Phys, U.S.S.R., 1940, 3, 43; Foreign Petrol, 
TechnoL, 1941, 9, 429 (He at low temp.); Budenholzer, Botkin, Sage, and Lacey, Ind. Eng. 
Chem., 1942, 34, 878 (CH4+C3H8); Sage, Botkin, and Lacey, Amer, Inst. Min. Met, Eng,, 
1942, Tech. Publ. 1504; Keenan and Kaye, J. Appl. Mechanics, 1943,10 A, 123; Buckingham 
and Comer, Proc. Roy. Soc., 1947,189, 118 (calc.); de Groot and Geldermans, Physica, 1947, 
13, 538 (C2H4, calc.); dc Groot and Michels, ibid., 1948,14, 218 (CO2). 
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The gas passed down an annular space between the wall of the steel containing 
vessel and the inner tube containing the plug. Before and after the plug were 
two platinum resistance thermometers, enclosed in double concentric wooden 
tubes to prevent heat loss (Fig. 30.VII A). In Burnett and Roebuck’s apparatus 
the gas passed radially through the walls of porous material. 

The values of ATjAp^AtjAp for carbon dioxide for an initial pressure up to 
6 atm. found by Joule and Thomson (calculated by Kester) are: 

C02 0 10 20 30 40 50 60 70 80 90 100 
AtjAp 1'35 1-24 M4 105 0 96 0-89 0-83 0-76 0-71 0-66 0*62 
„(K.) 1*46 1-32 1-20 Ml 104 0-99 0-95 0-91 0-87 0-83 0-80 

The last line gives Kester’s values for an initial pressure up to 40 atm. Joule 
and Thomson’s results for other gases are: 

Air Hz 
71 39-5 92-8 6*8 90 1 

Atl^p 0*26 0*23 0 15 dtjAp -0 030 -0 044 

The effect of pressure is shown by results for air at 0° found by Dalton (D.) and 
Vogel (V.); the initial pressure is stated: 

patm. 5 10 15 20 30 40 60 80 100 140 160 
AtjApiD.) 0*226 0*251 0*259 0*262 0*264 0*231 — — — — — 

. (V.) - - 0*260 — 0*243 0*225 0*208 0*19! 0*157 0*139 

Kester found AtjAp for CO2 at IT given by M87"+0*0015p. 
The equation d//=0 can be written: 

(d///dr)/r+(d///d/7),d/?-0.(11) 
Suppose, as in technical gas liquefaction, the final pressure pi and the initial 
temperature Ti are fixed. Then: 

.(12) 
The minimum final temperature is obviously found when: 

(d//i/dpi)r=0  (13) 

and as this is independent of pi, the assumption of a fixed end-pressure is 
unnecessary, the choice ofpi as a root of (13) giving a maximum cooling for all 
values of P2, if Pi—Pz is not too small. Equation (6) is easily transformed by 
the equations of § 51.1, into: 

{dT/dp)H^[T(dpldTX+v(6pldv)r]lc,idpldv)r . . . (14) 
and for the differential inversion point this is zero. Thus (13) and (14) show 
that, for a given initial temperature, the optimum cooling in the integral Joule- 
Thomson effect occurs at the same pressure as the inversion in the differential 
effect.i If the substance obeys the van der Waals equation this pressure is 
determined by the reduced form (§ 16.VII C): 

^,=24[V(3.?,)-.?i/2-9/8].(15) 

where n=plpc, d'=TIT„p, and being the critical values. 
The Joule-Thomson effect has often been used ^ to calculate the absolute 

temperature of 0° C., but it always gives values which are too high, above 273 ■! 

> Epstein, “Textbook of Thermodynamics,” New York, 1937, 73. 
2 Boltzmann, Am. Phys., 1894, 53, 948; Rose-Innes, Phil. Mag., 1900, 20, 251; Callendar, 

ibid., 1903, 5, 48; Buckingham, ibid., 1903, 6, 518; Roebuck, Phys. Rev., 1936, 50, 370 
(273 16±002). 
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and sometimes as high as 273-36, so that it is not a reliable method.^ The 
Joule-Thomson effects for methane-nitrogen mixtures were calculated by the 
Beattie-Bridgeman equation (§ 38.VII C) by Perry and Hermann.^ 

The Joule and Joule-Thomson effects for gases obeying Bose-Einstein and 
Fermi-Dirac statistics (§ 36.1V) were considered by Singh.^ They are of 
opposite signs. 

It is important to notice that the Joule-Thomson effect is not solely due to 
deviation of the gas from Boyle’s law; this would produce a very much smaller 
temperature change. Another mistake ^ is to regard the Joule-Thomson cooling 
as due to adiabatic expansion (i.e, external work). It is true that adiabatic 
conditions are assumed in the deduction, but the work done by the gas in 
expanding in the plug is given to it on the inlet side of the plug, and (apart from 
the small deviation from Boyle’s law) these two amounts of work are equal, so 
that no net external work is done. 

Joule and Thomson found that the observed fall in temperature for air was 
9 to 10 times that which would be produced by the deviation from Boyle’s law. 
It is found that pv changes by about 1/2500 for a change of pressure of 1 atm. 
at room temperature. Hence if P, V are the initial and p, v the final pressure 
and volume for 1 g. of substance: 

PV=^pv[\ --(P-p)/2500p], 

/. PV-pv^(P-p)vl2500. 

This is the external work done due to the deviation from Boyle’s law. By 
dividing this by the specific heat of air the fall in temperature is found. The con¬ 
ditions are neither constant pressure nor constant volume, but Cp=0-239 may 
be taken. 

There is no reason to suppose that there is ever a repulsion between gas 
molecules, and difficulty may be felt in understanding the heating effect which 
occurs with hydrogen. This is due to the fact that, since the molecular attrac¬ 
tion is very small with hydrogen, the internal work is very small and would 
produce only a very small cooling effect. With hydrogen, at ordinary pressures, 
and other gases at high pressures (§9.VII A), PV';>pVy hence the external 
work pv—PVis negative, i.e. net work is done on the gas during the expansion. 
This will increase the energy of the gas (since no exchange of heat with the 
surroundings occurs), and it becomes warmer. This heating effect outweighs 
the cooling due to internal work, and the result is a small heating effect. 

If PV=pv (the gas obeys Boyle’s law) or PVdpv (the gas more compres¬ 
sible than an ideal gas),^ there will always be cooling if there is any attraction 
between the molecules, and for equal attractions the cooling will be greater in 
the case PVdpv (when some external work is done) than in the case PV^pv 
(when no external work is done). 

Joule and Thomson found that thecooling effect --(dr/dP)j^=JTwas inversely 
proportional to the square of the absolute temperature, or if is a constant, 
AT=alT^. Rose-Innes^ proposed the formula: AT=alT--b^ where a and b 

1 Keyes, J,A,C,S.y 1920, 42, 54; 1921, 43, 1452; 1924, 46, 1584; misprint in 1921 paper 
corrected by Smith and Taylor, ibid.y 1923,45,2125. 

2 J. Phys, Chem.y 1935, 39, 1188; cf. Hirschfelder and Roseveare, ibidy 1939, 43, 15. 
3 Indian /. Phys.y 1940,14, 459; Srivastava, Proc. Nat, Inst, Sci, India, 1938, 4, 75; Kothari, 

ibid,, 1938,4,69. 
See, e.g., Lowry and Sugden, “ Class Book of Physical Chemistry,” 1943, 44. 

5 It must ht remembered that h>p, so that the change from p to P is the cony>ressi&n, 
6 Phil. Mag., 1898, 45, 227; Lehfeldt, ibid,, 363. 



THE INVERSION CURVE 621 §25 

are constants; ^ for hydrogen a=64*l and 6=0*331, which give an inversion 
temperature of 193*7° K. Love ^ showed that Clausius’s characteristic equa¬ 
tion (§ 28.V1I C) gives AT^ajT'^—b, where a and b are constants, and this is in 
better agreement than Joule and Thomson’s formula for carbon dioxide. 

Measurements of the Joule-Thomson effect for liquid oxygen and nitrogen ^ 
have been used to calculate the heat content H. Regnault ^ worked with 
isothermal gas expansions, and (after overcoming great experimental difficulties) 
found results in agreement with those in the adiabatic expansion. 

§ 25. The Inversion Curve 

The Joule-Thomson effect for hydrogen changes from a slight warming at 
ordinary temperature to a cooling below —80*5° at 113 atm. initial pressure, 
this being an inversion point at which the effect is zero. This makes it possible 
to liquefy hydrogen by expansion provided it is first strongly cooled (§ 6.YI C). 
The inversion temperature for helium is as low as —240° C. The inversion 
temperature of a gas depends on the pressure, so that it is more correct to speak 
of an inversion curve^ giving pairs of values of pressure and temperature for 
each gas for which the Joule-Thomson effect vanishes. This occurs, by (7), 
§ 24, when: 

(dF/dr)p=F/r, or (d In K/d In r)p=l . . . . (1) 

Assume that the gas obeys van der Waals’s equation: ^ 

(P+a/K2)(K-6)=JRr.(2) 

which (by multiplying out and dividing by P) may be put in the form: 

V-b^RTjP-alPV+ablPV^; 

and put F=i?r/P in the correction terms^ then: 

V=RT/P-alRT+abPIR^T^+b.(3) 

{&VldT)p^RIP+alRT^-2abPIR^T^ .... (4) 

From (6), § 24, for the Joule-Thomson effect: 

dr=(i/q,)[r(rfF/dr)p- F]dP, 

(where Cp^MCp is the molecular heat, since V is now the molar volume), (3) 
and (4) give: 

dr=(2a/«r-3a6P/J?2r2-6)(l/q,)dP .... (5) 

Neglect the second term in brackets as small compared with the other two, then: 

dr=(2a//?r-6)(l/C,)d/>, 
giving on integration: 

C,{T^-T2)={2alRT-b){P,-P2).(6) 

The inversion point occurs when dT=0 in (5), 

2alRT-3abPIR2T2-b=0, 

or iT-alRb)2=ayR2b2-3aPIR2 ..... (7) 

Tc:i2alRb.(8) 

1 Keyes, J.A.C.S., 1921,43, 1452, claimed that all reliable experiments led to this relation. 
2 Phil, Mag,, 1899,48, 106; Leduc, Compt, Rend,, 1899,128, 88. 
3 Rodebush, Andrews, and Taylor, J.A,C,S,, 1925,47, 313. 
4 Compt, Rend,, 1869, 69, 780; M^m, de Vlnst., 1870, 3 7, II, 579; Buckingham, Phil, Mag„ 

1903, 6, 518; Nature, 1907, 76, 493. 
5 For inversion curve of CO2 with the equation (p-halT”v2){v—b)^RT see Schulze, Ann, 

Phys„ 1916, 49, 585. 
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By plotting T against P from (7), a parabola is obtained, all points inside which 
represent a cooling effect and all points outside a heating effect; this is the 
inversion curve. 

It is more convenient ^ to use equation (1) in the reduced form (§ 16.V1I C): 

i?(d(^/dz?),-(^=0.(9) 

{(f)=vlv^, TT^pjp^, ^=TIT^). Differentiate the reduced van der Waals’s 
equation: 

(7r+3/«^2)(3^__l)=8,9.(10) 

with respect to (tt constant) and substitute from (9), when: 

- 8t?/(3^ -1)+6(3^ --1 )/</>2=0. 

Hence at an inversion point: 

or by elimination of d". 
i%=3(3<i>-\ym^ (11) 

(12) 

2 4 6 8 10 12 14 

TT 
Fig. 31.vnA. Inversion Curve 

For all pressures from 0 to 9P^ (12) has two real roots, and there are two 
inversion temperatures within this region for each pair of values of P and K, 
these temperatures ranging from a little below, to 6*7 times, the critical tempera¬ 
ture. At pressures higher than 9Pf. there is no inversion point. Eliminating 
(f> leads to: 

^i^ni±W(9-rrW 
again giving two inversion points, depending on the pressure. 

The experimental results of the compressibilities of carbon dioxide and 
nitrous oxide gave identical inversion curves, this agreeing with the law of 
corresponding states (see Fig. 31.VII A), but the curve was not that predicted by 
van der Waals’s theory. Davis found the same reduced curves for five gases, 
including water vapour. 

1 Bertheiot, Compt. Rend., 1900, 130, 1379; /. de Phys., 1903, 2, 186; Porter, Phil, Mag., 
1906,11,554; 1910,19,888; Proc. Roy. Soc., 1914,89, 377; Dickson, Phil. Mag., 1908,15,126; 
Davis, Proc. Amer. Acad., 1910, 45, 243. 
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Jakob ^ found the following empirical equation for the reduced inversion 
curve for air, hydrogen, oxygen, nitrogen, carbon dioxide, and ethylene: 

77=23-37-M74xi?~178-6/x2|?2 .(13) 

where x=RTJP^V^=^^2‘01TJMP^v^, z^^=critical volume in ml. per g., and 
A/=mol. wt. 

The values of the Joule and Joule-Thomson effects may also be found from 
Berthelot’s equation (and from any characteristic equation which leads to these 
effects). From (14), § 30.VII C, the Joule effect (Econst.) is found to be: 

dT^=iRTJC,PX21in)r2dP.(14) 

and from (15), § 30.VII C the Joule-Thomson effect (H constant) is: 

drH=(9i?7;/l 28/>,Q(l - 18T2)dP.(15) 

(t= TJT), Other characteristic equations may be used in a similar way. 

B. CRITICAL PHENOMENA 

§ 1. The Critical State 

When a liquid in contact with its vapour in a closed vessel is heated, so that 
excess of liquid is always present, the vapour pressure increases. It might be 
supposed that this increase of pressure would go on continu¬ 
ously with rise in temperature until extremely high pressures 
would be reached. James Watt in 1783 ^ had found by cal¬ 
culation based on his experiments that at a sufficiently high 
temperature and pressure the latent heat of water would vanish, 
the specific volumes of water and steam would become equal, 
and the water would “ become an elastic fluid nearly as specifi¬ 
cally heavy as water,” but he thought it would be converted into 
air. Konig ^ pointed out that G. Schmidt'* in 1823 had said 
“ temperatures may be imagined (even if not definitely realised) 
for which the densities of steam and water are the same: would 
heat become latent in such a formation of vapour? ” He did 
not carry the idea further. Cagniard de la Tour ^ heated alcohol, 
ether, and other liquids in sealed glass tubes, and found that 
the increase in pressure reached a sharp limit, when the liquid 
meniscus suddenly disappeared: 

” The liquid, after assuming about double its original volume, completely 
disappeared and was converted into a vapour so transparent that the tube 
seemed quite empty, but on letting it cool for a moment a very thick fog 
formed, after which the liquid reappeared in its former state.” 

1 Phys,Z., 1917,18,421; 1921,22,65; cf. Plank, ibid,, 1914,15, 904; 1916,17, 521; 1917,18, 
33, 291; 1920, 21, 150; Z. ges. Kcilte-lnd,, 1920, 27, 1; Schames, Phys. Z., 1917, 18, 30; Joffe, 
Phvs. Rev., 1946, 70, 766 (maximum inversion temperatures, He 62-7° K. or 60 T K., Ne c. 
250" K.). 

2 Muirhead, “Correspondence of the late James Watt,” 1846, 6. 
3 Ann. Phys., 1931,11, 985. 
4 Ann. Phys., 1823, 75, 343 (354). 
5 Ann. Chim., 1822, 21, 127, 178; 1823, 22, 410; Brewster, Edin. N. Phil. J., 1823, 9, 94, 

268, 400, noticed similar phenomena with liquid inclusions (CO2) in quartz crystals; cf. 
Sajontschewsky, Ann. Phys. Beibl., 1879, 3, 741; Cailletet and Colardeau, Compt. Rend., 
1891,112, 563. 

A 

Fig. l.VII B. 
Cagniard de 
la Tour Tube 
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Cagniard de la Tour then used a bulb containing liquid and vapour 
(Fig. I.VII B) and measured the temperatures and pressures at which the 
meniscus vanished; this was at 200° with ether, 259° with alcohol, 275° with 
carbon disulphide, and 362° with water. He must be considered the discoverer 
of the critical state. 

Similar observations were made by Drion ^ in 1859, with ethyl chloride 
(110°) and sulphur dioxide (240°), and Mendeleeff ^ in 1861, who called the 
temperature at which a “ liquid changes to vapour regardless of pressure and 

Fig. 2.VII B. Andrews’ Critical Point Apparatus. 
Complete apparatus showing outer Copper Tubes, 
with Capillary Tubes projecting above and Com¬ 
pressing Screws below 

Fig. 3.VII B. Sections of 
Tubes, showing lower 
part of Gas Tube with 
Mercury Seal 

volume ” its absolute boiling-point, at which “ the cohesion and heat of vaporisa¬ 
tion become zero.” This name is likely to be confused with the boiling-point 
on the absolute scale, i.e. b.p. in °C.+273. Mendeleeff’s approach was the 
decrease of surface tension of a liquid with temperature. 

Such observations as Cagniard de la Tour’s obviously point to the conclusion 
reached by Faraday ^ that at the Cagniard de la Tour temperature, “ or one a 
little higher, it is not likely that any increase of pressure, except perhaps one 
exceedingly great, would convert the gas into a liquid “ permanent ” gases 

1 Ann. Chim., 1859, 56, 5. 
2 Ann., 1861, 119, 1; Ann. Phys., 1870, 141, 618; “ Principles of Chemistry,” 3rd edit., 

1905, 1, 132. 
3 Phil. Trans., 1845,135, 155; “Researches in Chemistry and Physics,” 1859, 116. 
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might then “ be brought into the state of very condensed gases, but not lique¬ 
fied.” Berthelot i also concluded that “ pressure alone cannot bring about the 
liquefaction of a gas in certain conditions of temperature,” but the full study of 

Fig. 4.VII B. Andrews’ Curves for Carbon Dioxide 

critical phenomena, which are of such fundamental importance in the properties 
of gases and liquids, was first made by Thomas Andrews,^ whose work was 

1 Ann. Chim,, 1850,30, 237, ^ 
2 First announced in Miller, “Chemical Physics. Elements of Chemistry,” 3rd edit., 
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based on an observation of Thilorier ^ that the coefficient of expansion of 
liquid carbon dioxide between 0° and 20° was four times that of the gas. 

Andrews used the apparatus shown in Figs. 2 and 3,VII B. The gas (carbon 
dioxide) was contained in a tube ending above in a sealed capillary tube and 
fixed below in a strong, cold-drawn copper tube containing water, which could 
be pressed in by fine steel screws, made tight by leather washers saturated in 
vacuum with melted lard, and tightly pressed in brass flanges. A similar 
tube h contained air.^ The gas or air was enclosed by a thread of mercury 
in the tube. The volume of the capillary was accurately measured and the 
apparatus was kept at a constant temperature. The pressure p was calculated 
from Boyle’s law from the volume of the air (at the higher pressures this would 
cause an appreciable error).^ The volume of the carbon dioxide was measured 
at various pressures and corresponding values of p and v were plotted at tem¬ 
peratures of l7-r, 21-5°, 31-r, 32‘5°, 33-5", and 48-1", and the results are 
shown in Fig. 4.VII B. 

For each temperature there is a definite volume corresponding with each 
pressure, and all the corresponding values of p and v lie on a line called an 
isotherm, connecting points for which the temperature is the same. These 
isotherms, at the lower temperatures, consist of three well-defined parts. The 
almost vertical parts on the left correspond with small volumes and represent 
the behaviour of the substance when it is completely liquid. The volume 
decreases slightly as the pressure is increased, but since a liquid is only slightly 
compressible a large increase of pressure is necessary to produce a small decrease 
in volume, hence this part of the isotherm is an almost vertical line, but slopes 
slightly from right to left with increasing pressure, corresponding with decreasing 
volume. 

At a definite pressure on the falling side, vapour begins to form, and as soon 
as both vapour and liquid are present the pressure cannot change with increase 
in volume but remains constant, more liquid being converted into vapour as the 
volume is increased. This part of the isotherm is thus a horizontal straight 
line, the corresponding constant pressure being the vapour pressure of the 
liquid at the temperature of the isotherm. The almost vertical part of the 
isotherm belonging to the liquid should meet the horizontal part corresponding 
with liquid and vapour at a sharp angle; the rounded form in Andrews’ curves 
was due to a small amount of air in the carbon dioxide used.^ Young’s ^ curves 
for isopentane (Fig. 5.VII B) show quite horizontal lines and sharp breaks on 
passing to the liquid line. On continually increasing the volume more and 
more liquid evaporates, and when the last drop of liquid disappears the car¬ 
bon dioxide is now completely gaseous and with further increase in volume the 
pressure drops approximately according to Boyle’s law, so that this third part 

1863, 1, 328; Andrews, Phil. Trans., 1869, 159, 575; 1876, 166, 421; 1887, 178, 45 (posthum, 
publ. by Tdi\X)rProc. Roy. Soc., 1875,23, 514; J.C.S., 1870,23, 74; Proc. Rov. Soc. Edin., 1909, 
21, 1 (publ. by Knott); “ Scientific Papers,” 1889, 296, 333; Ostwald’s Klassiker, 1902, 132; 
” Conferences. Special Loan Collection of Scientific Apparatus [South Kensington Museum],” 
1876, 150; Plank, Z. Elektrochem., 1935, 41, 804. 

1 Ann. Chim., 1835, 60, 427. 
2 Andrews also used an iron apparatus filled with mercury, which is less compressible than 

water, but then had difficulties with the packing; “ Scientific Papers,” 1889, 336; the original 
apparatus is in the Science Museum, South Kensington; see photograph in Edser, ” Heat for 
Advanced Students,” 1899, 206. 

3 See Knott, Nature, 1908, 78, 262; Proc. Roy. Soc. Edin., 1909, 30,1. 
4 Kuenen, “ Die Zustandsgleichung der Case und Fliissigkeiten,” Brunswick, 1907, 36. 
5 “Stoichiometry,” 1918, 116, Fig. 22. 
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of the isotherm, shown on the right, is approximately a rectangular hyperbola. 
The horizontal line meets this in a sharp angle, as shown. 

By starting with gaseous carbon dioxide and increasing the pressure these 
changes occur in the reverse order. At first the pressure increases with decreas¬ 
ing volume until liquefaction begins, when the isotherm becomes horizontal. 
As long as liquid and gas (or vapour) are both present it remains horizontal, 
but when the last bubble of gas has liquefied and the carbon dioxide is all liquid, 
the isotherm turns sharply upwards and becomes a nearly vertical line. 

At higher temperatures the isotherm has the same general form, but since 
at each pressure the volume of the liquid is slightly larger at a higher temperature 

42 
Metres 

38 

34 

30 

d) 

S26 
d) 

22 

18 

14 
0 4 8 12 16 20cc 

Volumes of a gram. -> 

Fig. 5.VJ1 B. Young's Curves for Isopentane 

the liquid isotherm starts to the right of the previous one. Since also the vapour 
pressure is higher at the higher temperature, the horizontal part of the isotherm 
starts higher up than previously. The horizontal part becomes progressively 
shorter as the temperature increases. All these features appear in the isotherms 
for 17T° and 21 -5°; on the 31-1° isotherm the sharp break of the horizontal part 
on the right has become rounded, but this is due to the presence of air. 

At a certain temperature the two ends of the horizontal isotherm approach so 
closely that they meet, and this means that the densities of the liquid and gas (or 
vapour) have become identical, i.e. these two states have become identical. 
This occurs on the 32-5'’ isotherm, on which the sharp breaks on the right and the 
left have both disappeared and the curve has no finite horizontal portion, but runs 
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for an instant horizontal, the curvature changing, as shown. This corresponds 
with a point of inflexion (§ 10.1) and was called by Andrews the critical point (it 
may be called the “liquid-gas critical point ”), and 32*5'' the critical temperature. 

At the critical temperature, therefore, liquid and vapour are identical and 
Andrews assumed that the substance is then in a definite critical state. At the 
critical point the separation of liquid from vapour, or the evaporation of liquid 
to vapour, to form a heterogeneous mixture of liquid and vapour is no longer 
possible, but the transition from vapour to liquid, or vice versa, occurs con¬ 
tinuously. The proximity to the critical point is still shown by a change of 

VoL in com. of 1 gm. 

Fig. 6.V1I B. Andrews’ Curves for Carbon Dioxide, showing Regions of Existence 
of States. 

curvature on the 33*5'' isotherm, but on the 48*1° isotherm all trace of it has 
disappeared and the curve throughout is that of a gas. 

The cloudy appearance of the liquid just as the meniscus vanishes at the 
critical point and the remarkable striations seen just above the critical point are 
described and illustrated by Andrews ^ (see § 2). 

Andrews thus showed that, at a certain temperature, carbon dioxide passes 
continuously from the liquid to the gaseous state, and no increase of pressure 
would cause liquefaction, or separation into liqmd and vapour, as long as the 

1 “ Scientific Papers,” 1889, 337, Figs. 1 and 2; he correctly says they are due to “ the great 
changes of density which slight changes of pressure or temperature produce.” See also the 
figures in Harand, Monatsh., 1935, 65, 153. 
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temperature is at or above this critical temperature. In his first announcement ^ 
he says: “ there exists for every liquid a temperature at which no amount of 
pressure is sufficient to retain it in the liquid form.” Corresponding with the 
critical temperature is a critical pressure, which is the upper limit of the pressures 
causing liquefaction (separation into liquid and vapour) with rising tempera¬ 
ture, i.e. the highest pressure under which liquid can form or exist. The 
volume of 1 g. of substance at the critical temperature and pressure is the critical 
volume, and its reciprocal is the critical density. These constants are usually 
denoted by 4, p,, v^, and 

The critical temperature divides the state of vapour, which can be liquefied 
(converted into vapour and liquid) by increase of pressure, below the critical 
temperature, from the state of gas, above the critical temperature, which cannot 
be liquefied by increase of pressure. 

The critical state was found by Andrews for carbon dioxide, nitrous oxide, 
hydrogen chloride, ammonia, ether, and carbon disulphide, and he concluded 
that it is a general property of liquids. This has since been confirmed for a large 
number of substances. If the ends of the horizontal isotherms are joined, the 
dotted curve in Fig. 6.VII B is obtained, with a maximum at the critical point. 
Inside this curve 2 every point represents a mixture of liquid and vapour; outside 
it and to the left is liquid as far as the critical isotherm, and on the right is vapour 
below the critical isotherm and gas above it. 

§ 2. Continuity of Liquid and Gaseous States 

If the region of heterogeneous states (liquid and vapour) inside the limiting 
curve is not entered, it is possible to convert a liquid into a vapour, or a vapour 
into a liquid (where “ vapour ” may include “ gas ”) without any visible 
separation of one from the other, i.e. the appearance of a meniscus. This is a 
continuous transition of state. To do this, the liquid is taken, represented by a 
point to the left of the region of heterogeneous states and of the critical iso¬ 
therm. The temperature and pressure are raised together so that the substance 
still remains in the homogeneous region until the temperature is higher than the 
critical point; by increasing the volume but maintaining the temperature above 
the critical value, we pass from left to right across the critical isotherm into the 
gas region, and by lowering the temperature and pressure, so as always to keep 
out of the region of heterogeneous states, we reach the vapour by again crossing 
the critical isotherm. The reverse process of converting the vapour continuously 
into liquid may obviously be carried out by raising the temperature above the 
critical temperature, compressing until the critical isotherm is crossed into the 
liquid region, and then lowering the temperature and pressure. As Andrews ^ 
said: “ the ordinary gaseous and ordinary liquid states are only widely separated 
forms of the same condition of matter, and may be made to pass into one 
another by a series of gradations so gentle that the passage shall nowhere present 
any interruption or breach of continuity ... the gas and liquid are only 
distant stages of a long series of contimjous physical changes.” 

VanT Hoff ^ showed that phosphonium iodide, which dissociates on heating 

1 Miller, “ Elements of Chemistry,” 1863,1, 328. 
2 On various curves joining states with different properties inside this region, see Amagat, 

/. de Phys., 1892,1, 288; Raveau, ibid., 1892,1, 461; Mathias, ibid., 1900, 9, 479; Onnes and 
Keesom, ” Enzykl. d. math. Wiss.,” 1912, 5, i, 665 and the instructive Fig. 14 there. 

3 ” Scientific Papers,” 1889, 342 (lecture in 1871); the same, in rather different words in 
the paper of 1869, ibid., 316. 

4 Ber., 1885,18, 2088. 
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at atmospheric pressure, shows a critical point at and 80-90 atm. when 
heated in a sealed tube. 

The molecular explanation of the critical phenomena is, qualitatively, fairly 
obvious. Above the critical temperature, the kinetic energy of the molecules is 
so large in comparison with the attractive forces of cohesion that the molecules 

seldom or never remain attached to 
one another, and the cohesive forces 
are greatly weakened. This agrees 
with the facts that (i) the surface 
tension vanishes at the critical point, 
and (ii) with rise of temperature the 
latent heat of evaporation 4 of a 
liquid, representing the work done 
in separating the molecules under the 
influence of cohesive forces, becomes 
progressively smaller and probably 
vanishes at the critical tempera¬ 
ture. This would follow from the 

Clapeyron-Clausius equation (see § 7.Vlil L, Vol. II); when the specific 
volumes Vi and of liquid and vapour become equal at the critical point: 

I,==T(dp/6T)(v,^v,)^0, 

A space-model ^ of the p, v curves with temperature as a third axis - gives 
a clear view of the whole range of behaviour of a fluid to pressure and tempera¬ 
ture (Fig. 7.Vir B). The figure is self-explanatory. 

Jamin ^ plotted p against density instead of volume, and Wroblewski pro¬ 
posed to call lines of equal density isopycnics (ttvkvo^, compact). By plotting 
p against T for equal densities he found no discontinuity at the critical 
temperature. 

§ 3. Supposed Anomalies in Critical Phenomena 

The continuous conversion of liquid into vapour at the critical point, and the 
resulting identity of these two states, is 
convincingly shown in an experiment of 
Nadejdine.5 In this, liquid is contained 
with vapour in a sealed tube supported 
on a knife-edge at its centre and bal¬ 
anced by suitable weights so as to be 
horizontal when empty (Fig. 8.VII B). 
The liquid at one end tilts the tube 
down by its weight. On raising the 

Fig. 8.V1I B. Nadejdine’s Experiment temperature, the densities of liquid and 
vapour become identical at the critical 

point and the tube swings into a horizontal position. This has been used as a 
method for determining critical temperatures. 

1 First constructed by James Thomson, Proc, Roy, Soc,, 1871, 20, 1 (wood models); see 
Andrews, “Scientific Papers,” 1889, 340; J. Thomson, “Collected Papers in Physics and 
Engineering,” Cambridge, 1912, 276 f. (inch unpublished material). 

2 See Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1911, 2, ii, 342, 347. 
3 Compt, Rend,, 1883, 97, 10; J, de Phys., 1883, 2, 389. 
4 Ann. Phys., 1886, 29, 428; cf. Hirsch, ibid., 1899, 69, 456, 837; 1900,1, 655. 
3 Bull. Acad. St. Petersb., 1885, 30, 327; Ann. Phys. Beibl., 1885, 9, 721; Bond and Williams, 

J.A.C.S., 1931, 53, 34 (HF). 

Fig. 7.VJI B. Space Model of Pressure, 
Volume, and Temperature 
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Jamin,i in a criticism of Andrews’ results, argued that the so-called critical 
point is merely the temperature at which a meniscus vanishes because the den¬ 
sities of liquid and saturated vapour, which have been changing in opposite 
directions with rise of temperature, accidentally become equal. Cailletet and 
Colardeau,^ however, pointed out that, if this is so, an increase of pressure 
should cause the liquid to appear in the upper part of the tube and the vapour 
below, which is not the case; other objections were answered by Stoletow.^ 

Cailletet and Colardeau ^ then sealed up liquid carbon dioxide and concen¬ 
trated sulphuric acid in a circular tube and heated above the critical point. 
They found that even a little above the critical point the sulphuric acid showed 
a difference of level, indicating that the liquid still remained somewhat denser 
than the vapour. Battelli ^ found that when ether contained in one of two 
communicating vessels was heated above the critical temperature, and the whole 
apparatus then uniformly cooled, the liquid reappeared in the vessel which 
originally contained it, indicating that the liquid was still present above the 
critical temperature. 

De Heen,6 Zambiasi,^ and Dwelshauvers-Dery, ^ by measurements of critical 
density, concluded that this is not a unique constant, but depends on the mass of 
the substance, and de Keen (who emphasised that the critical point has no 
significance unless liquid and vapour are present) supposed that the critical 
temperature is a transition temperature at which two different species of 
molecules, the polymerised Uquidogen molecules of the liquid and the simple 
gasogen molecules of the vapour (these names are due to Traube become 
miscible, and the transition from liquidogen to gasogen molecules, according 
to Traube, is not instantaneous. 

Galitzine^^ by measurements of refractive index also found variable densities 
above the critical temperature. Verain^^ found that the curves for the dielectric 
constant of liquid and gaseous carbon dioxide met at the critical point with 
common tangent. Teichner^^ found large density differences in different parts 
of a tube above the critical temperature by means of small glass floats of different 
densities, all fairly near the critical density, which had been sealed up in the 

1 Compi, Rend, 1883,96,1448; 1883,97,10. 
2 J. dePhys,, 1889, 8, 389; Compt, Rend., 1892,115, U;Ann. Chim., 1892, 25, 519. 
3 J, Russ. Phvs. Chem. Soc., 1893, 25, 303 (P); 1894, 26, 26 (P); cf. Saposhnikov, ibid., 1924 

56, 581 (P); Ramsay, Phil. Mag., 1894, 37, 215. 
^ Ann. Chim., 1889, 18, 269; Hannay and Hogarth, Proc. Roy. Soc., 1880, 30, 178; Hagen- 

bach, Ann. Phys., 1901, 5, 276. 
5 Ann. Chim., 1893, 29, 400; Phil. Mag., 1894, 38, 245; cf. Ramsay and Young, Phil. Mag., 

1894, 38, 569. 
6 Bull. Acad. Roy. Belg., 1892, 24, 96, 267; 1893, 25, 695; 1894, 27, 348, 580, 885; 1894, 

28, 46; 1896, 31, 147, 379; 1897, 33, 119; 1908, 512; Phil. Mag., 1894, 37, 424. 
7 Atti R. Accad. Lincei, 1892,1, 423; 1893,2, 21; 1895,4, ii, 127. 
8 Bull. Acad. Roy. Belg., 1896, 30, 570; 1896, 31, 211 \ Traube, ibid., 1902, 319. 
9 Ann. Phys., 1902, 8, 267; Phys. Z., 1903, 4, 569; Z. anorg. Chem., 1903, 37, 225; 1904, 38, 

399; Z. phys. Chem., 1907, 58, 475; Verhl. d. D. Phvs. Ges., 1913, 15, 1219; Trans. Faraday 
Soc., 1938, 34, 1234; cf. Mathias, Compt. Rend., im, 136, 545; /. de Phys., 1903, 2, 172; 
Lehmann, Ann. Phys., 1906, 20, 77; 1907, 22, 469; Fuchs, ibid., 1906, 21, 393, 814; 1907, 23, 
385; Hein, Z. phys. Chem., 1914, 86, 385; Bennewitz and Splittgerber, ibid., 1926, 124, 49; 
Bennewitz and Windisch, ibid., 1933,166, 401; Clarke, Chem. Rev., 1938, 23, 1. 

10 Ann. Phys., 1893, 50, 521; Galitzine and Wilip, Bull. Acad. St. Petersb.^ 1899, 11, 117; 
Congris Internat. Phys., 1900, 1, 668; Z. phys. Chem,, 1901, 37, 126 (abstr.); cf. Chappuis, 
Compt. Rend., 1894,118, 976; Schames, Elster-GeitelFestschr., 1915, 287. 

11 Compt. Rend., 1912,154, 345; the curves are not very convincing. 
12 Ann. Phys., 1904, 13, 595; Traube and Te\Qhmr,Z. Elektrochem., 1903, 9, 618 (and dis¬ 

cussion); Ann. Phys., 1904, 13, 611. 
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tube; each sphere floated in a horizontal level where the density was equal to its 
own. Wilip ^ thought the liquid was transformed into a fine state of sub¬ 
division and persisted as such above the critical point. 

Hein 2 found that the meniscus in a tube containing liquid and gaseous carbon 
dioxide disappears on heating when the mean density is 0*341-0*589 or 0'735- 
1 *269 times the critical density. There were, however, variations of density in 
the tube, made evident by the different positions taken up by a number of small 
spheres of different density, as used by Teichner. 

That a large part of these supposed anomalies is due to non-uniformity of 
temperature ^ and most of the rest probably to impurities ^ seems established 
beyond reasonable doubt. Since the compressibility is very large at the critical 
point (dp/dz;==0) the influence of weight is important, and by inverting the tube ^ 
or using a stirrer ^ the differences of density due to any cause may be removed. 
In a very convincing experiment Ramsay showed that in a circular tube just 
below the critical temperature droplets of liquid ether float in the vapour as a 
cloud, showing that the densities of liquid and vapour are almost identical, and 
on very slight further heating to the critical temperature the two states became 
identical. Bradley, Browne, and Hale ^ found the temperatures of disappear¬ 
ance of the meniscus with carbon dioxide differed by only 0*08°. 

The opalescence at the critical point, observed by Andrews (§ 1) and many 
later workers,^ is due to minute differences in density in various parts of the 

1 Acta Comment, Univ. DorpatensiSy 1924, 6 A, No. 2; Swietoslawski, “ Ebulliometric 
Measurements,” New York, 1945, 186, 190. 

2 Z.phys, Chem.y 1914, 86, 385. 
3 Stoletow,.F(?r/jr/zr. Phys.y 1892, 48, ii, 190;/. Russ, Phys, Chem, Soc,y 1893, 25, 303 (P); 

1894, 26, 26 (P); Kuenen, Z. phvs, Chem,y 1893, 11, 38; ViJlard, /. de Phys.y 1894, 3, 441; 
Ann. Chim.y 1897, 10, 387; Altschul, Chem, Ztg., 1895, 19, Suppl., 65; Young, J.C.S.y 1897, 
71, 446; /. Chim, Phys.y 1906, 4, 425; “Stoichiometry,” 1918, 118; von Hirsch, Ann. Phys.y 
1900, 1, 655; Onnes, Proc. K. Akad. Wetens. Amsterdamy 1901, 3, 628 {Comm. Leideny ^); 
Onnes and Villars, ibid.y 1907-8, 10, 215 {Comm. Leideny 98); Travers and Usher, Proc. Roy. 
Soc.y 1906, 78, 247; Z. phys. Chem.y 1906, 57, 365; Piazzo, An, Soc. dent. Argentina, 1941, 
132, 245. 

^ Knietsch, Ann., 1890, 259, 100; Z. phys. Chem., 1895, 16, 731; Ramsay and Young, Phil. 
Mag.y 1894, 37, 215, 503; Ramsay, Z. phys Chem., 1894, 14, 486; Villard, /. de Phys., 1894, 
3, 441; Ann. Chim., 1897,10, 387; von Wesendonck, Z.phys. Chem.y 1894,15, 262; Ann. Phys., 
1895, 55, 577; Pictet and Altschul, Z. phys. Chem., 1895, 16, 26; von Hirsch, Ann. Phys., 1899, 
69,456; 1900,1, 655; de Heen, Bull. Acad. Roy. Belg.y 1907, 859. 

5 Gouy, Compt. Rend., 1892, 115, 720; 1893, 116, 1289; Villard, ibid., 1895, 120, 182; 
1895,121,115; Mathias, “ Le Point Critique des Corps Purs,” 1904. 

6 Kuenen, Proc. K. Akad. Wetens. Amsterdam, 1893-^, 2, 85; 1894-5, 3, 19, 57; Arch. 
Neerl.y 1893, 26, 354; Z. phys. Chem., 1893, 11, 38; “Die Zustandsgleichung,” Brunswick, 
1907, 40; Bradley, Browne, and Hale, Phys. Rev., 1904,19, 258; 1908, 26, 470; 1908, 27, 90. 

7 Z.phys. Chem.y 1894, 14, 486; von Wesendonck, ibid., 1894, 15, 262; Cardoso, /. Chim. 
Phys.y 1912,10,470. 

8 Andrews, “ Scient. Papers,” 1889, 337; Avenarius, Ann. Phys., 1874, 151, 303; Galitzinc, 
ibid.y 1893,50, 521; Konowalow, ibid., 1903,10, 360; 1903,12,1160; Travers and Usher, Proc. 
Roy. Soc.y 1906, 78, 247; Z. phys. Chem., 1907, 57, 365; von Wesendonck, Verhl. d. D. Phys. 
Ges.y 1908, 10, 483; Rothmund, Z. phys. Chem., 1908, 63, 54; Keesopi, Phys., 1911, 35, 
591; Ostwald,//?//., 1911,36,848; Onnes and Keesom, “Enzykl. d. math. Wiss.,” 1912,5, i, 796; 
Cardoso, /. Chim. Phys., 1912, 10, 470; 1915, 13, 414; Ornstein, Proc. K. Akad. Wetens. 
Amsterdam, 1912, 15, 54; Ornstein and Zernike, ibid., 1914-15, 17, 793; Phys. Z., 1926, 27, 
761; Schidloff, Arch. Sci. Phys. Nat., 1915,39,25; Zernike, Proc. K. Akad. Wetens. Amsterdamy 
1916, 18, 1250; Arch. Neerl., 1918, 4, 74; Lorentz, “Les Theories Statistique en Thermo- 
dynamique,” Leipzig and Berlin, 1916, 44; Davis, J.A.C.S., 1916, 38, 1166; Roozeboora, 
“Die heterogenen Gleichgewichte,” 1918, 2, ii, 81; Martin, /. Phys. Chem., 1922, 26, 471; 
Raman and Ramanathan, Phil. Mag., 1923,45,113; Audat, /. de Phys., 1924, 5,193; Stewart, 
/. Opt. Soc. Amer.y 1925,11, 581; Kar, Phys. Z., 1926,27, 380; 1927,28, 710; Phil. Mag., 1927, 
3, 601; Raman, ibid., 1927, 4, 447; Schroer, Z. phys. Chem., 1929, 140, 241; Placzek, Phys. Z., 



SUPPOSED ANOMALIES IN CRITICAL PHENOMENA 633 S3 

substance caused by ^ variations of the order of magnitude contemplated in 
Maxwell’s Distribution Law (§ lO.III). F. B. Young ^ found that the opales¬ 
cence with ether persists even in tubes of 0*15 mm. inner diameter, and the point 
of maximum opalescence seemed to depend mainly on the mean specific volume 
of the fluid. Cardoso ^ found with several gases, opalescence regions of about 
0*5°, but Audant ^ found a range of 3"". Opalescence is not observed with 
oxygen.5 Friedlander <5 found no electrophoresis of the opalescence, whilst 
actual drops would be expected to move in an electric field, 

Smoluchowski showed that the probability W{v) that N molecules should 
have a specific volume v, where vq is the normal specific volume, is 

JV(v) = be^^*^‘^ j (p~-po)dv, 

where is a constant, k is Boltzmann’s constant, and p, po pressures 
corresponding with v, vq. From this he (and more simply Schidloff) found the 
mean square deviation from the average density S'^=:^kTINvQ^(] —dpldv)^. 
It is large when dp/dv is small, i.e. near the critical point. 

If Iq and I, are the intensities of the incident and scattered light: 

IJIo-=^kTKj^(n^--l)2(n^+2y[V7r^(\ +cos^ (9)/18^/2A4], 

where /cj=isothermal compressibility, 72=refractive index, F=vol. of liquid, 
c/=:distance at which is observed, 0=angle between incident and scattered 
beams. 

Another form of the Einstein-Smoluchowski equation (which is given differ¬ 
ently by every author who quotes it) for the fraction of the incident light scattered 
per unit volume per unit solid angle, is: 

IJf^^(7T^RTKl\mX^)(n^- 1)2(/22+2)2, 
where A^=Avogadro’s number. If the observed depolarisation for the trans¬ 
versely scattered wave is r, this expression requires multiplication ^ by 
6(l+r)/(6—7/*); for Rayleigh scattering r=0. 

Smoluchowski actually gave the formula for the mean deviation from the 

average density as 8 = \/(2cop^/F7r), where p=^—(l/v)(dvldp)T, F=normal 
given volume, co=molecular volume corresponding with the pressure p. 
Einstein found: 

M" vidD/dk)/Iny cf> 
^ • d Inp"/dk\ A / (47r'Z))2 

COs2 6, 
1930, 31, 1052; Vaidyanathan, Indian J. Phys,, 1930, 5, 501; Rocard, J. de Phys.^ 1933, 4, 165; 
Parthasarathy,/n^fw/i/.P/*y.y., 1934,8,275;/. Univ, Bombay, 1936, 5, ii, 34; Sata and Kimura, 
Bull, Chem, Soc, Japan, 1935, 10, 409 (mixtures); Yvon, Compt, Rend., 1936, 201, 1099; 
Todes and Mdovich, Acta Physiocochim. U.R.S.S,, 1942,16,26; Markwood, /. Franklin Inst., 
1947, 244, 92 (historical; equations). 

1 Smoluchowski, Ann, Phys. Boltzmann Festschr., 1904, 626; Ann. Phys., 1908, 25, 205; 
Bull. Acad, Polon., 1911, 493; Phil. Mag,, 1912, 23, 165; Phys, Z., 1912, 13, 1069; Einstein, 
Ann. Phys., 1910, 33, 1275; for further theoretical papers, see ref. 8, p. 632. 

2 Proc, Roy. Soc., 1906,78, 262; Chem. News, 1906, 94, 149; Phil. Mag., 1910, 20, 793. 
3 Arch. Sci. Phys. Nat., 1912, 34, 20. 
4 Compt. Rend., 1920, 170, 1573. 
5 Cardoso, Arch. Sci. Phys. Nat., 1914, 38, 78, 137; Onnes, Dorsman, and Holst, Proc. K. 

Akad. Wetens, Amsterdam, 1915, 17, 950. 
6 Z.phys. Chem., 1901, 38, 385. 
7 Raman, Nature, 1921, 108, 402; Krishnan, Phil. Mag,, 1925, 50, 697; Cabannes, J. de 

Phys., 1927, 8, 321. 
8 Cabannes and Ganzet, /. de Phys., 1925, 6, 182. 
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where M"=mol. wt. of second component, v=:sp. vol. of first component, 
^=irradiated volume, A^=Avogadro’s number, /)=dielectric constant, 
p"r=partial pressure of second component, A:=mass of second component 
mixed with unit mass of the first. 

A revision of Einstein’s theory was given by Rocard,^ who omitted the 
factor [(D+2)/3]2 in one of Einstein’s equations: (dD/dvy=^(D—iy{D+2y/9v^, 
where (/)~l)^)/(i)+2)=const. Shaposhnikov ^ criticised the theory; he 
thought the adiabatic compressibility should be used. 

Debye ^ defined a turbidity r^i%7Tiy)Nkii^, k^lTrjX, A=wave-length in 
vacuum, /x=electric moment in field of intensity 1, A^=number of particles per 
cm.*"'. The loss of intensity in the direction of propagation is —dr/dx^rJ. 
If c = concentration in g./cm.^, t = cHM, where A/=mol. wt., H = 
(327r^/3)(nQ^/NX^)[(n--no)lc]^, where A^=Avogadro’s number, /7o» «=refractive 
indices of medium and suspension. There may be a depolarisation factor 
(6-7r)/(6+3r). 

Cabannes ^ found: 

R==JIEV:=.3n^(n^-])yX^N][(\+p)/(6-7p)l 

where J is the intensity diffused at right angles, E is the intensity of the un¬ 
polarised beam, «=refractive index, A^=number of molecules in a volume K, 
p is the ratio of the intensities at right angles to, and parallel to, the original 
beam. This subject will be considered in Vol. II. 

Callendar ^ found that on heating water which had been deprived of every 
trace of dissolved air in a quartz tube the meniscus vanished at 374°, but a 
difference in density between the parts which had been occupied by liquid and 
vapour persisted up to nearly 380° in favourable conditions. The density of 
the liquid was determined by sealing a known weight of water in a tube of 
known volume and heating till the meniscus just reached the top of the tube. 
The density of the vapour was determined by sealing up a known smaller 
amount of liquid and heating till thelast drop of liquid vanished. These densities 
were then plotted against temperature and the curves shown in Fig. 9.VII B 
obtained. The values for the liquid above 374° were found by observing the 
line of demarcation between liquid and vapour, which (on account of differences 
in density) could still be observed after the meniscus had disappeared. The 
extrapolated vapour curve met the liquid curve at a little above 380°. A trace 
of dissolved air made observations in the “ unstable ” region (above 374°) 
impossible. 

It is clear that this method of experimenting differs from that generally used 
in determining critical temperatures, in which the aim is to eliminate all such 
differences in density,^ and the interpretation of the results is correspondingly 
difficult. The sharp discontinuity in angle of liquid and vapour curves at 
380° is quite different from the rounded maxima found by other experimenters; 
these, according to Callendar, are due to traces of dissolved air. It should be 
noted that Callendar’s characteristic equation for steam (§ 32.VII C) does not 
agree with the existence of a critical point. 

J Ann, dePhys., 1928,10, 116,181 (bibl., 118 refs., and abstracts). 
2 Amer. Chem. Abstr., 1925, 19, 1653. 
3 /. Phys, Chem., 1947, 51, 18. 
4 /. de Phys,, 1920,1, 129. 
5 Proc. Roy, Soc,, 1928,120,460; Engineering, 1928,126, 594, 625, 671. 
6 Eversheim, Ann, Phys., 1904, 13, 492, had emphasised that this is necessary; Kennedy, 

J.A.C.S,, 1929, 51, 1360, found different values for U for CO2 according as a sharp or diffuse 
meniscus was used as a criterion. 
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Callendar calculated the values of the heat content H^E+PV from his 
equation: 

H^{n + \)rT-{n+\){alT^)p+bp+^ 

alV^^[r{ATIdp)^+hl{n + ^^^^ 

where «:= 10/3,6=voL of 1 g. liquid, r=^RIM=gas constant per g., and jS is the only 
unknown constant and must be determined experimentally. The values of i/were 
plotted at various temperatures against the saturation pressure (Fig. lO.VlI B), 
and again the liquid and vapour curves met at a sharp angle at 380*5°; at 374°, 
where the curves for water containing a trace of air coalesced in a rounded 
maximum, there was still a latent heat. Callendar’s curious results were not 
confirmed by Egerton and Callendar,^ Koch,^ and Eck; ^ the last two measured 

F1G.9.VIIB. Callendar’s Curves for Fig. 10. VII B. Callendar's Curves for 
Densities of Liquid Water and Steam Total Heat of Water and Steam 

the volumes of liquid and vapour from 350° to the critical temperature 374*2°, 
and considered that Callendar’s results were due to dissolved air. 

The question of the persistence of liquid above the critical temperature was 
opened again by Maass,^ who believed the experimental results show that (i) a 
liquid has a structure due to certain regularities of molecular distribution, 
which structure tends to be broken down by rise of temperature and decrease of 
density, (ii) at the critical temperature the “ normal density ” of the liquid has 

1 Phil, Trans., 1932, 231, 147. 
2 Forschungsart. Gebiet. Ingenieurw., 1932, 3 A, 189. 
3 Phys. Z., 1939, 40, 3; cf. Dorsey, “ Properties of Ordinary Water Substance,” New York, 

1940, 557 f. 
^ Tapp, Steacie, and Maass, Canad. J, Res., 1933, 9, 217; Winkler and Maass, ibid,, 1933, 

9, 613; Edwards and Maass, ibid., 1935, 12, 357; Maass and Geddes, Phil. Trans., 1937, 236, 
303; Maass, Chem. Rev., 1938, 23, 17; Dacey, McIntosh, and Maass, Canad. J, Res., 1939, 
17 B, 206, 241; Clark, Trans. Roy. Soc. Canada, 1915, 9, iii, 43; 1924, 18, iii, 329; Chem. Rev., 
1938,23,1; Harvey, Phys. Rev., 1934,45, 848; 1934,46,441; Swietoslawski, Bull. Acad. Polon., 
1938 A, 304; Roll. Z., 1939, 86, 145; ”EbulUomctric Measurements,” New York, 1945,186; 
Ruedy, Canad. J. Res., 1938, 16 A, 89; cf. Ostwald, Roll. Z., 1933,64, 50. 
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decreased to a point beyond which the structure rapidly diminishes, and (iii) the 
liquid state of aggregation can exist above this temperature when the density is 
increased by pressure so as to bring about a necessary concentration. In the 
experiments, a density difference varying from 10 per cent, for ethylene to 
50 per cent, for methyl chloride persisted above the critical temperature and 
could not be destroyed by stirring, but with rise of temperature above the 
critical point the density difference disappeared. When the substance was now 
cooled, the density difference did not reappear, so that the heterogeneous state 
is obviously metastable. Again, if the upper part of the tube, after heating 
above the critical temperature, is cooled so as to reverse the density difference 
and promote mixing by convection, the density difference disappears, although 
this does not happen with mechanical stirring, even after six hours. 

Indications of the persistence of the liquid state above the critical temperature 
have also been obtained from X-ray scattering experiments, ^ and the effect has 
been predicted theoretically.^ Brescia,^ on the basis of this theory, assumed two 
critical points, T„ when the meniscus vanishes and the surface tension is zero, 
and when the isotherm has a point of inflexion and there is no difference 
between gas and liquid. Rice ^ discussed in detail the surface tension near 
the critical point and the temperature of meniscus disappearance. His con¬ 
clusions differ from those of Mayer and Harrison. ^ Michels, Blaisse, and 
Michels,^ however, were unable to repeat Maass’s experiments; they found a 
normal critical point for carbon dioxide at 31*03®, and a good critical curve. 
Noury,'^ from the velocity of ultrasonic waves in carbon dioxide near the 
critical temperature, found a finite adiabatic compressibility. 

§ 4. Measurement of Critical Constants 

The methods for the determination of the critical constants ® are essentially 
either Cagniard de la Tour’s (§ 1), based on the vanishing of the meniscus on 
heating a liquid in a sealed tube, or Andrews’ (§ 1), based on the determination 
of isotherms at various temperatures and the selection of the one for which the 
horizontal part just disappears. The first gives only the critical temperature, 
the second the critical pressure and critical density in addition. In the first 
method the difierence in density between liquid and vapour can be followed by 
an interferometer, depending on differences of refractive index; in this way 
Chappuis 9 found 3T40° for the critical temperature of carbon dioxide, as com¬ 
pared with 31 *35° found by Amagat by the isotherm method. 

The tubes for the meniscus method should be of fairly thick wall (1~2 mm.), 
of hard glass, carefully sealed, and precautions should be taken to avoid the 

^ Spangler, Phys, Rev,, 1934, 46, 698; Barnes, Chem, Rev., 1938, 23, 29 (bibl.). 
2 Mayer, J. Chem, Phys., 1937, 5, 67; Mayer and Ackermann, ibid.^ 1937, 5, 74; Mayer and 

Harrison, ibid., 1938, 6, 87; Harrison and Mayer, ibid., 1938, 6, 101. 
3 /. Chem. Phys., 1946,14, 501; /. Chem. Educ., 1947, 24, 123. 
4 /. Chem. Phys., 1947,15, 314 (bibl.). 
5 J. Chem. Phys., 1938, 6, 87, 101; see also Krichevsky and Rosen, Acta Physicochim. 

U.R.S.S.,mi,22,153. 
6 Proc. Roy. Soc., 1937, 160, 358. 
7 Compt. Rend., 1946, 223, 377. 
s Mathias, Congris Internat. Phys., 1901, 1, 615; “ Le Point Critique des Corps purs,” 

Paris, 1904, 38 f., 66 f., 115 f.; Traube, Ann. Phys., 1902, 8, 267; Graetz, in Winkelmann, 
“ Handbuch der Physik,” 1906,3,840; Cardoso,/. Chim.Phys., 1912,10,470; Klemensciewicz, 
in Stabler, “ Arbeitsmethoden der anorganischen Chemie,” 1913, 3, i, 193; Hein, Z. phys. 
Chem., 1914, 86, 385; Siebert and Burrell,/..<4.C.5., 1915, 37,2683; Young, “Stoichiometry,” 
1918,159; Harand, Monatsh., 1935,65,153. 

Compt. Rend., 1894,118, 976; Amagat, ibid., 1892,114, 1093. 
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entry of air or foreign gas in filling.^ The liquid may be stirred by a glass tube 
in which an iron wire is enclosed and moved by an external electromagnet. The 
tube may be heated iti a liquid or vapour bath,2 or a copper block.^ 

With water, which attacks glass at high temperatures, a quartz tube is used."^ 
The tubes need not be very thick: a tube of 1 ‘5-mm. thick walls and 7-mm. bore 
withstands 100 atm., but with ammonia (/?^=115 atm.) 2-2-5-mm. walls and 
2-3-mm. bore were necessary, and many tubes burst. ^ According to Moissan ^ 
tubes of internal diameter l*5-6-mm. and external diameter 6-10 mm., respec¬ 
tively, withstand 200-300 atm., but 
explosions with pressures exceeding P 
100 atm. must always be expected. 
A micro-method of determining the 
critical temperature can be used with p 
very small quantities of material,2 

and would probably minimise the 
danger of bursting tubes. | i\ 

If we begin with a mass of sub- / I 1 I \ 
stance and vapour in the hetero- r-j-1-j- 
geneous region at A (Fig. ll.Vll B) / lA [e .C 
and raise the temperature at constant ' 
total volume, we move along a vertical 
AB (v constant) until B is reached. _v 
At this point the substance is all xr ^ 11 aatt o u ^ r ^ , Fig. 11.VII B. Boundary Curve (BFD) of 
liquid, i.e. the meniscus has moved Liq^i^i vapour States. Liquid to the 
Up to the top of the tube and no dis- left of F and Vapour to the right 

appearance of the meniscus can be 
seen on further increase of temperature. If we start at C, the meniscus moves 
down the tube until at D the substance is all gaseous, and the meniscus 
disappears at the bottom of the tube, although the critical point F is 
not reached. By starting at E, the critical point F is reached, and here the 
meniscus disappears in the middle of the tube, since just before this the densities 
of liquid and vapour are equal. In other cases the meniscus may disappear 
at some other point in the tube where the density, because of the gradient 
of density in the tube, happens to be equal to the critical density.» In 

1 Amagat, Compt. Rend., 1892, 114, 1093; Bradley, Browne, and Hale, Phys. Rev., 1904, 
19, 258; 1908, 26, 470; 1908, 27, 90; Travers and Usher, Z. phys. Chem., 1907, 57, 365; 
Young, Phil. Mag., 1910, 20, 793; Cork, Rev. Sci. Instr., 1930, 1, 563. 

2 Altschul, Z. phys. Chem., 1893, 11, 577; Gouy, J. de Phys., 1897, 6, 479; Centnerszwer, 
Z. phys. Chem., 1903, 46, 427; Jaquerod and Wassmer, J. Chim. Phys., 1904, 2, 52; Drucker, 
Z. phys. Chem., 1910, 74, 612; Des Coudres, Leipzig Ber., 1910, 62, 296 (high temp.); Beck¬ 
mann, Z.Chem., 1912, 79, 565; Young, Phil. Mag., 1910,20, 793; Onnes and Mathias, 
Proc. K. Akad. Wetens. Amsterdam, 1911, 13, 939 {Comm. Leiden, 117) (low temp.). 

3 Hackspill and Mathieu, Bull. Soc. Chim., 1919, 25, 482; Rassow, Z. anorg. Chem., 1920, 
114, 117. 

^ Traube and Teichner, Ann. Phys., 1904,13,620; Rassow, loc. cit.\ Schroer, Z.phys. Chem., 
1927,129, 79; 1941, 49 B, 271; Callendar,Proc. Roy. Soc., 1928,120, 460. 

5 Stock and Hofmann, Ber., 1903,36, 895. 
6 Compt. Rend., 1901, 133, 768. On calibration of capillary tubes, see Isaac and Masson, 

J. Phys. Chem., 1924, 28, 166; Botella, An. Fts. Quim., 1929, 27, 315. For rotating bomb 
method, see Ipatieff and Monroe, Ind. Eng. Chem. Anal, 1942,14, 171. 

7 Harand, Monatsh., 1935, 65, 153; Kopper, Z. phys. Chem., 1936, 175, 469; Kennedy, 
J.A.C.S., 1929,51,1360, found no effect of tube diam. from 0-004 to 2 mm. for CO2. 

8 Ramsay, Proc. Roy. Soc., 1880, 30, 323; 1880, 31, 194; Hannay, ibid., 1880, 30, 484; 
Gouy, Compt. Rend., 1892, 115, 720; 1893, 116, 1289; Galitzin, J. de Phys., 1892, 1, 474; 
Stoletow, Fortschr. Phys., 1892, 48, ii, 190; Battelli, Ann. Chim., 1893, 29, 400; von Hirsch, 
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practice, it is found that the critical temperature is insensitive to the method of 
filling. 1 

Sajontschewski,^ and Cailletet and Colardeau,^ showed that when pressure is 
plotted against temperature for different amounts of liquid in a tube of fixed 
volume, the vapour-pressure curves are all identical (AK, Fig. 12.VII B) so 
long as both liquid and vapour are present, but at the critical point K, when 
only one phase is present, the curves diverge, each mass of substance giving its 
own curve. This will be a continuation of the vapour-pressure curve if the 
volume is the critical volume. This behaviour can be used to determine the 
critical temperature. 

The critical pressure alone ^ can be measured by a method used by AltschuL^ 
Liquid in the upper 15 cm. of a glass tube 30 cm. long and 1 mm. bore is con- 

Fk3. 12.Vfl B. Cailletet and Colardeau’s Fig. 13.VT1B. Altschul’s Critical 
Curves Pressure Apparatus 

nected by mercury in a metal tube with a screw pump filled with paraffin oil and 
with a pressure gauge (Fig, 13.VII B). The upper 5-1 cm. of the tube is heated 
in a wider tube over the critical temperature, when vapour forms in the upper 
part of the tube and liquid remains in the cooler lower part if the pressure is 
below the critical pressure. The mercury is below the heated portion. The 
pressure is now increased until the meniscus in the tube vanishes. This occurs 

Ann, Phys., 1899, 69, 456; 1900, 1, 655; Centnerszwer, Z. phys. Chem., 1903, 46, 427; 1904, 
49,199; Mathias, “Le Point critique des Corps purs,” 1904; F. B. Young, Phil, Mag,, 1910, 
20, 793; Hein, Z, phys. Chem., 1914, 86, 385; S. Young, “ Stoichiometry,” 1918, 166; Audant, 
Compt. Rend,, 1920, 170, 1573; Riesenfeld and Schwab, Z. phys,, 1922, 11, 12. 

1 Avenarius, Ann, Phys., 1874, 151, 303; Kiister, Meyerhoffer, and Abegg,Z. Elektrochem., 
1902, 8,113; Schroer, Z.Chem., 1929,140, 241, 379; Kennedy,/./I.C.S'., 1929, 51, 1360. 

2 Ann. Phys. Beibl., 1879, 3, 741. 
3 Compt. Rend., 1891, 112, 563, 1170;/. de Phys., 1891, 10, 333; Ann. Chim,, 1892. 25, 519; 

Altschul, Z. phys. Chem., 1893,11,577; Kiister, Meyerhoffer and Abegg.Z. Elektrochem., 1902, 
8, 113; Trautz and Adler, Phys. Z., 1934, 35, 446, 711; Eucken, ibid., 1934, 35, 708; Kruger, 
ibid., 1936, 37, 56; for a method in which liquid in a sealed tube is unequally heated, see W. 
Thomson, Nature, 1880, 23, 87; ” Math, and Phys. Papers,” 1911, 5,107. 

^ In Andrews’ method it is determined along with the critical temperature. 
5 Z. phys. Chem., 1893, 11, 577 (details in Ostwald-Luther, “ Physiko-chera. Messungen,” 

1931, 303); Ferretto, Gazz., 1900, 30, i, 296; Guye and Mallet, Arch. Sci. Phys. Nat., 1902, 
13, 30, 129, 274, 462; Centnerszwer, Z. phys. Chem,, 1904, 49, 199. 
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at the critical pressure, since the meniscus will form in that part of the tube where 
the temperature corresponds with a vapour pressure equal to that applied by the 
pump. On increasing the pressure the meniscus rises towards the higher tem¬ 
perature end of the tube, but disappears when it reaches the part of the tube 
which is at the critical temperature. Special apparatus is necessary for sub¬ 
stances (e.g. N2O4) which attack mercury.* 

§ 5. Law of Rectilinear Diameter 

The determination of critical volume or critical density is difficult and is 
usually made by the so-called rectilinear diameter method of Cailletet and 

Mathias.- According to this, if pi and are the densities {orthobaric densities) 
of liquid and of saturated vapour in equilibrium with it, ziPt+p^) is a linear 
function of temperature. Thus if pi and p^ are separately plotted against the 
temperature t, the locus of the points bisecting the joins of corresponding values 
of pt and Pg is a straight line (DC in Fig. 14.VII B): 

2(Pf^Pg)=Po-^ot.(1) 

where po is the mean density of liquid and vapour at 0° C. and a is a constant. 
At the critical temperature Pi=Pg=Pc, therefore ^(pi+Pi)=Pe> 

Pc=Po+ati .(2) 

1 Bennewitz and Windisch, Z. phys. Chem,, 1933,166,401. 
2 /. de Phys,, 1886, 5, 549; Compt, Rend., 1886,102, 1202; 1887, 104, 1563; Mathias, ibid., 

1892, 115, 35; 1899, 128, 1389; /. de Phys,, 1893, 2, 5; Z. phys. Chem., 1893, 11, 429; “ Le 
Point critique des Corps purs,” 1904; Young, Phil Mag., 1892, 34, 503; J.C.S., 1897, 71, 
446; Proc. Roy. Dublin Soc., 1910, 12, 374; “Stoichiometry,” 1918, 154, 168; Young and 
Thomas, Phil. Mag., 1892, 34, 507; van Laar, Z. phys. Chem., 1893, 11, 661; Bakker, ibid., 
1895, 18, 645; Donnan, Nature, 1895, 42, 619; von Hirsch, Ann. Phys., 1899, 69, 456; 1900, 
1, 655; Batschinski, Z. phys. Chem., 1902, 41, 741; von Juptner, ibid., 1912, 80, 299; 1913, 
85, 1; Herz and Neukirch, ibid., 1923, 104, 433; Ter-Gazarian, J. Chim. Phys., 1906, 4, 140; 
1908, 6,492; 1909,7, 273; Prud’homme, ibid., 1919, 17, 377, 534; Cardoso, ibid., 1927, 24, 65, 
77; Bichowsky and Gilkey, Ind. Eng. Chem., 1931, 23, 3^; Rotinjanz and Nagomow, Z. 
phys. Chem., 1934,169,20; for tables of values of Pi and pg see Valentincr, Landolt-Bornstein 
“ Tabcllen,” 5th edit,, 1923, 271, 
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This corresponds with the point where the straight line joining the bisections 
(the so-called rectilinear diameter) cuts the U-shaped curve of pi and at the 
critical point C. 

The separate curves for the densities of liquid and saturated vapour were 
found to be parabolas, the equations being, for the vapours: 

N2O: /)^=0*5099-0*00361/~0*0714V(36-4--/) (-28° to+33*9") 

C2H4: p^=0*1929-0*00188/-0-0346V(9-2-0 (-30° to+8-9°) 

CO2: />^=0-5668-0 00426/-0-084V(31~/) (~29-8°to +30*2°). 

Lowry and Erickson ^ found for carbon dioxide: 

/D,=0 4683 +0-00l442(4-/)-f0-l3l8iJ/(/,-t) 

p^==0-4683+0-001442(/,-0-0-1318i^(r,-0, 

and Quinn and Wernimont ^ for nitrous oxide: 

p^=0-459+0 00111(/,-/)+0-1222^ (/,-/) 

p^=0459+0-00111(/,-/)-0'1222^(/,-/). 

In many cases this empirical law of rectilinear diameters holds with great 
accuracy, but sometimes over a large range of temperature the diameter shows 
a slight curvature and is then represented by a parabolic (or even cubic) 
equation: 

.(3) 
Cardoso ^ found, with very pure sulphur dioxide, no curvature of the diameter 
near the critical point, previously reported.^ 

If the line is extrapolated to /= —273°, or the absolute zero, p will be half the 
density of the liquid if it could exist at the absolute zero, since the density of the 
vapour is then zero. In this way it is found ^ that the ratio of the critical 
volume to the volume at absolute zero is 3-6 to 4 (see § 10). Mathias ^ found 
that a increases with molecular weight in homologous series. A semi- 
theoretical deduction of the law of rectilinear diameter was given by Vasilescu- 
Karpen.8 Timmermans ^ found large deviations from the simple law and 
included terms in and Cremer attempted an explanation of the Cailletet- 
Mathias rule from the “ hole ” theory of liquids: he distinguished two types of 

1 J.A.C.S., mi, 49, 2729. 
2 J.A.C.S., 1929, 51, 2002. 
3 Thorpe, 7.C.5., 1880, 37, 141; Young, PhiL Mag., 1900, 50, 291; “Stoichiometry,” 

1918, 156; Timmermans, Proc. Roy. Dublin Soc., 1912, 13, 310; Mathias, Onnes, and Crom- 
melin, Compt. Rend., 1913, 156, 129 (argon); Weber, Kgl. Dansk. Vidensk. Selsk. mat. fys. 
Meddel., 1920, 3, No. 4; Mathias, OnnesFestschr., 1922, l65;Phys.Ber., 1923,4,701; Mathias, 
Crommelin, and Onnes, Ann. de Phys., 1922, 17, 442 (A), 455 (N2), 463 (H2O); 1923, 19, 
231, 239 (Ne); Mathias and Onnes, ibid., 1922, 17, 416 (O2); Mathias, Crommelin, Onnes, 
and Swallow, ibid., 1926, 5, 359 (He); Mathias, Crommelin, and Watts, Compt. Rend., 
1927, 185, 1240; Proc. K. Akad. Wetens. Amsterdam, 1927, 30, 1054; Comm. Leiden, 199a 
(C2H4); Oimes, Crommelin, and Mathias, Ann. de Phys., 1929, 11, 344 (C2H4); Mathias, 
Bijleveld, and Grigg, Compt. Rend., 1932, 194, 1708 (CO); Mathias and Crommelin, Ann. de 
Phys., 1936, 5, 137 (CO, He); Mathias, Crommelin, and Meihuizen, ibid., mi, 8, 467 (Kr); 
Mathias, Compt. Rend., 1937, 204, 1097 (curvature). 

4 /. Chim. Phys., 1927, 24, 65, 77. 
Cardoso^ Compt. Rend., 1911,153, 257; Arch. Set Phys. Nat., 1912, 34, 127. 

^ Davis, Phil. Mag., 1912, 24, 415; Gay, Compt. Rend., 1914, 158, 34; Lorenz, Z. anorg. 
Chem., 1916, 94, 240. 

7 Comm. Leiden, 1929, Suppl. 64^. 
Bull. Sect. Sci. Acad. Roumaine, 1923, 8, 175. 

^ Proc. Roy. Dublin Soc., 1912,13, 310; Bull. Soc. Chim. Belg., 1923, 32, 299. 
Z. phys. Chem., 1944,193, 287; already by Eyring, J. Chem. Phys., 1936, 4, 283. 
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thermal expansion, a linear (predominating at lower temperatures) and an 
exponential (predominating at higher temperatures). 

Van Laar ^ modified the law of rectilinear diameter, and found for the 
density at 7"^ K. /oj-=/)o(^"“a7’), where po==density at 0° K. and a=[y/(l +y)T,]. 
For normal substances y=0*9, hence a=l/2-ir^, therefore Pj=^pq{\—TI2'\TX 
from which the density at absolute zero may be calculated. The equation does 
not hold for fused salts. The law of rectilinear diameter holds for liquid helium.^ 

Von Jiiptner 3 and Mathias'^ proposed 2{pi+p^lPc^l+a{l—d'), where 
d'=TITc and a is a characteristic function of the critical temperature. Accord¬ 
ing to Mathias, a^bT/\ where b and n are constants, the value of n being 
very close to Mebius ^ proposed -|(pi^^^+p/^^)=const., independent of 
temperature. 

§ 6. Critical Data 
In the following table pi is the density of the saturated liquid, C. and 
atm. are the critical temperature and pressure, p^ in g/ml. is the critical density. 
The specification of the critical volume varies in the literature; it is sometimes 

(as here) in ml. per g., sometimes (as in Landolt-Bornstcin, “ Tabellen ”) as a 
fraction v/ (usually also written v^) of the volume of the same mass existing in 
the state of ideal gas at S.T.P.; the two values are, of course, quite different. 
If M=moL wt. in the gaseous state, v/=MvJ224l5. 

Substance Pi g./ml- Pc g./ml t; c. Pc atm. 

He . 0154 1* 
0 126 (-268-9") 59 

0-066 2 
0-0693 58 

-268 1 

-267-9 58 
2-31 

H2 . 0 0700 (-252-5") 3 0 07086 86 0-031 4 -242 5 12-80 4 
0.084404-0-032237- 

0-04218372 60 

— — — 

l/p/ = 
5-2269[l +0-01715(7-20-5)] 7i 

— -239-91 4 — 

Ne . 1-24 6 0-484 7 -228-35 4 29 1 
1-204 at b.p.; 1-248 at 

-245-9" 61 
— -228-71 60 26-86 4 

N2 . 1-165-0-004587 3. 8,72 0-311 7 -146 10 35-0 10 

M604 -0-004557 9. 59 — -144-7 83 33-65 83 
0-885 at b.p. i3 0-31096 9 i-147-13 11 33-511 
0-7914 at b.p. 87 — — 

* See pages 643-4 for footnotes. 

1 Z. anorg, Ghent,, 1925, 146, 263; Herz, ibid., 1925, 149, 230. 
2 Mathias, Crommelin, Onnes, and Swallow, Ann. de Phys., 1926, 5, 359. 
3 Z. phys. Ghent., 1908, 63, 355. 
4 Onnes Festschr., 1922, 165; Phys. Ber., 1923, 4, 701. 
5 Arkiv Mat. Astron. Fys., 1915, 10, Nos. 19, 20 (tables of Tc and pc). 
6 For collections of data see Heilbom, Z. phys. Ghent., 1891, 7, 601 (bibl.); Mathias, “ Le 

Point Critique des Corps purs,” Paris, 1904, 175 f.; Herzog, Z. Elektrochem., 1909, 15, 345 
(crit. densities); Baume, J. Ghim. Phys., 1911, 9, 282; van der Waals, Proc. K. Akad. Wetens. 
Amsterdam, 1911, 13, 1211; Cardoso, Arch. Sci. Phys. Nat., 1912, 34, 20; Mathews, J. Phys. 
Ghem., 1913, 17, 181; van Laar, J. Ghim. Phys., 1920, 18, 273; Keesom, Onnes Festschr., 
1922, 89; Phys. Ber,, 1923, 4, 613; Valentiner, in Landolt-Bdmstein, “Tabellen,” 5th edit., 
1923, 253, and supplements; Pickering, J. Phys. Ghem., 1924, 28, 97; Bur. Stand. Bull, 1926, 
21, 597; Germann and Pickering, “ Internal. Crit. Tables,” 1928, 3, 248; Faies and Shapiro, 
J.A.G.S., 1936,58, 2418; Kremann and Pestemer, “ Zusammenhange zwischen physikalischen 
Eigenschaften und chemischer Konstitution,” Dresden, 1937. 

A.T.P.C.—21 
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Substance PI g./ni. Pc g./nil. tc^ C. Pc atm. 

CO . M42-0 00420r s 0-311 12 -138-7 83 34-6 12, 83 
— 0-301 75,78 -139-5 13 35-5 13 
— — -140-23 75 1 34-53 75 
— — -140-21 77 1 34-529 77 

02 . 1 •576-0 004817 3. 8.72 0-4299 H -118-8 15 50-8 15 
M24 atb.p. 13 — -118-0 83 1 49-30 83 
M316atb.p. — -118-8211 — 

A . 1 •969-0 006507 « 0-531 16 -117-4 17 1 52-9 17 
NO . 1-269 (-150-2°) 18 0-52 7 -93-5 15 71-2 15 

— — -92-9 18 64-6 18 

CH4. 0-466 (-164°) 19 0-162 12 -82-912,83 45-6 12,83 
— — -81-8 15 54-9 15 

Kr . 2-15 (-146°) 20 0-78 7 -62-517 54-3 17 

SiH4 0-68 (-185°) 62 — -0-5 21 j — 

C2H4 — 0-22 7 9-50 22,23 50-8 22 
— — 9-6 88 50-65 23 

Xe . 3-52 (-102°) 20 1-155 7 14-7 17 57-2 17 

— — 16-6 24 58-2 24 

CO2. 1-990-0 003757 25 0-449 26 31-00 22,49 ! 73-0 22.49 
1 
1 — — 30-9673.74 — 

C2H6. — 0-21 7 32-1 22 49-0 22 
— 1 0-203 66 32-37 66 48-20 66 
— — 31-03 82 — 

CjHg. — — 92-6 67 45-34 67 
— — 96-81 81 42-01 81 

C4Hio(w) — 0-225 68 152-068 37-47 68 

C7H,6(«) ... — 0-241 69 267-0 6’ 27-00 69 
/5iJ-Butene 

(CH3)2C: CH2 

— 0-235 70 144-73 70 
! 

39-48 70 

C2H2 l-065 -0 00234r 27 0-231 7 36-5 27,28 61-6 27. 28 
— 1 0-314 27 35-5 28 61-7 28 

N2O 1-2257 (-89-4°) 63 0-454 23.29 36-50 22.23 71-95 22 
— — — 71-65 23 

PH3. 0-894-0 00807 30 0-30 7 51-3 31 64-5 31 
HCl. 1-706-0-002767 i9 0-42 7 51-8 31 83-6 31 

— — 51-4 32 81-55 32 
— — 51-1 34 80-49 34 

HBr. 2-936-0-003807 3o — 91-3 33 84-4 34 
— — 90 34 — 

HI . 3-795-0-004207 3o — 150-7 33 — 
— — 150 34 80-8 34 

HF . — — 230 35 — 

HCN — 0-195 36 183-5 36 1 53-2 36 
— — — 1 50-0 88 

H2S. 1-328-0-001717 19 100-4 22 89-3 22 
_ — — 89-05 23 

(CH3)20 ... — 0-2717.37 126-90 
38, 39, 40 

52-0 
38, 39, 40 

— — 126-6 88 58-2 88 
— — 128-3 28 59-8 28 

NH3. 1 •022 -0-001457 i9 0-236 41 132-3 42 109-6 42 
— — 132-9 43 112-3 43 

H2Se. 2-12 (-42°) 64 — 138 44 i 91 44 
CH3CI — 0-37 7 143-2 38 65-9 38 

F2 . — -129 45 55 (calc.) 
45 

CI2 . 2 132-0 002417 ^6 0-573 144 47 76-1 47 
— — 146 46 — 

CH3NH2 ... — — 155 48 — 
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Substance PI g./ml. Pc g'/ml. t° C tc C. Pc atm. 

SO2. 2 122-0 00232r i* 0*513 49 157*1549 

157*2 31 
77*65 49 
78*031,38 

SO^. — 0*633 84 218*3 84 83-8 
NOCI 2 010-0 002427 50 — I67 O 50 Q?.! 

(calc.) 50 
N2O4 2 060 -0 00209r ‘s 0*570 51 158-2 52 100 52 
COCI2 — 0*52 5.i 182 53 

181*7 88 

56 53 

SiF4. — — -14*15 54 36*7 54 

Hg . 5*0 55, 56 1450 5 5, 56 1036 5 5, 56 

S . — 1040 56 — 

I2 . — 553 56 — 

P . — — 720*6 57 — 

OSO4. — — 405 76 — 

BCh .— 178*8 76 — 

SiCL. — 
i 233*6 79 — 

O385. l/pi=0-51193+0024559r+ 
0 0539297'= 

0-537 J -5 66 

1 Onnes, Compt. Rend., 1908, 147, 421; Proc. K. Akad. Wetens. Amsterdam, 1909,12, 175. 
2 Onnes, Proc. K. Akad. Wetens. Amsterdam, 1911-12, 14, 678; Comm. Leiden, 1912, 

124 b. 
3 Dewar, Proc. Roy. Soc., 1904, 73, 244. 
^ Onnes, Crommelin, and Cath, Proc. K. Akad. Wetens. Amsterdam, 1917, 19, 1058 (Ne); 

1917-18, 20, 178 (H2); Comm. Leiden, 1917, 151 b, c. 
5 Olszewski, Ann. Phys., 1895, 56, 133; 1905,17, 986. 
6 Rudorf, Phil. Mag., 1909, 17, 795. 
7 “ International Critical Tables,” 1928, 3, 248. 
8 Baly and Donnan, J.C.S., 1902, 81, 907. 
9 Mathias, Onnes, and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 1914, 17, 953; 

Comm. Leiden, 1914,145 c. 
10 Olszewski, Compt. Rend., 1884, 98, 913. 

Onnes, Dorsman, and Holst, Proc. K. Akad. Wetens. Amsterdam, 1914, 17, 950; Comm. 
Leiden, 1914, 145 b. 

12 Cardoso, Arch. Sci. Phys. Nat., 1913, 36, 97; Atii R. Accad. Lincei, 1914, 24, i, 1056; 
J. Chim. Phys., 1915, 13, 312. 

13 Olszewski, Ann. Phys., 1887, 31, 58. 
1^ Mathias and Onnes, Proc. K. Akad. Wetens. Amsterdam, 1911, 13, 939; Comm. Leiden, 

117. 
13 Olszewski, Compt. Rend,, 1885, 100, 350, 940. 
16 Mathias, Onnes, and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 1912, 15, 667; 

Comm. Leiden, 1912,131a; cf. Mathias, Onnes, and Crommelin, Compt. Rend., 1913,156,129; 
Mathias and Crommelin, Comm. Leiden, 1924, Suppl. 52 (table). 

17 Ramsay and Travers, Proc. Roy. Soc., 1900, 67, 329; Onnes and Crommelin, Proc. K. 
Akad. Wetens. Amsterdam, 1911-12,14,158; Comm.I^iden, I2lb. 

18 Adwentowski, Bull. Acad. Polon., 1909, 742. 
1^ Baume and Perrot, Compt. Rend., 1911, 152, 1763. 
20 Ramsay and Travers, Z. phys. Chem., 1901, 38, 641 (688). 
21 Ogier, Compt. Rend., 1879, 88, 236. 
22 Cardoso, Ami, and Bell, Arch. Sci. Phys. Nat., 1910, 30, 432. 
23 Cardoso and Arni, J. Chim. Phys., 1912,10, 504. 
24 Patterson, Cripps, and Whytlaw-Gray, Proc. Roy. Soc., 1912, 86, 579. 
25 Behn, Ann. Phys., 1900, 3, 733. 
26 Dorsman, Dissert., Amsterdam, 1908, q. by Jellinek, ” Lehrbuch der physikalischen 

Chemie,” 1928,1, 385. 
27 McIntosh,/. Phys. Chim., 1907,11, 306. 
28 Cardoso and Baume, Compt. Rend., 1910,151,141; J. Chim. Phys., 1912,10, 509. 
29 Villard, Compt. Rend., 1894, 118, 1096. 
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Steele, McIntosh, and Archibald, Z. phys. Chem., 1906, 55, 129; for errors in this work, 
see Pearson and Robinson, J.C.S.y 1934, 880; for AsHa, p/ = 1*409—0*0036/° C.; Corriez 
and Gross, Bull. Soc. Chim., 1948, 203. 

31 Briner, J. Chim. Phys., 1906, 4, 477; Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 681. 
32 Cardoso and Germann, J. Chim. Phys., 1912, 10, 517. 
33 Estreichcr, Z. phys. Chem.^ 1896, 20, 605. 
34 Drozdowski and Pietrzak, Bull. Acad. Polon., 1913 A, 219. 
35 Bond and Williams, J.A.C.S., 1931, 53, 34. 
36 Bredig and Teichmann, Z. hektrochem., 1925, 31, 449; Partington and Carroll, Phil. 

Mag., 1925, 49, 665. 
37 Cardoso and Coppada, J. Chim. Phys., 1923, 20, 337. 
3 8 Baume, J. Chim. Phys., 1908, 6, 1. 
39 Cardoso and Bruno, J. Chim. Phys., 1923,20, 347. 
40 Briner and Cardoso, J. Chim. Phys., 1908, 6, 641. 
41 Berthoud,y. Chim. Phys., 1918,16,429; Helv. Chim. Acta, 1918,1, 84. 
42 Jaquerod, Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 686. 
43 Cardoso and Giltay, J. Chim. Phys., 1912, 10, 514. 
44 Wroblewski, Monatsh., 1888, 9, 1067; Olszewski, Bull. Acad. Polon., 1890, 57; Ann. 

Phys. Beibl., 1890,14, 896. 
45 Cady and Hildebrand, J.A.C.S., 1930, 52, 3839. 
46 Knietsch, Ann., 1890, 259, 100. 
47 Pellaton, J. Chim. Phys., 1915, 13, 426. 
48 Vincent and Chappuis, J. dePhys., 1886,5,58, 
49 Cardoso, Compt. Rend., 1911,153, 257; Arch. Sci. Phys. Nat., 1912,34,127; Cardoso and 

BeU, /. Chim. Phys., 1912, 10, 497. 
50 Briner and Pylkoff, J. Chim. Phys., 1912, 10, 640; Francesconi and Bresciani, Atti R. 

Accad. Lincei, 1903,12, ii, 75, found rf==163° to 164°. 
51 Bennewitz and Windisch, Z. phys. Chem., 1933,166, 401. 
32 Scheffer and Treub, Z.phys. Chem., 1913, 81, 308. 
53 Germann and Taylor, J.A.C.S., 1926, 48, 1154. 
34 Booth and Swinehart, J.A.C.S., 1935, 57, 1337. 
35 Weber, Kgl. Dansk. Vidensk. Selskab. mat.fys. Meddel, 1920, 3, No. 4, 
36 Other values are proposed by Koenigsberger, Chem. Ztg., 1912, 36, 1321 {pe 1000 

atm,); Menzies, J.A.C.S.. 1913. 35, 1065 (tube burst at 1275°); Cenac, Ann. Chim., 1913, 29, 
298 (calc. 2500°-3000°); Bender, Phys. Z., 1915, 16, 246; 1918, 19, 410 (/,=1400°, Pc^4-5); 
van Laar, Proc. K. Akad. Wetens. Amsterdam, 1917, 20, 138 (7’c=1172° K.,/?c=180 atm., 
/Of=3*3 g./ml.); Arids, Compt. Rend., 1918, 166, 334 (/f = 1077°, pc=420 atm.); Rassow, 
Z. anorg. Chem., 1920, 114, 117; G. Meyer, Phys. Z., 1921, 22, 76 (/f=1474°); Jouniaux, Bull. 
Soc. Chim., 1924, 35, 1293 (/f=1325°); Bernhardt, Z. techn. Phys., 1925, 26, 265 (with 
/c=1650° calculated pc as 3000-3500 atm.); Birch, Phys. Rev., 1932, 41, 641 (/c=1460°, 
/7f=1640 kg./cm.2). 

57 Marckwald and Helmholz, Z. anorg. Chem., 1922,124, 81. 
58 Mathias, Crommelin, Onnes, and Swallow, Ann. de Phys., 1926, 5, 359. 
39 Onnes, q. in “ Internal. Critical Tables,” 1928, 3, 20. 
60 Onnes and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 1913, 16, 245; Comm. 

Leiden, 137//. 
61 Onnes and Crommelin, Proc. K. Akad. Wetens. Amsterdam, 1915, 18, 515; Comm. 

Leiden, 147//. 
62 Stock and Somiesky, Ber., 1916, 49, 111. 
63 Grunmach, Ann. Phys., 1904, 15, 401. 
64 De Forcrand and Fonzes-Diacon, Compt. Rend., 1902,134, 171. 
65 Pascal and Gamier, Bull. Soc. Chim., 1919, 25, 309. 
66 Beattie, Gouq-Jen Su, and Simard, J.A.C S, 1939, 61, 924. 
67 Siebert and Burrell, J.A.C.S., 1915, 37, 2683. 
68 Beattie, Simard, and Gouq-Jen Su, J.A.C.S., 1939, 61, 24. 
69 Beattie and Kay, J.A.C.S., 1937, 59, 1586. 
70 Beattie, Ingersoll, and Stockmayer,/./l.C.5., 1942, 64, 546. 
71 Heuse, Z. phys. Chem., 1930,147,288. 
72 Onnes, Proc. K. Akad. Wetens. Amsterdam, 1915, 17, 950. 
73 Kennedy and Meyers, Refrig. Eng., 1928, 15, 125; Kennedy, J.A.C.S., 1929, 51, 1360. 
74 Poettmann and Katz, Ind. Eng. Chem., 1945,37, 847. 
75 Mathias and Crommelin, Ann. de Phys., 1936, 5, 137. 
76 Ogawa, Bull. Chem. Soc. Japan, 1931, 6, 302. 



CRITICAL DATA §6 645 

77 Crommelin, Bijicveld, and Brown, Proc, K, Akad, fVe/ens. Amsterdam, 1931, 34, 1314. 
78 Mathias, Bijleveld, and Grigg, Compt. Rend., 1932, 194, 1708. 
79 Parker and Robinson, 1927, 2977. 
80 Crommelin, Rec. Trav. Chim., 1923, 42, 814 (Comm. Leiden, 162). 
81 Beattie, Poffenberger, and Hadlock, J. Chem. Phys., 1935, 3, 96. 
82 Michels, Blaisse, and Michels, Proc. Roy. Soc., 1937, 160, 358. 
83 Cardoso, Arch. Sci. Phys. Nat., 1915, 39, 400. 
84 Berthoud, Helv. Chim. Acta, 1922, 5, 513. 
85 Riesenfeld and Schwab, Ber., 1922, 55, 2088; Z. Phys., 1922, 11, 12 (pc calc. 64-8-92'3 

atm.); Riesenfeld, Z. Elektrochem., 1923, 29, 119. 
86 Augustin, Leipzig Ber., 1914, 65, 229. 
87 Drugman and Ramsay, J.C.S., 1900, 77, 1228. 
88 Stull, Ind. Eng. Chem., 1947, 39, 540. 

Critical temperatures of deuterium compounds ^ are: 

DCl DBr DI D2S D2Se D3N D3P D3AS 
50*3 88*8 148*6 99*1 139*2 132*3 50*4 98*9 

Selected values of critical constants of hydrocarbons ^ are: 

Mol. wt. r/K. Pc atm. Vc ml./mol. 

Methane. 16*03 19M 45*8 99 
Acetylene. 26*02 309*1 61*7 113*2 
Ethylene . 28*03 282-8 50*7 133*4 
Ethane . 3005 305*2 48*8 137*0 
Propylene . 42*05 364*8 45*0 181*6 
Propane . 44*06 369*9 42*01 195*0 
Isobutane. 58*08 407*1 37*0 249*0 
«-Butane. 58*08 426*0 36*0 250*0 
Isopentane . 72*09 460*9 32*92 307*6 
7i-Pentane. 72*09 470*3 i 33*0 310*9 
Benzene 3. 78*05 561*6 47*7 256*2 
Cyclohexane . 84*09 554*1 40*6 : 308*7 
Di-isopropyl .| 86*11 500*5 1 30*6 1 357*1 
«-Hexane .! 86*11 507*9 29*5 367*2 
w-Heptane. 100*12 540*0 26*8 427*0 
Di-isobutyl . 1 114*14 549*9 24*5 482*0 
H-Octane. 114*14 

i 
569*3 24*6 490*0 

Critical temperatures C.) of sulphur compounds determined by Ferretto ^ 
are: 

Mercaptan C2H5SH . 228 Methyl ethyl sulphide CH3.S.C2H5 259*66 
dimethyl sulphide (CH3)2S ... 231*2 isozmyl hydrosulphide ^ C5H11SH c. 334° 
diethyl sulphide (C2H5) 2S ... 284 • 67 

1 Kopper,Z.phys. Chem., 1936, 175,469. 
2 Edminster, Jnd. Eng. Chem., 1938, 30, 352; the abs. value of 0° C. is not stated; note that 

critical volumes are per mol) see also Corcoran, Bowles, Sage, and Lacey, ibid., 1945, 37, 
825; Poettmann and Katz, ibid., 1945, 37, 847 (bibl.); Corner, Trans. Faraday Soc., 1945, 
41, 617. 

3 Oornowski, Amick, and Hixson, Ind. Eng. Chem., 1947, 39, 1348, found =562*6° K., 
P£»48*7 atm., «;c»3*36 ml./g. 

4 <7azz., 1900, 30, i, 296. 
5 From mixtures, by Pawlewski’s rule (§ 12). 
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The values for the critical constants of some substances liquid (naphthalene 
is solid) at room temperature are given in the following table: ^ 

tc^C, Pc 

atm. 
Pc 

g./ml. 
tc°C. Pc 

atm. 
Pc 

g./ml. 

Acetone . 235 0 47 0-268 Chlorobenzene 359-2 44-6 0-365 
Ether 2 . 193-8 35-6 0-262 Bromobenzene 397-0 44-6 0-486 
Alcohol . 243-1 63-1 0-275 Fluorobenzene 286-6 44-6 0-354 
Aniline . 426 52-4 — Toluene . 320-6 41-6 0-292 
Benzene . 288-5 47-7 0-304 Carbon disulphide ... 273-1 73 — 

Chloroform. 263 55 0-516 Methyl alcohol ^ 240 0 78-7 0-272 
Ethyl chloride 187-2 52 0-33 Water ^ . 374-1 218 0-313 
Naphthalene 3 478-5 40-7 0-314 Heavy water D2O ... 371-5 218-6 0-363 

§ 7. Guldberg's Rule 

In cases where the critical constants are unknown, approximate values may be 
calculated from a number of empirical or semi-empirical equations, and since 
these are often very useful, a fairly complete selection will be given. In some 
cases they depend on applications of the Law of Corresponding States 
(§ 16.VII C). The best known of these rules, proposed independently by 
Guldberg and by Guye,^ states that the absolute b.p. at 1 atm. pressure, 
is approximately two-thirds of the absolute critical temperature: 

.(1) 
In homologous series the ratio TJT^. may vary from 0-58 for the initial to 0*70 
for the final members, but the average value is about f=0*666. For low b.p. 

1 Pawlewski, Ber., 1883, 16, 2633; Heilbom, Z. phys, Chem., 1890, 6, 578; 1891, 7, 601; 
Vespignani, Gazz., 1903, 33, i, 73; Graetz, in Winkclmann, “ Handbuch der Physik,” 1906, 
3, 860; Young, Proc. Roy, Dublin Soc.y 1910,12, 374; “ Stoichiometry,” 1918, 170; Berthoud, 
J. Chim. Phys., 1917, 15, 3; Landolt-Bdrnstein, ” Tabellen,” 5th edit., 1923, 253; Germann 
and Pickering, “ Intemat. Crit, Tables,” 1928, 3, 248. 

2 See Schrder, Z. phys. Ghent., 1929, 140, 241, 379. 
3 Schroer, Z. phys. Ghent., 1941, 49 B, 271, found pc=42 kg./cm.2, pf=0-314 

g./ml. 
4 Salzwedel, Ann. Phys., 1930, 5, 853, found pc=99 atm. 
5 For critical constants for water, see, e.g., Cailletet and Colardeau, Gompt, Rend., 1891, 

112, 1170; J. de Phys., 1891, 10, 333 (/c=332-5°); Knipp, Phys. Rev., 1900, 11, 129; Traube 
and Teichner, Ann. Phys., 1904, 13, 621 (/c=374°); Davis, Phys. Rev., 1909, 29, 81; Rassow, 
Z. anorg. Ghem.^ 1920, 114, 117; Schroer, Z. phys. Ghent., 1927, 129, 79; 1941, 49 B, 271; 
Harand, Monatsh., 1934, 65, 153; Keyes, Smith, and Gerry, Proc. Amer. Acad., 1935, 69, 
137; Osborne, Stimson, and Ginnings, Bur, Stand. J. Res., 1937, 18, 389; 1939, 23, 261; 
Eck, Phys. Z., 1939, 40, 3 (/c=374*2°,^=225*5 kg./cm.2, Vc=3’0656 ml./g.); Dorsey, “Pro¬ 
perties of Ordinary Water Substance,” New York, 1940, 558 (/t=374'15°, /7c=218*39 atm., 
Vc—3A cm.3/g.). 

^ Riescnfeld and Cheng, Z. phys. Ghent., 1935, 28 B, 408; 1935, 30 B, 61; Eck, Phys. Z., 
1939, 40, 3 (/c=371-5“,pc==221-5 kg./cm.2, t;,=2-74 ml./g.). 

7 Z. phys. Ghent., 1890, 5, 374. 
^ Bull. Soc. Chim,, 18^, 4, 262; on the rule see also Heilborn, Z. phys, Ghem,, 1890, 6, 

578; Kurbatow, J, Russ. Phys. Ghem, Soc., 1908, 40, 813 (C); Leduc, Gompt. Rend., 1913, 
156, 65; Boutaric, Arm, Chim., 1914, 1, 437; Ferguson, Phil, Mag., 1915, 29, 599; Lorenz, 
Z. anorg. Ghem., 1916, 94, 240, 255, 265; 1918, 103, 243; Herz, ibid., 1916, 94, 1; 1916, 95, 
253; 1916, 96, 289; van Laar, ibid., 1918, 104, 81; Jorissen, ibid., 1918, 104, 157; Walden, 
ibid., 1920, 112, 225; Kistiakowsky, J, Chim, Phys,, 1927, 24, 309; Stephenson, Chem. News, 
1931, 143, 135 (gives Th—^Tc)', for summary of methods of calculating all critical constants, 
see Mathias, “ Le Point Critique des Corps purs,” Paris, 1904,146 f. 
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gases the ratio is abaormal: for helium it is 0-998. 
linear relation: 

tc=a+btfj 

Livingstone ^ proposed the 

.(2) 

where a and b are constants. A deduction of Guldberg’s rule from Trouton’s 
rule (see § 14.VIII L, Vol. II) was given by Green.^ 

Prud’homme ^ found + where -00409. Bagge 
and Harteck ^ found for inert gases 7’^=—274-5+6860/^y^F, where £■/= 
ionising potential, F= interaction potential between two inert gas atoms. 

The absolute b.p. at 10-20 mm. is ^ about and the ratio of b.ps. at 
20 and 760 mm. is ^ r2o/776o==0-78. If To is the b.p. in a cathode-ray vacuum, 
then 7 715= 1 '2270, and 7o=f7^. Van Laar and Lorenz ^ concluded 
that the ratio TiolTc is 0-485 for normal substances. Lautie ^ proposed 
4(7^/7^) + 10(7^/7^)= 12*69. Lorenz and Herz found better agreement with 
Guldberg’s rule if the b.ps. were at equal fractions (1/33, or better 1/50) of the 
critical pressure. 

McCrae calculated the critical temperature of carbon as follows. The m.p. 
of oxygen is 50° K. and its critical temperature 155*8° K. Over the average 
temperature range 0°-50° K., i.e. at 25° K., the atomic heat of oxygen is assumed 
to be 6-4 (Dulong and Petit value). From Weber's results, it is assumed that 
the atomic heat of carbon would be 6*4 at 2000° K., hence the critical tempera¬ 
ture is (155/25) X (2000+273)=14,000° K. Crookes estimated 7, as 5800° K. 
and as 2320 atm. 

Pawlewski proposed the formula 7£~-7i,=4—rft=const., for homologous 
series. Isomeric esters have equal or nearly equal critical temperatures, but 
this is not true for other isomers (e.g. alcohols). Compounds containing double 
bonds between carbon atoms have much higher critical temperatures than 
isomers without double bonds. The first relation is illustrated by the short 
table for esters: 

Ethyl 
formate 

Propyl 
formate 

Methyl 
acetate 

1 

Ethyl 
acetate 

Butyl 
acetate 

Methyl 
pro¬ 

pionate 

Ethyl 
buty¬ 
rate 

Ethyl 
isobuty- 

rate 
I 

Propyl 
isobuty¬ 

rate 

55*7 85-1 57-1 75 0 123-7 80-0 121-7 108-6 133-4 
tc 238-6 267-4 239-8 1 256-5 305-9 ! 262-7 304-3 290-4 316-0 
tc-h 182-9 182-3 f 182-7 181-5 182-2 182-7 182-6 181-8 182-6 

For other compounds the differences vary from 150° to 210°, and Ostwald 

1 J, Phys, Chem., 1942, 46, 340. 
2 J.A.CS., 1924, 46, 544. 
3 J. Chim. Phys., 1920, 18, 94. 
4 Z. Naturforsch., 1946, 1, 481, 
5 Herz, Z. anorg. Chem., 1916, 96, 289. 
^ Jorissen, Z. anorg, Chem., 1918,104, 157. 
7 Hansen, Z.phvs. Chem., 1910, 74, 65; Walden, Z. anorg, Chem., 1920,112, 225, 312. 
8 Z. anorg. Chem,, 1925, 142, 189. 
5 Compt. Rend., 1934, 199, 932; Bull. Soc. Chim,, 1935, 2, 2234. 

Z. anorg. Chem., 1921, 115, 100. 
n Chem. News, 1906, 94, 314. 
12 Chem. News, 1906, 92, 147. 
13 Kosmos (Lwow), 1881, 6, 498; 1882, 7, 1; Ber,, 1882, 15, 460, 2460; 1883, 16, 2633; 

Nadejdine, J. Russ. Phys, Chem. Soc„ 1882, 14, 536 (P); 1883, 15, 25 (P); Ann, Phys. Beibl., 
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pointed out that the difference is not constant for boiling-points at pressures 
other than atmospheric. 

§ 8. Critical Temperature and Chemical Composition 
Many attempts have been made to relate the critical temperature of a com¬ 

pound to its molecular weight, and to the molecular structure, or to the 
number of atoms, in the molecule. Lautie ^ attempted to express as a 
sum of increments characteristic of the atoms and bonds in a molecule: for 
details the originals should be consulted. For normal paraffins, C„H2„,2, 
Ferguson ^ found where g and h are constants; Merckel,"^ log 
0-159 log [(«—1)2—(/2—1) + 1]+2*4957. Pawlow proposed 7].= l*6167MV'/z. 
Watson 5 from Trouton’s rule found where /o^=density 
of liquid at b.p.; Chen and Hu,<^ (M log Tc+6-4'^M) being 
additive. Corner ^ proposed four empirical formulae for extrapolating the 
critical temperatures of paraffin hydrocarbons C„H2„t2i including TJTf,=A+B 
log {TJV^)+Cn, and log T^=A+B log(/7—c), where A, B, c, and C are con¬ 
stants. Lautie,8 for normal liquids, found T,/\^(M)+2500\/(M)/Tc=l0l, and 
r,= l-2r,+10VM+20. 

A relation with the coefficient of expansion of the liquid at 0° C. (oo), viz.^ 
/^=0-3/ao, or at 20''C. (a20), viz.^^ T^=|;(l/a2o+293), has been proposed. 
The last is a modification (T=293) of an equation aj=l/(27'^—T), proposed 
independently by Oswald and Davies.^2 De Kolossowsky found a^r,.= 
0*86 and 0-77, where a/,=coefficient of expansion at the b.p., and a that 
at the temperature 0-67",. Thorpe and Rucker found 213)1 
l-995(x:“-l), where a:=vo1. at b.p./vol. at C.; and if /?i, pi are the densities of 
the liquid at the abs. temperatures Tj, T2, then T^=(T2Pi'-Tip2)IA(pi—p2), 
where A is 1 -974 to 1 -995. 

Prud’homme^s found some relations between the absolute critical tempera¬ 
tures of binary and ternary compounds: the differences for CS2—CO2 and 
COS—CO are equal, 7XH20)=2rXHCl), etc. The critical temperature of an 
inorganic compound is the sum of simple multiples or fractions of those of 
its elements, those of metals being ignored. 

Trautz^^ believed that the values of TJM (where A/=mol. v^.) for gases and 
vapours are in the ratios of whole numbers, and the critical pressures also 
approximate to whole number ratios: 

1883, 7, 678 (const. = 156-6° for homologues C,iH2n); Schuck, J. Russ, Phys. Chem, Soc,y 
1882, 14, 157 (P); Bartoli, Nuov. dm., 1885, 16, 74; Ferretto, Gazz.y 1900, 30, i, 296; for 
fuller tables, see Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910, 1, 341. 

1 Compt. Rend., 1934, 199, 932; Bull. Soc. Chim,, 1935, 2, 155, 2234; 1936, 3, 1689; 1943, 
10, 44; /. Chim. Phys., 1937, 34, 452; see also “ Parachor,” § 5.VIII G, Vol. II.. 

2 Phil. Mag., 1915, 29, 599. 
3 Proc. K. Akad. Wetens. Amsterdam, 1937, 40, 164. 
4 J. Russ. Phys. Chem. Soc., 1917, 49, 322 (C). 
5 Ind. Eng. Chem., 1931, 23, 360. 
6 J. Chine.se Chem. Soc., 1943, 10, 208, 212. 
7 Trans. Faraday Soc., 1945, 41, 617; Proc. Cambr. Phil. Soc., 1946, 42, 328. 
8 Bull. Soc. Chim., 1936, 3, 2337. 
^ Sibaiya, Current Scu, 1938, 6, 329. 

10 Herz, Z. anorg. Chem., 1920, 112, 278; Z. Elektrochem., 1921, 27, 125. 
11 Compt. Rend., 1912, 154, 61. 
12 Phil. Mag., 1912, 23, 657. 
13 J, de Phys., 1925, 6, 99; J. Chim. Phys., 1927, 24, 56, 
14 J.C.S., 1884, 45, 133; Herz, Z. phvs. Chem., 1921, 97, 376. 
15 Bull. Soc. Chim., 1925,37, 1330. 
16 Ann. Phys.fmi, 8,267,433; Watson, Ind. Eng. Chem., 1931, 23, 360. 
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Tc M TJM Ratio 
1 

Pc Ratio 

CH4 190*6 16*03 11*89 
2*002 
3*002 

54*9 1*01 
NH3 

OH2 

405*5 
647*1 

17*03 
18*02 

23*81 
35*93 

113 
i 217*5 

2*08 
i 4 

Jatkar and Lakshminarayanan ^ found: 

(i) for aromatic substances free from halogens and sulphur T^^\'A\T^ + 
66—^(0*3837^—93) where r=ratio of number of non-cyclic carbon 
atoms to the total number of carbon atoms in the compound; 

(ii) for all compounds other than aromatics and free from halogens and 
sulphur r,=1*0277^ + 159; 

(iii) for compounds containing halogens and sulphur 7^=1*417^+66-117, 
where 7= total number of fluorine atoms in the molecule; 

(iv) for compounds boiling below 235° K., 7^=1*707^—2. 

Grunberg and Nissan ^ found for normal paraffin hydrocarbons that 7^^ is 
proportional to the molecular weight; the increment of 7^^ for —CH2 is 
2*7x107. 

§ 9. Critical Temperature and Melting-point 

The ratio of the critical temperature and the m.p. (abs.), TJT^, varies from 
1*7 to 3*06 for various groups of substances; ^ the value of TJT^ varies from 
0*3 to 0*5, the average valued being f=0*4. Lorenz ^ found 7J7^=0*64, 
r„/r,=044, T;/r„=1471, TJT^c=iTJT,c:ii; for groups of substances, 
Lorenz and Herz^ found for TJTf^: elements 0*5583, inorganic compounds 
0*7183, organic compounds 0*5839, with an average value of 0*62. The value 
of 7^—7^, giving 7 the “ range of existence of the liquid state,” is arbitrary,^ 
since depends on pressure and the triple point does not limit the liquid state 
at the lower temperature. 

Prud’homme^ proposed a “Rule of Three Temperatures,” 7„t+7^c:f7f, 
which was criticised by van Laar as purely accidental: it is, however, generally 
a good approximation. Porlezza obtained it from the relation7^/7f+7ft/7j= 
l*04c::::^L He regarded it as a deduction from the law of corresponding states, 
and as more accurate than the formula of Lorenz,12 deduced from Guldberg’s 
rule, 7;/r-f (§ 7), viz., TJTMTJT,)x(TJT,), which gives f x-i+f=Ml. 

1 7. Indian Inst, Sci., 1946, 28 A, 1. 
2 Nature, 1948, 161, 170. 
3 Clark, Amer. Chem. 1896,18, 618; Z.phys, Chem., 1896,21, 183; van Laar, Ann. Fhys, 

Boltzmann Festschr., 1904, 316 (melals); Lorenz and Herz, Z. anorg, Chem., 1921, 116, 103; 
van Laar, ibid., 1925,149, 324 (7 and pc for alkali halides). 

4 Onnes and Keesom, “ Enzykl d. math. Wiss.,” 1912, 5, i, 867. 
5 Z. anorg, Chem., 1916, 94, 240, 255, 265; 1918, 103, 243; Van Liempt, ibid., 1920, 111, 

280, found TmlTc^O m. 
Z. anorg, Chem., 1922, 122, 51. 

7 Herz, Z. Elektrochem., \9\S, 24, 48, 139; Meyer, ibid,, 1918, 24, 138. 
8 Bruni, Atti R. Accad. Lincei, 1918, 27, ii, 394. 
9 J. Chim, Phys., 1920, 18, 270, 307, 359; 1921-2,19, 188; 1924, 21, 243; Ann. Chim., 1921, 

15,212. 
10 /. Chim, Phys., 1921-2,19, 3. 
n Porlezza, Nuov, dm,, 1923,25,291; Taft and Stareck, J, Phys, Chem., 1930,34, 2307. 
12 Z. anorg, Chem., 1916, 94, 240, 255, 265; 1918,103, 243. 
21* 
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§ 10. Empirical Equations for Critical Volumes 

According to Lorenz ^ the ratio of the specific volume at the boiling-point to 
that at the critical temperature is z;J«;^=0*376, and that at the melting-point 

for inorganic and organic substances. Herzog,^ from Avenarius’s 
formula for the thermal expansion of a liquid, v=a—b\og{t^—t), where 
a and b are constants (see § 4.VIII C, Vol. II), deduced for the critical density: 

P.=Pr[0‘906--0*233 log 

or with slightly greater accuracy: 

p^=^,,{0*900-0*227 log [T,^T+iTjmh 

The critical density is approximately one-third of the density pq of the liquid 
at atmospheric pressure at absolute zero,^ or 1/2-66 of the density at the 
boiling-point.4 Lorenz ^ found /)o==Pr (^*7^+0*647/7;), and van Laar^ pj = 
Po(l-T/2*ir,). 

A simple empirical formula for the critical density which gives good 
results in many cases is pr=Pf+\/(i8T), where ^ is a constant and r is the 
temperature reckoned below a characteristic temperature ti, T=ri—e.g. for 
CH3COC2H5 /j is 272-5, CH3COOH 355, n-pentane 221. This is modified to 
P^=P^[1+2*73\/(777o)]i where 70=1-057^, 7=temp. of observation reckoned 
below T,. Ferguson and Kennedy ^ found pf=0-3592/o^, where is the 
density at the reduced temperature ^=7/7^=0-6. Jatkar and Lakshminaray- 
anan^ found K^=(0-377[7] +11-0)1*25, where [7] is the parachor. Grunberg 
and Nissan i® for normal paraffin hydrocarbons found p^^!:^0-23 g./ml. 

Timmermans n confirmed the rule pjp^=^pjpg, where p^ is the maximum 
density (e.g. as calculated by an extension of the law of rectilinear diameter, 
§ 5) and p^ is the density at the critical temperature calculated for the ideal gas 
state. Young 12 had calculated from van der Waals’s equation that pjp^^ 

f\/2=3‘77, and found that this is nearly true except for alcohols and acetic 
acid, which have values from 4 to nearly 5. 

Herz 15 assumed that if Af, and are the mol. wts. at the critical temperature 
and the b.p., {MJp^l{MJp^^QomX,^K. For halogen substituted benzenes 
he assumed A/,=A/,„ and hence found K=pjp^^2’69, Thus, in general, 
A/,/^fc=2-69p,/Pf,- This, however, was practically unity both for “normal” 

1 Z. anorg, Chem., 1916, 94, 240; Herz, Z. Elektrochem,^ 1919, 25, 215; Lorenz and Herz, 
Z. anorg, Chem., 1924, 138, 331. 

2 Z. Elektrochem., 1909, 15, 345; Rudorf, ibid,, 1909,15, 746. 
3 Mathias, Ann. Fac. ScL Toulouse, 1892, 5; Guldberg, Z.phys. Chem., 1895, 16, 1; 1900, 

32, 116 W/>£~3-75); Z. anorg. Chem,, 1898, 18, 87; Lorenz, Z. anorg. Chem., 1916, 94, 240 
(poIpc--3-15). 

4 Walden, Z. phys. Chem., 1908-9, 65, 129, 257; 1909, 66, 385; Z. Elektrochem., 1908, 14, 
712; Lorenz, Z. anorg. Chem., 1916, 94, 240 (po/p6=»l-41); Herz, Z. phys, Chem., 1921, 98, 
175; 1923, 104, 433; Schwab, Z. Phys., 1922, 11, 188 (pc/pt =>2-665); Kistiakowsky, /. Chim. 
Phys., 1927,24, 309 {pbipc varied from 2-60 to 2-69 for 28 liquids). 

5 Z. anorg, them., 1916, 94, 240. 
^ Z. anorg. Chem., 1925,146, 283. 
2 Saslawsky, Z. phys. Chem., 1924, 109, 111; Lorenz and Herz, Z. anorg. Chem., 1924, 138, 

331; criticised by van Laar, ibid., 1924, 140, 52. 
8 Trans. Faraday Soc,, 1935, 31, 1000. 
9 J. Indian Inst. Sci., 1946, 28 A, 1. 

10 Nature, 1948, 161, 170. 
11 Bull. Soc. Chim. Belg., 1923, 32, 299. 
12 Phil. Mag., 1892, 33, 153; 1892, 34, 503; Chem. News, 1898, 7, 200; “Stoichiometry,’’ 

1918, 208. 
13 Z. anorg. Chem,, 1921,115, 237; cf. Predwoditelew, Z. Phys., 1926,36, 557. 
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and associated ” liquids, and the same result was found with densities at 
instead of at the normal b.p. This result was regarded as an 

empirical rule not necessarily implying a law of corresponding states. 
Porlezza 1 proposed a “rule of four volumes” at m.p., at b.p., 

Fo at 0°K., V, critical volume), Fo/F,+ FJF,+ F,/F,==0-96c^l, so that 
Fo+F^ + F,,= F^. Each member Fq/F,, etc., in the first equation is 
Swientoslawski ^ found that pJpt^^ n function of TjT^ increasing with molecular 
weight and association. 

Ter Gazarian at first ^ considered that at temperatures equally removed from 
the critical temperatures, members of homologous series have equal densities, 
but he later ^ modified this to the general rule that the ratios of numbers repre¬ 
senting any physical property at two temperatures is a linear function of the 
difference of temperatures, on the analogy of Ramsay and Young’s rule (see 
§ 8.VIII K, Vol. II), 

Lautie ^ gave for the molar volume at the b.p. for normal liquids: 

T T 
J log24-^^‘~2-9 to 3-1. 

An important equation for the critical volume was based by Mathias ^ on 
the law of rectilinear diameter (§ 5); at such temperatures that the density of the 
vapour can be neglected in comparison with that of the liquid this gives 
p^=:pl2{2—TITX where p is the density at the temperature T, The complete 
equation is (p/-fp^)/2p,=2—r/r,=2--^, where i^=r/r,. Juptner ^ replaced 
this by -2-(/)i+p^)=a—where a and h are constants, or (pi+Pji)/2p^= 
1 +a\\—d), where ^2'=const., and found: 

where K is an empirical constant, varying from 1*657217 for /7-xyIene to 
2*17134 for propionic acid. The accuracy is good, except for alcohols, which 
may show 5 per cent, deviation or more. Herz ® found r,(/?,/M)^^^=const. 

For most liquids (H2, He, Ne, and PH3 give lower values) the reduced 
density at the b.p. is /)^//}^=2*68; also pJp^^O’422 log {atm.)-f 1*981 holds 
for normal and associated liquids (CS2, HCN, CH3CN, and C2H5CN are 
abnormal). The results ?;^=2*68/p^ and b (van der Waals constant)=l*22//o^ 
follow. If a=coefficient of expansion at the b.p., r,=rft+(0*254/a)(l + 
0*122M/rft2p^a). All these relations are true to 2 to 3 per cent.^ 

According to D. Berthelot^o the molar critical volume M/'p^ is 1/3*6 times the 
molar volume of an ideal gas at the critical temperature and pressure, i.e. 
(with Pc in atm.) in lit.: 

M_22*4 JX 

p,““ 3*6 *273 >; 

1 Nuov, dm., 1923, 25, 305. 
2 Roczn. Chem.y 1921,1, 276, 297. 
3 J. Chim. Phys., 1908, 6, 492. 
4 J, Chim. Phys., 1909, 7, 233; Compt. Rend., 1911,153, 871, 1071. 
3 Compt. Rend., 1936, 202, 753. 

<> Compt. Rend., 1893,117, 1082; “ Le Point Critique des Corps purs,” 1904, 164. 
7 Z. phys. Chem., 1910, 73, 173; 1913, 85, 1; Timmermans, Proc. Roy. Dublin Soc., 1912, 

13, 310. 
8 Z. anorg. Chem.., 1925, 150, 385. 
9 Benson,/. Phys. Chem., 1948, 52,1060. 

10 Compt. Rend., 1898,128, 553, 607; Dieterici, Ann. Phys., 1899, 69, 685, gave 1/3*7. 
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With the equation of Mathias, Pc=pl2(2—T/TX this gives for the molar 
weight of the liquid: 

M=U-4pTJpX2-T/TX 

Some values of Af calculated by this formula are: 

SO2 65 1 
Ether 76 1 
CCI4 152-3 
CHCI3 114-5 

CS2 73-4 
SnCU 252-4 
C2H5CI 63 -5 
CfiHg 79-2 

C6H5F 99 C2H5OH 51 -6 (46) 
NH3 19-2 H2O25-I (18) 
CH3COOH 80-6 (60) 
CH3OH 45-8 (32) 

Except in the last four cases (normal molar wts. in brackets), known on 
other grounds to be associated, the agreement is good. Herz ^ found satis¬ 
factory agreement at moderately high temperatures for both normal and asso¬ 
ciated liquids. Kam ^ supposed that the critical density is two-thirds of the 
density of an ideal gas exerting the pressure at the temperature but this 
does not agree with Berthelot’s results. 

Substitution of Guldberg’s relation (§ 7), TJT,=0-67 in Berthelot’s equation 
gives M=\l'4pijTJpX2--0-67)=^9pi,TJp,, Schuster ^ modified Berthelot’s 
equation to: 

M= CpTJpXl - V(1 -&W, 

where d‘=TlTc and C, a constant, is approximately 2x114. With Guye’s 
equationRj^=\-%TJPc, where i?£=molar refractivity=(n2—i)A//(n2+2)/3, 
Berthelot’s equation gives ^ M—5p^Ri^, or Mlp^=V^ (molar vol. at b.p.)=5i?j,. 
This holds approximately for simple aliphatic compounds but not for halogen 
substitution products or aromatic, heterocyclic, and inorganic compounds. 

Ethyl 
formate 

Amyl 
acetate 

Octane 
Ethyl 
ether 

Ethyl 
iodide 

Chloro¬ 
form 

Aniline ecu CS2 

Mjpb 
5Rl 

84-7 
90-05 

175-0 
181-0 

186-6 
195-8 

106-4 
112-6 

86-1 
121-5 

83-4 
107-0 

106-4 
152-9 

103-7 
132-6 

62-1 
105-9 

Schaposchnikow * proposed p—np'+b, where p and p' are the densities of 
two liquids at temperatures equidistant from the critical points, (T^—T)= 
(T/—T'), and n and b are constants. 

§ 11. Empirical Equations for Critical Pressures and Relations among 
Critical Constants 

A few equations for the critical pressure are available, but in many cases this 
appears in equations which also contain the critical temperature or the critical 
volume, or both (notably in the form pp^JT^- Since and can be found 
by independent equations, as explained above, any equations containing them 
along with p^ are really means of determining the last. 

> Z. Elektrochem., 1923,29, 394; Timmermans, Bull. Soc. Chim. Belg., 1923,32, 299, found 
deviations. 

2 Phil. Mag., 1916, 31. 22. 
3 Ber., 1925,58,2183;Z. anorg. Chem., 1925,146,299; Z. Elektrochem., 1926,32,46,155. 
* Compt. Rend., 1890,110, 141; 1894,119, 852; Ann. Chim., 1890, 21, 206, 211; Arch. Sci. 

Phys. Nat., 1890,23,197, 204; 1894, 31, 38; Z.phys. Chem., 1890,6, 372. 
5 Herz, Z. phys. Chem., 1922,101, 54. 
« Z. phys. Chem., 1905, 51, 542. 



§11 EMPIRICAL EQUATIONS FOR CRITICAL PRESSURES 653 

Walden i gave an empirical formula PcV^IT),= \l-A6 (p, in atm., Fj=molar 
volume at the abs. b.p. T^, and also p^=6-5aJlog T^—0-0\lT^, where is 
the surface tension at the b.p. 

Natanson^ proposed (p^ in atm.) p^=0-QA^pJT,\ Ferguson and Kennedy^ 
pT=0-7?,04Mjpc (p=density at temperature T); Lautie'* PcVJ{Tc—T^)=24, 
OTPcMJ(T,-T^)Pi, and: s 

xp,vJT,={25-2+4-06n X 10-'‘r/)/(l + 1 -925 X IQ-sj^Z) 

where x is the association factor at the critical point. For many liquids x= 1; 
for water it is 14. Lautie and Arti^res^ found that the “critical product” 

of a series of normal halogen compounds is a linear function of that of the 
corresponding inert gases. Partington proposed the formula (p^ atm.): 

72=0-642+0‘00116/?,+0-04399/?,2, 

where n is the exponent in the formula for the viscosity of a gas, 7] j^r]Q(Tin3y. 
Schuster ® gave the formula: 

+0*038V7;)/(l+0*038 

which gives fairly good results in some cases, but not in others, and he repre¬ 
sented the critical volume as the sum of contributions of the atoms in the 
molecule. Jatkar and Lakshminarayanan ^ found p^=20-&TJ(y^S). 

According to Guye the critical coefficient K=^TJPc is related to the molar 
refractivity j+2\ where «=refractive index extrapolated 
to A=oo by Cauchy’s equation, by the equation Ar=JR^/l*8, therefore 

For a compound, K is the sum of the values for the separate 
atoms, augmented in some cases by coefficients depending on the mode of 
linkage: C 1*35, H 0*57, 0 0*87, O" 1*27, Cl 3*27, Br 4*83; 7^6*88, 7=1*03. 

Dutoit and Friderich gave the formulae where 
o'^=surface tension, K^„=molar volume, at the b.p. T^, (abs.); and 
{TJMv)[\3-?i+{Mvl\00)], {p^ atm.), and the first equation was tested by Guye 
and Baud.^2 

Boutaric proposed the equation TJp^=0-in6Mlpf, (p^==density at b.p. 
in g./ml., Pc in atm.), and since Lorenz found pjpc=2'66, this gives TJp^^ 
0*04421A7/p^. Herz modified Boutaric’s equation to M=22-62TcpJpc- 
He started with the equation M=AKpc, where K=TJpc (atm.), and, 
since y4=21*55 to 21*86, he put it equal to Trouton’s coefficient MIJT^=22. 
Thus l^=PcTJTcPc, and since therefore lc—^’^(>PclPr 

1 Z.phvs. Chem., 1909, 66, 385. 
2 J.dePhys., 1895, 4, 219. 

Trans. Faraday Soc., 1935, 31, 1000. 
4 Compt. Rend., 1934, 199, 932; 1935, 200, 455. 
5 Bull. Soc. Chim., 1936, 3, 1136. 
« Bull. Soc. Chim., 1937, 4, 664. 
7 Trans. Faraday Soc., 1922, 17, 734. 
8 Z. Elektrochem., 1926, 32, 46, 155, 191. 
9 /. Indian Inst. Set, 1946, 28 A, 1. 

10 J. de Phys., 1890, 9, 312; Ann. Chim., 1890, 21, 2! 1; Guye and Friderich, Arch. Sci. Phys. 
Nat., 1900,9, 505. 

11 Arch. Sci. Phys. Nat., 1898, 5, 574; 1900, 9, 105. 
12 Arch. Sci. Phys. Nat., 1901, 11, 449, 537. 
13 Compt. Rend., 1912,155,1080. 
14 Z. anorg. Chem., 1916, 94, 240; Herz, ibid., 1921, 116, 250; Lorenz and Herz, ibid., 1921, 

116, 103. 
15 Z. Elektrochem., 1920, 26, 109; Z. anorg. Chem., 1921, 116, 250. 
1^ Z. Elektrochem., 1919, 25, 323. 
17 Prud’homme, J. Chim. Phys., 1913, 11, 589. 
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substituting pi,/p,=2-66, from Lorenz,^ in Boutaric’s equation he found 
TJp,=0-m6MI2-66p„ therefore M=22-62T,pJp,. 

The integrated Clapeyron-Clausius equation (see §7,VI11 L, Vol. II) gives: 

M4=2 •303/?;=r^ log ^=4-606r?^ log 
1 j p J If I p 

and with U=P(TJT,Pc this gives: 

^p,/7;ft=4-606j^log^^ 

With if=82*07 ml. atm./T, the average value (§ 20.VI1 C) of RT^pJMp^ is 3*63, 
hence M=^22'62TpJp^ approximately, as given by Boutaric's equation. 
Prud’homme ^ gave the same formula. 

Van der Waals’s equation gives v^=^^RTJp^, hence v^pJTf. should be con¬ 
stant for normal substances and equal to 0*0393. Herz’s equation h—PcTJTcpc 

then gives ^ l^=0'0^93lp,.v^, Avhere z;^=critical volume/ and Trouton’s rule, 
Af/e/r^=21, gives 0*6393M/p,z;,c=!21. 

Prud’homme ^ gave the formula (J’f—r^)/?/=const., where « is a constant. 
A formula proposed by Mathias/ p^=a+bl{n+3), where a and b are constants 
and n is the number of carbon atoms in the molecule in homologous series, was 
not confirmed by Berthoud.'^ 

Fielding * found for inorganic compounds r^=l*7147i,+3*3 and {T^—X)l\/p^ 
=const., where A" is a constant for different groups of substances, and 
(r^+236*9)/\/Pc==70*9 for elements, but these equations were not confirmed by 
Moles.^ Since van der Waals’s equation (§7.VIIC) givesrf/v^Pc=8V^/V(27if), 
Fielding’s equation A")/V/7^=const.=Ar implies an approximate 
constancy of 'y/a, G. G. Longinescu^^ found F//>^\/«=450, where A?=number 
of atoms in the molecule, and a theoretical interpretation was given by 
I. N. Longinescu.^2 Herz found TJnp^^0'90, TJZp=0’^, vJZ=0’00044, 
lOOOv^^TJPc (Pc atm., z;^=fraction of ideal gas volume at S.T.P.), where 
Z is the sum of the valencies. For compounds free from nitrogen, Jorissen 
found /2=193M2/F/p/„ and with TJT^c:^j-y this gives n=434M^ITc^Pf,. 

Mathias pointed out relations between the critical constants and molar 
weights M in homologous series; Bulatow,^^ for aliphatic esters, found 

^ Z. anorg. Chem., 1916, 94, 240. 
2 Bull. Soc. Chim., 1922, 31, 295; 1926, 39, 145. 
3 Herz, Z. Elektrochem., 1920, 27, 26. 
4 In all these equations Vc is the fraction of the ideal gas volume at S.T.P. as unit, pc is 

in atm., and pc in g./ml. 
5 J. Chim. Phys., 1920, 18, 94. 
6 Compt. Rend., 1893, 117, 1082. 
7 J, Chim. Phys., 1917, 15, 3. 
8 Chem. News, 1918,117, 379 (tables of data). 
9 /. Chim. Phys., 1919, 17, 415. 

10 Friend, Chem. News, 1921, 129, 219. 
n /, Chim. Phys., 1903, 1, 259. 
12 /. Chim. Phys., 1929, 26, 314; Barbulescu, Bui. Soc. Stiinte Cluj, 1936, 8, 462; Brit. Chem. 

Abstr., mi, A 1, 230; J. Chim. Phys., 1938, 35, 27. 
13 Z. anorg. Chem., 1920, 109, 293; 1920, 111, 52; 1920, 114, 153; Z. Elektrochem., 1921, 

27, 373. 
14 /. Chim. Phys., 1920, 18, 25. 
13 Compt. Rend., 1893,117, 1082; “ Le Point Critique des Corps purs,” 1904,161. 
16 J. Russ. Phys. Chem. Soc., 1899, 31, 69 (P); Ann. Phys. BeibL, 1899, 23, 754 (Unit of 

«;f=ideal gas volume at S.T.P.). 
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«;f=0*000178M-~0-0034, and MerckeP found for normal 
paraffins (C„H2„f2) log—0*346 log [(«+2)2—(rt+2) + I]+2*0747. 

Herz 2 pointed out that increases but decreases, with increase in the 
number of carbon atoms in homologous series. For compounds of C, H, O, 
and N (but not those containing sulphur or halogens) T,lp^ divided by the 
number of valencies (C=4, N=3, 0=2, H= 1) is constant and is approximately 
0*44, but is larger for associated compounds, and slightly larger for many 
aliphatic compounds. The quotient by the number of atoms in the molecule 
is not constant. For aromatic compounds better results are found if the 
valency of carbon is taken as 3, in agreement with modern ideas of the structure 
of graphite, from which they are derived. The constant is then 0*49 for both 
aliphatic and aromatic compounds.^ 

Telang^ foundp^ (cm. lr{g)==125lTJ[P], where [F] is the parachor (see p. 648), 
and Syrkin5 /x=3*58x 10-2V(2;^.)=1*66x 10-207^/^^^^3-82x 10-20^(7;^^) 

(p, atm.), where /x=dipole moment. Some ill-defined relations between the 
critical constants and the electronic structures of atoms and molecules have 
been proposed.The construction of a critical pressure chart described by 
Hooks and Kerze 2 was based on the equation proposed by Meissner and 
Redding,^ p^ being found from and with calculated from the critical 
parachor. 

Batschinski ^ proposed for the critical temperature (or, as he calls it, meta- 
critical temperature, since the liquid may contain molecules of different com¬ 
plexity) the formula 7^=16*3l(?]r^)2/2/p^L7^ where r;=viscosity, the product 

being constant for normal liquids, supposed to be a sensitive indication of 
association. This does not hold for associated liquids, when must be 
replaced by a “ metacritical ” variable temperature T/, which is calculated 
from the above formula. He calculated the degree of association x from a 
modified Ramsay and Shields’ formula, cr(xMz^)2'3=2'12(7’/—T—6), where 
cr=surface tension, and found values of x much higher than those calculated by 
Ramsay and Shields. According to Stakhorsky^^ the metacritical temperature 
is given by 7’'=r/[l—(0*17/ar)], where a is the coefficient of expansion of 
the liquid at T'" K. Grunberg and Nissan found for normal paraffins 

where K is a universal constant. 

§ 12. Critical Temperatures of Solutions 

The critical temperature of a liquid mixture was represented by Strauss ^2 by 
the equation: 

/c=K+(100-a)y/100.(1) 

where t^^ and t^^ are the critical temperatures of the components and a the 

1 Proc. K. Akad. Wetens. Amsterdam, 1937, 40, 164; another formula for pc is given by 
Pedrero, An. Fis, Quim., 1936, 34, 173. 

2 Z. anorg. Chem., 1920, 109, 293. 
3 Z. anorg. Chem., 1920, 114, 153. 
4 J. Indian Chem. Soc., 1942, 19, 366. 
5 Z. anorg. Chem., 1928,174, 47. 
6 Woolsey, y..4.C5., 1937, 59, 1577. 
7 Chem. Eng., 1946, 53, No. 11, 163. 
8 Ind. Eng. Chem., 1942, 34, 521. 
^ Z.phys. Chem., 1902,40, 629; 1911, 65, 665; 1913, 82, 86, 90; Tyrer, ibid., 1912, 80, 50. 

Ukrain. Chem. J., 1928, 3, Sci. Pt. 457. 
11 Nature, 1948, 161, 170. 
12 J. Russ. Phys. Chem. Soc., 1880, 12, 207 (P); 1882, 14, 510 (P); /. de Phys., 1880, 10, 420 

(alcohol and ether); Ann. Phys. Beibl., 1882, 6, 282; 1883, 7, 676. 
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percentage of the first component. The rule was found by Pawlewski ^ (Pav- 
levsky) and others ^ to hold fairly well in many cases (also for several com¬ 
ponents), although some exceptions occur,^ the observed values being both 
higher and lower than the calculated. 

Percentages tc obs. tc calc. 

Alcohol Ether 
0 100 193*5 — 

22*83 77-17 200-4 204-5 
45*67 54-33 212-1 215*7 
52*97 47 03 216-2 219-1 

100 0 241-9 — 

Benzene Ether 
100 0 296-4 — 

47-26 52-74 242-3 242-1 
3604 63-96 231-4 230*6 
28*36 71-64 i 224-5 223*7 
14-23 85-77 209-9 208*1 
0 100 193*5 — 

Ether Acetone 
0 100 234*4 — 

6-6 93*4 230*1 231-6 
14*1 85-9 227-3 228*4 
30*7 69*3 218-4 221-3 

100 0 
1 

191-8 — 

If some experiments by Cailletet and Hautefeuille ^ are correct, the critical 
temperature of some gas mixtures can lie outside the interval between those of 
the components. Dewar ^ found the critical temperature for a mixture of 
carbon monoxide and acetylene lower than that of either constituent, and the 
same was found for nitrous oxide and ethane by Kuenen.^ 

The Strauss-Pawlewski rule probably holds with close approximation in those 
cases where no change in molecular complexity occurs in mixing; ^ an examina- 

J Kosmos (Lwow), 1881, 6, 498; 1882, 7, 1; Ber., 1882,15, 460, 2460; 1890, 23, 3752. 
2 Ramsay, Proc, Roy. Soc., 1880, 31, 194; Blumcke, Z.phys. Chem., 1890, 6, 153; 1891, 8, 

554; 1892, 9, 78; Gilbaut, ibid., 1897, 24, 410; Schmidt, Ann., 1891, 266, 266; Pictet, Compt. 
Rend., 1895,120, 64; Dwelshauers-Dery, Bull. Acad. Roy. Belg., 1895, 29, 111', Levi-Bianchini, 
Atti R. Accad. Lincei, 1904, 13, ii, 174; Friedrichs, J.A.C.S., 1913, 35, 1866; Z. anorg. Chem., 
1913, 84, 373; Kurata and Katz, Trans. Amer. Inst. Chem. Eng., 1942, 38, 995 (hydrocarbon 
mixtures); Klinkenberg, Chem. Weekbl., 1947,43,816. 

3 Ansdell, Proc. Roy. Soc., 1882, 34, 113; Gahtzine, Ann. Phys., 1890, 41, 588; Kuenen, 
Z.phys. Chem., 1893, 11, 38; 1897, 24, 667; 1901, 37, 485; Phil. Mag., 1902, 4, 116; Quint, 
Phys. Z., 1899, 1, 65; Ferreto, Gazz., 1900, 30, i, 296; van Laar, Chem. WeekbL, 1905, 2, 223; 
Proc. K. Akad. Wetens. Amsterdam, 1905, 8, 33, 144, 699; Centnerszwer and Zoppi, Z. phys. 
Chem., 1906, 54, 689; Centnerszwer, ibid., 1907, 61, 356; Wilip, Acta Comment. Univ. 
Dorpatensis, 1924, 6 A, No. 2; Booth and Willson, J.A.C.S., 1935, 57, 2280 (A and BF3); 
Wiebe and Gaddy, J.A.C.S., 1937, 59, 1984 (H2+NH3); Mayfield, Ind. Eng. Chem., 1942, 
34, 843 (hydrocarbons); Diepen and Scheffer, J.A.C.S., 1948, 70, 4081, 4085. 

^ Compt. Rend., 1881, 92, 901; cf. Galitzine, he. cit,; Ansdell’s experiments with CO2 and 
HCl did not agree with it. 

5 Proc. Roy. Soc., 1880, 30, 538. 

6 Arch. Neerl., 1893, 26, 354; Phil. Mag., 1895, 40, 173; 1897, 44, 174; 1902,4,116. 
7 Young, “Stoichiometry,” 1918, 269; Galitzine, Ann. Phys., 1890, 41, 588, thought it 

held better for liquids than for gases. 
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tion of the results from this point of view would be interesting, especially a 
comparison with vapour-pressure data. It should be noted, however, that the 
critical phenomena for mixtures are more complicated than those of pure sub¬ 
stances, and that a mixture has, in theory, no single critical temperature but 
generally two (see reference 3 on p. 658). The critical temperatures of oxygen 
and nitrogen, for example, are —118° and —146°, respectively, and the 
calculated critical temperature of air is -140*8°. Although, in theory, air 
has no single critical temperature, the observed value is between —140° and 
-141°. 

Merzlin ^ thought the Strauss-Pawlewski rule was a limiting form; a theory 
based on Stakhorsky’s ^ surface-tension equation for mixtures indicated that the 
critical temperature-composition curve may not be straight, as the rule predicts, 
but convex or concave to the composition axis. 

The critical pressures of mixtures have been investigated.^ The increase in 
critical pressure is proportional to concentration, the relative lowering of 
vapour-pressure is zero at the critical point, and the critical part of the boundary 
curve is given by where p^, /q refer to the solvent and A is 
the quotient of the molecular elevation of critical pressure and the molecular 
elevation of critical temperature. 

Hannay and Hogarth ^ found that several solutions (KI, KBr, CaCl2 in 
alcohol; FeCl3 in ether; S in CS2) remained homogeneous above the critical 
temperature of the solvent. No change of colour of a solution of cobalt 
chloride in alcohol could be observed on passing through the critical point. 
Thus, sparingly volatile solids are soluble in gases. Cailletet and 
Colardeau ^ found that iodine is soluble in liquid CO2 and in the vapour 
above the critical temperature, and similar results were found by other 
experimenters. 

Investigations by Centnerszwer,^ and Tyrer,'^ on the same subject gave the 
following results. Centnerszwer found that the critical temperature depends 
on the mode of filling of the tube, that the solutes raised the critical temperature 
of the solvent in proportion to the concentration, and the “ molecular elevation 
of critical temperature ” was independent of the solute but depended on the 
solvent. The critical temperature falls with increasing filling of the tube, 

1 /. Gen, Chem, U.S.S.R., 1935, 5, 1073. 
2 Z. Elektrochem,, 1928, 34, 111; 1929, 35, 185; see § 19.VTII G, Vol. II. 
3 Zawidski and Centnerszwer, Ann, Phys., 1905, 19, 426; Centnerszwer and Pakalneet 

Z. phys. Chem,, 1906, 55, 303; Centnerszwer and Kalnin, ibid., 1907, 60, 441. 
4 Proc, Roy, Soc., 1879, 29, 324; 1880, 30, 178, 484; Chem, News, 1879, 40, 256; 1880, 41, 

103. 
5 Compt. Rend., 1889, 108, 1280; Ann. Chim., 1889, 18, 269; cf. Ramsay, Proc. Roy. Soc., 

1880, 30, 323; Phil, Mag., 1883, 16, 118; Cailletet and Hautefeuille, Compt. Rend., 1881, 92, 
840; Jamin, ibid., 1883, 96, 1448; 1883, 97, 10; Villard, ibid., 1895, 120, 182; /. dc Phys., 
1894,3,441; 1896,5,453; Ann. Chim., 1897,11,2S9;Z.phys. Chem., 1897,23,373; Chem. News, 
1898, 78, 297, 309; Schiller, Ann. Phys., 1894, 53, 396; 1897, 60, 755; Pictet, Compt. Rend., 
1895, 120, 43, 64; Pictet and Altschul, Z. phys, Chem., 1895, 16, 26; Altschul, Z. kompr. 
Case, 1898, 1, 207; Seitz, ibid., 1899, 2, 75; Levi-Bianchini, Atti R, Accad. Lincei, 1904, 13, 
ii, 174; Bertrand and Lecarme, Compt. Rend., 1905, 141, 320; Raveau, ibid., 1905, 141, 348; 
Friedrichs, Z. anorg. Chem., 1913, 84, 373; Rassow, Dissert., Berlin, 1920; Z. anorg. Chem., 
1920, 114, 117. 

6 Z.phys, Chem., 1903, 46, 427; 1907, 61, 356; 1909, 69, 81; Centnerszwer and Zoppi, ibid., 
1906, 54, 688; Centnerszwer and Kalnin, ibid., 1907, 60, 441; Centnerszwer and Tetelow, Z. 
Elektrochem., 1903, 9, 799; Swietoslawski and Pieszczek, Bull. Acad. Polon., 1937 A, 72; 
Holder and Maass, Canad, J. Res., 1940,18 B, 293; Walton and Thomas, Nature, 1947, 157, 
232. 

7 J.C.S., 1910, 97, 621. 
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whilst with the pure solvent it reaches a maximum. The results agreed with 
Caubet’s theory ^ of binary mixtures. 

Tyrer found that the solubility in the vapour is a function of the concentra¬ 
tion of the solvent, decreasing considerably when the meniscus disappears, 
and appreciably just below the critical temperature, when the coeflScient of 
expansion increases. The solubility in the vapour decreases with rise of 
temperature, when complexes with the solvent are presumably broken down. 

Schroer ^ found that the gas phase contains very little salt when the critical 
point is reached unless the material is well stirred. The relation between the 
elevation of critical temperature and molar concentration x was found to be 
Jrf=x^^'*+const,, where « is a constant. The temperature-density curve is 
discontinuous and shows a part independent of density, so that there is a critical 
zone rather than a critical point. 

§ 13. Liquefaction of Gas Mixtures 

The phenomena observed in the liquefaction of a mixture of two gases ^ by 
pressure are much more complicated than those for a single gas. A mixture of 

1 vol. of air and 9 vols. of carbon dioxide 
at 2^" C. begins to liquefy at 72 atm. 
pressure, but at higher pressures at this 
temperature the liquid diminishes, and 
disappears again at 149 atm. pressure; 
liquid does not appear again however 
high the pressure is taken. On plotting 
the pressures for the appearance and dis¬ 
appearance of liquid against the tempera¬ 
ture the dew curve BKCA (Fig. 15.VI1 B) 
is obtained. For each temperature, e.g. 
Tj, below there are two pressures, 
Pi and Ply between which gas and liquid 
are present. At Tq there is only one 
phase and the point K corresponds with 
the critical point for a pure substance. 

Above To no condensation occurs at any pressure. 

1 Z.phys. Chem.y 1902, 40, 257. 
2 Z.phys. Chem.y 1927,129, 79; 1929,142, 365; Des Coudres, Ann. Phys., 1924, 73, 289. 
3 Andrews, Proc. Roy. Soc., 1875, 23, 514; Phil. Mag., 1876,1, 78 (C02-hN2); Phil. Trans., 

1887, 178, 45 (posthum. publ. by Stokes); Proc. Roy. Soc. Edin., 1899, 30, 1 (posthum. publ. 
by Knott); Cailletet, Compt. Rend., 1880, 90, 210; J. de Phys., 1880, 9, 192; Hautefeuille and 
Chappuis, Compt. Rend., 1880, 91, 815; Cailletet and Hautefeuille, ibid., 1881, 92, 901; Jamin, 
/. de Phys., 1883, 2, 389; Duhem, J. de Phys., 1888, 7, 198; Trav. et Mem. Fac. Lille, 1893, 3, 
Nos. 11, 12, 13; “ Traits de M^canique Chimique,” 1899, 4, 61; J. Phys. Chem., 1901, 5, 91; 
van der Waals, Z.phys. Chem., 1890, 5, 133; Arch, merl, 1891, 24,'l; 1897, 30, 266, 278; 
“ Continuitat,” Leipzig, 1900, 2, 112; Kuenen, Arch. Neerl., 1893, 26, 354; 1900, 5, 306; 
Z. phys. Chem., 1893, 11, 38; 1902, 41, 43; J. Phys. Chem., 1896-7, 1, 273; Phil. Mag., 1895, 
40, 173; 1897, 44, 174; 1902,4, 116; Z. kompr. Case, 1898, 1, 153; Villard, Ann. Chim., 
1897, 10, 387; VerschafFelt, Proc. K. Akad. Wetens. Amsterdam, 1898-^9, 1, 288, 323; Comm. 
Leiden, 45, 47; Arch. Neerl., 1900, 5, 644; Hartman, ibid., 1900, 5, 636; Proc. K. Akad. 
Wetens. Amsterdam, 1900-1, 3, 66; Comm. Leiden, 56; Caubet, Compt. Rend., 1900, 130, 
167, 828; 1900, 131, 108, 1200; 1901, 132, 128; Z.phys. Chem., 1901, 37, 639; 1902, 40, 257; 
1903, 41, 115; 1904, 49, 101; Saurel, J. Phys. Chem., 1901, 5, 179; Centnerszwer and Zoppi, 
Z.phys. Chem., 1906, 54, 689; Kuenen, “ Theorie der Verdampfung und Verfliissigung von 
Gemischen,” Leipzig, 1906, 59 f., 108, 216 f.; Bradley, Browne, and Hale, Phys. Rev.^ 1908, 
26, 470; 1908, 27, 90; Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1911, 2, ii, 652; Kuenen 

Fig. 15.VII B. Liquefaction Curve for 
Binary Mixture 
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If Tx corresponds with the maximum C on the curve, then below Tx normal 
condensation (liquefaction) occurs on raising the pressure. Between Tx and 

Fig. 16. VII B. Plait-Points in Liquefaction of a 
Binary Mixture 

Tq both normal and retro- 
grade condensation (disappear¬ 
ance of liquid with increased 
pressure) occur. AC is the 
boiling curve and above this 
the system is liquid. K is 
called a plait point. 

These phenomena occur 
only with certain mixtures, 
and with others outside this 
range the dew curves are nor¬ 
mal. In Fig. 16.VII B, DC 
and OC5 represent the curves 
for these limiting mixtures. 
The line joining the plait 
points C2, C3, C4 for various 
mixtures is the plait-point 

curve. The border curves (full and dotted) gradually narrow as they approach 
the normal vapour-pressure curves DC and OC5. 

At the plait point the plait point curve seems to form a double cusp of the 

Fig. 17. VII B. Three-dimensional Representation of Liquefaction 
Curves for a Binary Mixture 

second species (§ 59.1). Whether AC3K3B really forms a continuous curve so 
that CC5 is a tangent to it at C3, or separate lines forming a spinode or cusp 
with CC5 at C3, has been discussed. 

and Clark, Proc, K. Akad, Wetens, Amsterdam., 1917, 19, 1088 {Comm, Leiden^ 150^); Kuenen, 
Verschoyle, and Van Urk, ibid,, 1922, 26, 49 {Comm. Leiden, 161); Booth and Carter, J. Fhys, 
Chim., 1930, 34, 2801 (bibl.); BoSnjakovi^, “ Technische Thermodynamik,” II Teil, Dresden 
and Leipzig, 1937; Olds, Sage, and Lacy, Ind. Eng, Chem., 1942,34,1008 (CH4+/-C4H10). 
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The phenomena should be represented in a three-dimensional (/?, v, T) diagram 
(Fig. 17.VII B). The vapour pressures for a given temperature are shown by 
the curves aw/, pg^ etc., and on mn liquefaction begins at /i, on pg at the higher 
pressure g. To the right of ngrs is gas, to the left liquid. If light fell on the 
figure in the direction vO it would cast a shadow on the pOT plane which 
would be the vapour-pressure curve^ and the lowest temperature for which the 
pressure-volume curve ut is not cut by ngrs is the critical temperature. 

Some results by Caubet for mixtures of sulphur dioxide and carbon dioxide 
are given in the table. The sign * denotes the first dew point point de rosee)y 

the second dew point (2*^ point de rosee). 

o
 O

 IT 74-2° 

p atm. vol. of liq. P atm. vol. of liq. p atm. vol. of liq. 
61 0 0 60-0 0 75-0 0 
66*2 * 700 * 78-2 
69-4 0066 74*5 0-066 80-6 0-066 
77-0 0-164 84-8 0-164 83-4 0-099 
83-4 0*250 87*8 0-184 86-2 0-066 
87-8 0-428 89-6 0-099 88-0 
89-6 0-263 89-8 93 0 0 
900 , ♦♦ 95-6 0 105-0 0 
91 0 0 105-0 0 

— 

— 

1050 0 1 — — 

C. PRESSURE-VOLUME-TEMPERATURE RELATIONS OF 

GASES. CHARACTERISTIC EQUATIONS 

§ 1. Van der Waals’s Equation 

So far, consideration has mostly been given to so-called ideal (or perfect) 
gases, the molecules of which are assumed to be very small compared with the 
volume of the gas, and between the molecules of which there are supposed to be 
no forces of attraction and repulsion. The behaviour of such a gas is repre¬ 
sented by the equation (§ 21.VII A): 

/7F=lfr.(1) 

When a gas below its critical temperature is compressed, it is reduced to a liquid, 
the volume of which, although much smaller than that of the gas, is finite. Since 
the liquid volume changes only slightly for a large increase in pressure, it may be 
assumed that the molecules in the liquid are fairly closely packed and exert 
large repulsive forces when an attempt is made to bring them closer together. 
The liquefaction shows that there must also be attractive forces between the 
molecules, which increase as the volume of the gas (i.e. the distance between its 
molecules) is reduced. 

The very small compressibility of the liquid might be explained by assuming 
that the molecules are hard elastic spheres, the repulsive force not being opera¬ 
tive until the molecules are in contact, and as a first approximation it may be 
postulated that: (i) the molecules in the gas occupy a small but finite fraction of 
the total volume, and (ii) there are forces of attraction between the molecules 
which increase when the distance between them is reduced, i.e. when the volume 
of the gas is decreased. 
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The effect of the volume occupied by the molecules in increasing the pressure 
was recognised by Bernoulli ^ in 1738, in his deduction of Boyle’s law from the 
kinetic theory (§ l.III). Rankine ^ in 1854 proposed an equation equivalent to: 

{p+alV^T)V=-RT.(2) 

and Recknagel ^ in 1871 attempted to allow for molecular attraction by assuming 
that each molecular encounter leads to a temporary retardation of rectilinear 
motion, and the collision rate on the walls is reduced in proportion to the 
density; he thus found the equation: 

pV=^RT(l-BIV).(3) 

where B is a function of temperature. 
Clausius ^ in 1857 correctly pointed out the two causes for the deviation 

from Boyle’s law, but did not represent them by an equation. This was done 
by Him ^ in 1863, who proposed the equation: 

p(V-^)=RT .(4) 

in which he (incorrectly) supposed the constant ip {co-volume) was equal to the 
“ sum of the volumes of all the atoms ” (it is a small multiple of this). Him 
also assumed that the molecules attract one another and that this is equivalent 
to the addition of a term r, “ the sum of the internal actions,” to the external 
pressure: 

(/^+r)(F~0)=i?r.(5) 

He supposed that r is an inverse volume function, decreasing rapidly when the 
volume increases. 

None of these early attempts to correct the ideal gas equation gave results of 
importance. Starting from the same assumptions, J. D. van der Waals^ in 
1873, in what Clausius called “ a very interesting paper,” deduced the famous 
equation for an imperfect gas: 

(p+alV^){V^b)=^RT.(6) 

1 “ Hydrodynamica,” Strasburg, 1738, 200 f; Du Bois Reymond, Am, Phys,, 1859, 107, 
490; this was emphasised again by Lomonossov, Novi Comment, Acad. Petropol.^ 1747-8, 
I, 230, 307 (publ. in 1750); Ostwald’s Klassiker, 1910,178; Smith,/./4.C.5., 1912, 34, 109. 

2 Note to paper by Joule and Thomson, Phil. Trans,^ 1854,144, 336; cf. ibid., 1862,152, 579. 
3 Ann. Phys., 1871, Ergdnzbd. 5, 563; 1872, 145, 469; see Clausius, ibid., 1880, 9, 337; 

J. J. Thomson, “ Watts* Dictionary of Chemistry,” edit. Morley and Muir, 1890, 1, 88: “ the 
collision between two molecules of a gas is the formation and breaking up of a molecular 
aggregation ... the time which elapses between the successive aggregations is much smaller 
in the case of a gas than in that of the liquid or solid.” 

4 Am. Phys., 1857, 100, 353; 1880, 9, 337. 
5 Cosmos (Paris), 1863, 22, 283, 413; a ” separate ” of Hirn’s paper is bound in at the end 

of the second volume of his ” Thcorie Mecaniquc de la Chaleur,” with a separate title-page 
dated Paris, 1863, and with the statement ” Extrait du Cosmos,” in the Cambridge University 
Library copy. The equation is dealt with on pp. 39 f., especially p. 49, of the reprint. The 
actual equation given is (R-HP)(F—0)=^. See also Him, Ann. Chim., 1867, 10, 32; 1867, 
11, 5; Dupre, ibid., 1864, 3, 76; Roth, Ann. Phys., 1880, 11, 1; Moutier, Compt. Rend., 1867, 
64, 653; 1868, 66, 344, 606; Phil. Mag., 1868, 35, 466 (relation of r to composition); Budde, 
J.prakt. Chem., 1874, 9, 30. 

6 “ Over de continuiteit van den gas- en vloeistoftoestand ” (on the continuity of the gaseous 
and liquid state). Dissert., Leiden, 1873; “Die Continuitat des gasformigen und fliissigen 
Zustandes,” transl. Roth, Leipzig, 1881; Engl, transl. Threlfall and Adair, Physical Memoirs 
(Phys. Soc., Taylor and Francis), 1890,1, iii, 333; 2nd enlarged German edit., 2 vols., Leipzig, 
1899-19(X); “ La Continuity des £tats gazeux et liquide,” transl. Dommer and Pomey, Paris, 
1896; Kuenen, “Die Zustandsgleichung der Gase und Flussigkeiten,’* Bmnswick, 1907; 
“Die Eigraschafte der Gase,” 1919; van der Waals, “Die Zustandsgleichung,** Nobel 
lecture, Leipzig, 1911; “ Wciteres zur Zustandsgleichung,” Leipzig, 1913; the best account of 
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where a and b are constants taking account of the molecular attractions and the 
finite size of the molecules, respectively. (Actually, he wrote {p+alv'^){v—b)=^ 
(1+^)(1—i)(l+aO: see § 3). The main interest of the investigation (as the 
title of the Dissertation shows) was not so much to find an equation representing 
the behaviour of imperfect gases as one which includes a description of critical 
phenomena. 

Van der Waals amplified Hirn’s equation (5) by showing that (i) \fj is probably 
four times the volume occupied by the molecules, and (ii) r is inversely propor¬ 
tional to the square of the volume, r=^alV\ where a is a constant. This form 
agrees with an attractive force inversely proportional to the fourth power of the 
distance (as proposed by Sutherland.)^ For, the internal work of expansion is 
J(a/F^)dF= ~<2/F+const. = — u'/r^+const., where r is here the average distance 
between the molecules, and this is equal to the increase in potential energy W, 
But the force is equal to — dB^/d/*=3a7/'l 

The most important features of van der Waals’s equation are (i) that it 
applies also to the liquid state, with the same constants a and b, and (ii) that it 
gives an account of the critical point. It is, however, only an approximate 
equation, and, as van der Waals himself pointed out, it deviates more and more 
from the experimental results as the pressure increases. In spite of its defects 
it was a very great advance ^ in the theory of gases, and still has a very important 
practical value. For quick and reasonably accurate orientation in situations 
where experimental data are lacking, and in giving a qualitative survey of the 
main properties of gases and liquids, the equation is indispensable, and is likely 
to remain so. Whether or not it gives a correct picture of the forces acting in a 
gas is quite another matter, which will receive attention later.^ 

§ 2. Deduction of van der Waals's Equation 
The deduction of the equation on a statical basis is simple.^ Molecules with 

a finite diameter occupy part of the space available for translatory motion, and 
hence collide more often with the walls of a container than if they were mere 

the equation is given by Onnes and Keesom, Die Zustandsgleichung, Comm. Leiden, 1912, 11, 
Suppl. 23, reproducing “ EnzykI. d. math. Wiss.,” 1912, 5, i, Heft 5, pp. 615-945; see Guye, 
Arch. Sci. Phys. Nat., 1889, 22, 540; Jeans, J.C.S., 1923, 123, 3398. 

1 Sutherland, Phil. Mag., 1886, 22, 81; Mellor, ibid., 1902, 3, 423; Chatley, Proc. Phys. Soc., 
1918, 30, 151; Porter, Trans. Faraday Soc., 1928, 24, 108; the criticism by Fowler, Phil. Mag., 
1922, 43, 785, that the law of variation only affects the form of a as a function of temperature 
had already been pointed out by Kleeman, ibid., 1912, 23, 656; correcting Tyrer, ibid., 1912, 
23, 101. 

2 According to Thiesen, Ann. Phys., 1897, 63, 329, van der Waals’s equation first became 
well known after the full abstract in Ann. Phys. Beibl., 1877, 1, 13-21. There is, however, a 
long critical account of it by Maxwell in Nature, 1874,10, 477. 

3 Although Keyes, J.A.C.S., 1929, 51, 3684, correctly says that the theory of real gases is 
“ a field where an extraordinary amount of illusory theory has been written,” it is also one in 
which the pure mathematician has probably produced less of practical value in proportion to 
his efforts than any other. A sensible survey of this field in relation to more modern theory is 
given by Keyes and Felsing, J.A.C.S., 1919,41,589. Smoluchowski (no mean mathematician), 
Ann. Phys., 1915, 48, 1098, considered that the ” intuitive ” method used by van der Waals 
and his school was often physically more correct than a purely mathematical method, and had 
the advantage of guarding against gross errors to which the latter was (and is) liable if followed 
without close relation to the physical results. Several recent mathematical papers have later 
been followed by admissions of error, and the non-mathematical reader may be deceived by a 
machinery of rigour which is illusory. 

^ Edser, “Heat for Advanced Students,” 1899, 307; Nemst, “Theoretical Chemistry,” 
1911, 208; Eucken, “ Lehrbuch der chemischen Physik,” 1930, 175; best of all, Boltzmann, 
“ Vorlesungen fiber Gastheorie,” 1898, 2, 1 f.; see the rather refined criticism by Fowler, 
“ Statistical Mechanics,” Cambridge, 1929, 200 (where other errors are introduced). 
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points. The pressure is thus greater than the ideal pressure. This could be 
achieved by keeping the pressure ideal but reducing the actual volume F to a 
smaller value (F—6), where 6 is a volume correction depending on the molecular 
size. 

A second effect, which makes the observed pressure smaller than the ideal 
pressure, is the attraction between the molecules. A molecule in the interior 
of the gas is pulled equally in all directions, but one on the surface experiences 
an unbalanced attraction towards the interior, which decreases its momentum 
on striking the wall, and hence lowers the pressure. The inward force on unit 
area of the surface will be proportional to the number of molecules per cm.^ on 
the surface of the gas, which is proportional to the density /o, and to the number 
of molecules per cm.^ in the body of the gas, which is also proportional to />; 
hence the cohesive attraction is proportional to the square of the density,^ and 
the net force per cm.2, or the pressure on the wall, is reduced from the ideal 
value to where is a constant. The pressure which the gas would 
exert in the ideal state is thus The product (p+ap^){V—h) will 
therefore correspond with the ideal product p^Vu, i.e. to RTjM, if unit mass 
of gas is taken and M=mol. wt. Since p^ljv (z;=specific vol.): 

{p+alv^){v-h)^RTIM. 

By suitable adjustment of the constants a and b, the equation will apply to 1 mol, 
when: 

{p+alV^)(y-b)^RT, 

A fuller deduction is achieved by some refinement of detail. The following 
deduction is based on that given by Boltzmann.^ It may be noted that for 
large values of F (small pressures) van der Waals’s equation passes into the 
ideal gas equation as a limiting case, since a/F^ and b are then negligible, and 
all characteristic equations for gases in normal conditions must have this 
property. They should also, if they are to take account of liquefaction, repro¬ 
duce the critical phenomena, and van der Waals’s equation does this at least 
semi-quantitatively. 

Consider a volume F of gas containing N spherical molecules of diameter a, 
and draw a sphere of radius a round the centre of each molecule. The minimum 
distance between the molecular centres is cr, so that the centre of any molecule A 
cannot lie inside the spheres surrounding any of the N—\ other molecules 
B, C, D . . . . The free space available to A is: 

F-f(A-l)7ra3c^F-fA77C73.(1) 

The probability of finding the centre of A in a specified volume element dF 
is equal to the ratio of dF to the total available space: 

dK/(F-fA77(73).(2) 

1 Bakker, J. Chim. Phys., 1906, 4, 67, states that Sarrau, in the French translation of van der 
Waals’s “ Continuity,” says this result is in works of Cauchy and Poisson. 

2 “ Gastheorie,” 1898, 2,1 f.; Jeans, ” Kinetic Theory of Gases,” 1940, 64, whose simplified 
treatment is followed here. Other deductions: Lorentz, Ann. Phys.y 1881, 12, 127; Galitzine, 
Z.phys. Chem.y 1889, 4, 417; JSger, Wien £er., 1896, 105, II A, 15; van der Waals, Proc. K. 
Akad. Wetens. Amsterdam, 1898, 1, 138,468; 1900-01, 3, 515, 571, Z.phys. Chem., 1899, 
30, 157; 1901, 38, 257; Lorentz, Verslag, K. Akad. Wetens. Amsterdam, 1901,9, 572; Happel, 
Phys. Z., 1909, 10, 687; Nabl, Wien Ber., 1911, 120, II A, 851; Wagner, Ann. Phys., 1914, 45, 
1169; Smoluchowski, ibid., 1915, 48,1098; Holm, ibid., 1916,51, 768 (bibl.); Shaha and Basu, 
Phil. Mag., 1918, 36, 199; Haag, Compt. Rend., 1923, 176, 372; Benumof, Amer. J. Phys., 
1948, 16, 249. It should be noted that van der Waals assumed no static forces between the 
gas molecules and the wall of the container; this was taken into account by Nabl. 
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A molecule moving normal to the wall collides with it if, at the beginning of a 
time interval dt within which it is supposed to undergo collision, its centre lies 
in a small volume udAdt, where u is the normal velocity and dA the element of 
surface of the wall on which collision occurs. This small volume is now iden¬ 
tified with dV, It may lie either inside or outside one of the A^—1 spheres of 
radius cj. 

Suppose that each sphere is divided into two hemispheres by a plane parallel 
to the wall of the container. The volume dl^ cannot be further than from 
the wall and, as it cannot lie inside one of the spheres if there is to be a collision, 
it must lie in the free volume F—f(A^—l)77a3c=:F—between the nearer 
hemispheres. The probability that it does so is: 

(F~|A7r(T3)/F .(3) 

and the probabifity of a collision within the interval dt is, from (2): 

AdF/(F-fA7ra3).(4) 

The total probability of a collision is the product of (3) and (4): 

(NdV/V)[(V-b)/(V^2b)].(5) 
where 

b^iNira^.(6) 

Since the total volume occupied by the molecules is ^N7r(aJ2y==^N7ra^, 
it follows from (6) that the constant b is equal to four times ^ this volume. 
Since b is small compared with F, the term (bjvy can be neglected, and hence 
by division of (5) the total probability of a collision is found to be: 

NdVHy-b).(7) 

If the molecules occupied no volume this expression would be AdF/F, so 
that the effect of the finite size of the molecules is to replace the volume F by 
(F—i), where b is four times the volume of the molecules. The effect of 
molecular size alone is taken into account in the equation: 

p{V-b)^RT or pVcrr^RTil+blV) ... . (8) 

The correction for intermolecular attraction was deduced by van der Waals 
by replacing the complicated molecular force field by a simple cohesional force, 
as in Laplace’s theory of liquids (see § 20.V1II G, Yol. II), which force is 
appreciable only over a very small distance. Each molecule is assumed to be 
surrounded by an imaginary sphere, outside which the molecules exert no 
appreciable force on the one at the centre. When the molecule is in the body of 
the gas, the other molecules fill this sphere of action equally in all directions 
and their effects thus cancel out, since every molecule has an equidistant partner 
on an axis of the sphere on the other side of the centre. When the molecule is 
as near the wall as possible, however, only the other molecules in the hemisphere 
resting on that side of the wall are acting, and their effect is equivalent to a force 

1 According to O. E. Meyer, “ Kinetic Theory of Gases,” 1899, 326,423, b is 4\/2 times the 
actual volume of the molecules; Jager, in Winkelmann, “ Handbuch der Physik,” 1906, 
3, 703; cf. van der Waals, Arch. NeerL, 1877,12,201,217; Verslag. K. Akad. Wetens. Amsterdam^ 
1898, 7, 160, 408, All; Z. phys. Chem., 1899, 30, 157 (abstr.); Proc. K, Akad. Wetens. Amster* 
dam^ 1913, 15, 903, 971, 1131; republished as “ Weiteres zur Zustandsgleichung,” Leipzig, 
1913; van Laar, Proc. K. Akad. Wetens. Amsterdam^ 1914, 16, 44, 808; 1914, 17, 451; “Die 
Zustandsgleichung von Gasen und Flussigkeiten,” Leipzig, 1924, 2. On the mean free path 
and the h correction, see Korteweg, Arch, Neerl.^ 1877, 12, 241, 254; Kohnstamm, Proc. K, 
Akad. Wetens. Amsterdam^ 1904, 6, 787, 794; /. Chim. Phys., 1905, 3, 161. 
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directed from the wall towards the interior of the gas, and at right angles to the 
wall, the force components parallel to the wall cancelling, since each has an 
equal and opposite partner. The whole effect is thus equivalent to a static 
inward pull on the layer of gas in contact with the wall, tending to drag it away, 
and hence reducing its pressure on the wall. This force will be proportional to 
the number of molecules pulled and to the number which pull on each one. 
Each of these is proportional to the density of the whole gas, and hence the 
inward force is proportional to the square of the density, or inversely propor¬ 
tional to the square of the volume of a given mass, i.e. to ajV^y where a is a 
constant. The actual pressure p on the wall is therefore smaller than the pres¬ 
sure which would be exerted if there were no molecular attraction, and the 
term ajV^ must be added to the actual (measured) pressure p to get a pressure 
corresponding with the ideal gas: 

Pi,^p+alV2.(10) 

This train of argument can be put into the form of multiple integrals without 
in any way increasing its precision or validity: as Boltzmann ^ said, it would be 
difficult, by the most subtle considerations, to find a better formula than that 
which van der Waals arrived at ‘‘ so to say, by inspiration.” 

The final equation is, therefore: 

(p+a/V2)iV^b)==RT.(11) 

or p+a/V^=^RT/iV-b).(11a) 

A deduction of van der Waals’s equation by statistical methods was given by 
Ornstein ^ and by Shaha and Basu.^ 

It could be expected that the deduction of van der Waals’s equation would be 
criticized; this happened at the time of its publication,^ and still continues. It is 
noteworthy, however, that the utility of the equation and the general truth of its 
physical bases have always been recognised by physical chemists and physicists 
of the first rank (Ostwald, van’t Hoff, Nernst, T. W. Richards, Rayleigh, 
Boltzmann, Jeans, etc.). The equation has led to more experimental research 
(in the properties of fluids) than any other generalisation put forward in the last 
century, and all the other characteristic equations which have any practical 
interest go back to the same foundations. 

It is shown later (§ 7) that b=vJ3 where z;^=critical volume, and if this is in 
cm.^ and Ni^no. of molecules per cm.^ (Loschmidt’s number), b=vJ3= 
4Ajr^(47r/3)(o-/2)^, from which the molecular diameter a can be calculated. This 
value will be somewhat different from the value ao, corresponding with the zero 
value of the potential-energy curve (§ 17.IV), which is found from the second 
virial coefficient on the assumption of resonance forces (§ 45), and also from the 
value corresponding with the distance for minimum potential energy for 
molecules in a crystal lattice. The latter is given, for cubic close-packing, by 
{A7Tl3){<jJiy^Q*lAVJN, where is the molar volume and N is Avogadro’s 

1 “ Gastheorie,” 1898, 2, 155. 
2 Proc» K. Akad, Wetens, Amsterdam^ 1912, 14, 853; Arch, Neerl,, 1914, 3, 179 (Gibbs 

statistics). 
3 Phil. Mag.f 1918, 36, 199 (from entropy and probability: S=k In IV-^C; § 5.IV); Wald- 

mann, Physica, 1937,4,1117; Hill, J. Chem. Educ., 1948,25, 347. 
4 See Maxwell, Nature, 1874,10,477; Tait, ibid., 1891,44,546,627; 1892,45,199 (criticism); 

defended by Rayleigh, ibid., 1891, 44, 499, 597; 1892, 45, 80; Korteweg, ibid., 1892, 45, 152, 
277; Kohnstamm,y. Chim. Phys., 1905,3, 161,170, 665; 1906,4,102; Metcalf, J. Phys. Chem., 
1915,19, 705. 
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number, 0-74 being the space-filling factor. It is found ^ that a<ao<a^. 
In A. (10'8 cm.): 

1 1 
1 i H2 ’ ! 

1 

O2 
1 

CO2 Cb CH4 1 CCI4 C6H6 

1=^0 ... i 2-5 1 2*6 1 2-8 1 3*2 ! 3-4 3-6 3*8 4*1 
rQ=^\oo ... 1 2*6 ' 3*5 3-2 3*7 i 

1 1 
— — 

••• 1 4*0 j 
1 ! 

4*0 
i 
1 

3-9 ! 
1 

4*1 1 3-7 4-2 5*4 <5*3 

Jabiczyftski ^ calculated the molecular radii of CO2, C2H4, O2, N2, CO, and 
H2 on the assumption that b is four times the actual volume of the molecules, 
and found results almost identical with those calculated by Sutherland from 
the viscosities (§ 5.VI1 F). On the assumption that, with diatomic gases, the 
two atoms rotate so rapidly that they fill the molecular sphere, the radii of the 
atoms O, N, and H were calculated as half the radii of the molecules O2, N2, 
and H2, and agreed with the X-ray values. The radius of the CO molecule was 
successfully calculated from the atomic radii. At very high pressures or low 
temperatures the molecular volumes decrease, even below the 6-values. 
Broughall ^ calculated the molecular diameter from a=(36)^^^/27rA^jr , where Nj^ 
was taken as 2-75x 10^^ at S.T.P. 

A more detailed deduction of van der Waals’s equation by the method sketched 
above leads to the equations: ^ 

pv^RT[\^^blv+\{blvy+ . , .]  (12) 

{p'{’alv^)v^RT[\+blv+oi^{blvy+^^^^^ . . .] . . (13) 

where a is assumed to be constant (as before), b is four times the volume of the 
molecules (assumed spherical), and a^, a2, . . are new constants: ai = 5/8 = 
0*625, and a2=0*2869. Equation (13) can be written: 

RT^{p+ajv'^)vj[\+blv+(Xi{blvy+oiL2{blvy+ . . .] 
c^(/?-ha/7;2)[2;~.6+(l-.ai)(62/z;)-l-(2ai-a2-l)(6V^^2)+ ^ ^ ] 

=(/?+fl^/z;2){^;~6[l-(I-ai)(6/t;)-(2ai-a2'~l)(6/t;)2+ . . .]} 

=(/7+diM^_^fc[l__.0.375(6/z;)+0*037(6/z;)2 (14) 

Hence in van der Waals’s equation b is replaced by: 

6'=6[l-0*375(6/z;)-l-0 037(6/z;)2].(15) 

Equation (14) gives better results above the critical temperature than the simple 
van der Waals equation. 

§ 3. Values of the van der Waals Constants a and b 

The values of the constants a and b depend on the nature of the gas and on the 
quantity of gas considered. ^ If unit volume of gas is taken as the volume in the 

1 Stuart, “ Molekiilstruktur,” 1934, 33; Kremann and Pestemer, “ Zusammenhange 
zwischen physikalischen Eigenschaften und chemischer Konstitution,” 1937, 26. 

2 Roczn, Chem., 1934, 14, 10. 
3 PhiL Mag., 1921, 41, 872. 
4 Jager, Wien Ber., 1896, 105, II A, 15, 97; Boltzmann, “ Vorlesungen iiber Gastheorie,” 

1898, 2, 170; Proc. K, Akad. Wetens, Amsterdam, 1899, 1, 398; van Laar, Proc, K. Akad, 
Wetens. Amsterdam, 1899,1, 273; van der Waals, jr., ibid., 1903,5, 487; Happel, Gott, Nachr., 
1905, 282; Ann. Phys., 1^6, 21, 342; van der Waals, Arch. Nderl, 1912, 1, 90; Onnes and 
Keesom, “ Enzykl. d. math. Wiss.,'’1912, 5, i, 747. Happel gave a2=0*288. See Kuenen, 
“ Die Eigenschaften der Case ” (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,’* 3), 
Leipzig, 1919, 335. 

5 Rucker, J.C.S., 1888, 53, 256; Hantzschel, Ann. Phys., 1905, 16, 565; Kuenen, ibid,, 
1905, 17, 189; van Laar, J. Chim. Phys., 1916, 14, 3; “Die Zustandsgleichung,” Leipzig, 
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ideal state at S.T.P., then if K' is the ratio of the given volume V ml. to the 
unit 22,415 ml.,/7e/* mol, then (11), § 2, becomes: 

{p+al V'2)( TjHi -1.(1) 
These are the so-called “ normal units.” If (with van der Waals and most 
physicists) the actual volume at S.T.P. is taken as the unit, the equation becomes: 

(/?+^/r'2)(F"~*)=(l+^)(l~fe)r/273-l ... (2) 
Values of a and b (mostly calculated from critical constants, as explained in 

§ 7) are given both for formula (1) ^ and for formula {!)? Since formula (1) 
is more convenient, the values in the following abbreviated table are for use in it. 
Pressures are in atm. and V' is the volume ratio, the actual volume being 
22,415 V' ml. If ai=^cf.a, bi=pb, Ri=yR, a and b being the values calculated 
from (2) and R the ordinary gas constant 82-09 ml. atm./r C. per mol, then the 
values of a, and y are as follows: ^ 

Units a y 

ml., mm. Hg . 760 1 j 760 
lit., atm. 10-6 10-3 10 3 
lit., mm. Hg. 7-6x10-5 .0- 0-760 

H23 02 N2 He Ne A Kr Xe 

105. 1 49 1 276 277 6-8 42-2 268 462 816 
106.6 1 

i 

1188 ’ 
1 i 

1441 
1 

1747 
j 

1050 763 1437 1776 2279 

CI2 HCl CO CO2 NH3 N2O NO 
1 

1 H2S 

105. a 1294 731 296 716 831 754 267 883 
106.6 2510 1822 1779 1905 1655 1971 

! 
1245 

1 
1914 

SO2 CH4 C2H6 C2H4 C2H2 (C2H5)20 CeHft 

105. 1338 449 1074 891 875 3464 3727 
106. ^ 2516 1910 2848 2551 2293 6002 5369 
105. 1338 449 1074 891 875 3464 3727 
106. ^ 2516 1910 2848 2551 2293 6002 5369 

An attempt to relate the a values to chemical composition was made by Bose 
and Bose,^ and Mathews ^ proposed the formula: 

a^CiMnV'^.(3) 

where Af=mol. wt., /2=number of valencies in the molecule, and C is a constant, 
the same for all normal substances. 

The following tabled refers to equation (2); some values are older and 

1924, 4; Lorenz, Z. phys, Chem., 1928, 139, 1; Partington and Tweedy, “Calculations in 
Physical Chemistry,” 1928, 46. 

1 Guye and Friderich, Arch. Sci, Phys. Nat., 1900, 9, 505; 1902, 13, 559; Z. phys. Chem., 
1901, 37, 380; Guye and Mallet, Compt. Rend., 1902, 134, 168; Winkelmann, “ Handbuch der 
Physik,” 1906, 3, 857 f.; van Laar, J. Chim. Phys., 1916,14, 3. 

2 Landolt-Bornstein, “ Tabellen,” 5th edit., 1923, 253 f. 
3 Schalkwijk, Verslag. K. Akad. Wetens. Amsterdam, 1901, 10, 118. 
^ Z. phys. Chem., 1909, 69, 52. 
5 J. Phys. Chem., 1913, 17, 154, 183, 252, 331, 337, 481, 520, 603; 1914, 18, 474; criticised 

by van Laar, Z. anorg. Chem., 1918, 104, 77; reply by Mathews, Verhl. K. Akad. Wetens. 
Amsterdam, 1917,12, No. 4, giving a large collection of values of a. 
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probably less accurate than those in the preceding table, but a number of 
liquids are included, and the values then refer primarily to their vapours. 

Substance 

For initial volume 
at S.T.P.=1 

g.mol. gram 

a b a. 10"6 b a. 10-1 b 

Hydrogen . 0 00038 0-00088 0-211 19-75 516 9-28 
Nitrogen . 000276 0-00166 1*30 37-1 166 1-32 
Oxygen . 0 00272 0-00142 1-37 31-8 133 0-994 
Argon . 000256 0-00134 1-30 30-82 81-3 0-758 
Krypton . 000460 0-00177 2-32 39-8 34-3 0-485 
Xenon . 000823 0-00231 4-11 51-6 25-1 0-403 
Hydrogen chloride 0 00726 0-00180 3-62 40-2 272 1-10 
Carbonic oxide 000274 0-00168 1-38 37-7 176 1-35 
Nitric oxide. 000257 000115 1-29 25-9 143 0-862 
Carbon dioxide 000727 0-00192 3-612 42-84 185-7 0-971 
Nitrous oxide 000750 0-00195 3-72 43-4 192 0-987 
Sulphur dioxide 001345 0 00251 6-61 55-7 161 0-870 
Ammonia. 000810 0-00162 4-01 36-0 1386 2-11 
rt-Pentane . 004481 0-000743 20-93 160-7 402-5 2-228 
/ynpentane. 003829 0-000653 18-07 141-8 347-6 1-966 
Hexane . 005383 0 000820 24-75 175-9 333-6 2-042 
Benzene .1 003984 000555 18-71 120-3 307-0 1-541 
Toluene . 005240 0-00684 24-08 146-4 283-9 1-590 
Fluorbenzene 0-04272 0-00596 19-95 128-7 216-2 1-340 
Chlorbenzene 0-05580 0-00680 25-54 145-5 201-8 1-293 
Methyl chloride 0-01363 0-00263 6-85 58-27 262-7 1-154 
Ethyl chloride 0-02264 0-00394 10-92 86-55 262-6 1-342 
Water . 0-01204 0-00147 5-95 33-60 1830 1-865 
Methyl alcohol 0-01959 0-00304 9-53 67-05 928-8 j 2-093 
Ethyl alcohol 1 0-02512 0-00385 1 15-22 84-46 570-0 1-834 
Carbon disulphide ! 0-02412 0-00350 1 11-63 76-89 159-5 1-010 
Stannic chloride ... j 0-05926 0-00771 26-94 164-3 39-75 0-631 
Ethyl ether 0-03688 0-00619 17-44 34-7 317-8 1-818 
Ethyl acetate 0-04383 0-00654 20-47 141-3 263-9 1-604 
Acetic acid 0-03737 0-00492 17-60 106-9 488-4 1-780 
Acetonitrile 0-00370 0-00536 17-59 116-9 104-5 2-847 
Methyl ether 0-01653 0-00328 8-08 72-5 381 1-574 
Methylamine 0-01476 0-00276 7-40 61-0 751 1-97 
Aniline . 0-00567 0-00633 26-51 136-9 319-7 1-583 
Anisole . 0-00616 0-00744 28-35 159-6 242-6 1-476 
Phenetole . 0-00786 0-00928 35-20 196-4 i 236-1 1-609 

§ 4. Test of van der Waals’s Equation 
Regnault ^ represented the results of his experiments on the compressibilities 

of gases (see § 6.VI A) by the empirical equation: 

/•/w=l-^(/«-l)+5(/n-l)2.(1) 

where m= Vjv, the ratio of two values of the volume reduced to the same 
temperature, say 0° C., and r—pjP, the ratio of the corresponding pressures, A 
and B being constants. The volume occupied by a given mass of gas under a 
pressure P= 1 m. Hg was taken as unity, 1, and hence (I) can be written: 

pv=l—A[(l—v)/v] +-8[( 1—®)/«]2, 

or pv+(A+2B)v~^—Bv~^=l+A+B.(2) 

1 Mem. Acad. ScL, 1847, 21, 329 (421); errata, ibid., 1862, 26, 925. 
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This corresponds with van der Waals’s equation in the form: 

{p+av'''^)(v--b)=^R'{\+ait).(3) 

where a=coefficient of expansion, for the case when C., when l+a/= 
TI273*l, and p in the correction bp is taken from Boyle’s law, 
since then (3) becomes: 

pv+{a—b)v~^--abv~'^=:^R\ 

which is the same as (2) if (a--b)^{A+2B), ab=B, and R'^{l+A+B), 
and a and b can be calculated ^ from A and B, The determination of van der 
Waals’s a and b was discussed by Keyes and Collins.^ MoUier ^ wrote the 
equationpv^lT=^[Rv^l{v--b)—alT] and ifpv^=y is plotted against Ta parabola 
is obtained. 

For carbon dioxide van der Waals ^ gave equation (2), § 3, as: 

(j)+0mS74lv^)(v-0-0O23)==0m369(213+t^ C), 

where p is in atm. and v in fractions of the volume at S.T.P. The values of p 
for ditferent values of t are: 

/=0° t'=01 005 0 025 001 0 0075 0 005 0 004 0 003 
p=9 4 19-7 30-3 43-3 37-9 23-2 45*8 466-8 

/=32° v= 01 005 0 025 0020 001 00075 0 005 0 004 
/7=10‘6 23‘4 34-6 41*9 58-7 62-0 67-2 118-5 

/=91° v= 005 004 0 02 001 0 0075 
/>=24-5 300 52*6 74-1 86*4 

These three typical isotherms may be plotted (Fig. l.VII C), the one for 32° 
being the critical isotherm. 

For ethylene the corresponding equation is: 

(p+0*00786/z;2)(^-0-0024)=0*0037(272*5+/° C), 

and a comparison between observed and calculated values of pv at 20° was 
made by Baynes, ^ the agreement being satisfactory, especially at high pressures. 
The value of pv sinks to a minimum between 50 and 85 atm. 

p atm. 
1000 pv 

p atm. 
1000 pv 

obs. calc. obs. calc. 

31-58 914 895 133-26 520 520 
45-80 781 782 176-01 643 642 
72-86 416 387 233-58 807 805 
84-16 399 392 282-21 941 940 
94-53 413 413 329-14 j 1067 1067 

110-47 454 456 398-71 1248 1254 

1 Roth, Ann. Phys.^ 1880, 11, 1. 
2 Proc. Nat. Acad., 1932,18, 328; cf. Neusser, Phys. Z., 1930, 31, 1041; 1932, 33,16. 
3 Phys. Z., 1920, 21, 457. 
4 Onnes and Keesom, “ Enzykl. d. math. Wiss.,” 1912, 5, i, 675, say it was fortunate for 

the development of his theory that the critical constants calculated by van der Waals from 
Regnault’s results, which are not very exact, agreed with those found by Andrews. 

5 Nature, 1880, 23, 186; the experimental figures are Amagat’s. Baynes took the old value 
272’5 for the absolute temperature of 0° C. The values of a and b giving good agreement at 
20° do not apply accurately to other temperatures; Kuenen, “ Die Zustandsgleichung der 
Gase und Flussigkeiten,” Brunswick, 1907, 81; Onnes and Keesom, he. cit.; Kuenen, “Die 
Eigenschaften der Gase** (Ostwald-Drucker, “Handbuch der allgemeinen Chemie,** 3), 
Leipzig, 1919, 251, 257. 
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§ 5. Form of the van der Waals Isotherms 

If van der Waals’s equation is written in the form 

RT a 1 

^ (v’—b) {v—b) 

it is seen that /7=0 when a(v—b)lv^=^RT, Also, a(v—b)lv^ has a maximum 
value ^ al4b when v=2b, and is zero when v=^b. Thus /?=0 when a/4b^RT, 
or v^lb, and the/?, v curve will cut the axis in two real points when RT<Z.al4b, 
If RT=al4b, the v axis is a tangent to the curve. If the equation in the form: 

p=RTI(v—b)--ajv^ .(2) 

is differentiated with respect to v, with Tconstant, it gives: 

dp\ __RT 2a__1^ 

dvj T (v’—b)^'^v^ {v—by 

For sufficiently large values of T the sign of dpjdv will always be negative. 
If V is small, {v’-bY will be very small and the curve will retain its negative slope. 
When T is sufficiently small, dpjdv may be positive for certain values of v. 

2a{v—byiv^ has a maximum value, Sal27b, when v=3b, and the gradient 
approaches zero when v becomes very large. If RT is greater than ^ajTlb, v 
increases as p decreases, but if RT is less than %al21by v decreases with p for 
small and large values of v, but increases in the neighbourhood of 
Thus, p has a maximum or minimum value for any value of v which makes 
2a{v—b)^lv^ equal to RT The value ^a/27b=RT corresponds with a point of 
inflexion (the critical point). 

The second differential coefficient is: 

/d^p\ 2RT 6a 2 f 3a(v^by] 

[dv^T^iv-by v^^(v-by[ J . . . W 
hence there is a point of inflexion when 3a{v—byjv'^ is equal to RT The value 
of 3a{v—byiv'^ is zero when v^b, and is a maximum 3^al4^b when v=4b. For 
all values of between 2^al3^b and 3^al4^b there will be two points of inflexion. 
For values of RT greater than 3^al4^b the curve will be a rectangular hyperbola. 

§ 6. Virial Form of van der Waals’s Equation 

Van der Waals’s equation may be written in the virial form (§ lO.VII A) 
as follows: 

(p+a/i;2)(^—pv^RT+pb—alv+abjv^. 

For large volumes the last term can be neglected and p^RTjv put in the 
correction term pb: 

pv^RT+iRTb—ayv; 

and by comparison with the virial equation (1), § lO.VlI A: 

pv-A^+BJv+CJv^+ . . 

1 Let and a{v’-b)lv^sszy^ then d>'/cbf= -^alv^-^-lablv^ and for a maximum or minimum 
(§ ll.I) d:>'/djra=0 alv^=s2ablv^ v^lb. Substitute in y and this becomes a/46. Also 
d^yldx^^la/v^-^Sablv^ and with v^2b this becomes i.e. <0, hence the point is a 
maximum. A similar procedure is adopted for the other cases in the text. Sec Metcalf, 
y. Phys. Chem., 1916,20, 177; Bagchi, IruimnJ. Phys., 1940,14,173. 

RT 
2a(v—by 

(3) 

RT-a 
(v-b) 

. . (1) 
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with A^—RT, the second virial coeflBcient, is found 

B,^RTb-a .(1) 

Alternatively, for small pressures, Xjv can be put forpjRTin the correction term 
ajv, giving: 

pv=RT+Q)-alRT)p .(2) 

and by comparison with the virial equation (2), § 10.VII A, with Ap=RT, it is 
seen that the second virial coefficient Bp according to van der Waals’s equation is: 

Bp=b-alRT.(3) 

A temperature Tb, such that bRTjQ=a, and Bp=0, is called the Boyle tem¬ 
perature, At this temperature (2) becomes pv=^RT, i.e. the gas obeys Boyle’s 
law (although, of course, it is not an ideal gas), the plot of pv against p going 
through a minimum value and running for a moment horizontal. Since 
T^—ajRb and, as will be shown in § 7, T^^SajllRb, it follows that: 

TJT,==271^=3^375 .(4) 

The actual values for some gases are given below and it is seen that the agree¬ 
ment is not very good: 

He 3-65 Ne 3 00 A 2-73 
H2 3-21 N2 2-56 02 2*72 

§ 7. Critical Data from van der Waals’s Equation 

It was stated in § 1 that van der Waals showed that his equation: 

(p+a/v^){v-b)=RT.(1) 

applies to liquids as well as gases, that it gives a semi-quantitative explanation of 
the critical phenomena, and that the same constants a and b apply over the 
whole range of states. When (1) is multiplied out and rearranged to 

v^—[b+(RTIp)]v^+(a/p)v—ab/p=0 .... (2) 

it is a cubic equation in v (an equation of the third degree, involving as the 
highest power of v). For any pair of values of p and J, equation (2) gives 
three values of which are the so-called roots of (2). If these are and 

the cubic equation may be written as: 

{v—vi){v—v^{v-v^=0.(3) 

since for any one of the values vi, vi, and for v, the expression on the left 
vanishes. Since all magnitudes in (2) are real, the roots must all be real, or else 
two may be imaginary, since a real magnitude can result only from the multi¬ 
plication of an even number of imaginary ones.i The equation must, therefore, 
have either one or three real roots, and these must be positive, as a negative 
volume is meaningless. This result is seen to be satisfied by the graph of (1), 
e.g. in Fig. l.VII C, where the curve cuts a horizontal line either in three points 
or (above the critical temperature) only in one. 

At the critical point (2) becomes: 

v^--[b+{RTJp^]v'^+{alp^v--ablPc—Q .... (4) 

1 If X and Y are imaginary, they may be written as xV—1 and y\/—1, where x and y are 
real, and V — 1 is ima^ary. Since V — IxV — l^—lis real, it follows that (\/—1 X V — 1)" 
is real where n is any integer, i.e. (V —1)^" is real, and 2n must be even. 
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and (3), since the three roots are equal (=v^) at the critical point,^ becomes: 

(v—Vcy=v^—3VfV^+3Vc'^v—Vc^=0.(5) 

and by equating the coefficients of like powers of v in (4) and (5), it is found 
that: 

b+RTJp,=3v„ alp,—3v,^, ablp,=v,\ 

from which, by algebra, it follows that: ^ 

v,=3b, p,=al27b^, T,=8ainbR.(6) 

b=iv,=RTJ&p„ a=3p,v2=27R2Tyi64p„ R=Sp,vJ3T, . (7) 

The same result is found by a more general method,^ which can be used with 
any characteristic equation. The theoretical isotherm below the critical tem¬ 
perature is seen from Fig. 2.VII C to 
be S-shaped and has both a maximum ^ 
and minimum, in the sense explained 
in § 9.1. As the critical point is ap¬ 
proached, the three points in which 
the curve cuts any horizontal, come 
closer together, and at the critical point 
they coincide. At the critical point, 
therefore, the curve cuts a horizontal 
in three coincident points."^ The criti¬ 
cal point is thus a point of inflexion, 
hence (§ lO.I), since !r=const. along an 
isotherm: 

(dpjdv)j=:0, and (d^p/dv^)j=0 (8) 

By differentiating van der Waals’s 
equation in the form: 

p^RTl{v-b)-alv^- .(9) 

twice with respect to v, it is easily found that: 

{dpldv)j^-RTI{v-bY+2alv^.(10) 

and {d^pldv'^)j=^2RTI{v—by—6alv^.(11) 

From (8), at the critical point: 

RTI{v-by^2ajv^ .(12) 

and 2RTI(v’-by=6alv^.(13) 

Divide (12) by (13) and put then Vf=3by as in (6). Substitute this value 
of in (12) for v, then RTJ(2by=2al(3by, therefore Tc^Sal27bR, as in (6). 
Substitute v=^v^—3b, and T^=^Sal27Rb in (9), therefore p^=RTJ2b'—al{3by^ 
{RI2b)iial27Rb)-al9b^:=4al27b^-al9b^==al27b\ as in (6). 

1 The case of equality of two roots is investigated by Friderich, /. Chim, Phys,, 1906, 4, 
123; and Prud’homme, ibid., 1912,10, 636; 1913, 11, 520; 1916, 14, 445, who found Pc=^ll4b, 
Pc^^ajllb^y Tc=^9al32Rb. Pinter, Amer, Chem. Abstr., 1943, 37, 2631, thought Tc may be 
lower than the temperature of the inflexion isotherm; Verschaffelt, Arch. NderL, 1907, 12, 
193; de Phys., 1923, 4, 158, developed p in series on the critical isotherm in terms of {v^vc) 
and (r—Tc), and found an analytical discontinuity near the critical point. 

2 See, however, Kirajew, Z. Elektrochem., 1927, 33, 91. 
3 Dickson, PhiL Mag., 1880, 10, 40; Onnes, Veri. K. Akad. Wetens. Amsterdam, 1881, 21, 

No. 4,12; Thiesen, Am. Phys., 1885,24,467. 
4 Any curve cuts its tangent in two coincident points. 
A.T.P.C.—22 
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Some apparent difficulties in this use of van der Waals’s equation are dis¬ 
cussed by Brenncn,! who thinks an additional term is necessary. 

§ 8. Practical Application of van der Waals's Equation 

In the use of van der Waals’s equation in the standard form: 

(p+ajv'^){v—b)=^RT.(1) 

careful attention must be given to the units. If the quantity of substance is a 
mol (1 g.mol.) and v is measured in ml., then /?=82-09 ml.atm./r. If the 
quantity is n mols, and if v is the actual volume, the molar volume is vin, and 
(1) becomes: 

[p+al(vjn)^]{vln - b) =^RT. 

.*. (p+n^alv^){v—nb)=^rjRT .(2) 

If the volume at S.T.P. is hvq, where vq is the actual molar volume at S.T.P., 
and the actual volume v at any other temperature and pressure is expressed as a 
fraction Vi of this volume at S.T.P., Vi^vIhvq, then: 

/ (n^alnH'o^\ I v nb\ nRT 

\j)+a/{vo/vi)^{vi-b/vo)==RT/vo=^R'T . . . (3) 

where R'=RIvq. Put: 
alvQ^=a\ and bjvQ^^b'.(4) 

.'. (p+a'/v,^)(v,-^b'):=Rr.(5) 

or, if a' and b' are written as a and b, and Vi as v: 

{p+alv^){v-b)=:R'T.(6) 

which holds for any mass of substance. At 0° C. and 1 atm., z^=l, therefore 
(1 +a){\ —■h)=213R\ therefore (6) can be written in the form: 

(/7+a/z;2)(z;-6)=(l+a)(l~6)(r/273) .... (7) 

in which p is in atm., v is the ratio of the actual volume at p and T to the actual 
volume at S.T.P., and a and b are constants in units chosen to agree with (7). 
In this case the values of p^ and are given in terms of a and b as in (6), § 7, but: 

r,===8fl/27/?'Z)=(8x273/27)a/6(l+fl)(I-6) .... (8) 

From p^=^aj21b^ and (8), approximate values of a and b are found by simply 
leaving out the expression (l+fl)(l—fr)c:!=:l, viz., bo=^T^pJSx213y ao==27p^6o^, 
and then as a second approximation: 

b^bo(l +t7o)(l +^o-^o)» 

is obtained. 
Since in (7) the volume is expressed as a fraction of the actual volume at 

S.T.P., this must be known. The equation with given values of a and b can be 
used to calculate this volume from the ideal volume. For gases far removed from 
the ideal state or for liquids, it is better to refer the volumes to the volume 

^ Proc. Nat, Acad., 1929, 15, 11; cf. Shiba, Proc. Phys. Math, Soc. Japan, 1927, 9, 157. 
On the calculation of critical constants from a and b values, see, e.g., van Laar, “ Die Zustands- 
gleichung,” Leipzig, 1924, 128 f.; Chem. Weekbl., 1933, 30, 294. 
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of an equal mass of the substance in the state of ideal gas at S.T.P., since then 
comparable values of a and b for all substances can be calculated. In this 
case, in (6): 

I /273, 

{p+alv'^){v-b)^TI21?>.(9) 

where v is now the fraction of the actual volume to the volume of an equal mass 
of the gas in the ideal state at S.T.P.^ By substituting JR'= 1/273 in (7), § 7, 
the values of a and b in suitable units for use in (9) are: 

^=[27/64(273)2](r,2/^,), /,=(l/8x273)(r>,) . . . (10) 

The volume F of 1 g. of gas in ml. is now to be multiplied by the molecular 
weight A/and divided by 22,415 to find for use in (9): 

z;=MF/22,415 .(11) 

It is clear that the use of van der Waals’s constants a and b is liable to cause 
errors in calculation, and generally the best course is to use the reduced form of 
the equation, explained in § 16. 

§ 9. Metastable States 

The complete continuous van der Waals isotherm for temperatures below the 
critical point is seen from Fig. 2.VII C, to pass through the region (shown dotted) 
of heterogeneous states (liquid+vapour), to which the equation (limited to 
homogeneous states) does not apply. The isotherm 
has an S-shaped form, and the physical meaning, 
if any, which this part of the curve suggests must 
be considered. 

Since the stable state of the system in this region 
is heterogeneous, any such curve must represent 
metastable states. The point F (Fig. 3.VII C) lies 
on the boundary curve separating liquid from 
(liquid+vapour), and must represent the liquid 
state; the point B represents the vapour state. 
The curve FE represents superheated liquid, 
since at the temperature corresponding with the 
isotherm the liquid should, in the stable state, break down into (liquid+vapour). 
The curve CB represents supercooled vapour, since on decreasing the volume the 
vapour should partly liquefy in the stable region. The part EDC of the curve 
can have no physical significance, since along it the pressure would increase 
along with the volume, a behaviour not known for any actual homogeneous 
substance.2 The S-shaped isotherm giving the continuous transition of gaseous 
and liquid states had been recognised (before the publication of van der Waals’s 
equation) in 1871 by James Thomson,^ and hence it is often called the James 
Thomson isotherm. 

1 Kuenen, Ann. Phys., 1905, 17, 189. 
2 Van der Waals, “ Continuitat,” 1899, 1, 95; Preston, Phil. Mag., 1896, 42, 231; Tumlirz. 

Wien Ber., 1905, 114, TI A, 167; Centnerszwer, Z. phys. Chem., 1923, 107, 81; Larson, Inct. 
Eng. Chem., 1945, 37, 1010. 

3 Proc. Roy. Soc., 1871,20,1: Considerations on the Abrupt Change at Boiling or Condensa¬ 
tion in reference to the Continuity of the Fluid State of Matter; “ Collected Papers in Physics 
and Engineering,” Cambridge, 1912, 278, and unpublished notes, p. 318 f. In Thomson’s 
figure the p and v axes are as shown in Andrews’ diagram, Fig. 4.VII B. 

Fig. 3.VIIC. Isotherm of 
Metastable States 
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Maxwell ^ pointed out that if the substance is supposed to be carried round 
an isothermal reversible cycle FEDCBF, the work done is zero (§ 30.11). The 
area of this cycle is thus also zero, hence area FED=area DCB. Thus the 

horizontal isotherm of real states 
FB divides the van der Waals 
isotherm FECB so as to cut off 
equal areas above and below the 
horizontal. From this it is, in 
principle, possible to find the posi¬ 
tion of the real isotherm FB from 
the van der Waals isotherm. The 
ordinate of FB then gives the 
vapour pressure of the satu¬ 
rated vapour. Smith ^ showed, for 
alcohol and ether, that the James 
Thomson isotherm is continuous 
where it cuts the line of saturated 
states (liquid+vapour) at D. 

§ 10. Negative Pressures 
The van der Waals isotherms at 

the lower temperatures cross the v 
axis (Fig. 4.VII C), and the part 
below the v axis corresponds with 
a negative pressure. Although this 
cannot exist for a gas, it may 
represent a metastable state for a 
liquid, which would then be in a 

0 4 8 12 16 20 24c.c. State of tension. This isotherm. 
Volume of a gram of ether however, turns upwards again and 

Fig. 4.VIIC Negative Pressures on van der re-crosses the axis in the direc- 
Waals's Isotherm tion of increasing pressure, so that 

it must have a minimum value of 
the tension, below which presumably the metastable state would break down 
into liquid and vapour. For carbon dioxide this is —7-8 atm. at —20°. 

Negative pressures were first noticed in the non-descent of mercury in a 

1 J.C S., 1875, 28, 493; Nature, 1875, 11, 357; “Scientific Papers,” 1890, 2, 407, 418; 
Moser, Ann. Phys., 1877, 160, 138; Boltzmann, Wien Ber., 1877, 75, II, 801; “ Wiss. AbhL,” 
1909,2, 150; Clausius, Ann. Phys., 1880,9,337 (who deduced the result independently); 1881, 
14, 279, 692; Planck, ibid., 1881, 13, 535; Riecke, ibid., 1894, 53, 379; 1895, 54, 739; van 
der Waals, “ Continuitat,” 1899, 1, 98; Saurel, J. Phys. Chem., 1899, 3, 214; Onnes, Arch, 
N^erl., 1900, 5, 665 {Comm. Leiden, ^); Hilton, Phil. Mag., 1901, 1, 579; 1901, 2, 108; 
Dieterici, Ann, Phys., 1901, 6, 861; St. Meyer, ibid., 1902, 7, 937; Batschinski, Z. phys. 
Chem., 1902, 41, 741; Pitsch, Wien Ber., 1904, 113, II A, 849; Jeans, “Dynamical Theory 
of Gases,” 1904, 132; Dalton, Phil. Mag., 1907, 13, 517; van der Waals and Kohnstamm, 
“ Lchrbuch der Thermodynamik,” 1907, 1, 35; Smoluchowski, Ann. Phys., 1908, 25, 205; 
Amagat, “Notes sur la Physique,” 1912, 71; Larmor, Proc. Math. Soc. London, 1916, 15, 
182; Metcalf, J. Phys. Chem., 1916, 26, 177; Jarvinen, Z. Chem., 1919, 93, 743; Leduc, 
Compt. Rend., 1923, 176, 1456; Jouguet, Compt. Rend., 1933, 197, 1705; Decker, Physica, 
1941, 8, 59. In later editions of his “ Theory of .Heat ” (4th edit., 1875, etc.) Maxwell docs 
not fix the position of the horizontal line, but Lord Rayleigh, in his edition (1897,125) refers 
to the paper in Nature of 1875, saying that “ it cuts off equal areas from the curve above and 
below.” 

2 Proc. Amer, Acad., 1907,42,421. 
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barometer tube in which it stands above the normal height (§ 2.VII A), and 
studied in experiments ^ in which a liquid freed from dissolved air was filled 
into a tube with a capillary outlet, and the tube heated until the liquid by 
expansion filled the capillary, which was then sealed off. On cooling, the 
liquid still filled the tube completely and must have been under 
tension. Quantitative measurements were made with some liquids 
(water, alcohol, and ether).2 In Meyer’s apparatus a small glass 
bulb (Fig. 5.VII C) drawn out below to a fine capillary for filling was 
attached to a spiral elliptical tube surmounted by a mirror. The 
spiral tube turned about its axis by pressure change and moved the 
mirror, a beam of light reflected from which was deflected. The 
spiral was calibrated against a mercury manometer. A small bubble 
of vapour remaining after sealing the fine capillary was removed by 
warming, when the liquid expanded, and on cooling vapour did not 
reappear. The greatest tensions reached were, 34 atm. for water 
(24-4°), 39-5 atm. for ethyl alcohol (22*5°), and 72-0 atm. (17-7°) for 
ether. The value calculated by van der Waals’s equation (minimum 
pressure) for ether at 17*7"’ is —83 atm. pressure or 83 atm. tension, 
which is in quite satisfactory agreement. (At the absolute zero the 
largest theoretical value of the tension is — n/6^ if the volume at 
T—O is h.) Meyer showed that the compressibility coefficient of a 
liquid remains the same on passing from pressures to tensions. 

The part of the curve FE, Fig. 3.VII C, corresponds with super¬ 
heated liquid. In Wismer’s experiments ^ the maximum temperatures 
to which ether could be heated at various pressures without boiling 
were found to lie on a straight line when plotted against the pressures, Meyer^ 
and the temperatures were always higher than the maximum tempera- Apparatus 
tures given by van der Waals’s equation, which should also lie on a 
curve, not a straight line. It is difficult to believe that these experiments have 
much quantitative significance. 

MacDougall ^ pointed out that the experiments on negative pressures in 
liquids are difficult to interpret on the basis of van der Waals’s theory, since 
this, and similar ones,^ assume that there is no attractive force between the 

* Donny, Ann. Chim.^ 1846, 16, 167; Berthelot, ibid.y 1850, 30, 232; 1861, 61, 468; Moser, 
Ann. Fhys., 1877, 160, 138; Helmholtz, Verhl. Berlin Phys. Ges., 1887, 6, 1, 104; “ Wiss. 
AbhL,” 1895, 3, 264. 

2 Osborne Reynolds, Manch. Mem., 1878, 7, 1; “Papers on Mechanical and Physical 
Subjects,” Cambridge, 1900, 1, 231; Stefan, Ann. Phys., 1886, 29, 655; Worthington, 
Phil. Trans., 1892, 183, 355; van der Mensbrugghe, Bull. Acad. Roy. Belg., 1893, 26, 37; 
Tumlirz, Wien Ber., 1900, 109, 11 A, 837; 1901, 110, II A, 437; Leduc and Sacerdote, 
Compt. Rend., 1902, 134, 589; Soc. France Phys. Stances, 1902, 76; Hulett, Z. phys. 
Chem., 1903, 42, 353; Ramstedt, Arkiv Mat. Astron. Fys., 1908, 4, No. 16 (glass spiral gauge; 
alcohol —10 to —12 atm.); Dixon, Proc. Roy. Dublin Soc., 1^9-10, 12, 60; J. Meyer, Zur 
Kenntnis des negativen Druckes, Abhl. D. Bunsen Ges., 1911, 6; Z. Elektrochem., 1911, 17, 
743; 1912, 18, 709, 744; Z. phys. Chem., 1935, 173, 106; Budgett, Proc. Roy. Soc., 1911-12, 
86, 25; Skinner and Entwistle, ibid., 1915,91,481; Larmor, Proc. Math. Soc. London, 1916,15, 
182; Skinner and Burfitt, Proc. Phys. Soc., 1919,31,131; Dorsey, “ Properties of Ordinary Water 
Substance,” New York, 1940,179 (bibl.); Vincent,Proc. Phys. Soc., 1941,53,126 (157 atm. by 
Berthelot’s method); 1943, 55, 41; Vincent and Simmonds, ibid., 1943, 55, 376 (max. tension 
c. 25 atm.); Zeldovich, Compt. Rend. U.R.S.S., 1943, 18, 1 (calc. 250 atm. for ether); Scott, 
Shoemaker, Tanner, and Wendel, /. Chem. Phys., 1948,16,495 (33 atm. by Berthelot’s method). 

3 /. Phys. Chem., 1922, 26, 301; Kenrick, Gilbert, and Wismer, ibid., 1924, 28, 1297. 
4 J.A.C.S., 1916, 38, 528. 
3 Dieterici’s equation, (6), § 31, does not lead to negative pressures, and those who support 

it have no option to denying their existence. 
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fluid molecules and the wall, the only force there (neglecting hydrostatic pres¬ 
sure) being due to the bombardment of the wall by molecules which reach the 
surface. In the absence of any adhesive force between the fluid and the wall, 
a negative external pressure is inconceivable. The reality of the negative 
pressure is, however, demonstrated by experiments and is beyond argument. 

An attempt by Wagner ^ to take account of the effect of the walls ended in an 
equation containing an unknown function, and the very large negative pressures 
(—352 atm. at 20^ jfor ether) calculated by Doring,^ seem to be based on faulty 
theory. Fiirth, from the ‘‘ hole ” theory of liquids (see § l.VllI A, Vol. II), 
deduced the iovm\i\diwhere /7e=vap. press, at temp. T, 
y7*=hydrostatic pressure, o-= surface tension, A:=Boltzmann's constant; and 
from this Silver calculated 80,000 Ib./in.^ as the tensile strength of water at 
room temperature (cf. § 15). 

Temperley and Chambers ^ (who found Berthelot's method the best) reached 
a negative pressure of 40 atm. with water. Good adhesion of liquid to the solid 
wall of the tube must be attained by suitable experimental details. The effect 
of dissolved air was studied. Vacuous cavities are formed in corn syrup at the 
rear of an accelerated rod; in water free from gas-nuclei and dust no cavities 
were formed up to velocities of 37 m./sec., but in presence of gas-nuclei cavities 
formed at 3 m.^ec, 

§ 11. Thermal Coefficients from van der Waals’s Equation 

From van der Waals’s equation: 

{p+ajv^){v^b)=^RT 

a number of thermal coefficients (§ 3.11) and related quantities may be 
calculated. 

(i) For two temperatures at constant volume: 

(p 1 + alv^)(vRT, and (po+alv^){v—b)^RTQ 

where ro=273-r (0° C.). By subtraction, {p^-pQ){v-b):=^R{T^-To\ 

/? 1 -/^= «(ri - Tq)I(v-6)=(po+aiv^){T 1 - ro)/ro. 

Hence the pressure coefficient (§ 15.VII A) is: 

... (1) 

For the ideal gas this is l/ro= 1/273-1. Equation (1) shows that jS depends on the 
density but not on the temperature (Tq is constant). The dependence of ^ on 
temperature is discussed in §17.VII A; depends slightly on temperature, 
although Regnault ^ found the variation for most gases to be very small over 
quite a large temperature range, sulphur dioxide being exceptional. More exact 
experiments by Chappuis ^ gave for j8: 

1 Am. Phys., 1914, 45, 1169; Z. phys. Chem., 1920, 96, 483. 
2 Z. phys. Chem., 1937, 36 B, 371; 1937, 38 B, 292; Fiirth, Proc. Phys. Soc., 1940, 52, 768; 

Proc. Cambr. Phil. Soc., 1941, 37, 252, 276, 281; Silver, Nature, 1942,150, 605. 
3 Proc. Phys. Soc., 1946, 58,420; Temperley, ibid., 1946, 58, 436; 1947, 59, 199. 
^ Harvey, McElroy, and Whiteley, J. Appl. Phys., 1947,18, 162. 
5 Van der Waals, “ Continuitat,” 1899, 1, 68 f.; JSger, Wien Ber., 1892, 101, II, 1675; 

Jeans, “Dynamical Theory of Gases,” 3rd edit., 1921, 135; Carrara, Nuov. Cm., 1923, 26, 
157. 

6 Mint. Acad. ScL, 1847, 21, 162 (190). 
7 Trav. et Mint. Bur. Internal. Poids et Misures, 1907, 13. 
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Nz 
(/>o= 1001 -9 mm. at 0'^ C.) 

COz 
(/?o=998 -5 mm. at 0° C.) 

0-20^ . 00036754 0 0037335 
0^-40” . 0-0036752 0 0037299 
0M00°. 

1 

00036744 00037262 

The value of jS for hydrogen, 0-00366254, is very nearly the same as that for 
the ideal gas, 0*003662 (for ro=273*r), so that the Comite Internationale des 
Poids et Mesures ^ adopted the constant-volume hydrogen thermometer with 
;?Q=rl000 mm. as a standard gas thermometer. 

(ii) For two temperatures at constant pressure: 

{p + a/^o^)(^o ‘-h)^RTQ, and {p + ajv i ^){v i-b)^RT^. 

Subtract the equations and neglect terms of the second order multiplied by ab: 

p{vy-v^i)+alvi- alvo=R(T i - Tq) 

iP-alv^VQ){vi-Va)=^R(T^-TQ) 

Vi-V(,=RiT]-TQ)l{p-alviVQ). 

Hence the coefficient of expansion is: 

tx.={v\-Vfi)|V(,{Tl-T^^=R|{pvQ-ajV]).(2) 

From the first equation and (2), R can be eliminated: 

ToCi.(pvo-alv I)=(p+alvo^)(vo-b), 

. 1 (p+alvo^)(vo—b)__ j_ pvo+alvQ-pb 

'^“T’o pvo—ajvi “T’o pvo-aivy 

by division, rejecting at each step terms involving ab and a^. 
Equation (3) is more complicated than (1), since it involves both a and b, and 

depends both on pressure and density (l/v), or (by elimination) on one of these 
and on temperature. For an ideal gas, a=b=0 and (3) becomes a=l/ro= 
0-003662, so that a=jS. The dependence of a on pressure and temperature is 
discussed in § 17.VII A, and is illustrated by the following values: ^ 

N. 
/7 = 100l -9 mm. 

CP2 
p—99S‘5 mm. 

j 
CO2 

/7 = 517'9mm. 

0"-20 00036770 1 0 0037603 00037128 
0"-40'’ 00036750 ' 00037536 ! 00037100 
0"~100" 00036732 

1 

0 0037410 ! 
i 
! 00037073 

An experimental value of ^ gives a from (l),and from this and an experimental 
value of a (3) gives b. 

To find (dpjdTX, write the van der Waals equation in the form p-\-alv^= 
RTliv-b), 

(dp/dTX^RI(v-b)=(p+a/v^)/T .... (4) 

1 Chappuis, Trav. et Mem. Bur. Jnternat. Poids et Mesures, 1888, 6; 1907, 13. 
2 Jeans, ** Kinetic Theory of Gases,” 1940, 81. 
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To find {AvjdT)p, write the van der Waals equation in the form pv-^pb +alv= 
RT, neglecting the small term --ablv^; then by differentiation: 

p{dvldT\-{alv^)(dv/(iT\=R, 

(dvldT)^^RI(p^alv^).(5) 

(iii) For varying volumes at constant temperature, write van der Waals’s 
equation as p=RTI(v—b)—alv^ 

(dpldv)j=--RTI(v—by+2alv^, 

the isothermal elasticity (§ 4.II) is: 

€j'=^--v{dpldv)j=-{RT—2alv)j{v—2h) .... (6) 

(iv) The Joule effect is given by (9), § 23.VII A, as: 

(dr/d^)£= ~(i/r,)[r(d/^/dn  (7) 

From (4), T{dpldT)^—p—alv'^, therefore: 

(dr/d^),,= -(l/0(^/2;2).(8) 

and for a finite volume change, by integration: 

.(9) 

(v) The Joule-Thomson effect has been worked out ^ in (5), § 25.VII A, as: 

dT=^(2a/RT-3abp/R^T^-b)(dplC^) .... (10) 

(vi) The difference of molecular heats at constant pressure and at constant 
volume is given by (2), § 47.11, as: 

c,-c,=r(d/Vdr)„(dz>/dr),. 

The values of (d/^/dT),, and {dvjdT)^ are given by (4) and (5) as {dpJdTX^ 
Rjiv—b), and (dvldT)^.=Rj{p—ajv'^), hence: 

.-. C^^C,MRTI{v^b)][RI{p^alv^)] 

=/? (p +ajv^)l{p—a! v^)=R{p+ajv'^)lp{ 1 — ajpv'^) 

'^R{p+alv'^){\ +alpv'^)lpc::tR{\ +2ajpv'^) 

c:iR{\+2aplR^T^).(11) 

by division, putting 1/(1—x)c::^l+t when x is small, neglecting terms in aJ, 
and substituting v^RTfp in the correction term only.^ 

(vii) For an adiabatic change van der Waals ^ deduced the equation: 

{p+alv^){v—hy .(12) 
where y=^Cplc^, and this was used by Boynton ^ in calculating y from adiabatic 
expansion experiments. Magyar ^ deduced an adiabatic equation for y^a+bT, 
where a and b are constants (6<0). The thermodynamic functions for a van 
der Waals gas were calculated by Wang.^ 

1 For application of Clausius’s equation (§ 28) see Korteweg, Ann. Phys., 1881,12, 136. 
2 Dalton, Phil, Mag., 1907, 13, 525, 536; for high pressures, see Godnev, J. Gen. Chem. 

U.S.S.R., 1931,1, 684. 
3 “ Continuitat,” 2nd edit., Leipzig, 1899, 1, 131. 
4 Phys. Rev., 1901, 12, 353; see also Perman, Ramsay, and Rose-Innes, Phil. Trans., 1897, 

189, 167 (ether vapour); Worthing, Phys. Rev., 1911, 32, 243; 1911, 33, 217 (air and CO2). 
5 Z. techn. Phys., 1924, 5, 404. 
^ Chinese J. Phys., 1945, 6, 27. 
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§ 12. Van der Waals’s Equation for Liquids 

Van der Waals’s equation should apply also to liquids. In this case the 
external pressure p may often be neglected in comparison with the internal 
pressure ajv^. Another type of equation: ^ 

(v^b)(B+p)^CT .(1) 

where B is the internal pressure and C depends on the nature of the liquid, was 
shown by Tammann ^ to hold for liquids at high pressures (over 1000 atm.) 
and not too high temperatures. The constant b is the volume at infinite 
pressure. Bogdan ^ used equation (1) in the form (p+K){v—b)=RT, where 
K is the internal pressure, to deduce the Clapeyron-Clausius latent heat equa- 

rv 

tion, putting 4= (p+K)dv, wherez^and Vare the liquid and vapour volumes. 

Weiss,^ from (1), deduced: 

(p+alv-)(v^b)=^RT.(2) 

with four constants, a, h, and 
Ramsay and Young, ^ and Amagat (who emphasised that the relation is not 

exact, the experimental lines showing a slight curvature), found that the isochores 
(constant-volume lines; Greek space) ^ for liquids are fairly accurately 
given by: 

p^bT-a.(3) 

where a and b are constants (not the van der Waals constants) for each liquid, 
but Bridgman ^ showed that b is really a function of temperature. 

According to Frank and Lei ^ the constants in (3) are given by: 

b=iRIVJe'''\ a=KIV„”-CIV„‘‘.(3a) 

where a, /3, «, and d are constants, the last two non-integral, and is the molar 
volume. 

Rose-Innes fitted Young’s results with ether and //- and /i-opentane to 
an equation: 

p—{RT/v)[l+e/(v+k—glv^)] — lJv(v+k) ... (4) 

where c, k, /, and g are constants. This is of the fifth order in v but has only 
three real roots. 

1 Tumlirz, Wien Ber., 1900, 109, II A, 837; 1901, 110, II A, 437; 1909, 118, II A, 203; 
Weiss, Compt. Rend., 1918, 167, 232, 293; Fischer, Ann. Phys., 1922, 69, 315; 1923, 71, 591; 
Brandt, ibid., 1924, 73, 415 (used f(r) instead of CT); a very complicated equation was later 
proposed by Tumlirz, Wien Ber., 1921,130, II A, 93. 

2 Gott. Nachr., 1911, 527; Ann. Phys., 1912, 37, 975. 
3 Ann. Sci. Univ. Jassy, 1907, 4, 151. 
4 Compt. Rend., 1918, 167, 293, 364. 
5 Z. phys. Chem., 1887, 1, 433. 

<5 Compt. Rend., 1892, 115, 1238; Ann. Chim., 1893, 29, 505; Keyes and Felsing, J.A.C.S., 
1919, 41, 589. 

7 The name isometric was proposed by Gibbs, Trans. Connect. Acad., 1873, 2, 309; “ Scien¬ 
tific Papers,” 1906, 1, 1; Ritter, Ann. Phys., 1878, 3, 447, proposed isopleres (Greek TrXijp-qs, 
filled), and Wroblewski, Wien Ber., 1886, 94, II, 257, isopyknics (Greek ttvkvos, dense); the 
last name is often used as an alternative to isochore, meaning a line of constant density. 

8 Proc. Amer. Acad., 1913-14, 49, 1 (89). 
^ Phys. Rev., 1932,42, 893 (gaseous and liquid ethyl ether), 
10 Proc. Phys. Soc., 1897, 15, 126; 1898, 16, 11; Phil. Mag., 1897, 44, 76; 1898, 45, 102; 

1901, 2, 208. 
11 Rose-Innes and Young, Phil. Mag., 1899, 47, 353. 

22* 
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! wopentane 
1 

ether A2-pcntane 

R . 1 863-56 840*34 863*56 
e . 1 '7*473 1 7*485 7*473 
k . 3*636 3*188 3*135 
.1 6*2318 4-4539 6*695 

i 
542800 ! 

1 
5095070 5426800 

It has often ^ been pointed out that all equations of the type p=^Ti{v)+a 
will give (d2/?/dr2X,=0, and hence from (1), § 49.11, which can 
hardly be true for liquids. Equation (3) may apply to liquids better at very 
high pressures. Webster 2 argued that the equation z?=f(/7/7’) does not lead 
to the result that the specific heats are independent of pressure. 

The various characteristic equations which have been proposed may be 
divided approximately into three groups: 

(i) /?=rf](^’)““Fi(^’), e.g. van der Waals’s equation, 

(ii) p=7f2(^^ r)~F2(i^, r), 

(iii) T), e.g. Clausius’s equation, 

where f|, f2, fa, Fi, F2, F3 denote functions of the quantities in brackets. In 
(i) is a linear function of temperature at constant volume, so that (d/;/dr)^, is 
a constant, whereas in (ii) and (iii) it is a function of temperature, Verschaifelt ^ 
obtained a complicated equation based on the relation (d2/7/dz;2).^,=0 at the 
critical point. Milosavlicvitch ^ modified van der Waals’s equation, using 
reduced quantities and an exponential function. For liquids. Barus,^ Amagat,^ 
and Ramsay and Young,^ all found that /? is a linear function of T at constant 
volume, but in the critical region {dpjdTX is a function of temperature. For 
ether vapour at 175*^-325° Beattie found the isochores to be straight lines up 
to a concentration of (1/15) g,/ml.; with higher concentrations they showed a 
slight curvature. 

Hirschfelder, Stevenson, and Eyring calculated that for closely packed 
molecules in a liquid, van der Waals’s equation takes the form: 

{p+ajv^){v-<f>b^!^v^‘^)=^RT, 

where <^=0*7163 for body-centred packing of spheres, and ^=0-6962 for face- 
centred packing of spheres. Bradford deduced A{p+K){v—b)^X^RTj where 
A^=internal pressure, —association factor, A=ratio of most probable mole¬ 
cular velocity in a real fluid to that in an ideal gas. 

^ Levy, Compt. Rend., 1878, 87, 449, 488; Massieu, ibid., 1878, 87, 731; Fitzgerald, Proc. 
Roy. Soc., 1887, 42, 50; Thiesen, Ann. Phys., 1897, 63, 329; Wassmuth, ibid., 1909, 30, 381; 
Onnes and Keesom, “ Enzykl. d. math. Wiss.,” 1912, 5, i, 757; Wicksell, Phil. Mag., 1912, 
24, 869. 

2 Proc. Nat. Acad., 1920, 6, 302. 
3 Keyes and Felsing, J.A.C.S., 1919, 41, 589; 1920, 42, 106. 
4 Arch. Nierl, 1923, 6, 153. 
5 Compt. Rend., 1947, 224, 1345; 1947, 225, 671, 1288. 
6 Phil. Mag., 1890, 30, 338. 
7 Ann. Chim., 1893, 29, 505. 
8 Z.phys. Chem., 1887, 1, 433. 
* J.A.C.S, 1924 46 342. 

>0 J. Chem. Phys'., 1937, 5, 896; Eyring, J. Phys. Chem., 1939, 43, 37. 
11 Proc. Phys. Soc., 1938, 50, 30; Phil. Mag., 1943, 34, 433. 
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Batschinski ^ pointed out that a van der Waals /?, v curve cuts the ideal gas 
curvepv^RTin two points, (i) z;=oo, and (ii) v=k, for which: 

hRTI(v---b)^alv^ 

and he called 1 /k the orthometric density. This was found to be a linear function 
of temperature, \jk’=^\jb—RTla. He also 2 found that the equation: 

v\RT—pv)l(vlk — 1)=const,, 

or p =^RT— (A—Blv)(vjk 

where A, B, k, and s are constants, agreed with the results for /^npentane and 
ether. 

Van der Waals ^ considered that his equation could be used to calculate 
the coefEcients of expansion of liquids. Berger calculated the coefficients 
of expansion of liquids from the approximate van der Waals equation (pc=:0), 
(ajv^)(v'-'b):=RT as 0L=(\/v)(dv/dT)p=^Cw^/{2'--w) where w^vjb and C= 
Rbja=oL(l+oiT)j(l+2aT)^==Si27Tc. The values of a and b calculated from 
a do not agree with those found from the critical constants, but the values 
of C found from a and T, are in fair agreement, except for associated 
liquids. The law of corresponding states (§ 16) is in good agreement if the 
values of b calculated from a are used. If Px=Pl(^lb^), T^=TI(alRb), then 
(p^. + l/w2)(w—l)=r^, w=2/[l+'\/(l“^^^x)]» which is modified to: 

H'=3/[i+iv(i-¥7;)]- 

This gives good results for the coefficient of expansion from the m.p. to the b.p. 
An equation suggested by Hall,^ (7=(a//c)(r—where a=coefficient of 

expansion, AC5=liquid compressibility, was checked by Smith ^ for alcohol and 
ether near the b.ps. 

For liquids the value of (dp/dT)^, which, from (4), § 11, is equal to RKv—b)^ 
or (p+alv^)IT, can be written as ajv'^T^ the external pressure p being negligible 
in comparison with the internal pressure ajv'^. If v^Mjp (M=normal mol. wt., 
p=density) is substituted, it is found that (dp/dT)^ so calculated does not always 
agree with that found from the critical constants with a=^(27l24)RT^v^ (§ 17), 
and Herzog ^ assumed this to be due to association. By using Rlx(v--b) 
instead of Rj{v—b) he calculated the degree of association x for some liquids 
and found it of the order of 2, agreeing with that found by other methods, e.g. 
surface tension (§7.VIII G, Vol. II). Reinganum 8put^7/z;2=r(d7?/dr)^—pand 
found that, near the critical point,a+w(da/dr)4,=77, where m and n are constants. 
Since ajv'^ is supposed to measure the internal pressure, Hildebrand ^ took the 
value of TidpjdTX as the value of the internal pressure, and made extensive use 
of this approximation. 

1 Ann. Phys., 1905, 19, 307. 
2 Ann. Phys., 1905, 19, 310; 1906, 21, 1001. 
3 “ Continuitfit,*’ 1899, 1, 161 f.; /. Chim. Phys., 1904, 2, 7. 
4 Z.phys. Chem., 1924, 111, 129; 1925,115, 1. 
5 Ann. Phys., Boltzmann Festschr., 1904, 899. 
6 Proc. Amer. Acad,, 1907, 42, 421. 
7 Z.phys. Chem., 1930, 147, 118. 
8 Ann. Phys., 1905,18, 1008. 

J.A.C.S., 1919, 41, 1067; 1921, 43, 500; “ Solubility,” New York, 1936; Karpen, Compt. 
Rend., 1922, 174, 1693. 

Sec Mortimer, J.A.C.S., 1923, 45, 633; Glasstone, “Recent Advances in General 
Chemistry,” 1936, 243 f. 



684 THE PROPERTIES OF GASES VII C 

§ 13. Variability of van der Waals’s a and b with Pressure and Temperature 

Although van der Waals’s equation agrees fairly well with Amagat’s iso¬ 
therms (§§ 6, 9.VII A) at higher temperatures, the two “ constants ” a and b 
are really functions of temperature.^ Van der Waals admitted from the first 
a variation of b with pressure, but regarded a as constant. The variation of b 
was represented by: 

b^b^[\-\lbJ32V+0-095^{bJVy+. . .] ... (1) 

where by, is the value for V->co or p=0. 
It would be expected that the (ideal) volume of a gas would be reduced by 

increasing attraction (a) and increased by the volume of the molecules (b), 
hence the ratio a/b should increase with decreasing molar volume of the actual 
gas. This is found not to be the case.^ For carbon dioxide b increases with 
rise of temperature; for helium it decreases. The inconstancy of b for carbon 
dioxide over a wide range of pressure is seen by assuming a to be constant at 
KW C., and using Amagat’s p and v data to calculate b by the equation; ^ 

(/;+0•00874/^;2)(^»-6)= 1 -00646 X 373/273, 

where v is the ratio of the volume to the actual volume at S.T.P. 

p atm. 50 100 300 500 1000 

V 002413 1 001030 1 0 00297 ! 0 00240 0 000199 
b 000298 000276 0 00191 000172 

1 
000156 

The isochores (lines of constant volume) calculated from van der Waals’s 
equation and those found experimentally by Ramsay and Young ^ may also be 
compared.5 From the complete isotherms for ether (Fig. 4.VIIC), for example, 
the corresponding values of pressure and temperature for each constant value of 
V can be read off outside the heterogeneous region. The plots of these values of 
p against T are isochores, and Ramsay and Young found them to be accurately 
straight lines, as required by van der Waals’s equation (z^=const.) 

p=RTI{v—b)—alv^=kT^c.(2) 

where k is the tangent of the angle made by the isochore with the T axis and 

1 De Heen and Dwelshauvers-Dery, Bull. Acad. Roy. Belg., 1894, 28, 46; Amagat, Compt, 
Rend., 1894, 118, 566; Traube, Ann. Phys., 1897, 61, 380, 391, 396; 1901, 5, 548; 1902, 8, 
267; 1907, 22, 519; Z.phys. Chem., 1909, 68, 289; van der Waals, Verslag. K. Akad. Wetens. 
Amsterdam, 1898, 7, 160, 408, 477; Z.phys. Chem., 1899, 31, 157; 1901, 38, 257; Arch. Neerl., 
1901, 4, 299; Ann. Phys., Boltzmann Festschr., 1904, 305; J. Chim. Phys., 1904, 2, 7; Rose- 
Innes and Young, Phil. Mag,, 1899, 47, 353; Lewis, Proc. Amer. Acad., 1899, 35, 1; Berthelot, 
Compt. Rend., 1900, 130, 115; Reinganum, Ann. Phys,, 1905, 18, 1008; Z. Elektrochem., 
1910, 16, 662; von Jiiptner, Z. phys. Chem,, 1908, 63, 579; 1910, 73, 343; NabI, Wien Ber., 
1911, 120, II A, 851; Wicksell, Phil. Mag., 1912, 24, 869 (new equation in series); Wohl, 
Z.phys. Chem., 1914, 87, 1; Kam, Phil. Mag., 1916,31, 22; 1919, 37, 65. Onnes and Keesom, 
“ Enzykl. d. math. Wiss.,” 1912,5, i, 703, pointed out that a and b are, in general, functions of 
both V and T. 

2 Fuchs, Z. phys. Chem., 1913, 84, 755; on molecular deformation in strongly compressed 
gases as detected by a change in optical properties, see Michels and de Groot, Nederland. 
Tijdschr. Natuurkde., 1946,12, 77, 

3 Jellinek, “ Lehrbuch der physikalischen Chemie,” 1928, 1, 657, 
Phil. Mag,, 1887, 23, 435; Phil. Trans., 1887, 178, 57. 

5 Jellinek, op. cit., 670. 
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c is the intercept on the p axis at r=0 {p negative). The numerical values of 
the constants k and c were not, however, in good agreement with the equation, 
since a varied from 2691 x 10^ to 5320 x 10^ (/? in mm. Hg, v in ml.) and b from 
I *47 to 5*60, for a volume range from 3 ml. to 300 ml. The isochores for iso- 
pentane (a normal substance) are not straight but slightly curved.^ 

The variation of b with pressure (or volume) was considered by van der 
Waals.2 The values of /=(T,/p,)(dp/dr)x^'r^=4, and g=RTJp,v^==SI3 
calculated from his equation are in disagreement with experiment. He found 
that (/—l)/3=/z and g={SI3)\/h, where h h a. constant, which for most normal 
substances is approximately equal to 2. He thence calculated db/dv and 
d^bjdv^ at the critical point. The assumption of the dependence of b alone on 
temperature and the constancy of a is, however, not generally compatible with 
experimental results.*^ 

Herz ^ calculated the values of b^ at the critical point by the equation 
b^^^RTJSPc, found them proportional to Mjp,, where is the critical 
density in g./ml., and there is a relation with the absolute volume of the molecules 
calculated from the refractive index ^ « as l)MI(n^+2)p. Lorenz and Herz^ 
calculated Oq at 0° K. from the equation of van Laar,'^ ao=AvQR, as ao= 
^(A//po)x 82-07 X 2-303. 

Hall 8 calculated a from Amagat’s experiments on the compressibility of 
liquids, and compared it with the vapour value, obtaining good agreement with 
ether but poor agreement with alcohol (an associated liquid). Pavlov,^ for 
liquids of the same boiling-point, found {b—bi)j{ab—aibi)=\2. Jablczynski 
concluded that b is constant but a a function of pressure and temperature for 
nitrogen, oxygen, ethylene, and carbon dioxide; Neusser that both a and b 
decrease with rise of temperature for inert gases. Chatley proposed 
a:=2aJ^l — TI2Tf.); Dalton proposed where ^=2-48xlO-^ 
for /^opentane. In a^cc—^T, where a and ^ are constants, for several 
substances. 

Boltzmann and Mache assumed a constant, but b—bQ—cl{v'^+d)y where 
c, and daxQ constants. Van der Waals ^ ^ later concluded that the experimental 

1 Young, Proc. Phvs. Soc., 1895,13, 602; “Stoichiometry,” 1918, 193; Traube,Phys., 
1897, 61, 380; 1901, 5, 548; 1902, 8, 267; 1907, 22, 519; Z. phys, Chem,, 1909, 68, 289; Rein- 
ganum, Ann. Phys., 1905, 18, 1008. 

2 Proc. K. Akad. Wetcns. Amsterdam, 1912-13, 21, 800, 947, 1074; “ Weiteres zur Zustands- 
gleichung,” Leipzig, 1913; Z. Elektrochem., 1914, 20, 142; cf. Proc. K. Akad. Wetens. Amster¬ 
dam, 1901, 3, 415, 571, 643; Arch. Neerl., 1901, 6, 47; Ann. Phys. Boltzmann Festschr., 1904, 
305; J. Chim. Phys., 1904, 2, 7. 

3 Happel, Ann. Phys., 1904, 13, 340; 1906, 21, 342; 1909, 30, 175; 1910, 31, 841; Rudorf, 
ibid., 1909, 29, 751; 1910, 31, 416. 

^ Z. Elektrochem., 1923, 29, 527. 
5 Herz, Z. Elektrochem., 1929, 35, 456. 
6 Z. anorg. Chem., 1930, 186, 164; hoicnz, Z. phys. Chem., 1928, 139, 1. 
2 “ Die Zustands^eichung,” Leipzig, 1924, 279. 
8 Ann. Phys. Boltzmann Festschr., 1904, 899. 
9 J. Phys. Chem. U.S.S.R., 1932, 3, 448, 455, 477. 

10 JRoczn. Chem., 1932, 12, 773; 1933, 13, 75; Phys. Z., 1932, 33, 536. 
II Phys. Z., 1930, 31, 1041; 1932, 33, 76. 
12 Phil. Mag., 1921, 42, 183. 
13 Trans. Roy. Soc. S. Africa, 1914,4,123; 1924,11, 209. 
1** Trans. Cambr. Phil. Soc., 1899, 18, 91; Ann. Phys., 1899, 68, 350; Boltzmann, “ Wiss. 

Abhl.,” 1909, 3, 651, 654, 658; cf. Maxwell, Nature, 1874,10, 477; Tait, Proc. Roy. Soc. Edin., 
1886, 33, 1 (90); Rayleigh, Nature, 1891, 44, 499, 597; 1892, 45, 80; “Scientific Papers,” 
Cambridge, 1902, 3, 465, 469; van der Waals, Proc. K. Akad. Wetens. Amsterdam, 1899, 1, 
138, 468. 

15 Proc. K. Akad. Wetens. Amsterdam, 1910, 13, 107, 491; Chem. WeekbL, 1913, 10, 628 
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results could not be explained by the assumption that b was a function of 
volume, and he adopted the idea of molecular clustering (§ 46) or “ quasi¬ 
association/’ Schuster^ used the formulae bi,=Vc—(RTJB^)y b,^RTJip,y 
6^=0*64Z?f, and 6^=0-23if, where the suffix b refers to the b.p. and c to 
the critical temperature, and B is the internal pressure. Berthelot ^ used 
/;^=fc,[l+0*3(r/7;-~l)]. 

Guye ^ calculated the “limiting” values of a and b for easily liquefiable gases 
from the formulae aQ^a{TJT)^^^y and b=^bo[l-’(T,’-T)/T^](l--0*0232229pJp) 
and used oq and 60 in reducing gas densities to the ideal state. A much simpler 
method, used by Kuenen,^ is described in § 8. Reinganum ^ found that 
a+A'(da/drX.=const. Pagliani^ concluded that b in for 
liquids should increase with rise of temperature if v is the volume for p->co^ 

but with liquids like ether, the compressibility of which increases rapidly with 
rise of temperature, b decreases. At a given temperature, b increases with the 
number of atoms in the molecule, and ^\Mb)y where Af=mol. wt., is supposed 
to be proportional to the molecular diameter. 

§ 14. Empirical Formulas for the van der Waals Constants 

From the relations of a and b to the critical constants (§ 7), and the numerous 
empirical formulae for the latter (§§ 7-11.VII B), several empirical equations for 
a and b may be found, some of which are given here. From the formulae 

z;^/Z=0‘00044, \(M)v^^TJPc {p^. is in atm., 
fraction of the ideal gas volume at S.T.P.), where ;7==no. of atoms in molecule, 
Z=sum of valencies in molecule (for aromatic compounds the valency of 
carbon is taken as 3), and the equation fr)=r/273, it is found 
that 6=(47?/Z)X 10"^=201Zx 10“^. The equation^ (which applies only to 
compounds free from nitrogen) 7z=193Af where Af=mol. wt., r^=b.p. 
abs., /)^=density at b.p., gives ^/?=:(795T6M2/]r^-^p^)x 10”! The equation ^ 
A/=/>,7;/0T 176/7,, with 7;= 1 -57,, gives ? Z7=(12354/>,//?,2) x 10"^ and 
«=(27/64x 2732)7,2//?^, or with TJp^ in terms of n ox Z, a=5*0947tr,x 10~^= 
2-49Zr,x 10~<^=4-5847i2/7^X 10"^ Jorissen’s equation ^ gives a=1474-713x 
10“W2/r^p^, and Boutaric’s equation,^ a=239920x 10~^/)^7),//7,2, Herz’s 
equation 7;=: j(l/a2o+293), where a2o=coefficient of expansion at 20"’C., 
gives, on substitution in <3=5*094/27;-X 10“^, and division by 6=412/7X10“^ 
the equation a2o== 1/(^3^/0*006186—293). In these equations 6 is a fraction of 
the molar volume in the ideal state at S.T.P. From the equation (§ 11.VII B) 
4=/7,rjr,p„ Herz found 6=rj21844p„ where 4=latent heat of evapora¬ 
tion; and from 4=0*00093r/,/p,z7^, he found 6=^;,/2*031. By taking pJRTJMp, 
—3'875 (the usual value is 3*75; § 20), he found 6 =0*0000216M//3,, and from 
a=npjb'^ it follows that «= 1 *26 x 108/?,(A//p,)2. 

1 Ber., 1925,58,2183, 
2 Compt. Rend., 1900, 130, 115. 
3 Friderich and Guye, Arch. ScL Phys. Nat., 1900, 9, 505; Guye, J. Chim. Phys., 1905, 

3, 321. 
4 Ann. Phys., 1905, 17, 189. 
5 Ann. Phys., 1905, 18, 1008. 
6 Atti R. Accad. Lincei, 1901,10, ii, 69; Nuov. dm., 1901, 2, 122; for ether, see Taylor and 

Smith, J.A.C.S., 1922,44, 2450. 
7 Herz,Z. anor^. Chem., 1920, 109, 293; 1920, 114, 153; Z. Elektrochem., 1921, 27, 373. 
8 Jorissen, J. Chim. Phys., 1920, 18, 25; Herz, Z. anorg. Chem., 1921, 116, 250. 
^ Boutaric, Compt. Rend., 1912, 155, 1080; Ann. Chim., 1914, 1, 437. 

Z. anorg. Chem,, 1920,112, 218', Z. Elektrochem., 1921, 27, 125. 
Z. Elektrochem., 1920, 27, 26; 1921, 27, 373. 
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Paul 1 deduced the equation: 

b={v”-vW[iv"lv’)x]}l{ 1 - VWIv')x]} 

where Lg being the latent heat of evaporation per mol, v' and v" 
the specific volumes of liquid and gas, and he found the calculated values of 
b almost independent of temperature. According to Walden,^ 
(K,,=molar vol. at b.p.) for normal liquids, but the ratio falls to 1*13 for sub¬ 
stances of low b.p. (N2, etc.). Gay found ^,//?=const. = 3*6 and RTJpJb^ 
const.= 13*65. 

Attempts have been made to calculate values of the constants a and b for 
compound molecules from atomic values. - If .4 is the value of a for the com¬ 
pound and a the “ atomic ” value, van Laar ^ proposed the equation: 

but found that one constant {ax, ay, or a^) must be put equal to zero; he sug¬ 
gested that this was because some atoms are “ screened ” by being inside the 
molecule. Barbulescu ^ proposed to divide the van der Waals a by the atomic 
or molecular weight to give a “ specific attraction constant a,, and found 
that: 

+pa,y^ +qa,z^. 

For organic compounds he supposed that a,x^ci^y^a^z> hence if 
n^^m+p+q^TiO, of atoms in molecule: 

where d^ is a mean specific factor, approximately 4'lOxlO'^ lit.^ atm. The 
values were in fair agreement with those calculated from a^^(TIIM){R^Tp‘lp^ 

(§ 7). 

§ 15. Internal Pressure of a Liquid 

Young ^ calculated the internal pressure K in water as about 23,000 atm. 
Dupre,'7 who recognised, correctly, that there is an expansive pressure opposing 
the internal pressure and due to the heat motion of the molecules, found the 
equation K^ljv, where is the internal latent heat of evaporation and 
V the sp. vol., and for water he calculated K to be 23,900 atm., in good agreement 
with Young’s value. Rayleigh ® drew attention to Young’s idea of intrinsic 
pressure (as Rayleigh called the internal pressure), and pointed out that there 
must be an intrinsic repulsive pressure to balance it, but he did not follow up the 
suggestion, which was afterwards developed in detail by T. W. Richards.^ 

Geissler proposed the formula K=S/{V—vy, where F=total molar volume, 
minimum volume, and S and a are constants, and attempted to calculate n 

1 Z.phys. Chem., 1939, 183, 321. 
2 Z.phvs. Chem„ 1909, 66, 385. 
3 Compt. Rend., 1910, 151, 612; 1911, 153, 262, 722; 1913, 156, 1015, 1070; 1913, 157, 

711; 1914,158, 34. 
4 J. Chim. Phys„ 1916,14, 3. 
5 Bull Soc. Set. Cluj, 1936, 8, 462; J. Chim. Phvs., 1938, 35, 27. 
6 Phil. Trans., 1805, 95, 71. 
2 Ann. Chim., 1864, 2, 185; Worthington, Phil. Mag., 1884,18, 334; see on various calcula¬ 

tions of K, Lewis, Trans. Faraday Soc., 1911, 7, 94; Takenchi, Proc. Phys. Math. Soc. Japan, 
1931,13, 17. 

8 Phil. Mag., 1890, 30, 285, 456; “ Scientific Papers,” Cambridge, 1902, 3, 397, 
9 See§4.IXN, Voh II. 

10 Z. Ekktrochem., 1918, 24, 101. 
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from the critical volume. Schuster ^ from Stefan’s formula (see § 6.VIII G, 
Vol. II) {K-p)Vc::iKV-=^MlJ2, and the Clapeyron-Clausius equation (see 
§7.VIII L, VoL II), A/4=i?r2(dlnj7/dr), found K=-{RT^I2Vm){d \n pjdT), 
where F^=molar volume. From van der Waals’s vapour-pressure equation 
(see §22): 

ln(A/p)=/(7;/r-l), 

where/—const., it follows that: 

-d In pldT== --fTJT^+(TJT- l)dfldTc::i -fTJT^ 

/. K^(RTJ2VJf^(RI2VJTT,ln (pJp)KT,--T) 

r=4h04TT,\n(pJp)IV^(T,-^T) 

if p is in atm. and in ml./mol. (/?=82*08). At 1 atm. pressure (b.p.): 

A4=41 *047,r. In pjVUT-T,\ 

The values agree with those calculated by Walden.^ 
Expressions for the internal pressure K are those of Herzog,^ 

3-lRTI{v-b)\ Hefz,4 where aj=:3p,TJp,^T from 
Clausius’s equation (§ 28), Kol (a=coefficient of expansion) being approximately 
2 but showing some temperature variation; and Bradford,^ A(p+K)(v—b)= 
X^RT, where A is the ratio of the most probable molecular velocity in a real 
fluid to that in an ideal gas (§ lO.III), and A is an association factor. 

Amagat ^ calculated the internal pressure from the semi-empirical equation 
(§ 12) K^T{dpldT)^—‘pc::LTidpjdT\, K is then independent of temperature, but 
is a function of volume, reaching a maximum at a volume e. The co-volume 
is a function of volume, and: 

where Ay By and a are constants. He also used KAp=PcVjv. He compared 
the internal pressure K^T{dpldT\—p with that, w^URrj'iVy calculated by the 
virial equation (§ 40), which gives w={pqVq—pv)Iv. The two values are not in 
agreement and he gave the preference to >v. 

Smith'7 showed for alcohol and ether that alv'^+p=T{dvldT)Jidvldp)j: 
It is usually supposed that the internal pressure decreases without limit with 
rise of temperature, but Leduc ^ concluded that it decreases to a finite limit and 
does not vanish for T~>oo, 

§ 16. The Law of Corresponding States 

The van der Waals equation contains three constants, a, by and R. These 
may be expressed in terms of the three critical constants p,, v,y and by means 
of equations (7), § 7: 

b=vJ3, a=3p,v2, R=(8/3)p^vJT, .... (1) 

1 Z. anorg. Chem., 1925, 146, 299; Ber., 1925, 58, 2183. 
2 Z.phvs. Chem., 1909, 66, 385. 
3 Z.phys. Chem., 1930,149, 89. 
“ Z. anorg. Chem., 1926,155, 323; 1926,157, 326. 
5 Proc. Phys. Soc., 1938, 50, 30; Phil. Mag., 1943, 34,433. 
« J. de Phys., 1894, 3, 307; Compt. Rend., 1894, 118, 326, 566; 1895, 120, 489, 580; 1899, 

128, 538, 649; 1906, 142, 371; 1909, 148, 1135; 1911, 153, 851; 1912, 154, 909; /. de Phys., 
1909, 8, 617; “Notes sur la Physique,” 1912, 85, 98, 103, 110, 117, 124, 129; Arm. Chim., 
1913,28, 5; Dubief, Compt. Rend., 1926, 182, 688. 

2 Proc. Amer. Acad., 1907,42, 421. 
* Compt. Rend., 1915,161, 97. 



689 §16 THE LAW OF CORRESPONDING STATES 

When substituted in the van der Waals equation: 

{p+alv^)iv-b)=RT.(2) 
these give: 

+ .... (3) 

[p/p,+3{vjv)2](3v/v,^ l) = 8r/r,.(4) 

If the pressure, volume, and temperature are expressed as fractions of the 
critical values, giving the so-called reduced pressure, reduced volume, and 
reduced temperature: ^ 

^^pjPn .(5) 
then (4) becomes: 

(7r+3/<^2)(3^-l)=8i9.(6) 

which is called the reduced van der Waals^s equation. With appropriate values 
of 77, <f), and O' this should hold for any mass of any substance. It is assumed, of 
course, that the molecular state is the same throughout the range of pressure, 
volume, and temperature, i.e. no association is present. Schames 2 introduced 
the ratio k^MjM^ of the molecular weight to the ideal gas value, and if k, 
are the values at a given temperature and the critical temperature, he wrote the 
reduced equation (6) as: 

1/3][77+3(A:- iWHK- l)]=(8m 

Substances having the same values of tt, (f>, and & are said to be in corresponding 
states? Equation (6) now contains no specific constants of particular sub¬ 
stances ^ and should, therefore, be a general equation for all gases and liquids. 
It is one form of what is called a law of corresponding states. 

Many other characteristic equations besides van der Waals’s, but not all, 
lead to laws of corresponding states, although the exact form of the equation 
corresponding with (6) varies from case to case. The general expression of the 
law of corresponding states is that all substances should behave alike for the 
same values of tt, 0, and This is approximately true. The behaviour 
excludes chemical activity, but is wider than mere pressure, volume, and tem¬ 
perature relations. Equation (12), § 5.II, becomes, in terms of corresponding 
states, (d77/d^)5= —777/^, where 5=entropy and y is the ratio of specific heats.^ 

The most general form of characteristic equation is: 

F(p, V, T, Cl, C2, C3, . . .)=0.(7) 

where F is a function of the variables p, v, and T, and of Cj, C2, C3, . . ., which 
are constants characteristic of the particular substance, including the molecular 
weight (since the constant R in the equation pv=RT is the same only for 
equimolecular amounts). Equation (7) holds, and at the critical point the 
two equations (8) of § 7: 

(<ip/dv)2~0, and {d2p/(iv2)j^0.(8) 

1 The symbols tt, are those recommended by the committee on symbols, Trans. Faraday 
Soc., 1910, 5, 252; the German AEF symbols are pt, vt, Tr, Aufschlusse fiir Einheiten und 
Formelgrossen, Verhl. d. D. Phys. Ges., 1910, 12, 476; also Anglo-American provisional 
symbols, JA.C.S., 1914, 36, 46. Natanson, Compt. Rend., 1889, 109, 855, called them the 
specific pressure, volume, and temperature. 

2 Ann. Phys., 1912, 38, 830; 1912, 39, 887; Verhl. d. D. Phys. Ges., 1913,15, 1017; Phys. Z., 
1913,14, 1172. 

3 Van der Waals, Verhl. K. Akad. Wetens. Amsterdam, 1881, 21, No. V. 
4 The values of pc, Vc, and Tc are, of course, specific for every substance, so that the cal¬ 

culation of TT, <t>, and d' requires a knowledge of these in every case. 
3 Bakker, Z. phys. Chem., 1896, 21, 127, 506. 
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then allow three constants in (7) to be expressed in terms of the critical constants. 
If the resulting equation is a reduced equation, such as (6) in a special case, it 
must contain no constants characteristic of the substance; hence (7) can contain 
only three such constants. In this case it can always be written in the form: 

KpIPc^ T'ITc)==^0, or f(7r, <^,i^)==0 ... (9) 

Hence, a characteristic equation leads to a law of corresponding states when it 
contains only three characteristic constants and shows a critical point.^ This 
is the case with van der Waals’s equation. Characteristic equations containing 
more than three constants (e.g. Clausius’s and Wohl’s) take account of devia¬ 
tions from the law of corresponding states. 

§ 17. Tests of the Law of Corresponding States 
Experiments to test the law of corresponding states were made by Amagat ^ 

and Raveau; ^ the latter plotted the logarithms of the reduced pressures and 
volumes for various substances: 

log ^s=log z;—log v^^Xog z;—const., 

log 7r=log p—log p,=log p—const., 

for various values of the reduced temperature & according to (6), § 16. The 
observed values of log p and log v were then plotted on a translucent sheet of 
paper, and this laid over the first sheet of curves. Since the reduction of log p 
to log TT and of log v to log requires merely the addition (or subtraction) of a 
constant, it should be possible to bring the two sets of curves into coincidence 
merely by shifting one sheet over the other parallel to the axes of p and v. The 
critical point was brought into coincidence, and it was then found that the two 
sets of curves did not exactly coincide, but cut one another (Fig. 6.VII C, for 
CO2). The reduced van der Waals equation is, therefore, not strictly accurate. 

Young,^ in an extensive series of careful experiments (see § 19), found that 
the law of corresponding states itself is not rigorously exact. It should not be 
overlooked, however, that, even in the case of van der Waals’s equation, some 
of the proposed tests are extremely sensitive, and even quite small experimental 
errors would be greatly magnified in the mathematical treatment used. Very 
few equations in other branches of science would survive such tests. 

1 Natanson, Compt. Rend., 1889, 109, 855, 890; Z. phys. Chem., 1892, 9, 26; Curie, Arch. 
Sci. Phys. Nat., 1891, 26, 13; Mathias, Ann. Fac. Sci. Toulouse, 1891, 5, F; Meslin, Compt. 
Rend., 1893, 116, 135; Brillouin, J. de Phys., 1893, 2, 113; Boltzmann, “ Gastheorie,’* 1898, 
2, 27; Hilton, Phil. Mag., 1901, 1, 579; 1901, 2, 108; Berthelot, J. de Phys., 1903, 2, 186; 
van Iterson, Z. phys. Chem., 1905, 53, 633; Haig, Phil. Mag., 1^8, 16, 201; Ter Gazarian, 
J. Chim. Phys., 1909, 7, 233; von Kaufmann, Phil. Mag., 1915, 30,146; Bochet, Compt. Rend., 
1924,178, 377, 922; Berthelot, ibid., 1924,178, 677; Pinter, Acta Phys. Polon., 1935, 4, 23; Z. 
Elektrochem., 1937,43, 669. 

2 Compt. Rend., 1896, 123, 30, 83; 1897, 124, 547; 1913, 156, 843; J. de Phys., 1897, 6, 5; 
Z. phys. Chem., 1897, 23, 177 (abstr.); “ Notes sur la Physique et la Thermodynamique,’’ 
1912, 38 f. 

3 Compt. Rend., 1896,123, 100; 1920, 171, 235, 471; J. de Phys., 1897, 6, 432; Onnes, Arch. 
Nderl., 1897, 30, 101; 1900, 5, 665 (Comm. Leiden, 66); Ann. Phys. Beibl, 1901, 25, 189; 
D. Berthelot, Compt. Rend., 1900, 130, 565, 713; 1900, 131, 175; J. de Phys., 1901, 10, 611; 
Happel, Ann. Phys., 1904, 13, 340; 1906, 21, 342; 1909, 30, 175; 1910, 31, 841; 1910, 32, 
868; Phys. Z., 1909, 10, 687; Schaposchnikow, Z. phys. Chem., 1905, 51, 542; Onnes and 
Keesom, “ Enzykl. d. math. Wiss.,” 1912, 5, i, 697, 727; Kuenen, “Die Eigenschaften der 
Gase” (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,” 3), Leipzig, 1919, 393; 
Byk, Phys. Z., 1921, 22, 15; Schtile, “ Technische Thermodynamik,” Berlin, 1923, 2, 110. 

4 Summary in Young, “Stoichiometry,” 1918, 200 f.; Surdin, 7, de Phys., 1937, 8, 294, 
found that a plot of ^ against ^ for many liquids gave a good single curve. 
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Raveau plotted the logarithms of p and v for carbon dioxide on a sheet, and 
those for ethylene on a translucent sheet, and found that by shifting one sheet 
parallel to the axes of p and v the two sets of curves could be brought into an 
excellent set (Fig. 7. VII C), showing that iht general law of corresponding states 
was obeyed. 

§ 18. Vapour Pressures and the Law of Corresponding States 
The characteristic equation, e.g. van der Waals's equation, applies only to 

homogeneous states, but Maxwell’s rule (§ 9) extends its application to hetero¬ 
geneous systems composed of liquid in equilibrium with vapour. Suppose the 
system carried from the state Fig. 2.VII C, to the state r, (i) along the 
theoretical isotherm adhec (homogeneous system), and (ii) along the real 
isotherm ac (heterogeneous system) at a constant pressure P, equal to the 
vapour pressure. Maxwell’s rule states that the two amounts of work done are 
equal, hence: 

I pdv^P(v^-v;). 
Jvi 

If the equation is divided through by it is obtained in terms of reduced 
magnitudes, where ny is the reduced vapour pressure, Pjp^: 

f ■n(i(j)=ny(<f>^—<f>,)  (1) 
J-i, 

If the value of n from the reduced characteristic equation (e.g. van der 
Waals’s equation (6), § 16) is introduced into the integral of (1), then on inte¬ 
gration an equation containing ny, <j>,, and i? is obtained: 

F(7rp,,<^„^„^)=0.(2) 

The application of the reduced equation to the liquid and vapour separately 
gives two equations; 

i?)=0  (3) 

{(7ry,<l^„&)=0  (4) 

and from the three equations (2)-(4) the values of iTy, and can, in principle, 
be determined as functions of the reduced temperature: 

7rp,=fi(^),  (5) 

(The reduced pressure or reduced volume could also be taken as independent 
variable.) Thus, the reduced vapour pressure and the reduced molecular 
volumes of liquid and vapour should be the same for all substances at the 
same reduced temperature.* 

Van der Waals^ compared the vapour pressures of sulphur dioxide (p,= 
78-9 atm., r,=428-4°) and ether (p,=36-9 atm., 7,=463°). At 150“ C.=423“ K., 
the vapour pressure of SO2 is 71-45 atm. The corresponding pressure for 
ether is 7145x36'9/78-9=33-45 atm., and the vapour-pressure curve shows 
that it has this pressure at 183'3° C.=456‘3° K. The reduced temperatures 

1 Clausius, Ann. Phys., 1881,14, 279, 692; Planck, ibid., 1881, 13, 535; Raveau, J. de Phys., 
1892, 1, 461; van Laar, Z. phys. Chem., 1893, 11, 433, 721; Donnan, Nature, 1895, 52, 619; 
Hilton, Phil. Mag., 1901, 1, 579; Ritter, Wien Ber., 1902, 111, II A, 1046; Pitsch, ibid., 1904, 
113, II A, 849; Dalton, Phil. Mag., 1907, 13, 517; Trans. Roy. Soc. S. Africa, 1914, 4, 
ii, 123; Haig, Phil. Mag., 1908, 16, 201; Ter Gazarian, J. Chim. Phvs., 1909, 7, 233; von 
Kaufmann, Phil. Mag., 1915, 30, 146; Decker, Phvsica, 1941, 8, 59. 

2 “ Continuitat,” 1899, 1, 141. 
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are 423/4284=0*987 and 456*3/463=0*986, i.e. practically equal. A complete 
table shows, however, that the agreement holds only at high pressures. 

p atm. SO2 

(C2H5)20 
60 
28*4 

41-56 
19-4 

33-95 
15-9 

22-47 ^ 
10-5 

141-31 
6-69 

8-43 
3-94 

II SO2 

(C2H5)20 

0-964 
0-963 

0-918 
0-918 

0-894 
0-895 

0-848 
0-849 

0-801 
0-807 

0-754 
0-762 

i 

§ 19. Young’s Experiments on the Law of Corresponding States 

The law of corresponding states was tested by Young ^ and co-workers by 
using vapour-pressure measurements. A selection of the data is given for the 
substances for which the critical constants ^ are given in Table I. 

Table I 

Substance Formula Mol. wt. t; C. Pc mm. Fig Vc ml./g. 

Fluorobenzene C6H5F 95-8 286-55 33910 2-822 
Chlorobenzene C6H5CI 112-2 360 33910 2-731 
Bromobenzene C6H5Br 156-6 397 33910 2-059 
lodobenzene CoHsl 203-4 448 33910 1-713 
Benzene . C6H6 77-84 288-5 36395 3-293 
Carbon tetrachloride CCI4 153-45 ' 283-15 j 34180 1 -799 
Stannic chloride SnCU 1 259-3 318-7 I 28080 i 1-347 
Ether .> (CiHsiiO 73-84 199-4 27060 1 3-801 
Methyl alcohol CHiOH 31-93 240-0 59760 1 3-697 
Ethyl alcohol C2H5OH 45-90 i 243-1 : 47850 6-636 
Acetic acid. CH3COOH 52-86 321-6 43400 2-846 

Fluorobenzene was taken as the standard substance. In Table II the ratio 
of the vapour pressure P to the vapour pressure P' of fluorobenzene at a series 
of corresponding temperatures d' is shown for the other substances in the first 
table. From the law of corresponding states, the ratio Pjp^ should be constant 
in corresponding states, and for any given substance the ratio PjP' should be 
constant at various reduced temperatures, i.e. the figures in the vertical columns 
should be constant for each substance. This is very nearly the case for some 
substances, but not for others. 

In Table III the ratios of the vapour volumes for the substances and fluoro¬ 
benzene and in Table IV the ratios of the liquid volumes are given for various 
reduced temperatures. The figures in the vertical columns should again be 
constant. 

The greatest deviations occur with the alcohols and acetic acid, which are 
regarded as associated substances, the degree of association varying with 

1 Z phys. Chem., 1887, 1, 237, 433; 1899, 29, 193; /.C.5., 1893, 63, 1191; 1895, 67, 1071; 
1897, 71, 446; 1898, 73, 675; 1899, 75, 873; 1900, 77, 1126, 1145; 1902, 81, 783; Phil. Mag., 
1892, 33, 153; 1894, 37, 1; Proc. Phys. Soc., 1895. 13, 602; Proc. Roy. Dublin Soc., 1910, 12, 
374; “ Stoichiometry,’’ 1918, 200; Dewar, B.A. Rep., 1902, 29; Winkelmann, “ Handbuch der 
Physik,” 1906, 3, 940; graplucal applications, Watson, Ind. Eng. Chem., 1943, 35, 398. On 
Sidney Young (1857-1937), see Timmermans, Endeavour, 1947, 6,11. 

2 Young, Phil. Mag., 1892, 34, 503. 
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temperature. The remaining substances seem to fall into groups (halogen 
substituted benzenes; benzene and carbon tetrachloride; stannic chloride and 
ether).! 

Another comparison may be made at equal reduced pressures. The reduced 
volumes ^ of liquid and vapour are given for several substances in Table V for 
a reduced pressure of /’//)f=7r=0-08846 and various reduced temperatures 

Table V 

Substance i 1 h 

Cyclohexane. 
1 

0*7277 1 0*4090 11-1 
Benzene . ! 0*7282 04065 28*3 
/.s’f^pentane . 0*7292 0*4085 1 27*7 
//-pentane . 0*7331 0*4061 ; 28*4 
//-hexane . 0*7406 0*4055 29*1 
//-heptane . 0*7483 0*4029 29-5 
//-octane . 

1 
0*7544 0*4006 29*35 

Fluorobenzene 0*7334 0-4067 28-4 
Chlorobenzene 0*7345 0*4028 28*5 
Bromobenzcnc 0*7343 0*4024 28*3 
lodobenzene. 0*7337 0*4020 28*3 

Carbon tetrachloride 0*7251 0*4078 1 27*45 
Tin tetrachloride 0*7337 1 0*4031 ! 28*15 
Ether . 0*7380 1 0*4030 J 28*3 
Methyl formate 0*7348 0*4001 29*3 
Ethyl formate 0*7385 0*4003 29*6 
Methyl acetate 0*7445 ' 0*3989 30*15 
Ethyl acetate 0*7504 ; 0*4001 30*25 

Acetic acid . 0*7624 ; 0*4100 ! 25*4 
Methyl alcohol 0*7734 0*3973 34*35 
Ethyl alcohol. ... , 0*7794 1 

i 
0*4061 i 

1 

32*15 

Herz 3 found that the reduced temperatures at which liquids have equal 
reduced densities p,=plp, are approximately equal: 

Pr ...... 2 10 50 ^ 

& . 0*978 0*830 0*697 0*890 0*609 

Pall and Maass ^ determined the densities of liquid propylene and methyl 
ether and found that the law of corresponding states held to 1 in 2000 up to 
temperatures at least as high as 0-96r^. Herz ^ did not find the expected regu¬ 
larity with the densities of saturated vapours at -^oTc and f 

Table VI gives the reduced vapour pressures n^PlPc for a number of sub¬ 
stances at different reduced temperatures. 

1 Cf. Herz, Z, anorg. Chem., 1925,144, 40; Carroll, Phil, Mag,, 1926, 2, 385. 
2 Cf. Meslin, J, de Phys,, 1909, 8, 752; Davis, Phil, Mag,, 1912, 23, 657; Herz, Z. anorg, 

Chem,y 1924, 133, 177; Salzwedel, Ann, Phys,, 1930, 5, 853; Bauer, Magat, and Surdin, J. de 
Phys,, 1936, 7, 441, obtained good results with ^'3=(r—7i)/(rc—T/), where r/=abs. triple 
point, at which solid, liquid, and vapour are in equilibrium. 

3 Z. anorg, Chem,, 1925, 144, 40. 
^ Canad, J, Res,, 1936,14 B, 96. 
5 Arch, Pharm,, 1927, 265, 212. 
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Table VI 

& . 0-5170 0-6400 • 0-7334 0-8464 

Pmm. Substance TT 

33910 Fluorobenzene 0 00147 0-02241 0-08847 0-2949 
33910 Chlorobenzene 0-00149 1 0-02252 0-08744 0-2956 
25210 Propyl acetate 0-00059 0-01404 0 06613 0-2583 
25210 Ethyl propionate 0-00059 ■ 0-01407 0-06697 0-2585 
35180 Methyl acetate 0-00093 0-01765 007598 0-2765 
30440 Propyl formate 0-00094 001799 0-07791 ! 0-2801 
25100 /j-Pentane 0-00154 0-02256 0-08888 0-2960 
18730 n-Octane 0-00060 0-01406 0-06645 0*2567 
34180 Carbon tetrachloride 0-00203 0-02681 0-09801 0-3088 

Herz 1 found that the reduced vapour pressures for equal reduced densities of 
the liquids are approximately equal; for plp^—2, 7r=0*464. For p=2-75p^ 
the results were less satisfactory, perhaps owing to experimental errors. 

Quite appreciable deviations from equality in the vertical columns in Table VI 
occur even for related substances, such as /i-pentane and ^i-octane, and methyl 
and propyl acetates. Non-related substances such as /i-octane and propyl 
acetate, and /2-pentane and chlorobenzene, show almost equal values of tt. 
The possibility of grouping substances from the point of view of corresponding 
states is thus remote. Herz ^ found, however, that the temperatures at which 
the vapour pressures are equal fractions of the critical pressure are nearly equal 
fractions of the critical temperature. 

§ 20. Values of the Critical Ratio 

Another test of van der Waals’s equation may be made as follows.^ The 
three equations (6), § 7, give: 

RT,^Sal27b=Sp,vJ3, 
therefore: 

RTJp,v,^%l3^2-ei .(1) 

The critical ratio RTJp^v^ should be a constant for all substances. For one 
mol of substance, if M is the molecular weight, p^ the critical density, and if 
Vc is in ml. and p^ in atm.: 

RTJp,v=(^2-IIM)(pM=^2-67.(2) 

The values of (2) for various substances, according to Young and other ob¬ 
servers are: 

He 4 H2 a O2 N2 CO2 SO2 Xe CI2 

3 184 3-28 3-424 3-419 3-421 3-486 3-605 3-605 3-63 

/-C5H12 CeHe 11-C5H12 CfiHsCl CeHsF (C2H5)20 C2H5OH H2O 
3-734 3-755 3-762 3-776 3-797 3-814 4-115 4-458 

1 Z, anorg. Chem., 1925, 145, 378. 
2 Z. Elektrochem.y 1930, 36, 300. 
3 Young, /.C.S'., 1897, 71, 446; Phil. Mag., 1900, 50, 291; “ Stoichiometry,” 1918, 218; 

Dieterici, Ann. Phys., 1904,15, 860; Walden, Z.phys. Chem., 1909, 66, 385 (437); Kleeman, 
Phil. Mag., 1909, 18, 901; Kam, ibid., 1916, 31, 22 (value should be 2-0); Porter, in Glaze- 
brook, “Diet, of Applied Physics,” 1922, 1, 891; Walker, Phil. Mag., 1924, 47, 111, 513 
(value is a function of the length of the molecule). 

4 According to Onnes, Proc. K. Akad. Wetens. Amsterdam, 1911, 13, 1093, the value for 
helium is the theoretical value 2-68. 
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The value is always greater than 2-67 and not quite constant, varying from 
about 3-2 to 3-9 for normal substances, but having larger values (over 4) for 
associated liquids. A rough average value for normal substances is 15/4=3 *75. 
According to Guye ^ the ratio is: 

=2-648(1+0*0393457,).(3) 

Berthelot (see § 29) put it equal to 32/9=3*56. The value z^,=36 predicted by 
van der Waals’s equation is too large, as is seen by comparison with (1); the 
observed constant, 3*75, corresponds with v^=3x2-67bl3-15c::i2b, and this is 
more nearly in agreement with experiment.^ In a later publication,^ van der 
Waals gave reasons for taking v^=2‘\3b. 

§ 21. Molar Volume at the Absolute Zero 

Another test ^ of van der Waals’s equation is the comparison of the calculated 
values of the molar volume at the absolute zero. It might be assumed that the 
value of V given by van der Waals’s equation, (p+a/v^)(v—b)==RT, would be 
equal to b at 7=0, when the factor {v—b) vanishes. The value of the density 
/>o at the absolute zero can, however, be calculated from the rectilinear diameter 
equation of Cailletet and Mathias (§ 5.VII B), and if M=mol. wt. then: 

v,polM=vJb=3.(1) 

so that the critical volume of all substances should be three times the volume of 
the same mass at the absolute zero. From some values given below it is seen 
that the ratio varies between 3*6 and 4, but in view of the wide variation in 

and po, the constancy of the ratio must be regarded as very fair. 

Vc ml. per mol M/po ml. v,po/M 

02 . 74*40 20*8 3*58 
C02. 96 25*5 3*77 
(C2H5)20 . 280 71*7 3*91 
C6H6. 256 70*6 3*63 
ecu. 276 ' 72*2 3*82 
Propyl acetate 345 86*2 4*00 

§ 22. Reduced Vapour-Pressure Equation 

A very elegant graphical test of the law of corresponding states is due to 
Bingham. 5 Van der Waals ^ proposed a semi-empirical vapour-pressure equa¬ 
tion: 

.(1) 
1 Compt. Rend., 1891, 112,1257; Bogdan, Z. phys. Chem., 1906,57, 349. 
2 Walden, Z, phys. Chem., 1909,66, 385 (437); Herz, Z. Elektrochem., 1923, 29, 527. 
3 Proc. K. Akad. Wetens. Amsterdam, 1910-11, 13, 107, 494; on the relation to chemical 

composition, see MacLeod, Trans. Faraday Soc., 1944, 40, 439. 
4 D, Berthelot, Compt. Rend., 1900, 130, 713; Guldberg, Z. phys. Chem., 1900, 32, 116; 

van’t Hoff, “ Vorlesungen iiber theoretischc und physikalische Cheraie,” Brunswick, 1903, 3, 
21; Mebius, Arkiv Mat. Astron. Fys., 1915,10, No. 20. 

5 J.A.C.S., 1906, 28, 717, 723; Nemst, Gott. Nachr., 1906, 1; “ Theoretische Chemie,” 
7th edit, 1913, 234; Nijhoff, Comm. Leiden, 1929, Suppl. 64/. 

6 “ Continuitat,” 2nd edit., 1899, 1, 147, 158; Dieterici, Ann. Phys., 1904,15, 860; Rudorf, 
ibid., 1909, 29, 751; 1910, 31, 416; Venator, Chem Ztg., 1918, 42, 194; Z.phys. Chem., 1918, 
93, 242, 245, 247; Berthoud, J. Chim. Phys., 1918, 16, 245; Herz, Z, Elektrochem., 1919, 25, 
468; Brandt, Ann. Phys., 1924,73,403. 
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where /*=vapour pressure, d'=TIT„ and /is a constant very nearly equal to 
3-0. Guye ’ calculated the following values of/: 

Benzene . ... 2-89 Propyl formate . 3-04 
Chlorobenzene . ... 2*95 Methyl acetate . 3*07 
Carbon tetrachloride ... 2-81 Propyl acetate . 3*22 
Ethyl ether. ... 300 Methyl propionate . 3-13 
Fluorobenzene . ... 2*99 Ethyl propionate ... . 3-22 
Stannic chloride. ... 301 Methyl m^butyrate . 3-15 
Ethyl formate . ... 300 Methyl butyrate ... . 3-24 
Methyl formate . ... 2-97 Ethyl acetate . 3-26 

The mean value is 3*06. For water, alcohols, and acetic acid, the value of 
is greater than 3-2. At the boiling-point, T=7'^, P=1 atm., therefore 

7,/7;=l+log/?,//. 
Bingham, and Nernst, plotted the values of log (pdP) against those of 

(r^/r—1), and obtained the set of curves shown in Fig. 8.VI1 C. If the law 

Fig. 8.VII C. Bingham-Nernst plots of log (pc/P) against (Tc/T—l), where vapour 
pressure, for various substances 

of corresponding states holds, all the points should lie on one curve, but each 
substance has a separate curve, and the curves deviate more and more as T 
becomes smaller {i.e. TJT--1 becomes larger). The substances may roughly be 
divided into three groups, (i) those of small molecular complexity and low 
critical temperature (hydrogen and helium), (ii) normal liquids such as fluoro- 
benzene and ether, and (iii) associated liquids such as water and alcohol; the 
separation, however, is not sharp. As a general rule (apart from associated 

J Arch, Sci, Phys. Nat,, 1894, 31, 463; Z. phys, Chem,, 1906, 56, 461. 
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liquids), the higher the molecular weight and the larger the number of atoms in 
the molecule, the steeper is the curve. The deviations from the law of corre¬ 
sponding states shown in these curves are much larger than in the groups of 
substances selected by Young. Kireev ^ plotted values of /?(d77d/7) against 
temperature and found parallel curves for various substances; this is related to 
the values of the Trouton coefficient (see § 14.VIII L, Vol. II) LJTi,, since 
pCdr/dy?) is equal to from the Clapeyron-Clausius equation. 

The coefficient / is not really a constant, but depends somewhat on tempera¬ 
ture. Shames ^ found that it has a minimum value for Tc:=:.0^^T^. Cederberg ^ 
also assumed that / has a minimum value, and made the further assumptions 
that (i) the curve of / plotted against is symmetrical on both sides of the 
minimum, and (ii) each branch of the curve is an exponential function of d". 

.(2) 

where a is the minimum value of /, y is the value of d' for this minimum, and h 
is a characteristic constant for each substance. The value of v varied from 
0-71 to 0-80. The resulting equation: 

In (p^//?)=2-303 . (1 .(3) 

gave good results with water, but only when an arbitrary value /,=216*3° was 
taken for the critical temperature instead of the observed value 374-F. 

Pales and Shapiro ^ pointed out that in some cases (3) does not agree with 
experiment; (i) for helium and argon/does not assume a minimum value, but 
decreases steadily with temperature,^ (ii) the symmetry of the /-i^ curve is not 
complete, and (iii) the value of/ is very sensitive to errors in and the vapour 
pressures. They proposed the equation: 

ln(pJp)==A'(l-t?T7^"' .(4) 
where k \ m\ and n' are constants. 

Dieterici^’ found that: 
{dpldn.^=^\Rlv,.(5) 

i.e. the value of (d/p/dT),, in the critical state is half the value for an ideal gas 
under the same conditions. Van der Waals and Dieterici ^ found that, at all 
temperatures, the mean value of (dp/dP)^ between two volumes corresponding 
with saturation (liquid^vapour) was equal to the increase of dp^/dP, where 

vapour pressure. Hence at the critical point: 

idpJdT)rM^pldT\^.(6) 

The two equations (5) and (6) give: 

r,(d/7/dr),/A,=74.(7) 

Since the ratio T{ApJ6T)(v^—Vi)lp{z\--Vi)^h^dit absorbed/work done, in a 

1 J. Russ, Phys. Chem. Soc., 1926, 58, 856 (C). 
2 Verhl d, D, Phys, Ges„ 1913,15,1017; 1914,16, 121; 1916,18, 35; Elster-GeitelFestschr., 

1915, 287; Ann. Phys. Beibl., 1916, 40, 7; Z. Phys., 1920, 1, 198; 1920, 3, 255; Phys. Z., 1921, 
22, 644 (took rr=pvclRTc, ^^TvdTcVo, ^=vlvo, where i^o~vol. at p=0 and 7’=0); Duclaux, 
J. Chim. Phys., 1943,40, 65. 

3 Arkiv Mat. Astron, Fys., 1914, 10, No. 7. 
^ J.A C.S., 1938, 60, 784, 794, where the equation is misprinted. 
5 Ann Phys., 1903, 12, 144. 
^ Onnes, Comm. Leiden, 1911,124^. 
7 Q. by Keesom, Verslag. K. Akad. Wetens. Amsterdam, 1901-2, 9, 331 (Comm. Leiden^ 

75), and Dieterici, Ann. Phys., 1903,12,144. 
8 Ann. Phys., 1901, 6, 867; 1904,15, 860. 
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Carnot’s cycle (§ 32.11), and this should be equal to TjTf, it follows that 
and hence: 

which is the same as van der Waals’s vapour-pressure formula (1). 
Woolsey * found a complicated generalised characteristic equation which 

leads to a law of corresponding states. 

§ 23. Reduced Law of Rectilinear Diameter 

A further test of the law of corresponding states is the reduced form of 
Mathias’s 2 law of rectilinear diameter (§ 5.VII B). If is 
mean density of liquid and saturated vapour, then: 

p„^p,^-a{T-T).(1) 

where is the critical density and a is a constant. Hence: 

+{aTJp;){\ -7y7;)]=p,[l +{aTJT){\-i?)], 

and if is the reduced mean density, pjp^, and A=aTJT, then: 

/), = 1+^(1-^).(2) 

Batschinski ^ deduced this equation from van der Waals’s equation and 
Dupre’s vapour-pressure formula (see § 18.V11IJ, Vol. II). All substances 
should give the same straight line with the same value of It is found, 
however, that both the reduced densities of liquid and vapour (the upper and 
lower parts of the parabolas), and the reduced rectilinear diameters, are not 
identical for various substances, but the deviation for the diameter is not large 
(Fig. 9.VII C). 

The value of A is 

boiling-point gases: 

found ^ to be very approximately unity, except for low 

Hydrogen. . 0-236 lodobenzene ... 0-957 
Helium . . 0-255 Fluorobenzene. ... 0-917 
Nitrogen ... . 0-685 Carbon tetrachloride ... ... 0-918 
Oxygen . . 0-713 Carbon disulphide ... 0-954 
Argon . . 0-751 /i*pentane . ... 0-904 
Nitrous oxide . 0-828 wi7-pentane . ... 0-892 
Carbon dioxide ... . 0-858 /i-hexane . ... 0-966 
Ethylene . . 1-060 w-heptane . ... 1-014 
Ammonia. . 1-002 w-octane. ... 1-075 
Sulphur dioxide ... . 1-053 Methyl formate ... 0-997 
Chlorine . . 0-768 Ethyl formate . ... 1-021 
Bromine . . 0-896 Methyl acetate ... 1-049 
Benzene . . 0-936 Ethyl acetate . ... 1-061 
Chlorobenzene 
Bromobenzene 

. 0-956 

. 0-964 
Ethyl propionate ... 1-090 

1 J.A,C.S., 1936, 58, 984, 2229; 1937, 59, 2743. 
2 J,dePhys„ 1893, 2, 224; 1899,8, 407; 1905, 4, 77; see von Hirsch, Ann, Phys,, 1899, 

69, 456; van der Waals, Z. phys. Chem., 1901, 36, 461. Mathias, Compt, Rend,, 1891, 112, 
85, confirmed the relation pipc^f(TITc) for the densities of the liquid and vapour of SO2, 
CO2, N2O, and C2H4; Onnes and Crommelin, Proc. K, Akad, Wetens, Amsterdam^ 1913, 15, 
952 (confirmed for argon); Haigh, Phil. Mag., 1908, 16, 201; Young, ibid., 1908, 16, 222 
(new form of reduced equation); Berthelot, Compt. Rend., 1915,160, 657; Surdin, J. de Phys., 
1937, 8, 294. 

3 Z.phys. Chem., 1902, 41, 741. 
^ Berthelot, Compt. Rend., 1915, 160, 675; Mebius, Arkiv Mat. Astron. Fys., 1915, 10, 

No. 20; see the table in Jellinek, “Lehrbuch der physikalischen Chemie,” 1915, 2, 99, and 
§4.VIIIL, Vol. II. 
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Hence (2) becomes p,=(2—&), or, if the vapour density is neglected in com¬ 
parison with the liquid density: 

P,^lpll-&) .(3) 

§ 24. Latent Heat of Evaporation 

Still another test of van derWaals’s equation is given by the reduced Clapeyron- 
Clausius equation (see § 7.VIII L, Vol. II): 

{LJT)=ip,vJTX^7rlAm,-<i>i) .(1) 
found by substitutingand 7’=^7’jin the ordinary equation: 

Xe/r=(dp/dr)(z;,-o,). 

The quotient PcVjT^, according to van der Waals’s equation, (1), § 20, is 
3I?/8, and according to Berthelot’s equation, (4), § 29, it is 9jR/32. Hence at 
corresponding temperatures LJT should be the same for all substances. But 
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according lo Guldberg’s empirical rule (§ 7.VII B) the absolute boiling-point 
is two-thirds of the absolute critical temperature; hence i.e/Ii=const. If 

7'jj'^=const., however, the critical pressures of all substances should be equal, 
which is not the case.^ 

Darzens ^ deduced the relation or Lc/Ji,=F(i9'), but found that 
the curves of the quotients plotted against O' did not coincide and had a point 
of inflexion at 79'=0*75. The equation Ljrj,=const.::^21 i. Troutofis Rule 
(see § 14.Y11I L, Vol. II), and the value of the constant is very near ^ to 21 for 
normal liquids. (The modifications ^ of it are considered in § 14. VI11 L, Vol. II.) 

If, however, the value of PcVjT^ given by van der Waals's equation is sub¬ 
stituted in (1) the value of LJTi, is found to be only 10-8. A correct value is 
given by Berthelot’s equation (see § 4.VIII L, Vol. Tl). 

§ 25. The Principle of Mechanical Similitude 

Onnes ^ derived the law of corresponding states from the principle of mech¬ 
anical similitude, first proposed by Newton,^ and related to the theory of the 
dimensions of physical magnitudes. It may be illustrated by considering 
two substances the molecules of which are hard elastic spheres with diameters in 
the ratio 1: / and masses in the ratio l:m. The dimensions of kinetic energy 
are [mass][velocity]2==[mass][length]7[time]2. If equal numbers of molecules 
are contained in two cubes of sides in the ratio 1: /, or volumes in the ratio 
1:/^, the temperatures, which are proportional to the mean kinetic energies, 
are in the ratio and the velocities in the ratio 1:///. 

The pressures are proportional to the momentum transferred in unit time to 
unit surface of the walls of the vessel- The momenta are in the ratio l:w///, 
and hence the pressures are in the ratio 1 :(w//r)( 1/0(1//^)== 1 The van 
der Waals forces are in the ratio ajv'^ and or I :{a'/a){v^/v'^)=l:A/l^, 
The attractive forces must be in the ratio hence or 

Thus the volume, temperature, and pressure ratios in two mech¬ 
anically similar systems are given by v: :P; /?:/?'=! :Ajl^, 

With the reasonable assumption that the critical states represent mechanically 
similar states, the critical values for p, v, and T must be substituted in these 
equations, thence giving T:T'—T^:T/, P'^p' — PrP/y which is 
equivalent to the law of corresponding states. 

§ 26. Modifications of the Law of Corresponding States 

Kirstine Meyer ^ used as reduced quantities p^-^pjL, and 
where K, L, and Q are constants for each substance. This is equivalent to taking 

1 Kistiakowsky, J. Chim Phys,, 1927, 24, 309. 
2 Compt. Rend., 1896,123, 940; 1897,124, 610. 
3 Kurbatow, J. Russ. Phys. Cheni, Soc., 1903, 35, 319; Chenu Centr., 1903, 7, II, 323, 

found the average value 20'7±0*8. Kleeman, Phil. Mag., 1909, 18, 491 (508), deduced 
—/?q.(^/7r). (d7T/di^)=const; cf. Lewis, Z. phvs. Chem., 1911, 78, 24; 1912, 79, 

185, 196. 
^ The modifications are summarised by Kendall, J.A.C.S., 1914, 36, 1620. 
5 Verhl. K. Akad. Wetens. Amsterdam, 1881, 21, iv; Arch. Nierl., 1897, 30, 101; Onnes and 

Keesom, “ Enzykl. d. math. Wiss.,” 1912, 5, i, 694 f.; Bridgman, Phys, Rev., 1914, 4, 244, and 
later papers; Weber, Physica, 1939, 6, 551, 563; Trautz, J.prakt. Chem., 1943,162, 218. 

6 “ Principia,” lib. II, sect, vii, prop. 32, theorem 26; Geneva, 1740, 2, 250. 
7 Onnes and Keesom, Die Zustandsgleichung, Comm, Leiden, 1912,12, Suppl. 23; “ Enzykl. 

d. math. Wiss.,” 1912, 5, i, 694 f.; Kuenen, “Die Eigenschaften der Gase ” (Ostwald- 
Drucker, ” Handbuch der allgemeinen Chemie,” 3), Leipzig, 1919, 393. 
[ 8 Z. phys. Chem., 1900, 32, 1; 1910, 71, 325. 
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a different unit for measuring the reduced quantities for each substance, or reckon¬ 
ing from a different zero. By plotting {Pc’-p)IPc against (r,—T)/K, taking Kfrom 
the values for fluorobenzene as standard, it was found thatL was practically unity, 
so that the characteristic constants could be reduced to two, the quantities for 
plotting being {T^—T)It, {p—p)IPo where the denominators, t 

and are specific temperature and volume]units. Timmermans ^ found that this 
modification of the law of corresponding states holds at the lowest temperatures. 

Byk 2 extended this idea on a quantum basis. The free energy F per mol is 
reckoned on a specific unit of kf^ per molecule, where k is Boltzmann’s con¬ 
stant, and by considering the phase space (§ 14.1V) he found a universal function 
with a parameter w= where m is the mass of the mole¬ 
cule, A is Planck’s constant, and N is Avogadro’s number. For a molecule, 
in e.g.s. units, (F/A)/(Ar^)=f(0, w), a universal function, where (l>=vlv^ and 
d'^TjT^. For any magnitude G characterising the state, of dimensions 

(M=mass, F=volume, £=energy, 7’= temperature), the magnitude 
Glt}f{(f>INy{kd'Yd'^=‘g{(f)^ w), is a universal function of (f>, O', and w. Van der 
Waals’s theory of corresponding states is a limiting case for high molecular 
weight and high critical volume and temperature; then w is very small, whilst for 
substances of low molecular weight and critical temperature it is of the order of 
unity. Byk’s theory is, strictly, confined to monatomic substances, or those 
behaving as monatomic, but the latter can nearly always be assumed. The 
theory was extended to a number of magnitudes, such as the “ constant ” / 
(really variable) of van der Waals’s vapour-pressure equation (§ 22), the rec- 
linear diameter (§ 5,VII B), the Eotv5s constant for surface energy (see §7. VIII G, 
Vol, II), etc. In all cases, the quantity is assumed to follow an equation 
based on Einstein’s equation for the energy of a monatomic solid (§ 16.IV), 
€== AiV(e''‘'^^~"l) (see §2.IX N, Vol. II), with w replacing hvjkT, i.e. q^^cL+phwj 
(e^“'—1), where a, and S are constants for each magnitude. The plots of q 
against 1/w pass fairly well through the band of scattered points. 

§ 27. Characteristic Equations 

Besides van der Waals’s equation a great number of other characteristic 
equations will be found in the literature. Many of these (excluding those 
which contain unknowable quantities) are modifications of van der Waals’s 
equation in which either a or b, or both, are replaced by functions of volume or 
temperature, or both; or else the factors {p+ajv'^) and {v—b) receive some 
additional terms or other alteration. Other equations are quite different in 
form from van der Waals’s. Some of the equations are deduced from theoretical 
principles, others are empirical; some are of theoretical interest only, either 
because they are too complicated or contain too many constants to be prac¬ 
tically useful, or involve integrals or other mathematical expressions which 
have not been, or cannot be, expressed in terms of measurable data. Only a 
few of the more important equations can be considered here, and in most cases 
the results will merely be stated.^ 

1 Proc. Roy. Dublin Soc.y 1912,13, 310. 
2 Phys. Z., 1921, 22, 15; Ann. Phys., 1913, 42, 1417; 1921, 66, 157; 1922, 69, 161; Z. phys. 

Chem., 1924,110, 291; Clusius, ibid., 1929,4 B, 1; de Boer, Physica, 1948,14, 139,149. 
^ A list of 56 equations is given by Partington and Shilling, “ The Specific Heats of Gases,” 

1924, 29; see also Graetz in Winkclmann, ** Handbuch der Physik,” 1906, 3, 1135; Kuenen, 
” Die Eigenschaften der Case ” (Ostwald-Drucker, ” Handbuch der allgemeinen Chemie,” 
3), Leipzig, 1919, 376; Chwolson, “Lehrbuch der Physik,” 1923, 3, ii, 335; Pickering, 
Bur. Stand. Circ., 1926, 279 (700 refs.); Goranson, Thermodynamic Relations in Multi- 
component Systems, Carnegie Inst. Publ., 1930,408. 
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Planck,^ from the fundamental statistical definition of entropy (§ 5.IV), 
deduced a canonical equation of state giving the entropy as a function of energy 
and volume, *S'=f(£',F). For a gas consisting of hard elastic spheres and a 
van der Waals cohesive force this gives: 

p={RTIP) Iti (l-^/©)-a/f2, 

where j8=2Z>, a=const., which differs from van der Waals’s equation only in 
terms of the second order in b/v. 

§ 28. Clausius's Equation 

As an example of a correction of the pressure factor (p+afv^) the equation of 
Clausius 2 may be considered. He supposed that clusters of two or more mole¬ 
cules could be formed temporarily at lower temperatures by collisions, these 
breaking up more readily at higher temperatures. In such clusters the attrac¬ 
tions are much greater than if the molecules were separate in the gas, and hence 
van der Waals’s term ajv^ is too small at lower temperatures. Clausius also 
thought the simple inverse proportionality to required correction. He 
replaced the van der Waals term ajv‘^ by one dependent on temperature, v 
being also replaced by (v+c): 

[p+alTiv+cmv--b)^RT.(1) 

where a, b, and c are positive constants (a is, of course, different from the van 
der Waals constant). By equating {dpjdv)^’ and (d^p/dzj^)^ to zero, the values 
of the critical constants can be found from (1) in the same way as from the van 
der Waals equation (§ 7): 

v,^3b+2c\ p,^alTl{b+cyi\\ T,^^ial21R{b+c) . . (2) 

a=(27/64)j27;^;^2; b^vfl-slA); c^vS}sl%-\) . . . (3) 

where s^RTJp^v^ (see § 20). 
Sarrau 2 proposed the equation: 

p=RTI(v-b)-K€'-^l(v+^)^.(4) 

where b, jS, e, fc, and R are constants, and Aries 2 proposed 

p^RT/(v--oi)-KlT\v+fy.(5) 

where a, j8, R, and n are constants, and k is either a constant or a function of 
temperature. 

1 Berlin Ber., 1908, 633; Wassmuth, Ann. Phys., 1909, 30, 331; Wien Ber., 1913, 122, II A, 
651; for a relativistic treatment, see Jiittner, Ann. Phys., 1911,34, 856; 1911,35, 145; Wcstphal, 
Verhi d. D. Phys. Ges., 1911,13, 590; Weber, ibid., 1911,13, 695, 974; Keesom, Proc. K. Akad. 
Wetens. Amsterdam, 1912, 15, 240 (Comm. Leiden, Suppl. 2Aa). 

2 Ann. Phys., 1880, 9, 337; 1881, 14, 279, 692; Ann. Chim., 1883, 30, 448; Dickson, Phil. 
Mag., 1880, 10, 40; Planck, Ann. Phys., 1881, 13, 535; “Thermodynamik,” 1911, 13; Fitz¬ 
gerald, Proc. Roy. Soc., 1887, 42, 216; Riecke, Ann. Phys., 1895, 54, 739; modifications by 
Sarrau, Compt. Rend., 1882, 94, 639, 718, 845; 1885, 101, 941, 994, 1145; 1890, 110, 880 (an 
error in Sarrau’s paper was pointed out by Fouche, Compt. Rend., 1919, 169, 1089, 1158); 
Jager, Wien Ber., 1892, 101, II A, 1675; Battelli, Ann. Chim., 1892, 25, 38 (83); 1893, 29, 239; 
Mem. Accad. Torino, 1893, 43, M; 1894, 44, 57; Onnes, Arch. Nierl., 1897, 30, 101; Ari^s, 
Compt. Rend., 1916, 163, 737, 963; 1917, 164, 261; 1917, 165, 1088; 1918, 166, 57, 193, 334, 
447, 553, 668, 802, 935; 1918, 167, 118, 267; 1918, 168, 204, 444, 714, 930, 1188; 1919, 169, 
216, 602, 1140; “ Th6rmodynamique. L’^uation d’etat des fluides,” Paris, 1920; sum¬ 
maries in J. Chim. Phys., 1919, 17, 432; 1920, 18, 160 (severely criticised by Brandt, Ann. 
Phys., 1924,73,406); Pochammer, Ann. Phys., 1911, 37, 103; Holm, Meddel. NobelinsL, 1919, 
5, No. 27; Arkiv Mat. Astron. Fys., 1923, 17, Nos. 1, 20 (bibl.); Webster, Proc. Nat. Acad., 
1919, 5, 286 (complicated general equation with Clausius’s as a special form). 
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Berthelot ^ replaced {v+cY in Clausius’s equation by v^+2lvb+mb\ where 
/ and m are constants. Schulze ^ used (p+a/'P'v^){v-'b)==^RT^ with «=0*348, 
for air. 

Since Clausius’s equation is a cubic equation in v and contains four constants, 
it does not lead to a law of corresponding states. The reduced Clausius equa¬ 
tion is: 

(77-b3/^^'2)(3^'~l)=8^.(6) 

where <f>'^{v+c)l(Vc+c), which still contains a constant c depending on the 
substance. A plot of the equation for carbon dioxide is given by Planck.^ 

§ 29, Berthelot’s Equation 

An important modification of Clausius’s equation is that of D. Berthelot: ^ 

(p+alTv^)(v-b)^RT.(1) 

(a is different from the van der Waals a, here replaced by a/T), which in its 
reduced form, with 77=/?//?^, <f>=v/v,, and is: 

(7r+3/i?<;62)(3^_l)=:g^.(2) 

By plotting against l/^=r, and comparing with experimental 
points, Berthelot found that the constants deduced from equation (1), viz.: 

b=vJ3, R=Sp^vJ3T, .... (3) 

did not give satisfactory results, i.e. equation (2) did not fit the observed curves. 
He found, by arbitrarily altering the constants to 

a=il6/3)p,v,^T„ b^vJA, R={32l9)p,vJT, ... (4) 

that the resulting reduced equation: 

. 

gave very accurate results at moderate pressures near room temperature. At 
the critical point, when 'rr=</>=i?= 1, (5) leads to the impossible result 4-75=3*56, 
so that it is a purely empirical equation which cannot hold near the critical 
point. 5 This discrepancy in no way reduces the value of equation (5) in regions 
where it can properly be applied, and is of no practical significance. 

By substituting ^=p/p„ 4>=vjv„ b'=T/T„ R={31l9){pp}JTX (5) gives; 

Ar9TrPcV,. 

• 4 3 ^2 3 
--RT.(7) 

All terms on the left except the first are small (as is small compared with v) 

1 Compt. Rend.y 1900,130, 69 (for liquids). 
2 Am, Phys„ 1916, 49, 569. 
3 See ref. 2, p. 704. 
4 /. de Phys., 1899, 8, 263; Arch. Neerl, 1900, 5, 417; Z. Elektrochem,, 1904, 10, 620; 

Sur les Thermomdtres k Gaz, in Trav. et Mem. Bur, Internat. Poids et M^s., 1907, 13; Parting¬ 
ton, ** Chemical Thermodynamics,” 1913, 160,2nd edit., 1924, 85; Nemst, ” Theoretische 
Chemie,” 8--10th edit, 1921, 254. 

5 Henning, ” Temperaturmessung,” 1915, 24; Porter, Phil, Mag,, 1922, 44,1020. 
A.T.P.C.—-23 
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and the last term may be neglected. In these correction terms (only), pv^RT 
can be substituted, (7) then giving: 

pv-RT[\+vJAv-{\6l3){pJp&<l>^)].(8) 

On substitution from the approximate form of (5); 

7r^=(32/9)t^.(9) 

in the correction terms only, and putting i r^/r=l/t9'=T, (8) gives: 

/)z;=i?r[l+(9/128)7rT(l-6T2)].(10) 

Equation (10) shows that for such low temperatures that the gas is more 
compressible than an ideal gas. In the case of hydrogen, is small, and even 
at fairly low temperatures 6t^-<1, so that this gas is less compressible than an 
ideal gas (“plus que parfait ”). The Boyle point (§ 6) is given by 6x^=1, 
therefore TJT^^\/6=2'45, in better agreement with experiment than the van 
der Waals value, 3*375. 

At a given temperature, (10) shows that pv is a linear function of pressure, 
which is applied in the determination of molecular weights from gas densities 
(§ 17. VII D). Bert helot used (10) to calculate the value of I? (§ 21. VII A). 

Equation (10) may be written as: 

9 RT 
pv^RT+^-^il-6T,yT2)p.(11) 

so that the second virial coeflBcient (§ 39.VII A) in pv»=RT+B^p is: 

9 RT 9 RT 

Berthelot’s original equation (1) may be written in the approximate form: 

pv==:^RT+{b-ajRT^)p.(13) 

giving the second virial coelScient: 

B^^ib^alRn).(14) 

Schimank ^ believed that Berthelot’s equation, although generally good at 
moderate temperatures, is less accurate at low temperatures; Eucken and 
co-workers ^ used Callendar’s equation (§ 32) for reducing measured specific 
heats to the ideal state, but others (including later workers) have mostly used 
Berthelot’s equation. The very close agreement found between exact calori** 
metric entropies reduced to the ideal state by Berthelot’s equation and the 
spectroscopic values ^ (see §§ 26-29.IV), shows that the data used by Eucken 
are inaccurate, and that the equation in general gives very satisfactory results, 
even at low temperatures. 

1 Beginners are apt to put r^TITc instead of r=^Tc!T and care should be taken not to fall 
into this trap, which may not be noticed until a large amount of laborious computation is done. 
Some values of 1 — (9/64)7rr(l — 6t2), a factor often required, are given in Partington and 
Shilling, “ The Specific Heats of Gases,” 1924,28. 

2 Phys, Z., 1916, 17, 393 (based on Ramsay and Steele’s inaccurate vapour densities, 
§9.VIID). 

3 Bartels and Eucken, Z. phys, Chem., 1921, 98, 70; see § 15.VIIE; Eucken, in Wien- 
Harms, ” Handbuch der Experimentalphysik,” 1929, 8, 404, 469. 

^ Giauque et at., J.A.C.S., 1928, 50, 101, 2193; 1929, 51, 1441, 2300, 3194; 1932, 54, 2610; 
1933, 55, 4875, etc., who found Eucken*s sp, ht. measurements so inaccurate that their correc¬ 
tion has no particular interest; Johnston and Weimer, ibid,, 193A 56, 625; Foi OazuHa and 
Vidal, An. Fys. Quim., 1947, 43, 842; Berthelot’s equation was verified for ether vapour in 
some rather crude experiments by Alexander and Lambert, Trans, Faraday Sac., 1941, if, 421. 
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§ 30. Thennal Coefficients from Berthelot’s Equation 
By multiplying out the reduced Berthelot’s equation (5), § 29: 

/ 16 1 \/, 1\ 32„ 

. 

and neglecting the small term the approximate equation: 

7r(;^-Tr/4+(16/3)/i9^=:(32/9)i^.(2) 

is found. Differentiate (2) with respect to & at constant volume (/> and substitute 
<^—1/4 from (1), then: 

l/4)(d7r/dd)^-(16/3)M^2+32/9 

(32/9)i?(d7r/di?)^=[(16/3)/^i?2+32/9][7r+(16^ 

= (32/9)7r[l+(3/2)/(^i?2][i+(i6/3)/7r^,^^^ .... (3) 

Substitute \l^^(9l32)i7Tld') from (9), §29, and use the approximation formula 
(1 +x:)2c:^l +2a% when x is small compared with unity (§ 4.1); then (3) becomes 
(t=1/i^): 

(i?/7r)(d7r/di?)^=[l +(27/64)7t/^?3][J +(27/64)7r/i?3] 

= 1 +(27/32)7r/i?3= 1 +(27/32)7tt3 ... (4) 

Put 7r=/7//7„ and i7=r/T’, on the left: then (Tlp){dpldT\ = 1 +(27/32)77x3, and: 

(l//7)(dp/dr),=(l/r)[l+(27/32)77x3] .... (5) 

giving the pressure coefficient. For the ideal gas j8o=l/ro, where T in (5) 
is To, the absolute temperature of 0° C. From Chappuis’s measured values of 
^ (§ 17.VII A), Berthelot calculated ro=273-09°C. Equation (5) gives the 
correction for the constant-volume gas thermometer. From (10), § 29: 

v^{RTIp)[\ +(9/128)77x(l~6x2)]=(/?/p)[r+(9/128)777,(l~6r//n^. (6) 

Differentiate with respect to T, keepingp constant, then: 

{dvldT\^{Rlp)[\ +(108/128)77x3].(7) 

a=(l/z;)(dz^/dr)^. 
Substitute \jv from (10): 

l/z;=(p//?r)[l-(9/128)77x+(54/128)7Tx3] 

a==(l/r)[l+(108/128)77x3][l~-(9/128)77x+(54/128)77x3] 

c:=:(l/r)[l~(9/128)77x(l~18x2)].(8) 

giving the coefficient of expansion (ao—l/TJ) 
for the ideal gas), and the correction for the 
constant-pressure gas thermometer. 

In Fig. 10.VII C the values of pv are 
plotted against p at two temperatures, e.g. 
O'" C. and 100° C., and at such pres¬ 
sures (0 to 4 or 5 atm., or 200 atm. for 
Ha) that the curves are straight lines (the 
slopes of which are greatly exaggerated in 
the figure). A vertical line through O', 
where 00'=* 1 atm., cuts these lines in A' 
and B'. OA' is drawn and produced to 
meet BB' in B". The line OA'B" is an 
isochore (or line of constant volume), since 
tan a=/?T)/p=z>=const. 

Fig. lO.VIIC. Coefficients of Ex¬ 
pansion and Pressure, oo and jSo, 
for the Ideal Gas 
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Draw B'X and A'Y parallel to Op, then the tangents of the angles ^ and jS' 
between these horizontals and the pv isotherms give (dpvldp)j. 

The coefficient of expansion is: 

a== l/(/2~/i). = • (p^2—= • A'B'/O'A', 

and the coefficient of pressure is: 

^Kh-h) • (j>z-Pi)IPi=='^l(h-h) ■ l/Oa-'i) • A'B"/OA'. 

As p becomes progressively smaller, OA'B" turns anticlockwise about O, and 
at p=0 it coincides with the axis OB. The intersections A' and B' or B" then 
coincide with A and B, and both a and jS have the common limit: 

ao=i8o=l/(/2-^i).AB/OA, 

which is obviously the value for the ideal gas. If r2"“^i== 100, OA and OB are 
in the ratio 1/ao to (l/ao + lOO), and if OA=(pz^)o=l, then 1 :OB = l :(1 +100ao). 

For nitrogen, Chappuis found a=0*00367313 between 0“ and IW and 
1 m. Hg pressure, and the values of (l/Po^o)(dpWdp)r (where po^o the ideal 
gas value) at O'" and 100° were —0*000571 and +0*000347. Hence 

l+100ao=(l-0*000571) X 1*367313-0*000347= 1*366185. 

He also found for an initial pressure of 0*7935 m. Hg, 10Q/3=0*367180, 
/. 1 + 100j3o=(l -0*000571 X 0*7935) x 1 *367180-0*000347 x 0*7935 X 1 *367180 

= 1*366184. By including all Chappuis’s measurements with nitrogen and 
hydrogen, Berthelot calculated ao=jSo=0*00366180, giving Ti)=l/ao=273*090. 

Since the measurements of Chappuis are of great accuracy,^ even in comparison 
with more recent work, there is little doubt that this value is one of the best 
extant. 

The difference of molecular heats of a gas ^ is from (2), § 47.11: 

C,-C,=T(dp/dTX(dv/dT\. 

Substitution from (5) and (7) gives: 

C^-CMTplT)[\ +(27/32)7rT3]W/’)[l +(108/128)^x3] 

=«[1 +(27/32)77t3][1 +(108/128)77x3] 

=:if[l+(27/16)77x3].(9) 

neglecting terms of higher orders. (The factor 27/16=27/32+108/128. Note 
that77=/>//)„ and r=TJT.) 

From (1) and (2), differentiation and substitution of (9), § 29, in the correction 
terms gives: 

(d77^/d77)^ = (l/4)(l-6x2).(10) 

[^(d77/d.?)^-77]=(32/3)/j?.^2=(27/32)772x3 .... (11) 

[iKd^/di?)„-,^]=(9/2)x2-l/4.(12) 

(d^/d7r),=(l/77)[l/4-.^-(3/2)x2]  (13) 

J On Pierre Chappuis, see Guillaume, Rev. G^n. Sci., 1916,27,204, Chappuis's thermometer 
scales were closely checked and confirmed within a negligible error against the platinum standard 
thermometer at the National Physical Laboratory; Hall, Proc. Roy. Soc., 1946, 186, 179, who 
says (without adequate discussion) that the latest values of To vary from 273 *15 to 273 *165. 

2 For the calculation with van Laar’s equation (§ 34), see van Laar, “ Die Zustandsgleichung,” 
Leipzig, 1924,119. 
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The Joule effect is found from (3), § 23.VII A, and (5), with the approximate 
substitution dw=—/?rdp/p2, as: 

RT.Apll , 
dr=-^'-£--r2 . . . . 

Pc 

For the Joule-Thomson effect (7), and (6), § 24.VII A, give: 

(14) 

. 
For COj at 0" C. with dp=i atm., r.-304, j>,=73 aim., Jf-1-984 g.cal./r, 
Cp=8-6 g.cal., (15) gives: 

9x1-984x304 

128 X'73x8-6 
xl = -l-44°. 

The observed fall in temperature is 1 -46°. 
The (theoretical) value of the molecular heat at constant volume C, of a gas 

in the ideal state, C„o, when p=Q or v-^co, is found as follows.* From (11): 

.?(d2i;r/d^2)^=(d/d,?)[,?(d7r/d.?)^-7r]^=-(32/3)/«?2<^2 . . (16) 

From (1), § 49.11: 

(dC„/dz;)r=r(d2p/d7’2)^ = (;,^^/7;)(d2^/d^2)^ 

==-02iy)pJ&^^T,=^-02IZ)p,v2i^W, . . (17) 

Thus, by integration with respect to v (Tconstant): 

Q=f(z.)+(32/3)p,z>,2/^27-^„.(18) 

where f(^’) is a function of volume or a constant. When v~^oo (i.e. p-^0) Q 
becomes therefore f(z))==Q0, or: 

C,= C,o+(32I3)p,v,WT,v, 

But from (5), § 29, p^vJT^=(9l32)R; also from the approximate equation (9), 
§ 29,7rc^=(32/9)i?, and with l/i?=T=7;/r: 

Q=C+(27/32)lf77T3.(19) 

Since refers to an ideal gas, it is a constant (§ 54.11). 
The so-called Kellogg characteristic equation: ^ 

p=RTp+(BoRT-Ao-Co/T^)p^+(bRT-a-clT^)p^ . . (20) 

where density, was used by some American workers 3 to find 

§ 31. Dieterici’s Equations 

Dieterici in 1899 proposed a modification of van der Waals’s equation in 
which the internal pressure is instead of alv"^. He arrived at this as follows. 

1 Nernst, “ Theoretische Chemie,” 7th edit., 1913, 241, where most of the equations in 
this paragraph are given without deduction; deductions in Partington, “ Chemical Thermo¬ 
dynamics,” 1924, 85; for applications, see Partington, Proc. Roy, Soc., 1921, 100, 27; Bartels 
and Eucken, Z. phys. Chem., 1921, 98, 70 (corrected by Millar, J,A.C,S.y 1923, 45, 874; 
Giauque and Powell, J.A.C.S,, 1939, 61, 1970, and many other workers; see § 15.V1I E.) 

2 Benedict, Webb, and Rubin, /. Chetn. Phys.^ 1940, 8, 334. 
3 Waddington, Todd, and Huffman, J.A,C,S., 1947, 69, 22. 
4 Ann, Phys., 1899, 69, 685; 1901, 5, 51; 1903, 12, 144; 1908, 24, 569; 1911, 35, 220; 1920, 

62, 75; von Juptner, Z. phys, Chem,, 1910, 73, 343; MacDougall, J,A.C,S,, 1916, 38, 528; 
1917, 39, 1229; Porter, PhiL Mag.^ 1922, 44, 1020; Jellinek, ” Lehrbuch der physikalischen 
Chemic,” 1928,1,911. 
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Imagine a slice of 1 cm.^ area cut from the bulk of a substance in the critical 
state, and such that only one molecule can lie in its thickness. Then if there 
are n molecules in a volume v, the number per cm.^ is njv^^N, and if it is sup¬ 
posed (with Clausius; § 21.Ill) that each molecule is surrounded by an imaginary 
cube of edge A, then {njv)X^^NX^=^\ cm.‘\ and a slice of 1 cm.^ cross-section 
and thickness A contains molecules. The internal pressure /?,*, 
expressed by ajv'^ in van der Waals’s equation, is the sum of all the forces 
exerted by the molecules in this slice, and if it is assumed, with van der Waals, 
that this is inversely proportional to v, this gives: 

Pi = (72lvf''\clv) = alv^^^.(1) 

where c and a are constants. By substituting (1) in place of a/v^ in van der 
Waals’s equation it follows that: 

(p+alv^^^)(v--b)^RT.(2) 

By multiplying out, (2) gives: 

v^^^ — [(bp+RT)/p]v^^^+{a/p)v—ablp=0 .... (3) 

which is of the form y=0, and can have only three 
real roots. Lees ^ proposed the equation: 

(p+ap^^^/Tv^^^)(v^h)^RT.(4) 

The critical constants are found from (3) by putting dp/dv==0 and d^pldv^=0 
as: 

T = \5ahl4{4by^^R^l5ab/4Rv,^^^ (5) 

and the relation found experimentally by Young (§ 20) follows, viz. RTJp^v^-^^ 
3-75. 

This ratio has the following values according to the value chosen as the 
exponent of v in the internal pressure afv^: 

« I I f i I 
RTdpcVc 48/7=6-89 15/4=3-75 8/3=2-66 21/10=2 10 96/55 = 1-75 

A second equation proposed by Dieterici ^ (1899): 

pQ^f^'^\v-b)^RT .(6) 

has a theoretical basis. Since it contains three constants, it gives a law of 
corresponding states. On expanding the exponential function (§ 13.1), (6) gives, 
for large values of v\ 

p^[RTI{v-b)]e~^‘^'^^'c:±[RTI{v-b)]{\-alRTv^ . (7) 

which is similar to van der Waals’s equation, p==/?r/(z;—Z>)—a/z;2. 
The critical constants are found from (6) in the usual way as follows; 

v^^lb, p,=flf/4e2Z>2=:«/29-5662, T^rrza/4Rb ... (8) 

The value of RTJp,v^ is 3-695. The reduced equation was considered by 
Porter: 

77«[^/(2<^-l)]e2-2/^.(6a) 

A modified Dieterici equation based on the idea of molecular clustering (§ 46) 
was used for saturated water vapour by Ray.^ 

1 Phil. Mag., 1924, 47, 431. 
2 Locc. cit.; Peczalski, Compt. Rend., 1913, 156, 1884; 1913, 157, 113; MacLeod, Trans. 

Faraday Soc., 1937, 33, 694; 1944, 40, 439, found Vc^lbc. 
3 KolL Z., 1931, 57, 259; 1935, 73, 269. 



§31 DIETERICl’S EQUATIONS 711 

MacDougall ^ calculated a and b for carbon dioxide by Dieterici’s equation 
(6) from Amagat’s results, finding: 

20” i 40” 60” 80” 100” 137° 

a 000983 0 00919 000852 000797 0 00749 0 00708 
b 

1 
0 00202 0 00221 

i 
0 00227 000228 000226 000227 

(The units are vol. of 1 ml. at S.T.P. = 1; b in ml.; a in atm./ml.). Thus, a is 
really a function of temperature; b also varies somewhat with temperature, but 
is almost constant above the critical temperature. Neither a nor b depends 
much on volume. 

Thermal coefficients calculated from (6) are: ^ 

(dp/d»)r=-^[l-^“^’].(9) 

(dp/dr).-^(i+j“j.).(10) 

1 +alvRT 

\^a{v-b)lv^f 

{dEldv)j 
v{v—b) 

^ /t/ WT* iX’^ujvRTy^ Ilo 
c, /ce i^a(v-b)/v2RT-‘^^vT 

_ dp . 

v^(bRT^a)+abv , a ^ ^ 

T v^RT—av+ab RT 

(11) 

(12) 

(13) 

(14) 

Pinter ^ used the equations: 

(p ± rj tP~^)(v -- ) =s RT— ajv+cjv^—djv^ dt 1 

with the + sign for even and the — for odd values of /?. These give a law of 
corresponding states. 

De Boissoudy,^ to take account of molecular clustering (§ 46), used: 

(p+i)=RT, 

where a, k, and b are constants. 
Becker, 5 for nitrogen at high pressure (Amagat’s results) used : 

p=(J?7y^^)[l +(kjv)Q^^^]—a/v^+K/v^^^, 

where, k, k, and j5 are constants 03=5). If the last term is neglected, k/v put 
equal to x, and 1 +:ve^=/, then: 

p^(TI21T)pf^ap\ 

’ J.A*C.S., 1916, 38, 528; “Thermodynamics and Chemistry,” 3rd edit., New York, 1939, 
16; Shaxby, Phil. Mag., 1921, 41, 441; Walker, ibid., 1924, 47, 111, 513; 1925, 50, 1244. 

2 MacDougall,/.yl.C.S., 1916, 38, 528. 
3 Acta Phys. Polon., 1935, 4, 23; Z. Elektrochem., 1937, 43, 669. 
4 CampL Rend., 1912,155, 704. 
5 Z. Phys., 1921, 4, 393. 
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where p=l/v, and the equation leads to a critical point. Bridgman ^ found 
good agreement with the equation with his results for nitrogen. Brenner ^ 
proposed the equation: 

(p+ce^/^/F”)(F-Z>)=Jfr 

where c, A, and n are constants. 

§ 32. Callendar’s Equation 
It has been stated (§ 24.VII A) that the Joule-Thomson effect was found 

experimentally to be inversely proportional to the square of the absolute 
temperature, hence: 

nd^/dr)^-7;-r2(d/dr)(t;/r),==c^a/r2 

where a is a constant. By integration, ^;/r= — Cpa/J’^+const. For it 
may be assumed that the ideal state is reached, when vjT^Rjp, hence: 

v==RTIp-^IT^ 

where jS is a constant. This equation was amplified by Callendar ^ into: 

(v^b)=RTIp-CoiTolTr=V^c.(1) 

V=^RTIp is the “ theoretical (ideal gas) volume,” Tq=^213, az is a constant, and: 

c^c,{TolTr.(2) 

is a “ co-aggregation volume ” which is a function of temperature, and, except 
at moderate pressures, also of pressure. This has been used for steam, but 
otherwise has found little application. It does not lead to a critical state, which 
Callendar tried (§ 3.VII B) to show does not exist for water. 

Callendar started with Rankine’s formula (§ 1), pv=RT—alTv and substi¬ 
tuted pv^RT in the correction term, giving v==RTIp—alRT^, He then 
replaced v by and assumed an exponent n in place of 2, giving equation 
(1) if alR=coTo*. From some theoretical considerations ^ he concluded that: 

n^Cj^lR.(3) 

where is the limiting value of Q for /7=0. Thus, for argon and monatomic 
gases, «=l-5, for diatomic gases 2*5, and for triatomic gases (e.g. steam) 3*5; 
but for carbon dioxide, «=2. 

Callendar’s equation (1) may be written.iv.\Vie form: 

pv=^RT+pib-alRT^) 

giving the second virial coefficient (cf. (3), § 6) as: 

Bp^b-ajRT^ .(4) 

From (1),/?F=l?r, where V^v—b+Cy hence: 

V{dpldT\+p{dVldT\^R 

v{d^pldT\+2{d F/dr),(d/7/dr),+p(d2 F/dr2),=o. 

1 Proc. Amen Acad.y 1923-4, 59, 173 (209). 
2 Proc, Nat. Acad., 1929, 15, 11. 
3 Proc. Roy. Soc., 1900, 67, 266; Phil. Mag., 1903, 5, 48; “ Properties of Steam,” 1920, 184; 

Ewing, “Thermodynamics for Engineers,” Cambridge, 1920, 318; Smith, Proc. Roy. Soc., 
1931-2, 134, xviii; Eucken, in Wien-Harms, “Handbuch der Experimentalphysik,” 1929, 
8, i, 404. 

^ Those using Callendar’s equation for reduction of specific heats to the ideal state (see 
§ 29) overlook this assumption. 
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From (2); 
(dF/dr),-(dc/d7’),= -«c/r.(5) 

(d2K/dr2),=(d2c/dr2)„=:n(«+l)c/r2 .... (6) 
Also, 

{ipldT\={pimi+ticlV).(7) 

(d2/>/dr2)„=(p«f/r2K)(l-«+2/ic/F)=(/?«c/rF2)(l-«+2/ir/K) . (8) 

From (1), §49.11, since dz;=dF when Tis constant: 

(ACJAv)r={ACJdV)r=T(d^pldT\={RnclV^){\-n+2nclV) 

:■ C,=CJ^+iRnclV){Ti-\-nclV).(9) 

where is the ideal gas value, when V--><x> or p-^. 
Since V=RTIp, therefore 

(dVldT%=R/p.(10) 
and (d2F/d7’2)p==0. Since: 

{dWldT%={d^vldT\+{d^cldT\, 

-id‘^vldT%=(d?-cldT\=n{n+\)clT^ .... (11) 

From (2), §49.11: 
(dC,/d;7)r= -7’(d2z,/d7’2)^=„(„+ \yiT 

q, = C/+/;(n+l)cWr.(12) 

where Cp® is the ideal gas value, when p-^. Also from (1), and (2), § 47.11: 

idvldT\=Rlp-{dcldT%==Rlp+ncir .... (13) 

Cp-C,=r(dWd7)«(dz./dr)p=/?(l+«c/K)2 .... (14) 

With the special assumption (3), and CjP—C°—R, equations (9) and (12) 
become: 

C,=C,o(H-nc/K)(l-c/K).(15) 

Cp=CpO(l+«r/F) .(16) 

CyC,=y=(Cp0/Q0)/(l-c/F)=y0/(l-c/F) . . . (17) 

Since v—b=RT/p—c, therefore: 

(d/7/dz;)i.= -p2/i?r  (18) 

the isothermal elasticity=ei-= — z;(dp/dz>)i=/j2t;//?7=/>r)/F . (19) 

the adiabatic elasticity=e^=y€j-=yOp®/F(l—c/F)=yO/jr)/(r)—b) . (20) 

For the entropy, (2b), § 3.II, and (1), § 35.11, give: 

dS=CpdTIT+l„dplT 

and since from (4), § 5.II, lp=lXdvjdp)-j-, from (5), § 41.11, l^=T{dpldT\, and 
(2c), § 5.II, {dpldT\(dvldp)r=-(dvldT\: 

dS=CpdTIT-(dvldT\dp.(21) 

=(CpO/r)dr+n(n+i)cpdr/r2_(i?/p)dp-(«c/r)d/» 

={Cp<^IT)dT-{Rlp)dp-nd(cplT) 

5=So+C.<'lnr-jRlnp-(ncp/r) . . . .(22) 
23* 
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For a change of state from {pi, Ti) to (pz, Tz): 

J5= C/ In {TzlT{)-R In (PzlPi)-n(czPzlTz-ciPilTt) . (23) 

Put fo7o"=‘^onst.=C, then with assumption (3) equation (22) becomes: 

5=5o+(n+l)J? In T-R Inp-nCpIT-^^ 

=So+R In iT'‘^^lp)-nC{plT"'») 

and since in a reversible adiabatic change Sis constant 

^/jn+i—gonst.(24) 

From (1), p{v—b)IT=R—CplT"'^^, hence in such a change: 

p(v—h)IT=con&t.(25) 

(T"'yp)p(v-b)IT=iv-b)T''=consi.(26) 

and by multiplying (25) and (26): 

p{v—by''^^^^"=p(v—by<’=const.(27) 

or />"(©—6)“^*—const.(28) 

For an isothermal change, from (23): 

ASr=Rln{pi/pz)-(Pi-P2)nc/T.(29) 

In (pilp2)-(pi-pz)nc .(30) 

The energy change is given by (3), § 43.11: 

dE—TdS—pdv. 
But 

dv=:(Rlp)dT-(RTIp2)dp+(nclT)dT.(31) 

d£’= (CpO-R)dT+n[incplT)dT-cdp] 

= Cy^dT—ndicp) 

Er=E^+Cy>T-ncp.(32) 

The work done in an isothermal change is: 

—{AE)’i'~^E\ti{p\Ipz).(33) 

the same as for an ideal gas. 
In the application to steam, the values of c at various temperatures are 

calculated and subtracted from the ideal volume V to find the actual volume v. 
Since this is given by: 

vlV^\-{c-b)IV=\-{c-b)plRT.(34) 

it follows that vjV at constant temperature is a linear function of p, and the 
isotherms are straight lines which radiate from the point w/F=l for p=0. 
The observed isotherms found by Amagat and by Young, however, are curves, 
and the equation cannot be regarded as applying accurately even to steam. 

The results for steam can be fairly well represented by a much simpler 
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equation proposed by Tumlirz,^ holding from — b"" to +23 T, but not quite to 
the saturation pressure: 

p{v+b)^kT.(35) 

where 6 is a constant==0*008402, and A:=34348. A complicated formula was 
proposed by Naumann,^ and another later by Tumlirz.^ 

§ 33. Wohl’s Equations 

Wohl,^ who considered a large number of possible equations, at first proposed 
one with three constants, derivable from critical data: 

{p—c'lv^)(v—b)=^RT—a'jv.(1) 

or p^RTI(v—b)‘-a'lv(v-‘b)+c'lv^ .... (2) 

where a' and c' are temperature functions, which can be approximately repre¬ 
sented by writing: 

[p+alTv{v-b)-clT^v^]{v-b)^RT.(3) 

This form is generally known as Wohl’s equation.” ^ It reduces to Berthe- 
lot’s equation at low pressures, gives good results at high pressures, and (as it 
contains three constants, a, b, and c) takes account of deviations from the law 
of corresponding states. The third term in the first bracket in (3) represents 
a repulsive pressure between the molecules, not taken into account by van der 
Waals. In terms of the critical constants: 

b^vJ4, c^4v,^pj,\ RTJp,v,^h^=3^15 . (4) 

In further investigations^ Wohl proposed the formula (r^TJT): 

p=RTI(v—b)--arlv(v—b)+cr'^'^lv^ .... (5) 
and then: ^ 

[p+cifi{T)jv{v—b)--cf2(T)lvmv—b)^RT .... (6) 

where a, b, c are constants and fi(T) and two functions of temperature, 
which as a first approximation are r and when: 

p=/?r/(£;-i^)-a7r«;(t;-~6)+c7r4'3z;3 ....(?) 

Herz ^ compared the results of Berthelot’s equation 

pv^RT[Y +o-0703(r,/773»(i 

and Wohl’s equation: 

pv^RT{\ +0*0667(7;/?/rp,)(l ---6-407;2/r2)], 

for various substances at the saturation vapour pressures. With l?=0*08207 

1 Wien Ber„ 1899, 108, II A, 1058, 1395; Nuov, dm,, 1900, 11, 5; Ann, Phys. BeibL, 1900, 
24, 670, 1265; H. Lorenz, “ Technische Warmelehre,” Munich, 1904, 215, 274, 293, 304, 356; 
Ciampini, Nuov. dm., 1912,3,101, found this very inaccurate for gases. 

2 Z. phys, Chem,, 1932, 159, 135. 
3 Wien Ber., 1921, 130, II A, 93. 
4 Z, phys, Chem.y 1914, 87, 1. 
3 Nemst, “ Theoretische Chemie,’* 8~10th edit., 1921, 257; Wegscheider, Z. phys. Chem., 

1922,99, 361; 1928,135,362; Nesselmann, ibid.,, 1924,108, 309 (steam); Herz,Z. Elektrochem., 
1926,32, 31; Geissler, ibid,, 1926,32,217. All Wohl’s papers are interesting and informative. 

« Z. phys, Chern,, 1921,99, 207, 226, 234. 
7 Z.phys, Ghent., 1928,133, 305, 368; 1929,2 B, 77. 
8 Z. Elektrochem., 1926, 32, 31; more values are given in the original. 
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lit. atm./l° and v in lit. he found for benzene the following observed and calcu¬ 
lated values ofpv from 0-72 to 43 atm,: 

T°K. 343-2 363-2 383-2 403-2 423-2 463-2 503-2 523-2 553-2 
pv obs. 27-56 28-91 29-71 30-75 30-98 31-23 28-90 26-66 20-27 
pv calc. 

W. 
27-42 28-59 29-57 30-36 30-97 31-58 31-39 30-97 29-90 

pv calc. 
B. 

p atm. 

27-50 1 28-60 29-60 30-41 31-04 31-71 31-60 31-24 30-27 

0-7203 1-337 2-300 3-717 5-704 11-91 22-13 29-23 43-12 

RT 28-17 

1 

29-81 1 31-45 33-09 34-73 38-02 41-30 42-94 45-49 

Both equations give satisfactory values at lower pressures, but at higher 
pressures there is a deviation, reaching 6 per cent., and there is little difference 
between the two equations. For carbon tetrachloride the results are: 

T^K. 343-2 373-2 403-2 423 2 443-2 463-2 483-2 523-2 
pv obs. 27-19 28-72 29-83 30-33 30-78 30-15 29-40 25-86 
pv calc. W. ... 27-30 28'91 30-10 30-65 31-00 3119 31-15 30-49 

calc. B. 27-32 28-94 30-15 30-73 31-10 31-32 31-32 30-77 
p atm. 0 808 1-917 3-950 5-993 8-738 12-25 16-79 29-49 
RT . 28-17 30-63 33-09 34-73 

1 
.36-37 38-02 39-66 42-94 

Similar results were found for many other substances; the results with argon, 
oxygen, and hydrogen were less satisfactory. The temperature at which pv 
is a maximum is about 0*8 times the critical temperature (0*771-T)*882), except 
for hydrogen (0*584). 

§ 34, Van Laar’s Equation 

Van Laar,^ by a virial method (§ 42), found an equation in the form of van 
der Waals’s: 

[pHa,)Tlv^][v-{b,)r]=RT.(1) 

in which (a^j and (b^j are functions of temperature. If the equation is written 

in virial form (§ 6), pv^RT+Bjv, the second virial coefficient is given by: 

. ... (2) 
the subscript c denoting a value at the critical temperature,^ and a is a constant 
which can be calculated from the values of (a^\, and Bj for one tempera¬ 
ture. If a^, b^are the values at the critical temperature and pressure, {b^=^ibt, 

and (a^\=(f>2a^, and if Tg is the Boyle temperature (§ 6), for which pz)=const.: 

T = 
^ R(b,)r R(b,)rRhbc. 

In many cases and 62 are approximately unity. The values of and b^ are: 

fl,=27r,2/64(273)>„ b=TJ?.-21^p, .... (4) 

• Van Laar, J. Chim. Phys., 1916, 14, 3; Proc. K. Akad. Wetera. Amsterdam, 1918, 21, 2, 
16; Z. anorg. Chem., 1918,104, 57, 77, 81, 98, 105, 134, 145; Rec. Trav. Chim., 1920, 39,215, 
371; “ Die Zustandsgleichung von Gasen und Flussigkeiten,” Leipzig, 1924. 

2 The pressure is assumed to be below the critical value. 
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Examples of the applicability of the equation are: ^ 

H2 CO2 

r°K. 106 B calc. 10^ B obs. r K. 10<> j9calc. 106 B obs. 

473-34 1278 1280 273-1 -7041 -7041 
373-09 934 930 (aver- 293-1 -6313 -6416 

age) 303-1 -6000 -6233 
293-09 657 651 304-11 ! -5972 i -5952 
237-09 1 588 585-90 313-1 -5716 -5851 
169-55 225 244 330-8 -5268 -5260 
133-25 95 112 343-1 -4997 -5100 
109-00 6*1 7-3 353-1 -4793 -4903 
107-37* 0 0 363-1 -4602 -4698 
90*34 -65 -80 373-1 -4424 -4462 
77-89 -114 -123 410-1 -3857 -3857 
68*47 -153 -173 471-1 -3138 -2965 
60*36 -188 -223 
55-77 -209 -245 
33-18t -336 — 

20-62 -467 -470 
17-77 -518 -490 
15-09 -560 -550 

* Boyle point. t Critical temperature. 

Van Laar ^ assumed that (which is 3*5-4 times the actual volume of the 
molecules) can be additively composed of atomic values: C (aliphatic) O-OOlOO, 
C (aromatic, cyclic) 0*00075, H 0*(XX)14, O" (in acid and ester CO group) 
0*00050, other O 0 00070, Cl 0*00115, Br 0*00165, I 0*00220 (for unit of b 
see§3). Van Laar’s calculations are not wholly acceptable; he calculated-^ 
values of a for alkali metals and halides from the internal latent heat by the 
equations: 

A/4^=a/z;=/?72(d inpldT)=R{A-BT-DT^), 

ln/?=~^/r~B/ln T+C-DT, 

with 5=1*25; MIq^QoIvq^RA, where vq is the extrapolated molar volume at 
0° K., and Iq and Gq are corresponding values. This gives Go^ARvq, and by 
subtracting from value of ^/gq for the halogen, the value for the metal 
in MeX was found. 

§ 35. Gas Mixtures 
A theoretical extension of van der Waals’s equation to a mixture of two gases 

was obtained ^ by Lorentz and van der Waals. The form of the equation is 

1 Van Laar, “ Die Zustandsgleichung,” 1924, 22 (H2), 32 (CO2). 
2 Froc, K, Akad. Weiens. Amsterdam^ 1914-15, 17, 451, 598, 606; 1915, 18, 1220; 1916, 

19, 2, 287, 295; 1917-18, 20, 492, 505; 1919, 21, 644; /. Chim. Fhys,, 1916, 14, 3; Ghent, 
Weekbl.y 1918, 15, 1124; “ Die Zustandsgleichung,” 1924, 176. 

3 Zs anorg, Ghent., 1925, 148, 235; on calculation of a and b for tungsten and molybdenum. 
Van Liempt, Free. K. Akad. Weiens. Amsterdam, 1931, 34, 1032. 

4 Lorentz, Ann. Fhys., 1881, 12, 127, 660; van der Waals, Gompt. Rend., 1898, 126, 1856; 
Verslag. K. Akad. Wetens. Amsterdam, 1898, 6, 279; 1898, 7, 239, 270, 469; Froc. K. Akad. 
Wetens. Amsterdam, 1899, 1, 179, 232, 390; 1912, 14, 655, 875; 1912, 15, 602; Z.phys. Ghent., 
1899, 30,159; “Continuitat,” 2nd edit., 1900,2,2f., 50; Gongris Internat. Fhys., 1901,1, 583; 
Happel, Ann. Fhys., 1908, 26, 95. 
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still (p+alv^)(v—b)=RT, where z) is the molar volume, but the constants a and 
b are calculated from those of the component gases. If there are Ni and N2 

mols of the two gases, the mol fractions are: 

Xi=Nij(Ni+N2) and X2=N2KNi+N2)=l—Xi, 

and if Fis the total volume of the mixture Lorentz found: 

v=V/iN,+N2) ^ 

a=aiiXi^+2ai2XiX2+a22X2^ >.(1) 

b = biiXi‘^ + 2bi2XiX2+b22X2^ J 

where the coefficients an, 022, bn, ^22 ^re those of the pure gases, while ai2 

and bi2 arise from the mutual action of the gases. 
For the b constant, Lorentz * proposed: 

.(2) 
whilst van der Waals ^ and D. Berthelol ^ proposed: 

^12=2(^11+^^22).(3) 

b=f)jiXi+b22r2.(3a) 

For the a constant, Galitzine ^ and D. Berthelot ^ proposed: 

^12= V(^11^22).(4) 

/. V^=V^ih^i + V^22^2.(4a) 

According to Braune and Strassmann,^ «12 is inversely proportional to T, 
as in Berthelot’s equation (§ 29). The additivity of the b value for a molecule 
from atomic values ^ may be approximately true, but the additivity of the \/a 
values ^ is much less certain. 

Galitzine, in an elaborate investigation, assumed an inverse square law of 
attraction and Clausius’s equation (§ 28), and found (apart from a small cor¬ 
recting factor): 

^12='v/(^1^2)> ^12=a/(^^1^^2)j 

*12=V[('^1+'W2)/2W2](t'%1, 62i = V'[('«l+W2)/2Wi]or'3a2, 

where ai=(z;2/'^i)o> a2=(^i/^2)o» <^'^{^bi + ^b2)l2, and mi, m2 arc the 
molecular weights. Morino used the equations V^^x\/a^+(l-^x)\/aB, 
b^xb^+{l-'X)bB, where x=!=mol fraction of A, and calculated the critical 
temperature of a mixture from these. 

Lennard-Jones and Cook ^ calculated the second virial coefficient B (§ 6) 

1 See note 4, p. 718. 
2 Compt. Rend., 1898,126, 1703; 1899,128, 820 (with Sacerdote), 1159. 
3 Ann. Phys., 1890, 41, 770; Gillespie, J.A.C.S., 1925, 47, 305; Eucken and Brester, Z.phys. 

Chem., 1928,134, 230; Lorenz, ibid., 1929,139, 1; Neusscr, Phys. Z., 1934, 35, 738. 
4 Z.phys. Chem., 1929, 143, 225. 
3 Guye, Ann. Chim., 1890, 21, 206; Heilborn, Z. Chem., 1890, 6, 578; Altschul, ibid., 

1893, 11, 577; Happel, Ann. Phys., 1908, 26, 95; Batschinski, Z. phys. Chem., 1913, 82, 86; 
van Laar, Proc. K. Akad. Wetens. Amsterdam, 1914-15, 17, 451, 598, 606; 1915, 18, 1220; 
1916, 19, 2, 287, 295; 1917-^18, 20, 492, 505; 1919, 21, 644; Z. anorg. Chem., 1918, 104, 57; 
“ Die Zustandsgleichung,” Leipzig, 1924, 176-210. 

Van Laar, J. Chim. Phys., 1916, 14, 3; Chem. Weekbl., 1918, 15, 1124; “Die Zustands¬ 
gleichung,” Leipzig, 1924, 199, and references in footnote 5; Herz, Z. Elektrochem., 1921, 27, 
125, 373; Lorenz, Z. phys. Chem., 1928,139, 1; Herzog, ibid., 1930,147,118. 

7 Sci. Pap. Inst. Phys. Chem. Res. Tokyo, Abstr., 1932, 11, 131. 
8 Proc. Roy. Soc., 1927,115, 334; Beattie and Bridgcman, J.A.C.S., 1928, 50, 3151; Beattie, 

ibid., 1929, 51, 19 (found B^pml2^{nt)^RT with the Beattie-Bridgeman coefficient P; § 38); 
Edwards and Roseveare, ibid., 1942, 64, 2816. 
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for a binary mixture with mol fractions x and (1 — x) by the equation: 

719 

B:=Bn(\-xy+2Bi2x(l-x)+B22X^ .... (5) 

in which B12 depends on the interaction of the two kinds of molecules. 
Attempts have been made ^ to correlate volume changes on mixing liquids 

with a and b values from van der Waals’s equation. 
Kritschewsky and Kazarnowsky 2 proposed the equation (A^=mol frac¬ 

tion) : 
P^Pi^N,+p2m2+^N,N2iPx^--P2^) .... (6) 

where a is a constant, depending on temperature, and this gave good results 
with H2+CO2 and H2+N2. Kritschewsky and Markov^ extended this to 
ternary mixtures: 

p +Pz'^N2 +;>3 W3+a 1 iNiNzipi^^-p^^) ■\-cl.z^N^Ni(J}2°-Pi^) 
+0iziNzN,(j>,^-Pi^) (7) 

and this equation gave good results with N2+H2+CO2 mixtures. 
For a mixture of Na molecules of one kind and of another kind, with 

diameters and dy, Ursell ^ found the state sum (§ 8.IV): 

.(8) 

where Vis the volume and ^ is a function given by: 

where is the sum of the radii. If the sizes are the same, d^==df,^ 
d,,^d, and ifN=N,+N,, NJN^x,, NJN:=xy, 

N2 Ar3 

or, since a:^4-.v^*=1 and ^TTd^^v^sphtre of exclusion of a molecule (§ 2): 

In 0 2 y’^ 64|/‘2^ * 

The contribution of this to the free energy is (§ 8.IV): 

N /NV 
-’kTln^^NkTlij^v+^^yj z;2], 

and the contribution to the pressure, given by —(dF/dF)^ (§ 43.11), is: 

NkT/.N . s \ 
V ^2 2 j* 

1 Kremann, Meingast, and Gugl, Monatsh., 1914,35,1235. 
2 Acta Physicochim, U,R,S,S., 1939,10,217 (bibl.); Kazarnowsky, ibid,, 1940,13, 853. 
3 Acta Physicochim, U,R,S,S„ 1940, 12, 59. 
* PfOc. Cambr, Phil. Soc„ 1927, 23, 685; Fowler, “Statistical Mechanics,” 2nd edit., 

Cambridge, 1936, 241. 
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The van der Waals co-volume is b=4Nx^(dl2y=^Nv, and hence the 
effect of the excluded volume on the pressure is: 

as found by Boltzmann (§ 2). This type of calculation is full of mathematical 
pitfalls. 1 

§ 36. Fugacity 
The fugacity / of a gas or vapour may be defined ^ as an idealised pressure 

which makes the equation for an ideal gas, from (5), § 44 JJ : 

dGi=^Vidp=:RT(i]np.(1) 

true for an actual gas in the form: 

dG=V^(ip=RTd\nf. . . (2) 

in the sense of the exact relation to the available energy change. 
coefficient y may then be defined as: 

The activity 

Y=flP. . . (3) 
Integration of (1) and (2) gives: 

RT\n{plp*)={'‘vAp. 
Jp* 

. . (4) 

RT In (///*)= ("y^dp. 
Jp* 

. . (5) 

wherep* is a very low pressure, and: ^ 

lim/*=;?^. 
p*-^0 

. . (6) 

Subtract (4) from (5) and use (6): 

J?rin^=/frin>'= lim r(V.-V,)dp . . • • (7) 

From (7) the fugacity or the activity coefficient may be found (i) by graphical 
integration from the known p, F, T data, the volume residual F<=a being 

1 Van Rysselberghe and Eisenberg, J.A,C,S,y 1939,61,3030; 1940,62,451; Alfrey and Mark, 
J. Chem, Phys., 1942, 10, 303; Fuchs, Proc. Roy. Soc.y 1943, 181, 411; Wannier, ibid.y 1943, 
181,409. 

2 Lewis, Proc. Amer. Acad.y 1900,36,145 (“ escaping tendency ”); 1901,37,49 (“ fugacity ”); 
Z.phvs. Chem., 1900, 35, 343; 1901, 38, 205; Lewis and Randall, “Thermodynamics,” New 
York, 1923, 176, 226; Gillespie, J.A.C.S., 1925, 47, 305; 1926, 48, 28; Randall and Sosnick, 
ibid., 1928, 50, 967; Merz and Whittaker, ibid., 1928, 50, 1522 (20 per cent, deviation for 
N2+3H2 to 1000 atm.); Essex and Sandholzer, J. Phys. Chem., 1938, 42, 317 (vapours). 

3 On this condition see Tunell, J. Phys. Chem., 1931, 35, 2885; on fugacities and their 
applications, see also Gibson and Sosnick, J.A.C.S., 1927, 49, 2172 (C2H4+H2 only to 50 
atm.); Cope, Lewis, and Weber, Ind. Eng. Chem., 1931, 23, 887; Lewis and Luke, Trans. 
Amer. Soc. Mech. Eng., 1932, 54, PME (8), 55; Ind. Eng. Chem., 1933, 25, 725; Selheimer, 
Souders, Smith, and Brown, Ind. Eng. Chem., 1932,24, 515; Brown, Souders, and Smith, ibid., 
1932, 24, 513; Brown, Lewis, and Weber, ibid., 1934, 26, 325; Lewis and Kay, Oil Gas 
1934, 32, No. 45, 40; Essex and Kelly, J.A.C.S., 1935, 57, 815 (H2O and C2H5OH vapour 
mixtures); Keyes, J.A.C.S., 1938, 60, 1761; Fischer, Ann. Phys., 1939, 36, 381 (O2 and N2); 
Temkin, Acta Physicochim. U.R.S.S., 1944, 19, 163; /. Phys. Chem. U.S.S.R., 1945, 19, 72; 
Othmer, Ind. Eng. Chem., 1944, 36, 669 (bibl.); Kirkbride, Petrol. Refiner, 1945, 24, 485; 
Joffe, Ind. Eng. Chem., 1947, 39, 837; 1948, 40, 2439 (hydrocarbons). 
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plotted against p (this is the most accurate method), or (ii) by substitution in 
(7) from a characteristic equation, e.g. from Berthelot’s equation (§ 29): 

(8) 

from which by integration of (7): 

9 or/ r2\ 

. 
which is reasonably accurate for most gases up to 100-200 atm. pressure.^ 
Substitution for dp in (7) from van der Waals’s equation: 

(p+alV^)(V-b)==RT . 
gives on integration: 

, RT b 2a 
In r-ln p(K-Z>)'*’K-Z)“/f7’F 

(10) 

(11) 

which, with a and b found from compressibilities, holds for most gases up to 
about 100 atm. with reasonable accuracy. 

Calculations are simplified by the use of reduced y-curves.^ Fugacities in 
mixtures ^ may be calculated on the assumption that the fugacity is equal to the 
mol fraction times the fugacity of the pure gas at the same temperature and 
total pressure (Lewis'sfugacity rule): ^ 

.(12) 

and that Dalton’s law of partial pressures holds: 

Pa=N^P.(13) 

where P=total pressure. From (12) and (13): 

yA=fAlPA = N^fA^IN^P=f^0lp=y^0.(14) 

Fugacity along the critical isotherm was considered by Meyers, ^ who found 
the approximate rule f^^Pc- 

Gay ^ introduced an “ expansibility tension,” tt, which is related to the van 
der Waals co-volume b and the “ heat of idealisation ” per mol: 

InTT^ln [i?r/(F,~6)] + MF,-fe)](L,^ 

Krasilshchikov defined the fugacity /by: 

RT In f=RT In p+Bp, 

where B=^b—alRT is the second virial coefficient (§ 6). Up to 100 atm. this 
held for oxygen to 0-5 per cent., but with carbon dioxide the deviation was 
6-5 per cent. Krichevsky and Kasarnovsky ^ pointed out that the usual 

1 Brodsky, Compt. Rend. U.R.S.S., 1942, 36, 237. 
2 Newton, Ind. Eng. Chem., 1935, 27, 302; van Lerberghe, J, Chim, Phys., 1934, 31, 577. 
3 Newton and Dodge, Ind. Eng. Chem., 1935, 27, 577; Gillespie, Chem. Rev., 1936, 18, 

359; 1941, 29, 525. 
4 Lewis and Randall, ** Thermodynamics,” New York, 1923, 226. 
5 Bur. Stand. J. Res., 1942, 29, 157. 
6 Compt. Rend., 1910, 151, 612; 1911, 153, 262, 722; 1913, 156, 1015, 1070; 1913, 157, 711; 

1914, 158, 34; J. Chim. Phys., 1912, 10, 197; the “ expansibility tension ” was introduced by 
Guillemin, Compt. Rend., 1904, 138, 38, as the tendency of a liquid to emit vapour. It is 
related to the fugacity or escaping tendency. 

7 J. Phvs. Chem. U.S.S.R., 1935, 6, 1362. 
» J.A.C.S., 1935, 57, 2168. 
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integration of fugacity equations by the Gibbs-Duhem equation really assumes 
constant temperature, and Krichevsky ^ criticised Lewis’s fugacity rule. 

By the same procedure as was used for an ideal gas (§ 56.11) it is possible to 
find from van der Waals’s equation an expression for the available energy of a 
mixture (treated as a single gas), and if n^^Erii^ni+ni: 

G^nigiXT) +n2g2XT) +nRT[\n (p +alv^-)-2a/RTv+b/{v^b)] 

—nTS^irii^n^) . (15) 
where 

giX7^)=J<:;,d7--rj(c,i/r)dr+//oi--ra'oi . . . (16) 

is a temperature function per mol of separate gas. The entropy of mixing is 
given by 5'o(«i, n^) and is evaluated for the case of large volume F, when the 
gas mixture becomes ideal; in this case (11), § 57.11, gives, if N^=^^l|n, N2=ri2ln 
are the mol fractions: 

So(NuN2)==-R(N,lnN,+N2\nN2) .... (17) 

Expression (15) differs from that for an ideal gas mixture (6a), § 55.11, only by 
the omission of a term nRTln p and by the third term on the right. Hence: 

G-Gi=^RTn[\n (1 +alpv'^)-2alRTv+bl{v-b)], 

The logarithm is expanded and the volume eliminated by van der Waals’s 
equation, giving: 

G-Gi^n[p{b-alRT)+{plRTya{b-alRT)] .... (18) 

Following Randall and Sosnick 2 a fugacity fj=fj^Nj is defined, where fj is 
the fugacity of a gas j in the mixture and /J^ its fugacity in the pure state at the 
same temperature and total pressure. For an ideal gas, the partial 
pressure, pj=pNj. 

The fugacity is supposed to be related to the chemical potential 
/x==(dG/d«i)j p ... (§ 58,11), by the equation: 

(/2//1), 

1 d(G-G,) 

■ ■ . 

This holds for all mol fractions, including when the left-hand side is 
identical with ]n(fi^/p). By taking differences of the two expressions, and 
putting7= 1 (for any particular component), it is found that : 

ln(/i//iWi)=(.BA^2+CAr3+Z)Ar4+ . . .(20) 

which was found by Hildebrand ^ to hold for liquid solutions. Epstein ^ gave 
the values of the coefficients: 

B=:p[(a^i—'2ai2+a22)/l^T—(bi ^ —2bi2+b22)] +(W^F)2[(6an +6^Z]2+^22)X 

(aii/2/?T—ill)—(6^/i 1—4^12)(^i2/2/?T—612)+^ ii(^22/2^fT’“-i>22)] 

C=4(p/ifr)2[-~(2aii—3ai2+ii22)(^n/21fT—in)+(3aii—4ai2+^22)x 

(a 12/2i?r— i 12) 11 «12)(^ 22/2/f T— b 2 2)] 

Z)=3(p//?r)^(uii—2^12+a22)[(<3f 11 “2^1 2+^Z22)/2-RT—(ill—2ii 2+^22)15 

1 J.A,aS,, 1937, 59, 2733. 
2 JA.CS.^ 1928, 50, 965; criticism by Krichevsky, ibid,y 1937, 59, 2733; the fugacity rules 

are rather crude* 
3 Proc. Nat. Acad., 1927,13, 267. 
4 “Textbook of Thermodynamics,” New York, 1937, 207; for activity coefficients of 

binary and ternary liquid mixtures, Wohl, Trans. Amer. Inst. Chem. Eng., 1946, 42, 215. 
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and showed that the curves for mixtures of ethylene and argon are consistent 
with these if ^3ri2 and b^2 have commensurate values. 

Gibbs 1 modified Dalton’s law of partial pressures (§ 56.11) to the form: 
“ the pressure in a mixture of different gases is equal to the sum of the pressures 
of the different gases as existing each by itself at the same temperature and 
with the same value of its [chemical] potential.” Lurie and Gillespie ^ inter¬ 
preted these pressures as the equilibrium pressures p,, which are to be exerted on 
the unmixed gases each on one side of a membrane permeable to it alone and 
on the other side of which is the gas mixture. They showed that the total 
pressure is the sum of the equilibrium pressures according to the equation: 

P-Pci+Pci-^UiT, Vln,)+i2{T, Vln2).(21) 

where F=total volume, Wi, «2==nos. of mols («=«i+/?2), where P—fCT, 
the characteristic equation of the gas mixture. Then if is the fugacity of a 
gas in the mixture and/^ the fugacity of the mixture, both at the total pressure P: 

RTlnf=[\dV/dni--v)dP+Rmi\n/,„ . . . .(22) 
Jo 

where A^j=//j/(«j+/Z2) and v^RTjp, the value of .4, being calculated from the 
characteristic equation of the mixture. 

§ 37. Keyes’s Equation 

Keyes ^ proposed the gas equation: 

p^RTI{v-^t-^'^^)-AI{v+l)^^RTI(v-h)^ . . (1) 

where is a function of volume and /S, a, A and / are constants inde¬ 
pendent of V and T\ for monatomic gases a=0. According to Keyes and 
Marshall ^ the constant A is given in terms of Debye’s quadrupole attraction 
theory (§ 43) by: 

^=67rA^T2a/5^/5, 

where A=Avogadro’s number, T=electric moment of inertia function, a« 
polarisability, and t/=diameter of the molecule. 

For mixtures of gases, the same equation is used,^ but the constants are 
functions of the constants of the separate gases, e.g. for a mixture of two gases: 

/I=(/ii\/v41 +n2\/ A 2)2 

a=ni0ii+n2(x,2 

I^nili+n2l2> 

where iti and «2 arc numbers of mols (when the constants refer to rti+n^ mols 

1 “Scientific Papers,” 1906, 1, 155f. 
2 J,A.C,S., 1927, 49, 1146; see Gillespie, ibid., 1925, 47, 305; 1926, 48, 28; Phys. Rev., 

1929, 34, 1605; Jellinek, “ Lehrbuch der physikalischen Chemie,” 1933,4, 345. 
3 Proc. Nat. Acad., 1917, 3, 323; Keyes and Felsing, J.A.C.S., 1919, 41, 589; 1920, 42, 106; 

Keyes, ibid., 1920, 42, 54; Taylor and Smith, ibid., 1922, 44, 2450 (ether); 1923, 45, 2107; 
1926, 48, 3122; Keyes, Smith, and Joubert, J. Math. Phys. Mass. Inst., 1922, 1, 191; 
Keyes, Taylor, and Smith, ibid., 1922, 1, 211; Keyes, Townshend, and Young, ibid., 1922,1, 
243 (corr. gas thermom.); Beattie,/.y4.C.5., 1924, 46, 342; 1927, 49, 1123; Keyes and Taylor, 
ibid., 1927, 49, 896; Bridgeman, ibid., 1927, 49, 1130; Keyes and Burks, ibid., 1927, 49, 1403; 
Keyes and Marshall, ibid., 1927, 49, 156. 

^ J.A.C,S., 1927, 49, 156; values of A for several substances. 
5 Keyes, J.A.C.S., 1927,49,1393; Keyes and Burks, ibid., 1928,50,1100; Keyes and Felsing, 

ibid., 1939, 61, 2457; Beattie, Stockmayer, and Ingersoll,/. Chem. Phys., 1941,9, 863, 871. 
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of mixture), or mol fractions (no. of mols-r total no. of mols; when they refer 
to 1 mol of mixture); hence: 

iMv+ZJn.hy . (2) 
The following are observed and calculated pressures in atmospheres for a 

mixture of nitrogen and methane containing 30*44 wt. per cent, of methane: 

V ml./g. 0° 0
 0 100° 1 150° 200° 

30 1 
31*640 38*172 44*664 51*126 57*591 obs. 
31*603 38*077 ! 44*551 51 025 57*499 calc. 

20 1 
46*812 56*998 67*146 77*220 87*281 obs. 
46*732 56*817 66*902 76*987 87*073 calc. 

§ 38. Beattie and Bridgeman’s Equation 

Beattie and Bridgeman ^ proposed the gas equation: 

p=RT(\—e)(v+B)lv^—Alv^.(1) 
where A==AQ{\—a/v), B=^BQ(l—hlv), e^cjvT^, R, r, Bq, b, Aq, and a being 
constants independent of v and T. For mixtures of gases ^ the constants are 
given by: 

AQ={£ni\/Aoi)'^ 'j 

j5() =27/11Bq I, />=27/q^j > , . . . (2) 

and R=UniR J 
where (as above) fi[ is either a number of mols or a mol fraction. 

In the temperature interval 0°-200'", with a maximum pressure of 216-254 
atm., the average percentage deviations for the observed and calculated pres¬ 
sures are given in the following table: 

Composition N2 
69*556 N2 

30*444 CH4 

31*014 N2 

68*986 CH4 

29*69 N2 

70*31 CH4 
CH4 

Percentage deviation ... 0*055 0*547 0*113 0*232 1 0 066 

Maron and Turnbull ^ developed a method of determining the constants of 

1 J.A,C.S., 1927, 49, 1665; Proc. Amer. Acad,, 1928, 63, 229; J.A.C.S,, 1928, 50, 3133, 
3151; Z, Phys., 1930, 62, 95; Beattie, Phys, Rev,, 1928, 31, 680; 1928, 32, 691, 699 (mixtures); 
1929, 34, 1615 (heat capac. gases, bibl.); Bridgeman, ibid., 1929, 34, 527; Gillespie, J, Phys, 
Chenu, 1929, 33, 354 (C2H4); Beattie and Lawrence, J.A.C.S., 1930, 52, 6; Beattie, Proc, Nat, 
Acad., 1930, 16, 14; Scatchard, ibid., 1930, 16, 811; Deming and Shupe, J,A,C,S., 1930, 52, 
1382; 1931, 53, 843, 860; Beattie, Hadlock, and Poffenberger, J. Ghent, Phys., 1935, 3, 93 
(C2H6); Smith, Beattie, and Kay, J.A.C.S., 1937, 59, 1587 (/z-heptane); Beattie, Kay, and 
Kaminsky, ibid., 1937, 59, 1589 (CaHg); Beattie, Simard, and Gouq-Jen Su, ibid,, 1939, 61, 
26 (/1-C4H10); Gouq-Jen Su and Simard, ibid,, 1939, 61, 926 (C2H6); Stockmayer, J. Ghent, 
Phys., 1941, 9, 863; Beattie, Stockmayer, and Ingersoll, ibid., 1941, 9, 871; Lashakov, J. Gen, 
Ghent. U.S.S.R., 1941, 18, No. 19, 17 (CH3OH vap.); Brown, Jnd, Eng. Ghent., 1941, 23, 
1536; for calculations, see Hougen and Watson, “Industrial Chemical Calculations,” New 
York, 1931, 63. 

2 j^attie, J.A.G.S., 1929, 51, 19; Beattie and Ikehara, Proc. Amer. Acad,, 1930, 64, 127; 
Deming and Shupe, op, cit.; Gillespie and Beattie, J.A.G.S., 1930, 52, 4239; Keyes, ibid,, 
1938, 60, 1761. 

3 Ind. Eng. Ghern., 1941, 33, 408; /.v4.C.5., 1942, 64, 44, 2195. 
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the Beattie-Bridgeman equation from critical data, on the assumption that most 
gases have the same activity coefficient at the same reduced pressure and tem¬ 
perature, and this procedure has been related to the theoretical equation ^ for 
a gas at moderate to high densities by Brown.^ The five constants Aq, 
a, b, c of the Beattie-Bridgeman equation are replaced by the constants: 

ol^AoIRBoT,, ^=^c/BoT,\ 

and the equation then becomes: 

which compares with the theoretical equation: 

(Vo io\ 

Rf kf^XV’kTj' 

where the first term represents the effect of the volume Kq of the molecules and 
the second term gives the effect of the forces between the molecules, <^o being 
the minimum potential energy between two molecules. 

For the purpose of reduction to the ideal state, Beattie and Bridgeman ^ 
wrote their equation in the virial form (§ 6): 

pV=:RT+PIV+ylV^+8IV^.(4) 
where ^^^RTBo-Aq-RcIT^; y=:-RTBob+Aoa-RBoc/T^; and S=RBobclT^. 
Linhart showed by plotting 1/F against log/? that the very simple equation 
with two constants, K and Voo (the value of V when /?->oo): 

(Vi-VJKV^-VJ=p>^.(5) 

gives very good results for various gases, each line being at a given temperature. 
The reduced Beattie-Bridgeman equation ^ is (7r=/?//?^, 

7r=i?(l 700^ .(6) 

Where e'=c'lcf>o^\ and Ao\ a\ B^\ b\ c' 
are reduced constants. It should be noted that is an “ ideal ” critical 
volume, defined by v^=RTJPc. The reduced constants (independent of the 
nature of the gas) are ^o'=0*4758, a'=0T127, i?o'=OT8764, Z?'=0-03833, 
c'=0*05. The results with seventeen gases agreed to 2 per cent, or less nearly 
to the critical point. The reduced equation is also written in the forms: 

7r=^/(i3~<^o)-a/M 

7r=(i?/^oWo+5)-^/M and B^Bo(l+b/<l>oX 

where a and are universal constants. 

1 Lennard-Jones, Physica, 1937, 4, 941; Lennard-Jones and Devonshire, Proc, Roy, Soc., 
1937, 163, 53; Michels and Michels, Proc, Roy.Soc., 1937, 160, 348 (CO2); Michels, Blaisse, 
and Michels, ibid., 1937, 160, 358 (CO2); Michels, Bijl, and Michels, ibid., 1937, 160, 376; 
de Boer and Michels, Physica, 1938,5, 945. 

2 Jnd. Eng, Chern,, 1941,33,1536. 
3 J,A,C,S„ 1928, 50, 3151. 
^ J, Phys, Chem,, 1933, 37, 645; 1934, 38, 1091. 
5 Gouq-Jen Su and Chien-Hou Chang, J,A,C,S,, 1946, 68, 1080; Ind. Eng. Chem., 1946, 

38, 800, 802; Jouq-Jen Su, Ind, Eng, Chem,, 1946, 38, 803, 923; Gouq-Jen Su, Peh-Hsi Huang, 
and Yuan-Mou Chang, J,A.C,S., 1946, 68, 1403 (gas mixtures); Joffe, Ind, Eng. Chem., 1947, 
39, 837 (gas mixtures). 
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Beattie and Bridgeman ^ gave values of the constants for ten gases, p being 
in atm. andt> in lit, per mol; T^f C.+273-13°. 

Ao a Bo b cXlO-4 

He 0*0216 0*05984 0*01400 0 0*004 
Ne 0*2125 0*02196 0*02060 0 0*101 
A 1*2907 0*02328 0*03931 0 5-99 
H2 0*1975 -0*00506 0*02096 -0*04359 0*0504 
N2 ... 1*3445 0*02617 0*05046 -0*00691 4*20 
O2 1*4911 0*02562 0*04624 0*004208 4*80 
Air 1*3012 0*01931 0*04611 -0*01101 4*34 
CO2 ... 5*0065 0*07132 0*10476 0*07235 66*00 
CH4 ... 2*2769 0*01855 0-05587 -0*01587 12*83 
(C2H5)20 31*278 0 12426 

i 
0*45446 0*11954 33*33 

§ 39. Miscellaneous Characteristic Equations 

In the following list, letters other than p, v, and T denote constants or (when 
stated) functions of temperature and pressure; R is the gas constant, N is 
Avogadro’s number, k=RjN\s Boltzmann’s constant. 

I. Sutherland: 2 
p=RTIv-(h-2KRT)lv(v+k), 

II. Boltzmann and Mache: 

(i) (pT+alv)(v—bl3)=R'{v+2bl3) 

(ii) (p+alv^)[v—b+c/(v^+(])]=R'T 

where R'=(l+a)(]—b)l213, In (i), a=0-0(X)874 and /?=0*003283 for carbon 
dioxide. 

III. Reinganum: ^ 
(p+alv^)v^l(v—b)'^=RT 

r), T), depending on the space-filling, jS. 

IV. Goebel: ^ 
(i) p=kiTI(v-b)-k2l(v-Ky 

(ii) p=kiTliv—b+cp)~k2l(v—xy 

based on a specific attraction Arm 1^2//"*, where mi, m2‘irt the molecular masses 
and r the distance. 

1 J,A,CS., 1928,50,3133; Deming and Shupe, ibid., 1930,52,1382, for nitrogen, introduced 
a sixth parameter, a\ A=Ao{\—alv—a'lv'2)^ and found (g., atm., c.c. units) Ao 1528*6, a 
0*2748, a' 0*9084, 1643, b -0*9235, c 2*2x106; ibid., 1931, 53, 843, for hydrogen (mol, 
atm., c.c. units), below the critical density, Ao 124040, Bo 20*22, a 56*18, 6 — 7*22, c 20x 106; 
above the critical density, Ao 124040, 17*50, a 56*18, b —19*68, c 20x 10®; ibid., 1931, 53, 
860, for N2-I-3H2 mixtures, below the critical density (mol, atm., c.c. units), Aq 3000 x IO2, 
Bo 25*03, a 21*36, b —15*16, c 16x106; above the critical density, Ao 3489x102, Bo 21*42, 
a 2^ 56, b -30*58, c 16X106. 

2 Phil. Mag., 1893, 35, 211; 1893, 36, 150. 
3 Ann. Phys., 1899, 68, 350. 
^ Dissert., Gottingen, 1899; Chem. Centra., 1899, II, 955; Ann. Phys. BeibL, 1900, 24, 

665; Arch. NderL, 1900,5, 574; Ann. Phys., 1901, 6, 533; 1903,10, 334; 1912, 38, 649; Phys. Z., 
1901, 2, 241; Vogel, Z.pkys. Chem., 1910,73,429. 

5 Z.phys. Chem., 1904, 47, 471; 1904,49, 129; 1904, 50, 238; the second equation does not 
give p as a linear function of T at constant volume. 
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V. Jarvinen: ^ 
p:=ak(RTIv)'^vl('^v—‘^h)—alv^*^ 

where /::=0*845, b===f(T), and a specific attraction for like molecules km^jr^ is 
assumed, with (5*5 for mercury). 

VI. Plank: 2 

p^RTI{v-b)-a2l{v-bY+a^l{v^by-a^l{v--b)^+a^l{v^b)^ 

VII. Joffe: 3 

p^RTj{v--b)--alv{v--b)+clv{v-—by-—djv{v~-by+elv{v’-bY, 

VIII. Moulin:^ 

p:=^R{\ ^oit)l{v’^b)--alv^+C{\ +^t)l{v--by 

where a=coefficient of expansion, /=temperature centigrade. 

IX. Applebey; ^ Shaha and Basu: ^ 

(i) p=^^(kTlb) In [(v-b)lv]-a/v^ 

(ii) P(v--b)^kT(PblkT)/(c^^^^^-l) 

where P=^p+alv'^. The second equation has a formal resemblance to Planck’s 
radiation formula (§ 12.VI B). 

X. Schames: 2 

p+ajv^^RT({v) 

where ^7=rf dd(l/r)^„ d^ — v^d{plT)Jd(ljT), 

XL Kohl: 8 

XII. Schreber: ^ 

XIII. Antoine: 

XIV. Vasilev: 

n=fi(r), *=f2(T). 

p=rjdr(dWdr),/r2 4.rf(^). 

v=RTlp+hp^jT’—alT+c, 

pv:=D(p+TX ^^A — B\/p. 

(RT-pv)v^a-bRT-b^RT/v, 

XV. Pochhammer: 12 

7r=yi?/(<^~oci)(l +i8//)-3//(l +0Lm<f>+0L)2, 

1 Z. phys. Chem., 1913, 82, 541; 1914, 88, 428; 1919, 93, 737, 743; 1921, 97, 445; 1924, 
109, 275; 1925,116, 420; the equation was applied to liquids. 

2 Forschungsarb. Gebiet Ingenieurwes., 1936, 7, 161; used by Ruedy, Canad. J. Res., 1938, 
16 A, 89, to explain supposed differences of density at the critical point (see § 3. VIB). 

3 J.A.C.S., 1947, 69, 540. 
4 Bull. Soc. Phys., 1900, Stances 37; 1906, 2, 141; by considering the attractions of atoms 

in the molecules. 
5 Phil. Mag., 1920, 40, 197. 
« Phil. Mag., 1920, 39, 456. 
7 Z. Phys., 1920, 3, 255. 
8 Monatsh. Math. Phys., 1912, 23, 81; 1914, 24, 159. 
9 Phys. Z., 1920, 21, 430. 

10 Campt. Rend., 1891, 112, 284. 
n J.Phys. Chem. U.S.S.R., 1940, 14, 1139; 1941, 15, 239. 

Ann. Phys., 1912, 37, 103; the calculated values of ^ are in good agreement with the 
observed. 
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^=^PlPo &:=TIT,, y^RTJp.v,, ai=(1^2a)/3, iff=3y/8(l+a)~l, 
where a and h are constants. The equation is a cubic in v and 

reproduces the critical phenomena like van der Waals’s equation. 

Ethyl ether Ethyl alcohol wi^pentane n-pentane 

a 0125 0155 0113 0*14 
h 0-28 0*32 0-27 

i 
0*29 

XVI. Dubief ^ used for Amagat’s results for carbon dioxide: 

{p+ajv'^+^lv){ v—bQ+[cl{v'^+d)]}=^{\ —yjv)RT, 

XVII. Maass and Mennie: ^ 

(p+Alv^)v=RT(l+2rll), 

where /‘—molecular radius, /=mean free path, A=constant, This was also 
written in the form: 

pv^-RTv+a-RT^(l +C/T)=0, 

where C is Sutherland’s viscosity constant (§ 5.VII F), jS=8\/(27T)rW/(l + C/r). 

XVIII. Cooper and Maass ^ (for CO2 at low pressures): 

pv^+a-RTv-RTbil +KTo)/(l +ifr)=0, 

or v(l+RT)(pv—RT)=:AT—a, 

where K is the constant of the viscosity equation (42), § 5.VII F, 17=V7"(l +RT)y 
e^l/Ty X^a-€l{6-K)y €=^RbQ, 

Jacyna ^ used a complicated equation for helium at high pressures, which 
was criticized by Rozen.^ Eucken ^ took the parachor (see § 5.VIII G, Vol. II) 
as a basis, and extended it by using Richards’s equation (see § 4.IX N, Vol. II): 

p+alv^^pj+clv^y 

where pj is the thermal pressure, when two very complicated equations resulted, 
neither of which agreed with experiment under ordinary conditions. 

The characteristic equation of a gas at very high temperatures (e.g. in the 
detonation wave) has been considered.'^ 

The methods of calculating the thermodynamic functions of a gas from the 
characteristic equation follow the lines of § 55.11, but are more intricate. A 
general procedure for a characteristic equation of the form (cf. § 12): 

p^T^I^(v)^^{v)^f{VyT).(1) 

where f/f, and f stand for known functions, is given by Tzu-Ching Huang.* 

1 CompL Rend,, 1925, 180, 1164; 1926,182, 688; /. de Phys„ 1926, 7, 402. 
2 Proc, Roy. Soc., 1926,110, 198. 
3 Canad. J, Res,, 1932, 6, 596. 
* In about forty one-page papers from 1924, reference to which are mostly given in J.A.C.S,, 

1938, 60, 555. 
5 J. Phys. Chem, U.S.S.R., 1941, 15, 688. 
^ Forschungsarb, Gebiet Ingenieurwes,, 1941, 12, 113; Amer, Chem. Absir., 1944, 38, 2249. 
7 Caldirola, /. Chem, Phys,, 1946, 14, 738; Brinkley, ibid., 1947, 15, 113; Cook, ibid., 

1947,15, 518; Paterson, ibid., 1948,16, 159. 
8 Phys. Rev., 1931, 37, 1111; J.A.C.S., 1932, 54, 1024; cf. Wassmuth, Ann. Phys., 1909, 

30, 381. 
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The thermodynamic equations (§§ 48, 54,11): 

{ASIdv)r^(ApldT\ .(2) 

(dEldv)r^nApldT),^p.(3) 

are used. From (1) by differentiation: 

(d;7/dr),=^(z;)-(df/dr),.(4) 
and by substitution in (2) and integration: 

5=#(^)d^~j(df/dr),dz;+^(r), 

where ^{T) is a function of temperature. By substituting (1) and (4) in (3) and 
integration: 

£=j<^(z.)dz;+j[f(^, r)~r(df/dr)jdz^ 

where cl{T) is a function of temperature. 
The use of the fugacity was explained in § 36, and recent treatments of p, v, T 

data for gases and vapours are based on it. Curtiss and Hirschfelder ^ esti¬ 
mated gas imperfection by calculating PVjRT from the Clapeyron-Clausius 
equation (§ 7.VIII L, Vol. II), P being the vapour pressure. For hydrocarbon 
vapours below the critical point the equation jit log)Lt=—Tifio has been used,^ 
in which iJL=pvlRT and fio is a function of the reduced temperature & only. 

§ 40- The Virial 

A method of dealing with problems of kinetic theory which is especially 
useful when there are forces acting between the molecules was used by Clausius ^ 
in 1870. Consider a molecule of mass m with coordinates x, y, z and velocity 
components x=«, i=iv. Let the components of a force acting on it in 
the directions x, y, z be 7, Z. Since dx/d/=w, and since force'=^massx 
acceleration, i.e. it follows that: 

d(mxw)/d/=mx . dw/dr+ww . AxlAt=^Xx+mu-\ 

i{myv)IAt^ Yy+mv'^\ A{mzw)IAt=Zz+mw^, 

By integration between the times /=0 and /=t, where r is very large compared 
with the average times between disturbances of the motion of the molecules, 
and division by t, the average values, denoted as usual by a bar over the symbol, 
are obtained: 

ifdCwxw), IfL , ir - —-j—-At=- I Xxdt-\— I mu^At 
T dr tJo tJo 

Jo _ _ 
(m/r)(x^u^—XoUo)=Xx+mu^. 

1 /. C/iem, Phys,, 1942,10, 491. 
2 Cope, Lewis, and Weber, Ind. Eng, Chem., 1931, 23, 887; Thomson, ibid., 1943,35, 894. 
3 On a Mechanical Theorem applicable to Heat, Arm. Phys., 1870, 141, 124; Phil. Mag., 

1870, 40, 122; Villarceau, Compt. Rend., 1872, 75, 232; Baynes, “ Thermodynamics,” Oxford, 
1878, 11; Rayleigh, Nature, 1891, 44, 499, 597; 1892, 45, 80; Phil. Mag., 1900, 50, 210; 1905, 
9, 494; “ Scientific Papers,” Cambridge, 1902, 3, 465, 469; 1903, 4, 491; 1912, 5, 238; idem 
in Maxwell, ” Theory of Heat,” 1897, 322; Richarz, Ann. Phys., 1892, 47, 467; Finger, Wien 
Ber., 1897, 106, II A, 722; Larmor, Phil. Trans., 1897, 109, 205; ” Math, and Phys. Papers,” 
Cambridge, 1929, 2, 132 (” a small foundation from which to draw weighty conclusions ”); 
Burbury, ” A Treatise on the Kinetic Theory of Gases,” Cambridge, 1899, 14; van der Waals, 
Proc. K. Akad. We tens. Amsterdam, 1899, 1, 138 {b correction); Polvani, Nuov. Cim., 1924, 
1, 1; Milne, Phil. Mag., 1925, 50, 409 (also true if there are frictional forces proportional to 
the velocity, as in the Brownian movement); Fock and Krutkow, Sow. Phys. Z., 1932,1, 756. 
According to Villarceau, the theorem was given before Clausius by Jacobi. For the case of a 
mixture of molecules, see Lorentz, Arm. Phys., 1881,12,127. 
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When T is large it seems reasonable to assume that the expression on the left 
vanishes, since u does not increase without limit and x will not do so in the 
case of a collection of colliding molecules. By considering also the other two 
components the three equations: 

Xx+mu^^O, Yy+mv^=^0, Zz+mw'^=^0, 

are found, and by addition: 

(Xx+ Yy+Zz)+tn(u'^+v^+w^)=^0 

{Xx+Yy+Zz)+mc'^^0^ 

since c^:=^u^+v^ + w^. Since equations of this type hold for all the molecules, 
their sum is also zero, hence: 

E{)^+Y^+Zz)+Eyn?-^Q.(1) 

The expression I!(Xx+ Yy+Zz) (or half its value) was called by Clausius the 
virial of the forces acting on the molecules, and (1) is called the virial equation. 

The term is twice the kinetic energy of translation of all the molecules. 
Consider N molecules of mass m of an ideal gas contained in a rectangular 

box of sides x, y, z in the directions of the coordinate axes and with the origin 
at one corner. Then no forces act on the molecules except when they are 
colliding with the walls of the box. With the opposite sides of the box parallel 
to the yz plane and with coordinates x=0 and the force (with reference 
to the coordinate system) on the left-hand side is p . yz, where p is the pressure, 
and that on the right-hand side is —p .yz (since it acts in the opposite direc¬ 
tion). By considering also the other two pairs of faces, it is found that: 

Xx=^p . yz . 0—p .yz.x 

Yy=^p . xz . 0—/? .xz.y 

Zz^p . xy . 0—/? ,xy,z. 

Hence the virial is —3/?. xyz=^--3pv, where v=^xyz is the volume of the box. 

Also Emc^^Nmc'^, therefore —3/?z;+iVmc2=0, or: 

p^Nm^l3=p^l3 .(2) 

where p=density, which is equation (13), § 8.TII. 
Ray 1 showed that the virial depends on the origin of the coordinates, when 

the pressure may vary with the distance from the wall of the vessel, p=zpQQ~*^^\ 
The usual deduction assumes a constant pressure. If an average pressure is 
defined by ^=JJJ/7dAdj^dz, the virial of the external forces is {3l2)pv. 

If the gas is not ideal, but forces act between the molecules, the virial may be 
divided into a part due to forces of collision, which has just been shown to be 
equal to ^3pv, and a part i7,(Ax+which now refers only to inter- 
molecular forces; hence (where the masses w of the molecules may now be 
different): 

Emc^—3pv-YEli{Xx’\- F>^-fZ2)=0, 

or pv=^^Smc'^+^E^{Xx+Yy+Zz).(3) 

If the pressure is due only to repulsive forces, as Newton supposed (§ 23* VII A), 
then: 

pv^^EiXx+ Yy+Zz). 

(Clausius took the virial for attractive forces as positive; the convention varies*) 

1 Bull. Acad. Polon,, 1929, 233. 
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Then if the container and gas expanded to n times its linear dimensions, x, 
and z are multiplied by «, and as Boyle’s law shows that pv remains constant, 
X, 7, and Z must be multiplied by l/«, i.e. must vary inversely as the distance, 
as Newton showed. This law, however, cannot be true, since, as Jeans says,i 
“ it would make the action of distant parts of the gas preponderate over that of 
the contiguous parts, and so would not give a pressure which would be constant 
for a given volume and temperature as we passed from one vessel to another, or 
even from one part to another of the surface of the same vessel.” 

Now consider a gas in which the molecules have both kinetic and potential 
energies. Let there be a pair of molecules distant r apart, with centres at 
(x, z) and (x', y\ z'), and with a repulsive force which is some function of the 
distance, F(r), acting between them. Then: 

X==F{r) . y=F(r) . (y-y)/r, Z=F(r) . iz^z')/r, 

the factors of F(r) being the cosines of the angles between the line joining the 
molecules and the coordinate axes. Hence, Xx + X'x' = F(r)(x—x'y/ry and 
so on; therefore: 

{Xx+Yy+Zz\==[F(r)/r][(x^x')^+(y-^y)^+(z^ 

since (x—x'y+(y—y')-+(z—z')^:^r^. Hence (3) becomes: 

pv^illmc^+iXXFiry.(4) 

where the summation is taken over all pairs of molecules. If the forces have a 
potential, V (see § 12, IV): 

pv=^jXmc-—jII2J(dV/(ir)r.(5) 

If both attractive and repulsive forces act: 

pv=yi:mc^+^i:ZF(r),r-}2:i:¥{r)/.(6) 

§ 41. The Molecular Force Field 
A deduction of van der Waals’s equation by the virial method is possible, but 

here a more general type of equation will be considered. It is assumed 2 that 
the molecules are hard, elastic spheres, which are subject to both attractive and 
repulsive forces, and F,. These are supposed to be functions of the distance 
r between the molecules and of the type: 

repulsive force==/ri/r”=fcjr'~"=:F^.(1) 

attractive force=A:2/'’”*=*^2'*^"*=-f’fl.(2) 

where m, n, A^, and ki are constants. The repulsion exponent determines the 
“ hardness ” (a?>14) or “ softness ” (w=9) of the molecule in collisions, and 
appears to be greater the higher the electron density on the surface.^ 

The resultant of the attractive and repulsive forces in the gas: 

1 Kohnstamm, J, Chim. Phys., 1903, 3, 665; 1906, 4, 102; Jeans, “ The Kinetic Theory of 
Gases,” 1940, 73; but cf. Stewart, Phys. Rev., 1925, 26, 491; Fowler, “ Statistical Mechanics,” 
2nd edit., 1936, 287. 

2 Natanson, Phil. Mag., 1892, 33, 301; Lennard-Jones and Cook, Proc. Roy. Soc., 1926, 
112, 214; Lennard-Jones, Proc. Phys. Soc., 1931, 43, 461 (bibliography), and Chap. X in 
Fowler, “Statistical Mechanics,” Cambridge, 1929,2nd edit., 1936,292f.; cf. Weinstein, Ann. 
Phys., 1895,54, 544; “ Thermodynamik und Kinctik der Kdrper,” 1901,1,44. 

3 Rice, J.A.C.S., 1932, 54, 4559; Schmidt, Z. Elektrochem., 1936, 42, 8, where inelastic 
collisions and the Ramsauer effect (§ 21. Ill) are also considered. 
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may be called the molecular force field, and it is a function of the distance 
between the molecules (an average distance, of course, since the molecules are 
in motion), or, in other words, of the total volume of the gas. 

The treatment of the molecular field is implicit in the theory of Boscovich ^ 
(adopted by Priestley, Faraday, Kelvin, etc.) in which material particles are 
replaced by point centres of force, such that an attractive force at relatively large 
distances is replaced by a repulsive force at small distances. Boscovich assumed 
that the force could alternate between attraction and repulsion several times 
as the distance was reduced, finally reaching a very large value of repulsion at a 
very minute distance, A function having this property was devised by Poynting^ 
(mass m distant r from unit mass): 

F=m(r^a){r-2a){r-3a)lr\ 

Schofield ^ showed that the cohesion of gas and liquid molecules requires 
forces of the type kjr*' and kjr"^, and cannot be explained on the assumption of 
rigid spheres. 

The mathematical machinery, over-simplified to bring it within the power of 
the methods of mathematics, assumes that (i) the forces act over distances 
which are rather large compared with the molecular dimensions, and (ii) the 
force is symmetrical about the molecule, considered as a sphere. If it is 
assumed that the force acts only over a distance of one or two molecules, and 
that only binary collisions occur, an equation may be deduced ^ which does not 
agree with the van der Waals expression a/V^ for the molecular attraction. 
Langmuir ^ extended his view of forces acting in adsorption only over a distance 
of one molecule to liquids, and deduced an equation for the vapour pressure of 
mixtures of liquids which gives satisfactory results, but no important advance 
has yet been made in gas theory in this direction. 

Boltzmann^ tried to develop a theory of chemical affinity in which forces 
act only from small regions of the surfaces of molecules; this removed the over- 
simple assumption of spherical symmetry, and in Debye’s theory of quadrupole 
attraction ^ such directed forces were introduced to explain gas molecule 
attractions, but without real success (see § 43). 

1 Roger Joseph Boscovich, S. J., b. Ragusa (Dubrovnik), Dalmatia, 1711, d. Milan, 1787: 
“ Theoria Philosophiae Naturalis redacta ad Unicam Legem Virium in Natura Existentium,” 
4to, Venice, 1758,2nd edit., 1763 (xl+311 pp., 4 plates, 4 unnumb. 11. of list of B.’s works; both 
editions very rare), 1 f., Fig. 1, plate I; transl. Brewster, “ A System of Mechanical Philosophy,” 
4 vols, Edinburgh, 1822; transl. edit, (with life of B.) by Child, Chicago, 1922; Lord Kelvin, 
“Baltimore Lectures,” 1904, 675, reproducing an [altered] Fig. 1 from Boscovich’s “great 
work”; Chapman, Nature, 1940, 146, 607; Gill, “Roger Boscovich, S. J. (1711-1787), 
Forerunner of Modern Physical Theories,” Dublin, 1941, who mentions (p. 22) the adum¬ 
bration of Bohr orbits by Boscovich. 

2 In Hastings, “Ency. Religion and Ethics,” 1909, 2, 203; Poynting, “Scientific Papers,” 
1920, 724. 

3 /*/jil. Mag,, 1928, 5, 1171; Roop, Science, 1916, 43, 758, assumed a cohesive force for 
liquid mercury proportional to l//-<5; Edser, B,A, Rep. Coll. Chem., 1922, 40, assumed a force 
proportional to l/r^; see Bradford, Engineering, 1933, 135, 439; Phil. Mag., 1943, 34, 433; 
Wheeler, Indian J. Phys., 1934, 8, 52\-, Proc. Indian Acad. Sci., 1934, 1 A, 105; Trans. Nat. 
Inst. Sci. India, 1938, 1, 333. 

4 Fowler, “ Statistical Mechanics,” Cambridge, 1929, 172. 
5 Colloid Symposium Monograph, 1925, 3, 48; Smyth and Engel, J.A.C.S., 1929, 51, 2646, 

2660. 
“ Vorlesungen fiber Gastheorie,” 1898, 2, 177 f., where, incidentally, the “ modern ” 

theory of “collisions of the second kind,” is developed; see Franck, Z. Phys., 1925, 31, 411; 
Bom and Volmer, Z. phys. Chem., 1931,13 B, 299. 

7 Phys. Z., 1920, 21, 178; 1921, 22, 302. 
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Buckingham and Corner ^ assumed long-range attraction proportional to 
a sum of terms in and /•“*, and a short-range repulsion proportional to 

(p=const.), finding a potential energy with four parameters, also giving the 
depth of the minimum in the curve (§ 17JV). Quantum corrections were 
applied and tabulated in the calculation of the second virial coefficient. 

§ 42* Deduction of the Characteristic Equation 
In the present simplified discussion repulsive forces between the molecules 

are assumed to be of such a type that when the distance between the centres is 
greater than a (the sum of the radii, or the molecular diameter), the repulsive 
force is negligibly small, whilst for distances less than a (which corresponds 
with the contact of hard spheres), say (o-—8), this force is extremely large. 
Hence the exponent n in must be a fairly large number. The value of m 
in r"”* is, for the present, left undecided, except that it is assumed to be rather 
considerably smaller than n\ i.e, the attractive forces are supposed to have a 
larger range than the repulsive forces when /-^or. When two molecules approach 
from a large distance, there is first an increasing rather weak attraction, the 
resultant force then passing through a minimum (i.e. a maximum attraction), 
and then rising very steeply as a repulsion when r approaches a. 

The virial equation gives: 

Sm7^+V^ + V,+V,^0.(1) 

where Fp, F^, and are the parts of the virial due to the external pressure, the 
repulsive forces, and the attractive forces, respectively.^ For 1 mol of gas (15), 

§ 8.Ill, gives Nmc'^=^3RT, and Vp has been shown in § 40 to be —3pv, hence: 

3RT+V,+ V,=3pv.(2) 

The calculation of and may be made as follows.^ Let any two mole¬ 
cules, numbered 1 and 2, of the gas at a given moment be at the points A 
(xj, yiy Zi) and B (^2, y2, ^2) the coordinate system, distant r apart. The 
components of the forces in the directions x, 7, and z are found by multiplying 
the forces in the direction of r (the line joining the molecules) by the cosines of 
the angles which r makes with the axes. 

The total virial of the repulsive forces has been found in § 40 to be [F(/*)=F]: 

.(3) 

Similarly, the total virial of the attractive forces is found to be: 

F,=2:27rF,.(4) 

3RT+i:i:rF,+SSrF^=^3pv.(5) 

where the sums are to be taken over all pairs of molecules. 
The number dN of pairs of molecules which, at a given moment, have their 

centres lying between the distances r and r+dr is found as follows. If two 
spheres of these radii are drawn around the center of each of the N molecules 
of the gas, the volume between the spheres is d(jA7TA*‘^)=47rA/-2dr, and the 
probability that the centre of any molecule is in the space Anr'^dr belonging to a 

1 Proc. Roy, Soc„ 1947, 189, 118. 
2 The sign of Va is negative if that of Vr is taken (as usual) positive. 
3 Reinganum, Phys, Z., 1901, 2, 241; Ann, Phys., 1901, 6, 533, 549; 1902, 10, 334; 1908, 

28, 142; 1912, 38, 649; see the criticism by Kohnstamm, J. Chim. Phys,, 1905, 3, 665; 1906, 
4,102. 
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second molecule, when there are no forces between the molecules, is AnNr'^Arlv, 
where v is the total volume of the vessel, and it is assumed that the molecules 
occupy an inappreciable part of this volume. Hence, the number of pairs of 
molecules required is found by multiplying by (A^—l)^:::::A^and dividing by 2: 

AN'^lTTN^r^drlv.(6) 

When there are forces between the molecules, Boltzmann’s equation, § 19,111, 
shows that: 

dA^=(27rA^V2/z;)e-^i>^*^dr.(7) 

where is the potential energy of a molecule resulting from the joint action of 
and at a given point. 
The virial sums may be replaced by integrals: 

277-/V2 /•«> 
EErF,^- A-3F,c-V*^d/-.(8) 

^ Ja~d 

EErF,^- r3F,e-V''^dr.(9) 
^ J a 

From the assumed nature of the repulsive force, the upper limit of integration 
in (8) can be replaced by a, since beyond this distance the force is inappreciable. 
Also (since potential energy=forcexdistance): 

6^= f F,dr+ [p^dr.(10) 
J 00 Ja 

which is to be substituted in (8) and (9). 
In the case of (9), since only the attractive force need be considered for 

r>a, only the first term in (10) need be taken, and the integral in (9) must be a 
function of temperature only (from the factor 1/Arin the exponential), 

EErFM2-nmiv)cj>{T).(11) 

The case of (8) is more difficult. First replace oo by o- in the upper limit of 
integration; 

r3F,e-V*r(j;.. 
V Ja-» 

Since a—8 and a are very close together, can be replaced by (constant) 
and taken outside the integral sign: 

EErF,=^^^^\ F^-Vk^-dr. 
V Jc-s 

In evaluating the integral, substitute —Cp from (10): 

f" F,e-V‘rdr= f" . e-^^^‘^dr, 
J a—B J ff—6 

where J />• 

Sinceis a constant, and /i/A:=const. = C: 

Ja-5 Jor-6 
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To evaluate the integral put 

jF,dr==y, —F,dr=d}> 

r Q-y/kT^y^ r 
Jo-6 Jo 

(since for r=(T, y=0, and for /’=cr—8, >^->oo), 

Ei:rF,^Cl7Tl^^G^lv)QP‘'^, kT:=^{27TNa^lv)c^‘^ .RT.. (12) 

The volume of the molecules is ^Nialiy—NTra^jG, Put 

4 . {NTTa^l6)^b'.(13) 

EErF={3RTb'lv)t^‘^.(14) 
From (5), (11), and (14): 

/;z;==i?r(l+i'eC^^M+(27rA^2y3^)^(7^ .... (15) 

which is Reinganum’s equation. It can be written as: 

b-(277A^2/3^2)^(7’)]^/(l +6'e^/^/z;)=/?7; 

and by division and the assumption that b't^^'^lv is small compared with 1: 

[p^(27rAr2/3i;2)^(r)](i^-*'e^/^)=i?r .... (16) 

which becomes identical with van der Waals’s equation: 

{p+alv^){v--b)^RT.(17) 

if a=—277-A^2^(7’j/3 and b^b'oF^^. These, however, are both unknown 
functions of temperature, and not constants as assumed in (17). 

Now return to (7); multiply by i/*F(r), where Fir) may be taken as the net 
force acting between the molecules, and integrate over all values of r, then: ^ 

IttN^ r®® 
^EEFir). r^F{r)t-^p<^'^6r 

Zv Jo dr 

Equation (5), § 40, with ^Ilinc^=NkT^RTper mol then becomes: 

pv^RT--^ I” 3-^e-'p/*^dr 

By integration by parts this can be transformed into: 

pz;s=ifr|^l--2Tr~J (e~^^*^—l)r2drj * . 

J (1—e~^^^*^*^r2d/'=—e“V*^(d€^/d/-)rMr, 

' The upper limit may be taken as oo, since all intermolecular forces vanish long before this 
volume is reached, and the rest of the integration contributes nothing. The lower limit should, 
actually, be <t, the distance between the molecular centres on contact; Keyes, J.A.C.S., 1928, 
50, 930; on the integrals see Coulson, Proc. Carter, Phil Soc., 1942,38, 210. 
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and by comparison with the equation giving the second virial coefficient ^ B\ 

pv=:^RT(\+Blv).(20) 

(where B=b--alRT according to van der Waals, but where a and b are really 
functions of temperature) it follows that: 

^=27rivfl:i~e-V*Vd/*.(21) 
Jo 

In general, where r and a refer to repulsions and attractions, respec¬ 
tively. F^or rigid spheres with an attractive force, and with a minimum distance 
/*o between the centres: 

.(22) 
Jro 

a^^lirNTi (c-'-^^^-Or^dr.(23) 
Jfo 

and the temperature dependence of a is explained by swarm-formation. At 
high temperatures and 

a=(27rNlk)r-€,r^dr.(24) 
Jro 

is then independent of temperature.^ For rigid spheres of diameter d sur¬ 
rounded by an attractive force field proportional to Keesom ^ found 

B=^Nd^ 
Z,n\[{s-\)n- 

(25) 

where € is the work done in separating to an infinite distance two molecules 
initially in contact. 

Lennard-Jones assumed the force field Xlr”—fjLlr”*, and found: 
I_|\ 3/(n-m) 

y {m-l)kTl 

x{m 

I A m—ly 

• “Tr / 

j (m-; 

L \ / J 

/X_['(w-l)A:ri 

3r 

c^=- 

-l)+«-41 ^prx(m-l)-3' 

n—1 n—1 

x:!(«—1) x![:^(iw—1)—3] 

(26) 

(27) 

(28) 

(29) 

1 Collins and Keyes, J, Phys. Chem., 1939, 43, 5, wrote this in the form p=RTI(v--B)^ 
which is equivalent to the above as far as terms in l/t>2. For the third virial coefficient, see 
de Boer and Michels, Physica, 1938, 5, 945; 1939, 6, 97; 1940, 7, 369. 

2 Briegleb, Z. phys, Chem., 1933, 23 B, 105; for further consideration of this type of 
approach, see the brief summary by Orr, Ann, Rep. Chem, Soc., 1940, 37, 28. 

3 Proc, K. Akad. Wetens. Amsterdam, 1912, 15, 256, 417, 643; 1921, 23, 939, 943; Comm. 
Leiden, 1912, Suppl. 24 h, 25, 26; Phys. Z., 1921,22,129, 643; 1922, 23. 225. 

^ Proc, Roy, Soc., 1924,106,463; Lennard-Jones and Cook, ibid., 1926,112,214; Lennard- 
Jones, Proc, Phys, Soc., 1931, 43, 461; section in Fowler, “Statistical Mechanics,” 1929, 
Chapt. X; Keyes, Chem. Rev., 1929, 6, 175; Lennard-Jones and Devonshire, Proc. Roy, Soc,, 
1937, 163, 53; Corner and Lennard-Jones, ibid,, 1941, 170, 401; Hasse and Cook, Proc. Roy, 
Soc,, 1929,125,196, worked out the case m—5, /i=9; see Wheeler, Trans, Nat, Inst, Sci, India, 
1938, 1, 333; Powell, Rep, Progr. Phys,, 1939, 5, 164; Linnett, Trans. Faraday Soc,, 1940, 36, 
1123; 1942, 38,1; Orr, Proc. Cambr, Phil. Soc,, 1942,38,224. 
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r denoting the gamma function (§ 54.1), and xl is factorial x. Some compari¬ 
son with experiments gave quite fair results; for helium /z=14|- and m=5 
(chosen for convenience, as the integration is then simple) and there is agree¬ 
ment except for one point.^ There is also agreement with the pairs («, m) of 
(9, 5), or (11, 5), or (11, 6). Lennard-Jones and Devonshire showed that such an 
equation qualitatively represents the critical phenomena. 

§ 43« Dipole and Quadrupole Fields 
An electric dipole consists of two equal and opposite charges +e and —e 

separated by a distance /, and the dipole moment is By considering a 
random arrangement of dipole molecules, van der Waals, junr.^ obtained for 
the attraction virial an infinite series with 1/Tin the first term, agreeing with 
Berthelot's equation (§ 29). Similar series were found, with other assumptions, 
by Ornstein.^ Keesom considered the case where the molecules are rigid 
spheres with a permanent electric dipole of moment fi at the centre of each, 
obtaining again an infinite series. The mean interaction energy between a 
pair of dipoles having free rotation and with random orientation of axes is 

.(1) 
which has the correct dependence on r according to modern views (§ 45), but 
would not apply to non-polar gases. 

Debye ^ considered the interaction between dipoles of moment fii^aF 
induced in molecules of polarisability a in an electric field T, and found for the 
mean interaction energy: 

.(2) 

again giving the correct dependence on r, but numerically too small. Falken- 
hagen ^ also considered the attraction of molecular dipoles of electric moment /i, 
and found for the second virial coefficient: 

where ^/=molecular diameter, @=iJL^Id^k, and bi, bi, b^, . . are polarisability 
coefficients. Although Eucken and Meyer ^ found remarkable agreement with 
this theory with measurements of the vapour densities of some organic com¬ 
pounds, the latter had non-polar molecules in many cases, so that the result is 
not particularly significant. 

A theory of molecular attraction depending on the interaction of electric 
quadrupoles was worked out by Debye. * He considered a molecule with 

1 In this case, the experiments may be in error and the theory correct; see Anfilogoff, 
Thesis, London, 1932,140, 319, 364; Partington, Phys. Z., 1933,34, 289. 

2 Proc, K. Akad. Wetens. Amsterdam, 1900, 3, 27; Verslag. K. Akad. Wetens. Amsterdam, 
1901, 9, 46; 1908,17, 130, 391; Ann. Phys. BeibL, 1901, 25, 346; 1909, 33, 48, 446. 

3 Dissert., Leiden, 1908; Proc. K. Akad. Wetens. Amsterdam, 1908-9, 11, 116, 526, 
^ Proc. K. Akad. Wetens. Amsterdam, 1912, 15, 256, 417, 643; 1921, 23, 939, 943; Comm. 

Leiden, 1912, Suppl. 246, 25, 26; Phys. Z., 1921, 22, 129, 643; 1922, 23, 225; attracting dipoles 
had been considered by Reinganum, Ann. Phys., 1901, 6, 533, 549; 1903, 10, 334; 1908-9, 
11, 132, 315; 1912, 38, 649; Sutherland, Phil. Mag., 1902, 4, 625; for Keesom’s theory, sec 
Holst, Proc. K. Akad. Wetens. Amsterdam, 1917,19, 932; Comm. Leiden, Suppl. 41 /. 

5 Phys.Z., 1920,21,178; 1921, 22, 302; Jona, ibid., 1919, 20, 14. 
6 Phys. Z., 1922,23, 87; Zwicky, ibid., 1921.22,449. 
7 Z. phys. Chem., 1929, 2 B, 452. 
8 Phys. Z., 1920, 21, 178; 1921, 22, 302; Keesom, Proc. K. Akad. Wetens. Amsterdam, 

1921,23, 939,943; 1922,24, \62;Phys.Z., 1921,22,129, 643; Schmick, PA^.y.Z., 1928,29, 633; 
Syrkin, Z.phys. Chem., 1929,5 B, 156; Margenau, Rev. Mod. Phys., 1939,11,1 (bibl.). 

A.T.P.C.—2A 
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charge at a point with coordinates Ck- The potential F due to it at a 
point at a distance /*, with coordinates x, y, z, was expanded ^ into a series of 
powers of l/r and summed over k: 

+;3[2 (3^2'- 

+ +.(1) 

The first term is the Coulomb potential due to point charges, the second is the 
potential due to dipoles; both of these are assumed to be absent, so that only 
the third term, representing the potential due to quadrupoles, is taken. 

The system of coordinates may be laid in the molecule so that: 

= 0.(2) 
and the molecule is then characterised by three principal electric moments of 
inertia: 

.... (3) 

A quadrupole in general has three principal electric moments of inertia; it 
requires at least four charges. The simplest arrangement is a linear one, which 

has one electric moment of inertia. The charges 
are supposed to be arranged on the x axis, a 
charge —2e at the origin and two charges +e at 
distances ±a from the origin (Fig. lla.VIIC). 
Then the coordinates of —2e are ^=7?=?=0, those 
of the charges +e are ii=a, ^2=““^^ 7y=^=0. 
Hence The 
arrangement —e+2e—e gives @i — —2ea^. In this 
case, @2=®3==^- 

An arrangement giving three moments is shown 
in Fig. lli^.VIIC. There are six positive charges 
+e at the ends of three axes and a negative charge 
— 6e at the origin. If AB=2a, CD=2h, EF=2c, 
then @i=2ea^, 02=2eb^, ©^=2ec^. Although a 
dipole is oriented in an electric field, a quadrupole 
experiences no force or turning moment in a uniform 
electric field. 

If A, denote the dipole and quadrupole moments of a molecule, the mutual 
energies are: ^ 

1. dipole-dipole£'rf^=—(AiA2/^/^)(2cos ^I cos ^2”"sin 61 sin ^2^05</>), 
2. dipole-quadrupole —{3X^fjL2/2d^)(—2 cos 61 cos^ ^2+cos sin^ ^2 + 

2 sin 61 sin 62 cos 62 cos <f>), 

3. quadrupole-quadrupole £^^=(~3/4if(-2/4^/^)[l —5 cos^ —5 cos^ ^2— 
15 cos2 di cos^ ^2+2(4 cos Bi cos ^2~sin sin 62 cos <^)2], 

1 Maxwell, “A Treatise on Electricity and Magnetism,” Oxford, 1873, 1, 157, 3rd edit., 
Oxford, 1892, 1, 194. 

2 Schmick, Phys. Z., 1928, 29, 633; on dipole, quadrupole, and octupole fields, see Zwicky, 
Phys. Rev,, 1921, 22, 449; Kirkwood, J. Chem. Phys,, 1934, 2, 351; McMeekin, Cohn, and 
Blanchard, J,A,C,S,, 1937, 59, 2717; Moelwyn-Hughes, “Physical Chemistry,” Cambridge, 
1940, 95. 
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where c/=distance of molecular centres, and 2== angles between the molecular 
axes and the x axis, and angle which the plane containing the axis of the first 
molecule makes with the plane containing the second molecule and the x axis. 
The average energy is then found, for all possible orientations (dT=sin 
sin 62 d^idd2d<^) 

The field due to the quadrupoies is given by F=^—dVldr and (the mean 
square of the field) was shown by Debye to be where: 

t2 = @j24.@22 + 032 —(@^02 + 02®3+03@i) ... (4) 

If there are N molecules per cm.^ the mean square electric intensity in the 
interior of the gas is: 

/^=ArJ 47rr2(3T2//-8)d/'=(127T/5)(A^T2/rf5) .... (5) 

where d is the molecular diameter. If a molecule of polarisability a is brought 

into this field, its potential energy would be —\clF'^ if it did not contribute to 
the field, but as it polarises all the other molecules the work done is twice this 
expression. 

If there are TV' molecules in a volume v, N=N'jv, and if a further dTV' mole¬ 
cules are added the work done is -'(l27r/5)((XT^jd^){N'dN'lv), and the total 
potential energy due to N molecules in a volume v is found by integration to be 
-—Alv, where ^=(67r/5)(aT2/rf5^TV2. Comparison with the van der Waals 
expression —a/v gives: 

a=:(67r/5)(aT2/4/5)Ar2.(5) 

which gives too large a temperature dependence of a. The polarisability a is 
found from the molecular refraction Rj^ by the equation : 

1)/(«2+2) . (A///>)=(47T/3)TVa.(7) 

which is true for infinite wave-length; hence: 
c/=(9/10)i?^TVT2/^/5.(8) 

The determination of t is not so simple. Debye ^ calculated it from the 
broadening of spectrum lines, and assumed 8)2=5 x 10“^^, where 
^=electronic charge. The value of b was taken from van der Waals as four 
times the volume of the molecules, viz. 4TV(477-/3)(c//2)^=(27r/3)TVy^. 

The wave-mechanical theory (§ 45) assumes that inert gas molecules are 
symmetrical, and hence they cannot have quadrupoies. A comparison with 
experimental data also shows ^ that neither Keesom’s (dipole) nor Debye’s 
(quadrupole) theory applies, and the present theory of molecular attraction is 
based on a theory due to London,^ in which it is supposed to be due to a wave- 
mechanical resonance phenomenon. 

§ 44. Wave-Mechanical Theory 

The resonance attraction has been described ^ as due to ‘‘ a sympathetic 
fluctuation of the electron space clouds of the two atoms, which produces in 

1 Phys.Z., 1919, 20, 160. 
2 Wohl, Z.phys. Chem., 1928, 133, 305; 1929, 2 B, 77. 
3 Z, Phys., 1930, 63, 245; Z, phys. Chem., 1930, 11 B, 222; 1936, 33 B, 8; Wohl, Z, phys. 

Chem.y 1931, Bodenstein Festb.^ 807; Muller, Proc. Roy, Soc.^ 1936, 154, 624; Buckingham, 
ibid,, 1937,160, 94; Margenau, Rev. Mod. Phys., 1939, 11, 1. 

4 Lennard-Jones, Trans. Faraday Soc., 1932, 28, 333; Randall, /. Phys. Chem., 1932, 36, 
2106; Du^hman and Seitz, ibid., 1937, 41, 233; ^numof, Amer. J. Phys., 1948,16, 249; correc¬ 
tion for non-symmetrical field of H2 and D2, see de Boer, Physica, 1942,9,363; 1943, 10, 357. 
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the atoms effective dipoles tending to move more in phase than out of phase.” 
The resonance energy is (§ 45): 

.,= ~(3/4)Avoa2/.6.(1) 

where a is the polarisability and vq is the frequency of the oscillating dipole in 
its lowest energy state. London identified Hvq with the ionising potential Vj 
and found: 

.(2) 
which holds only for The second virial coefficient is then: 

. . (3) 

where 0 = (3a2/4ro^A)Avo» and /i,/2, ... are numerical coefficients. For two 
inert gas atoms the full expression for the potential energy is: 

e^-0IA7r){hlr,%e^lmY^^ . . (4) 
i k 

where e and m are the electronic charge and mass,7 and k relate to the excited 
states of the two atoms, /yo and /*.(, are the fictitious oscillator strengths in the 
dispersion theory, and ojjq and ai^^o the transition frequencies from the ground 
state 0 to the excited states j and k. 

A simplified form of London’s theory proposed by Slater and Kirkwood ^ 
replaced the attraction potential (2) by: 

e^=-7*07X 10“12a3/2„T2/^6 volt .(5) 

where n is the number of electrons in the outer shell of the molecule; this usually 
gives much higher values than (2), even when the dispersion energy is used 
instead of the ionisation potential Vj, as was proposed by London.^ London, 
and Wohl,^ substituted for the repulsion potential the rigid co-volume bo, 
which is a good approximation for high temperatures, and if the characteristic 
equation is in the form pv/RT=l+B/v, the van der Waals second virial 
coefficient is B^b--afRT. From (2) and (5): 

^=M52xl054a2Fy/Ao.(6) 

I -084 X .(7) 

(F in volts, bo in cm.^/mol, a in atm. (cm.Vmol)^). London put bo=^RTJfip^ 
(§ 7) and compared the values of a from (6) with the van der Waals value (§ 7), 
a=^21R^Tc^l6Ap^, obtaining agreement not only with inert gases but also with 
dipole gases such as HCl, within the rather large (up to 50 per cent.) limits of 
error. 

Wohl pointed out that the van der Waals bo value is too small (probably in the 
ratio 0*75:1), and if the value 46o/3 is used, the calculated a-values are (except 
for H2 and He) smaller than the empirical; the agreement is improved when 

is used instead of Vj, but formula (5) gives still better agreement.^ 
The value of the second virial coefficient, with Slater and Kirkwood’s value 

for the interaction energy, is given by (3) with 0=9*42 X 

1 Slater, Kirkwood, and Keyes, Phys. Rev., 1931, 37, 682; Kirkwood and Keyes, ibid., 
1931, 37, 832; Slater, ibid., 1931, 38, 237; Herzfeld, ibid., 1937, 52, 374; van Arkel and de 
Groot, Physica, 1932, 12, 211; Rec. Trav. Chim., 1932, 51, 1081; Berger, Z. phys. Chem., 
1935, 28 B, 95; Herzfeld, in Geiger and Scheel, “ Handbuch der Physik,” 1933, 24, ii, 162; 
see also de Boer and Michels, Physica, 1940,7, 369; Ninii, Am. Acad. Sci. Fenn., 1940, 55 A, 
No. 8 (liquid mixtures); and for B\t for mixtures, Beattie and Stockmayer, J. them. Phys., 
1942,10, 473, 476. 

2 Z. phys. Chem., 1930,11 B, 222. 
^ Z. phys. Chem. 1931, Bodenstein Festb., 807; 1929, 2 B, 77. 
^ This is more practical, as it contains only two magnitudes, which are known for many 

substances. 
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§ 45. Van der Waals Attraction 
The wave-mechanical explanation of van der Waals forces, mentioned in 

§ 44, may be sketched.^ The treatment is due to London.^ The material 
particle (atom or molecule) is supposed to be capable of electric polarisation; 
when placed in an electric field Fa separation of charges occurs with the produc¬ 
tion of a temporary dipole of moment proportional to F, i.e. /x=aF, where the 
constant a is the polarisability. The energy of polarisation is: 

Fd/x=-raFdF=-|aF2.(1) 
) Jo 

Consider two identical linear harmonic oscillators arranged as in Fig, 12.VII C 
with amplitudes Ui and a2, and let R be the equilibrium distance between their 
positive ends; R is supposed to be very 
large compared with ai and a2^ The 
mutual potential energy of the system is: 

V:^eHl/(R+a2-a,)^l/(R+a2) 

^l/(R^a,) + l/R] , (2) 

since e limes each term in brackets gives 
the potential, and this multiplied by e 
(with the correct sign) gives the potential 
energy. Divide (2) by F, then as ai/R and a2lR are much less than unity a 
binomial expansion (§ 33.1) is possible; 

(\+a2lR)-^-=l-a2lRH^2lJ^)^-{^2/J^y+ • • • 
(l~^,/F)-i = l+ai/F+(^i/F)2+(a,/F)3+ . . . 

[l-{ai-a2)IR]~^ = \-(a2-ai)jR+(a2^+ay-2aia2)/R-- .... 

By neglecting terms beyond the squares, it is found that: 

V=:-2e^aia2lR^.(3) 

Stopping the series at terms in R ~^ is equivalent to restricting the forces to 
dipole interactions, terms involving and R ^ corresponding with dipole- 
quadrupole and quadrupole-quadrupole interaction respectively ^ (§ 43). 

If k is the oscillator constant, the potential energy due to the oscillators is 
and if pi, p2 are the momenta the kinetic energy is (§ 16.1V) 

iM2pL'){pi'^+P'^), where /x' is the reduced mass (not to be confused with /x, the 
dipole moment). The total energy is: 

E^T+V^{\l2li'){py^+P2^)+{\l2k){a,^+a2^)^2^^^ . (4) 

The last term in (4) corresponds with an interaction energy. For large values 
of R the last term is negligible and the system consists of two isolated oscillators 
of frequency (§ 7.V): 

vo=(l/27r)V(^//x').(5) 

For smaller values of R the field due to each oscillator acts on the other one, 
and if a is the displacement, (1) gives: 

\ka'^=\QiLF’^.(6) 

1 The treatment follows Born and Gdppert Mayer, in Geiger and Schcel, “ Handbuch der 
Physik,” 1933, 24, ii, 750; Dushman, “ Elements of Quantum Mechanics,” New York, 1938, 
220; Margenau, Rev. Mod. Phys., 1939, 11,1 (bibl.). 

2 London, Z. Phys., 1930, 63, 245; Z. phys. Chem., 1931, 11 B, 222; Hasse, Proc. Cambr. 
Phil. Soc.f 1931, 27, 66; Fripiat, Bull. Acad. Roy. Belg., 1947, 32, 465; foi; extension to sym¬ 
metrical tops, see Carroll, Phys. Rev., 1938,53,310. 

3 On these terms, sec Margenau, J. Chem. Phys., 1938, 6, 896, also Rr^ and 

I 
I 

+ + 4 

Fig. 12.V11 C. Attraction between two 
Linear Harmonic Oscillators 
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and since the dipole moment is 
/x=ae=aF.(7) 

.(8) 

Now introduce new coordinates * in place of and 

9i=(l/V2)(ai+a2). ^2=(l/V2)(fl,-fl2) ... (9) 

ai=(l/V2)(^i+92K a2=(l/\/2)(9j-92) • • • (19) 

2flia2=9i^-92^.(11) 

From the momentum equation,(where d—dajdt). Let P be the 
momentum in terms of the q coordinate: 

P i=/x'(7i=(^7'\/2)(di+d2)=(l/A/2)(/7i+/72), 

P2=/x'^2=(/^7V2)(di~d2)=(l/V2)(/?i---/>2), 

Pi^+P2^^^A{Pi+P2)^ + {Pi-P2)n-=Pl^^^ 
EM\l2^’){pA+P2^)+Wl-e^lR^)q,'^-+{kl^^ 

from (4) and (11). The energy is separable into two terms corresponding with 
two new modes of vibration: 

vi = (l/277)v[(/://x')(l-2e2/^'/?3)] and v2^{\l27T)^/[{klii'){\+le^lkR^)] (12) 

By putting 2e'^lkR^=x, which is small compared with unity, using the expan¬ 
sions (1), § 33.1: 

(1—■A')^^^=l—a'/2—x2/8— . . . and (1I+x/2—.v^/S-j- . . . 

and comparing with (5): 

1 Ik/ 2c2 \ / 2e^ \ 

icR' 2k2Ro'^ • • 'j~ 

1 jk! 2«2 \ / 2e^ e* \ 
''^'~27TfJ/a'V '^kR^~2k^R<''^ ■ ■ 7 

For a single oscillator, from (4), § 16.1V, £„= + hence for the two 
oscillators: 

^nin2= l('^ 1 + 2) + 2+i) 
2|»2 ^4 

= /rVo "^'^2 + 1)+ • • • • (15) 

For /z^=:/22=0, with (8): 

E^^^hv^{\^e^l2k^R^)^hv^{\~7?l2R^) .... (16) 

The coupling energy is, therefore: 

j£=~^voa2/2/?^>.(17) 

and the attractive force (shown by the negative sign) is: 

F,=dJ£/di?=-3a2Avo//?7.(18) 

i.e. the force is inversely proportional to the seventh power of the distance. 
London assumed that h^v is equal to the ionisation potential Vj of the atom or 
molecule. 

For the more general case of oscillators in three dimensions, the coordinate 

1 This corresponds with a rotation of the rectangular axes a\ and 02 through an angle of 
45°; C. Smith, “ Conic Sections,’' 1914, 60. 
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transformations include terms for y and z of the same form as those for x (=*=^) 
in (9); the energy is f times (17) rather than 3 times, since, of the six frequencies, 
two pairs occur with identical values: 

J£=-{3/4)Avoa2/i?6 .(19) 

The results may be related to the van der Waals constants as follows. The 
general equation for the second virial coefficient is (21), § 42: 

^oo 

?=27rA^ / 
Jo 

The repulsive force may be taken approximately as oo for rCro and 0 for 
/*>r() (hard spheres) so that the integral from 0 to ro is: 

IttNX /'2d/*(I-~e-‘*)=27r7V 
Jo 

The attractive force virial coefficient, if is: 

2ttN /■2(l-e^'-‘'*^)dr~27ryv r/-2[i-(i+/s, 
JtQ 

'r-(>lkT)]dr 

= -2-rrN\ lkT)irM2'nN^lkT) r-^dr=-(2TTl3)N^lkTro\ 

The total virial coefficient is: 

B=(2Trl3)Nro^-(27rl3)N^lkTro^.(20) 

The van der Waals virial coefficient is B=b—alNkT, and by comparing the 
two values of B it is seen that (z»o=volume of molecules): 

b^{2rrl3)Nro^^^Vo.(21) 

^=(27r/3)A^2^/ro3.(22) 

If b is assumed known, the values of a given by: 

a^(47ry9)N^PIb.(23) 

calculated by London for inert gases were found in very good agreement with 
experimental results. The values of a may be calculated from the molar 
refraction (§ 43). 

The various types of forces acting between atoms, molecules, and ions are 
assumed to be: ^ 

(1) Electrostatic Coulomb forces between ions, deduced from the classica 
inverse-square law. 

(2) Exchange (resonance) forces, very short-range attractions leading to 
covalent bond formation, deduced from wave-mechanics. 

(3) Intermolecular long-range van der Waals attractive forces, leading to 
deviations from gas laws, forces in liquids, latent heats of evaporation and of 
sublimation of molecular lattices; these are small compared with (2). 

(4) Intramolecular van der Waals forces between atoms and groups, not 
directly linked, in the same molecule; these generally influence the shape of 
the molecule, restrict rotation about bond directions, etc. 

' Briegleb, Z. phys, Chem,, 1933, 23 B, 105; Stuart, “ Molekiilstruktur,” Berlin, 1934, 3 f.; 
Kremann and Pestemer, Zusammenhange zwischen physikalischcn Eigenschaften und 
chcmischer Konstitution,” 1937, 10; Staverman, Physica^ 1937, 4, 1141; Eisenschitz, Sci. 
Progr,, 1947, 35 470. 
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The van der Waals forces (3) and (4) are attributed to the following causes: 

{a) Electrostatic attractions between dipoles of separate bonds (quad- 
rupoles and multipoles have little effect). 

(b) Attractions due to polarisation of atoms under the influence of the 
electric fields of permanent electric moments; these are small. 

(c) Dispersion (London) attractive forces, due to the rapid changes of 
electron configuration; these cause the main effect. 

(d) Resonance repulsions, due to the approach of saturated atoms (e.g. two 
hydrogen atoms) in a molecule, which cannot form a bond; these may cause 
steric hindrance. 

§ 46. Molecular Clustering 

The old idea ^ that the higher compressibility of a gas, as compared with 
Boyle’s law, is due to the formation of “ clusters ” of molecules, rather than to 
long-range attractive forces between separate molecules (van der Waals), has 
often been brought forward. On the basis of the London theory of molecular 
attraction (§§ 44, 45), which gives a potential energy of the form: 

€p==^-k^lr^+k2lr^ 

where the second term on the right is a repulsion potential not yet fully under¬ 
stood,^ and with the assumption of binary clusters, an attempt was made ^ 
to represent the temperature change of the second virial coefficient B. Schafer 
developed a virial equation on wave-mechanical principles, introducing the 
energy levels of the molecules, and considered its relation to H2 and D2, and 
Mayer ^ worked out so-called “ cluster integrals ” on a statistical basis. 

Many attempts have been made to distribute the “ centres ” of the London 
attractive forces in polyatomic molecules; they are not central forces of the type 
kijd” but are composed of highly anisotropic force centres, and in some mole¬ 
cules there are long, extended, electronic oscillators, which cannot be built up 
additively from smaller units. The problem is one of great complexity ^ and 
cannot be considered in detail here. The practical application of such concep¬ 
tions is far from attaining a form suitable for use in applied chemistry. 

1 Recknagel, Ann. Fhys., 1871, Ergzb. 5, 563; 1872, 145, 469; Clausius, ibid., 1880, 9, 337; 
J^ger, Wien Ber., 1896, 105, IIA, 791; Jeans, “Dynamical Theory of Gases,” Cambridge, 
1904, 73; Bernoulli, Z. phys. Chem., 1909, 65, 391; Drucker, ibid., 1909, 68, 616; van der 
Waals, Proc. K. Akad. Wetens. Amsterdam, 1910-11, 13, 107, 494; Duclaux, J. de Phys., 1924, 
5, 331; 1927, 8, 336; 1940, 1, 293; 1947, 8, 94; Compt. Rend., 1948, 226, 1113, 2034; Keyes 
and Taylor, J.A.C.S., 1927, 49, 896; Keyes and Burks, ibid., 1927, 49, 1403; Bridgeman, ibid., 
1927, 49, 1130; Eucken, Z. phys. Chem., 1931, Bodenstein Fesib., 423; Tonks, Phys. Rev., 
1936, 50, 955; Goodeve, Nature, 1937, 140, 424; Herman, Compt. Rend., 1937, 205, 1065; 
de Boer and Michels, Physica, 1938, 5, 945 (quantum correction in He virial coefficient); 
de Boer, ibid., 1942, 9, 363; 1943, 10, 357; Mayer and Harrison, J. Chem. Phys., 1938, 6, 87; 
Kahn and Uhlenbeek, Physica, 1938, 5, 399; Rice, /. Chem. Phys., 1942,10, 653; Bogolyubov, 
J. Phys. U.S.S.R., 1946, 10, 257; Green, Proc. Roy. Soc., 1947, 189, 103; Eisenschitz, Sci. 
Progr., 1947, 35, 470. 

2 Wave mechanics gives erpr instead of r-^*, where />== const.; Born and Mayer, Z. Phys., 
1932, 75, 1; Mayer and Helmholtz, ibid., 1932,75,19. 

3 Margenau, Z. Phys., 1930, 64, 584; Phys. Rev., 1930, 66, 1782; 1943, 63, 385; 1943, 64, 
131; Wohl, Z. phys. Chem., 1931,14 B, 36; Briegleb, ibid., 1933, 22 B, 105. 

^ Z.phys. Chem., 1937, 38 B, 187. 
5 J. Phys. Chem., 1939, 43, 71; Mayer and Mayer, “ Statistical Mechanics,” New York. 

1940, 278, 297, 455. 
^ London, J. Phys. Chem., 1942,46, 305. 
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Berger ^ calculated the attraction energy for a binary mixture and solution 
from those of its pure components by the formula: 

= l'* 2)^ 

where aj, 0L2 are the polarisabilitics, <f>2 the excitation energies, and rj, /'2 

the distances between the molecular centres, on the basis of London’s formula, 
and a similar expression for Slater and Kirkwood’s formula. 

The supposed evidence for clustering in NO to N2O2 given by Eucken and 
d’Or 2 is nugatory, since Berthclot’s equation {§ 29) represents the results better.^ 
Duclaux’s results were accepted by Lcduc,^ since they agreed with an equation 
previously deduced ^ (r==^TJT; A=^0'0463RTJp^v^): 

pV==RT{V/(V-A^)-3'm[A/(y+A)m4T-\)}. 

They were, however, criticised by Rocard.*^ 

D. DENSITIES AND MOLAR WEIGHTS OF GASES 

AND VAPOURS 

§ L Densities of Gases 
Otto von Guericke about 1650 showed that a glass globe weighed 2 oz. less 

when the air in it is exhausted by an air pump, but this method of finding the 
density of a gas could not give accurate results until a good vacuum could be 
obtained. Hales ^ weighed a 540 cu. in. jar full of fixed air (CO2), blew out the 
the gas with bellows, and weighed again, but found no difference in weight. 
Hauksbee ^ found the densities of air and water in the ratio of 1:885 by weighing 
a globe vacuous and full of air. Cavendish determined the densities of fixed 
air (CO2) and inflammable air (H2) by finding the gain and loss in weight, 
respectively, of a measured bladder inflated with the gases and weighed in air, 
and also by measuring the volume of gas generated in a vessel and the loss in 
weight of the vessel. Priestley ^ ^ tried to weigh gases in flasks in which they had 
been collected over water, and also in bladders, but the results were inaccurate, 
although they showed that nitrogen is slightly lighter than air. 

Better results were obtained by Fontana towards the end of 1779 by weighing 

1 Z. phys. Chem., 1935, 28 B, 95; Hildebrand and Wood. /. Chem, Phys., 1933, 1, 817; 
Hildebrand, J.A.CS., 1935, 57, 866. 

2 Gott. Nachr., 1932, 107. 
3 Johnston and Weimer, J.A.C.S., 1934, 56, 625. 
4 Compt. Rend., 1925, 180, 502, 
5 Leduc, Compt. Rend., 1923, 176, 830, 1132. 

/. de Phys., 1925, 6, 198, 
7 “ Experimenta Nova (ut vocantur) Magdeburgica de Vacuo Spatio,” Amsterdam, 1672, 

100; Ostwald’s Klassiker, 1894, 59, 64; he does not give the size of the globe, but a note in 
Ostwald’s Klassiker says it was a half ” or “ quarter ” chemical receiver. 

8 Vegetable Staticks,” 1727, 184. 
9 Phil. Trans., 1706, 25, 2221; abdgd. edit., 1809, 5, 288. 

10 Phil. Trans., 1766, 56, 141; abdgd. edit., 1809, 12, 298. 
“ Experiments and Observations on Air,” Birmingham, 1790, 2, 215; this had been found 

before by Scheele, “ Chemical Observations and Experiments on Air and Fire,” 1777, transl. 
by Forster, London, 1780, 15. 

12 Cavallo, ” A Treatise on the Nature and Properties of Air and other Permanently Elastic 
Fluids,” 1781,422; he found the weights in grains of 1 cu. in. at room temperature and pressure; 
N2 0*377, air 0-385. 

24* 
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an exhausted globe fitted with a stopcock (Fig. l.VII D), filling it with gas by 
screwing the stopcock to a stopcock at the top of a bell-jar containing the gas 
over mercury, opening the stopcocks, and weighing the globe filled with gas. Biot 
and Arago ^ used a 5-6 lit. globe and corrected for air displacement on weighing, 
residual air, expansion of the globe by tempera*ture, and moisture in the gas; they 
reduced the barometer to sea-level and latitude 45"" and the densities to the 
standard temperature and pressure. The same method was used with dried 
gases by later experimenters.^ 

Let K^=volume of globe in ml. found by weighing full of water at a tempera¬ 
ture IV the weight of the globe filled with dry gas at the barometric pressure 

p mm. Hg and temperature t, W' the weight of the globe 
when most of the gas has been removed by pumping to 
a pressure p' mm. and at temperature /; then the density 
of the gas in g. per ml. at S.T.P. is: 

p=.[{W^W')IV,]{\+^t) .Ib^Hp^p') . (1) 

where a is the coefficient of expansion of the gas. If W 
and W are found at two different temperatures t and t\ 
the expression becomes: 

where is the coefficient of cubical expansion of the 
glass of the globe, and a small correction is then neces- 

Fic 1 VIID different volumes of air (at slightly different 
Fontana's Gas Density densities) displaced by the globe.-^ 

Apparatus The normal density D (or sometimes L) of a gas is the 
weight in vacuum in grams of one litre (1000‘027 cm.^) 

of the gas, at O'" C., and 760 mm. Hg at O'" pressure (standard, or normal, 
temperature and pressure, S.T.P., or N.T.P.) with the mercury column at sea- 
level and latitude 45'', corresponding with a pressure of 1,013,250 dynes per 
cm,2 The correction to sea-level and latitude 45"’, necessitating a knowledge of 
the acceleration of gravity g at the place of experiment, really affects the pres¬ 
sure exerted by the column of mercury of 760 mm. at 0 , the density of the gas 
depending on the pressure."^ 

The relative (or vapour) density is the ratio of the weight of any volume of a 
gas (or vapour) to the weight of an equal volume of a standard gas (e.g. hydro¬ 
gen, which is the lightest gas), measured and weighed under identical conditions. 

1 Mem. de VImt., 1806, 7, i, 301; Biot, “ Traite de Physique,” 1816, 1, 347-98. 
2 Berzelius and Dulong, Ann. Chim., 1820, 15, 386; Thomson, Ann. Phil., 1820, 15, 232; 

1820, 16, 161, 241; Prout, B.A. Rep., 1832, 566; Dumas and Boussingault, Ann. Chim., 1841, 
3^ 257; Faraday, "‘Chemical Manipulation,” 1842, 387; older values in Poggendorff, 
Ann. Phys., 1840, 49, 417; a full table of earlier gas and vapour-density determinations, with 
references, is given in Lothar Meyer, “Modern Theories of Chemistry,” 1888, 37; Muir, 
“ Principles of Chemistry,” Cambridge, 1889, 33, 39; and a shorter table in Lowry, “ Historical 
Introduction to Chemistry,” 1915, 361; a history of gas density determinations is given by 
Germann, J. Phys. Chem., 1915, 19, 437. For values of densities and compressibilities of 
gases, see LandoU-Bornstein, “ Tabellen,” 5th edit., 1923,1, 269; Ergzb. 1,1927,160; Ergzb. II, 
1931, 205. 

3 Baxter, 7.4.C.5., 1921, 43, 1317. 
^ Guye, 7. Chim. Phys,, 1913, 11, 319; Moles, ibid., 1937, 34, 49. The accepted standard 

value of go (sea-level and lat. 45"^) has varied somewhat (980*665, 980*616, 980*629), the present 
value being 980*629. Birge, Rep. Progr. Phys., 1942, 8, 90, took 980*616 for 45^" and 980*665 
as a ‘‘standard” value; Clark, Proc. Roy. Soc., 1946, 186, 192, said 980*62 was adopted 
in 1941. 
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If both gases obey Boyle’s and Charles’s laws, the relative density is the same at 
all temperatures and pressures. 

§ 2. Densities of Gases by the Globe Method 

The experimental accuracy of the globe method was raised to a high standard 
by Regnault.^ He introduced two principal improvements: (i) The globe was 
filled with pure dry gas at 0"' C. by finally surrounding it by a large vessel of 
melting ice, filling it several 
times with gas and exhausting 
until the amount of residual 
air was negligible. The globe 
was carefully wiped with a 
damp cloth and hung on one 
arm of the balance, (ii) Instead 
of correcting for the volume of 
air displaced by the globe, 
which varies with temperature, 
pressure and moisture, a second 
compensating globe ^ of the 
same glass, and as equal in 
volume as possible to the 
gas globe, was hung on the 
opposite arm of the balance, 
(Fig. 2.V1I D) and the small 
weight difference compensated 
by brass weights, already cor¬ 
rected for air displacement 
(which in any case is then 
practically negligible). A small Fig. 2.V1I D. Regnaulf s Gas Density Apparatus, 
glass bulb was hung on the A=gas globe, compensating globe 

side of the smaller globe so as 
compensate to the volumes. If w, w' are the additional weights to balance the 
globes with the gas pressures p and p\ the density of the gas £it S.T.P. is: 

[{w^w')IV,],imp-p^).(1) 
This requires an accurate determination of the volume Vq of the globe.^ 

A correction which seems to have been overlooked by Regnault is the 

1 M(tm. Acad. ScL, 1847, 21,121; Ann. Phys., 1847,74,202; “ Cours filementaire de Chimie,” 
4th edit., Paris, 1853, 1, 144. 

2 According to Miller, “ Chemical Physics,” 1872, 281, the compensating globe was used 
previously by Prout “ in his careful investigations of the density of the atmosphere ” (giving 
1-29262 g./lit. at S.T.P., Miller, “ Inorganic Chemistry,” 1874, 135, almost identical with the 
modern value). Ostwald, ” Lehrbuch der allgemeinen Chemie,” 1903, 1, 168, credited it to 
Wrede and Svanberg, from Berzelius, Jahres-Ber.y 1846, 26, 29. It is not mentioned in Prout’s 
paper, B.A. Rep., 1832, 566, the only one on the subject by Prout given in the Royal Society 
” Catalogue of Scientific Papers.” This gives the density as 32-7958 grains per 100 cu. in. 
at 32° F. and 30 in. Hg in London, and mentions a sudden variation to 32-8218. 

3 On the globe method see Guye and Davila, M^m. Soc. Phys. Nat. TGeneva), 1907,35, 615; 
Baume, J. Chim. Phys., 1908, 6, 1; Guye, in Stabler, “ Arbeitsmethoden der anorganischen 
Chemie,” 1913, 3, i, 53; Germann,/. Chim. Phys., 1914,12, 66; J.Phys. Chem., 1914,19, 437; 
Schultze, Ann. Phys., 1915, 48, 269; Scheel, in Geiger and Scheel, ” Handbuch der Physik,” 
1926,2,156; Klemenc and Bankowski, Z. anorg. Chem., 1932,208, 348; 1934,217, 62; Fischer 
and Weidmann, ibid., 1933, 213, 106; Batuecas, /. Chim. Phys., 1935, 32, 58; Roper, J. Phys. 
Chem., 1940,44, 834; and the references to Moles, etc., below. 
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contraction or shrinkage of an exhausted globe owing to the pressure of the 
atmosphere, which makes it displace rather less air than the compensating 
globe, which is equal in volume to the first globe when this is filled with gas. 
This shrinkage correction was first pointed out by Agamennone,^ and inde¬ 
pendently by Rayleigh,2 who used it to correct Regnault’s results, and Rayleigh 
determined the correction directly for the globes he used. 

Agamennone used Lame’s ^ formula: 

Q^kV[NH-(N+ 1)//, +(5/4)(A^+ l)(//-iTi)] 

where l?=change of interior volume V of the globe, //=internal pressure, 
//^=external pressure, A== volume of interior of globe/volume of material of 
walls, and /c=cubical compressibility of the material of the globe. 

Regnault’s 9*88-lit. globe, with all his other apparatus, had been systematically 
smashed at Sevres in 1870 by the German army of occupation, but from the 
remaining pieces Crafts,^ using a similar globe, found a correction of 0*03247 

of the total volume per atm. pressure. The corrections 
to Regnault’s relative densities referred to air=l were: 
H2+0-00317, 02- 0*042, N2+0*04l, C02-0*049. 

The simplest method of determining the shrinkage 
of a globe ^ is to enclose it in a metal or glass vessel 
filled with water, the neck of the globe passing out 
through a rubber stopper in the lid which also carries 
a vertical graduated glass lube A partly filled with water 
(Fig. 3.VII D). The fall of water-level in this tube on 
pumping out the air from the globe is determined. 
The apparatus must be kept at a constant tempera¬ 
ture. Morley also used two small globes having 
the same weight in vacuum but differing in volume by 
the shrinkage of the density globe, and suspended on 
opposite sides of the balance when the latter was 
weighed exhausted. 

Morley used a metal container, the lid carrying the globe being lightly 
soldered on before filling up with water, and ran in water from a burette to keep 
the pressure of the water constant when the globe was exhausted. Travers 
used a large glass desiccator with a vertical lube and filled with water. Rayleigh 
filled the globe with air-free water and measured the displacement in the neck 
when the pressure on the water was reduced to 2/3 atm. (lower pressures caused 
boiling), either by finding a weight of mercury which gave the same displacement 
of water or (later) by sealing a narrow calibrated tube to the neck and finding 
the contraction directly. An allowance was made for the dilation of the water. 
Rayleigh ^ preferred to measure the internal contraction, and Moles and 
Miravalles ^ found a slightly larger shrinkage by Morley’s method, which 
measures the external contraction. 

1 Alti R, Accad. Lincei, 1885, 1, 105, 
2 Chem. News, 1888, 57, 73; Proc. Roy, Soc,, 1888, 43, 356; 1889, 45, 425 (mentioning 

Agamennone); 1892, 50,448; 1897, 62, 204; 1904, 73, 153; 1904, 74, 181; “ Scientific Papers,” 
Cambridge, 1902,3,37, 233,524; 1903,4,347; 1912,5,201. 

^ Legons sur la Th^orie Math^matique de T&asticit^ des Corps Solides,” 1852, 211 f. 
4 Compt. Rend,, 1888,106, 1662. 
5 Morley, Z. phys. Chem., 1896, 20, 83, see Fig. 4 in this paper; Travers, “ Experimental 

Study of Gases.” 1901,119. 
6 Proc. Roy. Soc., 1892,50, 448. 
7 /. Chim. Phys., 1924, 21, 1; confirmed by Beckers, Bull. Soc. Chim. Belg., 1929, 38, 329, 

Fig. 3.VII D. Determi¬ 
nation of Shrinkage 
Correction of a Globe 
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Crafts used a hydrostatic method, weighing the globe nearly filled with 
water and immersed in water, then exhausting, and finding the weight to be 
added to bring to equilibrium again. Moles and Miravelles found it difficult 
to get accurate results by this method. 

Rayleigh had compared the shrinkage with the ratio of the volume and 
weight of the globe, K/w, and Moles and Miravalles found an empirical 
equation for the contraction of a globe of volume V ml. and weight w g. not 
counting the stopcock, the correction in grams for 1 lit. of gas at 760 mm, 
pressure being 15*5x0*0012x 10"3(F/w), where 0-0012 is the average weight of 
1 ml. of laboratory air, in g. Klemencand Bankowski ^ wrote this in the form of 
a compressibility: 

(1OOOJ V/ VAp)j.^ -15 •5( K/w).(3) 

The tendency has been to reduce the size of the globe used for weighing the 
gas. Regnault used globes of about 10 lit., the volume of which he deter¬ 
mined with great accuracy; Morley^used 8-21-lit. globes, Leduc ^ 2-3-lit., 
Rayleigh^ l*8-lit., Guye and Davila ^ 0*38-0-82-1^., Perman and Davis 
0*5-lit., and Gray 0-267-lit. According to Guye ^ the change in weight in air 
on evacuation of a globe of 500-600 ml. of fairly thick glass is not more than 
0*02 mg. and hence the shrinkage correction is negligible. In order to keep the 
air of the balance room fairly dry and prevent condensation of moisture on the 
globe, Rayleigh ^ hung up a large blanket, which was dried out daily before a 
fire. 

The globe method was refined by Moles,^® in Madrid, who claimed an accuracy 
of 1 in 105 and adopted the following precautions: 

(i) The globe was surrounded by melting ice, the temperature of which was 
checked by a Beckmann thermometer. 

(ii) Rubber connections carrying mercury were dispensed with. 
(iii) The mercury in the manometer and gas leading tubes was kept at a 

constant temperature by water circulating through a thermostat, or by 
melting ice. 

(iv) Mercury was never in contact with tap-grease. 
(v) Only pure dry air entered the lower manometer chamber, and the gas 

pressure in the density bulbs was equalised through a gauge containing 
Apiezon oil of negligible vapour pressure. 

(vi) Oil or mercury fog was prevented from entering the globes by sintered 
glass filters. 

' Z. anorg, Chem., 1932, 208, 348; Beckers, J,A,C,S., 1929, 51, 2042, for 600-2000 ml, 
globes (after allowing for tap and neck) found that the constant is about 16-0; he thought the 
contraction is nearly a linear function of pressure difference. 

2 Amer. /. 5c/., 1891, 41, 220, 276; Z. phys. Chem., 1895, 17, 87; 1896, 20, 68, 242, 417; 
Smithsonian Contributions to Knowledge, 1895, 980, Part 1, 14. 

3 Compt, Rend., 1891, 113, 186; 1897, 125, 571; 1898, 126, 413; Ann. Chim., 1898, 15, 5; 
J. de Phys., 1898, 7, 5, 189. 

4 Chem. News, 1893, 67, 183, 198, 211; Proc. Roy. Soc., 1893, 53, 134. 
5 Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 615; Guye and Pintza, ibid., 1907, 35, 594; 

Jaquerod and Pintza, ibid., 1907, 35, 589; cf. Guye, J. Chim. Phys., 1906, 4, 203. 
6 Proc. Roy. Soc., 1906, 78, 28. 
7 J.C.S., 1^5, 87, 1601; Gray and Burt, ibid., 1909, 95, 1633. 
8 J. Chim. Phys., 1913,11, 275, 319. 
’ Proc. Roy. Soc., 1888, 43, 356, 

10 An. Fis. Quim., 1937, 35, 134; J. Chim. Phys., 1937, 34, 49; Bull. Soc. Chim. Belg., 1938, 
47, 405; Trans. Faraday Soc., 1939, 35, 1439; Les Determinations physico-chimiques des 
Poids Moleculaires et Atomiques des Gaz, Institut Internationale de Cooperation InteJlectuelle, 
Paris, 1938; R. W. Gray, Ann. Rep, Chem. Soc., 1938, 35, 131. See references in § 6. 
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(vii) Adsorption of gas on the inside of the globe was measured for each 
gas on glass of the same composition as the globe and a correction appro¬ 
priate to the filling pressure applied. 

The gas weighed should be as pure and dry as possible. Formerly, phos¬ 
phorus pentoxide was used as a drying agent when it did not react with the gas. 
Morley ^ found that a gas dried by passing through 25 cm.^ of P2O5 powder at 
the rate of 2 lit. per hr. contains less than 1 mg. of water vapour in 40,000 lit., 
but contains a trace of P2O5 vapour. Cooling in liquid air is much more 
effective than P2O5 at room temperature, so that drying by strong cooling or 
liquefaction and fractionation is now preferred. The solidification of a gas 
and its purification by sublimation is very effective in removing other gaseous 
impurities.^ Ammonia is particularly difficult to dry.^ Traces of mercury 
vapour can lead to error, since it is very heavy; it was formerly removed by 
passing over gold leaf or gold wire-sponge,*^ but strong cooling in a liquid air 
trap or a sodium or potassium trap (§ 13.VII A) is much better. 

Bower ^ found the following weights of water in mg. in 1 lit. of air at 30"" after 
passing over the drying agents stated : 

CaCl-* granular ... 1-5 NaOH stick ... 0*80 
CaCl2 fused ... 1-25 KOH stick ... 0 014 
CaO . 0 003 BaO . 0 00065 

Bircumshaw,^ for drying, passed a stream of gas through a trap cooled in ice 
and salt, a trap cooled in solid carbon dioxide and acetone connected with the 
first trap by a short length of lagged tubing, and then allowed it to pass through 
a long glass tube to a third cooled trap. 

Where high accuracy is not essential, the troublesome shrinkage correction 
may be avoided by weighing the globe first filled with dry air, oxygen, or carbon 
dioxide,the density of which is known, and then filled with the other gas; the 
difference in weights gives the difference in weights of equal volumes V of the 
gases, where V is the volume of the globe, and if the density of one gas is known, 
that of the other may be calculated. 

According to Guye ^ the film of moisture adsorbed on the inside of the globe 
is removed by rinsing out several times with the gas, since Bunsen ^ found that 
moisture not so removed is inside the surface of the glass. Experiments on the 

1 Amer, /. Sci., 1885, 30, 141 (0-28 mg. in 100 lit.); Z. anal, Chem., 1885, 24, 532; 1888, 
27, 1; J.A.C.S., 1904, 26, 1171; /. Chim, Phys., 1905, 3, 240; cf. Dibbits, Z. anal. Cheni., 
1876, 15, 121; Baxter and Warren, J.A.C.S,. 1911, 33, 340 (CaBr2, ZnCE, ZnBr2); Johnson, 
ibid., 1912, 34, 911 (AI2O3); Smith, et aL, J.A.C.S., 1922, 44, 2255; Ind. Eng. Chem., 1924, 
16, 20 (Mg(C104)2); Moles and Roquero, An. Fis. Quim., 1933, 31, 11; Lacossc and Menzies, 
J.A.C.S., 1937, 59, 2471, found P2O5 as effective at 90’ as at room temperature; on drying 
agents, sec Yoe, Chem. News, 1925, 130, 340; Ostwald-Luther, “Phys.-chem. Messumgen,'’ 
1931, 348 f and refs; for theory, sec van Liempt, Rec. frav. Chim., 1942, 61, 341; Bocker, 
Chim. et Ind., mi, 58,31. 

2 Gray, J.C.S., 1905, 87, 1601; Burt and Edgar, Phil. Trans., 1916, 216, 393; Bircumshaw, 
J.C.S., 1930, 2213. 

3 Hart and Partington, J.C.S., 1943, 104; cf. Sancho and Moles, An. Fis. Quim., 1932, 30, 
701. 

^ Crookes, Phil. Trans., 1881, 172, 387 (gold leaf); Burt and Edgar, Phil. Trans., 1916, 
216, 393; Coolidge, J.A.C.S., 1924, 46, 680, found it ineffective. 

5 Bur. Stand. J. Res., 1934,12, 241; cf Damiens, Compt. Rend., 1934,198, 1233, 
6 y.C.5., 1930,2213. 
2 Cooke, Proc. Amer. Acad., 1889, 24, 202 (CO2); Moissan and Gautier, Ann. Chim., 

1895, 5, 568 (air). 
8 J. Chim. Phys., 1907, 5, 203. 

See § 6.111. 
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behaviour of fine powders on a glass surface ^ show, however, that this film, 
not driven off unless the glass is quite strongly heated in vacuum, is actually on 
the surface of the gla&s. Curry ^ found that gases adsorbed on glass come off 
below 200"" if moisture is excluded, but water changes the nature of the surface. 
Bartell and Bristol ^ found an adsorbed water film on quartz and Pyrex glass 
even after standing over fresh P2O5, and the film probably penetrates inside the 
glass. 

Tammann and Diekmann ^ found that fine powders on heating seem to 
boil ” from escape of adsorbed moisture and gas, and a drop of mercury on 

the surface falls, but rises again on cooling. Pirani ^ removed the water film 
from the inside of a glass bulb by bombarding with cathode rays and then rinsing 
with mercury vapour. 

The adsorption of gases on glass (cf. § 6.111) was fully studied in the Madrid 
laboratory in relation to density determinations^ Crespi ^ e.g. found that the 
adsorption of nitrogen on a glass globe of 800-1000 ml. introduces a correction 
of —6x 10“^ Ihe normal density. 

That the density of a gas is independent of the shape of the vessel in which it is 
weighed has been proved experimentally.*^ 

§ 3. The Volumeter Method 

In the volumeter method (already used by Cavendish, see § 1) the volume of 
gas filling a globe or vessel of accurately known volume at a measured tempera¬ 
ture and pressure is weighed in another small bulb or vessel, either a generating 
apparatus (the loss in weight of which is found) or an absorption apparatus 
(the gain in weight of which is determined). The difficulty of weighing a large 
globe or bulb is thus obviated. 

This method was used by Morley to find the density of hydrogen. Very 
pure and dry electrolytic hydrogen was brought in contact with metallic palla¬ 
dium heated in an exhausted glass tube, and the metal allowed to cool in the gas. 
A large volume of hydrogen was taken up by the metal, and any impurities in 
the hydrogen were then pumped out. On heating the palladium to dull redness, 
pure hydrogen was evolved and was received in three large exhausted glass globes 
of accurately known volume (43*2574 lit.), and the pressure measured by a 
mercury manometer. 

The density of hydrogen chloride was determined by this method by Gray 

1 Partington, P/ivs. Z., 1914, 15, 601. 
2 J. Phys. Chem., 1931, 35, 859. 
3 J. Phys. Chem., 1940, 44, 89. 
^ Bent and Lesnick, J.A.C.S., 1935, 57, 1246; Dalton, ibid., 1935, 57, 2150 (H2O and gases 

evolved at 1400°). 
5 Z. anorg. Chem., 1924, 135, 194; the phenomenon is described for gypsum by Hooke, 

“ Micrographia,” 1665, 41. 
6 Z. Phys., 1922, 9, 327. 
2 Crespi and Moles, An. Fis. Quim., 1926,24, 210,452; Crespi, ibid., 1927,25, 25; Moles and 

Crespi, ibid., 1929, 27, 529; Crespi and Moles, ibid., 1930, 28, 448; 1931, 29, 146; Crespi, ibid., 
1932, 30, 520; 1933, 31, 825; Crespi and Alcixandre, ibid,, 1934,32, 666; see also Bangham and 
Burt, Proc. Roy. Soc., 1924, 105, 481; Moles, Determinations phys.-chim. des Poids Molecu- 
laires et Atomiques des Gaz, Institut Internationale de Coop&ation Intelleciuelle, Paris, 1938, 
1, 187. 

8 An. Fis. Quim., 1932, 30, 520. 
Noyes and Johnson, J.A.C.S., 1916, 38, 1016. 

u* Z. phys. Chem., 1895, 20, 68, 242. For this method, see Buff, Ann. Phys., 1831, 22, 
242; Marchand, J. prakt. Chem., 1848, 44, 38; BodlUnder, Z. angew. Chem., 1894, 7, 425; 
Scheuer, Compt. Rend., 1909,149, 599;Z. phys. Chem., 1909,68, 575. 
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and Burt.i The pure dry gas was collected in a glass bulb A (Fig. 4.VII D) of 
accurately known volume (about 450 ml.) which was rigorously dried by evacuat¬ 
ing, heating, filling with dry air, and exhausting, repeatedly. The bulb was 
maintained at O'" and the gas collected at atmospheric pressure, the excess 
bubbling through concentrated sulphuric acid in h. The pressure was read on 
a standard barometer and reduced to latitude 45” and sea-level. 

The air in the capillaries and in the weighed bulb B (c. 20 ml.) containing gas- 
free charcoal was removed by immersing another charcoal bulb C in liquid air, 

the tap a being closed. The tap c 
was then closed, a opened and the 
bulb B immersed in liquid air. All 
the gas in A condensed on the char¬ 
coal in B, which was shut off at b, 
detached from the ground joint and 
weighed against a compensating 
bulb. The bulb A could be refilled 
and the process repeated. 

No shrinkage correction was 
necessary for the small bulb B but 
a correction was necessary for gas 
adsorbed on the walls of A, which 
passed into B when A became 
vacuous. This was found to be 

0*1235 mm.3 per cm.^ of wall. A silica bulb A was easier to dry, and no 
adsorption correction was necessary. A small correction for deviation from 
Boyle’s law was applied in reducing atmospheric pressure to 760 mm. 

Joly 2 weighed a gas compressed in a copper globe to 20-30 atm., then allowed 
it to expand and measured the volume. Occhialini expanded a weighed 
amount of gas compressed in a 3-10-mI. steel vessel into a 900-mI. glass bulb. 
Maass and Russell ^ condensed the gas in a small bulb cooled in liquid air, but 
obtained poor results. 

§ 4. Manometric and Buoyancy Methods 

The manometric method ^ depends on the measurement of the difference in the 
weights exerted on a manometric liquid by two different gases under the same 
pressure contained in two vertical tubes. The manometer may be a slightly 
bent tube containing a thread of xylene, read microscopically. This is similar 
to Hare’s apparatus for liquids (see § l.VllI B, Vol. II), and is only a rough 
method (±5 per cent.). 

J J.C.S., 1909, 95, 1633; Trans. Faraciav Sac.^ 1911, 7, 30; cf. Jaquerod and Pintza, Compt. 
Rend., 1904,139, 129; Guye and Pintza, ibid., 1904,139, 677; 1905,141, 51; Maass and Russell, 
J.A.C.S., 1918, 40,1847; Maass and Boomer, ibid., 1922, 44,1709 (low pressure); Dietrichson, 
Bircher and O’Brien, ibid., 1933, 55, 1 (TMHb); Schafer, Z. phys. Cheni., 1937, 36 B, 85 (H2 

and D2, rather crude); Steurer and Wolf, ibid., 1938, 39 B, 101 (for vapours). 
2 Phil. Mag., 1890, 30, 379; Karwat, Chem. Fabr., 1941, 14, 432. 
3 Nuov. dm., 1912, 4, 426. 
4 J.A.C.S., 1918, 40, 1847. 
5 Recknagel, Ann. Phys., 1877, 2, 291; Muller, Z. p/?v.y. chem. Unterr., 1889, 2, 274; Tocpler, 

Ann. Phys., 1895, 56, 609; 1896, 57, 311, 324; Schloesing, Compt. Rend., 1898, 126, 220, 476, 
896; Threlfall, Proc. Roy. Soc., 1906, 77, 542; Smith, Engineering, 1916, 102, 600; Brady, 
J. Franklin Inst., 1918, 187, 501; Blackie, D.S.l.R. Fuel Techn. Res. Paper, 1922, 5; Pollitzer, 
Z. angew. Chem., 1924, 37, 459; von Wartenberg, Z. Elektrochem., 1941, 47, 92; Kahle, Chem. 
Techn., 1943, 16, 144; Smith, Eiseman and Creitz, Bur. Stand. Misc. PubL, mi, M 177, 76. 
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Another approximate method (±0*25 per cent.) is Lux’s gas balance,^ 
consisting of a counterpoised globe which is filled with gas through the hollow 
balance beam, and the change in weight registered by a pointer at the other end 
of the beam moving over a graduated scale. 

The buoyancy method, depending on Archimedes’ principle, in which the loss 
in weight of a glass bulb weighed in the gas is found,^ was refined by Jaquerod 
and Tourpain.3 The same principle is used in some forms of microbalance.^ 
Gray and Ramsay’s balance had a sensi¬ 
bility of 1/500,000 mg., and was used to _)| 
find the density of 0*1 mm.^ of radium _ 
emanation, weighing less than 0-001 mg. ^ \ N 
The latest type used for gas density K ^ ) 
determinations by Roberts, Emeleus, and / 
Briscoe (Fig. 5.VII D) had the beam, -^ 
suspension fibres and parts of the frame Fig. 5.VIID. Microbalance for Deter- 
of fused quartz, the bulbs and most of the mination of Gas Densities 

frame (shown in black) of Pyrex glass. 
The beam was 50 mm. x 1 mm., the bulbs 19*4 and 13-7 mm. diam., with outer 
surfaces in the ratio ^y2 \ 1, and since the smaller bulb was pierced on the axis of 
the beam and exposed both inner and outer surfaces, both had the same exposed 
surface. A cross-bar of very light quartz rod sealed on at the “ centre of sur¬ 
face ” was also at the centre of gravity. The final adjustment in air was with 
rather less than 1 atm. pressure in the glass case (130x25 mm.), and the period 

1 \M\,Z.Instr., 1885,5,411; 1886, 6, 255; Z. ana/. C/icm., 1886,25,3; 1887,26,38; 1890, 
29, 13; “Die Gaswage,” Ludwigshafen, 1887; Chandler, J. Gas Lighting, 1912, 117, 26; 
Arndt, “ Handbuch der phys.-chem. Technik,“ 1915, 181; Duchene, J. Vsines Gaz, 1935, 59, 
589; Hales and Moss, J. Sci. Insir., 1935, 12, 309; Warren, Rev. Sci. Jnstr., 1936, 7, 107. 

2 Greenwood, Phil. Trans., 1729, 36, 184; Lommel, Ann. Phys., 1886, 27, 144; Bauer, ibid., 
1895, 55, 184 (vapours); Diinwald and Wagner, Z. anorg. Chem., 1931, 199, 321; Simons, 
Ind. Eng. Chem. Anal., 1938, 10, 587; Brandt, Oel u. Kohle. 1940, 36, 134; Cady and Rarick, 
J.A.C.S., 1941, 63, 1357 (vapours). 

3 Compt. Rend., 1910, 151, 666; Arch. Sci. Phys. Nat., 1911, 31, 20; J. Chim. Phys., 1913, 
11, 3, 268; Edwards, Bur. Stand. Techn. Paper, 1917, 89; Chem. News, 1917, 115, 279; Ind. 
Eng. Chem., 1917, 9, 790; Baxter, J.A.C.S., 1921,43, 1317; Kerr and Schmidt, Natural Gas and 
Gasoline J., 1917, 11, Sept., 260 (microbalance type); Wagner, Bailey, and Eversole, Ind. Eng. 
Chem. Anal., 1942, 14, 129 (vapours); Smith, Eiseman, and Creitz, Bur. Stand. Misc. Publ., 
1947, M 177 (Instruments for the Determination, Indication, or Recording of the Specific 
Gravities of Gases). 

^ Warburg and Ihmori, Ann. Phys., 1886, 27, 481; Ihmori, ibid., 1887, 31, 1006; Giesen, 
ibid., 1903, 10, 830 (gas densities); Nernst, Gott. Nachr., 1903, 75; Nernst and Riesenfeld, 
Ber., 1903, 36, 2086; Hunter, Z. phys. Chem., 1905, 53, 441; Brill and Evans, J.C.S., 1908, 
93,1442; Steele and Grant, Proc. Roy. Soc., 1909, 82, 580; Gray and Ramsay, ibid., 1911, 
84, 536; Aston, ibid., 1914, 89, 439; Riesenfeld and Moller, Z Elektrochem., 1915, 21, 
131; Taylor, Phys. Rev., 1917, 10, 653; Kramer, Chem. Ztg., 1917, 41, 773; Guye, /. Chim. 
Phys., 1918,16,46; Emich, in Abderhalden, “ Handbuch dcr biochemischen Arbeitsmethoden,” 
Berlin and Vienna, 1919, 9, 55; Pettersson, Proc. Phys. Soc., 1920, 32, 209; Shaxby, ibid., 
1920, 32, 21; Hartung, J.C.S., 1922, 121, 682; 1924, 125, 2198; Phil. Mag., 1922, 43, 1056; 
Stock and Siecke, Ber., 1924, 57, 562; Stock et al., Z. phys. Chem., 1926,114, 204; 1926, 119, 
333; 1927, 126, 172; 1928, 139, 47; 1933, 167, 82; Donau, Mikrochem., 1931, 9, 1; Whytlaw- 
Gray, Patterson, and Cawood, Proc. Roy. Soc., 1931, 134, 7; Lehrer and Kuss, Z. anorg. 
Chem., 1933,167, 73; Whytlaw-Gray and Woodhead, J.C.S., 1933, 846; Cawood and Patter¬ 
son, Phil. Trans., 1937, 236, 77; Trenner, J.A.C.S., 1937, 59, 1391; Simons, Ind. Eng. Chem. 
Anal., \ 938,10,587; Roberts, Emel6us, and Briscoe, J.C.S., 1939,43; Barrett, Birnie, and Cohen, 
J.A.C.S., 1940, 62, 2839; Takeda, Proc. Phys. Math. Soc. Japan, 1941, 23, 1020; Koizumi, 
J. Chem. Soc. Japan, 1942, 63, 1486; Nanjundayya and Ahmad, Indian J. Agric. Sci., 1943, 13, 
649; Gulbransen, Rev. Sci. Instr., 1944, 15, 201; Gregg, J.C.S., 1946, 561, 563; Grangaud, 
Bull. Soc. Chim., 1947, 229; Stock and Fill, Metallurgia, 1947, 37, 108; Bose, Indian J. Phys., 

1947, 21, 275. 
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of oscillation was 10 sec. The bent pointer was attached to the buoyancy bulb 
and the reading microscope was end-on, viewing through a plate-glass window. 
A capillary connection led to the pressure system, and pressure differences of 
0-002~0-005 mm. were indicated. 

The beam is balanced at zero when the gas density in the case exerts a buoy¬ 
ancy effect on the bulb which compensates the net weight, and if two different 
gases arc used an accurate comparison of densities is possible from the pressure 
ratio P\IP2^p2lp\- The microbalance method is particularly suited to the 
determination of molecular weights by the limiting density method (§ 15). A 
“ thermobalance ” for investigating loss of weight in chemical reactions of 
dissociation was described by Honda.^ 

A different type of microbalance (actually used for adsorption measurements, 
but apparently suitable for gas density work) is the quartz spiral spring balance 
of McBain,- in which the extension of a thin quartz spiral ^ is measured. A 
heated microbalance was used by Rodebush and Michalek for vapour-density 
measurements. 

§ 5. The Effusion Method 
The comparison of gas densities by the effusion method is based on the theory 

(§ 15.1JI) that the times for equal volumes of two gases to stream through a 
small hole in a thin plate, under the same driving pressure, are proportional to 
the square roots of the densities: ^ 

Ulh^VPilx'Pl.(1) 

The method seems to have been used first by Leslie,^ but was perfected by 
Bunsen.^ The apparatus, or effusiometer, devised by Bunsen, may consist of a 
cylinder (Fig. 6a.y\l D) having two marks and immersed in water. At the top 
is a tap opening into a space closed by a thin platinum plate in which a hole is 
pierced by a fine needle. The tube is filled w^ith gas below the lower mark, the 
tap opened, and the time for the liquid to rise between the two marks noted. 
For gases soluble in water, mercury is used as the confining liquid and a float 
having marks at the upper and lower ends is inside the tube (Fig. 6/>.Vll D). The 

1 Sci. Rep. Imp. Tdhoku Univ., 1915, 4, 97. 
2 McBain and Bakr, J.A.C.S., 1926, 48, 690; Newsome, Jnd. Eng. Chem., 1928, 20, 827; 

1928, 47, 594; McBain and Britton, J.A.C.S., 1930, 52, 2198; McBain, Jackman, 
Bakr, and Smith, J. Phys. Chern., 1930, 34, 1439. 

3 On winding quartz spiral springs, Sliupas, Nature, 1925, 115, 943; Boys, ibid., 1925, 115, 
944; Smith, ibid., 1925, 116, 14; Drane, Phil. Mag., 1928, 5, 559; Cameron, J.A.C.S., 1931, 
53, 2646; Zentner, J. Phvs. Chem., 1947, 51, 927. 

4 J.A.C.S., 1929, 51, 748, 
5 Bernoulli, “ Hydrodynamica,” Strasburg, 1738, 224; Graham, Phil. Mag., 1833, 2, 175; 

Phil. Trans., 1846,136, 573; 1863,153, 385; Voss, Ann. de Phys., 1923, 20, 66. 
6 “ An Experimental Inquiry into the Nature and Propagation of Heat,’’ 1804, 534. 
7 “Gasometry,” transl. Roscoe, 1857, 121; Schilling, Dingl.J., 1860, 155, 194; Plattner, 

ibid., 1878, 229, 537 (abstr.); Melde, Ann. Phys., 1887, 32, 659; Timofejew, Z. phys. Chem., 
1890, 6, 586; Freer, ibid., 1892, 9, 669; Ladenburg, Ber., 1898, 31, 2508; Emich, Monatsh., 
1903, 24, 747 (high temperatures); Myhill, Gas World, 1913, 58, 763; Debieme, Ann. de 
Phys., 1915, 3, 62; Edwards, Bur. Stand. Techn. Pap., 1917, 94; Met. Chem. Eng., 1917, 16, 
518; Marcus, Ind. Eng. Chem., 1917, 9, 603; Buckingham and Edwards, Bur. Stand. Bull., 
1920, 15, 573; Eyring, J.A.C.S., 1928, 50, 2398 (vapours); Kahle, Z. angew. Chem., 1928, 41, 
876; Zipperer and Rottengattcr, Gas u. Wasserfach, 1930, 73, 1190; Kretschmer, Forsch. 
Gebiet. Jngenieurw., 1932, 3 A, 150; Schiller, ibid., 1933, 4 A, 225; Duchdne, 7. Usines Gaz, 
1935, 59, 589; Wilson, Frt)c. Gas Assoc., 1937, 19, 777; Lehr, Gasu. Wasserfach, 1938, 
81, 435; Zipperer and Fischer, ibid., 1938, 81, 434; Schwietring, ibid., 1942, 85, 315; Smith, 
Eiseman, and Creitz, Bur. Stand. Misc. Puhl, 1947, M 177, 130 (Fisher densimeter). 
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times when the marks appear above the mercury surface (observed through a 
telescope) arc taken. With ordinary apparatus the accuracy is about 2 per cent. 
If water is used as confining liquid, the 
measured density is that of the gas satu- ^ k 
rated with water vapour at the temperature Yzi 
of the experiment. If D is the weight of 
1 lit. of dry gas at S.T.P., p the vapour pres- f ] 
sure of water in mm. Hg at the temperature 
t of the experiment, and P the atmospheric / S 
pressure, the density of the moist gas in . 

is; ^ ^ 

(27^)7^[A/’-/’)+0-8038/7] i IAS 
from which D may be calculated. A" 1 J S 

Effusion was used by Yamaguchi ‘ to - >” fz 
determine high temperatures by the equation ”;. - A f] 
t=a+b\/T, where r=efrusion time, 7’=abs. I 

temp., a and h are constants. A:- A 
Acoustical methods for determining gas : ZZl 

and vapour densities, depending on the : 
proportionality of the square of the fre- : _1[ 
quency of the sound emitted by an organ '' | ^ ^ 
pipe or whistle blown by the gas to the W 
density of the gas, have not been much Fio. 6.V]I D. Effusiometers 
used.2 

Kalahne measured gas densities from the change in frequency of a vibrating 
aluminium tube due to ‘‘ loading by the gas. 

§ 6. Table of Normal Densities of Gases ^ * 

Hydrogen IE . 0 08982 2 Carbon monoxide CO ... 1-2504 17. 19 

0 08988 ■' 1-25010 1* 
0 08965 4 1 -25001 20 

0 089873 5 Nitrogen N2 . 1-2511 21 

Helium He . 0 1782 6 1-2503 i» 
0 1786 7 1 -2507 22. 26 

0-17846 1-25056 23 

Methane CH4. 0-7168 1 -25049 20,24 
Ammonia NH 3 0-7708 n 1-25036 25 

1 0-77077 12 1-25046 27 
0-77140 13 EthyleneC2H4 ... | 1-2610 16 
0-7710 14 1 1 1 -2603 29 
0-77126 15 1-2604 14 

Neon Nc . 0-9002 6 1 ‘26036 60 
0-89990 «. Air (r. 4N2+O:) 1 -2933 2.30 

Acetylene C2H 2 M791 16 1-29316 18 
1-1749 61 1 -29300 31 
M695 65 1-2927 32 

* See pages 756-7 for footnotes. 

1 Bull. Chem. Soc. Japan^ 1926, 1, 209. 
2 Jahoda, Wien Anz., 1899, 36, 216; Wien Ber., 1899, 108, II A, 803; Wachsmuth, Ann. 

Phys., Boltzmann Festschr., 1904, 923; Verhl. d. D. Phys. Ges., 1905,7, 47 (vapours). 
3 Verhl. (i. D. Phys. Ges., 1914, 16, 81; Ann. Phys., 1914, 45, 321. 
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Air (c. 4N2+O2)—cont. 1 -29308 67 Carbon dioxide CO2— 1-9763 18 
1 -29287 66 cant. 1-9768 11.18.40 

Nitric oxide NO 1 -3402 22. 33 1-97693 27 

1-34018 12 1-97694 45 

Ethane C2H6 . 1-3555 16 1 -97704 46 
1-356210 Nitrous oxide N2O 1-977711.17 

Oxygen O2 . 1-42900 5,19.30, 1 -9804 46 
34, 59 1-97821 45 

1 -42901 63 1-9781 >8 
1-42891 35 Methyl ether (CH.O2O... 2-1096 47 
1 -42898 25 Methyl chloride CH,iCl 2-3045 47 
1-42906 12.31 2-3084 64 
1-42896 25 Propane C3H8. 1-9149 48 

1 -42892 36 2 0200 
1-42894 20, 27 Butane C4H10. 2-6726 49 

Phosphine PH 3 1-5293 37 Sulphur dioxide SO2 ... 2-9267 18.19, 50 

1-5317 38 2-92665 27,28.47 

Hydrogen sulphide H2S 1-5392 39 2-92675 12 

1 -53843 27 Nitrosyl chloride NOCl 2-9919 51 

1 -5362 40 Chlorine Cl 2 . 3-214 52 

Hydrogen chloride HCl 1-63915 41 Hydrogen bromide HBr 3-6219 53 

1-63917 12 3-6397 65 

1 -6394 42 3-6441 55 

1-6398 19 3-64442 54 

Argon A . 1-7838 43 Krypton Kr . 3-708 6. 56 

I -7836 8. 9 3-733 8.9 
1 1 -7809 6. 19 Silicon fluoride SiF4 4-693 57 

1 
1-7816 44 Hydrogen iodide HI ... 5-7888 58 
1-7832 62 Xenon Xe . 5-851 6 

Carbon dioxide CO2 ... ) 

_i 
1-9769 17 5-887 9.56 

J See Landolt-Bomstein, “ Tabellen,” 5th edit., 1923, 269; Ergzb. I, 1927, 160; Ergzb. II, 
1931, 205 (some entries differ slightly from the originals, which arc reproduced here); sec also 
ref. 14; Blanchard, Chem. Met. Eng,, 1923, 29, 399. 

2 Leduc, Conipt. Rend,, 1891, 113, 186; cf. Broch, Trav. et Mem. Bur. Internat. Folds et 
Mes., 1881, A 51. 

3 Regnault, corrected for shrinkage (but at latitude of Paris) by Rayleigh, Proc. Roy. Soc., 
1893,53, 134. 

^ Regnault, corrected for shrinkage, and reduced to latitude 45°, by Thomsen, Z. anorg, 
Chem., 1896,12, 1; Moles, J. Chim. Phys., 1937,34, 49. 

5 Morley, Z. phys. Chem., 1896, 20, 68 (130), 242 (271); selected as best value by Guye, 
J. Chim. Phvs., 1907, 5, 203, and Moles, ibid., 1937, 34, 49. 

6 Watson, J.C.S., 1910, 97, 810, 833. 
7 Heuse, Verhl. d. D. Phys. Ges., 1913, 15, 518. 
8 Moureu,/.C.5., 1923, 123, 1905. 

Allen and Moore, J.A.C.S., 1931, 53, 2512, 2532. 
Baume and Perrot, Compt. Rend., 1909,148, 39; Chim. Phys., 1909, 7, 369. 
Guye and Pintza, Mem. Soc. Phys. Nat. (Geneva), 1907,35, 551. 

12 Scheuer. Wien Ber., 1914,123, IIA, (i). 931. 
13 Moles and Sancho, An. Fis. Quim., 1934, 32, 931; 1936, 34, 865; Moles and Roquero, 

ibid., 1937, 35, 263; cf. Moles, ibid., 1926, 24, 717; Les Determinations Physico-Chimiques 
des Poids Moldculaires et Atomiques des Gaz, Institut Internationale de Cooperation Intel- 
lectuelle, Paris, 1938, 39. 

14 Blanchard and Pickering, Bur. Stand. Bull., 1926, 22, 141 (selected). 
15 Dietrichson, Bircher, and O’Brien, J.A.C.S., 1933, 55, 1; Dietrichson, Orleman, and 

Rubin, ibid., 1933, 55, 14. 
16 Stahrfoss, Arch. Sci. Phys. Nat., 1909, 28, 384; J. Chim. Phys., 1918,16, 175. 
17 Rayleigh, Proc. Roy. Soc., 1898, 62, 204 (recalculated with air= 1 -2933). 
18 Leduc, Ann. Chim., 1898,15, 5; Pire and Moles, An. Fis. Quim., 1929,27, 267; Moles and 

Salazar, ibid., 1932, 30, 182. 
19 Guye, J. Chim. Phys., 1907, 5, 203 (selection of best values). 
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20 Moles and Crespi, An, Fis. Quim,, 1922,20, 190(1-42895); Moles and Gonzalez, ibid., 
1922,20, 72 (Mem.); Moles and Salazar, ibid., 1934,32, 954. 

21 Rayleigh and Ramsay, Phil. Trans., 1895, 186, 187. 
22 Gray,y.C5., 1905,87, 1601. 
23 Moles and Clavera, J, Chim. Phys., 1924, 21, 10; for summary of Moles’ earlier work, see 

Moles, Gazz., 1926, 56, 915. 
24 Moles and Clavera, Z. anorg. Ghent., 1927,167,49. 
25 Baxter and Starkweather, Proc. Amer. Acad., 1926, 12, 699, 703; 1928, 14, 50, 
26 Moles, J. Chim. Phys., 1921-2, 19, 283. 
27 Moles, Trans. Faraday Soc., 1939, 35, 1439; Moles and Escribano, Compt. Rend., 1938, 

207,66. 
2 8 Moles, Toral, and Escribano, Compt. Rend., 1938, 206,1726. 
20 Batuecas, Helv. Chim. Acta, 1918, 1, 136; 7. Chim. Phys., 1918, 16, 322; 1925, 22, 101; 

according to Moles and Toral, Monatsh., 1936, 69, 342, all Batuecas’ gas density results are 
affected by an error in the calculation of a temperature correction. 

30 Rayleigh, Proc. Roy. Soc., 1893, 53, 134. 
31 Guye, Kovacs, and Wourtzel, J. Chim. Phys., 1912, 10, 332 (normal density of Geneva 

air varies by a fraction of a mg.; cf. Jaquerod and Borel, Arch. Sci. Phys. Nat., 1920, 2, 411; 
for Madrid air, Payd and Moles, An. Fis. Quim., 1922, 20, 247. 

32 Germann, J. Chim. Phys., 1914,12, 66 (bibl. from Fourcroy, 1791). 
33 Guye and Davila, Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 615. 
34 Moles, Compt. Rend., 1942, 214, 424 (1-42901). 
3 5 Moles,/. Chim. Phys., 1921,19, 100(bibl.). 
36 Moles and Gonzalez, J. Chim. Phys., 1921-2,19, 311; Moles, Ber., 1926, 59, 740. 
37 Ter Gazarian, J. Chim. Phys., 1909, 7, 337; 1911, 9, 101. 
38 Ritchie, Nature, 1929, 123, 838. 
3^ Baume and Perrot, J. Chim. Phys., 1908, 6, 610. 
40 Klemenc and Bankowski, Z. anorg. Chem., 1932, 208, 348. 
41 Gray and Burt, J.C.S., 1909, 95, 1633. 
42 Scheuer, /. Chim. Phys., 1910, 8, 289. 
43 Schultze, Ann. Phys., 1915, 48, 269. 
44 Fischer and Froboesc, Ber., 1911, 44, 92, 
45 Moles and Toral, Monatsh., 1936, 69, 342; for CO2 see also Cooper and Maass, Canad. 

J. Res., 1931,4,283. 
46 Batuecas, J. Chim. Phys., 1931, 28, 572; Z. phys. Chem., 1931, Bodenstein Festbd., 78. 
47 Baume, /. Chim. Phys., 1908, 6, 1. 
48 Batuecas,/. Chim. Phys., 1934, 31, 165. 
46 Timmermans, /. Chim. Phvs., 1920, 18, 133; for /i-butane, Beckers, Bull. Soc. Chim. 

Belg., 1927, 36, 559; 1930, 39, 470; van Bogaert, ibid., 1927, 36, 384. 
50 Jaquerod and Pintza, Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 589; for SO2, see Stewart 

and Maass, Canad. /. Res., 1934,11, 530 (50 lit. weighed). 
51 Wourtzel,/. Chim. Phys., 1913,11, 29. 
52 Jaquerod and Tourpain, J. Chim. Phys., 1913, 11, 3, 269; cf, Partington, Z. phys. Chem., 

1930, 7 B, 319; Ross and Maass, Canad. J. Res., 1940, 18 B, 55 (3-212 g./lit.). 
53 Moles,/. Chim. Phys., 1916,14, 389; 1921-2, 19, 135. 
54 Moles, Compt. Rend., 1916,163, 94. 
55 Murray,/. Chim. Phvs., 1917, 15, 334; Guye, ibid., 1916,14, 361; 1917, 17, 141; Reiman, 

ibid., 1917, 15, 293. 
56 Moore,/.C.5., 1908, 93, 2181. 
57 Moles, /. Chim. Phys., 1932, 29, 53. 
58 Moles and Miravalles, An. Fis. Quim., 1926, 24, 356. 
56 Jaquerod and Tourpain, Arch. Sci. Phys. Nat., 1911, 31, 20. 
60 Moles, Toral, and Escribano, Compt. Rend., 1938, 207, 1044. 
61 Sameshima, Bull. Chem. Soc. Japan, 1926, 1, 41. 
62 Moles,B^r., 1927,60,134. 
63 Baxter and Starkweather, Proc. Nat. Acad., 1924,10, 479. 
64 Batuecas, An. Fis. Quim., 1925, 23, 343. 
65 Maass and Russell, J.A.C.S., 1918,40,1847. 
66 Blanchard, Chem. Met. Eng., 1923,29, 399 (adopted value). 
67 Moles, Batuecas, and Pay^, An, Fis. Quim,, 1922,20, 34 (Madrid air; maximum deviation 

00008). 
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§7, Vapour Density 
The three main methods, each having particular advantages and disadvantages, 

used for the determination of the densities of the vapours of liquid or solid 
substances are: 

(i) Dumas’ method (1826), in which the weight of a known volume of 
vapour is found. 

(ii) Hofmann’s method (1868), in which the volume of vapour produced 
from a known weight of substance is found. 

(iii) Victor Meyer’s method (1877), in which the volume of air (or other 
gas) displaced by the vapour of a known weight of substance vaporised in a 
suitable vessel is determined. 

§ 8. Dumas^ Method 
In this,^ a glass bulb of 100-300 ml. has the neck drawn to a point 

(Fig. 7.VH D). This is weighed, and by warming the bulb and dipping the 
neck into the liquid, a quantity of liquid more than 
sufficient to expel all the air from the bulb on vaporisa¬ 
tion is drawn in on cooling. The bulb is then immersed 
by means of a suitable holder of wire springs, or rings on 
a vertical rod, in water or oil heated in a bath or an iron 
pot to about 30"' above the boiling-point of the liquid. 
This heating bath must be kept at a constant tempera¬ 
ture, read on a thermometer. The neck of the bulb 
projects above the surface of the heating liquid. A rapid 
stream of vapour then issues from the bulb, carrying out 
the air. When this stream of vapour ceases, the point of 
the neck is sealed by a pointed flame; the temperature of 
the bath and the barometric pressure are read, and the 
bulb is removed from the bath, cooled, cleaned, and 

Fig, 7.V1I D. weighed, the temperature in the balance case and the 
Dumas' Vapour barometric pressure being again read. The point of the 

Density Apparatus scratched with a file, and broken off 
under the surface of previously boiled water in a dish. 

Water rushes into the bulb and, if the experiment is successful, fills it com¬ 
pletely. The bulb filled with water is weighed on a rough balance. 

The method of calculation may be illustrated by an example, in which the 
vapour density of hexane was determined. 

Weight of empty bulb in air=23 449 g. 

Weight of bulb + vapour at 15-5°=23*720 g. 

Temperature of sealing= 110''; barometric pressure=759 mm. Hg, unchanged 

1 Dumas, Ann. Chim., 1826, 33, 337; Ann. Phys., 1827, 9, 293; Regnault, Ann. Chim., 1861, 
63, 45; Bunsen, Ann., 1867, 141, 273; Williams, in Watts, “ Dictionary of Chemistry,” 1874, 
5, 365; Habermann, Wien Ber., 1876-7, 74, ii, 423; Ann., 1877, 187, 341; Pawlewski, Ber., 
1883,16, 1293 (stoppered bulb); La Coste, ibid., 1885, 18, 2122; Schall, ibid., 1885, 18, 2068; 
Roscoe and Schorlemmer, “Treatise on Chemistiy,” 1885, 3, i, 84; WindisCh, “ Die Bestim- 
mung des Molekulargewichts in theoretischer und praktischer Beziehung,” Berlin, 1892, 2nd 
edit., \ %99 ',idem, “ Die Praxis der Molekelgewichtsbestimmung,” Berlin, 1898; Biltz, “ Practical 
Methods of Determining Molecular Weights,” 1899; Haupt, Z. Chem., 1904,48, 713; 
Kohlweiler, ibid., 1920, 95, 95; Barton and Yost, J.A.C.S., 1935, 57, 307; Ingle and Cady, 
J. Phys. Chem., 1938, 42, 397; Palmer, Experimental Physical Chemistry,” Cambridge, 
1941, 19. 
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throughout the experiment. Capacity of bulb found by weighing full of 
water =178 ml. 

Weight of air displaced by bu!b=178x(273/288-5)x0-001293=0-2175 g. 

weight of vacuous bulb in air=23*449—0*2175=23-321 g. 

weight of vapour=23*720—23*321 =5:0*489 g. 

Volume at S.T.P. of vapour filling bulb at 1 lO'’ and 759 mm. 

= 178 X (273/383) X (759/760)= 126*7 ml. 

normal density of vapour=0*489/0*1267=3*86 g./lit. 

Account may be taken of the expansion of the glass bulb on heating. Jf 
t'' C, and p' mm. are the temperature and pressure on sealing of the bulb, and 
f C. and p mm. those when the bulb filled with vapour is weighed, M is the 
weight of the bulb filled with water, m the weight of the bulb in air, and m' 
that of the bulb filled with vapour, then if the densities of air and water are 
Pa and Pan and a is the coefficient of cubical expansion of glass, the vapour 
density referred to air=l is: ^ 

[{m' - ni)(pjpj+(M-in)]/Q 

Q={M-m)(plp'){ 1 +0(X)367r')[l +a(r-/')]/(l +0-003670 

or, approximately: 

[(/«'-m)/(M-w)p,+l](p7p)(l+0-003670/(1+0-00367r') . (la) 

Brown’s formula is: ^ 

1+'-1++0-001293 K///[760(l+0-00367r')]-0-001293^;///[760(l+0-00367r')] 
r , / 0-00367(/-r')\l 0-001293/7 

) ^1^1+ i+o-o6367/^7j760(1 +0-0036^ (2) 

where weight of empty bulb in air, weight of bulb + 
vapour in air, //=baromelric pressure in mm. Hg, F=volume 
of bulb, 'z;=volume of residual air in bulb when containing 
vapour, /=temperature of bath, /'=air temperature of weighing, 
a=coefficient of cubical expansion of glass. 

The spherical bulb with the neck approximately at right angles 
to the vertical of the bulb is not a very convenient form, since 
part of the neck always projects from the heating bath. A more 
convenient form ^ consists of a cylindrical bulb, such as a large 
test-tube, with a vertical neck drawn out at the top, and sup¬ 
ported by a handle in a vapour bath (Fig. 8.VII D). 

A curious misunderstanding is the belief that the Dumas method 
is “obsolete,” since it is, in fact, the method most frequently g.yiijD, 
used when results better than those found by the Victor Meyer Vapour 
method are required.^ With less care it can, of course, give ^ Density Bulb 
quite inaccurate results. In a modified method ^ the vapour is 
sealed off and, after cooling, the substance is dissolved and determined chemically 

1 HaupU Z. phys. Chentn 1904, 48, 713. 
2 Brown, /.CS., 1866, 19, 72 (tables). 
^ Pettersson and Ekstrand, Ber.^ 1880,13,1191; a vertical neck was used in Dumas’ original 

apparatus, the bulb being spherical. 
^ Riescnfcld and Schwab, Ber., 1922, 55, 2088 (density of ozone). 
5 Eucken and Krome, Z, phys, Cherny 1940, 45 B, 175; corrected by Gigu^re and Bundle 

J.A.C.Sn 1941, 63, 1135. 
6 Jewett, Phil. Mag., 1902, 4, 546. 
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in the solution. Schulze ^ condensed the vapour from the bulb in a small 
connected bulb immersed in liquid air, afterwards sealed off and weighed (cf. 
§3). 

Modifications of Dumas’ method have been used at lower pressures, and at 
high temperatures ^ with porcelain bulbs heated in the vapours of mercury 
(357'), sulphur (444-6'"), stannous chloride (bob'"), cadmium (7b7°), or zinc 
(918^), boiling in an iron bath, the tip of the bulb (with a vertical neck) pro¬ 
jecting through the lid. This neck is sealed with an oxyhydrogen blowpipe. 
The coefficient of cubical expansion of porcelain may be taken as 0*(X)(X)108. 

If the substance contains an impurity of higher b.p. this tends to accumulate 
in the last portions of vapour, and as this is the part weighed the results will be 
inaccurate in such cases. 

§ 9. Hofmann’s Method 
The principle of this method, the oldest method for determining vapour 

densities, goes back to Gay-Lussac,^ whose apparatus comprised a graduated 
glass lube about 38 cm. long, scaled at one end and filled with mercury, inverted 
in mercury contained in the lower part of an iron pot. Water was poured into 
a glass jacket surrounding the tube, and the whole could be heated over a char¬ 
coal fire. The water in the jacket was stirred and its temperature read on a 
thermometer. The substance was weighed in a small thin glass bulb with 
capillary neck afterwards sealed; this was passed into the tube, and the 
vapour formed by the bursting of the bulb depressed the mercury. The pres¬ 
sure was suitably measured, and the volume of vapour reduced to S.T.P. 

Gay-Lussac’s method was improved by Hofmann,^ Landolt,**^ Grabowski,^ 
and others.*7 Hofmann surrounded the graduated tube by a vapour jacket, 
which gave a more constant temperature than the water bath, and by using a 
long tube (over 76 cm.), was able to work under reduced pressure, when the 
substance had a lower b.p. Instead of mercury. Wood’s fusible metal can be 
used at higher temperatures ^ in the tube containing the vapour. 

In Hofmann’s method, a uniform glass tube about 1 m. long, carefully 
graduated in ml., is supported in a glass jacket through which the vapour of a 
liquid, boiling in a separate vessel, is passed (Fig. 9.VI1 D). The vapour jacket 
is provided with a side tube near the bottom (or a tube leading through a cork 
supporting the lower part of the graduated tube), from which the vapour flowing 
through the jacket passes to a condenser. (If steam is used, it can escape into 

1 Phys, Z., 1913, 14, 922. 
2 Deville and Troost, Compt. Rend., 1857,45, 821; 1859, 48, 641; 1859, 49, 239; Ann. Chim., 

1860, 58, 257; Ann., 1860, 113, 42; Playfair and Wanklyn, Trans. Roy. Soc. Edin., 1861, 72. 
441 (lower pressures); Habermann, Ann., 1877, 187, 341; Phil. Mag., 1877, 4, 462 (reduced 
pressures); Roscoe, Proc. Roy. Soc., 1878,27, 426; Ber, 1878,11, 196; Sommeruga, Wien Ber,, 
1879, 78, II, 312; Ann., 1879, 195, 302 (vapour density of indigo; reduced pressure at b.p. of 
sulphur); E. and L. Natanson, Ann. Phys., 1886, 27, 606; Biltz, Z. phys. Chem., 1888, 2, 921; 
1896,19, 385; Nilson and Pettersson, ibid., 1889,4,206; Biltz and Pruener, ibid., 1902,39, 323. 

3 Ann. Chim., 1811, 80, 218; Biot, “ Traite de Physique,” 1816, 1, 291. 
4 Ann., 1861, Supplbd. 1, 1; Ber., 1868, 1, 198. 
5 Ber., 1872, 5, 497. 
6 Ber., 1875, 8, 1433. 

Thorpe, J.C.S., 1880, 37, 141; Schoop, Ann. Phys., 1881, 12, 550; Ramsay and Young, 
Phil. Trans., 1887,178, 57; Young and Thomas, Proc. Phys. Soc., 1894-5,13,658; Ramsay and 
Steele, Z. phys. Chem., 1^3, 44, 348; Phil. Mag., 1903, 6, 492; Reinganum, Z. phys. Chem., 
1904, 48, 697; Drucker and Ullmann, ibid., 1910, 74, 567 (influence of adsorption on walls of 
tube); Egerton, Chem. News, 1911, 104, 259. 

« Victor Meyer, Ber., 1876, 9, 1216. 
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Vapour of 
substance 

Barometer 
tube 

the air.) A thermometer is hung in the vapour jacket, and a suitable stem- 
correction (§ 3.VI A) is applied. The liquid is weighed in a small stoppered 
bulb, which it must completely fill. This bulb is passed into the graduated tube 
and rises to the surface of the mercury. The vapour formed forces out the 
stopper, and the liquid volatilises completely. The volume of vapour, V ml, 
the temperature / of the jacket, the barometric pressure, i/mm., and the height, 
h mm., of the mercury in the tube above the level of the trough, arc read. 

The volume of vapour at S.T.P. is: 

Fo= F. 273/(273+0 . [] 
(H-h)n60ml . (1) 

and if m g. is the mass of substance 1l 
taken, the normal density is 

O-'”X'000/ng./lit. . (2) [1 
In accurate work the expansion of the Thermometer-^ substance 

tube, and of the mercury in the heated ^ 
, , barometer 

column, and the vapour pressure of the 
mercury, must be taken into account. 
Details are given in the literature cited. -^-Bottle 

Suitable liquids for the vapour jacket are Heating m 
water (b.p. 100°), amyl alcohol (b.p. vapour j ^ 
131°“!32°), aniline (b.p. 184-4°), loluidine J 
(b.p. 202°), ethyl benzoate (b.p. 212*9°), f^ercury 

amyl benzoate (b.p. 262°), naphthalene * P 
(b.p. 218°), diphenylamine (b.p. 310°), or n ^ 
anthraquinone (b.p. 368°), Briihl ^ found Vapour outlet 1IMM' 
that by using small amounts of substance to condenser 

(0-01 g. minimum) and a long mercury 

column, so as to evaporate under low p,^- 9 yil D. Hofmann’s Vapour 
pressure, a steam jacket can be used with Density Apparatus 

substances of fairly high b.p. 
The vapour densities found by Ramsay and Steele ^ by a supposedly very 

accurate form of Hofmann’s apparatus were all much greater than those cor¬ 
responding with the molecular weights, so that they ^ concluded that the vapour- 
density method could not give accurate values of the molecular weight. 
Batuccas,5 who corrected the densities by Berthelot’s equation (§ 29.VII C), 
found, however, that the values found by Ramsay and Steele became less than 
those corresponding with the molecular weights, which is impossible. He 
showed that they are vitiated by some obscure experimental error. Ramsay 
and Steele’s conclusion was, therefore, unjustified. Magnus and Schmid ^ 

used a modified Hofmann apparatus for accurate vapour-density determinations. 
The vapour volume was kept constant and the pressure measured by a mercury 

Heating 
vapour~ 

-Mercury 

Vapour outlet 
to condenser 

Fig. 9. VII D. Hofmann’s Vapour 
Density Apparatus 

^ Grabowski, Ber,, 1875, 8, 1433. 
2 Ber., 1876, 9. 1368; 1879,12, 197. 
3 PhiL Mag.f 1903, 6, 492; Z. phys, Chem.^ 1903, 44, 348; there are discrepancies in the two 

papers, and some arithmetical errors, which are usual in Steele’s work; Steele, /.C.5., 1902, 
81, 1076 (compressibility of vapours). 

4 Cf. Leduc, Ann, Chim,, 1910, 19, 441. 
5 Z. phys, Chem,, 1939,183, 438; errors in Ramsay and Steele’s work were pointed out by 

Guye, Compt, Rend.y 1907,145, 1330. 
^ Z. anorg, Chem,^ 1922,120, 232; Batuecas, ibid,, 1941, 246,158 (confirmed; correction for 

deviation from gas laws). 
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column kept entirely at a constant temperature by a steam jacket. They found 
that pvjMT, where A/==mol. wt., was a linear function of pressure, and extra¬ 
polated to /?=0 to find the value of M. Lautie^ used p=^a+hp+cp'^, for 
y7=300—8000 mm., for mixed vapours; a is very small and positive. 

§ 10. Victor Meyer’s Method 

The principle of this so-called ‘‘ displacement method goes back to Dulong,^ 
but it was perfected by Victor Meyer,^ the present form of the apparatus being 
devised by him in 1878, 

A weighed quantity of the liquid in a small bulb with a stopper or a capillary 
neck is dropped into a large bulb at the bottom of a vertical tube carrying a 

side tube delivering into a graduated tube filled 
with water over a pneumatic trough, or into a 
gas burette ^ filled with water (Fig. lO.VII D). 
The large bulb and part of the tube are heated 
in a glass or metal ^ (e.g. copper) vapour jacket 
at a temperature which must be higher than 
the b.p. of the liquid and constant, but need 
not otherwise be known. A little sand (or 
mercury) is put into the large bulb to avoid 
fracture when the small bulb ^ containing the 
liquid is dropped in. If the upper part of the 
tube is closed with a rubber stopper, this must 
be quickly inserted when the small tube is 
dropped in. 

The bulb of liquid may also be dropped in 
through a wide stopcock,or by supporting it 
on a glass rod which is attached to rubber 
tubing fitted over a small side tube at the top 
of the vertical tube (which is corked when 
the tube containing liquid is in position), and 
then pulling back the glass rod, when the bulb 
falls. 

The liquid vaporises, and the vapour displaces an equal volume of air, which 
pushes out cool air from the upper part of the tube, and this is collected in the 
graduated tube or burette. After levelling, the volume of air is read off, the 
temperature of the water and the barometric pressure being determined. The 

1 Bull Soc, Chim,, 1947, 230. 
2 Dumas, Compt, Rend.^ 1874, 78, 536, who says Dulong had informed him of the method; 

see Nilson and Pettersson, Ber., 1884,17, 987. 
3 Ber, 1878, 11, 1867; V. and C. Meyer, ibid., 1878, 11, 2253; V. Meyer, J.C.S,, 1883, 44, 

618; a different method was used previously by V. Meyer, Ber., 1876, 9, 1216; 1879,10, 2068. 
^ Lunge and Neuberg, Ber., 1891, 24, 729. 
5 V. Meyer, Ber., 1886, 19, 1861; Price, Chem. News, 1920, 121, 249; Patterson, Ber., 

1920, 121, 307. 
6 V. Meyer and Pond, Ber., 1885, 18, 1623; this must not be done in determinations at 

lower pressures: Demuth and V. Meyer, ibid., 1890, 33, 311. 
7 V. Meyer and Pond, Ber., 1885, 18, 1623; rod in side tube, Biltz, ibid., 1888, 21, 2776; 

Biltz and Meyer, Z. phys. Chem., 1888, 2, 184; opening two pinchcocks on rubber tube, 
Valente, Gazz., 1881, 11, 193; for some other methods of dropping the bulb, see Patterson, 
Chem. News, 1908, 97, 73; Brandenburg, Chem. Ztg., 1909, 33, 192; Walter, ibid., 1909, 33, 
267; Chapin, Ind. Eng, Chem,, 1912, 4, 684; Evans and Cassaretto, J. Chem. Educ,^ 1948^ 25, 
348. 

Fig. lO.VllD. Victor Meyer’s 
Vapour Density Apparatus 
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volume is corrected to S.T.P. with the air dry. This volume of dry air is equal 
to the volume which the vapour would occupy ^ if it could exist at S.T.P. 

If the original Victor Meyer apparatus is used there is an error due to the 
rise of water in the delivery tube dipping into the pneumatic trough, this tube 
being full of air when the experiment is finished. By using a delivery tube of 
suitable diameter with the end immersed to a fixed depth, this may be made to 
compensate the air displacement due to the insertion of the rubber stopper in the 
vaporisation tube.^ This displacement may also be found by a blank experi¬ 
ment.-^ A narrow tube fused into the bottom of the vaporising bulb, through 
which air can be passed to remove the vapour after an experiment,^ makes the 
apparatus fragile and should be avoided. 

If the volume of moist air collected over water is V ml., measured at a tem¬ 
perature t and barometric pressure H mm., the volume of dry air at S.T.P. 
will be: 

Ko= |/[273/(273+/)][(//~-/?)/760] ml.(1) 

where p is the vapour pressure of water in mm. at t \ If the mass of substance 
taken is m g., the normal vapour density is: 

1000/Ko g./lit.(2) 

The vapour density (relative to 0=16) may be calculated ^ from the general 
gas formula pv~nRT 21.VJI A); if w g. of vapour occupy v lit. at a pressure 
of p mm. Hg, the vapour density is D=mx62‘36TI2pv, 

Equation (2) holds if the vapour-density apparatus is initially filled with dry 
air; actually it is ordinary air partly saturated with water vapour, so that the 
correction factor for pressure is (H—p+p')ll60, where p' is the partial pressure 
of water vapour in the air filling the Victor Meyer apparatus at the beginning of 
the experiment.^ The method is, in any case, only approximate, and the factor 
If 1160 is usually quite accurate enough.^ 

Since the vapour is mixed with air in the bulb and its partial pressure is 
reduced to an unknown amount,® the method is not suitable for substances 
which dissociate on heating, e.g. PCI5, for which the Dumas method is used. 

The liquid in the vapour jacket is usually water, but by using a copper, iron, 
or aluminium jacket vessel, liquids boiling at higher temperatures may be used, 
such as those mentioned in § 9, or a fused lead bath can be used.^ 

Matheson and Maass used the apparatus shown in Fig. 11.VII D for deter¬ 
minations at low pressure. The bulb A containing hydrogen was pumped out 
through a to low pressure and heated in a bath. A weighed amount of the 

^ See the explanation in Durrant, “ General and Inorganic Chemistry,” 1939, 76. 
^ Pettersson and Ekslrand, Ber.^ 1880, 13, 1185. 

Palmer, “Experimental Physical Chemistry,” Cambridge, 1941, 23. 
Tian, Bull. Sac. Chim., 1926, 39, 1771; Eucken and Suhrmann, “ Physikalisch-chemische 

Praktikumsaufgaben,” Leipzig, 1928, 116. 
5 Ostwald, “ Principles of Inorganic Chemistiy,” 1904, 90; Durrant, Nature., 1920,105, 742. 
0 Erdmann, “ Lehrbuch der anorganischen Chemie,” Brunswick, 1898, 71; Swarts, Bull. 

Acad. Roy. Belg., 1907, 212; Evans, J.A.C.S., 1913, 35, 958; Findlay, “Practical Physical 
Chemistry,” 7th edit., 1941, 53. 

7 For accurate work, a correction of the vapour density by Berthelot's equation (§ 29.vn C) 
can be made; Meinnes and Kreiling, J.A.C.S.y 1917,39,2350; Hicks-Bruun, Bur. Stand. J. Res.^ 
1930, 5, 575. For an accurate apparatus, see von Weber, Angew. Chem., 1939, 52, 34. 

8 Biltz, Ber.y 1888, 21, 2013, 2772; V. Meyer, ibid., 1888, 21, 2018; Demuth and V. Meyer, 
ibid.y 1890,23, 311; Krause and V. Meyer, Z. phys. Chem., 1890, 6, 5. 

9 Smith, J.C.S.y 1880, 37, 491. 
to J.A.C.S.y 1929, 51, 674; this method had been used for ether by Dalton, Manck. Mem.y 

1819, 3, 446, who used an almost vacuous globe. 
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substance in a small capsule was put in the extension B and could be dropped 
into the bulb by pulling back magnetically the piece of iron in C, this being 
attached to a thin rod supporting the capsule. The displaced hydrogen passed 
into D over mercury. A volumeter method (§ 3) for reduced pressures has 

also been used.^ A variety of modifications 
of the Victor Meyer method ^ are adapted to 
special purposes. A semi-micro Victor Meyer 
apparatus is described.^ 

By using platinum or porcelain bulbs, the 
method can be used at high temperatures. 
The bulb can then be heated inside two graphite 
crucibles in a furnace burning hard gas carbon 
in an air blast, or in a Perrot’s gas furnace 
(§ l.VI B). 

Meyer and Mensching used a cylindrical 
porcelain bulb A (Fig. 12.VII D), the outlet 
tube B being connected with a glass tube 
similar to the upper part of a Victor Meyer 
apparatus. The bulb was filled with pure 
nitrogen through the platinum capillary C, and 
after the experiment this gas was displaced by 
hydrogen chloride and collected over water, 
which absorbed the displacing gas. From the 
volume of nitrogen collected, the temperature of 
the bulb could be calculated; if V is the volume 
of nitrogen in the bulb, v the volume displaced 
(both reduced to S.T.P.), the temperature is 
t=^{V—v)l{<y,V'~0L'V)^ where a is the coefficient 

Fig. ll.VII D. Apparatus of of expansion of nitrogen, and a' (approximately 
Matheson and Maass 0*000027) that of the porcelain bulb. The un¬ 

certainty that the tube B projecting from the 
furnace contains gas at varying temperature was obviated by using an exactly 
similar compensating tube D alongside B, the nitrogen from which was driven 
out by hydrogen chloride under the conditions of the experiment, and the 
volume subtracted from the volume displaced from the main apparatus. 

1 Gigudre and Bundle,/./l.C.A'., 1941, 63, 1135. 
2 V. and C. Meyer, Ber., 1879, 12, 609, 1112; V. Meyer, ibid,, 1880, 13, 401, 1721, 2019; 

1882, 15, 2775; Meier and Crafts, ibid., 1880, 13, 851; L. Meyer, ibid,, 1880, 13, 991; Piccard, 
ibid,, 1880, 13, 1079; Goldschmidt and V. Meyer, ibid., 1882, 15, 137, 1161; Langer and V. 
Meyer, ibid,, 1882, 15, 2769; Schwarz, ibid., 1883, 16, 1051; Henderson, J.A.C.S., 1912, 34, 
553; Gil, An. Fis. Quim., 1912, 10, 82; Chapin, Ind. Eng. Chem,, 1912, 4, 684; Weiser, 7. Phys, 
Chem., 1916, 20, 532. 

3 Niederl, Z. anal. Chem., 1929, 77, 169; Lakshminarayan and Mayak, J. Indian Chem, Soc., 
1931,8, 599; Niederl and Saschek, Mikrochemie, 1932,11, 237; de Causter, Natuurw, Tijdschr, 
1933, 15, 189. 

4 V. and C. Meyer, Ber,, 1879, 12, 1112, 1246; V. Meyer, ibid., 1880, 13, 1721; Crafts, 
Compt. Rend., 1880, 90, 183; 1884, 98, 1259; Meier and Crafts, Ber., 1880, 13, 851, 1316; 
1883, 16, 457; Langer and V. Meyer, ibid., 1882, 15, 2769; Nilson and Pettersson, Ber., 1884, 
17, 987; J. prakt. Chem., 1886, 33,1; Ann. Chim,, 1886, 9, 554; Z. phys. Chem., 1889, 4, 206; 
Meunier, Compt. Rend., 1884, 98, 1268; von Klobukoff, Ann. Phys., 1884, 22, 465, 493; V. 
Meyer and Langer, Pyrochemische Untersuchungen,” Brunswick, 1885, 25, 46; Dewar and 
Scott, Proc. Roy. Soc. Edin., 1887,14,410; Mensching and V. Meyer, Z. phys. Chem,, 1887, 1, 
145; Biltz and Meyer, Ber., 1889, 22, 725, 1116; Z. phys. Chem., 1889, 4,249;Thiele,Z. anorg. 
Chem., 1892,1, 277; Biltz, Z. phys. Chem., 1896,19, 385; V. Meyer and Recklinghausen, Ber, 
1897, 30, 1926; Reinganum, Phys. Z., 1905, 6, 514; Ldwenstein, Z. phys. Chem., 1906,54, 707, 
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Vapour densities at very high temperatures have been determined by a micro¬ 
apparatus of the Victor Meyer type J This has an iridium bulb of 3 ml. capacity, 
painted outside with zirconia and heated 
electrically to 2000'' in a small iridium tube q 
furnace. The substance (usually a fraction of _ 
a milligram) was weighed on a microbalance, 
and the displacement measured by the move¬ 
ment of a drop of mercury in a horizontal 
graduated glass side tube (Fig. 13.VII D). 

A displacement method for permanent gases 
has been used.^ Determinations of vapour 
density under reduced pressure can be made 
with substances which decompose on heating.*^ 
A modification of Victor Meyer’s method con¬ 
sists in evaporating a known weight of liquid 
in a vessel filled with air (or other gas) and 
measuring the increase in pressure."^ If vo= 
volume of bulb in ml. at O'" C., a'=coefficient 
of expansion of glass, a=coefRcient of expan- „ ^ . r 
Sion of air (or other gas), /7o== initial pressure, Mensching and Meyer 
/>=final pressure, /=temperature of evapora¬ 
tion, and w=mass of substance, the vapour density (g./rnl.) is: 

p = (760/Fo)[m(l+a/)]/[(p~/7o)(l+a'0] .... (3) 

The vaporisation bulb and tube is similar to that of the Victor Meyer appara¬ 
tus but much shorter. It is fitted through a split 
rubber bung into a wide boiling tube with a spiral 
condenser fitted to a side tube, serving as a vapour 
heating jacket. The outlet from the bulb is connected 
with a mercury mano;neter tube having a fixed mark 
and connected by pressure tubing with a graduated 
levelling tube. A tap on the inlet side of the mano¬ 
meter allows the level to be adjusted at the mark 
before the small bulb of substance is dropped into the 
heated large bulb by means of a device mentioned 
above for use with the Victor Meyer apparatus. Other 
modifications of the Victor Meyer and other vapour 
density apparatus have been described.^ 

1 Nernst, Z, Elektrochem., 1903, 9, 622; von Wartenberg, Z. anorg, Chem., 1908, 56, 320; 
Ber.^ 1906, 39, 381; Peak and Robinson, J, Phvs. Chem.^ 1934, 30, 941. 

2 Goldschmidt and V. Meyer, Ber,, 1882, is, 137, 1161. 
3 La Coste, Ber,, 1885, 18, 2122; Schall, ibid., 1887, 20, 2127; 1888, 21, 100, 1435, 1759, 

1827; 1889, 22, 140, 919; 1890, 23, 919, MOl; J. prakt. Chem., 1892, 45, 134; Malfatti and 
Schoop, Z.phys. Chem., 1887,1,159; Eykman, Ber., 1889,22,2754; Demulh and V. Meyer, Ber., 
1890, 23, 311; Biltz, Z. phys. Chem., 1892,10, 354; Erdmann, Z. anorg. Chem., 1902,32,425. 

4 Dalton, Manch. Mem., 1819, 3,446; Harker, Chem. News, 1890,62,180; Bleier and Kohn, 
Monatsh., 1899, 20, 505, 909 (to 2-3 mm.); Lumsden, J.C.S., 1903, 83, 342, 349; Haupt, 
Z. phys. Chem., 1904, 48, 713; Menzies, J.A.C.S., 1910, 32, 1264; Chapin, J. Phys. Chem., 
1918, 22, 337; Coolidge, J.A.C.S., 1928, 50, 2166; Linhorst, ibid., 1929, 51, 1165; Eucken and 
Meyer, Z. phys. Chem., 1929, 5 B, 452; with spiral manometer, Johnson, Z. phys. Chem., 
1908, 61, 457; Matheson and Maass, J.A.C.S., 1929, 51, 674; Braune and Knoke, Z. phys. 
Chem., 1931, 152, 409; Findlay, “ Practical Physical Chemistry,” 1941, 57. 

5 Pfaundler, Ber., 1879, 12, 165; Bott and Macnair, ibid., 1887, 20, 916; Dyson, Chem. 
News, 1887, 55, 88; Anschtitz and Evans, Ann., 1889, 253, 95; Richards, Chem. News, 1889, 
59, 39, 87; Young, J.C.S., 1891, 59, 911; Lunge and Neuberg. Ber., 1891, 24, 729; Hirsch. 

Fig. 13.VIID. 
Nernst’s Vapour Density 

Apparatus 
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The micro-apparatus of Blackman ^ consists of a capillary tube closed at one 
end, containing air enclosed by a thread of mercury, and placed in a closed 
tube with a stoppered bulb containing a weighed amount of liquid. The 
apparatus is heated, when the liquid evaporates and the increase of pressure is 
read off on the capillary manometer. 

Although the vapour density of a dissociating gas will be dealt with later, 
reference may be made to the case of formic acid, which has been rather fully 
worked on.^ Jt may be assumed to polymerise to double molecules, present in 
the vapour in equilibrium with single molecules, (H.COOH)2^2H.COOH. 
Coolidge found that the pressure developed by the vapour was approximately 
the same as that of a mixture of single and double molecules, each deviating 
from the ideal state to the same extent as a monatomic vapour of the same 
molecular weight. Since formic acid is quite unstable, it seems an unfortunate 
choice for such work. The vapour densities of acetic acid at low pressures have 
been determined by the McLeod gauge.-^ Hydrocyanic acid was investigated 
by Sinosaki and Hara.*^ The vapour density of water is normal.^ 

§ 11. Gay-Lussac’s Law of Volumes 

When Alexander von Humboldt (1769-1859), the great explorer, brought 
back samples of air from different parts of the world, he and Gay-Lussac ^ 
analysed them in 1805 by explosion with hydrogen and established that “ 100 
volumes of oxygen absorb 199*89 volumes of hydrogen, or finally, in round 
numbers, 100 of oxygen require for saturation 200 of hydrogen.’’ This sim¬ 
plicity of combining volume ratio was extended by Gay-Lussac to a number of 
other gases, and in 1808 he announced that: the compounds of gaseous 
substances with each other are always formed in very simple ratios, so that, 
representing one of the terms by unity, the other is 1, or 2, or at most 3. . . . 
The apparent contractions in volume suffered by gases on combination are also 
very simply related to the volume of one of them.” The law may be stated in 
the form that, the temperature and pressure being supposed constant: when 
gases take part in chemical change the reacting volumes are in the ratio of small 
whole numbers. 

Ann. Phys., 1899, 69, 456; Cooke, Z. phys. Chem., 1906, 55, 537; Menzies, J.A.C.S., 1910, 32, 
1264; Weiser, J. Phys. Chem., 1916, 20, 532; Macinnes and Kreiling, J.A.C.S,, 1917, 39, 2350; 
Shirai, Bull. them. Soc. Japan, 1927,2, 37; Findlay, Practical Physical Chemistry,” 1941,55. 

1 J. Phys. Chem., 1908, 12, 661; 1909, 13, 138, 426; Z. phys. Chem., 1908, 63, 48, 381, 635; 
1909, 65, 549, 745; and several papers in Chem. News^ 1907-16. 

2 Bineau, Ann. Chim., 1846, 18, 226; Pettersson and Ekstrand, Ber., 1880, 13, 1191; 
Ramsperger and Porter, J.A.C.S., 1926, 48, 1267; 1928, 50, 3036; Coolidge, ibid., 1928, 50, 
2166; 1930, 52, 1874; Wrewsky and Glagoleva, Z. them., 1928, 133, 370; Alexander and 
Lambert, Trans. Faraday Soc., 1941, 37, 421 (acetaldehyde); for elaborate calculations see 
Halford, J. Chem. Phys., 1942, 10, 582; for HF, see Benesi and Smyth, ibid., 1947, 15, 337. 
For calculations of dissociation from vapour density, see Gibbs, “ Scientific Papers,” 1906 
1, 372. 

3 MacDougall, J.A.C.S., 1936, 58, 2585; 1941, 63, 3420 (propionic acid); 1929, 8, 291 \ cf. 
Faucon, Compt. Rend., 1908, 146, 691. 

4 Techn. Rep. Tdhoku Imp. Univ., 1924, 4, 145; 1927, 6, 157. 
5 Levy, Verhl. d. D. Phys. Ges., 1909, 11, 328; Nernst, ibid., 1909, 11, 313, 336; criticised 

by von Steinwehr, Z. Phys., 1920, 3, 466; Oddo, Gazz., 1915, 45, i, 319; Menzies, J.A.C.S., 
1921, 43, 851; Shirai, Bull. Chem. Soc. Japan, 1927, 2, 37; Dorsey, ” Properties of Ordinary 
Water Substance,” New York, 1940, 54 (bibl.). 

Humboldt and Gay-Lussac, J. de Phys., 1805, 60,129; Partington, “The Composition of 
Water,” 1928, 57. 

^ Mim. Soc. Arcueil, 1809,2,207 (read 31st December, 1808); Alembic Club Reprint, 1899,4; 
Ostwald’sA/tw^/^^^ 1893,42. 
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Some accurate combining or reacting volumes at S.T.P. are: 

2 vols. of hydrogen chloride give 1-0079 vols. of hydrogen; ^ 
I vol. of nitrogen combines with 3*00172 vols. of hydrogen; 2 

2*00288 vols. of hydrogen combine with 1 vol of oxygen.^ 

The law is only approximate, since different gases have somewhat different 
compressibilities at the same temperature and pressure. 

Berzelius ^ commented on the fact that Gay-Lussac did not draw any con¬ 
clusion about the combining or atomic weights from the simplicity of the 
combining volumes (probably because of the influence of Berthollet, who did 
not believe in fixed combining weights). The simplest assumption would, he 
said, be that equal volumes of elementary gases contain equal numbers of 
atoms, and by this so-called volume theory ” Berzelius was able to find the 
correct formulae for water, H2O, ammonia, NH3, and hydrogen chloride, HCl, 
and the correct atomic weights of hydrogen, nitrogen, and chlorine. There is, 
however, a difficulty in extending the volume theory to compound gases, which 
was pointed out by Dalton ^ (who also thought Gay-Lussac’s experimental 
results were inaccurate, as they did not agree with his own, less accurate, 
determinations). Nitrogen and oxygen, he said, combine in nearly equal 
volumes (he found 100 nitrogen to 120 oxygen) to form nitric oxide, and without 
change in total volume. Hence “ the number of ultimate particles could at 
most be one half that before the union. No two elastic fluids, probably, 
therefore, have the same number of particles either in the same volume or the 
same weight.” If equal volumes contain equal numbers of atoms, the atoms of 
nitrogen and oxygen must have been divided into two, which is impossible, 
since an atom is the smallest particle of an element which takes part in chemical 
change. 

This difficulty was resolved in an extremely simple way by the Italian physicist 
Amedeo Avogadro (1776-1856), who propounded what is now called Avogadro's 
hypothesis.^ 

» Gray and Burt,/.C.5., 1909, 95, 1633. 
2 Guye and Pintza, Compt. Rend.. 1908, 147, 925. 
^ Burt and Edgar, Phil. Trans., 1916, 216, 393; cf. Guye. J. Chim. Phys., 1917, 15, 208; 

Scott, Phil. Trans., 1893, 184, 543; Morley, Z. phys. Chem., 1896, 20, 417; Moles, ibid., 
1925, 115, 161; 1925, 117, 157. 

^ “ Essai sur la Theorie des Proportions Chiraiques,” Paris, 1819, 14. Many authors 
incorrectly attribute the volume theory to Gay-Lussac, so, e.g. Muir, “ Principles of Chemistry,*’ 
Cambridge, 1889, 12, 17. 

5 “New System of Chemical Philosophy,” 1808, 1, i, 70; 1810, 1, ii. 559; Alembic Club 
Reprint, 1899, 4. He said in 1810: “ The truth is, I believe, that gases do not unite in equal 
or exact measures in any one instance; when they appear to do so, it is owing to the inaccuracy 
of our experiments.” He thought the nearest to a whole number ratio was his own value for 
H2and02, 1*97:1. 

Careful authors of the last century call the statement “ Avogadro’s hypothesis,” e.g, 
Lothar Meyer, “ Modern Theories of Chemistry,” 1888, 8; others, e.g. Muir, ” Principles of 
Chemistry,” 1889, 30, speak of ” Avogadro’s law.” Maxwell, ” Theory of Heat,” 1875, 315, 
called it, by mistake, ” Gay-Lussac’s law.” Nernst, in Dammer, ” Handbuch der anor- 
ganischen Chemie,” Stuttgart, 1892, 1, 21; “Theoretical Chemistry from the Standpoint of 
Avogadro’s Rule and Thermodynamics,” 1904, called it “ Avogadro’s rule”; Berry, “ Modem 
Chemistry,” Cambridge, 1946, 6, calls it “ Avogadro's theorem,” Maxwell, who deduced 
Avogadro’s hypothesis by a dubious argument from the kinetic theory of gases, says: “ This 
law of volumes [Gay-Lussac’s] has now been raised from the rank of an empirical fact to that 
of a deduction from our theory.” The distinction between “ hypothesis ” on the one hand, 
and “ law ” on the other is often overlooked, but is important; Larmor, Manch. Mem., 1908, 
52, No. 10; Benrath, Chem. Ztg., 1908, 32, 201, 219. Intermediate between “ hypothesis” 
and “ law ” is the “ theory ” or “ theorem,” which usually has a place rather nearer the second. 
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§ 12. Avogadro’s Hypothesis 
Avogadro,^ who says his hypothesis was devised to explain Gay-Lussac’s 

law of volumes (not, as is often said, to explain the equal expansion of gases by 
heat), pointed out that the difficulty of reconciling this with Dalton’s theory is 
resolved if it is assumed that the smallest particles of elementary gases are not 
usually the atoms, but are associations of two or more atoms. He gave the 
name molecule (a diminutive of the Latin moles, a mass) to the smallest particle 
of a substance which normally exists in the free state.^ Maxwell ^ says that a 
molecule is “ that minute portion of a substance which moves about as a whole, 
so that its parts, if it has any, do not part company during the motion of agita¬ 
tion of the gas.” Avogadro called the molecules of elements ” molecules 
constituantes,” and those of compounds ” molecules integrantes,” and the 
atoms (a name he does not use) he called molecules elementaires.” Dalton 
had confused the latter with the gaseous molecules, but these “ are made up of 
a certain number of these elementary molecules [atoms] united by attraction 
to form a single constituent molecule [molecule].” 

Avogadro then assumed that equal volumes of all gases, at the same tempera¬ 
ture and pressure, contain equal numbers of molecules. This is called Avogadro's 
hypothesis, Avogadro’s words are: “ le nombre des molecules integrantes dans les 
gaz quelconques, est toujours le meme a volume egal... les rapports des masses 
des molecules sent alors les memes que ceux des densites des differents gaz, k 
pression et temperature egales.” 

If it is assumed that each nitrogen and oxygen molecule contains two 
atoms, then in the formation of nitric oxide these molecules are divided into 
atoms and double the number of nitric oxide molecules, each containing one 
atom each of nitrogen and oxygen, are formed, which meets Dalton’s criticism. 
Such results are clearly represented by volume diagrams, used by Gaudin ^ in 
1832, whose actual diagrams (with modern symbols added) for three cases are: 

Gaudin, who mentions Ampere but not Avogadro, and speaks of Berzelius 

^ Essay on a manner of determining the relative masses of the elementary molecules of 
bodies, and the proportions according to which they enter into these compounds [ccs com¬ 
binations]:/. de Phys., 1811,73, 58; Alembic Club Reprint, 1899, 4; Ostwald’s Klassiker, 1889, 
8; “Opere scelte di Amedeo Avogadro,” Turin, 1911, 1 f. 

2 According to Ostwald, Z. phys. Chem., 1899,29, 573, this definition “ has no actual sense,” 
but it seems generally satisfactory. 

3 “Theory of Heat,” 1875, 305; “Ency. Brit.,” 9th edit., 1877, art. “Atom”; “Scientific 
Papers,” 1890, 2, 445. 

4 Ann. Chim., 1833, 52, 113; Dumas, Phil. Mag., 1869, 37, 93 (who is favourably mentioned 
in Gaudin’s memoir) said: “ It would be unjust to omit the mention of M. Gaudin’s name by 
the side of that of Ampere.” Dumas, Ann, Chim., 1826, 33, 337, was practically the only 
chemist to mention Avogadro by name until Cannizzaro in 185^ Berzelius, Jahres-Ber,, 
1835, 14, 84, gave a long and favourable account of Gaudin’s paper, saying that: “ die Idee 
von gruppierten Atoraen auch in den Gasen der einfachen Korper hat etwas lockendes.” 
On Gaudin, see Del6pine, Bull. Soc, Chim., 1935, 2, 1; Urbain, ibid,, 1935,2,16, 
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with respect, used the names “ atom ” and “ molecule ” in the modern sense, 
and speaks of “ monatomic,” “ biatomic,” “ triatomic,” etc., molecules, 
composed of 1, 2, 3, etc., atoms. He recognised that mercury vapour is 
monatomic. He defined the ” molecule ” as “ un group isole d’atomes, en 
nombre quelconque et de nature quelconque.” 

In a letter to Berthollet, Amp6re ^ again put forward Avogadro’s hypothesis 
(he mentions Avogadro), but he supposed that the number of atoms (“ mole¬ 
cules ”) in the molecule (” integrant particle ”) of an element is four (not 
usually two as Avogadro supposed), and also attempted to extend the hypo¬ 
thesis to crystalline solids, so that his speculations are more complicated, less 
general, and less accurate than Avogadro’s. 

Avogadro’s hypothesis was almost completely ignored by chemists, who 
failed to appreciate that it provided a method of fixing atomic weights.^ 

Prout ^ used Avogadro’s hypothesis in 1834 (without mentioning Avogadro), 
and in reply to a criticism by W. C. Henry ^ says his hypothesis of atomic weights 
as whole multiples of that of hydrogen, proposed ^ anonymously in 1815-16, 
was actually founded on Avogadro’s hypothesis, although this is not expressed. 

Cannizzaro in 1858 revived Avogadro’s hypothesis and defined an atom as 
the smallest weight of an element occurring in the molecular weight of any of its 
compounds (see p, 787). 

§ 13. Gas or Vapour Density and Molar Weight 
The relation between density and molecular weight was introduced by 

Cannizzaro as follows. The relative density of a gas or vapour is the weight of 
any volume of the gas or vapour divided by the weight of an equal volume of 
hydrogen at the same temperature and pressure. If the atomic weight of hydrogen 
is taken as 1, the hydrogen molecule H2 has the molecular weight 2. By 
Avogadro’s hypothesis, at the same temperature and pressure: 

relative wt. of any vol. of gas or vapour wt. of n molecules of gas or vapour 

density wt. of equal vol. of hydrogen wt. of n molecules of hydrogen 

wt. of 1 molecule of gas or vapour mol. wt. of gas or vapour 

wt. of 1 molecule of hydrogen ~ mol. wt. of hydrogen 

mol. wt. of gas or vapour 

molecular weight=^relative density'll. 

On the standard 0=16, H = l*008 and the factor is 2*016. If the volume 
occupied by 1 g. of hydrogen is taken as unit, the weight of “ two volumes ” 
of any gas or vapour at the same temperature and pressure is the molecular 
weight.^ Hofmann called the weight of 1 lit. of hydrogen at S.T.P. a crith 

1 On the determination of the proportions in which bodies combine according to the number 
and relative arrangement of the molecules of which their integrant particles are composed: 
Ann. Chim.^ 1814,90,45; Ostwald’s Klassiker^ 1889, 8. 

2 Odling, q. by Hartley, Chem. and Ind., 1945, 398. 
3 “ Chemistry, Meteorology, and the Function of Digestion,” 1834, 144, 152-5; Meldrum, 

” Avogadro and Dalton,” Edinburgh, 1906,40; Dobbin, Chem. News, 1916,113, 85. 
4 Phil. Mag., 1834, 5, 33; Prout, ibid., 1834, 5, 132. 
5 Arm. Phil., 1815, 6, 321; 1816, 7, 111; Alembic Club Reprint, 1932, 20. See § 25. 
6 Gerhardt, Ann. Chim., 1843, 7, 129; 1843, 8, 238; Laurent, “ M6thode de Chimie,” 1854, 

82, transl. Odling, “Chemical Method,” 1855, 80; Mendel6eff, “Principles of Chemistry,” 
1905,1, 319 f. The suggestion to refer gas densities to that of hydrogen as 1 was made by 
Davy, “ Elements of Chemical Philosophy,” 1812,192; “ Works,” 1840, 4, 140. 

7 “ Introduction to Modem Chemistry,” 1865.131. 
A.T.P.C.—25 
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(Greek a barleycorn), and the weight of the same volume of any gas or 
vapour in crith units is half the molecular weight. 

Formerly, dry air, freed from carbon dioxide by alkali, was used as the 
standard of relative density of gases, but the use of air as a standard in accurate 
determinations has been discontinued, since the composition of the atmosphere 
is slightly variable at dilferent times, the weight of a litre of air varying by 
0-5 mg. or more.^ The value 1-2930 g./lit. for the normal density of air is 
probably the best, and may be used in converting data given relative to air= 1 to 
normal densities (g./lit.) by multiplication by this figure. If the values are not 
at S.T.P., a knowledge of the compressibilities and coefficients of expansion of 
air and of the gas is necessary, but as values relative to air are not usually of a 
high order of accuracy, the assumption of Boyle's law and the known coefficients 
of expansion are usually sufficient. 

When the weight of any quantity of a gas is compared with the weight of an 
equal volume of a standard gas at the same temperature and pressure, the ratio 
depends only on the nature of the gases, and (with ideal gases) Avogadro's 
hypothesis shows that this ratio is equal to the ratio of the molecular weights M 
of the two gases, VFi/vi^2=^i/^2- If the molecular weight of oxygen is taken 
as A/2=32, the standard gas will be an imaginary gas with 1/32 the density of 
oxygen, and the molecular weight of a given gas is found by multiplying by 32 the 
ratio of the weight Wj of the gas to the weight vv2 of an equal volume of oxygen 
at the same temperature and pressure, A/i=32(>Vt/w2). The weight of 1 ml. 
of oxygen at S.T.P. is 0*001429 g. and at t"" C. and p cm. Hg it is 0*001429 X 
273/?/76(273 + 0- If g- is the weight of 1 ml. of any other gas or vapour 
calculated for the same conditions, the molar (g. mol. wt.) weight is: ^ 

Ml = 32ivi X 76(273 +r)/0-001429 X 273;?=6233wi(273+/)//? . (1) 

According to Avogadro’s hypothesis, the volume occupied by one mol of any 
gas or vapour, calculated for S.T.P., is a constant, called the molar volume. 
Hence if A/=molar weight, Z)=normal density ==weight in g. of 1 lit. at S.T.P., 
then: ^ 

M/Z)=:const.= F^.(2) 

§ 14. The Molar Volume 

The molar volume can be calculated from the values of M and D for any 
gas. Oxygen, the standard gas, may be chosen; in this case A//Z)=32/l *4290= 
22*4. Hence, for approximate purposes, M=22*4/). Since oxygen is not 
quite an ideal gas, this value requires a small correction which can be calculated 
from the compressibility coefficient of oxygen (§ 15), giving the ideal molar 
volume 22*415 lit. 

It is important to notice that the value of F,„o, the molar volume of an ideal 

1 Morley, Amer. J. ScL, 1879, 18, 168; 1881, 22, 417; Amer. Chem. J., 1882, 3, 275; Guye, 
Kovacs, and WourtzeI,7. Chim. Phys., 1912,10, 333; Tower, ibid., 1913,11, 249 (bibl.); Guyc, 
ibid., 1917, 15, 560; Jaquerod and Borel, ibid., 1921, 19, 11; Stock and Ritter, Z. angew. 
Chem., 1926, 39, 1463 (0*13 per cent); Moles, Gazz., 1926, 56, 915; Moles, Paya, and 
Batuecas, Rev. Acad. Cienc. Madrid, 1930,25, 95; Stock, Ramser, and Eybcr, Z. phys. Chem., 
1933, 163, 80 (oxygen volume percentage 20-81-21 07); Paneth, Nature, 1937, 139, 181; 
Carpenter, J.A.C.S., 1937, 59^ 358 (who found the volume percentages of oxygen and carbon 
dioxide in dry uncontaminated air very constant). 

2 Mendel6eflf, “ Principles of Chemistry,” 1905, 1, 345. 
5 Mendelteff, ” Principles of Chemistry,” 1905,1,319, who calls this ” the law of Avogadro- 

Gerhardt.” Debus (see § 212) supposed that this was the form in which Dalton arrived at 
his atomic theory. 
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gas at S.T.P., should have the same value when calculated by the above method 
for all gases, and the following table, given by Berthelot,i shows that this is very 
nearly the case. The column headed I'-vJvq gives the compressibility correc¬ 
tion, and ^>0 being the actual and ideal volumes at 1 atm. pressure. 

Gas D M 

— 

\-VxIvq V„ 

H2 008982 2*016 I 00064 22*445 22*4308 
CO 1*25010 28*00 0*99954 22*406 1 22*4084 
O2 1 *42876 32*00 0*99924 22*397 22*4140 
CO> ... 1 *97625 44*00 0*99326 22*269 22*4146 
C2H2 •.. i M7070 1 26*016 0 99160 22*231 1 22*4109 
HCl ... 1 *64073 I 36*458 0*99210 ‘ 22*221 22*3983 
SO2 ... i 2*92661 64*06 

1 

0*97642 21*889 22*4174 

1 I 
! 22-4135 
i 

Berthelot adopted the best average value as V.n0 =22412 lit./mol. More 
recent experimental values of densities and compressibilities indicate the value 
V.0 = 22415 lit./mol, which is adopted in this book.^ 

§ 15. Accurate Molar Weights from Limiting Gas Densities 

Since actual gases do not obey Boyle’s law, they cannot agree exactly with 
Avogadro’s hypothesis. Equal volumes of two gases may contain equal 
numbers of molecules at one pressure, but (owing to deviations from Boyle’s 
law) these two equal volumes become two unequal volumes at another pressure 
whilst still containing equal numbers of molecules. 

Suppose unit volume of a gas at a given temperature and pressure p contains 
N molecules in the ideal state and N' in the actual state, and let it contain N 
in the actual state when the pressure is p+hp, where S/? is the deviation from 
Boyle’s law. Since hp is small Boyle’s law can be assumed in connecting 
N and N\ giving ^ N'IN=pl{p+hp) — \l{\+hplp), therefore N=N'{\+hplp) 
or A^' = A/(l+S/?//7):::^/V(l — S/?//?). Since Avogadro’s hypothesis should hold 
strictly for an ideal gas, and since Boyle’s law was shown experimentally by 
Rayleigh to hold exactly at very small pressures (§ ll.VIIA), it may be 
assumed with some confidence that the ratio of the densities of two gases at 
very low pressures gives the exact ratio of the molar weights} 

If a mass W g. of gas occupies a volume V lit. at 0° C. under a pressure 
p atm., WjpV is the density {WjV) at unit pressure (/7=1). Owing to deviations 
from Boyle’s law, pK is not quite constant at different pressures. When 
P=Pj = 1, WjpV is the normal density, D=WjpiV^WlV when Pi = l. As p 
approaches zero WjpV approaches the value for the ideal gas, and the ratio 

1 Z. Elektrochem., 1904, 10, 620. 
2 Holbom, Z. Ph\s., 1921, 6, 69 (22 414); Baxter and Starkweather, Proc. Nat. Acad., 

1924, 10, 479 (22415); Moles, Z. anorg. Chem., 1927, 167, 40 (224148±0*0007); Clark, 
Phil. Mag., 1938, 18, 80; the diiference between the alternative values given by Birge, Rep. 
Progr. Phys., 1942, 8, 90, 22*4151 for g=980*616, and 22*4140 for g=980*665, is within the 
limits of experimental error in this field. 

3 J. J. Thomson, in Watts’ “Dictionary of Chemistry,” edit. Morley and Muir, 1890, 
1 88. 

’ 4 Phil. Trans., 1902,198,417; Proc. Roy. Soc., 1904,73,153. 
3 Little, Sci. Progr., 1913, 7, 504; Young, “Stoichiometry,” 1918, 44; Baxter, J.A.C.S., 

1922, 44, 595. 
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Do=WIpqVo is called the limiting density (by Rankine ^ the “theoretical 
density ”). This gives Rayleigh’s equation: 2 

Do-=(PiVilPoVo)D .(1) 

Since Dq is the weight of 1 lit. of the gas in the ideal state at S.T.P. and as the 
mol M is the weight of 22-415 lit. at S.T.P., 

M=22-4l5Z)o .(2) 

The first use of a limiting density seems to have been by Wrede,^ who 
found that the density (air=l) of carbon dioxide is represented by Z)= 
1-5201(1+0-0049/?)/(l+a/), where a is the coefficient of expansion. Hence 
the "true” density was taken as 1*52037. He found no dependence of 
pressure with oxygen and carbon monoxide. 

By plotting pV against p a straight line is found for a given mass of most 
gases for values of p less than 1 atm., and hence by extrapolation to /?=0 the 
value of PqVq in (1) is found. This linear relation between pV and p holds 
strictly only for permanent gases; for more easily liquefiable gases the pV-p 
isothermals are probably slightly curved,^ the slope decreasing somewhat at 
low pressures, but the curvature is quite small even for carbon dioxide. The 
accurate equation is: 

P ^^Po Po++^P^ +.(3) 
in which B, C, etc., are functions of temperature, but C and later coefficients 
are very small, and the corresponding terms are usually negligible at pressures 
below atmospheric. 

D. Berthelot ^ defined the compressibility coefficient of a gas between 1 atm. 
(/?]) and a low pressure (po) 

K=(Po^o-Pi^i)IPoyaiP\-Po) .(4) 

When/?i = l and Pq-^, this becomes: 

Al=\-PiV,jp^Vo .(5) 
From equations (1) and (5): 

Z>o=Z)(l-~^i)  (6) 

Since the compressibility coefficient of oxygen is 0-000964, i.e. 1 
0-000964, the volume at 1 atm. pressure which any volume of oxygen, 
would occupy if it were an ideal gas, is given by I — z;i/z;o=0-000964. For 
1 g. of oxygen at S.T.P., = 1/1 *4290 lit., and for 32 g., the molar weight, the 
ideal molar volume is: 

F^o=32/[1 -4290 X{1 -0-000964)]=22-414 lit. 

Guye^ found from the equation as 22-410 lit./mol. 

» Phil. Mag., 1851, 2, 509 (527). 
2 Porter, in Gray and Burt, J.C.S., 1909, 95, 1633. 
3 Berzelius, Jahres-Ber., 1842, 22, 72; Ostwald, “ Lehrbuch,” 1910, 1, 82; Berthelot, Compt. 

Rend., 1907, 144, 76, says the idea is due to Regnault, 1842; Clarke, Phil. Mag., 1881, 12, 
101, had used Regnault’s gas densities at 1 atm. pressure to calculate atomic weights, but 
Thiesen, Ann. Phys., 1885, 24, 467, pointed out that they should be extrapolated to zero 
pressure and showed how this could be done. Blaserna, Compt. Rend., 1869, 69, 132, 134, 
pointed out that Regnault’s value for carbon dioxide at lOO"* is not (as Regnault thought) 
equal to the ideal value. 

Gray and Burt, J.C.S., 1909, 95, 1633. 
5 Compt. Rend., 1898, 126, 954, 1030, 1415, 1501; 1907, 145, 317;/. de Phys., 1899, 8, 263; 

Z. Elektrochem., 1904, 10, 620'^ Trav. et Mem. Bur. Internal. Folds et M^sures, 1907, 13; sec 
§29.vnc. 

« Compt. Rend., 1907, 144, >^16, 1360. 
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He calculated from the critical data and thought there was a variation of 
with critical temperature according to the formula 22*410 + 1-Sx 

but this is improbable.* 
Guye ^ and his school used a different compressibility coefficient A: 

>^=(poyo-Piyi)/piy\(pi-po).(7) 
or, for /?! = 1, /?o >0, 

l+X==PoVolPiVi.(8) 

/. Do=/)/(l+A).(9) 

The relation between and A is given by (6) and (9) as: 

>li=A/(l+A)  (10) 

(1—and (1+A) are both nearly unity but have opposite signs, being 
usually positive (except for hydrogen) and A negative (except for hydrogen); 
equations (6) and (9), although they give almost the same results, are not 
identical. For two gases of molecular weights Mi and M2: 

A/, Ddl-4)i /),(1+A2) 

M2 D2(1->1*)2 772(1+Ai).^ ^ 

For hydrogen j[)=0*089873, 0*(XX)54; for oxygen /)= 1*42900, 
A[=^ +0*000964. Hence: 

mol. wt. of H2_0*089873(1+0*00054)__ 1_1 *0078 

mol. wt. ofb2~r429Wr-0^^^^^ 16 ‘ 

The normal density of hydrogen chloride is 1 *63915. For an arbitrary mass 
of gas piKi = 54,803, and the value of PqVq found by graphical extrapolation 
from the slightly curved plot ofpFagainst p to p=0 was 55,213 (Gray and Burt). 
Hence Dq for HC1=1 *63915x 54803/55213= 1 *62698. 

The normal density of oxygen is 1*42900 and the following values of PiVi 
and po^o (extrapolated) were found, the limiting densities shown being cal¬ 
culated in the same way as for HCl: 

PiVi 

1 

PqVq (extrap.) Do for oxygen 

139,628 139,769 1 *42756 
138,959 139,087 ! 1 *42768 
56,256 56,311 1 *42760 

mean I *42762 

molecular wt. of HCl=32 x 1 *62698/1 *42762=36*469. 
Guye ^ proposed the extended equation ; 

Piz;i = [(l+A)~A(p-l)]po^*o.(12) 

1 Wells, Amer. Chem, Abstr., 1907, 1, 2529. 
2 Guye, J. Chim. Phys„ 1905, 3, 321; 1906, 4, 174; 1908, 6, 769; 1913, 11, 275; 1919, 17, 

141; Compt. Rend., 1907, 144, 976, 1360; Baume and Wourtzel, J. Chim. Phys., 1912, 10, 
520; see the papers by Baume, Cardoso, Jaquerod, Ter Gazarian, Moles, and Wourtzel, 
quoted in § 6; Henning and Jaeger, in Geiger and Scheel, “ Handbuch der Physik,” 1926, 
2, 493; Birge, Rev. Mod. Phys., 1929,1,1; Batuecas, J. Chim. Phys., 1932, 29, 26; Birge and 
Jenkins,/. Chem.Phys., 1934,2, 167; Moles,/. Chim. Phys., 1937, 34, 49. 

3 Quoted by Wourtzel, J. Chim. Phys., 1919,17,143. 
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for more easily liquefiable gases, and Baume ^ used: 

pv^l+ad^DjD^) .(13) 

where /)=wt. of 1 lit. under pressure p, A do. under 1 atm. pressure. This 
corresponds ^ with .4j=«/(l +a)=a'-'a^+a^. 

Leduc ^ used the equation 
Mpv=RT(l>.(14) 

where ?;=sp. vol., /?=gas const, per g., (jy is a function of temperature. At low 
pressures Mp^vq=RT^q for /?->0) 

pvlPo‘^<i=^l4>o—’t>  (15) 
where 

1 —mp—iip~— 1 --mppT^np^^7r'^=l—mp^e—np^^e^ . . (16) 

where /7^=crit. press., 7r=reduced pressure ip/Pc) ‘dnd e is expressed as the 
ratio p cm.jp^ atm. He then found m and n as functions of temperature. The 
fundamental equation later used by Leduc (in 1923) was {k^TJT, and is a 
constant): 

p==(RTjM){ v/{v-by-3-l6[hl(v+b)m4^-1)} . . . (17) 

Jt has been demonstrated several times that the methods of Berthelot, 
Guye, and Leduc are the same in principle, and give almost identical results. 
Sinosaki and Hara ^ for hydrogen cyanide, found: 

pVjW^R-bp-cp^ .(18) 

where lL=weight of the gas, b and c are constants. 
In a method used by Batuecas^ the values of pK found at 1, y, and } atm. 

were extrapolated to zero pressure to find Po^o- The densities at unit pressure 
{WIpV) of nitrous oxide at different pressures {p atm.) and the values of pV 
found were: 

p ... ' 1-00 1 0-667 0-50 1 0-333 
W/pV ... 1-9804 1 -9746 1 -9722 1 -9694 
pV 1-00000 

1 i 
1-00294 : 

1 

1-00416 ! 
1 i 

1-00559 

Extrapolation of the/;L“P curve gave p^Vo, and 1 +A= 1 -0085, 

A=T)ji/(1 +A)=1 -9804/1 -0085= 1 -9637 g./lit. 

.-. Af= 1-9637x22-415=44-016, 

atom, wt. N=^(44-016-16)= 14-008. 

1 J. Chim. Phys., 1908, 6, 52. 
2 Baume and WourtzeI,y. Chim. Phys., 1912, 10, 520. 
3 Compt. RemL, 1896, 123, 743; 1897, 124, 285; 1897. 125, 571, 646, 703; 1909, 148, 407; 

1912, 155, 206; 1923, 176, 1132; Leduc and Sacerdote, ibid., 1897, 125, 297, 299, 768; Leduc, 
/. dePhys,, 1898, 7, 5, 189; 1899, 8, 585; Ann. Chim., 1898, 15, 5, 90; 1899, 17, 173; 1910, 19, 
441; “ Volumes moleculaires: Applications,” Paris, 1923. 

^ Van Laar, Verslag. K. Akad. Welens. Amsterdam, 1899, 7, 350; Proc. K. Akad. Wetens. 
Amsterdam, 1899, 1, 273; Z. phys. Chem., 1899, 32, 158; Burt and Howard, Trans, Faraday 
Soc„ 1924, 20, 544; Wild, Phil. Mag., 1931, 12, 41; Boutaric, /. Chim. Phys., 1931, 28, 174; 
Cawood and Patterson, J.C.S., 1933, 619; Dietrichson, Orleman, and Rubin, J.A.C.S., 1933, 
55, 14; Keyes and Felsing, ibid., 1946, 68, 1883 (methylamines). 

5 Techn. Rep. Tdhoku Imp. Univ., 1929, 8, 297. 
« J. Chim. Phys., 1931, 28, 572; Arch. ScL Phys. Nat., 1938, 20, 59; Z. anorg. Chem., 1941, 

246, 158; cf. Dietrichson et al., J.A.C.S., 1933, 55, 1, 14 (NH3, density at 1, } and i atm., 
0-77126, 0-51161, 0-25458). 
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Moles ^ found that if allowance is made for adsorption on the glass globe the 
density (weight of 1 lit. at S.T.P.) of any gas is a linear function of pressure 
below 1 atm.: 

.(19) 

(This is a different relation frompV^p^yVo+Bp.) The adsorption is expressed, 
for unit surface, by the equation a=^kp^ where p is the pressure, the constants 
k and m (=0-25 to 0*70 for different gases) being determined by experiment; 
m shows a tendency to decrease with increasing pressures. The total adsorption 
for a spherical bulb of volume v is: 

where p^ is the residual pressure. If 1/Z>^ is a linear function of pressure and the 
uncorrected normal density is Dp\ then: 

l/Z)/=(l/i)o)(l-^p)(l-^/g), 

where a is the quantity of gas adsorbed and g is the weight of gas contained in 
the globe of volume v under the pressure p. Thus: 

\ID;={\ID,){l^Ap)[\^iklg)v^^^^^^^ . . . (20) 

Moles determined Do by measuring the density at 1, f, and \ atm., and extra¬ 
polating to zero pressure. 

The micro-balance method for the comparison of densities (§ 4) is readily 
adapted to the determination of the ratio of limiting densities, i.e. the ratio of 
the molecular weights. From (4) (Pq-^0) 

pV=^P^V^{^-Ap).(21) 

But PqVq==RT{WIM) for the ideal gas, since WjM^n, the number of mols, 
and(IF/F)=A hence: 

pMRTDIM){\-Ap).(22) 

The densities of two gases are equal (equilibrium of the micro-balance) 
when: 

P2 Miil-AiPi) 
M2^ (^-A2P2) 

(23) 

When /*, the observed pressure ratio, is extrapolated to the limiting value Tq 
for zero pressures and p2->G): 

M2/Mi=/*o.(24) 

If the compressibility coefficient of one gas, ^i, is known, that of the other 
may be calculated from the values of r at two pressures below 1 atm., since: 

r' (1-p'2A2) (l-p'iA^) 
(25) 

^'"(l-/’"2^2) . 

The micro-balance method was used by Woodhead and Whytlaw-Gray 2 in 

1 Moles and Clavera, Z. anorg. Chem,, 1927, 167, 49 (N2); Moles, Rec. Trav. Chim., 1929, 
48, 864; Moles and Salazar, An. Fis. Quint,, 1932, 30, 182; Moles, ibid., 1937, 35, 134; Compt. 
Rend., 1937, 205, 1391; Chim. Phys,, 1937,34, 49; in Les Determinations physico-chimiques 
des Poids Moieculaires et Atomiques des Gaz, Institut Internationale Cooperation Intellectuelle, 
Paris, 1938, 1, 116, and bibl. of other papers by Moles and collaborators; Moles and Toral, 
Z. anorg. Chem., 1938, 236, 225 (SiF4). 

2 J.C.S., 1933, 846. 
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finding the atomic weight of carbon from the determination of the limiting 
density of carbon monoxide. The temperature was 19 *8° C. 

Approximate balancing 
pressures, mm. Hg Uncorrected 

pressure ratio 
Corrected 

pressure ratio 

Limiting 
pressure ratio 

Mol. wt. of 
CO 

02 CO 
r' r 1 

1/ 
ro 

Ml 

181-9 207-8 0-87535 0-87523 0-87533 28-010(6) 
361-9 413-5 0-87524 0-87514 0-87534 28-011(0) 
572-3 654-0 0-87509 0-87500 0-87537 28-011(8) 

§ 16. Table of Compressibility Coefficients 

Some values of the compressibility coefficients at 0° are: 

1 
1 l + A 4x105 

Hydrogen H2. 0-99935 15* -52 18 
! 0-9992216 

Helium He . ... 1 0-99955 16 -6018 
i 10000» -8615 

Neon Ne . ... j 0-99895^ -I05» 
j 0 99941 7.21 -65-9 21 

Nitrogen N2 . ... ' i-000454 + 43 >1.2‘ 
! 1 00043 ^1 
; 1 0006« 

1 1 -00074 16 
1-00117 >8 

Carbon monoxide CO... ... ! 1 000486 + 81 25 

j 1-00040 21 +40 21 
1-00050 50 

Oxygen O2 . 1-000926 21 +97 18 
1 00085 15 +92-5 21 
1-00097 18 + 113 15 

1 00093 ^ 

1 -00087 5 1 

1-000942 29 

Argon A . 1001047 + 82 25 
1-00090 21 I + 90 21 

Nitric oxide NO 1-00112 3 1 + 11718 
Ethylene C2H4 1-00743 

1-0073 21 
1-0078 33 + 102 33 

Acetylene C2H2 1-00884 17 

Carbon dioxide CO 2 ... 1-00706 15 + 691 21 
1-0068 4 +676 11 

1-0067 10 +663 27 

1-00702 12 +922 15 
1-00694 21 

Phosphine PH 3 1-0097 26 
Hydrogen sulphide H2S 1-010419 
N itrous oxide N 2O 1-0088 1 + 73925 

1-00734 + 733 21 
1-0073721 + 700 27 

Silicon fluoride SiF4 ... 1-0100421 + 1003 21 

See page 111 for footnotes. 
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1 + A A\ X105 

Hydrogen chloride HCl 1-0073718 + 736 13 
Hydrogen bromide HBr 1 00934 x 

100931 20 
+931 20 

Hydrogen iodide HI. 10149123 

Methyl oxide (CH3)20 1 0254 3 
1-027 4 

1 -02656 8 

+2656 8 

Ammonia NH3 . 1-01499 18 + 1521 18 
1-01553 24 + 1502 21 

1-01526 21 + 1480 27 

Methyl chloride CH3CI 1-02215 8 
1-0247 31.32 

+ 2215 8 

Sulphur dioxide SO2. 1-02341 18 
1-0239 22 

1-02410 21 

+ 2380 8.18 

Propane CsHg. 1-0204 2 

Nitrosyl chloride NOCI ... j j 1-02395 28 

1 Batuecas, J. Chim. Phys., 1931, 28, 572. 
2 Batuecas, J, Chim. Phys.y 1934, 31, 165. 
3 Batuecas,/. Chim. Phys.y 1925, 22, 101. 
4 Batuecas, J. Chim. Phys.y 1934, 31, 65. 
5 Batuecas, Maverick, and Schlatter,/. Chim. Phys., 1925, 22, 130. 
<> Batuecas, Schlatter, and Maverick, /. Chim. Phys.y 1929,26, 548 (chose 1 OCK)6). 
7 Baxter and Starkweather, Proc. Nat. Acad.y 1928, 14, 50; 1929, 15, 441. 
8 Baume, /. Chim. Phys.y 1908, 6, 1. 
^ Burt, Tram. Faraday Soc.y 1910, 6, 19. 

10 Cawood and Patterson, J.C.S.y 1933, 619. 
Chappuis, Trav. et Mem. Bur. Internat. Poids et Mes.y 1907, 13. 

12 Deshusses, The.dSy Geneva, 1922; Landolt-Bornstein, “ Tahcllen," 1927, Ergzb. 1, 163. 
13 Gray and Burt, J.C.S.y 1909, 95, 1633. 
14 Guye,/. Chim. Phys.y 1919, 17, 141. 
15 Guye and Batuecas, Helv. Chim. ActUy 1922, 5, 532; /. Chim. Phys.y 1923, 20, 308; cf. 

Addingley and Whytlaw-Gray, Trans. Faraday Soc.y 1928, 24, 378. 
16 Henning and Heusc, Z. Phys.y 1921,5, 285. 
17 Howarth and Burt, Tram. Faraday Soc.y 1925, 20, 544; cf. Sameshima, Bull. Chem. Soc. 

Japcuiy 1926,1,41. 
18 Jaquerod and Scheuer, Mem. Soc. Phys. Nat. (Geneva), 1907, 35, 659. 
1^ Maverick, Thesisy Geneva, 1922. 
20 Moles,/. Chim. Phys., 1916, 14, 369; 1921-2, 19, 135. 
21 Moles, Poids Mol6culaires des Gaz, Imtitut Internationale de Coop&ation Intellectullcy 

Paris, 1938, 47, 191. 
22 Moles, Rec. Trav. Chim., 1929, 48, 864. 
23 Moles and Miravalles, Landolt-Bornstein, “ Tabellen,” 1927, Ergzbd. 1, 163. 
24 Moles, An. Fis. Quim., 1926,24,717; Moles and Batuecas, Landolt-Bornstein, “ Tabellen,*’ 

1931, Ergzb. 2, 205. 
25 Rayleigh, Phil. Trans., 1905, 204, 351. 
26 Ritchie, Nature, 1929, 123, 838. 
27 Whytlaw-Gray and Cawood, Poids Mol6culaires des Gaz, Imtitut Internationale de 

Cooperation Intellectuelle, Paris, 1938, 88. 
28 Wourtzel,/. Chim. Phys., 1913,11, 29. 
29 Moles and Roquero, An. Fis. Quim., 1937, 35, 263. 
30 pire and Moles, An. Fis. Quim., 1929, 27, 267. 
31 Batuecas, An. Fis. Quim., 1925, 23, 343. 
32 Bodareu, Atti R. Accad. Lincei, 1914, 23, i, 491. 
33 Batuecas, Helv. Chim. Acta, 1922, 5, 544. 
25* 
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§ 17. Calculation and Determination of Compressibility Coefficients 

Instead of using a measured value of the compressibility coefficient, a value 
may be calculated from a characteristic equation. The simplest is van der 
Waals’s equation,1 {p+ajv'^){v—b)=^RT, if is the ideal volume, pVo^RT, 

pvo=^{p+alv^)(v—h)={p+alv^){l^hlv)v ... (1) 

lf/? = l atm., then, since bjv is small: 

VQ^v{l+a/v^)(l-’hlv)c::r^v{\+alv-—b/v)^v(l) ... (2) 

If Z), Dq arc the normal and Limiting densities: 

DID^=.Volv==^<f> A)=^M==^/22415 . . . (3) 

from which M may be calculated from Z), a and h, since z; in ^ may, with 
sufficient approximation, be replaced by z’o=22415 lit. 

Van der Waais ^ used the equation: 

1 

(1+«)(!-/)) • • 

A more accurate equation is that of D. Berthelot (§ 29.VII C): 

■ (4) 

pV=RT ,4. A 

■^128^ 
(5) 

Since V^MjD, and the expression in square brackets in (5) may be written 
(1 +Ap) at a given temperature: 

M={DRTIp){\-Ap) .(6) 

.4 = -(9/128)(r2-67;2)7>,7’J.(7) 

For hydrogen chloride /)= I -63915, 7^=273-09+51-45, p,=^l -55 atm. Thus 
^ = +0-007582, and since /?=0-08208 lit. atm./l°C., therefore M=l-63915x 
0 -08208 X 273 -09 X 0 -992418=36 -466. 

Beattie and Bridgeman’s ^ equation gives the simple result: 

(l+A)r=l-iS,/(/?2A2+^i).(8) 

where fi^RTBi)--A^—RcjT^, Bq and c being constants. 
The apparatus used by Guye"^ and the Geneva workers for measuring com¬ 

pressibility coefficients is shown diagrammatically^ in Fig. 14.V11 D. Three 
bulbs A, B, and C, of 177 ml. capacity, are connected by capillaries 7 cm. long 
and 1 *74 mm. diam., the capillaries having marks b, c, and d. The bulbs are 

^ Van der Waais, Proc. K. Akad, Wetens. Amsterdam, 1898,1, 198; D. Berthelot, /. dc Phys., 
1899, 8, 263; Guye and Friderich, Arch, Sci. Phys, Nat., 1900, 9, 505; Guye, Compt. Rend., 
1905, 140, 1241; J. Chim. Phys.. 1^5,3, 321; criticised by Kohnstamin, /. Chim. Phys., 1905, 
3, 665; 1906, 4, 102. For easily liquefiable gases Guye used limiting values ’’ of a and b 
given by ao=a(TclTp/\ ^)o=^>/[l~(r,~r)/rd(l-0 0032229 pdp). 

2 Proc. K. Akad. Wetens. Amsterdam, 1898,1, 198. 
3 See (4), § 38,VII C; Coppock, J. Phys. Chem., 1933, 37, 995; Phil. Mag., 1935, 19, 446; 

Roper, J. Phys. Chem., 1940, 44, 834; 1941, 45, 321; used the virial equation (§10.VJIA) 
pv=RTA- Alv+B/v^ + cjv^ for hydrocarbon gases. 

4 J. Chim. Phys., 1927, 20, 308. 
5 Important air-traps on the mercury connections, etc., are shown in the original, and must 

be used in accurate work; see Batuecas’ criticism, J. Chim. Phys., 1933, 30,482; 1935, 32, 58; 
of the work of Klemenc and Bankowski, Z. anorg. Chem., 1932, 208, 348; 1934, 217, 62. 
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(r^ ==:^ E 

. a 
X S 

A 

e L -b 1 
/\ 

B 

\/ 

^ 9 ■c 1 

F 
C 

_ 

contained in an ice-bath K, two horizontal tinned- 
iron tubes e/and gh, with glass windows, keeping 
parts clear of ice so that the marks can be observed 
through the windows (wire gauze tubes would be 
better). The lower tube D is connected with a 
mercury levelling reservoir (with an air-trap), and 
the upper tube E leads to a mercury gauge F with 
a fixed levelling point and a vertical pressure-tube 
G connected at the top H with a vacuum pump. 
By filling the tubes with gas at low pressure and 
raising the mercury level in succession past the 
marks d, c, 6, and a, at the same time reading the 
pressures in FG, two (or three) values of pv for 
different pressures below atmospheric are found, 
from which l-l-A can be calculated. Values of 
pv at low pressures found by Rayleigh’s method 
(§ II.VII A), or in other ways, may be used. 

§ 18, Elements and Compounds ^ | 

“ In Chemistry, bodies are regarded as equal ^ 
when their properties, apart from arbitrary size ^ DetSa°ionrf Gas‘coS- 
and shape, are completely identical. In order pressibility 

that two bodies shall be equal in this sense, it is 
necessary that for each body all the parts shall also be identical. Bodies con¬ 
sidered without reference to size and shape are called substances, and those 
which satisfy the above conditions are called homogetwous. Experience shows 
that from homogeneous substances, in many circumstances, other homogeneous 
substances, with essentially different properties, can be produced. These changes 
usually occur discontinuously, so that a continuous change of substance does 
not occur in any ascertainable way. Such changes are called chemical changes^ ^ 

Homogeneous bodies may either have a constant composition, however pre¬ 
pared, when they are called pure substances, or they can be prepared with 
different compositions, when they are called solutions. Solutions can always 
be separated by suitable means (e.g. evaporation or distillation) into two or more 
pure substances. 

A homogeneous pure substance may undergo a complete chemical change in 
different ways according to its composition: ^ 

(i) It forms products of greater weight than itself in all changes, or combines 
with other substances, when it is called an element, 

(ii) It forms products each of less weight than itself, or decomposes, when it 
is called a compound, 

(iii) It remains unchanged in weight, when it is said to have undergone an 
allotropic change if it is an element, or an isomeric change if it is a compound. 

1 Ostwald, “ Lchrbuch der allgemeinen Chemie,” Leipzig, 1910, 1,1;“ The Principles of 
Inorganic Chemistry,” 1904, 1 f; J,C,S,, 1904, 85, 506. 

2 Duhem, “ Le Mixte et la Combinaison Chimique,” Paris, 1902; Ostwald, “Outlines of 
General Chemistry,” 1912, 109 f.; on the distinction between compounds and solutions, see 
Timmermans, “La Notion d’Esp^es en Chimie,” Paris, 1928; “Chemical Species,” New 
York, 1940; on the definition of element, see Paneth, Z. pAyj, Chem,, 1916, 91, 171; 1918, 92, 
611 \ 1918, 93, 87; Scientia, 1935, 219, 272; Pajans, Jahrb. Radioakt, Elektronik., 1917, 14, 
314; Wegseheider, Z. phys, Chem., 1918, 92, 741; 1919, 93, 380; Fierz, Scientia, 1942, 71, 67; 
Partington, Chymia, 1948,1, 109. 
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Sometimes a change in physical state of a compound, e.g. red into yellow 
mercuric iodide on heating, is called an allotropic change. A few elements, such 
as argon, do not undergo chemical changes.^ 

Mendeleeff 2 distinguished between a chemical element, such as carbon, and 
a simple substance, such as diamond, graphite, and charcoal, composed of the 
element. In chemical changes it is the element which is qualitatively and 
quantitatively conserved.'^ 

The separation of a compound into its elements is called analysis', the forma¬ 
tion of a compound from elements is called synthesis, although both these terms 
are also used with different meanings. 

Many elements are mixtures of two or more varieties called isotopes, but 
when these are present in constant ratios and are inseparable by ordinary 
chemical changes the particular mixture behaves as a simple element. 

§ 19. Law of Conservation of Mass 

A comparison of the weights of bodies by an ordinary balance is really a 
comparison of masses. In all chemical changes, as was first categorically 
asserted by Lavoisier: ^ “an equal quantity of matter exists both before and 
after the operation.” In its modern form, this runs: ^ the total mass of any 
system is not changed by any process which takes place in the system. The 
introduction of the concept of “ matter ” adds a metaphysical element to the 
law which is quite unnecessary.^ 

The law of conservation of mass can be established only by experiment. 
Heydweiller noticed small changes in weight in some chemical reactions 
carried out in sealed glass tubes, e.g. FeH-CuS04Aq=Cu4-FeS04Aq, a maxi¬ 
mum loss of 0*217 mg, being found. Although lo Surdo ^ found no real changes 
amounting to 1 part in 10'^ to 10®, Landolt ^ in a long series of experiments at 
first always found small losses (maximum 0T99 mg.), as did Sanford and Ray 
in the reduction of ammoniacal silver nitrate with grape sugar (0*03-0*08 mg.). 
This might be due to the penetration of glass by gases and vapours, which 
Zenghelis claimed to have detected by such experiments as one in which silver 
foil in a sealed vacuous tube was attacked at the ordinary temperature by 
iodine vapour outside the tube; but other experimenters could not confirm 

1 Compounds of argon with boron trifluoride were reported by Booth and Willson, J.A.C.S., 
1935, 57, 2273. 

2 “ The Principles of Chemistry,” 1905,1, 20 f., 362. 
3 Mallet,/.C.5., 1893,63,1; Hooykaas, Chem. Weekbi, 1947, 43,526 (54 refs.); Partington, 

Chymia, 1948, 1, 109. 
” Traite filementaire de Chimie,” Paris, 1789, 140; reprint (incomplete), Paris, 1937, 82; 

the principle had been taken for granted long before this, 
5 Ostwald, “ Principles of Inorganic Chemistry,” 1904, 18; Mellor, ” Treatise on Inorganic 

and Theoretical Chemistry,” 1922,1, 100, called this the law of” the perdurability of matter.” 
6 Stallo, ” The Concepts and Theories of Modern Physics,” 1882, 25, 86. 
2 Phys. Z., 1900, 1, 527; 1902, 3, 425; Ann, Phys., 1901, 5, 394; for older experiments on 

losses of weight in chemical and physical changes, see Partington and McKie, Annals of Science, 
1937, 2, 261; 1938, 3, 1. 

8 Nuov. dm., 1904,8,45; cf. Kahlbaum, Verhl. d. Naturforsch. Ges. Basel, 1903,16,441. 
9 Z.phys. Chem., 1893, 12, 1; 1906, 55, 589; 1908, 64, 581; Berlin Ber„ 1893. 301; 1906, 

266; t)ber die Erhaltung der Masse bei chemischen Umsetzungen, Abhl. d, D. Bunsen Ges., 
Halle, 1909,1; Ostwald, Z. phys. Chem., 1911,77, 252. 

10 Phys, Rev., mi, 5. 247. 
11 Z. phys, Chem., 1909, 65, 341; 1910, 72, 425; on the supposed evaporation of solids at 

room temperature, ibid., 1904,50,219; 1906,57,90. 
12 Landolt, Z. phys. Chem., 1909, 68, 169; Stock and Heynemann, Ber., 1909, 42, 1800; 

Tollens, ibid., 1909,42, 2013; Elsden, Proc. Chem. Soc., 1910,26, 7; Firth, ibid., 1913,29, 111. 



LAW OF CONSERVATION OF MASS 781 §19 

these results. The small losses of weight at first found by Landolt were later 
traced by him to a slight increase in volume of the vessel by expansion (leading 
to increased air displacement), and the driving off of a film of moisture on the 
vessel. By using silica tubes coated with wax they did not occur. Joly ^ 
used a torsion balance sensitive to 0*04 dynes; no changes in weight were de¬ 
tectable when copper sulphate was dissolved in water or dilute sulphuric acid. 
Manley ^ reduced the observed change to 1 in 100,(KX),000 with the reaction 
between barium chloride and sodium sulphate. Poynting and Phillips ^ 
found a very small loss of weight when a brass cylinder was heated, but the 
supposed loss in weight of a lead sphere when a radioactive preparation was put 
underneath,^ was due to experimental error.^ 

The distinction between “ mass ” and “ weight,” and whether it is more 
correct to speak of “ atomic masses ” or “ atomic weights,” ^ need not 
detain us. 

A result ^ pointed out by Hinrichs, that an atomic weight depends on the 
weight of substance used to determine it, was shown by Guye and Moles to be 
due, probably, to adsorption of air by the solids, especially if they are powders. 
This also causes an error on reducing the weight of a powder in air to the weight 
in vacuum; Zintl and Goubeau found that the weight of potassium nitrate in 
air corrected to vacuum is greater than the actual weight in vacuum, while 
that of potassium chloride is less. Ruer and Kuschmann found that cupric 
oxide ignited at 850° adsorbs only 0*00086 per cent, of its weight of air, whilst 
ferric oxide ignited at 700° takes up 0*0025 per cent. Many other powders, 
especially silica, adsorb air as well as moisture. 

For all ordinary chemical experiments the law of conservation of mass may 
be considered to be exact. Einstein,^ from the special theory of relativity, 
deduced that a loss of energy AE by a system leads to a loss of mass Am^AEjc^, 

where e=velocity of light; this is significant only in natural or artificial radio¬ 
active changes.^ 

The construction and use of a. sensitive balance and the technique of weighing, 

1 Trans. Roy. Dublin Soc., 1903, 8, 23. 
2 Phil. Trans., 1912, 212, 227; Proc. Roy. Soc., 1912, 86, 591; Proc. Phys. Sac., 1927, 

39,441. 
3 Proc. Roy. Soc., 1905, 76, 445. 
^ Geigl, Ann. Phys., 1903, 10, 429. 
5 Kaufmann, Ann. Phys., 1903, 10, 894. 

Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1910, 1, 2; “Outlines of General 
Chemistry,” 3rd edit., 1912, 16; Meyer and Auerbach, Z. Elektrochem., 1914, 20, 225. 

7 Turner, Phil Trans., 1833, 133, 523; Marignac, Bibl. Univ., 1843, 46, 350 (372); 
“Oeuvres,” Geneva, [1902], 1, 94; Stas, M^m. Acad. Roy. Belg. (quarto), 1865, 35, No. 1; 
“Oeuvres,” Brussels, 1894, 1, 477; Guye and 2^chariades, Compt. Rend., 1909, 149, 593, 
1122; Thorpe, Proc. Chem. Soc., 1909, 25, 285; Scott, ibid., 1909, 25, 286; Richards, Kothner, 
and Tiede, Z. anorg. Chem., 1909, 61, 320 (confirmed Stas’s result); Richards and Baxter, 
J.A.C.S., 1910,32, 507; Z. anorg. Chem., 1910, 66, 418; Guye, J. Chim. Phys., 1916,14, 54, 83; 
Guye and Moles, ibid., 1917, 15, 360; Ruer and Kuschmann, Z. anorg. Chem., 1926, 154, 69; 
1926,166, 257; 1928,173, 233; Zintl and Goubeau, ibid., 1927,163, 105. 

8 Ann. Phys., 1906, 20, 627; 1907, 23,197, 371. 
^ Maxted, “ Modem Advances in Inorganic Chemistry,” Oxford, 1947, 3, 20, 41. 

10 Manley, Phil Trans., 1910, 210, 387; 1912, 212, 227; Proc. Roy. Soc., 1912, 86, 591; 
Proc. Phvs. Soc., 1927, 39, 444; 1945, 57, 97; art. Balance in Thorpe and Whiteley, “ Diet, of 
Applied Chem.,” 1937, 1, 587; Guye,/. Chim. Phys., 1913, 11, 319; 1916, 14, 25, 54, 83, 195; 
1917,15, 360, 405; 1918,16,46; Shakespear, Phil. Mag., 1914, 27, 990 (rider apparatus); Rae 
and Reilly, Chem. News, 1916, 114, 187, 200; Blount, J.C.S., 1917, 111, 1035; Guichard, Bull 
Soc. Chim., 1917, 21, 233 (hints on exact weighing); Porritt, J.S.C.I., 37, 85 T (illumination of 
balance); Brinton,/./4.C.5., 1919, 41, 1151 (single swing method); Dean, J.C.S., 1919, 115, 
826; Wells, J.A.C.S., 1920, 42, 411; Conrady, Proc. Roy. Soc., 1922, 101, 211; Petrie, /. 5c/. 
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and the calibration of weightsf must be sought in the appropriate literature; 
the vacuum balance ^ has some special uses. Dean ^ found only very slight 
changes of zero of a balance over a long period (0*00006 g. in 10 months), 
probably due to the displacement of the knife edges. The air displacement 
correction in weighing is considered in § 20; it should be noted that it applies 
also to the weights, and that if the platinum fraction weights have been adjusted 
in air by counterpoising with brass weights, they must be given the density of 
brass in calculating the air displacement.^ The use of what Lcduc called “ orna¬ 
mental decimals ” is as much out of place in weighings as in other work, and 
attempts to weight to 0*01 mg. are useless with ordinary gravimetric balances.^ 

The so-called bottling apparatus used by Richards ^ is used in preventing the 
access of moist air to a substance prepared in a dry state. A hard glass or 
quartz tube is fitted by a ground joint to a soft glass tube with a pocket. A 
platinum boat containing the substance is heated in the hard glass tube in a 
current of gas, the weighing bottle being put into the soft glass tube, with the 
stopper in the pocket. After cooling, the gas is displaced by dry air and the 
boat pushed (e.g. by a platinum wire) into the weighing bottle, after which the 
apparatus is rotated and the stopper similarly inserted. The bottle is then 
transferred to the balance. The apparatus of Hdnigsehmid is similar, but the 
boat and stopper are moved by the action of a magnet on a bulb containing iron. 

§ 20. Correction of Weights to Vacuum 

An important correction necessary in all accurate weighings is for the buoy¬ 
ancy of the air in which the object is weighed. The true weight (in vacuum) is 
greater than that in air by the weight of the volume of air displaced by the body 
in the actual conditions of the experiment, and the same applies to the weights 
in the other pan of the balance. Turner ^ corrected for air displacement by 
adding to the weights of the object and the weights in air, the weights of air 
which they displaced; he says the method was used by Clark, of Glasgow, but 
Fahrenheit ^ had so corrected the densities of liquids determined by the specific 
gravity bottle, taking the density of air as 0*001. Berzelius said Turner's 
correction was like “ straining at a gnat and swallowing a camel,” but Faraday ^ ^ 
was fully aware of the need for the correction, including the case of the deter¬ 
mination of gas densities. 

Instr,, 1923, 1, 29 (chain balance); Guthrie, Nature, 1928, 121, 745; Ramberg, Svensk. Kem. 
Tidskr,, 1929, 41, 106; Buchan, J. Sci. Instr,, 1936, 13, 1; Bond, Analyst, 1936, 61, 85 (air- 
damped); Mellor and Thompson, “ Treatise on Quantitative Analysis,” 2nd edit., 1938, 3. 

1 Richards, J.A.C.S,, 1900, 22, 144; Z, phys, Chem., 1900, 33, 605; Hopkins, Zinn, and 
Rogers, J.A.CS., 1920, 42, 2528; Eaton, ibid,, 1932, 54, 1; Hurley, Ind. Eng, Chem, Anal., 
1937, 9, 239; Schmidt, Deutsch. Apothek. Ztg., 1937, 52, 811; Blade, Ind. Eng. Chem. Anal., 
1939, 11,498. 

2 Crookes, Phil. Trans., 1873, 163, 277; Blount and Woodcock, J.C.S., 1918, 113, 81; 
Meyer-Cords, Ann. Phvs., 1939, 36, 651; Monk, J. Appl. Phys., 1948,19,485. 

3 J.C.S., 1919,115, 826; differing from Blount, ibid,, 1917, 111, 1035. 
^ Gray and Burt, J.C.S., 1909, 95, 1633; Guyc, /. Chim, Phys., 1913,11, 319. 
5 Guye,/. Chim. Phys., 1917,15, 360. 
<5 Z. anorg, Chem., 1895, 8, 253; J.C,S,, 1911, 99, 1201; Partington, “General and In¬ 

organic Chemistry,” 1947, 25. 
7 Z. anorg. Chem,, 1929, 178, 1; Emeleus and Anderson, “ Modern Aspects of Inorganic 

Chemistry,” 1938, 43. 
8 Phil. Trans., 1833, 123, 523. 
9 Phil, Trans., 1724, 33, 114; abrgd. edit., 1809, 7, 32. 

It* Quoted by Brauner, Ber,, 1889, 22, 1186. 
11 “ Chemical Manipulation,” 1842, 47, 395. 
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Let the force exerted on a mass of 1 g. in vacuum be called a “ vacuum gram,” 
and that exerted in air an “ air gram.” Let m, M be the weights of the empty 
vessel and the vessel containing the substance, respectively, p\ the mean density 
of air (0*0012 g./ml.), p the density of the substance, x the weight of the substance 
in vacuum expressed in air grams; then in air jjc will decrease by xpi/p, or become 
.v(l —pilp). Hence ^ x{\—pi/p)+m=M, therefore: 

x=(M^m)/(l~p,/p)-(M-m)(l+pi/p) .... (1) 

If w' g. is the apparent weight of an object weighed in laboratory air, of 
density pi g./ml., with weights of density p2 (e.g. brass, p2=8-4), and if p is 
the density of the object weighed, the true weight in vacuum is: 

iv==w'+w>i(l/p—I/P2).(2) 

If the object consists of parts of different densities (e.g. liquid in a glass 
pyknometer) the formula must be modified in an obvious way.^ It is usually 
sufficient to take pi=0*0012 g./ml., but in accurate work the actual density of 
the (moist) air must be used. In this case: ^ 

Pi =0*001293(^-7?')/(l+0'00367/)760 .... (3) 

where P=barometric pressure in mm. Hg, /=temperature C., />'=0-0038//p, 
where //=humidity in percentage of saturation at t"" and p=saturation vapour 
pressure in mm. at 

The apparent specific gravity s' of a substance is corrected by adding the 
value of 8 given in the following table (density of air taken as 0*0012): 

s' S 

1 
1 

s' 8 s' 8 8 

01 -000036 1-7 1 +0-00084 5*5 +0-0054 10-5 +0-0114 
0 8 -0-00024 1-8 ! +0-00096 6-0 +0-0060 II-O +0-0120 
09 -0 00012 1-9 +0 00108 6-5 +0-0066 11-5 +0-0126 
1-0 0-00000 2-0 +0-0012 7-0 +0-0072 12-0 +0-0132 
M +0-00012 2-5 +0 0018 7-5 +0-0078 13 0 +0-0144 
1*2 i +0-00024 3-0 +0-0024 8-0 +0-0084 14-0 +0-0156 
1*3 +0-00036 3-5 +0-0030 8-5 +0-0090 15-0 +0-0168 
1-4 +0-00048 4-0 i +0-0036 9-0 +0-0096 16-0 +0-0180 
1-5 +0-00060 4-5 1 +0-0042 9-5 +0-0102 17-0 +0-0192 
1-6 +0-00072 5-0 +0-0048 10-0 +0-0108 18-0 +0-0204 

If p is the weight in air, w is the weight of an equal volume of water, and A 
the weight of air displaced, the specific gravity is: 

s=(p-A)l{w-A) .(4) 

The weights p and w must be corrected for the air displacements of the 
weights in the opposite pan by adding the weights of air these displace, i.e. 

^ Schottlftnder, Z. pAj'j. Chem., 1895, 16,459. 
2 Meyer and Hubert, “Die Atomgewichte der Elemente,” Leipzig, 1883, 7; Mendeleeff, 

Ber., 1884,17,2536; Schottlander, Z.phys, Chem,, 1895,16,459; Watson, “ Practical Physics,” 
1908, 76; Guye and Zachariades, Compt. Rend,, 1909, 149, 1122; Ostwald, “ Lehrbuch der 
allgemeinen Chemie,” 1910, 1, 285; Kuhn, Chem. Ztg., 1910, 34, 1097, 1108; Saar, ibid., 
1922, 46, 433; 1924, 48, 285 (correction tables for pyknometers); Hutchinson, Mineral. Mag., 
1924, 20, 198; Felgentrager, in Geiger and Scheel, “ Handbuch der Physik,” 1926, 2, 132; 
Bayley, “Chemists’ Pocket Book,” edit. Ensoll, 1929, 338; Ashley, Lips, and Tschudy, in 
Van Nostrand’s “ Chemical Annual,” New York, 1935,873; MeUor and Thompson, “ Treatise 
on Quantitative Analysis,*^ 2nd edit., 1938,15. 

3 Weatherill and Brundage, J.A.C.S., 1932, 54, 3932 (method of graphing pj against P—p); 
Bauer, in Weissberger, “ Physical Methods of Organic Chemistry,” New York, 1945, 1, 86 f. 
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27a:x0*0012/p2, where weight value and p2=density of the material of the 
weight. Some sets of weights are already corrected for air displacement. 

§ 21. The Laws of Chemical Combination 
The following laws (sometimes called the laws of stoichiometry) ^ relating to 

the combination of elements by weight are established by experiment: 

(1) The law of fixed proportions (Proust, 1797): ^ elements combine in definite 
ratios by weight and the composition of a pure chemical compound is indepen¬ 
dent of the way in which it is prepared. 

This law was implicitly recognised in quantitative analyses in the eighteenth 
century,^ but Proust first established it by special experiments. Berthollet ^ 
stated (1803) that the composition of compounds could vary within limits. 
Proust showed that variability occurred only with mixtures or solutions. ^ 

(2) The law of multiple proportions (Dalton, 1803): ^ when two elements com¬ 
bine to form more than one compound, the weights of one element which 
combine separately with identical weights of the other are in the ratio of whole 
numbers, usually small. 

(3) The law of equivalent (or reciprocal) proportions (J. B. Richter, 1792): ^ 
the weights of two elements A and B which combine separately with identical 
weights of another element C are either the weights in which A and B combine 
together, or are related to them in the ratio of whole numbers, usually small. 
(This applies also to the reacting weights of compounds, and was first applied 
by Richter to acids and bases.) 

The law of equivalent proportions shows that it is possible to assign to every 
element an equivalent weight, or equivalent ® or combining weight, representing 

* Greek, aroix^lov, a first principle, or element; fi^rpov, a measure; the name was intro¬ 
duced by Richter for “ the art of measuring (Messkunst] the chemical elements,” i.e. of their 
combining proportions by mass; see reference 7. 

2 Ann, Chinu, 1797, 23, 85; 1799, 32, 26; /. de Phvs., 1801, 53, 89; 1802, 54, 89; 1802, 55, 
325; 1804, 59, 260, 265, 321, 343, 350, 403; 1806, 63, 364, 421; Kopp, “Die Entwickelung der 
Chemie in der neueren Zeit,” Munich, 1873, 249 f.; Mallet, J.C.S., 1893,63, 1; Hartog, Nature. 
1894, 50, 149; Duhem, “Le Mixte et la Combinaison Chimique,” Paris, 1902, 52; Evans, 
Trans. Faraday Sac., 1923, 19, 420. The distinction between a compound and a solution was 
clearly stated by Proust in 1806; see Partington, “ Short History of Chemistry,” 1948, 157. 

3 Walden, Mass, Zahl, und Gewicht in der Chemie der Vergangenheit, Samml. chem.-und 
chem. techn, Vortrdge, Stuttgart, 1931, 8, 93. 

^ ” Essai de Statique Chimique,” 2 vols, Paris, 1803; J. de Phys.. 1805, 60, 284, 347; Mem. 
de ITnst., 1806, 7, i, 229. 

5 Meldrum, Manch. Mem., 1910, 54, No. 7, showed that the decision between constant and 
variable proportions really resulted mainly from the adoption of Dalton’s atomic theory, 
which was compatible only with the former; Partington, Chymia, 1948, 1, 109. 

^ “ New System of Chemical Philosophy,” Manchester, 1808, 1, i, 211 f.; the law was never 
explicitly stated by Dalton, but regarded as implied in his atomic theory: see Muir, “ Principles 
of Chemistry,” Cambridge, 1889, 8; idem in Watts, “Diet, of Chemistry,” 1890, 1, 336; 
Duhem, “ Le Mixte et la Combinaison Chimique,” Paris, 1902, 69; Puxeddu, Gazz.. 1919,49, 
i, 203; 1923, 53, 202. The law was explicitly stated by Berzelius, Ann. Phys., 1811, 37, 249. 
In a conversation with W. C. Henry, q, by Meldrum, “ Avogadro and Dalton,” Edinburgh, 
1906, 58, Dalton spoke of “ the principle of multiple proportion.” 

7 “ Ueber die neuern Gegenstande der Chemie,” Breslau and Hirschberg, 1791-1802; 
“ Aufangsgriinde der Stochyometrie Oder Messkunst chymischer Elemente,” 3 vols., Breslau 
and Hirschberg, 1792-94; R. A. Smith, Manch. Mem., 1856,13,186. The law was erroneously 
attributed to Wenzel, “ Lehre von der Verwandtschaft der Kbrper,” 1777, owing to a slip by 
Berzelius, “Th6orie des Proportions Chimiques,” 1819, 2, 16; this was corrected by Hess» 
J.prakt. Chem., 1841, 24, 420, but is still regularly repeated in textbooks. 

8 The idea, and name, of “ equivalent ” were first used by Cavendish, Phil. Trans., 1767, 
57,92(102); 1788,78, 166(178). 
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the relative proportion Jn which it combines with other elements. Hydrogen 
with the smallest combining weight was taken by Dalton as the standard element 
and its equivalent as unity, but oxygen was used by Thomson,i Wollaston^ 

and Berzelius,'^ and is at present ^ the standard element, with an equivalent of 
8*000, on which basis the equivalent of hydrogen is 1*008. The equivalent of 
an element is the number of parts by weight of it which combine with or replace 
8 parts by weight of oxygen or the equivalent of any other element. 

The law of multiple proportions shows that if an element has more than one 
equivalent, these must be in the ratio of whole numbers, usually small (1:2, 
2:3, 3:5, etc.). 

§ 22. The Atomic Theory 

The laws of chemical combination are observed facts independent of any 
hypothesis, but they are very simply explained by the atomic theory. The idea 
that matter consists of very small indivisible particles called atoms, separated by 
void and in constant motion, is very old, and was especially taught by the Greek 

1 “ System of Chemistry,” Edinburgh, 1807, 3, 425, etc.; Ann. Phil., 1813, 2, 32 (42), 167; 
” An Attempt to Establish the First Principles of Chemistry by Experiment,” 2 vols, 1825; 
Thomson used the standard oxygen ==1. 

2 PhU. Trans., 1814, 104, 1; Scott, J.C.S., 1917, 111, 288. Wollaston used oxygen=10. 
He also invented a slide-rule of chemical equivalents; see Faraday, “Chemical Manipula¬ 
tion,” 1842, 564. 

^ “ Theorie des Proportions Chimiques,” Paris, 1819, 2nd edit., 1835; Essay on the Cause of 
Chemical Proportions, Ann. Phil., 1813, 2, 443; 1814, 3, 51, 93, 244, 353; Berzelius used 
oxygen = 100. On Gmeiin’s atomic weight system, see Meldrum, “ Avogadro and Dalton,” 
Edinburgh, 1906, 76. 

4 Dalton’s standard, H = l, was used by Lolhar Meyer and Seubert, “ Die Atomgewichte 
der Elemente aus den Originalzahlen neu berechnet,” Leipzig, 1883. The ratio 0:H was 
assumed by Ostwald, “ Lehrbuch der allgemeinen Chemie,” 1885,1, 44, to be really 16:1, and 
he re-calculated atomic weights on this basis. This ratio was found not to be exact (the value 
0=15-96, H = l, had been long in use), but Ostwald proposed to retain the standard 0 = 16; 
Erdmann, Z. angew. Chem., 1899,12,571; Z. anorg. Chem., 1901,27,127. The standard 0=16 
was favoured by Marignac, Arch. Sci. Phys. Nat., 1883, 10, 3; Ann. Chim., 1884, 1, 289; 
Brauner, Chem. News, 1888, 58, 307; Ber., 1889, 22, 1186; Z. anorg. Chem., 1897, 14, 256; 
1901, 26, 186; Ostwald, Ber., 1889, 22, 1021; Noyes, Ber., 1891, 24, 238; Kiister, Z, anorg. 
Chem., 1897, 14, 251; and Richards, ibid., 1901,28, 355. Fresenius, Z. angew. Chem., 1899, 12, 
361, 570, was at first neutral, but later, Ber., 1900, 33, 1847, preferred H = l; Erdmann, Z. 
angew. Chem., 1899, 12, 424, 571, 648; Z. anorg. Chem., 1901, 27, 127; and Fischer, Z. angew. 
Chem., 1899,12, 57, preferred (with reasons) H = 1; Lothar Meyer and Seubert, Ber., 1889, 22, 
872, 1161, 1392, and Seubert, Z. anorg. Chem., 1897, 13, 229, retained this standard. The 
matter was referred to an international commission, the prime mover being Ostwald {Ber., 
1898, 31, 2949), and this resulted {Ber., 1900, 33, 1847) in a majority in favour of 0 = 16, seven 
voting for H = l, two for both H=1 and 0=16, and twenty-five for 0=16, of whom seven 
pointed out the advantage of H = 1 for teaching. As Bancroft, /. Phys. Chem., 1902, 6, 198, 
said: “ If there is one thing that is absolutely certain in this world, it is that an appeal to 
authority is out of place in scientific matters.” Oddo, Gazz., 1921, 51, ii, 161 (full bibl.), and 
Partington, “Text Book of Inorganic Chemistry,” 1921, pref. v, proposed to retain H = l, 
0=15*88. The discovery of the isotopes of oxygen, of masses 16, 17, and 18 by Giauque and 
Johnston, J.A.C.S., 1929, 51,1436, 3528, clouded the issue, and Meyer, Phys. Z., 1932, 33, 301, 
suggested the helium standard He=4*0(K)0, cf. Meyer, Naturwiss., 1922, 10, 911 (historical); 
Aston, Nature, 1930, 126, 953. The “ oxygen standard ” seems to have become unsuitable 
with the discovery that the atomic weight of atmospheric oxygen is about 0 00008 units greater 
than that of water oxygen; Dole, J.A.C.S., 1935, 57, 2731; Jones and Hall, ibid., 1937, 59, 259; 
Alexander and Hall, ibid., 1940,62, 3462. The factor for converting chemical (O = 16) to mass 
spectrograph (i<>0=16) values is 1*000275: Smythe, Phys. Rev., 1934, 45, 299; Murphey, ibid., 
1941, 59, 320, based on a ratio i®0=500±15:1 in water. The atomic weight (0=16) of 
hydrogen is 1*0080: Swartout and Dole, J.A.C.S., 1939, 61, 2025, which is probably more 
accurate than 1 *0081; Moles, An. Fis. Quim., 1935, 33, 721 (100806). There are two isotopes 
of hydrogen, which may exist in a slightly varying ratio in different specimens. 
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philosophers Leukippos and Demokritos (about 450b.C.)^; Many applications of 
the atomic theory were made before the time of Dalton, especially by Newton J 

There was an unbroken tradition of the theory through Epikouros (341- 
270 B.c.) and Lucretius, whose long poem De Rerum Natura (57 b.c.) gives 
a faithful account of the classical atomic theory. The theory was revived 
by Gassend,2 from whom it passed, by way of Boyle, to Newton. Bryan and 
William Higgins in 1786 and 1789, respectively, made notable use of Newton’s 
form of the atomic theory,^ but it was Dalton ^ who first established it in 
Chemistry. He arrived at the theory by considerations about mixed gases on 
Newtonian lines.^ Dalton recognised that: 

(1) Every kind of atom has a definite weight. 
(2) Different elements have atoms differing in weight. 
(3) Atoms combine to form compounds in definite ratios of whole numbers, 

usually small. 

The atomic weight of an element is the ratio of the mass (or weight) of its 
atom with reference to the mass of the atom of some standard element which is 
arbitrarily assigned. If the mass of the oxygen atom is arbitrarily chosen as 
16*000, that of the hydrogen atom is 1 *008. 

Atomic weights can be found from combining ratios only if the numbers of 
atoms combining together is known. If w^^ and w^^ are the weights of two 
elements A and B combining in the ratio of .v atoms of A and y atoms of B to 
form a compound A^By, the ratio of the atomic weights is yw^jxw^, and unless 
X and y are known this cannot be found from w^ and 

The laws of chemical combination find a remarkably simple explanation in 
the atomic theory, but it should not be forgotten that they are experimental 
results independent of theory. The discovery of isotopes, i.e. elements with 
somewhat varying combining weights, makes it difficult, if not impossible, to 
frame accurate statements of the laws without introducing the language of the 
atomic theory.^ 

The most sustained attempt to deduce the laws of stoichiometry on the basis 
of the phase rule and without the atomic theory was made by F. Wald,^ and 

^ For a full statement of the origins of the atomic theory, see Giua, Gazz., 1919, 49, ii, 1; 
Gregory, Sci. Progr., 1927, 22, 293; “A Short History of Atomism,’* 1931; Partington, 
Annals of Science, 1939, 4, 245; Duchesne, Scientia. 1947, 82, 37; Hooykaas, Chem. Weekbl., 
1948, 44, 229, 407. 

2 Syntagma Philosophiae Epicuri, in his ** Animadversiones in Decimvm Librvm Diogenis 
Laertii,” Lyons, 1649; full account in Syntagma Philosophium, in vols. 1 and 2 of “ Opera,” 
Lyons, 1658. 

3 “ New System of Chemical Philosophy,” Manchester, 1808-10, 1, i and ii. The theory 
was first published, from information supplied by Dalton, by Thomson, “ System of Chem¬ 
istry,” Edinburgh, 1807, 3, 425, and later sections. For excellent historical accounts of 
the development of the atomic and molecular theories, see Ida Freund, “ The Study of Chemical 
Composition,” Cambridge, 1904, 226 f.; Lowry, “Historical Introduction to Chemistry,” 
1915, 291 f. 

4 This was first elucidated by Roscoe and Harden, “ A New View of the Origin of Dalton’s 
Atomic Theory,” 1894; an alternative view put forward by Debus, Phil. Mag., 1896, 42, 350; 
Z. phys. Chem., 1896, 20, 359; 1897, 24, 325; 1899, 29, 266; 1899, 30, 556, was shown to be 
improbable by Roscoe and Harden, Z. phvs. Chem., 1897, 22, 241; Phil. Mag., 1897, 43, 153; 
Kahlbaum, J. Phys. Chem., 1896-7, 1, 187, 736; Z. phys. Chem., 1899, 29, 700. 

5 Baborowsky, Coll. Czech. Comm., 1931, 3, 3; Simek, ibid., 1931, 3, 5; Kfii, ibid., 1931, 
3, 9; Chem. Listy, 1931, 25, 5; Partington, Chymia, 1948, 1, 109. 

6 Z. phys. Chem., 1895, 18, 337; 1896, 19, 607; 1897, 22, 253; 1897, 23, 78; 1897, 24, 315, 
633; 1898, 25, 524; 1898, 26, 77; 1899, 28, 12; 1908, 63, 307; /. Phys. Chem., 1896, 1, 21; 
Chem. Ztg., 1906, 30, 963, 978; 1907, 31, 756, 769; Baborowsky, Chem. Ztg., 1930, 54, 905; 
Druce, “ Two Czech Chemists,” 1944, 45 f. 
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his views were supported by Ostwald ^ (who enrphasised the importance of 
energy), but were criticised by others.2 Wald started from a very general con¬ 
ception of a phase/’ and a rule that if various substances are brought to¬ 
gether under ordinary conditions, the number of independent pure substances 
present is equal to the number of phases together with the number of possible 
independent changes of composition. Another attempt to connect chemical 
formulae with the mathematical invariant theory ^ is no more attractive. 
These suggestions were, in their time, helpful in disturbing a too conservative 
attitude in chemistry. Ostwald’s thesis that “ matter is merely a manifestation 
of energy ” is sanctioned by modern theory dependent on the principle of 
relativity (§ 19), and the conversion of matter into energy, and of energy into 
matter,"^ is now a commonplace in nuclear transformations. 

§ 23. Choice of Atomic Weights 

The atomic weight of an element may be regarded as the smallest weight 
contained in a molecular weight of any of its compounds. This statement, 
which may be called ^ Cannizzaro's principle,^ is the primary definition.^ The 
so-called chemical methods ^ for determining which multiple of the equivalent is 
equal to the atomic weight, are not really satisfactory.^ A check on the accuracy 
of the value found by Cannizzaro’s principle, which is really a maximum value,^^ is 
given by the ratio of specific heats of a gas, the atomic heat and isomorphism for 
solids, and the position of the element in the periodic table.The values so found 
are in general agreement,12 and there is no longer any doubt as to the multiple of 
the equivalent which must be taken as the atomic weight of any element. 

1 J.CS.. 1904, 85, 506; y. Chim. Phys\, J904, 2, 398; Z. Elekirochem., 1904, 10, 512;Z.phys. 
Chem., 1909, 69, 506; “ The Fundamental Principles of Chemistry,” transl. Morse, 1909; cf. 
Arrhenius, “Theories of Chemistry,” 1907, 39; Kenrick, “An Introduction to Chemistry,” 
Toronto, 1932. Ideas similar to Ostwald’s were proposed by E. J. Mills, PhiL 1876,1,1. 

2 Benedicks, Z. anorg. Chew., 1906, 49, 284; Nasini, Gazz., 1906, 36, i, 540; 1907, 37, ii, 137; 
Baur, Z. anorg. Chem., 1906, 50, 199 (supporting Ostwald); Z. phys. Chem., 1908, 62, 760; 
Kuhn, Chem.Ztg., 1907, 31, 688; 1908, 32, 55; De Vries, Z./?/zy5. Chem., 1908, 62, 308. 

3 Gordon and Alexejeff, Z.phys. Chew., 1900, 35, 610; 1901, 36, 741; 1901, 38, 750; Study, 
ibid., 1901, 37, 546; for connexion with group theory, see Kurnakow, Z. anorg. Chem., 1925, 
146, 69. 

4 Cf. Houtermans and Jensen, Z. Naturforsch., 1947, 2 A, 146. 
5 Partington, “College Course of Inorganic Chemistry," 1939, 88; a good pedagogic 

survey of the whole subject is given by Waddell, Chem., News, 1915, 112, 50. 
6 Cannizzaro, Sunto di un Corso di Filosotia Chimica, in Nuov. dm., 1858, 7, 321; J.C.S., 

1872, 25, 945 (Faraday Lecture); Ostwald’s Klassiker, 1891, 30; Alembic Club Reprint, 1910, 
18; Gazz., 1871, 1, 1, 213, 293, 389, 567, 629; transl. as Historische Notizen und Betrach- 
tungen iiber die Anwendung der Atomthcoric in der Chemie und iiber die Systeme der 
Konstitutionsformeln von Verbindungen, Samml. chem.-und chem.-techn. Vortrdge, Stuttgart, 
1913, 20, Cannizzaro’s views were made known generally by Lothar Meyer’s book, “ Die 
modernen Theorien der Chemie,” 1862, and later editions and translations, e.g. “ Modern 
Theories of Chemistry,” by Bedson and Williams, 1888, 7 f.; see also Lothar Meyer’s “ Outlines 
of Theoretical Chemistry,” transl. Bedson and Williams, 2nd edit., 1899, 31 f. 

7 Meldrum, “ Avogadro and Dalton,” Edinburgh, 1906, 43, 95. 
8 Williamson, J.C.S., 1869, 22, 328; Odling, in Watts, “ Dictionary of Chemistry,” 1874, 

1, 457. 
9 Meldrum “ Avogadro and Dalton,” Edinburgh, 1906,43; Perrin, “ Les Atomes,” 1914, 41. 

10 Muir, in Watts, “ Dictionary of Chemistry,” 1890,1, 336. 
Partington, “ General and Inorganic Chemistry,” 1947, 22. 

12 L. Meyer, “ Modern Theories of Chemistry,” transl. Bedson and Williams, 1888, 37 f. 
Muir, “Principles of Chemistry,” Cambridge, 1889, 39 f., 86, gives a table of values show¬ 

ing how the atomic weight was found in each case. A fuller account is given by Ostwald, 
“ Lehrbuch der allgemeinen Chemie,” 1910,1,43 f.; see also Lowry, “ Historical Introduction 
to Chemistry,” 1915, 360. 



788 THE PROPERTIES OF GASES VTI D 

§ 24. Determination of Atomic Weights 

The various methods used in the determination of atomic weights cannot be 
considered in detail.^ The gravimetric method, depending on the determination 
of the weight ratios of substances undergoing direct and complete chemical 
changes, was first accurately applied by Berzelius; ^ it was notably improved by 
Turner,^ Penny,^ and Marignac,^ and brought to great accuracy by Stas.<5 
More recently, T. W. Richards,^ and his pupils Baxter and Honigschmid (see 
below), made notable advances in the method. 

The so-called physico-chemical methods depend on (a) the determination of 
limiting densities (§ 15), and (b) the analysis of gases by methods which partly 
involve accurate pressure determinations; these were especially developed by 
Guye and collaborators in Geneva, ^ and later by Whytlaw-Gray and collabora¬ 
tors in England, and by Moles and collaborators in Madrid. 

The real standard used by Stas was silver, which, he says,* was “ the pivot 
of my researches.” He purified it carefully and finally distilled it by the oxy- 
hydrogen blowpipe in a quicklime apparatus.^ Dumas and Mallet found, 
respectively, that silver so distilled contains 0*008 per cent, and 0*005 per cent, of 
oxygen, and Richards and Wells (who criticised Stas's work) finally melted the 
silver on quicklime in hydrogen. Although this metal is free from oxygen, Baxter 
and Lundstedt found that it contains a trace of calcium, formed by reduction 
of the lime. The silver-halogen method is one of the oldest precision methods of 
quantitative analysis; it passed byway of Berzelius to Marignac and Stas,*^ 

1 CJeve, 1895, 67, 468 (on Marignac); Mallet, JX'.S,. 1893, 63, I (on Stas); Guye 
and Bogdan,/. Chim. Phys., 1905, 3, 537; Brauner, in Abegg, “ Handbuch der anorganischen 
Chemie,” 1908, 1, 4, 9, i55; 1907, 3, iii, 6; Ostwaki, “ Lehrbuch der allgemeincn Chemic,” 
1910,1, 1; Richards,1911,99, 1201; 1930, 1937; J. N. Friend, “ Text-Book of Inorganic 
Chemistry,” 1917, 1, 241; Meyer, Naiurwiss.y 1922, 10, 911; for earlier work, see Freund, 
” The Study of Chemical Composition,” Cambridge, 1904 (to Stas). A summary is given in 
Partington, ” General and Inorganic Chemistry,” 1947, 21; for values, see Landolt-Bornstein, 
” Tabellen,” 1923, 1,2; and the annual reports of the International Committee on Atomic 
Weights, in J.C.S, and J.A.CS. 

2 Hisinger and Berzelius, Afhandlingar i Fysik, Kemi och Mineralogi, Stockholm, 1811, 5; 
Ann. Phys., 1811, 37, 249, 415; Suppl. in ibid., 1811, 38, 161; 1812, 40, 162, 235; Ostwald^s 
Klassiker, 1892, 35. 

Phil. Trans., 1833, 133, 523, 
4 Phil. Trans., 1839,129, 13; Berry,/.5.C./„ 1932, 51, 453. 
5 ” Oeuvres Completes,” Geneva, [1902]; Cleve,/.C.S'., 1895, 67, 468; Memorial Lectures^ 

Chemical Society,” 1900,1, 468. 
6 “Oeuvres Completes,” 3 vols., Brussels, 1894 f.; Memorial Lectures, Chemical Society, 

London, 1900, 1, 1. 
7 Guye and Bogdan, J. Chim. Phvs., 1905, 3, 537 (N2O); Jaquerod and Bogdan, ibid., 

1905, 3, 562 (NO); Guye and Fluss, ibid., 1908, 6, 732 (NOCl); Guye, Z. phys. Chem., 1909, 
69, 315; Z. anorg, Chem., 1909, 64, I; Guye and Druginine, J. Chim. Phys,, 1910, 8,472 (NO2); 
Batuecas, ibid., 1932, 29, 269; 1934, 31, 65 (CH3F). 

8 Recherches sur les Rapports reciproques des Poids Atomiques, Bull. Acad. Roy. Belg., 
1860, 10, 208; ” Oeuvres,” Brussels, 1894, 1, 325, 

9 Nouvelles Recherches sur les Lois des Proportions Chimiques, Mem. Acad. Roy. Belg. 
(quarto), 1865, 35, No. 1; ” Oeuvres,” 1894,1, 455. 

10 Ann. Chim., 1878,14, 289. 
H Phil. Trans., 1880, 171, 1003. 
12 J.A.C.S., 1905, 27, 459; Z. anorg. Chem., 1905, 47, 56. 
13 J.A.C.S., 1940, 62, 1829; cf. Baxter and Parsons, ibid., 1922, 44, 577, 591. 
1^ Walden, Mass, Zahl, und Gewicht in der Chemie der Vergangenheit, Samml. chem.-und 

chem.-techn. Vortrdge, Stuttgart, 1931, 8, 36 f. 
15 Marignac, Bibl. Univ., 1842, 40, 145; 1843, 45, 346; 1843, 46, 350; for Stas, see refs. 

1 and 6. 
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and it has rightly been emphasised ^ that practically all accurate gravimetric 
atomic weight determinations rest on the value taken for silver. The ratio 
Ag:0, however, cannot be found directly, since it is impossible to prepare 
silver oxide in a condition of purity,^ and the link between silver and 
oxygen, until recently, involved ^ the atomic weight of nitrogen through the 
ratio Ag:AgN03. Finally, Honigschmid and Sachtleben,"^ by converting 
barium perchlorate, Ba(C104)2, to barium chloride, BaCl2, by heating in 
hydrogen chloride gas, found the ratio BaCl2:80, and then by precipitating the 
barium chloride as silver chloride found the ratio BaCl2:2AgCl. From these 
two ratios they calculated Ag:0=107*880:16-000. Since the value Ag= 
107-880 from the AgN03:Ag ratio requires N=14*008, a value found by 
physico-chemical methods with gases, the latter value is also confirmed. 

An incomplete but representative list of papers by Baxter and collaborators 
is given in the reference.^ 

A representative list of papers by Honigschmid and collaborators ^ (names 
given in brackets) on atomic weights gives a course of reading on the methods 
used in the Munich laboratory. 

J Erdmann, Z. anorg. Chem., 1901, 27, 127; Guye, J. Chim. Phys., 1916, 14, 204; Moles, 
Z. phys. Chem., 1925, 115, 61; 1925, 117, 157; Rec. Trav. Chim,, 1929, 48, 864; Moles and 
Clavera, Z. anorg, Chern,, 1927, 167, 49. 

2 Baker and Riley, J.C.S., 1926, 2510. 
^ Stas, Bull. Acad. Roy. Belg,, 1860, 10, 208; Midn. Acad. Roy. Belg. (quarto), 1865, 35, 

No. 1; Oeuvres,” 1894, 1, 342, 717; Richards and Forbes, J.A.C.S,, 1905, 27, 5; Z. anorg. 
Chem.. 1907, 55, 34; Honigschmid, Z. anorg. Chem., 1927, 163, 65. 

4 Z. anorg. Chem., 1929, 178, 1. 
5 Sn.J.A.C.S., I920,42,905;Cd:/m, 1921,43,1230; La:/m, 1921,43, 1080; B: 5’c-/(?rtce, 

1921, 54, 524; Si: Proc. Amer. Acad., 1923, 58, 245; Ti: J.A.C.S., 1923, 45, 1228; 1926, 48, 
3117; 1928, 50, 408; Co: ibid., 1924, 46, 357; Ge: Proc. Amer. Acad., 1924, 59, 235; He: 
Proc. Nat. Acad., 1925, 11, 231; 1926, 12, 20; O: ibid., 1924, 10, 479; 1926, 12, 699; normal 
density L42897; Ne: ibid., 1928, 14, 50; A: ibid., 1928, 14, 57; N: ibid., 1926, 12, 703 (low 
value, 14 007, by density); 1931, 53, 604; As: J.A.C.S., 1933, 55, 1054, 1957; 1935, 57, 851; 
Tl: ibid., 1933, 55, 2384; Cs: ibid., 1933, 55, 858; 1934, 56, 1108; In: ibid., 1933, 55, 1943, 
K, Cl: ibid., 1933, 55, 3185; Ann. Rep. Chem. Soc., 1933, 30, 85; Na, I, C: J.A.C.S., 1934, 56, 
615; C: ibid., 1936, 58, 510; 1937, 59, 506; Scott and Hurley, ibid., 1937, 59, 1905, 2078; Eu: 
ibid., 1938, 60, 602; on Baxter, see Forbes, J. Chem. Educ., 1934, 11, 444. 

6 Bi: Z. Elektrochem., 1920, 26, 403; Ber., 1921, 54, 1873 (Birckenbach); Be: Ber., 1922, 
55, 4 (Birckenbach); B: ibid., 1923, 56, 1467 (Birckenbach); Fe: ibid., 1923, 56, 1473 (Bircken¬ 
bach and Zeiss); Hg: ibid., 1923, 56, 1212 (Birckenbach and Sleinheil); Br: Ann., 1923, 433, 
201 (Zintl); Y: Z. anorg. Chem., 1924, 140, 341 (Meuwsen); 1927, 165, 284 (von Welsbach); 
Dy: ibid., 1927, 165, 289 (von Welsbach); Sb: ibid., 1924, 136, 257 (Zintl and Linhard); Si: 
ibid., 1924, 141, 101 (Steinheil); Hf: ibid., 1924, 140, 335; Ber., 1925, 58, 453 (Zintl); K: Z. 
anorg. Chem., 1927, 163, 93; 1928, 177, 102 (Goubeau); 1933, 213, 365 (Sachtlcben); Ag: 
ibid., 1927, 163, 65 (Zintl and Thilo); 1927,163, 315 (Chan and Birckenbach); Z. Elektrochem., 
1928, 34, 625; Z. anorg. Chem., 1929, 178, 1 (Sachtleben); U: Z. Elektrochem., 1914, 20, 319, 
452; Z. anorg. Chem., 1928, 170, 145 (Schilz); 1936, 226, 289 (Wittner); Cl: Z. anorg. Chem., 
1927, 163, 315 (Chan and Birckenbach); Te: ibid., 1933, 212, 242 (Sachtleben and Winters- 
berger); Re: ibid., 1930, 191, 309 (Sachtleben); S: ibid., 1931, 195, 207 (Sachtleben); Ca: 
ibid., 1931, 195, 1 (Kempter); Er: ibid., 1933, 214, 97 (Kappenberger); Se: ibid., 1933, 212, 
198 (ICappenberger); Naturwiss., 1944, 32, 68 (Gbrnhardt); Yb: Z. anorg. Chem., 1933, 212, 
385 (Striebel); I: 1932, 208, 53; Z. phys. Chem., 1931, Bodenstein Festb., 283 (Striebel); 
Er: Z. anorg. Chem., 1937, 232, 113 (Wittner); Nb: ibid., 1934, 219, 161 (Wintersberger); 
Ta: ibid., 1934, 221, 129; 1935, 225, 64 (Schlce); Ra: ibid., 1934, 221, 65 (Sachtleben); Cd: 
ibid., 1936, 227, 184 (Schlee); Ge: ibid., 1936, 225, 81 (Wintersberger and Wittner); 1936, 227, 
17 (Wintersberger); Mo: ibid., 1936, 229, 65 (Wittmann); W: ibid., 1936, 229, 49 (Menn); 
Se: ibid., 1933, 212, 198 (Kappenberger); Nd: ibid., 1938, 235, 220 (Hirschbold-Wittner); 
P: ibid., 1937, 235, 129 (Menn); 1939-40, 243, 355 (Hirschbold-Wittner); Lu: ibid., 1939, 240, 
284 (Hirschbold-Wittner); Ho: ibid., 1940, 244, 63 (Hirschbold-Wittner); Yb: ibid., 1941, 
248, 72 (Hirschbold-Wittner); AgNOa.-AgCl: Angew. Chem., 1936, 49, 464; Zn: Z. anorg. 
Chem., 1941, 246, 363 (v. Mack); Cu: ibid,, 1944, 25, 364 (Johannsen); N: Z. Naturforsch., 
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The nephelometer (Greek a cloud)^ determines traces of sparingly 
soluble substances such as silver chloride dissolved in the washings of pre¬ 
cipitates. In this case excess of silver nitrate is added, when (owing to the 
common ion effect) a small amount of silver chloride is precipitated from the 
solution and an opalescence develops, which is compared with a standard in the 
nephelometer. This consists of two test-tubes containing the liquids and in¬ 
clined in an inverted V, partly screened from bright light by two shutters, one 
moving over a scale. If the screen over the standard covers half the tube when 
the same appearance is seen from above, viewed through two flat prisms, then a 
new standard about half as concentrated is put in, and a new comparison made. 
In this way the amount of suspended substance is accurately determined and a 
correction applied. Greene’s apparatus used a photronic arrangement. Scott 
and Hurley found that the nephelometer end-point was affected by temperature 
and was not strictly proportional to the silver and chloride ion concentrations in 
the solution, and Briscoe and co-workers abandoned the nephelometric method 
as unreliable, and used a different procedure. 

§ 25. Prout’s Hypothesis 

The idea that all elements are formed from one primary substance is found 
in old Greek philosophy. Davy ^ suggested that the ‘‘ undecompounded 
substances ” are compounds of hydrogen “ with another principle as yet 
unknown in the separate form,'’ and that “ the same ponderable matter in 
different electrical states, or in different arrangements, may constitute substances 
chemically different." Dr. William Prout ^ in 1815 concluded that the atomic 
weights of the elements are whole multiples of that of hydrogen^ and in 1816 he 
suggested that the atoms of all elements are formed by the condensation of 
atoms of hydrogen, so that hydrogen is the primary substance or protyle (Greek 
TTpcjrrj, first, vXr], matter). Mcinecke ^ also said “ the numbers of all simple 
bodies, and hence of all compound bodies, represent a multiple of the value for 
hydrogen according to a whole number." 

1946, 1, 656 (Johannsen-Grohling); Be: ibid, 1946, 1, 650 (Johannsen); Se: ibid., 1946,1, 661 
(Gornhardt); for a complete list of papers (with portrait), Z. anor^. Chem., 1938, 236, 1; on 
thirty years of atomic weight research, Honigsehmid, Angew. Chem., 1940, 53, 177; on Otto 
Hdnigsehmid, b. 1878, Horovitz (Bohemia), d. 1945, see Whytlaw-Gray, Nature, 1946, 158, 
543. For work of a similar character, see Zintl and Meuwsen, Z. anorg. Chem., 1924, 136, 
223; Zintl and Goubeau, ibid., 1927, 163, 302. 

1 Richards, Z. anorg. Chern., 1895, 8, 253; J.C.S., 1911, 99, 1201; Richards and Wells, 
Amer. Chern. J., 1904, 31, 235; Dienert, Compt. Rend., 1914, 158, 1117; V16s, de Watteville, 
and Lambert, Compt. Rend., 1919, 168, 797; Cheneveau and Audubert, ibid., 1919, 168, 
553, 684, 766; 1920, 170, 728; J. de Phvs., 1921, 2, 19; Kleinmann, Biochem. Z., 1919, 99, 
115; 1926, 179, 301; Wells, J.A.C.S., 1922, 44, 266 (theory); Chern. Rev., 1927, 3, 331; Scott 
and Moilliet,/./4.C.5'., 1932,54, 205 (theory); Kugelmass, Compt. Rend., 1922,175, 343; Kings- 
lake, Trans. Optical Soc. Amer., 1924-5,26, 53; Yoe and Kleinmann, “ Photometric Chemical 
Analysis,” New York, 1929,2; Briscoe et al., Proc. Roy. Soc., 1931,133,440; Greene, J.A.C.S., 
1934, 56, 1269; Furman and Low, ibid., 1935, 57, 1588; Scott and Hurley, ibid., 1937, 59, 
1297; Kipp, J. Sci. Instr., 1937, 14, 213; Singh and Rao, Proc. Indian Acad., 1939, 9 A, 78 
(photoelectric); Davis and Parke, J.A.C.S., 1942, 64, lOI. 

2 “ Elements of Chemical Philosophy,” 1812,488; “ Works,” 1840,4, 359, 364. 
3 Anon., Annals of Philosophy, 1815, 6, 321; Ann. Chim., 1816,1, 411. 
4 Anon., Annals of Philosophy, 1816, 7, 111; Prout, “Chemistry, Meteorology, and the 

Functions of Digestion,” Bridgewater Treatise, 1834, 160; Alembic Club Reprint, 1932, 20, 
with a summary of later developments. 

5 J. der Pharmacie, 1816, 25, ii, 72, 200; Ann. Phvs., 1816, 24, 159; “ Erlauterungcn zur 
chemischen Messkunst,” Halle, 1817; /. Chern. Phvs. (Schweigger), 1818,22,137; 1819; 27, 39; 
Prout is not mentioned. 
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Although Prout’s hypothesis of whole multiple ratios was soon disproved by 
more accurate atomic weight determinations of Berzelius,^ Turner ^ and others, 
it still fascinated chemists. Dumas and Stas^ in 1841 showed that the atomic 
weight of carbon was almost exactly 12 and that Berzelius’s value was 2*5 per 
cent, in error, and in 1842 they found that the atomic weight of oxygen (on the 
standard H = l) is almost exactly 16, which again seemed to support Prout’s 
hypothesis. The general accuracy of Berzelius’s other results was later confirmed 
and it was clear that Prout’s hypothesis was unacceptable in its original form. 

The atomic weight of chlorine is close to 35*5, so that Marignac ^ suggested 
that atomic weights are multiples of half the atomic weight of hydrogen, and 
Dumas ^ later reduced this to a quarter for aluminium, strontium and zinc, but 
this was obviously very arbitrary. Stas, beginning with “ an almost complete 
confidence in the exactness of the law of Prout,” was led by his exact researches 
to assert in 1860 that it is “ a pure illusion,” a hypothesis definitely contra¬ 
dicted by experiment, and it was also rejected by Mendelecff.'^ Marignac,^ 
in a comment on Stas’s paper, however, suggested that “ while preserving the 
fundamental principle of . . . the hypothesis of the unity of matter,” we might 
” suppose that the cause which has determined certain groupings of the atoms 
of the sole primordial substance ” may have exercised an influence such that 
” the weight of each group might not be exactly the sum of the weights of the 
primordial atoms composing it.” In many cases also the atomic weights are so 
nearly whole numbers ” that it is impossible to consider this fact as accidental.” 

Hinrichs argued that all atomic weights are whole number multiples of 
0*5, or ^ of the atomic weight of carbon taken as 12-000. To get this result it 
was necessary to exclude values determined by silver halide precipitation in 
solution, which were regarded as vitiated by errors, and the examples given by 
Hinrichs are mostly values determined before Stas’s work, which is based on 
the method he rejected. The deduction from the theory of probabilities that 
atomic weights ” tend to approximate to whole numbers far more closely than 
can reasonably be accounted for by any accidental coincidence,” although 
probably correct, was weakened by the discovery of isotopes which showed that 
many of the elements are mixtures. A very detailed discussion of Stas’s 
atomic weights was given by Dubreuil.^^ 

Witmer proposed to take m^/6 x 861 = 1 prout as the unit of mass or energy, 
nip being the mass of the proton. The masses of all stable nuclei in the ground 
states are integral numbers of prouts. 

1 See ref. 2, § 24; Ostwald’s Klassiker, 1892, 35; Berzelius, Jahres-Ber., 1843, 23, 11. 
2 Phil. Tram., 1833, 133, 523. 
3 Ann. Chim., 1841, 1, 5; 1843, 8, 189; Stas, “Oeuvres,” Brussels, 1894, 1, 235 (sur le 

veritable poids alomique du carbone). 
4 Bihl. Univ., 1843, 46, 350 (370); Dumas, Compt. Rend., 1857, 45, 709; Ann., 1858, 105, 74; 

Mallet, y.C.5., 1893,63,1. 
5 Campt. Rend., 1858, 46, 951; Ann. Chim., 1859, 55, 129; Ann., 1858, 108, 324. 
<> Bull. Acad. Roy. Belg., 1860, 10, 208; “ Oeuvres,” Brussels, 1894, 1, 418. 
7 “ Principles of Chemistry,” 1905, 2, 459. 
8 Arch. Sci. Phys. Nat., 1860, 9, 97; J. Chim. Phvs., 1920, 18, 261; Alembic Club Reprint, 

1932, 30, 48, 
9 “ The True Atomic Weights of the Chemical Elements and the Unity of Matter,” St. 

Louis, 1894; “ The Absolute Weights of the Chemical Elements,” New York, 1901; Bancroft, 
J. Phys. Chem., 1902, 6, 577. 

10 Strutt, Phil. Mag., 1901,1, 311: the chance of accidental coincidence is 1 in 1000. 
n Bull. Soc. Chim., 1909, 5, 172, 175, 260, 313, 341, 604, 610, 660, 708, 715, 852, 860, 1049, 

1053. 
12 Proc. Nat. Acad., 1946, 32, 283. 
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E. SPECIFIC HEATS OF GASES 

§ 1. The Specific Heats of Gases 

The true and mean specific (and molecular) heats of gases ^ are defined by 
the general equations of § l.Il, and the value at constant volume for unit mass: 

c^^idEjdn.(1) 
and that at constant pressure (§§ 3, 17.11) for unit mass: 

c^=^(dHldT\ .(2) 

must be distinguished. The difference betw^een the two values is (§ 21.11): 

[(dEld V)T+P](d Vl'dTl. .(3) 

and it is only in the case of ideal gases^ for which (d£'/dK)r=0 (§ 54.11), that this 
difference, per mol, is equal to the gas constant: 

.(4) 

In other cases (or CJ must be calculated from the characteristic 
equation (see § 47.11, and §§ 11, 30, 31.VII C).^ 

Herz 2 found the empirical equations: 

c,--c,=i?/M=0-0487/p,p-0-0935/e/r,=0*^^^ . . (5) 

where A/=mol. wt.,/?^, are the critical pressure, density, and temperature, 
4=latent heat of evaporation, T^=b.p. abs. He also connected Cp—Cj,=RIM 
with the Eotvos constant (see § 7.V1II G, Vol. II), (Af2/3/p2/3)[<7/(]r_7)]=2-l, 
where a=surface tension, finding: 

.(6) 

and from Lorenz’s equation ^ pjp^=2-66y for the ratio of the densities of the 
liquid at the b.p. and critical point, he found: 

c,~-c,=0-75p,/p,A/  (7) 

For a mixture of gases the values are nearly additive; according to 
Glansdorff ^ the value of mc^ is the sum of the values for the components in the 
same volume at the same temperature as the mixture: 

Mc^=c^mi=mic^i+W2c^2+.(8) 
The two specific heats are, in general, functions of temperature and pressure; 

in the case of ideal gases there is no dependence on pressure, but the specific 
heats may still be functions of temperature. The specific heat of hydrogen, for 
example, which is almost an ideal gas, varies with temperature over a consider¬ 
able range much more than those of oxygen or nitrogen. 

The first rough measurement of the specific heats of some gases at constant 
volume was made by Crawford,^ who used two identical thin sheet brass vessels, 

1 Cf. Bachinski, Z. Phys., 1927, 45, 892. 
2 Z. Elekirochem,, 1921, 27, 125. 
3 Z. Elektrochem., 1921, 27, 474. 
4 Z. anorg. Chem., 1916, 94, 240. 
3 /. Chim. Phys., 1937, 34, 96. 
^ “ Experiments and Observations on Animal Heat,” etc., London, 1779, 2nd edit., 1788, 

177; Haycraft, Trans. Roy. Soc. Edin., 1823 (1826), 10, 195; de la Rive and Marcet, Ann. 
Chim., 1840,75,113; 1841,2,121 (method of cooling); see Muncke, in Gchler’s “ Physikalisches 
Worterbuch,” 1841, 10, 683. 
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one vacuous and the other filled with the gas, which he heated in boiling water 
and then cooled in two identical water calorimeters. The difference in tempera¬ 
ture between the two calorimeters was supposed to correspond with the heat 
capacity of the gas. The results were considerably too high, e.g. the specific 
heat of air was found to be 1 *79, nearly twice that of water. Experiments with 
the ice calorimeter and a flow method made by Lavoisier and Laplace ^ gave 
better results (air 0*3303, oxygen 0*65), but these were still too high. 

Dalton 2 discussed hypotheses regarding the quantities of heat in various 
gases, and decided in favour of that which asserts that “ the quantity of heat 
belonging to the ultimate particles of all elastic fluids must be the same under 
the same pressure and temperature and hence “ the specific heats of equal 
weights of any two elastic fluids are inversely proportional to the weights of their 
atoms or molecules.” 

§ 2. Specific Heats at Constant Pressure 

The so-called ” method of mixture ” in calorimetry (see § 2.1X M, Vol. 11) was 
modified and first satisfactorily used in the determination of the mean specific 
heat of a gas at constant pressure by Delaroche and Berard; ^ its accuracy was 
greatly increased in the classical work of Regnault."* The principle of the 
method is as follows. A mass m g. of the pure dry gas passed from a large 
reservoir A through a pressure regulator V at constant pressure through a metal ^ 
spiral tube S heated in an oil bath at a constant temperature measured by a 
mercury thermometer T2. The gas then passed into a calorimeter C. In 
Regnault’s apparatus this consisted of a thin brass box containing an inner 
spiral of sheet brass, and three flat brass boxes, all immersed in water 
(Fig, l.Vll E). The tube leading from the heater to the calorimeter was as short 
as possible and was enclosed in an air jacket. The calorimeter was also enclosed 
in an air jacket. The temperature in the calorimeter was measured by an accurate 
mercury thermometer T3 divided in and was read to If w is the water 
value of the calorimeter, i.e. the heat in g.cal. required to raise the temperature 
of the water, calorimeter vessel, internal boxes, stirrer, and thermometer, 
through r, ti is the mean temperature of the gas leaving the calorimeter, and 
Jr is the rise in temperature in the calorimeter, then: 

Cp=wAljm{t2-tx) .(1) 
where Cp is the mean specific heat of the gas at constant pressure between /j and 
^2- The numerator in (1) is the quantity of heat q given to a mass m of gas to 
raise the temperature through (^2—^1), and hence this divided by m and (r2'“^i) 
gives the mean specific heat. The value of m was found from the change of 
pressure in the reservoir A. 

The principal difficulty in this method is the correct determination of the 

* Lavoisier, “ CEuvres,” Paris, 1862, 2, 724, from Lavoisier, “ Mtooires de Chimie,” 
[1805], 1, 121. 

2 “ New System of Chemical Philosophy," Manchester, 1808, 1, i, 70 f. 
3 Am. Chim., 1813, 85, 72, 113; Ann. Phil., 1813, 2, 134, 211, 369, 426; a historical review 

is given by Regnault, M^m. Acad. Sci., 1862, 26, 3; Preston, “Theory of Heat," 1894,243 f.; 
Haber, “Thermodynamics of Technical Gas Reactions," 1908, 208 f.; and Partington and 
Shilling, “ The Specific Heats of Gases," 1924,45 f.; cf. Eucken, in Stabler, “ Arbeitsmethoden 
dcr anorganischen Chemie," 1913, 3, i, 659; and in Wien-Harms, “ Handbuch der Experi- 
mcntalphysik," 1929, 8, 360 f. 

^ Miim. Acad. Sci.^ 1862, 26, 3; Partington and Shilling, “The Specific Heats of Gases," 
1924, 58; for theory see Searlc, Proc. Cambr. Phil. Soc., 1906,13, 241. 

^ Usually brass, but platinum with corrosive gases such as chlorine. 
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temperature ti at which the gas enters the calorimeter. This is not exactly 
equal to the temperature of the heating bath, since some heat loss occurs in the 
connecting tube between the heater and calorimeter. Jf an attempt is made 
to minimise this by having the tube short, then an error due to conduction of 
heat through the metal tube from the heater to the calorimeter is introduced. 
Regnault assumed that, if the velocity of the gas flow is sufficiently high, the 
temperature of the gas entering the calorimeter is the same as that of the heater, 
/2, and then applied a correction for the transmission of heat from the heater to 
the calorimeter. 

Before the gas was passed through the apparatus the rate of cooling of the 
calorimeter was observed. If ^^tid to are the temperatures of the calorimeter 

Fig. 1 .VII E. Regnault’s Apparatus for Specific Heats of Gases 

and its air jacket, respectively, the mean rise of temperature of the calorimeter 
per minute is: 

Ad^^K+a{e^^T^)  (2) 

where K is the rise due to conduction of heat from the heater, and a is a constant. 
The gas was then allowed to pass for n minutes. Let d2 and tj, t2 be the 
temperatures of the calorimeter and air jacket, respectively, at the beginning and 
end of the gas flow. The gas was again shut off and the cooling rate of the 
calorimeter again observed. If the mean temperatures are now and tq', the 
mean temperature change per minute is: 

^0o' = ^+«(^o'-To').(3) 

and from (2) and (3) the values of K and a may be calculated. The rise in 
temperature of the calorimeter during the n minutes which is not due to heat 
carried in by the gas was then assumed to be: 

.(4) 

This assumes that K remains the same whether gas is passing or not, which is 
not really true, since the heat transfer along the connecting tube by conductionj 
convection, and radiation is not quite the same in the two cases. There is no 
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possibility of applying a correction to Regnaulfs results for this small error.^ 
A correction for the expansion of the gas in passing from the heater to the 
calorimeter was applied by Leduc; 2 this changed Regnault's value of Cp for air, 
0-2375, to the same value as Wiedemann's, 0*239, but Searle 2 showed that this 
correction is mistaken. 

If w is the water value of the calorimeter, the heat given up by the gas is 
and the mean specific heat of the gas, Cp, is given by the 

equation: 
.... (5) 

Where 2(^1+ ^2) corresponds with /j in (I); hence: 

Cp={2wlm){92—0^--I!A9Q")l(2t2—0i'-02) .... (6) 

Regnault's values of Cp cover the temperature range —30" to +270^ and 
pressures of 1 to 12 atm., and have a general accuracy of about 1 per cent., so 
that in default of other data they are still of value.^ He found that the specific 
heats of air, oxygen, and hydrogen were constant within these limits of tempera¬ 
ture and pressure, but that of carbon dioxide increased with temperature. 

Regnault’s apparatus was much simplified without any loss of accuracy by 
E. Wiedemann,^ who obtained practically the same results. Regnault’s large 
metal gas reservoir was replaced by a rubber bag from which the gas was dis¬ 
placed by compressing the bag outside by water; the spiral healer was replaced 
by a short wide copper tube filled with copper turnings, and the metal boxes in 
the calorimeter by a silver vessel filled with silver turnings. The temperature 
interval was O'" to 200'". Both Regnault and Wiedemann determined the 
specific heats of a number of vapours as well as permanent gases. 

Regnault’s method was later modified ^ so as to give a true specific heat at a 
given temperature. A stream of gas at a constant temperature 9 is passed 
through a spiral tube immersed in a bath at a temperature 0+A9. The slightly 
cooler gas takes heat from the bath, and to keep the temperature constant, 
heat q is added to the bath by an electric heater, q being measured by the elec¬ 
trical energy supplied, g.cal., where /=current in amp., R=resist- 
ance in ohms, /=time in sec. If n mols of gas are passed through, the true 
molecular heat is: 

Cp^Mcp-=-qlnAe^imiAA%5nAB.(7) 

A correction was applied for heat lost by conduction through the spiral tube 
and stirrer; this was estimated by stopping the gas flow and adjusting /. The 
chief difficulty in the method is in maintaining a constant gas flow. 

§ 3. Specific Heats at Constant Pressure at High Temperatures 

Some careful measurements of the mean specific heats of gases up to 800° 
were made in the Reichsanstalt by Holborn and Austin ^ and up to 1400° by 

’ Gill, PhiL Mag., 1868, 35, 439; Searle, Proc. Cambr. Phil. Soc., 1906, 13, 241; Swann, 
Engineering, 1912,94, 516; Phil. Mag., 1913, 25, 109; Scheel and Heuse, Berlin Ber., 1913, 44; 
Hoare, PhiL Mag., 1940, 29, 52. 

2 Compt Rend., 1898,126, 1860; Searle, Proc. Cambr. Phil. Soc., 1906, 13, 241. 
3 See the table in Partington and Shilling, “ The Specific Heals of Gases,” 1924, 190. 
^ Ann. Phys„ 1876, 157, 1; 1877, 2, 195; PhiL Mag., 1876, 2, 81; Thibaut, Ann. Phys., 1911, 

35, 347; Escher, ibid., 1913, 42, 761; Partington and Shilling, ” The Specific Heats of Gases,” 
1924, 60. 

5 McCollum, J.A.C.S., 1927, 49, 28. 
6 Holborn and Austin, Berlin Ber., 1905, 175; Abhl. Phys. Techn. Reichsanstalt, 1905, 4, 

131; Nernst, Z. Elektrochem., 1910, 16, 96; Partington and Shilling, The Specific Heats of 
Gases.” 1924, 103. 
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Holborn and Henning.^ They used electric heating and measured the tempera¬ 
tures with thermocouples. The gas first passed through a platinum spiral A 
heated in an electric furnace, then through a heated platinum tube B, then 
between the concentric electrically heated platinum tubes C, inside which was 
a thermocouple P2, and then into the calorimeter. This was a silver vessel M 
containing three silver tubes filled with silver turnings (two of which DD are 
shown in Fig. 2.Vir E), through which the gas (compressed in a steel cylinder) 

Fig. 2.Vn E. Apparatus of Holborn and Henning for Determination of Specific 
Heats of Gases 

passed on its way to a measuring apparatus. The calorimeter was provided with 
a stirrer Sj, a mercury thermometer Tj, and a platinum resistance thermometer 
R, and was contained in a jacket J containing paraffin oil enclosed in a large 
vessel containing vegetable oil kept at a constant temperature by an electric 
resistance heater H, a thermometer T2, and a stirrer S2. The temperature of 
the entering gas was measured by using thermocouples of different thicknesses 
and extrapolating to zero thickness to eliminate conduction and radiation 
errors. Radiation from the thermocouple P2 was cut off by baffle-plates L. 

1 Holborn and Henning, Amu Phys.^ 1905, 18, 739; 1907, 23, 809; Callendar, B. A. Rep,, 
1908, 334. 
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The results are probably accurate to about 1 per cent, except at the higher 
temperatures. They are given by the equations ^ for the mean specific heats 
at 1 atm. between 0° C. (100° C. for steam) and f C. in g.cal. per g.: 

N2C^=0-2491+0-05951 

Air Cp=0-2405+0-0595l 

CO2 Cp=0-1971+0-0312831-0-039908X 10-''/2+0-043136x 10-V 

H2O Cp=0-4574 +0-04461/. 

The temperature coefficient for steam is only half that found by Langen by 
a different method (§ 7). 

Holborn and Henning in 1907 gave the equations for 

N2 Co.,=0-2350+0-04191 

CO2 Co.,=0 -2010+0-O4742/ - 0 -O718 

H 2O Cl00.,=0-4669-0-041681+O-O74412 

or =0-4544+ 0-026925 x100«5''5>^ 

A different type of formula was proposed by Faggiani: ^ 

Cp=a(l+lnr) 

for nitrogen (a=0-993), carbon monoxide (a= 1-002), and air (a= 1-048) from 
400°-3500° K.; for hydrogen: 

Cp=4-965+0-28(l+ln T). 

§ 4. Effect of Pressure on Specific Heat 
The effect of pressure on the specific heat is given by equation (2), § 49.11: 

(Ac^ldp)r=-n6^vlAT%.(1) 
and since {dvlAT)p=Rjp per mol is constant for an ideal gas (§ 54.11) at constant 
pressure, Cp is independent of pressure in that case; for actual gases Cp depends 
on pressure but only slightly except at high pressures.^ Regnault was unable to 
find anychange in the specific heats of air, hydrogen, and carbon dioxide between 
1 and 12 atm. pressure, but Lussana * found a dependence on pressure for air, 
hydrogen, carbon dioxide, nitric oxide, methane, and ethylene between 1 and 
45 atm. and 10° and 90° C., which he represented by the equation (p in atm.): 

Cp=a+b{p—\) .(2) 

where a (=Cp at 1 atm. pressure) and b are constants; or at higher pressures 
(30-100 atm.): 

Cp=a+/>(/?—l)+c(p—1)2.(3) 

where c is another constant which is negative for air: 

Cp=0-23702 +0-0015504(;>- l)-0-05l9591(/>-1)2. 

• Holborn et al., “ Warmetabellen P.T.R.,” Brunswick, 1919, 58; Schiile, “Technische 
Thermodynamik,” Berlin, 1922-3, 2, 29, 97. 

2 Energia Termica, 1942,10, 119, 128; Amer. Chem. Abstr., 1944, 38, 5703. 
3 Witkowski, Bull. Acad. Polon., 1895, 290; Z. phys. Chem., 1896, 21, 168; Phil. Mag., 

1896,42,1: Amagat, Compt. Rend., 1895,121, 863; 1896,122, 66, 120; 1900,130,1443 (CO2); 
Meyer, Phys. Z., 1899,1,146; Koch, Ann. Phys., 1908,26, 551; 1908, 27, 311; Partington and 
Shilling, “The Specific Heats of Gases,” 1924, 150; Hoxton, Phys. Rev., 1930, 36, 1091; 
Workman, ibid., 1930, 36, 1083; 1931, 37, 1345; Dodge, Jnd. Eng. Chem., 1932, 24, 1353 
(review). 

* Nuov. Cim., 1894, 36, 5, 70, 130; 1895, 1, 327; 1896, 3, 92; 1897, 6, 81; 1898, 7, 365 ; 
1905, 10, 192; 1908, 16, 456; Z. phys. Chem., 1895, 16, 166; Peczalski, Ann. de Phys., 1916, 
5,113. 
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Gas 

1 
H2 Air 

1 

N2 CH4 C2H4 

a 3-4025 ' 0-23707 0-22480 0-5915 0-40387 
b 0-01330 0-001498 0 0018364 0-003463 0-0016022 

+ 

Fig. 3.VIIE. Apparatus of Holbom and Jakob 

In general, h increases with a. 
Lussana’s values ofare probably 
too large, since they give an in¬ 
crease of for air per atm. of 
about ^ per cent., whilst the deter¬ 
minations of Holborn and Jakob ’ 
gave only about 0*1 per cent., 
according to the formula: 

104 ^.^=2414+2*86/7-f-O'O.vV- 
0*04106/73 . (4) 

which holds at 60°. 
T2 There should be a 

maximum, 0*3033, at 
316 atm. 

The calorimeter (Fig. 3.VII E) 
used by Holborn and Jakob con¬ 
sisted of a strong nickel steel tube 
A, the gas entering which passed 
through narrow nickel tubes C, 
the entering temperature being 
measured by a resistance thermo¬ 
meter Ti- After passing through 
the annular space D the gas left at 
E, the temperature being measured 
by the resistance thermometer T2. 
The oil in the bath F was heated 
by the constantan resistance R and 
was circulated by the centrifuge S. 
The calorimeter was surrounded 
by an air space G and steam jacket 
H, the temperature in which was 
measured by the mercury thermo¬ 
meter T4, that of the oil bath 
by the resistance thermometer T3. 
The input of electrical energy 

3 Z. Instr., 1911, 31, 116; Z. Verein 
D. Ing., 1917, 61, 146; Z. Elektrochem,, 
1917, 23, 287; Forschungsarb. Gebiet 
Ingenieurwes.y 1918, 187-8; Berlin Ber,^ 
1919, 213; Vogel, Forschungsarb. Gebiet 
fngenieurwes.y 1911, 108-9; Holborn, 
Jakob, and Baumann, Z. Instr., 1913, 
33, 88; Jenkin and Pye, Phil, Trans,, 
1915, 215, 353; Krase and Mackey, 
J.A.C.S.y 1930, 52, 108; Bridgman, Rev, 
Mod.Phys,, 1946,18, 1 (bibl). 
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was measured. The apparatus was standardised with air at 1 atm. pressure. 
The heat loss correction was independent of the flow velocity, was equivalent to 
10 per cent, of the smallest heating current used, and was eliminated by using 
various flow velocities with the energy input adjusted to maintain the same 
temperature in each case. 

The effect of pressure on the specific heat of steam was measured by Knob¬ 
lauch and collaborators^ (120^' to 550*" and 2 to 30 atm.; the results were 
represented graphically), and on the specific heat of ammonia by Osborne, 
Stimson, Sligh, and Cragoe.^ The effect of pressure on for air was calculated 
by Witkowski from formula (1) from the measured coefficients of expansion, 
and he also found Cp at 1 atm. pressure to be indepen¬ 
dent of temperature from —144'' to O'' (c^=0'2372). O p 
The effect of pressure on c\ is considered in § 6. 

The complicated apparatus used by Lussana, and JL 
Holborn and Jakob, is described by Partington and ][ f 
Shilling. Krase and Mackey used a simpler apparatus. 
The gas passed through a spiral steel tube round which 
a copper block was cast, and this was contained in a 
large Dewar vessel (Fig. 4. VII E). The rise of tempera- 
ture of the block was measured and a correction applied ' ' 
for heat lost by conduction along the inlet and outlet 
tubes. The results were found to be independent of the I I y , 
flow rate. At 500 atm. pressure the values of for J 
nitrogen were: 

F1G.4.VIIE. Apparatus 
Amagat ^ doubted if the values of d^p/dT^ were known of Krase and Mackey 

accurately enough to give reliable values of dcjdp by (1), 
§49.11, or even to decide if it differed from zero. Some rough experiments ^ 
with unpurified gases, with a supersonic method (§ 24), showed an increase of 
the velocity of sound with pressure in the case of air, nitrogen, neon, and 
hydrogen, and a decrease with carbon dioxide. For air, a change of 
from 1 *406 to 1 *580 was found ^ on changing the pressure from 1 to 100 atm., 
and for nitrogen from 1-403 to 1-56. For carbon dioxide y was supposed to 
change from 1-304 at 1 atm. to 3-524 at 60 atm. 

A temperature-entropy diagram for air to 300 atm. and 500° was calculated 
by Schlegel,^ and Mollier charts for hydrogen, nitrogen, carbon monoxide, and 
mixtures by Guelperine and Naiditch.'^ 

1 Knoblauch and Jakob, Forschimgsarb. Gebiei Ingenieurwes., 1906,35-36,109; Gricssmann, 
ibid., 1904, 13; Knoblauch ct al, Z. Verein D. Ing., 1907, 51, 81; 1911, 55, 665; 1912, 56, 
1980; 1915,59,376; 1922,66,418; Knoblauch and Mollier, Forschungsarb. Gebiet Ingenieurwes., 
1911,108-9, 79; Engineering, 1913,96, 627 (figure); Knoblauch and Winkhaus, Forschungsarb. 
Gebiet Ingenieurwes., 1917,195; Partington and Shilling, “The Specific Heats of Gases,” 1924, 
175. 

2 Re frig. Eng., 1923, 10, 145; Bur. Stand. Bull., 1925, 20, 65, 119; Cragoe, Refrig. Eng., 1925, 
12. 131; for SO2, Landsberg, Z. ges. Kdlte-^lnd., 1925, 32, 176. 

3 Phil. Mag., 1896, 41, 288; 1896, 42, 1; cf. Margules, Wien Ber., 1888, 97, IIA, 1385; 
Amagat, J. de Phys., 1896, 5, 114; Plank, Phys. Z., 1910, 11, 633; Z. ges. Kdlte-Ind., 1910,17, 
81, 129 (N2). 

^ Quoted by Dieterici, Ann. Phys., 1903* 12, 144; Johnston and Weimer, J.A.C.S., 1934, 
56, 625. 

5 Hodge, J. Ghent. Phys., 1937,5,974; Hubbard and Hodge, ibid., 1937,5, 978. 
« Forschungsarb. Gebiet Ingenieurwes., 1932, 3, 297. 
7 Chim, et Ind., 1935, 34, 1011, 1279. 
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§ 5. The Continuous Flow Method 

The method of “ continuous flow calorimetry ” used by Callendar ^ and 
Barnes 2 for liquids (specific heat of water; see § 12.11, and § l.VIII H, Vol. II) 
was applied to gases by Swann ^ and improved by Scheel and Heuse.*^ It has 
been much used, but seems to give results always slightly different from those 
found by other methods, except with hydrogen, so that some concealed defect 
seems to be inherent in it.^ 

A stream of gas flowing at a constant rate of m g. per sec. through a glass 
tube is heated by an electrically heated wire in the axis of the tube. If the 
electrical energy supplied per sec. is E g.cal. (volts x amps. X0*2387) and if all 
this except a part e lost to the surroundings is used to heat the gas, the tempera¬ 
ture of the exit gas will be AT"" higher than that of the entering gas and: 

CpME—e)lmAr.(1) 

The heat exchange between the heated and incoming gas is proportional to the 
temperature difference: 

and this heats the incoming gas by AT'=^e'lm. The heat loss to the surround¬ 
ings is Im^^k^Ejm^, therefore by substitution in (1): 

.... (2) 
A plot of the observed specific heats Cp against the reciprocal of the square of the 
flow rate should, therefore, be a straight line, and the extrapolation to infinite 
flow rate gives the corrected specific hcat.^ The effect of pressure 
was considered by Workman. 

In Scheel and House’s apparatus (Fig. 5.V1J E) the gas entered below, passed 
the platinum resistance thermometer T], and after flowing through the spiral 
passed through the two glass jackets into the inner tube containing the heater. 
The heated gas then passed the platinum resistance thermometer T2 and left the 
apparatus. The apparatus was enclosed in a vacuum jacket silvered inside, 
and the heating of the gas was as far as possible adiabatic. The heat loss e 
was found by an empirical method; for high rates of flow (5 lit. per min.) e was 
small compared with E, but there was some uncertainty in this part of the 
experiment. The continuous flow method has been used in several cases and 
at low and high temperatures.^ 

1 Phil Trans,, 1902, 199, 55. 
2 Phil Trans., 1902,199, 149. 
3 Proc. Roy. Soc., 1909, 82, 147; Phil Trans., 1910, 210, 199; cf. Brinkworth, ibid., 1915, 

2J5 383 
Ann. Phys., 1912, 37, 79; 1913, 40, 473; 1919, 59, 86; Berlin Ber., 1913, 44; Z. Instr., 1912, 

32, 244. 
3 Partington and Shilling, “ The Specific Heats of Gases,” 1924,106. 

<> Partington and Shilling, ” Specific Heats of Gases,” 1924,46; deVries and Collins,/.>1.C.5., 
1941,63, 1343. 

7 Phys. Rev., 1930, 36, 1083; 1931, 37, 1345 (O2, N2, H2). 
8 Knoblauch and Jakob, Z. Verein D. Ing., 1907, 51, 81; Nernst, Z. Elektrochem,, 1910, 

16, 96; Thibaut, Ann. Phys., 1911, 35, 347; Knoblauch and Mollier, Z, Verein D. Ing., 1911, 
55, 665; Haber et ai, Z. Elektrochem., 1914, 20, 597; 1915, 21, 228; Brinkworth, Phil. Trans., 
1915, 215, 383; Knoblauch and Winkhaus, Z. Verein D. Ing., 1915, 59, 376; Eucken and 
Bartels, Z. phys. Chem., 1921, 98, 70; Knoblauch and Raisch, Z. Verein D. Ing., 1922, 66, 
418; Millar, J.A.C.S., 1923, 45, 874; Schreiner, Z. phys. Chem., 1924, 112, 1; Krase and 
Mackey, J.A.C.S., 1930, 52, 108 (high pressure); Thayer and Stegeman, J. Phys. Chem., 1931, 
35, 1505 (C2H6); Haas and Stegeman, ibid., 1932, 36, 2127 (CH4); Haas, Sci. Abstr., 1933, 
36 A, 479; Felsing and lessen,/.i4.C.*S'., 1933, 55, 4418; Jennings and Bixler, /. Phys. Chem., 
1934, 38,747 (vapours; ether C^=23-3833~14*7x 10"3/~5-929xl0-^/2); Felsing and Drake, 
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Fig. 5.VII E. Apparatus of Scheel and Heuse. The gas entered the bulb A through a, 
passed through the resistance thermometer T3 and after attaining the temperature of the bath 
B in the tube D entered the calorimeter in the Dewar vessel. It passed from the calorimeter 
through the capillary tubes KiKj, regulating the rate of flow, and entered the regulator R, in 
which the suction was equal to the difference between the barometric height and the column of 
mercury b. By way of the mercuty seals /11/12 it was drawn by a pumping action on the reser¬ 
voirs V1V2 actuated by slow rotation of the pulley wheels wiW2, into the reservoirs P1P2, from 
which the gas passed to the balanced gas holder G over mercury. From G the gas passed 
back to a. H and /, normally shut off*, contained charcoal and were immersed in liquid air, for 
adsorption of gas. The whole apparatus was first exhausted through L. The quantity of 
gas delivered was found by shutting off* a, opening O, and raising F, so that the pressure in N 
remained constant. A chronograph marking the times of contact at the points didi gave the 
time of passage of gas. U was a by-pass, S a sliding mercury seal. The value of the constant 
k in equation (2) varied somewhat with w, and was determined with several values of m. The 
amount of gas required was 5 litres. 

JM.C.S,, 1936,58,1714 (H2S, HCN); Bennewitz and Rossner, Z. phys. Ghent,, 1938,39 B, 126; 
Fugassi and Rudy, Ind, Eng. Ghent., 1938, 30, 1029; Pitzer,/.^.C.5., 1941, 63, 2413; de Vries 
and Collins, ibid., 1941, 63, 1343; 1942, 64, 1224; Kiperash and Parks, ibid., 1942, 64, 179 
(a 10 per cent, error in Bennewitz and Rossner’s results); Montgomery and de Vries, ibid., 
1942, 64, 2372, 2375; Pitzer and Scott, ibid., 1943, 65, 803; Waddington, Todd, and Huffman, 
ibid., 1947,69,22; Waddington and Douslin, ibid., 1947, 69,2275; Wacker, Cheney, and Scott. 
Bur. Stand. J. Res., 1947,38, 651. 

A.T.P.C.—26 
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Another method ^ depends on passing the gas through a narrow metal tube 
unequally heated so that the temperature is higher in one place. The gradient 
of temperature & along the tube alters when gas is flowing, and from the measure¬ 
ment of the temperature at three points along the tube with two gases, the 
relative values of can be calculated (the method does not give absolute values). 
In the steady state: 

kAid^d'Idx^)-Q{d&ldx)=^Q.(3) 

where A:=thermal conductivity of material of tube, /^= cross-section of tube, 
g=heat capacity of gas passing per sec., Q=cq, where 6’=sp. ht. of gas per 
cm.3 and ^=flow rate in cm.^ per sec. The gas flows from the cold to the hot 
end of the tube and if ^=0 for x=0, and d'=d'i for a==/ (length of tube): 

.(4) 

where 0(.= Ql2kA. If the change of temperature gradient due to flow is small, 
a<^l. The value of 0=change of temperature difference due to flow, between 
x=//2 and a:=0, is found by putting a==//2. By expanding the exponentials 
and neglecting a/ as compared with unity, it is found that: 

0l&:=:-cqllSkA.(5) 

Since IjkA is constant, 0 is proportional to the rate of flow multiplied by c, and 
for two gases the initial slopes of the curves relating q io Q are proportional to 
the values of c. The method was used up to 370'’. A comparison of the 
results (F.) with those by other methods is: 

i 1 
He H2 

o
 

u
 

F. 0-717 0-986 1 -264 
Other . 

i 
0-716 

i 
0-987 1 -268 

Bennewitz and Schulze ^ passed a stream of gas with known velocity through 
a thin-walled glass tube fixed between two massive metal blocks maintained at 
a constant temperature difference, and measured the electrical energy which 
must be supplied to a heater in order to maintain a linear temperature gradient 
along the glass tube, as measured by a differential thermopile. The molecular 
heat is given by: 

C,^0-239AEIATidnldt).(1) 

where zl^anelectrical energy supplied per sec. by the heater, Zlr= difference of 
temperature between the metal blocks, and d«/dr=rate of flow of the gas in 
mols per sec. The accuracy is of the order of 1 per cent. 

Chopin ^ used a method depending on the flow of gas through two orifices, 
finding at 312°-1042": 

Nz, Cp=6-82+0-00058/; COj, ^,=8-9+0-61(//100)0-673, 

1 Blackett, Henry, and Rideal, Proc, Roy, Soc., 1930, 126, 319; 1931, 133, 492; Nature, 
1932,129, 200; the method is really the same as that proposed by Callcndar, “Ency, Brit.,” 
11th edit., 1910, 6, 890, for measuring the thermal conductivity of the material of the tube. 
It has never been used at high temperatures. See also Chapman, Proc, Roy, Soc,, 1930, 

675; Okamura, Sci, Rep, Tdhoku Imp, Univ., 1933, 22, 519; Potop, Compt, Rend,, 1937, 
205, 1047; Roberts, Heat and Thermodynamics,” 1940, 133; Euckcn and Sarstedt, Z, phys, 
Chern,, 1941,50 B, 143 (vapours), whose results disagree with values calculated by Pitzer, § 29.IV, 
and experiments by Waddington and Douslin, 1947,69,2275. 

2 Z. phys, Chem,, 1940,1§6,299; Dailey and Ftelsing, J,A,C.S,, 1943,65,42,44; Templeton, 
Davies, and Felsing, ibid., 1944. 66. 2033; 1945,67,2279. 

3 Compt, Rend., 1928,186, 1830; 1929,188,1660. 
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§ 6. Specific Heat at Constant Volume 

An ingenious method of measuring the specific heat of a gas at constant 
volume uses the differential steam calorimeter of Joly.^ In this, two exactly 
similar copper globes A and B, about 6*7 cm. diameter, of equal weights, were 
suspended by wires from the ends of the beam of a sensitive balance inside two 
metal steam jackets. Below each globe was suspended a conical receiver for 
water condensed on the globe. Condensation of water on the parts of the 
wires outside the jackets was prevented by surrounding them with electrically 
heated spirals. One globe was vacuous and the other contained the gas, com¬ 
pressed to 30 atm. at the steam temperature. 

The difference between the weights of water condensed on the two globes 
was found by adding weights to the side of the vacuous globe so as to balance 
the globes again. If the steam is passed in too quickly, a cloud is formed and 
drops fall on the globes; the steam supply must be cut down during weighing, 
otherwise the draught will tend to move the globe. Unless the collecting cones 
are exactly equal, a correction must be applied for the water condensed on these. 
A correction is also applied for the expansion of the globe on heating (when 
external work is done by the gas) and for the effect on of the increase of 
pressure on heating the gas. If m is the mass of gas, t the initial temperature, 
m* the mass of water condensed (corrected to vacuum), 4 the latent heat of 
evaporation of water: 

mc,,(100~-0='^'4.(1) 
if the b.p. of water is 100°. Since less than 2 mg. of water are condensed per 
g.cal., very accurate weighing is necessary. The method was used by Carlton- 
Sutton 2 to determine the latent heat of steam. Keyes ^ corrected Joly’s value 
for air by allowing for the expansion of the copper globe (changing by 
pressure), finding c^=0T712, independent of pressure to 27 atm. 

Joly’s experiments give the effect of density, p=\lv, on which is repre¬ 
sented by the thermodynamic formula ^ (§ 49.11): 

.(2) 
In the case of air and carbon dioxide the specific heat was found to increase with 
the density, but with hydrogen it appeared to decrease. The values for carbon 
dioxide were: 

p atm. 
Density 
g./ml. Cv 

7-20 0-011530 0‘1684l 
12-20 0-019950 0-17054 
16-87 0-028498 0-17141 
20-90 0-036529 0-17305 
21-66 0-037802 0-17386 

1 Joly, Proc, Roy. Soc., 1880, 41, 352; 1888, 45, 33; 1889, 47, 218; 1890, 48, 440; 1894, 
55, 390; Chem. News, 1888, 58, 271; Phil. Trans., 1891, 182, 73; 1894, 185, 943, 961; Bunsen, 
Ann. Phys., 1887, 31, 1; Neesen, ibid., 1890, 39, 131; WirtZ, ibid., 1890, 40, 438; Schiikarew, 
ibid., 1896, 59, 229; Rudge, Proc. Cambr. Phil. Soc., 1906,14, 85 (high pressures); Grijffiths, in 
Glazebrook, “ Diet, of Applied Physics,” 1922,1, 50. 

^ Proc. Roy. Soc., 1917, 93, 155. 
a J.A.C.S., 1921, 43, 1452; 1924, 46* 1584. 
^ See also Beckniail, Arkii) Mat. Astton. Fys., 1911, 7, No. 27; Godnev, J. Gen. Chem. 

U.S.S.R., 1931, 1, 684; Shpakovskij, Compt. Rend. tf.R.S.S., 1934, 3, 26 (31) (small increase 
of Cij fot CO2 with pressure); Godnev and Sverdlirt, Khimsmt, 1934,6,8; Gusak, Sow. Phys. 
Z., 1937,11, 60 (N2 at 60-200 atm.). 
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In a method ^ in which a known amount of heat q is given to a large volume 
(30-80 lit.) of gas by means of a platinum wire through which a momentary 
current is passed, the increase in pressure Ap is measured before the convection 
from the heated gas reaches the top of the cylindrical vessel. The increase of 
pressure is the same as if the whole mass, n mols, of the gas had been warmed 
through a temperature difference AT: 

.... (3) 

since AT is inversely proportional to the mass of gas heated, i.e. nAT is constant. 
This has been used as a relative method by working with two bottles, one con¬ 
taining air and the other the gas, connected by an oil manometer. The volume 
of air is altered from V to K' by admitting oil until, on passing an equal momen¬ 
tary current through the two equal heating wires, the pressure increases are 
equal, i.e. the manometer does not move. Then: 

Qgas)=C„(air).(F7F).(4) 

Although an accuracy of 1 per cent, is claimed, this is doubtful. Trautz and 
Hebbel found for Q at room temperature, CO2 6*925, H2 4*83, N2 4*975. 

The value of Q can be measured ^ at low temperatures by using an electrically 
heated steel cylinder suspended by a very narrow metal tube in a vacuous 
vessel, and determining the heat capacity by electric heating when empty and 
filled with compressed gas. At low temperatures (below —100'^’) the thermal 
capacity of the solid container becomes small compared with that of the gas. 
The accuracy is not very great. 

§ 7. The Explosion Method 

A method often used for the determination of the mean specific heat of a 
gas at constant volume up to high temperatures is the explosion method. In 
this, a known volume of explosive mixture (e.g. 2H2+O2) is mixed with a 
known volume of inert gas (which may, for example, be an excess of H2 or 
O2), the specific heat of which is to be measured. The explosion (usually 
initiated by an electric spark) liberates a large amount of heat, which brings the 
burnt gas and the inert gas to a high temperature. It is assumed that no heat is 
lost by conduction to the walls or by radiation during the short time of duration 
of the explosion. If steam is produced, a correction must be applied for its 
latent heat of condensation in the subsequent cooling. Let tz be the highest 
temperature reached and ti the final temperature (room temperature) of the 

cooled products. The heat evolved is (t2"-ti){mC„^+nC^i), where m mols 

of reaction product o£ mean molecular heat and n mols of inert gas of 

mean molecular heat Q are present. This must be equal to the heat of reac¬ 
tion mq^ at the temperature /i, which is supposed to be known from thermo- 
chemical results; hence if njm^r: 

^t)=(^2“'^l)(C’t,r + /*Q).(1) 

1 Jamin and Richard, Compt. Rend., 1870, 71, 336; Voller, Dissert., Berlin, 1909; Trautz 
and Grossinsky, Ann. Phys., 1922, 67, 462; Trautz and Hebbel, ibid., 1924, 74, 285; Trautz, 
ibid., 1927, 83, 457; 1928, 86, 1; Trautz and Giirsching, ibid., 1930, 4, 985; Trautz and Kauf- 
mann, ibid., 1930, 5, 581; Trautz and Blum, ibid., 1933, 16, 362; Trautz and Rcichle, ibid., 
1935,23, 513; Giacomini, Phil. Mag., 1925,50,146. 

2 Eucken, Berlin Ber., 1912, 141; 1914, 682; Verhl. d. D. Phys. Ges., 1916,18, 4; Naturwiss., 
1943. 31, 314. 
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If P is the maximum pressure reached in the explosion, then: * 

t2=[/>(/i+273)/pi]-273 .(2) 

If there is no change in the number of molecules, Pi^Pi, the initial pressure of 
the mixture at /j. The value of may be determined by exploding with argon 

(the value of for which is 3 g.cal. and constant). Then for any other 
gas can be found from (1). 

The older experiments ^ 
by this method gave more 
or less unsatisfactory re¬ 
sults, mainly on account 
of the loss of heat to the 
walls and the lag and oscil¬ 
lations of the manometers. 
The first really satisfactory 
method was developed by 
Pier,^ who used a light 
steel diaphragm mano¬ 
meter. 

A corrugated circular 
steel membrane D of 
OT mm. thickness was Fig. 6.V1IE. Pier’s Apparatus 

clamped for 1 cm. round 
its edge over an opening of 3 cm. diam. in a spherical steel explosion bomb 
with a capacity of 35 lit. (Fig. 6.V1I E). A small concave mirror S, 6 mm. 
diam. and 1 m. focal length, was attached by a rod to one side of the 

t For calculations, see Flamm and Mache, Wien Ber., 1917,126, IIA, 9. 
2 Bunsen, Ann, Phys.y 1867, 131, 161; Mallard and Le Chatelier, Compt. Renci.y 1881, 

93, 1014; Ann. des Mines, 1883, 4, 379; Bull. Soc. Chim., 1883, 29, 2, 98, 268; 1887, 48, 122; 
Vieille, Compt. Rend., 1882, 95, 1280; 1883, 96, 116; Sarrau and Vieille, Compt. Rend., 1882, 
95, 26, 130, 180; 1886, 102, 1054; 1887, 104, 1759; Berthelot and Vieille, ibid., 1884, 98, 545, 
601, 646, 770, 852; Bull. Soc. Chim., 1884, 41, 554; Berthelot, “ Sur la Force des Matidres 
Explosives,” 1883, 2, 149; Langen, Forschungsarb. Gebiet Ingenieurwes., 1903, 8, 1; Z. Verein 
D. Ing.y 1903, 47, 622; for summaries and criticism, see Mellor, “Chemical Statics and 
Dynamics,” 1904, 471; Haber, “Thermodynamics of Technical Gas Reactions,” 1908, 224; 
Jellinek, “ Physikalische Chemie der Gasreaktionen,” 1913, 645; Muraour, Compt, Rend., 
1919, 169, 723; Partington and Shilling, “ The Specific Heats of Gases,” 1924, 112. 

3 Z. phys. Chem.y 1908, 62, 385; 1909, 66, 759; Z. Elektrochem., 1909, 15, 536; 1910, 16, 
897; Bjerrum, Z. phys. Chem., 1912, 79, 513, 537; 1912, 81, 281; Z. Elektrochem., 1911, 17, 
731; 1912, 18, 101; Budde, Z. anorg. Chem., 1912, 78, 159, 169; Siegel, Z. phys. Chem., 1914, 
87, 641; Nernst, Berlin Ber., 1915, 896; Wohl, Z. Elektrochem., 1924, 30, 36, 49; Z. phys. 
Chem.y 1925, 118, 460; for other measurements see Hopkinson, Proc. Roy. Soc., 1906, 77, 
387; 1907, 79, 138; 1910, 84, 155; B.A. Report, 1908, 308; David et al., Phil. Trans., 1911, 
211, 375; Phil. Mag., 1913, 25,256; 1920, 39, 84; 1930, 9, 390; 1932, 14, 764; 1933, 15, 177; 
1934, 18, 307; 1937, 23, 345 (bibl.); Engineer, 1941, 171, 268; Nature, 1942, 150, 291, 320, 
521; 1943, 151, 392; 1947, 159, 407 (crit. by Zeise, Z. Elektrochem., 1941, 47, 172); Bone, 
Phil. Trans., 1915, 215, 275; Proc. Roy. Soc., 1921, 100, 67, using the manometer of Petavel, 
Phil. Trans., 1905, 205, 357; Womersley, Proc. Roy. Soc., 1922, 100, 483; Nature, 1922, 100, 
483; 1923, 103, 183; crit. by Glazebrook, Nature, 1922, 101, 112; Thorp, Phil. Mag., 1929, 
8, 813, 824; Wohl and von Elbe, Z. phys. Chem., 1929, 5 B, 241; Wohl and Magat, ibid., 1932, 
19 B, 117; Lewis and von Elbe, J.A.C.S., 1933,55, 504, 511; Campbell, Littler, and Whitworth, 
J.C.S., 1932, 339 (rate of pressure rise in theoretical mixtures of O2 with H2, CH4, C2H4, and 
CO very violent, except with CO); Maxwell and Wheeler, ibid., 1933, 882; Burlot, Mem. 
Poudres, 1932-3, 25, 314 (sp. hts, at high temp, and press, in explosions); Dorsey, “ Properties 
of Ordinary Water Substance,” New York, 1940, 107 (bibl.); Gaydon, Nature, 1942, 150, 
481; Walker, Phil. Mag., 1943, 34, 486; Comer, Proc. Phys. Soc., 1946, 58, 737; Leah, Phil. 
Mag., 1947,38,657. 
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diaphragm, and its defle^H^ion was recorded by a beam of light from an arc 
reflected on a revolving photographic film F. The maximum pressure was 
recorded in somewhat less than 0*01 sec. and no cooling correction was con¬ 
sidered necessary. The membrane was calibrated by applying oil pressure in 
a small vessel to which the membrane was fitted. The pressure-time curves ^ 
obtained with various types of manometer show that Pier’s manometer gives a 
higher (instantaneous) maximum pressure than the older types. 

The velocities of burning gas mixtures were studied by Nusselt.^ Lees ^ 
concluded that the inequalities in temperature in different parts of a burning gas 
are negligible, and Stewart ^ that the time-lag in the distribution of molecular 
energy is negligible. The radiation emitted in the combustion of a gas mixture 
has a maximum frequency near the infra-red border, the other wave-lengths 
being negligible.^ 

Wohl and von Elbe ^ determined the specific heat of steam by explosion of a 
mixture of 2H2+O2 and found the peculiar result that, whereas C„ found by 
exploding initially dry mixtures does not agree with that calculated by Einstein’s 
formula (§ 30), C„ found by exploding a moist mixture is in closer agreement. 
They point out the difficulty of correlating the older measurements of Bjerrum 
and Siegel from this point of view, and as an explanation of their results, they 
surmise a heat loss with the dry mixture in the form of luminescence radiation, 
amounting to several per cent, of the heat of reaction, whilst in the moist 
mixture, even with 15 mm. partial pressure of water vapour, this loss is sup¬ 
posed to be less than 1 per cent. Absorption of radiant heat by water vapour 
will not account for the difference. No experimental proof of this hypothesis 
was given beyond the better agreement of the results with the moist mixture 
with theory, but reference was made to measurements by Garner and Johnson 
with dry and moist carbon monoxide-oxygen explosions in which the measured 
radiant energy from the mixture dried with P2O5 amounted to 10 per cent, of 
the heat of combustion C' chemical energy set free ”), whilst with gas con¬ 
taining I *9 per cent, of water vapour it was only 2*5 per cent. 

Nernst and Wohl ® considered that Henning’s experimental values for specific 
heats at high temperatures (§ 3) are 2 to 3 per cent, in error, but Henning ^ did 
not agree with this supposition, which is based on theoretical values only, 

Wohl and Magat confirmed Wohl and von Elbe’s results with dry and moist 
gas, and by explosion measurements they obtained values for the specific heats 
of hydrogen and steam agreeing with theory, but the values for oxygen and 
nitrogen were somewhat too low; this was explained by assurrting that the 
vibrational energy of the molecules was not fully excited in the small time of 
duration of the explosion. Lewis and von Elbe,^^ however, found just the 
opposite result from Wohl and Magat, i.e. values higher than the theoretical, 

1 Partington and Shilling, “ The Specific Heats of Gases,” 1924,123, Fig. 21. 
2 Z. Verein D, Ing„ 1915,59. 872; Ann. Phys. BeibL, 1916, 40, 414. 

3 Prac. Cambr. Phil. Soc., 1921, 20, 285. 

4 PhiL Mag., 1914, 28, 748; Shtandel, J. Phys. Chem. U.S.S.R., 1948, 22, 289. 

5 Hopkinson, Prpe. Roy. Soc., 1906, 77, 387; 1907. 79, 138; 1910, 84. 155; Wohlenberg. 
Meek. Eng., 1930, 52, 852, 915, 981, 1075. 

6 Z. phys. Chem., 1929, 5 B, 241. 

7 Phil. Mag., mi, 3, 97; 1928, 5, 301; 1928, 280; Gamer, Ind. Eng. Chem., 1928. 
20, 1008. 

8 Z. techn. Phys., 1929, 10. 608. 

^ Z. techn. Phys., 1930, 11, 191. 

10 Z. phys. Chem., 1932, 19 B, 117. 
H J.A.C.S., 1933, 55, 511. 
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by the explosion of ozone, which they attributed to a metastable energy level 
in the neutral oxygen molecule. They gave empirical formulae to represent 
their results, from which they calculated: ^ 

K. 200 300 500 800 1000 1500 2000 2500 3000 
Cp 6-951 7-016 7-434 8-072 8-356 8-840 9-208 9-500 9-725 

In view of these discrepancies, the newer explosion values for oxygen are 
doubtful. 

Johnston and Walker ^ also calculated the theoretical specific heat of oxygen 
at high temperatures with the assumption of a term which is supposed to 
add an insignificant contribution below SOOO'^ K. and only a maximum of 
0*36 g.cal to Q at 4500" K. They considered Wohl and Magat’s experimental 
results much too low, and Lewis and von Elbe’s too high. Lewis and von 
Elbe,^ however, by another manipulation of a M term ^ of 0-97 volt, managed 
to bring their results into agreement with theory, and adopted Wohl and 
Magat’s explanation of the low experimental values in hydrogen-oxygen 
explosions. It cannot be said that the procedure is convincing, and the repeated 
errors in the calculations are disturbing. 

§ 8. Numerical Values of Specific Heats of Gases 

The following equations for the true specific heat of 1 mol at f C., based on 
experimental results, are given by Partington and Shilling: ^ 

O2, N2, CO, air q,=4-970+0-00017r-f O-O^Sl/^ 

H2 C,=4-850-f-0-00070r 
CO2 C^=6*700+0-0045t-0-05l02/2 

H2O (0"-1700") C^=6*750-0'00119/+0-05234/2 
H2O (1700"~2500") C^=-12-652-f0-02214/-0-05467L2. 

Values of (true) given by Nernst,^ partly based on experiments, are: 

fC. 0° 100“ 200“ 500" 1200° 2000“ 

A . 2-98 2-98 2-98 2-98 3-0 3-0 
N2, O2, CO 4-99 5-05 5-15 5-26 5-75 6-3 
H2. 4-87 4-93 5-05 5-16 5-67 6-28 
HCl. 5-00 5-09 5-27 5-46 6-13 6-9 
CI2. 5-95 6-3 6-7 6-9 7-1 7-2 
H2O . 5-93 ! 6-00 6-60 7-00 8-4 11-0 
CO2. 6-68 7-69 9-04 9-75 10-6 11-1 
SO2. 7-2 i 8-1 (9-2) (9*8) (10-6) (IM) 
NH3 . 6-62 7-05 8‘3 9-5 11-4 — 

1 The second and third decimals are quite superfluous. 
2 JA.es,, 1935, 57, 682. 
3 J.A.CS., 1935,57, 1399, 2737. 
4 Herzberg, Nature, 1934,133, 759; Ellis and Kneser, Phys. Rev., 1934, 45, 133; see also the 

correction by Wilson, J. (Them. Phys., 1936, 4, 526, and Giauque, J.A.C.S., 1937, 59, 1158, of 
the theoretical calculation of the specific heat of steam by Gordon, /. Chem. Phys., 1934,2, 65. 

5 “ The Specific Heats of Gases,” 1924,202 f.; some of the equations in terms of the absolute 
temperature T on p. 209 are mis-printed and should read: for O2, N2, CO, air, 4-947+ 
0 063ir2; CO2, 5-396+0-00506r~0 0sl02r2; H2O (O'^-17O0'‘), 7-249-0 00247T'+0-05234r2. 
See Bryant, Ind. Eng. Chem., 1931,23,1019; 1932,24, 591; Partington and Shilling, ibid., 1932, 
24, 591; J.S.C.L, 1932, 51,82T. 

« “ Theoretische Ghemie,” llth-15th edit., 1926, 287. 
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The following values of (true), mostly from theoretical calculations, are 
given by Ulich: ^ 

7‘K. 300" 600" 900" 1200" 1500" 1800" 2000 2500" 3000" 

Hz 6-90 7-01 7-14 7-41 7-72 8-01 8-18 8-53 8-80 
O2 7-02 7-68 8-22 8-53 8-74 8-92 9-03 9-31 9-52 
H2O 8-00 8-64 9-50 10-38 11-15 11 -76 12*09 12-7 13-1 
Nz 6-96 7-20 7-68 8-07 8-33 8-52 8-60 8-76 8-86 
NO 7-14 7-48 8-00 8-34 8-56 1 8-71 8-77 8-90 8-98 
CI2 8-07 8-66 8-81 8-87 8-91 1 8-92 8-92 — — 

HCl 6-95 7-07 7-41 7-78 8-06 1 8-28 8-38 — — 

H2S 8-13 9-23 10-49 11-46 12-13 i 12-58 — — — 

SO2 9-53 11-67 12-70 13-17 13-42 : 13-56 — — — 

CH4 8-54 12-50 i 15-91 18-43 — — — — — 

CO 6-96 7-28 7-79 8-17 8-42 i 8-59 8-67 8-81 8-90 
CO2 8-91 11-32 j 12-69 13-50 14-00 14-3 14-5 14-8 15-0 

Values of the mean molecular heats at constant volume Q between 2iy 
and abs., calculated from theory by Nernst and Wohl,^ are; 

rK. 273 373 
1 
1 473 573 800 1200 

1 

1600 2000 2400 2800 

Hz 4-82 4-91 4-93 4-94 4*97 5-06 5-21 5-36 5-52 5*66 
Nz 4-97 4-97 4-99 5-03 5-16 5-43 5-67 5-85 6-0 6-1 
CO 4-97 4-98 5-00 5-06 i 5-22 5-52 5-76 5-9 6-1 6-2 
02 5-01 5-08 5-18 5-29 1 5-54 5-89 6-12 6-29 6-41 — 

C02 6-63 7-18 7-67 8-08 8-84 ' 9-77 10-37 i 10-8 11*1 11-4 
H20 5-99 i 

i 
6-05 6-14 6-24 6-53 7-09 7-61 8 8-5 8-8 

The true molecular heats at constant pressure Cp at the absolute temperature 
T collected from miscellaneous sources, some experimental and some theoretical, 
are given, according to Kelley,^ by the following equations (temperature range 
in brackets): 

A, He, Ne, Kr, Xe 
CH4 . 
CI2 . 
CO . 
CO2 . 
H2 . 
HCl . 
HI . 
H2S . 
N2 . 
NH3 . 
NO . 
O2 . 
SO2 . 

4- 97 
5- 34+11-5x10-37 
8-28+0-56 Xl0-3r 
6- 60+1-20x10-37’ 
10-34+2-74 X 10-37-1 *995 X 1057 2 
6-62+0-81 X10-3T 
6-70+0-84x10-37 
6- 93+0-83x10-37 
7- 20+3-60x10 3r 
6*50+1 00x10-37 
6- 70+6-3x10-37 
8- 05+0-233 X10-37—1 -563 x IO57-2 
8-27+0-258 X10-37-1 -877 x I057“2 
7- 70+5-30 X10-37-0-83 X 10“572 

(273-1200) 
(273-2000) 
(273-2500) 
(273-1200) 
(273-2500) 
(273-2000) 
(273-2000) 
(300-600) 
(300-3000) 
(300-800) 
(273-5000) 
(300-5000) 
(300-2500) 

1 “ Kurzes Lehrbuch der physikalischen Chemie,” 1938,301; cf. Schelest, “ Die spezifischen 
Warmen der Case und Dampfe,” Leipzig and Vienna, 1922; Doczekal, “Absolute thermische 
Daten und Gleichgewichtskonstante,” Vienna, 1935. 

2 Z. techn, Fhys,, 1929,10, 608; see David and Leah, Phil. Mag., 1934,18, 307. 
3 U.S. Bureau of Mines Bull., 1934, 371; Kelley and Anderson, ibid., 1935, 384. It should 

be noted that many specific heats of gases have been calculated from spectroscopic data and 
have no direct experimental foundation; Kelley included some old values which had been 
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Empirical specific heat equations of the form; 

with the values of the constants tabulated below were given by Spencer and 
Justice,! the average and maximum percentage deviations from values calculated 
from theoretical equations by Johnston et al.—some later found to contain 
arithmetical errors—are also given: 

a Ax 103 rxl07 
Maximum 
percentage 

Average 
percentage 

H2 6-9469 -0-1999 4-808 0-49 0-19 
02 6-0954 3-2533 -10-171 0-57 0-23 
C12 7-5755 2-4244 -9-650 1-13 0-59 
Br2 8-4228 0-9739 -3-555 0-71 0-25 
N2 6-4492 1-4125 -0-807 1-35 0-54 
CO 6-3424 1 -8363 -2-801 1-38 0-47 
HCl ... > 6*7319 0-4325 3-697 I 0-98 0*48 
HBr ... 6-5776 0-9549 1-581 1-23 0-54 
H2O ... 7-1873 2-3733 2-084 1-05 0-38 
CO2 6*3957 10-1933 -35-333 2-17 0-76 

Quite a difl'erent set of values for the same formula, from the same theoretical 
spectroscopic basis, are given by Bryant ^ and Taylor: ^ 

a Ax 106 -CX109 a Axl06 -cxl0» 

H2 6-88 66 -279 ♦ 
O2 6-26 2746 770 
N2 6-30 1819 345 
CO j 6-25 2091 459 
C02 6-85 8533 2475 5-166 15177 9578 
H20 6-89 i 3283 343 7-219 2374 -267* 
CH4 3-38 17905 4188 3-422 17845 4165 
C2H2 8-28 10501 2644 
S02 8-12 6825 2103 
NHj 5-92 8963 1764 6-189 7887 

1 

728 

♦ All —c values, except for H2 and H2O, are positive. 

Other theoretical tables given by Lewis and von Elbe,^ Spencer and Flan- 
nagan,5 and Thompson,^^ are different from the above and from one another.'^ 

selected in a very arbitrary way by Eastman, US, Bur. Mines Techn, Paper, 1929, No. 445; 
Eastman and Rollefson, “Physical Chemistry,” New York, 1947, 141, and should not appear 
in modem tables, 

1 J.A.CS., 1934,56, 2311; Crawford and Parr, /. Chem. Phys,, 1948,16,233. 
2 Ind, Eng, Chem,, 1933, 25, 820. 
3 Ind. Eng, Chem., 1934, 26, 470. 
4 J,A,CS., 1935, 57, 612; corrected in ibid., 1935, 57, 2737. 
5 J.A.C.S., 1942, 64, 2511; corrected by Spencer, ibid., 1945, 67, 1858. 
^ Trans. Amer. Electrochem, Soc., 1942,82, 397, 
^ For appreciable discrepancies between observed and calculated values, see Darken and 

Gurry, J.A.C.S., 1945,67, 1398; Katz, /. Chem. Phys., 1943,11,493, remarked that the specific 
heats of carbon dioxide found by all experimenters (Eucken is overlooked, however) are 
consistently higher than the calculated spectroscopic values. 

26* 
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Davis and Johnston’s ^ theoretical values for hydrogen (ideal state at I atm.) 
are: 

r"K. 250 500 700 1000 1500 2000 2500 
C/ 6-772 6-992 7-035 7-220 7'718 8-181 8-531 

The calculated specific heats of steam at 1 atm. pressure, actual slate (from 
ideal by Berthelot’s equation) given by Fritz and Koch ^ are (Cp in g.cal/g,): 

100° . .. 0-464 160° . .. 0-465 
120° . .. 0-463 180° . .. 0-466 
140° .. .. 0-464 200° . .. 0-468 

Theoretical values for hydrocarbons have been calculated,^ and there are 
several collections of experimental and theoretical data for other gases.^ 

In viev^ of the statement ^ that “ the so-called [!] experimental values are of 
no use,’' it seems necessary to direct attention to some aspects of the alternative 
procedure. Many new theoretical specific heats are based on what has been 
well called a “ guided guess,” ^ and in cases where experimental values are pre¬ 
sented, “ it is suggested that thermochemists should check their methods 
so that the accuracy assigned to the experimental results will have a real 
significance.” 

Some idea of the reliability of these theoretical specific heats may be gathered 
from the following. Johnston and Davis ^ pointed out that all Kassel’s ^ 
figures are in error because of the use of wrong signs for two sets of terms in 
the expressions for the rotational energy (§ 25.1 V). Witmer then showed 
that Johnston and Chapman’s figures for nitric oxide are erroneous for the 

1 J.A.C.S., 1934, S6,1045 (entropies and free energies also given). 
2 Warme-md Kdlie-Techn.^ 1940, 42, 65; Anier. Chem, Abstr,^ 1942, 36, 5685. 
3 Sage, Webster, and Lacey, Ind. Eng. Chem,, 1937, Z9, 1309; Edminstcr, ibid.^ 1938, 30, 

352; 1940, 32, 373; Maron and Turnbull, ibid., 1942, 34, 544; Halcomb and Brown, ibid,, 
1942, 34, 590; Aston, ibid., 1942, 34, 514; Sage and Olds, ibid., 1942, 34, 526; Glockler and 
Edgell, ibid., 1942, 34, 532; all theoretical values. For nomogram of heat contents of hydro¬ 
carbons, see Scheibel and Jenny, Ind. Eng. Chem., 1945, 37, 990. 

4 Peake, Proc. Roy. Soc., 1905, 76, 185 (superheated steam); Schreber, “ Der Olmotor,” 
1915 (12 pp.); Ann. Phys. BeibL 1916, 40, 321; Eichelberg, Z. Verein D. Ing., 1917, 61, 750 
{cv superheated steam); Neumann, Z. angew. Chem., 1919, 32, i, 141 (air, O2, N2, H2, CO2, 
SO2, and CH4,0°-3000°); Knoblauch, Z, techn. Phys., 1922, 3, 39; Knoblauch and Raisch, 
Verein D. Ing., 1922, 66, 418 (superheated steam); Mewes, Z. Sauerstoff Stickstoff Ind., 1922, 
14, 26; Jakob, Z. techn. Phys., 1923, 4, 460 (air —80° to 250°, 0 to 200 atm.); Fischer, ibid., 
1924, 5,17, 39, 83 (air, CO2, H2O); Plank, ibid^, 1924,5, 397 (superheated steam); Seligmann, 
ibid., 1925, 6, 237 (air at low temps.); Everett, Mech. Eng., 1926, 48, 1329 (air, 62, N2, CO2 

at 500°-5500° F, abs.); Yamaga, Proc. Imp. Acad. Japan, 1928, 4, 102; Schmidt and Schnell, 
Z. techn. Phys., 1928, 9, 81 (to 3000° K.); Millar and Sullivan, Bur. Mines Techn. Pep., 1928, 
424 (Mollier charts for O2 and N2); Weydanz, Z. techn. Phys., 1932, 13, 233 (N2—100° to 
800°, 0 to 200 atm.); Schlegel, Forschungsarb. Gebiet Ingenieuwes,, 1932, 3, 297 (entropy of air 
to 5(K)° and 300 atm.); Justi, Ann. Phys., 1937, 29, 302; Kelley, Bur. Mines Rep. Invest., 
1937,3341 (metal vapours); Schmidt, Forschungsarb. Gebiet Ingenieurwes., 1937, 8, 91; Dorsey, 
“ Properties of Ordinary Water Substance,” New York, 1940, 92 (steam); Krichevsky, Kazar¬ 
novsky, and Levchenko, J. Phys. Chem, U.S.S.R., 1945, 19, 314; Geyer, Engineering, 1945, 
159, 381,423; Finnecome, Proc. Inst. Mech, Eng., 1946,155, 117 (total heat-entropy charts for 
gases with variable specific heats); Manson, Compt. Rend., 1947, 224, 1548, 1816 (mixtures). 

5 Gordon and Barnes, J. Phys. Chem., 1932, 36,1143. 
<> Aston, Kennedy, and Schumann, J.A.C.S., 1940, 62, 2059. 
7 Guthrie and Huffman, J.A.C.S., 1943, 65, 1139. 
« J.A.C.S., 1934,56, 271. 

/. Chem. Phys., 1933, 1, 576. 
AO J.A.C.S., 1934, 56, 2229. 
n J.A.C.S., 1933, 55, 153. 
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same reason. All Johnston’s figures are given to three places of decimals, and 
in the case of hydrogen ^ are given for temperatures over 4000° C., when 
would practically be non-existent. Such data are, in fact, misleading, and as 
the calculations are so involved that only experts can check them, the ordinary 
user would be well advised to leave them alone. The theoretical specific 
heats of steam calculated by Gordon ^ are also in error. ^ 

Even more doubtful than the specific heats found solely by the calculating 
machine, are those surmised from large extrapolations of approximations 
reached from experimental results in quite different fields. A particularly 
grotesque example of this type of procedure is Backstrom’s calculation of 
the specific heats of carbon dioxide at high temperatures from a small number of 
not very accurate measurements of the small differences in solubilities of calcite 
and aragonite at room temperature. 

§ 9. Ratio of the Specific Heats 

The ratio of the specific heats at constant pressure and at constant volume, 
usually denoted by y (sometimes k), Cplc^=^CplC^=y, is an important quantity. 
If y and the difference of the specific heats, or Cp’—C^, are known, the 
two specific heats themselves may be calculated. In the measurement of y two 
methods have generally been used; the first (due originally to Clement and 
Desormes) depends on adiabatic expansion, and the second on the measurement 
of the velocity of sound in the gas. 

The heating and cooling of a gas by sudden compression and expansion was 
noticed by Cullen and by Erasmus Darwin; ^ the changes of temperature were 
more accurately studied by Dalton,^ who concluded that on compressing air to 
half its volume there is a rise of temperature of 50° F., and a similar cooling 
when the air is expanded to double the volume. Dulong found that equal 
volumes of all gases at the same temperature and pressure evolve or absorb the 
same amount of heat when suddenly compressed or expanded, respectively, by 
the same amount. 

§ 10. Desormes and Clement's Method 

In the Desormes and Clement experiment ® the gas is contained in a large 
bottle (e.g. a carboy), fitted with a large-bore stopcock and a manometer, 
at an initial pressure px somewhat above atmospheric pressure P. The tap 

1 Davis and Johnston, J.A.C,S., 1934,56,1045. 
2 /. Chm, Phys., 1934,2, 65, 
3 Wilson, /. Chem. PhyS,, 1936,4, 526; Giauque, J,A,C.S., 1937, 59, 1158. 
4 J.A.aS,, 1925, 47, 2443. 
5 Cullen, Essays and Obs, Phys. and Lit,, Edinburgh, 1756, 2, 145; Darwin, PA/7. Trans., 

1788, 78,43 (experiments made about 1775 with the assistance of Warltire); Joule, Phil. Mag,, 
1845,26,369. 

6 Manch. Mem., 1800, 5, 515. 
7 Ann. Chim., 1828, 41, 113. 
8 J. de Phys., 1819, 89, 321, 428 (“Par MM. Desormes et Clement, Manufacturiers“); 

they used initial pressures below atmospheric, the use of excess pressures being due to Gay- 
Lussac and Welter, q. by Laplace, Ann. Chim., 1822* 20, 266; “ Mteinique Celeste,” 1823, 
5, 123; “ Oeuvres,” 1882, 5, 38; Poisson, “ Trait6 de M6canique,” 1833, 2, 637, 646; Donkin, 
Phil. Mag., 1864, 28, 458; Swyng^dauw, J. de Phys., 1897, 6, 129; Guglicinlo, Atti R. Accad. 
Lincei, 1913, 23, i, 698; Riichardt, Phys. Z., 1929, 30, 58; for modified apparatus, See Watson, 

A Text Book of Practical Physics,” 1908,269; Fo^, Nuov. dm., 1926,3* 101; Mohr, Z, techn. 
Phys., 1934,15, 284. 



812 THE PROPERTIES OF GASES vn E 

is Opened and the gas allowed to expand rapidly and very nearly adiabatically 
to atmospheric pressure, when the tap is closed again. The gas is allowed to 
warm up to the atmospheric temperature and the final pressure P2 is read on 
the manometer. The value of y is caclulated from the three measured pressures, 
Pi, P, and P2, as follows. 

Let vi be the specific volume of the gas under the pressure pi and V2 the 
specific volume under the pressure P after adiabatic expansion, which is also 
the specific volume under the pressure P2 at the original temperature. Then: 

PilP={v2lviy (adiabatic expansion) 

and PilPi^’^il'^i (temperature constant) 

Piip=ip\iP2y 

y(logPi-log/?2)=(log/7i-logP) 

y=(log/>]-logP)/(log;ji-log/72) .... (1) 

If natural logarithms are used in (1) and if pi — P+hi, therefore 
and p2=P+h2, therefore where Aj and h2 are the manometer 
readings (excess pressures above atmospheric) in the same units as P, then: 

y=ln [piliPi-hx)]llii [Pil(Pi-hi+h2)] 

-(hilp,)^[(h,-h2)lpi]cthj(h^-h,) .... (2) 

since hijpi and (hi—h2)IPi are small compared with unity, and the logarithms 
may be expanded according to formula (3), § 34.1, In (1—x)c:^—x. If only an 
approximate value of y is required (which is all the method so carried out can 
give), it is, therefore, not necessary to know the atmospheric pressure P, and 
only the manometer readings are required.^ 

Owing to errors caused by rapid heat exchange between the gas and the 
walls of the vessel during the adiabatic expansion, and the difficulty of closing 
the tap at the exact moment when the inside and outside pressures are equalised 
(oscillations of pressure occur if too high an initial pressure is used, the gas 
surging in and out through the tap),^ it is not possible to obtain accurate results 
by this method, the values of y being always too low.“ The theory of these 
errors is very involved and uncertain. Rayleigh ^ discussed the heat exchange 
in a 35-cm. diam. spherical vessel in a Desormes and Clement experiment. 
With 20 mm. water pressure the time of half recovery of the initial temperature 
was 15 secs., and with 3-4 mm. of water it was 26 secs. The time of half 
recovery is /=0*184ya2/7r2v, where a=radius of sphere, y=c^/c^, v=thenno- 
metric conductivity(A:=thermal conductivity, /o=density), and y/v= 
thermal capacity of unit volume at constant pressure=0’00128 x 0*239. Hence 
if A:==0*000056, ^=0*258, and i^/y=0*183, then t=^0-l02a^. If ^==16*4 cm., 
/=274 sec. 

1 Brillouin, Ann. Chim., 1909, 18, 191; Leduc, Compt. Rend., 1912, 155, 909; J. de Phys., 
1916,6, 5; B^rard, Bull. Soc. Chim., 1947,225; Spitzer, /. Chem. Educ., 1947,24,251. 

2 Bauschingcr, Z. Math. Phys. (Schlomilch), 1863,8, 81,153; Rayleigh, “ Theory of Sound.” 
1896,2,264. 

3 Cazin, Ann. Chim., 1862, 66, 206 (bibl.); 1870, 20, 251; Swyngedauw, J. de Phys 1897 
6.129; Chapman, Phys. Rev., 1911,32,561. ^ » 

♦ Rayleigh, Phil. Mag., 1899, 47, 308, 314; “Scientific Papers,” Cambridge, 1903, 4, 379, 
382; Aichi, Proc. Phys. Math. Soc. Japan, 1919, 1, 164. 
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The method was improved by Rdntgen,^ who measured the pressures by a 
metal membrane manometer closing a hole in the side of the vessel, and attempted 
to apply a correction for the exchange of heat between the gas and the walls of 
the 70-litre vessel by measuring the pressures at dijfferent times after expansion. 
With hydrogen, with a high thermal conductivity, this did not give satisfactory 
results, and it is almost impossible to eliminate this effect in this type of experi¬ 
ment, especially if small vessels are used. With a 7-litre vessel Rontgen was 
unable, even after correction, to get a value of y for air higher than 1*370, the 
true value being 1 *403. A method depending on rapid compression by a piston 
was used by Maneuvrier ^ and by Worthing ^ (at higher pressures). 

§ 11. Assmann’s Method 

In a method used by Assmann,"^ the oscillations of mercury in a U-tube con¬ 
taining the gas and closed at one end were observed. This method was most 
carefully tested by Hartmann,^ who concluded that it could not give accurate 
results, because of heat exchange, particularly by convection, occurring in the 
gas; nothing has since modified this judgment. Hartmann, with different 
tubes, found for y, air 1*41-1*42, CO2 1*304-1*310, H2 1*418-1*422. The 
value found by Hartmann for air is the same as that (1 *421) found in Assmann’s 
crude experiments, and is 2 per cent, too large, corresponding with about 
20 per cent, error in A revival of the method ^ is claimed to have given 
better results. 

Chopin from the pressure drop in a gas passing through a perforation in a 
plate found for nitrogen 6*824-0*00058/ and for carbon dioxide 8*94- 
0*62(//100)o*68^ An “impact tube” method, depending on adiabatic expan¬ 
sion into a closed-end tube, has been used.^ 

§ 12. Lummer and Pringsheim’s Method 

A great improvement in the adiabatic expansion method was introduced by 
Lummer and Pringsheim,^ who used the equation (17), § 4.II, const., 
therefore TxlT2=(v2lviy^^=(PilP2Y'^^^^'^y since /7z;’'==const. It can then be 
shown by simple algebra that: 

Y=QogPi-logP2)l[(logPi-logP2)-{logTi-\ogT2)] . (1) 

This equation holds only for an ideal gas, in which case the experiment will also 

1 Ann. Phys.y 1870,141, 552; 1873,148, 580; 1894, 51, 414. A full description of Rontgen’s 
work and of other methods for the determination of y by adiabatic expansion, is given in Part¬ 
ington and Shilling, “ The Specific Heats of Gases,” 1924, 65 f; the results are recalculated 
on modern standards and suitably corrected, ibid., 190 f. 

2 J. de Phys., 1895, 4, 341, 445; Ann. Chim., 1895, 6, 321; cf. Amagat, Compt. Rend., 1873, 
77, 1325. 

3 Phys. Rev., 1911, 32, 243; 1911, 33, 217. The writer could not obtain accurate results 
by this method in experiments made in 1912. 

4 Am. Phys., 1852, 85,1; Jahresb., 1852, 30; Muller, Ann. Phys., 1883,18, 94. 
5 Ann. Phys., 1905,18, 253. 
^ Clark and Katz, Camd.J. Res., 1941, 19 A, HI; 1943, 21 A, 1; Parodi, Compt. Rend., 

1944, 218, 311, 
7 Am. de Phys., 1931, 16, 101. 
8 Kantrowitz,/. Chem. Phys., 1946,14, 150; Huber and Kantrowitz, ibid., 1947,15, 275. 
9 B.A. Rep., 1894, 564; Smithsonian Contributions to Knowledge, 1898, No. 1126; Ann. Phys., 

1898, 64, 555. 
10 For the use of Helmholtz’s so-called “ potential temperature,” see Bauer, Phys. Rev., 

1908, 26, 177. 
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give directly a value of the molecular heat (assumed constant) at constant 
pressure. 

For, from § 3.11, d5'=f=?c^d7y7’, and from Maxwell’s equation (2), § 48.11: 

(dr/d/7),=(dF/d5)^=(r/c,)(dK^^ 

c=mvidT)Mmp)s 

(dpldT)s=(dpldT)=(c,IT)(dTldV% .... (2) 

For 1 mol of ideal pV=RT, therefore (dTldV)p=plR, 

iTlp)(dpldT\:=^(d\npldlnT\^^^^ .... (3) 

C^=l?(ln/>i-ln/72)/(lnri-lnr2) .... (4) 

In this method the final pressure pi is the atmospheric pressure P, and as the 
tap may be left open after expansion, one source of error in Desormes and 
Clement’s method is eliminated. The other source of error, due to heat 
exchange with the walls, can be eliminated by using a large vessel, and measuring 
the temperature at the centre by means of a fine platinum wire resistance 
thermometer, or a thermocouple of thin wires, of small heat capacity, which 
follows the changes of temperature of the gas very quickly. An error due to 
the relatively slow heat conduction from the thicker leads to the fine measuring 
wire is eliminated by a device introduced by Makower,^ viz. by using compen¬ 
sating leads, A small piece of the same thin wire is soldered to a second pair of 
leads and placed near the main measuring wire in the vessel. This pair of com¬ 
pensating leads is connected in series with the variable resistance arm of the 
Wheatstone bridge (see Fig. 7.V11 E), when all changes of resistance occurring 
in the leads solderings in the main system are compensated by similar ones in 
the second system, and only the temperature change of a portion of the long 
wire, which is not in contact with the leads, is measured. 

Lummer and Pringsheim used a 70-litre vessel with a resistance thermometer 
(“ bolometer ”) of very thin platinum strip, 7 cm. long, 0'2 cm. wide, and 
0*0006 mm. thick, hung in the centre of the vessel. A galvanometer of 4 sec. 
period was used as a null instrument, the variable arm of the Wheatstone bridge 
being so adjusted before expansion that the bridge was balanced after the strip 
had been cooled by the expansion of the gas. The temperature immediately 
after expansion was found by cooling the water surrounding the globe until the 
bridge was again balanced (when the bolometer had the temperature it possessed 
just after expansion), and then determining the temperature of the water by a 
mercury thermometer. In accurate experiments by this method, it was found 
that a direct measurement of temperature from the resistance of the thin 
platinum wire or strip itself does not give satisfactory results.^ 

An error due to radiation from the warmer walls of the vessel to the platinum 
bolometer was eliminated by repeating the experiment with the platinum 
blackened, when if yi and yi are the values found with bright and black platinum, 
respectively, the corrected value is given ^ by y^y\+{y\--^y^l\^y the absorbing 
powers of black and bright platinum being in the ratio 15:1, 

1 Phil Mag., 1903, 5, 226. 
^ Partington, Z. Phys., 1930, 60, 420. 
3 Lummer and Pringsheim, Am, Phys,, 1898, 64, 555; Brinkworth, Proc» Roy, 1925, 

107, 510; 1926, 111, 124; Proc. Phys. Soc., 1925, 38, 68, thought a correction for the thermal 
conductivity of the gas is necessary if the radiation correction has been determined in air. 
Since in Partington’s experiments the temperature of the wire and gas were always eQual for 
an appreciable time, this does not seem necessary, but further experiments on this point are 
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A thermocouple of 0*025 mm. diameter copper and constantan wires in a 
60-lit. vessel was used by Moody,^ but the results are probably somewhat less 

accurate than Lummer and Pringsheim’s. The very thin (1-4 ju) thermocouple 
foils used for radiation apparatus by Moll and Burgers ^ could probably be 
used in such work. 

desirable. There may be large errors in the measurement of the temperature of a flowing gas 
by a thermocouple: Haslam and Chappell, Ind. Eng. Chem., 1925, 17, 402; Mandell, Proc. 
Pftys. Soc., 1925, 38, 47. 

1 Phys. 1912, 13, 383; Phy.t. Rev., 1912, 34, 275; Shields, Phys. Rev., 1917, 10, 525 
(1-lit. vessel, y for air 1 *4029, y for H2 at 18°o= 1 *4012, which is much too low). 

2 Z. Phys., 1925, 32, 575. 
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§ 13. Partington's Method 

A modification of the method of Lummcr and Pringsheim was used by 
Partington.1 A spherical copper vessel A (Fig. T.Vfl E) of 130 lit. capacity, and 
a platinum ‘‘ bolometerB of 0*001-0*002-mm. diameter Wollaston wire with 
compensating leads was used. The silver coating of the Wollaston wire was 
removed ^ by anodic solution by electrolysis in a solution of potassium argento- 
cyanide (KAgCy2), this giving a much better surface than the usual method ^ 
of dissolving the silver in nitric acid of specific gravity 1T9. An Einthoven 
string galvanometer^ recorded temperature changes occurring in 0*01 sec., 
and so gave the temperature of the gas in the steady period after expansion 
without ambiguity. The radiation correction, the only one necessary apart 
from deviation from the ideal gas state, was made in the manner used by 
Lummer and Pringsheim. The expansion valve aperture C could be adjusted 
by diaphragms until “ overshooting ” (causing oscillation of pressure) due to 
the surge of gas after expansion was eliminated; in place of the hinged flap 
shown, a narrower tube closed by a rubber bung which could be pulled out, or 
a 3-mm. bore tap, was used in later experiments, and was more satisfactory. 
The galvanometer, used as a null instrument, showed a perfectly steady read¬ 
ing for several seconds after expansion, when fluctuations due to convection 
currents of warmer gas rising from the walls of the vessel (which cooled down 
much more slowly than the gas) made their appearance. The gas and wire were 
thus at the same temperature in the measurement and no conduction of heat 
was occurring between them. 

The initial pressure was measured on a long oil manometer M, the gas being 
admitted under excess pressure to the globe through the purifying and drying 
tubes F. The bridge circuit is shown at G, and an enlarged diagram of the 
bolometer below at B. The star-shaped glass pieces at right-angles to the 
bolometer leads were to enable the bolometer to be slid into place through the 
neck of the globe without breaking the very sensitive wires (which are invisible 
except in very strong light under a lens). The final temperature was deter¬ 
mined by a standard mercury thermometer T in the bath, as in Lummer and 
Pringsheim’s method. 

Platinum thermometers and a string galvanometer were used to determine 
temperatures in engine cylinders by Adcock and Wells.^ 

§ 14. Modifications of Lummer and Pringsheim's Method 

This apparatus with a large globe is not suited to work at low or higher 
temperatures, although measurements at about IW C. were made with boiling 

1 Phys. Z., 1913, 14, 969; Proc. Roy, Soc,, 1921, 100, 27; 1924, 105, 225; 1925, 109, 286; 
Phil, Mag,, 1923,45, 416; Partington and Shilling, “ The Specific Heats of Gases,” 1924, 75. 

2 Partington, Proc, Roy. Soc., 1921, 100, 27 (used in 1913); Z. Phys., 1930, 60, 420; 
Waetzmann, Gnielinski, and Heisig, ibid,, 1929, 58, 449. The wire must be annealed before 
solution. 

3 Friese and Waetzmann, Z. Phys., 1925, 34, 131; in Partington’s experiments, the platinum 
was brilliant under a lens. 

^ Benedicks, Phys. Z., 1916, 17, 319 (annealed at 200°“400‘^ and used warm concentrated 
nitric acid); Briining, Z. Instr., 1926, 46, 29; Amer. Chem. Abstr., 1926, 20,2098 (0-001 mm. 
wire visible on black velvet). 

5 Einthoven, Ann. Phys., 1903, 12, 1059; 1904, 14, 182; 1905, 16, 20; 1906, 21, 483, 665; 
on string galvanometers, see also Apthorpe, Electrician, 1914, 74, 111; Salomonson, Proc. K. 
Akad. Wetens. Amsterdam, 1918, 21, 235 (AI string). 

6 Phil. Mag., 1923, 45, 532, with the theory of the unbalanced Wheatstone bridge. 
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water used in the bath. Small vessels have been used at low and higher tem¬ 
peratures.^ The older workers 2 found much too low values of with 
small vessels. When no actual measurements were made, but only comparisons 
with air (which was assumed to behave normally in small vessels), as in Eucken’s 
experiments, the results are unconvincing, but the failures in early work were 
probably due to insensitive and slow methods of measuring temperatures, 
Brinkworth used small vessels successfully at low temperatures. 

Eucken and von Liide ^ used a small expansion vessel and an 8-/x thick wire, 
and did not determine its radiation correction but attempted to correct for it 
by comparing results with the platinum and a gold wire, on the basis of emis- 
sivities taken from the literature. They remarked that their platinum wire 
had a “ fairly rough ” surface, which does not agree with the experience of 
previous workers with Wollaston wires. They thought much thicker wires 
could be used. Although they gave a long theoretical discussion (partly with 
the object of discrediting previous work) of the radiation correction, they applied 
this, in the end, in the normal way. Instead of using a null method, they 
measured galvanometer deflexions, and by comparing them with the deflexions 
with air as a standard gas, attempted to calculate the temperature changes, 
amounting to 3° to 10°, by ratios of deflexions. No direct temperature measure¬ 
ments at all were made. The resistance changes were of the order of 5 ohms, 
and (although no wire lengths are given) it was claimed that heating of the wire 
by the current passing was negligible. The criticism that heating occurred in 
previous experiments is erroneous, since most earlier workers used a null 
method, when no current was passing at all through the wire when the gal¬ 
vanometer was read. Only one to three measurements were made with each 
gas at a given temperature. The results showed that only carbon monoxide 
agreed with the theoretical Q (see § 8), but here the agreement was “ almost 
exact “ no great weight,” however, was attached to this ” not unpleasing ” 
result. The apparatus failed to give satisfactory results above 220°. A similar 
method was used with an iridium wire in chlorine by Eucken and Hoffmann, 
whose results disagreed with those of all previous workers.^ 

Eucken and Miicke ^ then found it possible to work the apparatus in a 
modified form up to 600°, still using the comparative deflexion method, which 
had now been so much improved that agreement with theory was obtained with 
all the gases used, except (curiously enough) now carbon dioxide. The authors, 
therefore, considered that further measurements were superfluous, and that 
specific heats of gases are best calculated from theory. Eucken and Macke’s 
results with hydrogen, however, have now come to lie well off the latest theo¬ 
retical curve,2 some older experimental values ® being much nearer the latter. 

1 Lower temperatures, see Mercer, Proc. Phys. Soc., 1914, 26, 155; Shields, Phys. Rev., 
1917, 10, 525; Selle, Z. phys. Chem., 1923, 104, 1; Brinkworth, Proc. Roy. Soc., 1925, 107, 
510; 1926, 111, 124; for higher temperatures see Eucken et al, in references following. 

2 Kohlrausch, Ann, Phys., 1869, 136, 618; Witte, ibid., 1869, 138, 155; Rontgen, ibid., 
1870,141, 552; Boltzmann, ibid., 1870,141, 473; “ Wiss. Abhl.,” 1909,1, 157; Partington and 
Shilling, “ The Specific Heats of Gases,” 1924,67. 

3 Z. phys. Chem., 1929,5 B, 413; a similar apparatus, with 3 *75-/1 wire, was used by Sage, 
Webster, and Lacy, Ind. Eng. Chem., 1937, 29, 1309; see also Kistiakowski and Rice, J. Chem, 
Phys., 1939, 7, 281. 

4 Z.phys. Chem., 1929, 5 B, 442. 
5 See Partington, Z. phys. Chem., 1930, 7 B, 319, and Eucken’s reply, not dealing with 

specific heats, ibid., 1930, 7 B, 324. 
6 Z. phys. Chem., 1932, 18 B, 167. 
7 Davis and lohnston, J.A.C.S., 1934, 56,1045. 
8 Partington and Howe, Proc. Roy. Soc., 1925,109, 286. 
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Eucken and Parts,^ and Eucken and d’Or,^ however, continued experiments 
with the type of apparatus described, obtaining remarkably good agreement 
with theoretical values current at the time. 

§ 15. Calculation of Cp/C^ from Experiments with Non-Ideal Gases 

It must be emphasised that most of the equations given above apply only to 
ideal gases. Van der Waals ^ substituted {dpldT)^=RI(v-‘b) from his charac¬ 
teristic equation (p+alv'^)(v--b)=RT, in the general equation q,dT+T(dpldT\ 
dzj=0, which follows from (2a), § 3.II, and (5), §41.11, finding after integration 
(with C^=(y—1)Q, which is not general; see § 54.11), T{v—by~^ 
=const., or: 

{p+alv-){v—by=com{.(1) 

an equation used by Boynton."^ 
For experiments about room temperature and atmospheric pressure a better 

correction is obtained from BertheloFs equation (§ 30.V1I C) as follows.^ The 
temperature change in adiabatic expansion may be equated to that due to 
external work only (ideal gas) and that, dT\ due to internal work only (Joule 
effect, § 23. YII A): 

dr= -pdvlC^+dr=-RTdp'lpC^+dr 

since dz;=—JRTdp'/P^ where dp' is the pressure change required to produce the 
change dv isothermally and p is the initial pressure. From (14), § 30.V11 C: 

H T' — 2 7 -> 

dr= 
RT 

where ® tt=pIPc and t=TJT; hence: 

P 

(2) 

If dp^ is the increase of pressure due to the increase of temperature dT at 
constant volume, (5), § 30.VIT C, gives: 

(d \npidn=(i+ihrW 

d In />*=(! In r .(2a) 

. 

since (l+x)2cil+2A' when x is small compared with 1. But from (9), 
§ 30.VIIC: 

C,-C,=/?(l-ff^T3). 

1 Gott. Nachn, 1932, 274; Z. phys. Chem„ 1933, 20 B, 184 (CaH^, C2H4). 
2 Gdtt, Nachr,, 1932, 107 (NO). 
3 “ Continuitat,” 2nd edit., 1898,1, 130. 
4 Phys. Rev., 1901,12, 353 ; Olson and Brittain,/..4.C.5., 1933,55,4063. 
5 Partington, “Chemical Thermodynamics,” 1924, 89; Kistiakowski and Rice, J. Chem, 

Phys., 1939,7,281; for other empirical equations, see Moreau, Compt. Rend.^ 1901, 133, 732; 
Eucken, Z.phys. Chem., 1930, 7 B, 319, used Callendar’s equation (§ 32.VIIC); Honigmann,Z. 
Phys., 1934, 31, 659; Ribaud and Gaudry, Compt. Rend., 1945,220, 909 (calc* (d77T)/(dp//7)»B> 
(y—l)/r at high temperatures); Berard, Bull. Soc. Chim.^ 1947, 225, gave 
where a=coefficient of expansion, ^=—(l/i;)(dv/dr)^, adiabatic. 

^ Great care should be used to take T=a7>/Tcorrectly, not TjTc. 
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Therefore, from (3): 

• lillZV n i 
■•Ai..r,(y I)™! 

819 

dln;?„ 

d In /)' (4) d In/?/ 

The pressure change for an adiabatic change of volume (dp^) is equal to the 
pressure change due to change of volume at constant temperature (dp') plus 
that due to change of temperature at constant volume (dp^): 

dp^=^dp'+dp^. 

Divide by p, then (if the pressure changes are small) d In /?g=d Inp'+d In 
Therefore from (4): 

d\np^ d\np'+d\np„ 
y=14* 

d\np' d inp' 

d Inp^__\og Px—\og P 
(5) 

d\np' \ogpx—\ogP2 

with the notation used in (1), § 10, so that this equation requires no correction 
if the pressure change is small 

To find the correction for the Lummer and Pringsheim equation (1), § 12, 
integrate (2a). The temperature Ti corresponds with px and Ti with P. If 
the volume remained constant after expansion and the temperature changed to 
Tx, the pressure would become /?2, 

d In pjd In T= 1 + 
r 

The integration cannot be effected exactly, but by putting7r=(/?i+/’)/2/?j, and 
l/r=(Ti + r2)/27;, 

In “~(1 +iin-T^) In 

In iPilP) 
Substitute lnp2 in (5), then: 

+11^x3) In (Ti/Ja)’ 

and by comparison with (1), § 12, and rearrangement: 

y=y'[l+(y'-I)||71-T3].(6) 

where y' is the ideal gas value calculated by (1), § 12. Equation (4), § 12, may 
be corrected as follows. From the general equation (2), § 12: 

(dpldT\={C,IT){dTldV),. 

If Cp' is the value calculated for the ideal gas, {CJT)(dTjdV)p={Cp'jT)(plR), 
hence: 

C,=C;iplR)(dVldT),.(7) 

the value of (dV/dT)p being given by (8), § 30.VIIC. 
If the behaviour of an actual gas is represented by 

pV=RT+Bp.(8) 
where B is the second virial coefficient (§ 6.VIIC), V*=RTIp+B, and (d VjdT)pSs 
Rlp-{-{dBldT)p\ hence, from (7): 

=c/[i+(p/«)(dfi/dr)j 
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From (2), §49.11, (ACJ&p)r=-T{AWIAT% and since (d2F/dr2)p= 
{d^BldT\, therefore: * 

(dC,ldp)r=-nd^BldT\ 

dCy.-Tid^B/dT^\dp 

Cp=-T(dW/dn)p+const. 

Forp=l, Cj,—Cpi, and for Cj,=Cj,q; hence: 

C^o=-C,i+T(d^B!dT\.(10) 

Similarly, from (1), § 49.11, (dC;/dF)i.=r(d2/>/dr2)„, and: 

C„0=c.,i+2(d5/dr),+7’(d2j5/dr2)+(i//?)(d5/dr),2 . . (ii) 

For, from (8): 
V{dp/dTX^R+B(dpldT%+p(dB/dT), 

(y-B){d^pldT\^p{d2BldT\+2(dpldTUdB/dn- 

By substitution in (1), § 49.11: 

f \dF^. V-B\dfy/^\dT}„[y-B^(^-BAdT)^_ 

Put dV— — [{V—B)/p]dp and integrate, when (11) follows. The last term is 
usually negligible. 

Nesselmann 2 used the characteristic equation p=RTI(v—b)—ajv^, where 
a=ao/T", and found for air: 

^P=^>+(4*76i3-2*84)/(i;r^*5~4-34).(12) 

where 
The extensive use made by the Eucken school of the second derivative of the 

second virial coefficient of Callendar’s equation (§ 32.VII C), with their criticism 
of the use of Berthelot’s equation by other workers, is unfortunate. The 
experimental results on compressibilities can be represented quite well with a 
Callendar virial coefficient B, but the choice of n in the equation is subject to 
rather a wide latitude. When the second temperature derivative of B is used 
to calculate or correct specific heats, the case is quite different, and even a small 
error in the choice of n can now lead to serious error. The use of Berthelot’s 
equation is, therefore, generally preferable; ^ its use by the author ^ for chlorine, 
which was criticised by Eucken,^ has been fully justified by later work,^ which 
has disclosed numerous errors in Eucken’s experimental results. 

§ 16. The Velocity of Sound 

The formula for the velocity of sound in a fluid (gas or liquid, or a longi¬ 
tudinal compression wave in a solid rod) was deduced by Newton; it is very 

^ Amagat, Compt, Rend,, 1900,130, 1443; Schulze, Ann. Phys., 1916, 49, 569. 
2 Z. techn. Phys., 1925,6, 151; for nomograms for the adiabatic compression and expansion 

of hydrocarbon gases, see Scheibel and Othmer, Ind. Eng. Chem., 1944,36, 580. 
3 Void, J.A.CS., 1935, 57, 1192; Long and Gulbransen, ibid., 1936, 58, 203; Aston and 

Messerly, ibid., 1940, 62, 1917; and many other papers by Giauque, etc., see §29.IV; Foz, 
Gazulla and Vidal, An. Fis. Quim., 1947, 43, 842. 

4 Phys. Z., 1914, 15, 601, 775. 
Z. phys. Chem., 1929, 5 B, 442; Partington, ibid., 1930,7 B, 319. 

6 Schulze, Ann. Phys., 1938, 34,41; Giauque and Powell,1939, 61, 1970. 
7 “ Principia ” (1687), 11, sect, viii, theorem 38, prop. 48; edit. Amsterdam, 1723, 340; see 

Whewell, “History of the Inductive Sciences,” 1857, 2, 246 f.; Rosenberger, “Geschichte.der 
Physik,” Brunswick, 1884,2,233; 1887,3, 133. 
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easily obtained by the following elementary method. ^ Consider the fluid in a 
tube of unit cross-section and take an imaginary fixed plane X at right angles 
to the length (Fig. S.VII E). If the wave travelling along the tube is of per¬ 
manent type, no change in the properties of the fluid is seen by an observer 
moving with the velocity of the wave. 

If u is the velocity of the substance at X, a volume u cm.^ passes per sec. 
through X, and if m is the mass of 
the substance passing and v its specific 
volume (1/p), u^mv. If the plane is not 
fixed but moves from left to right with 
a velocity C/, this equation is true if the 
relative velocity (U—u) is substituted for 
w, where U is the velocity of the wave. 
Hence, for two planes A and B moving 
with velocity U the masses of substance 
crossing them from right to left are: 

U—Ui=miVi and 

Uu,M, 
P2^2 

U UjMj 
pi^i 

Fig. S.VII E. Wave Velocity in a Gas 

U—U2 = m2V2.(1) 

Since A and B move with the same velocity the distance and volume between 
them are constant, and hence the density of the substance in corresponding 
parts of the wave also remains constant; the mass of substance entering at A 
is thus equal to that leaving at B, or mi=m2=w, say, hence: 

Ui = U—'mvi and U2^U’-mv2.(2) 

If Pi is the pressure at A and P2 that at B, the force from left to right is p2—Pi^ 
The momentum entering per sec. at A is wwi and that leaving at B is mu2, hence 
from (2): 

Pi-P2=m(ui-U2)=m^V2-Vj) .(3) 

Hence the quantity p+nPv remains constant in the wave. 
For small changes, Px'—Pi^^p and Vi--V2=^^v, hence from (3): 

— v{i^pldv)=^e=ni^v . (4) 

where e is the elasticity (§ 4.II) and v 
is the mean specific volume. If v and 
p=l/z? refer to the fluid at rest (m=0), 
(2) and (4) give Newton’s equation: ^ 

U=mv=\/(.ev)=Vi^lp) (5) 

The deduction may be put into a 
slightly different form as follows.^ Assume that a pressure distribution moves 
to the right with a wave velocity c without change of form. As the gas is 
compressed, a part left behind the wave is moving to the right (Fig. 9.VII E). 

f 
j "l-? r- 

p. 1 ! po 1 1 
_ 

1 1 
L_1_1_^ (L 

<— b —> 
Fig. 9.VII E. Sound Wave in a Gas 

1 Rankine, Phil, Trans., 1870,160, 211 \ “ Misc. Sci. Papers,” 1881, 530; Maxwell, ” Theory 
of Heat,” 1897, 223. 

2 For general accounts of acoustics, see: Whewell, ” History of the Inductive Sciences,” 
1857, 2, 231 f. (historical); Donkin, “Acoustics,” Oxford, 1870; Tyndall, “On Sound,” 
1875; Rayleigh, “ The Theory of Sound,” 1896,2, 18 (velocity); Basset, “ Elementary Treatise 
on Hydrodynamics and Sound,” 2nd edit., Cambridge, 1900, 186; Poynting and Thomson, 
“ Sound,” 3rd edit., 1904; Klimpert, “ Lehrbuch der Akustik,” 3 vols., Bremerhaven, 1904-7; 
Lamb, “ Dynamical Theory of Sound,” 1910, 157, 162; Capstick, “ Sound,” Cambridge. 
1913; Liibcke, in Geiger and Scheel, “ Handbuch der Physik,” 1927,8,617; various authors in 
Wien-Harms, “Handbuch der Experimentalphysik,” 1934, 17, i and ii; Schimank, Z. tech. 
Phys., 1936, 17, 500 (historical). For an elementary account of waves in liquids and gases, 
see Coulson, “ Waves,” Edinburgh, 1941,60, 87. 

3 Ewald, Poschl, and Prandtl, “ The Physics of Solids and Fluids,” 1936, 349. 
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Let Pi, po be the pressures before and after the wave, Pi—po and the correspond¬ 
ing density change pi—po being small. The transition region is of thickness b 
and the cross-section of the tube is a. 

The condition of continuity requires that the increase of mass in the region 
per unit time, ac{pi—p^, is equal to the mass flowing in, aupi, where u is the 
mean mass-velocity. Hence 

PiU=cipi~Po) .(6) 

The resultant force is a(/?i—/7o), equal to mass x accelerationX X (w/r)= 
where /=time in which velocity increases from 0 to w, which is equal 

to and is the mean density. Hence: 

PmUC=Pl-Po .(7) 

Divide (7) by (6) and replace Pm^y pi (without serious error), then: 

c^=(j>i-Po)l(pi-Po)=^Pl<ip..• (8) 
A more symbolical derivation is as follows*^ The gas is contained in a tube 

of unit cross-section. Let € be the elasticity and p a pressure which produces a 
compression du in a layer dx of gas. Then p^edu/dx (i). The layer dx will 
move backwards and forwards owing to the pressure difference dp on both 
sides. By differentiating p and du in (i), dp^ed^ujdx (ii). If p=density of 
gas in layer dx, its mass is m=:pdx, and as force (dp)=massx acceleration, 
dp^m{d?-uldfi)==^pdx.{d?-uldfi) (iii). From (ii) and (iii), pdx{d^ujdfi)—€{d^uldx). 
Hence d^uldt^^(€lp)(d^uldx^), and (dx/dO^^^t/^«€//>. 

§ 17. Velocity of Sound in Gases 

Newton supposed that the elasticity c was the isothermal value, which for an 
ideal gas is €j^=p (see § 4.11), when: 

U^Vipv).(1) 

(p must be in absolute units, e.g. dynes/cm.^). But some rough experiments he 
made in the cloisters of Trinity College, Cambridge, showed that the measured 
velocity of sound was distinctly higher than that calculated, which he explained 
by supposing that the sound travelled with a much higher velocity through dust 
particles suspended in the air. The correct explanation was first given by 
Laplace,^ who pointed out that the coitipressions and expansions in a sound 
wave are so rapid that there is no time for an equalisation of temperature to 
occur, that the sudden compression produces a rise of temperature whiph 
increases the elasticity, and that the adiabatic elasticity must be used. In this 
case there is no exchange of heat between the heated and cooled parts of the 
fluid through which the wave is passing. 

The temperature variations in a sound wave were measured by a thin Wollas¬ 
ton wire thermometer (§ 13) by Friese and Waetzmann.^ They calculated that 

1 Wcyrauch, Ann. Phys„ 1884, 23, 147. 
2 Ann. Chim., 1816* 3, 238; 1822, 20* 266; “ Mocanique Cdefete,’’ 1823, 5, 119; “ Oeuvres*” 

1882, 5, 109, 133; Poisson, Ann. Chim.^ 1823, 23, 337; ” Traits de Mocanique,” 1833, 2, 637, 
646; Sxttioti Ann. Fhysi^ 1830,19,115; Stokes, PA//. 1851,1, 305; Rankine, ibid.^ 1851,1, 
225; Stefan, Ann. Phys.^ 1863, 118, 494; Le Conte, Phil. Mag., 1864, 27, 1; Hoorweg, Arth. 
N^erl., 1876,11, 131; Ann. Phys. Beibl., 1877,1, 209; Tolver Preston, Phil. Mag,, 1877, 3,441; 
Rosenberger, ” Oe^hkhte der Physik,” Brunswick, 1887, 3, 133, 750; Brillouin, Atm. ChiM*, 
1909, 18, 191; Rstyleigh, “The Theory of Sound,” 1896, 2, 23, says the theory had alwd|^ 
been “ a stumbling block to those remarkable persons, called by de Morgan, ‘ paradOkers ’ 
the reference is to de Morgan’s “ A Budget of Paradoxes,” 1872. 

3 Z. Phys., 1925, 31, 30; 1925, 34, 13L 
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the period of temperature variation in the wire would be about half that in 
the gas. 

The adiabatic elasticity is yp, where y=£’^/c^ (see § 4.II): 

u==V(ypv)-=V(yplp)^ViyRTIM) .... (2) 
where T is the absolute temperature of the undisturbed fluid, R is the gas 
constant, and M the molecular weight. Laplace’s equation (2) gives very 
accurate results, except for waves of large amplitude (e.g. intense shock waves) 
to which (3), § 16, no longer applies.^ 

A measurement of the velocity of sound in a gas at a given temperature will 
give 2 a value of y from equation (2). The velocity is independent of pressure 
(or density), since for an ideal gas pv is constant at a given temperature by 
Boyle’s law. For actual gases (2) requires correction for deviation from the 
ideal state, as explained in § 22. 

Very many experiments on the velocity of sound in free air have been made, 
the first reasonably accurate result (331 m. per sec. at 0°) being obtained by 
Goldhingham,^ in Madras, in 1820-21. Many determinations have also been 
made in pipes, conduits, and sewers,"^ those of Violle and Vautier (at Grenoble) 
being perhaps the most accurate. The best value for the velocity of sound in 
free air is probably that found by Hebb,^ who used repeated reflexion of sound 
waves from paraboloids, 15 in. diameter, 5 ft. apart. After suitable correction 
for moisture^ the value L/=331 *41 m./sec. at 0® C. in dry C02-free air was found. 

Kukkamaki,'^ with explosions in free air, found 330-8 m./sec. at O'", but 
331-7 m./sec. with higher frequencies. Such alleged variations with frequency ® 
are probably spurious and due to rough surfaces; ^ Pan Tscheng Kao found 
331*85 m./sec. with ultrasonic waves with frequencies varying from 40,000 to 
a million, and neither Hebb nor Griineisen and Merkel (see below) found any 
frequency effect. The latest reliable value ^ for the velocity of sound in dry air 
at O'" is 331 -60^:0-05 m./sec., practically the same as Hebb’s figure. 

1 Earnshaw, B,A. Rep.^ 1858, ii, 34; Proc. Roy, Soc.^ 1858, 9, 590; Phil. Trans., 1860, 150, 
133; Phil Mag., 1860,19, 449; 1860, 20, 186; Mach and Sommer, Wien Ber., 1877, 75, II, 101; 
Hugoniot, J. cie r£cole Pohiechn., 1887, 57, 3; 1889, 58, 1; Chapman, Phil Mag., 1899, 47, 
90; Jouguet, J. de Math., 1905, 1, 347; 1906, 2, 5; Crussard, Compt. Rend., 1907, 144, 417; 
Crussard and Jouguet, ibid., 1907, 144, 560; 1908, 146, 594; Crussard, ibid., 1913, 156, 447, 
611; 1914, 158, 125, 340; Bull Soc. Ind. Min., 1907, 6, 257; Becker, Z. Phys., 1922, 8, 321; 
JCliisener, ibid., 1927, 43, 597; Ackert, in Geiger and Scheel, “Handbuch der Physik,” 1927, 
7, 322 ; Caldirola, J. Chem. Phys., 1946,14, 729; Staniukovitsch, Compt. Rend. U.R.S.S., 1946, 
52, 589; Courant and Friedrichs, “ Supersonic Flow and Shock Waves,” New York, 1948; for 
a relativistic correction, Taub, Phys. Rev., 1948, 74, 328. 

2 Rankine, Trans. Roy, Soc. Edin., 1853, 20, 147; ” Misc. Scient. Papers,” 1881, 256. 
3 Auerbach, in Winkelfnann, ” Handbuch der Physik,” 1909, 2. 500; for a summary of 

earlier values, ibief,, 518, 529 f; Partington and Shilling, “The Specific Heats of Gases,” 
1924, 79. 

^ Regnault,PM. Mag., 1868,35,161; Violle and Vautier, Ann. Chim., 1890, 19, 306; Violle, 
“ Cours de Physique,” 1888, 2, i, 57 f., 64; Congrds Internat. Phys., 1900, 1, 228; Stevens, 
Ann. Phys., 1902, 7, 285; Partington and Shilling, “ The Specific Heats of Gases,” 1924, 79 f. 

5 Phys. Rev., 1905,20, 89; 1919,14, 74; Trans. Roy. Soc. Canada, 1919,13, III, 101. 
6 Dorsey, Properties of Ordinary Water Substance,” New York, 1940, 70 (bibl.). 
7 Ann. Phys., 1938, 31, 398. 
» Esclangon, Compt. Rend., 1919,168,165 (339-9 m./sec. at 15®); Barss and Bastille, /. Math. 

Phys. Mas^. Inst, Techn.f 1923, 2, 210; Grabau, /. Acoust. Soc. Amer., 1933, 5, 1 (344-48 
m./sec. at 20° and 87 per cent, humidity, independent of frequency from 20,000 to 70,000); 
Parker, Proc. Phys. Soc., 1937,49, 95 (331-7 m./sec. at 0°). 

9 Kneser, Arm. Phys., 1939, 34, 665. 
10 Compt. Rend., 1931, 193, 21; very high frequenpies were used by Koenig, Arm. Phys., 

1899,69,626,721. 
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In determinations made in tubes a correction applied by Kirchhoff and 
explained later (§ 23) must be made for the effect of the tube on the velocity, 
which is reduced below the value in the free gas. The most accurate value 
found by this method for air at 0° C. is probably that of Griineisen and Merkel,^ 
using a closed resonator method due to Thiesen; ^ they found 33T57 m./sec. 
at O'" C. (Thiesen found 331‘92±0*05.) Measurements of velocities in tubes 
at high temperatures are described later (§ 20). 

§ 18. Stationary Waves in Gases 

In measuring the velocity of sound in tubes it is often more convenient to 
measure the wave-length A and calculate the velocity from the equation (§ 49.1), 

where n is the frequency. This equation follows from the fact that the 
source makes rt complete vibrations per sec., each corresponding with a com¬ 
plete wave-length A cm., hence the disturbance travels a distance nX cm. per 

sec., and this is equal to the velocity. This 
equation and the fundamental equation 
(2), § 17, give: ^ 

U=nX=^/(yp|p), y—n^x^plp (1) 

When a sound wave travelling along a 
tube is reflected from a closed end, the 
incident and reflected waves interfere and, 
as is explained in works on sound, the 
column of gas is divided into portions 
separated by planes in which there is no 
motion {nodes), interposed between which 
are portions of gas where the motion is 
a maximum {antinodes). The distance 
between successive nodes or antinodes 
is half the wave-length, A/2. Hence by 

measuring this distance, U can be calculated if the frequency n is known. 
If the wave-lengths are measured for two gases, with the same frequency, 
t/i/i/2=Ai/A2, hence, at the same temperature, (2), § 17, gives: 

^1^1^2^=71^2172^1, 7il72=MiXx^lM2X2^ ... (2) 

If one gas (e.g. dry air, y= 1-403) is taken as a standard, the values of y for a 
series of other gases can be found from (2). The method requires corrections 
which are explained in § 22. 

Fig. lO.VII E shows ^ the character of a stationary wave in a column of gas 
having a node at each end and one in the centre. The 17 particles shown as dots 
move first to the right and left (on opposite sides of the middle vertical) with an 
increasing amplitude, until the condition shown in row 5 is reached, when the 

1 Z. Phys., 1920, 2, 277; Ann. Phys., 1921, 66, 344; Partington and Shilling, “ The Specific 
Heats of Gases,” 1924, 81. 

2 Z. Instr., 1905,25,102; Ann. Phys.. 1907,24,401; 1908,25, 506; for other experiments with 
resonator methods, see Dulong, M^m. Acad. Sci., 1831, 10, 147; Cornish and Eastman, 
J.A.C.S., 1928, 50, 627; Voelcker, Ann. Phys., 1935, 24, 361; Schulze, ibid., 1938, 34, 41 (Ch); 
Clark and Katz, Canad. J. Res., 1940,18 A, 23, 39; 1941, 19 A, 111; 1943, 21 A, 1; Tucker, 
Phil Mag., 1943, 34, 217 (steam, etc.); (Juigley, Phys. Rev., 1945, 67, 298 (330-6 m./sec. at 0^); 
for vapours, Neyreneuf, Ann. Chim., 1886, 9, 535; for theory of Helmholtz resonator, Jones, 
Phys. Rev., 1925, 25, 696. 

^ Shaha, Indian J. Phys., 1931, 6, 445. 
^ Auerbach, in Winkelmann, “ Handbuch der Physik,” 1909, 2, 70. 
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13 
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Fig. lO.VIl E. Stationary Wave 
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compressions are a maximum. The particles then begin to move in opposite 
directions, and in row 9 are in the original positions but are moving in opposite 
directions to those in row 1 (half a period). In row 13 maximum compressions 
are again reached but in positions where in row 5 there were maximum dilata¬ 
tions. In row 17 the particles are in their original positions and are beginning 
to move again as in row 1 (a complete period). The horizontal rows correspond 
with equal intervals of time. The curves joining the points are sine curves 
representing the displacements of each point (§ 49.1). 

Chladni ^ determined the velocities of sound in gases by the method of 
blowing an organ pipe, and found (with moist gases) in Paris feet per sec.: 

Air 02 N2 H2 CO2 NO 

1802 1038 950-960 990 2100-2500 840 1 980 
1817 — 923 966 

1 

2070 857 — 

Dulong 2 blew an organ pipe with a gas inside a large chest filled with the gas, 
and determined the frequency with a monochord. He calculated from 
the velocities found. Lechner ^ used the method for vapours. A correction 
for the open end of a pipe must be applied.^ 

§ 19. Velocity of Sound by Kundt's Method 

A simple method of determining the velocity of sound was devised by Kundt.^ 
A glass tube A, 3-4 cm. diameter and over 1 m. long, provided with side tubes for 
filling with the gas (Fig. 11.VII E), was closed at one end by a cork through which 
passed a glass rod terminated inside the tube by a piston Pj fitting loosely in the 
tube. A similar tube B contained air. The long sounding rod S, terminating 

in pistons, passed through rubber sheets mi and m2, and could be set in vibra¬ 
tion by stroking the middle part with a damp cloth. Sound waves were pro¬ 
duced in the gas by the vibrations of the pistons at the ends of the rod S, and 
by adjusting the positions of the pistons Pi and P2, the columns of gas and air 
divided into nodes and antinodes, which were made visible by lycopodium 
powder, cork dust, or fine sand in the tubes. The powder collects in small heaps 
at the nodes, where the gas is not moving, with clear spaces corresponding with 

1 “Die Akustik,” Leipzig, 1802, 226 f. (new edit., Leipzig, 1830); “ Neue Beytr^ge zur 
Akustik,” Leipzig, 1817, 80. 

2 1829,41,113. 
3 Wien Ben, 1909,118, II A, 1035. 
4 Boehm, Phvs. Rev., 1910, 31, 332. 
5 Ann. Phys., 1866, 127, 497; 1868, 135, 337, 527; Phil. Mag., 1868, 35, 41; Costing, Ann. 

Phys., 1885, 24, 319 (low frequencies); for experimental errors, etc., Leduc, Ann. Chim., 1899, 
17, 484; Compt. Rend., 1915, 160, 601; 1924, 178, 1148; J. de Phys., 1916, 6, 5; for lower 
pressures, Beckman, Arkiv Mat. Astron. Fys., 1911, 7, No. 27; general, see Partington and 
Shilling, “ The Specific Heats of Gases,” 1924, 84; on effect of moisture in the air in the com¬ 
parison tube, see Dorsey, “ Properties of Ordinary Water Substance*” New York, 1940, 70. 
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the antinodes, where the powder is swept away by the motion of the gas. The 
wave-lengths in the gas and in air were then measured. 

Jaeger,1 working with vapours, said he found silica too heavy, and used 
charred cork dust, which had been used for halogens at high temperatures by 
Strecker.2 The difficulty found with silica was probably due to the tube not 
having been well dried by baking in vacuum, which the writer ^ found essential. 
According to Shilling,^ adsorbed moisture is removed from a glass tube on 
heating at 370°, and from a silica tube at 800°, in a current of air. Silica 
powder gives satisfactory results only when the powder and the walls of the 
tube have been completely dried by strong heating in vacuum, otherwise the 
powder sticks to the glass. 

In calculating the average half wave-length, the arithmetic mean of the lengths 
along the tube reduces to (.x:„--.Vo)//2, only the first and last readings being 
effective. The average may be found from the formula: 

6[(«-l)(x„-.r])+(«-3)(.v„-i-;c2)+•• • • (1) 
If n is odd, the middle reading does not appear, so that an even number of 
readings should be made. 

A surprising amount of effort has been given to finding the cause of the 
peculiar ribbed and other forms assumed by the dust figures in the Kundt 
tube:^ Muller says there are two main types, ribbed (sometimes curved) and 
heaps with clear spaces. 

Raman showed that the nodes of a vibrating string have a slight motion, 
chiefly longitudinal, differing in phase by a quarter of an oscillation from the 
rest of the string, serving to transmit the energy; something similar probably 
occurs in the Kundt tube. 

Kundt’s method was used at higher temperatures with mercury vapour by 
Kundt and Warburg. ^ The left-hand tube contained air as a comparison gas, 
the right-hand tube containing mercury was heated in an air bath at 275°~356°, 
the temperature being measured on an air thermometer. The dust figures in 
both tubes were measured when the heated tube had cooled to room tempera¬ 
ture, and a correction for the contraction of the hot tube was applied. Equa¬ 
tions (2), § 17, and (2), § 18, applied to both tubes give: 

.(2) 
The value y=T666 for mercury vapour under three different pressures was 
found, confirming that it is monatomic. 

1 Ann, Phys,, 1889,36,165; Shaha, Indian J, Phys,, 1931,6,445. 
2 Ann, Phys., 1881, 13, 544; 1883, 18, 309. 
3 Partington, Phys, Z., 1914, 15, 601, 775. 
^ Quoted by Partington and Huntingford, 1923, 123, 163; Sherwood, Phys, Rev,, 

1918,12,448, gave 200° for glass; Ulrey, ibid,, 1919,14,160. 
5 Mellor, “ Higher Mathematics,” 1931, 520. 
6 Rayleigh, Phil, Trans., 1883, 175, 1; “Scientific Papers,” 1900, 2, 239; Koenig, Ann 

Phys,, 1891, 42, 353, 549; Z. phys, chem. Unterricht, 1895, 8, 191; Phys, Z., 1911, 12, 991; 
Cook, Phil, Mag., 1902, 3, 471; Muller, Ann. Phys., 1903, 11, 331; Schulze, ibid., 1904, 13, 
1067; Robinson, Phil. Mag., 1909, 18, 180; 1910, 19, 476; Proc. Phys. Sloe., 1913, 25, 256; 
Schweikert, Ann. Phys., 1915,48, 593; 1917,52,333; Irons, P/?/7. Mag., 1929,7, 523; Hutchisson 
and Morgan, Phys. Rev., 1931, 37, 1155; Andrade, Proc, Roy. Soc,, 1931, 134, 445; Phil. 
Trans., 1932, 230, 413; Brandt and Freund, Z. Phys., 1934, 92, 385; Howatson, Phil, Mag., 
1945, 36, 20. 

7 Nature, 1909, 82, 9; Phys. Rev., 1911, 32, 309. 
8 Ann, Phys., 1876, 157, 353; Leduc, Compt. Rend., 1898,127, 659. For potassium vapour, 

see Weftz, Ann. Phys., 1910, 33, 951; sodium and potassium vapours, Robitzsch, ibid., I9l2 
38,1026. 
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Kmidt's method has been used in several researches.^ The modification of 
Kundt’s method by Behn and Geiger ^ i$ more convenient. In this, the gas is 
contained in a sealed tube S (Fig. 12.VII E), which may be fitted with a stop¬ 
cock in the centre, which is clamped at T. To bring the tube into resonance, so 
that a whole number of half wave-lengths occupy the exact length of the tube, 
the latter is weighted by cementing on the correct number of small metal discs di 
and 62 at each end. The dust (e.g. fine silica) is put into the tube before filling 

P. M d, 
_Lji_L_ _l1_ 

T 

—r /—_ i 
Fig. 12.VII E. Behn and Geiger’s Apparatus 

with gas, and careful drying by strong heating in vacuum is necessary. One end 
of the gas tube enters the open end of the air tube M containing lycopodium 
powder, the length of which is adjusted to resonance by a movable piston P. 

The gas tube is caused to sound by rubbing with a damp or rcsined cloth, 
and dust figures are formed in both T and M. The half wave-lengths are 
measured as before and equation (2) is used. With suitable precautions this is 
a very straightforward and accurate method at room temperature, but it is not 
very suitable at other temperatures. 

§ 20. Velocity of Sound at High Temperatures 

Measurements of the velocity of sound in gases at high temperatures (up to 
1000° C.) were made by Dixon, Campbell, and Parker.-^ A sound wave con¬ 
sisting of a single impulse was set off by striking a steel membrane with an 
electrically controlled hammer at one end of a long coiled lead, steel, or silica 
tube, the latter heated electrically by a platinum strip winding. The impulse 
lifted a small trap at this end of the tube, breaking an electrical contact with a 
chronograph, and the arrival of the sound wave at the other end of the tube 
was similarly recorded. Suitable corrections were applied,^ including a tube 
correction (see § 23). 

Another group of researches made use of an interference method devised 
by Quincke,^ which can be adapted to high-temperature conditions. A column 

1 Wiillner, Ann. Phys., 1878, 4, 321; “ Handbuch der Experimentalphysik,” 5th edit., 
1896, 2, 552; Strecker, Ann. Phys., 1881, 13, 20; 1882, 17, 85; Cohen, ibid., 1889, 37, 629; 
Capstick, Phil. Trans., 1894, 185, 1; Proc. Roy. Soc., 1895, 57, 322; Ramsay et al., J.C.S., 
1895, 67, 684; Phil. Trans., 1895, 186, 228; Proc. Roy. Soc., 1911, 86, 100; Leduc, Compt. 
Rend., 1898, U7, 659; Valentiner, Ann. Phys., 1904, 15, 74; Thibaut, ibid., 1911, 35, 347; 
Schweikert, ibid., 1915, 48, 593 (full bibl.); 1916, 49, 433 (bibl.); Schulze and Rathgcn, ibid., 
1916, 49, 457; Trautz, Z. Elektrochem., 1917, 22, 206; idem, “ Praktische Einfiihrung in die 
allgemeine Chemie,” Leipzig, 1917,145; Partington and Shilling, “The Specific Heats of 
Gases,” 1924, 86 (bibl.). 

2 Verhl. d, O, Phvs. Ges., 1907, 9, 657; Kentel, Dissert., Berlin, 1910; Schdler, Ann. Phys., 
1914, 45, 913; Partington et al., Phys. Z., 1914, 15, 601, 775; Phil. Mag., 1922, 43, 369; 1923, 
45, 416; 1925, 49, 665; 1922, 121, 1604; Partington and Shilling, “The Specific Heats 
of Oases,” 1924, 88; Bredig and Teichmann, Z. Elektrochem., 1925, 31,449. 

3 Proc. Roy. Soc., 1921, 100, 1; Dixon and Greenwood, ibid., 1924, 105, 199 (vapours); 
Partington and Shilling, “ The Specific Heats of Gases,” 1924,139. 

4 Dixon. Phil Trms., 1893, 184, 97. 
5 Ann. Phys., 1866,128,177; 1897, 63, 66; Webster Low, ibid., 1894, 52. 641; Stevens, ibid., 

1902, 7, 285; KalUbne, ibid., 1903,11. 225; 1906, 20, 398; Handke and Martens, Verhl d. D. 
Phys. Ges., 1907, 9, 121; Fiirstenau, Ann. Phys., 1908, 27, 735; Partington and Shilling, op. 
eit., 13S f.; on Stevens* and Kalfthne’s temperature scales, see Ann. Phys., 1903,12, 447, 
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of gas in a tube of glass, metal, or porcelain, which can be suitably heated, was 
set in vibration by a tuning fork or telephone near to, and outside, the open end 
of the tube, the length of the gas column being adjusted by a piston in the tube. 

A side tube attached to a rubber tube passing to the ear enabled the position of 
a node (minimum sound) or antinode (maximum sound) at the position of the 
side tube to be found. By moving the piston a succession of nodes or anti¬ 
nodes was brought to this place, the distances through which the piston is 
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moved (read off by a pointer attached to the piston rod moving over a graduated 
scale) giving the half or full wave-length (node to antinode, or antinode to 
antinode, etc.). 

This method was improved by Partington and Shilling,^ who used it for air, 
nitrogen, oxygen, carbon dioxide, and steam to over 1000° C. Since silica 
tubes are not suitable for the highest temperatures, tubes of Alundum and 
Pythagoras mass (§ 2.V1 B) were used. A diagram of the apparatus is shown 
in Fig. 13.VII E. The tube FF, about 4 cm. diam. and 230 cm. long, was 
wound for 200 cm. of its length with nichrome wire or platinum strip, sub¬ 
sidiary heating coils at each end serving to maintain uniformity of temperature. 
The furnace tube was placed inside a wider fireclay tube, the intervening 
space being packed with granular Alundum, and this outer tube was in turn 
heat-insulated by packing it round with calcined bauxite. At X a glass 
tube of similar diameter and 150 cm. long was attached by a screwed joint. 
Inside the tube F was a piston P of refractory material carried by a tube or 
rod A. When a platinum and platinum-rhodium thermocouple was used, the 
junction was at L, immediately behind the piston. Higher temperatures were 
measured optically by sighting on the back of the piston through the hollow 
piston-rod by a disappearing filament optical pyrometer, the apparatus being 
then suitably modified. 

The piston diameter was slightly less than the bore of the tube and it was 
prevented from touching the tube by mica plates m strapped on with platinum 
wire. An asbestos disc a prevented radiation and convection into the tube M. 
A steel tube B prolonged the piston tube and passed through a gland at C. 
The free end of B carried a saddle I with a glass scale riding along the edge of an 
accurate steel scale S divided in mm. 

The sound was produced by a telephone T excited to a constant frequency 
of about 3000 vibrations per sec. by a valve oscillator 2 V. A screw adjustment 
Y enabled the telephone diaphragm, which formed a reflecting surface at this 
end, to be moved relative to the side tube D, which carried the listening tube QR. 
The screw adjustment was enclosed in a gas-tight bell-jar J. The adjustment of 
the telephone position at each temperature was found essential to good working. 

The hearing tube R enabled sharp maxima of sound to be located, and a series 
of 10-25 half wave-lengths could be measured. The temperature slope from 
the zero point, selected well within the uniformly heated part of the tube, to the 
telephone diaphragm varied with each temperature, but, provided equilibrium 
had been attained, this slope is immaterial, since no measurements were taken 
within its range. A tube correction was applied as explained later (§ 23). 

The upper limit of frequency suitable for auditory detection is limited. 
According to Despretz ^ and Koenig,^ the upper limit of audibility is 37,000 

1 Trans. Faraday Soc., 1923,18, 386; “ The Specific Heats of Gases,” 1924, 142; Phil. Mag., 
1927, 3, 273; 1928, 6, 920; Partington and King, ibid., 1930, 9, 1020; Buss, Ann. Phys., 1930, 
7, 601; Rechel, ibid., 1931, 10, 1; Shaha, Indian J. Phys., 1931, 6, 445; Felsing and Jessen, 
J.A.C.S., 1933, 55, 4418; Felsing and Drake, ibid., 1936, 58, 1714 (H2S, HCN); Bilharz and 
Bishop, J. Acoust. Soc. Amer., 1936, 7, 225; Dorsey, “ Properties of Ordinary Substance,” 
New York, 1940,68 (bibl). 

2 This seems to have been first used by Griineisen and Merkel, Z. Phys., 1920, 2, 277; 
another type, Giebe and Alberti, Z. techn. Phys., 1925, 6, 92, 135. The technical radio¬ 
apparatus used by Cornish and Eastman, J.A.C.S., 1928,50,627, is not sufficiently accurate for 
precision work. On the theory of sound waves from membranes, see Backhaus, Ann. Phys., 
1930,5,1; Stenzel, ibid., 1930,7,947. 

^ Compt. Rend., 1845, 20, 794; Ann. Phys., 1845, 65, 400. 
4 Ann. Phys., 1899,69, 626, 721 (gives 43,691). 
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complete (or 74,000 single) vibrations per sec., but this is probably much too 
high, 20,000 being nearer the mark.^ With hydrogen, the intensity of sound is 
much weaker than in denser gases.^ An important detail in the use of a resona¬ 
tor must be geometrically accurate planes,^ and the sending and reflecting discs 
must fill the aperture of the tube.^ The apparatus used by Eucken and Niimann^ 
was unsuitable for accurate work. 

Measurements at higher temperatures were made by Strecker,*^ Fiirstenau,'^ 
and others,^ using Kundt’s method or modifications, and the effect of pressure 
was investigated by Koch ^ and Sch5ler,io and calculated by Benedict,who 
gave for nitrogen at 30"': 

p atm. 1 1000 2000 3000 4000 5000 6000 
wm./sec. 354*8 813 1170 1393 1560 1697 1811 

§ 21. Velocity of Sound at Low Temperatures 

Measurements of the velocities of sound in gases at low temperatures were 
made by Valentiner and Koch,^ and by the resonator method in the Leyden 
laboratory.13 They confirmed the validity of the tube correction used by 
Partington and Shilling (§ 23), and since this has also been confirmed at high 
temperatures, the criticism of it by Cornish and Eastman is invalid. It is 
noteworthy that the latter observed no dispersion effect in their measurements 
(§ 24). A compact apparatus for low temperatures was used by Himstedt and 
Widder.i6 

§ 22. Velocity of Sound in Non-Ideal Gases 
As stated, many of the equations given in §§ 17-19 hold only for /c/ea/ 

gases, A suitable correction for actual gases is given by Berthelot’s equation 

1 Schulze, Ann. Phys., 1907, 24, 785 (bibl.); cf. Tirunarayanchar, Rev. Sci. Insir., 1932, 3, 
766; on the minimum perceptible amount of sound energy, see de Vries, Nature, 1948,161, 63. 

2 Leslie, Trans. Cambr. Phil. Soc., 1822,1,167; Ann. Chim., 1822, 21, 94. 
3 Thicsen, Ann. Phys., 1907, 24, 401; 1908, 25, 506. 
^ Partington and Shilling, The Specific Heats of Gases,” 1924, 137, 144. 
5 Z.phys. Chem., 1937,36 B, 163. 
« Ann. Phys., 1881, 13, 544; 1883,18, 309. 
7 Ann. Phys., 1908,27, 735. 
8 See Partington and Shilling, “ The Specific Heats of Gases,” 1924, 85 f. 

Ann. Phys., 1908, 26, 551; 1908, 27. 311; Abhi. Akad. Munich (Math. Phys. Kl.), 1909, 
23, 377; Shpakovskij, Compt. Rend. U.R.S.S., 1934, 3, 26, 31. 

10 Ann. Phys., 1914, 45, 913. 
11 J.A.C.S., 1937, 59, 2233; Clark and Katz, Canad. J. Res., 1940,18 A, 23,39; 1941,19 A, 

111; 1943, 21 A, 1; Bundle, J.A.C.S., 1944,66,1797. 
12 Ann. Phys., 1905, 15, 74. 
13 Keesom and van Itterbeek, Proc. K. Akad. Wetens. Amsterdam, 1930, 23, 440 (Comm. 

Leiden 209n, c); 1931, 34, 204 (Comm. Leiden 2136); van Itterbeek and Keesom, ibid.^ 1931, 
34, 988 (Comm. Leiden 216c; H2, y=1*667 at 19® K.); Keesom, van Itterbeek, and van Lam- 
meren, ibid., 1931, 34, 996 (Comm. Leiden 216d; O2, y= 1*408 at liq. air temp.); Keesom and 
van Lammeren, ibid., 1932, 35, 111 (Comm. Leiden 22ic); 1934,37, 614; Van Itterbeek, Comm. 
Leiden, 1932, Suppl. 706 (H2), 70c (He at 4”K.); van Lammeren, Physica, 1935, 2, 833 (O2); 
van Itterbeek and Thys, ibid., 1938, 5, 888; van Itterbeek and Mariens, ibid., 1938, 5, 153 
(CO2); van Itterbeek and Vandoninck, ibid., 1943, 10, 481; Ann. de Phys., 1944, 19, 88 
(Cv6 for H2 at 90*2° K.=a3*3); Proc. Phys. SdC., 1946, 58, 615 (He, A, H2); van Itterb^k and 
Lmwcts,Physica, 1946,12,241 (NH3; y 1*333 at --30®); Walstra, ibid., 1947,13, 643 (He). 

Kaye and Sherratt, Proc. Roy. Soc., 1933,141, 123; Sherratt and Griffiths, ibid., 1934,147, 
292; 1936,156, 504. 

15 J,A.C.S., 1928, 50, 627; this paper contains a number of misleading and inaccurate state¬ 
ments, which have been uncritically copied into later publications. 

10 Z. Phys., 1921, 4, 355. 
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(§ 30.VIIC). This gives for the density p and specific volume v: 

p=:l/^,=M/?//fr[l-(9/128)7rT(l~6T2)] . . . . (1) 

where ^==plPc9 r^TJT, Af=moh wt., and R is in suitable units. 
Equation (2), § 17, gives: 

U^==€lp=^--v\dpldv\=^{dpliip)^==y(dpldp)T ... (2) 

from (14), § 4.II. Hence: 

y=t/2 
T 

and 
dpj^r dp\RT) dpimETp; \ 

Put 
/. y=(C/2Af/i?r)[l--(9/64)7rT(l-^6T2)] 

1-(9/64)77-t(1~6t2):;=(/> 

then (2), § 17, and (3) show that: 

y==y'<l>.(5) 

wherey' is the value calculated by (2), § 17. Hence (2), § 18, becomes: 

y2lyi^iM2X2^IMMi<f>2l<t>i).(6) 

Values of ^ and of Cp—C^ (from which Q and Cp may be calculated from y) 
are tabulated by Partington and Shilling ^ for several gases. 

Bakker 2 used the equations y^{dpldv)J(dpldv)’p, and /?ty^'=>const., therefore 
y=^—‘y*{plv){dvldp)ju But d{pv)ldp^pdvjdp+v, hence: 

y^y{\-{m[d{pv)ldp]j}, 

where i;:?=l/p=aspecific volume. Chappius ^ found for CO2 at 20"^, d{pv)ldp^ 
—0*00541, with p in atm. and unit vol. that of 1 mol of ideal gas at S.T.P., 
hence l/i^=273/293^0-93, therefore y»=y'(l+0*00541 x0‘93)»=l*005y', whilst 
Berthelot’s equation gives l'004y'. Schulze ^ used the equation; 

for air. The effects of temperature and pressure on y were considered in a 
series of papers by Leduc.^ Beckman^ calculated y from velocity of sound 
measurements by the characteristic equation pv^a-^bp, where b are con¬ 
stants at a given temperature. 

§ 23. The Tube Correction 

In the measurement of the velocity of sound in tubes or resonators a number 
of corrections are necessary before the velocity in a free gas is found. Some of 
these depend on the geometry of the apparatus, such as the effect of the ends 
of tubes, etc., and these are discussed in the papers referred to.'^ An important 

1 “ The Specific Heats of Gases,” 1924, 28; Boynton, Phys. Rev., 1901, 12, 353, and Olson 
and Brittain, J.A.C.S., 1933, 55, 4063, used van der Waals’s equation (§ 15). 

2 Phys. Rev., 1910, 31, 589. 
3 Trav. et Mem. Bur. Internat. Poids et M^s., 1907, 13. 
^ Am. Phys., 1916,49, 569; cf. Magyar, Z. techn. Phys., 1924,5,404. 
5 Compt. Rend., 1897, 125, 1089 (velocity of sound); 1898, 127, 659; Ann. Chim., 1899,17 

484. 
<> Arkiv Mat. Astron. Fys., 1912, 7, No. 27. 
7 See also Rayleigh, ” The Theory of Sound,” 1896, 2, 312; Auerbach, in Winkelmann, 

“Handbuch der Physik,” 1909, 2, 494, 508; Lamb, “The Dynamical Theory of Sound,” 
1910, 183, 187; “ Hydrodynamic?,” 4th edit., Cambridge, 1932, 646; Partington and Shilling, 
Phil. Mag., 1923,45,426; “ The Specific Heats of Gases,” 1924, 51,96; Liibcke, in Scheel «uid 
Heuse, “ Handbuch der Physik,” 1927, 8, 627. 
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correction is for the effect of the walls of the tube. Regnault ^ and Kundt 2 

had shown experimentally that the velocity of sound in a gas in a tube is less 
than that in the free gas, and had applied corrections. 

A theory of this damping effect was worked out by Helmholtz ^ and more 
completely by Kirchhoff.^ If are the velocities of sound in the free 
gas and in a tube of radius r, respectively, Kirchhoff found: 

U^==U,[l+cl2rV(7rn)].(1) 

where n is the frequency and: 

c=Vf^+iUJb-^blUJV^.(2) 

where /x=7^/p=viscosity/density, of the gas, v^Kjpc^y where Ac=thermal con¬ 
ductivity, c„=specific heat at constant volume, and fe=Newtonian velocity of 
sound in the gas=V(p/p) (§ 17). 

Thiesen ^ deduced Kirchhoff’s equations for the motion of sound in a viscous, 
heat-conducting gas on more general assumptions, and solved them for a 
sphere and cylinder, showing how to apply the corrections for viscosity and 
thermal conductivity in certain experimental arrangements. Second order 
terms were considered by Kohler ^ and Bechert.^ 

The Helmholtz-Kirchhoff equation was confirmed by Schneebeli,® Seebeck,^ 
Kayser,ioBlaikley,ii Stevens ^^(who found it to hold at high temperatures, except 
perhaps in very narrow tubes), Muller,!^ and Waetzmann and Keibs.^'^ Sturm^^ 
did not confirm the dependence on radius. Koenig confirmed it for very 
high frequencies, except in very narrow tubes. As a basis for all tube correc¬ 
tions, the formula has, therefore, abundant experimental verification.^^ Only 
the numerical constant c has been found to be somewhat different from that 
calculated by (2). 

The value of Kirchhoff’s constant c (sometimes denoted by y) was given by 
Furstenau in a form which combines the Sutherland equation (§ 5.V1I F) for 
the viscosity t) of the gas, and the usual equation for the variation of density p 

with temperature (§ 21.VII A): 

_ /r^oni+C/273)V(l+7’/273)l , ,,, 
"=V[-mp^+qf)-J • [i+VW^O(y-i)/Vy] • (3) 

where C is Sutherland’s constant and y=Cplc^. The value of Kj-qc^ is (§ l.VII G) 

» Phil. Mag., 1868, 35, 161. 
2 Ann. Phys., 1868,135, 337, 527. 
3 J. reine angew. Math. (Crelle), 1860, 57, 1; “ Wiss. Abhl.,” 1882, 1, 383 (correction for 

viscosity). 
* Ann. Phys., 1868,134,177; “ Ges. Abhl.,” 1882, 540 (correction for heat conduction). 
5 Ann. Phys., 1907, 24, 401; 1908, 25, 506. 
6 Ann. Phys., 1941, 39, 209. 
t Ann. Phys., 1941, 40, 207; Possio, Atti Accad. Torino, 1942-3, 78, 274; Eckart,PAyj. Rev., 

1948,73, 68. 
« Atm. Phys., 1869, 136, 296. 
9 Ann. Phys., 1870,139, 104. 

10 Ann. Phys., 1877, 2, 218. 
11 Proc. Phys. Soc., 1883, 5, 319; 1884, 6, 228. 
12 Ann. Phys., 1902, 7, 285. 
13 Ann. Phys., 1903,11, 331. 
1-1 Ann. Phys., 1935, 22, 247. 
15 Ann. Phys., 1904,14, 823. 
16 Ann. Phys., 1899, 69, 626, 721. 
12 Wailner, “ Lehrbuch der Experimentalphysik,” Leipzig, 1895, 1, 944; Partington and 

Shilling, “ The Specific Heats of Gases,” 1924, 51 f., 142. 
18 Ann. Phys., 1908, 27, 735. 
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taken as 1*53 or 1*6027 by O. E. Meyer, 1*497 by Jeans, and :J:(9y—5) by 
Eucken; the approximate value 1 *5 is sufficient. If values of r) and p for the gas 
are known at the temperature concerned they may be substituted directly: 

V(Wp.)[1 + V(1 •3)(y-1)/Vr] .(4) 

Much experimental work ^ has shown that the observed value of Kirchhoff’s 
constant is always somewhat higher than the theoretical; the latter ignores the 
effects of friction and heat exchange with the walls of the tube; the rougher the 
walls and the greater their thermal conductivity, the greater the retardation. 
Attempts to eliminate the correction by the use of tubes of different radii are 
rather uncertain, and the best procedure seems to be the follow!ng.^ The 
apparent velocity of sound in a tube is determined for a gas for which the 
true velocity is known. If c is the Kirchhoff constant, then: 

U,^U^{l^kc).(5) 

where k is the so-called tube correction^ which depends on the radius, thickness 
of wall, nature of surface, thermal conductivity, and perhaps other factors, but 
not on the gas. When k is so determined for one gas, equation (5) can be used 
for other gases in the same tube. 

Buss ^ and Rechel ^ also found the Kirchhoff constant higher than the theo¬ 
retical value for air, and for air, oxygen, nitrogen, carbon dioxide and ammonia 
at 20*^-900'^, respectively. Rechel’s values are in agreement with those of other 
workers; no explanation is given of the effect of temperature on the Kirchhoff 
constant. Buss represented the velocity by (1) and determined the variation 
of c. 

§ 24. Time-lag of Energy Distribution in Sound Waves 
Another important correction, only recently fully recognised, is required for 

the time lag in the internal energy changes of a molecule when the temperature 
changes in adiabatic compressions and expansions occur rapidly in the sound 
wave. The adiabatic changes of volume first change the translational energy 
(to which the temperature corresponds; see § 3.III). This is then transferred 
by collisions to the rotational and vibrational energies until a state of equili¬ 
brium is reached. The effect will obviously depend on the frequency and it is 
supposed that the time-lag may reach 0*1 sec. 

The possibility of the effect was predicted by Boltzmann ^ and Jeans,^ and 
it has been esperimentally established,*^ especially for very high frequency 

1 Summarised in Partington and Shilling, “ The Specific Heats of Gases,” 1924, 53; Zwikker, 
van der Eijk, and Kosten, Physica, 1941,8, 1094. 

2 Dixon, Proc. Roy. Soc.y 1921, 100, 1; Partington and Shilling, “The Specific Heats of 
Gases,” 1924, 53, 141; Phil. Mag., 1928, 6, 920; Henry, Proc. Phys. Soc., 1931, 43, 340. 

3 Ann. Phys., 1930, 7, 601. 
4 Ann. Phys., 1931, 10, 1; Rocard,/. de Phys., 1930, 1, 426; Kohler, Ann. Phys., 1941, 39, 

209; Naturwiss., 1946, 33, 251; Damkohler, Z. Elekirochem., 1942, 48, 62, 116. 
3 Ann. Phys., 1870, 141, 473; “ Wiss. Abhl.,” 1909, 1, 157, who says, for adiabatic expan¬ 

sions: “es ist zwar nicht wahrscheinlich, aber immerhin nicht ausserhalb des Bereiches der 
Mdglichkeit, dass diese Umsetzung eine Ifingere Zeit beanspruche ”; Jeans, Phil. Mag., 1901, 
2,638, predicted the lag in the case of sound waves; cf. Stewart, Phil. Mag., 1914, 28, 748. 

<5 Phil. Mag., 1901, 2, 638; “Dynamical Theory of Gases,” Cambridge, 1904, 228, 302; 
later predictions by Herzfeld and Rice, Phys. Rev., 1928, 31, 691; Henry, Nature, 1932, 129, 
200; Herzfeld, Ann. Phys., 1935, 23, 465. 

7 In an exuberant literature see, e.g.; Pierce, Proc, Amer. Acad., 1925, 60, 271 (l*5xl0« 
cyclcs/sec.); Abello, Proc. Nat. Acad., 1927, 13, 699; Phys. Rev., 1928, 31, 1083; Pielmeier, 
Phys. Rev., 1929, 34, 1184; 1930, 36, 1005; 1931, 38, 1236; 1932, 41, 833; J. Acoust. Soc. 
Amer., 1935, 7, 37; 1937, 9, 212; Rocard, J. de Phys., 1930,1, 426; Knescr, Ann. Phys., 1931, 

A.T.P.C,-—27 
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{supersonic waves). The vibrational energy of the molecule is mainly affected.^ 
The values of Q found by the velocity of sound method may be appreciably 
lower than those calculated from the quantum theory (§ 30).^ By making 
determinations with different frequencies and extrapolating to zero frequency, 
the effect appears to be eliminated.^ 

For nitric oxide Kneser ^ found no delay in the assumption of thermal 
equilibrium in the frequency range of 300-3000 cycles per sec., and if any lag 
occurs it is less than sec. Heil ^ thought Knescr’s positive results with 
carbon dioxide were due to an accidental relation between the vibrational 
quantum number and the temperature for that gas. 

Mokhtar and Richardson ^ found the velocity in dry air independent of 
supersonic frequency from 42 to 700 kilocycles/sec., the absorption coefficient 
being several times greater than that predicted by Kirchhoff’s theory. In moist 
air, the absorption coefficient rose to a maximum which was 2-3 times the value 

11, 761, 777; 1932, 12, 1015; 1933, 16, 337, 360; 1941, 39, 261; 1943, 43, 465; Phys.Z., 1931, 
32, 179; Nature, 1932, 129, 729; Phys. Rev., 1933, 43, 1015; /. Acoust. Soc. Amer., 1933, 5, 
122; Z. techn. Phys., 1938, 19, 486; Kneser and Ziihlke, Z. Phys., 1932, 77, 649; Kneser and 
Knudsen, Ann. Phys., 1934, 20, 682; Knudsen, J. Acoust. Soc. Amer., 1933, 5, 112; Heil, 
Z. Phys., 1932, 74, 31; Eucken et al., Naturwiss., 1932, 20, 85; Z. phys. Chem., 1932, 18 B, 
167; 1933,20B, 460,467; 1934,21B,219,235; 1935, 20B, 85; 1940,46B, 195; Z. techn. Phys., 
1938,19. 517; Die Chemie, 1943, 56, 129; Rutgers, Ann. Phys., 1933,16, 350; Teeter,/. Chem. 
Phys., 1933, 1, 251; Wallmann, Ann. Phys., 1934, 20, 671; Grossmann, in Wien-Harms, 
“ Handbuch der Experimentalphysik,’' 1934, 17, i, 463; Ann. Phys., 1932, 13, 681; Railstone 
and Richardson, Proc. Phys. Soc., 1935, 47, 533; Penman, ibid., 1935, 47, 543; Knudsen and 
Obert, /. Acoust. Soc. Amer., 1936, 7, 249; Sinness and Roseveare, /. Chem. Phys., 1936, 4, 
427; Brandt, Koll. Z., 1937, 81, 2 (absorption in fogs); Metier, Sow. Phys. Z., 1937, 12, 233; 
Jatkar, J. Indian Inst. Sci., 1938, 21 A, 245; 1939, 22 A, ii, 19, 39; Jatkar and Lakshminaraya- 
nan, ibid., 1946, 28 A, I, 17; Schulze, Ann. Phys., 1938, 34, 41; Saxton, /. Chem. Phys., 1938, 
6, 30; Dwyer, ibid., 1939, 7, 40; Pumper, J. Phys. U.S.S.R., 1939, 1, 411; Thys, Physica, 
1938, 5, 888; Richards, Rev. Mod. Phys., 1939, 11, 36; Keller, Phys. Z., 1940, 41, 386; 
Pielmeier, Saxton, and Telfair, J. Chem. Phys., 1940, 8, 106; Gemant, J. Appl. Phys., 1941, 
12, 718; Bender, Ann. Phys., 1940, 38,199; Van Ilterbeek, Medd. K. Vlaam. Akad. Wet., 1940, 
NOi 2; Marifins, ibid., 1940, No. 11; Van Itterbeek and Marians, Physica, 1940, 7, 909, 938; 
Schafer, Z. phys. Chem., 1940, 46 B, 212; Anderson and Lambert, Proc. Roy. Soc., 1941-2, 
179, 499; Kohler, Ann. Phys., 1941, 39, 209; Buschmann and Schafer, Z. phys. Chem., 1941, 
50 B, 73; Ganse, Wis. Natuurkd. Tijdschr., 1941, 10, 95; Oberbeck and Kendall, J. Acoust. 
Soc. Amer., 1941, 13, 26; Damkohler, Z. Elektrochem., 1942, 48, 62, 116; Naturwiss., 1943, 
31, 305; Telfair and Pielmeier, Rev. Sci. Instr., 1942, 13, 122; Kantrowitz,/. Chem. Phys., 
1942,10,145; Telfair, ibid., 1942,10, 167; Tisza, Phys. Rev., 1942, 61, 531; Van Itterbeek and 
Vermaelen, Physica, 1942, 9, 345, 356 (H2, D2); Pielmeier and Byers, J. Acoust, Soc. Amer,, 
1943,15, 17; Pielmeier, ibid., 1943, 15, 22; Byers,/. Chem. Phys., 1943,11, 348; Meixner, Ann. 
Phys., 1943, 43, 470; Kudryavtsev, Amer. Chem. Abstr., 1943, 37, 1068; /, Expt. Theor. Phys. 
U.S.S.R., 1947,17, 294 (gas mixture); Stewart, Phys. Rev., 1946,69, 632; Richardson, Nature, 
1946,158, 296; Rhodes, Phys. Rev., 1946,70, 91, 932 (normal and pHi); Kantrowitz, /. Chem. 
Phys., 1946,14, 150; Huber and Kantrowitz, ibid., 1947,15, 275; Van Itterbeek and Lauwers, 
Physica, 1946, 12, 241 (NH3, y ultrasonic >1*333, probably a dispersion effect); Gordik, 
Compt, Rend. U.R.S.S., 1946, 779; Kohler, Naturwiss., 1^6, 33, 251 (relation to volunte 
viscosity); Van Vleck, Phys. Rev., 1947, 71, 413, 425; King, Hainer, and Cross, ibid., 1947, 
71,433 (micro-waves; formulae); Kittel, Rep. Progr. Phys., 1948,11, 205. 

1 Although Richards and Reid, /. Chem. Phys., 1934,2,206, found that the rotational energy 
of hydrogen was not fully excited by ultrasonic waves, this was not confirmed by Kneser and 
Wallman, Naturwiss., 1934, 22, 510. 

2 Zeisc, Z. Elektrochem., 1933, 39, 895. 
3 Kaye and Sherratt, Proc, Roy. Soc., 1933, 141, 123; Sherratt and Griffiths, ibid., 1934, 

147, 292; 1936, 156, 504. 
4 Ann. Phys., 1941, 39, 261. 
5 Z. Phys,, 1932, 74, 31. 
« Proc, Roy, Soc., 1945, 184, 117; Parker, Proc, Phys. Soc., 1937, 49, 95, had found no 

change in the range 92-801. 
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in dry air. A method ^ depending on the impedance of a vibrating source 
gave too low values of y. 

Olson and Brittain,2 who used a frequency of 100 kc., did not find any 
abnormal effect with dichloroethylene, and Cornish and Eastman’s results ^ 
also do not seem to have been affected; it would seem, curiously enough, that 
only some experimenters’ results are so vitiated. The experiments and calcula¬ 
tions of Richards ^ seem to be affected by serious errors. 

Relaxation times, in which half the unquantised translational and (except for 
H2 and D2) slightly quantised rotational energy given to a gas by sound waves 
is transformed into vibrational (and rotational with H2 and D2) modes, were 
calculated and observed by van Paemel and Mariens ^ as follows: 

1 

O2 290*^ K. H2 290° K. D2 290° K. H2 90° K. ’ D2 90° K. 

Calc. ... 
Obs. ... 

2*1 X 10“6 sec. 
l*6x 10~6 sec. 

1*3 X 10~9 sec. 1 

2*1 X 10" 8 sec. 
6-6x10 sec. 
1-5 X10^® sec. 

3*9X 10“9 sec. 
2*8x 10~8 sec. 

5*1 X 10“io sec. 
0*5 X 10“8 sec. 

B5mmel<5 found the ultrasonic velocities at O^’C. (taking air 331*5 m./sec.): 
A 307*8, O2 316*6, N2 336*6, CO2 268*3, m./sec. Specific heats found from 
the velocity of sound are tabulated by Louri^.^ 

§ 25. Theory of Time-lag in Energy Distribution 

The equation deduced by Rutgers ^ for the velocity of sound of frequency v 
and period t=27tv in an ideal gas of pressure p and density p is: 

1+R- (1) . 

where is the fully excited molecular heat at constant volume, the 
molecular heat at constant volume which would be measured with sound waves 
of very high frequency, and jS is a period defined by the equation: 

C/=C/(l-e-^^^) .(2) 

where /=time, C/ is the fully excited vibrational molecular heat and C/ the 
vibrational molecular heat which is excited in a temperature change occurring 
in a time t. Equation (2), which is analogous to that for the amplitude of an 
oscillation in a very viscous medium (§ 65.1), may be regarded as fundamental. 
By differentiation of (2): 

dC//d/=(C/7i8)e-'''^-(l/i8)(C/^-C/) .... (3) 

For an adiabatic change, C^AT+pdV^Q (ideal gas, see § 55.11): 

(C,o, + C/)dr+/7dK=0.(4) 

1 Bouchard, Compt. Rend., 1948, 226, 1434. 
2 J.A.C.S., 1933, 55, 4063. 
3 J.A.C.S., 1928, 50, 627. 
4 Nature, 1932, 130, 739; J.A.C.S., 1932, 54, 3014; /. Chem. Phys., 1933, 1, 114; 1934, 2, 

206; 1936,4, 561; see, e.g., Teeter, J.A.C.S., 1932, 54, 4111. 
5 Amer. Chem. Abstr., 1944, 38, 6145. 
6 Helv. Phys. Acta., 1945,18, 3. 
t Chaleur et Ind., 1930, 11, 423. 
8 Anti. Phys., 1933, 16, 350; Bourgin, Phys. Rev., 1933,42,721; Eucken and Becker, Z. phys, 

Chem., 1934, 27 B, 235; Saxton, /. Chem. Phys., 1938, 6, 30; Leontowitsch, BulL Acad, Sd. 
U.R.S.S., 1936, 633 (Phys.); Schftfer, Z. phys. Chem., 1940, 46 B, 212; Euckcn, Naturyptss,, 
1943, 31, 314. 
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In a periodic change of state of period r (§ 64.1): 

CV=C,V dC;/d^:=/TC/.(5) 

C/=C/7(1+/Ti8).(6) 

by equating (3) and (5). Substitute (6) in (4) and put + C/^= then: 

/dr\ /dr\ Pil+ir^) Pd+irp) ... 
\dvj, \dK^ C,„(l+/riS)+C/ C„,+/t)8Q„ ' * 

The equation for the velocity of sound of frequency v is (§ 17): 

t/.2=(/’//>)(Cp/Q)=(W/>)t(C.+i?)/Q]=(/>/p)(l+i?/Q . . (8) 

Also, from Maxwell’s equation (1), § 48.11: 

(d VldT)s=-(dSldp)y= - (dSId T)y(dTldp)y= - (CJT)iVIR)^- CJp 

with T—pVIR. Hence: 

RIC=-{Rlp)(dTldV)s . . . 

Substitute (9) in (8) and introduce (d77dK)5 from (7), then: 

t/2 = l+R 
1+/tjS 

(9) 

(10) 

Multiply numerator and denominator of the complex term in the bracket by 
/rjSQoo) and reject imaginary quantities,^ when (1) results. Since 

CplC\ in (8) may be written y®, the ratio for the ideal gas state: 

:l+R (11) 

When T=0, i.e, infinitely long waves, this goes over into the simple limiting 
equation: 

yO=l+/?/C,.(12) 

A more detailed deduction of Rutgers’ equation ^ does not alter it essentially, 
but adds some refinement to (2). 

The conversion of translational (collision) into vibrational energy, as deter¬ 
mined by the degree of agreement of observed and theoretical specific heats 
found by sound velocity (frequency about 10^ hertz), is said ^ to be facilitated, 
in the cases of chlorine and carbon dioxide, by addition of an indifferent gas. 

Attempts to determine relative values of specific heats by comparing the 
values of the thermal conductivities^ and making use of equation (11), § l.VII G, 

1 Steil, Z. phys. Chem,, 1935, 31 B, 343. 
2 Eucken and Jaacks, Z.phys, Chem., 1935,30 B, 85; Eucken, ibid., 1936,32 B, 404; Landau 

and Teller, Sow. Phys. Z., 1936,10,34, Hardy,/. Acoust. Soc, Amer., 1943,15, 91. 
^ Eucken and Becker, Z.phys. Chem., 1933, 20 B, 467; Eucken and Jaacks, ibid., 1935, 

30 B, 85; Patat and Bartholom6, ibid., 1936,32 B, 396; Eucken and Veith, ibid., 1936,34 B, 275 
(corrected by Maue, Ann. Phy.^., 1937, 30, 555); Eucken and Veith, Z. phys. Chem., 1937, 
38 B, 393; Eucken and Niimann, ibid., 1937, 36 B, 163 (faulty apparatus); Kuchler, ibid, 
1938, 41 B, 199. 

^ Schreiner, Z. phys. Chem., 1924, 112, 1; Eucken and Weigert, ibid., 1933, 23 B, 265 (cor¬ 
rected by Kistiakowski and Nazmi, /. Chem. Phys., 1938, 6, 18; and Roper, /. Phys. Chem., 
1941, 45, 321); Eucken and Bertram, Z. phys. Chem., 1935, 31 B, 361; Hunsmann, ibid., 
1938, 39 B, 23 (critical; defects of method); Kistiakowsky and Nazmi, J. Chem. Phys., 1938, 
6, 18 (disagreeing with Hunsmann with the same method and gas, C2H6); Witt and Kemp, 
J.A.C.S., 1937, 59, 273; Eucken and Krome, Z. phys. Chem., 1940, 45 B, 175 (corrected by 
Gigufere and Rundle, J.A.C.S., 1941, 63, 1135); see the earlier criticism of the method by 
Eucken, in Wien-Harms, “ Handbuch der Experimcntalphysik,” 1929, 8, i, 426, where other 
sources of error are mentioned. 
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do not seem attractive, and (for reasons mentioned in § 4.VII G) must be 
regarded as crude; the accommodation coefficient, for example, was assumed 
equal in the various gases. The equation for the heat lost per cm.^ per sec. 
per r temperature difference: 

AqlAi^cMCM^)IV(6rr).(13) 

where concentration of gas in mol/ml., 5J=mean molecular velocity, a= 
accommodation coefficient, gives: 

(AqlAt)i_CiVi<x,i (Qi+i^) 
{AqiAt)2 wi .^ ^ 

§ 26. Velocity of Sound in a Dissociating Gas 

E. and L. Natanson ^ and Pochettino,^ by Kundt’s method, determined y for 
nitrogen peroxide at temperatures from 4-2*^ to 150'^ and found it to change 
to 1 *296 at 150°, the latter value corresponding with a triatomic molecule (NO2). 
E. and L. Natanson had calculated the density from the velocity of sound by 
Kundt’s method and found it to agree with the experimental density. The 
theory of the specific heat of a dissociating gas was given by Bell and Trevor,^ 
and the specific heat {Cp) of nitrogen peroxide was determined by Regnault’s 
method (§ 2) by McCollum.'^ The theory of the velocity of sound in a dis¬ 
sociating gas was worked out by Einstein,^ and Damkohler ^ studied the adiabatic 
equation const, for this case. 

Einstein’s formula for the velocity of sound in a dissociating gas applies 
when the absorption coefficient is sufficiently small. The extrapolated value 
for zero frequency (a>=0) is: 

and for infinite frequency (a>=oo): 

t/5.oo = V[(/^/p)(I+/?/C,)] 

and for an intermediate frequency (c5=a>) 

PI k^AB+RC,^^ 

./>V 

(1) 

(2) 

(3) 

where frequency, P=pressure, p=density, if=molar gas constant, Q==mean 
mol. ht. of mixture at const. voL, A:=dissociation velocity constant, 

^-(2fo/3^-C>i/(/ii-f-;i2)+i?[l--4(/ii/«2)] ... (4) 

5=(?^W")/Zi/(n,+/Z2)+Ql-4(ni/n2)] .... (5) 

where ^£,=heat of dissociation at constant volume, r=abs. temperature, Jti and 

1 Am.Phys., 1885,24,454. 
2 Nuov, Cim„ 1899, 9, 450; Atti R. Accad. Liticei, 1899, 8, i, 183. 
3 /. Phys, Chem,y 1^5,9,179; Partington, “ Text Book of Thermodynamics,” 1913, 349. 
4 JA,C,S., 1927, 49, 28. 
5 Berlin Ber.y 1920, 380; Luck, Phys. Rev., 1932, 40, 440; Kneser and Gauler, Phys. Z., 

1936, 37, 677; for a dissociating gas in a temperature gradient, see Dirac, Proc. Cambr. Phil, 
Soc.y 1924, 22, 132. 

6 Z. Elektrochem.y 1942,48,62,116. 
7 Berlin Ber., 1920, 380; Selle, Z. phys. Chem., 1923, 104, 1; Griineisen and Goens, Ann. 

Phys.y 1923, 72, 193; Kistiakowsky and Richards, J.A.C.S.y 1930, 52, 4661; Verhoek and 
Daniels, ibid.y 1931, 53,1186. 
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yi2 are the numbers of molecules of the undissociated substance X and of its 
product of dissociation Y, respectively, where X^IY. 

Griineisen and Goens gave the equations: 

(l+AB)2 

’^AB2+CJl 

BY \T 

cjr)\ ’ 

u^^VKPIp)i^+J^ICr)] . (6) 

where (a=degree of dissociation): 

.4=a(l-a)/[2+a(l-a)], B=^qj,IRT .... (7) 

Kistiakowsky and Richards used a magnetostriction oscillator devised by 
Pierce,1 consisting of a chrome-steel rod; three rods had frequencies of 10, 
41*5, and 80 kilocycles. The reaction was N204^2N02. The curve of U 
corresponded, for all three frequencies, almost with the theoretical curve 
for ai=0, which shows that the velocity of dissociation is very large; the attempts 
to calculate it seem of doubtful interest in view of the uncertainty of most of 
the data used, and the probable interference of the Kneser effect (§ 24). 

Brass and Tolman,^ by a method depending on measuring the change of 
temperature on rapid flow through a perforated diaphragm, claimed to have 
obtained a figure of sec."^ for the velocity coefficient of dissociation of 
N2O4. Richards and Reid’s ^ experiments and calculations, which are said to 
verify Einstein’s equation, seem to be erroneous; the gas was found by Teeter ^ 
to show strong absorption at higher frequencies, and an equation deduced by 
Luck 5 for a real gas showing absorption should have been used. The subject 
is in an unsatisfactory state. 

§ 27. Velocity of Sound in Gas Mixtures 
The velocity of sound in a mixture of gases was considered by Laplace,^ and 

was treated theoretically by Richarz,'^ Leduc,® and Powell.^ The calculation, 
which involves the critical constants, is rather complicated. It shows, for 
example, that the value of y for air containing 15 mm. partial pressure of water 
vapour is reduced from the value for dry air by about 0-01 unit, so that in wave¬ 
length measurements it is essential to use dry air in the comparison tube (§ 19).^® 
Some experiments with mixtures of gases made by Dixon and Greenwood 
are available for comparison with theories. Brillouin showed theoretically 
that some local changes of composition may occur in a sound wave passing 
through a mixture of gases. 

1 Proc. Amer. Acad.y 1928, 63, 1. 
2 J.A.C.S., 1932, 54, 1003. 
3 J.A.CS,, 1932, 54, 3014; cf. Richards et al.. Nature, 1932, 130, 739; J. Chem, Phys., 

1933, 1, 114; 1934, 2, 193, 206; 1936, 4, 561; see the criticism by Rose, ibid., 1934, 2, 260; 
Wansbrough-Jones, ScL Progr., 1934, 29, 110. 

^ J.A.aS,, 1932,54,4111. 
5 Phys, Rev., 1932, 40, 440. 
6 “ Oeuvres,” 1882, 5, 148. 
7 Am.Phys., 1906,19, 639. 
8 Compt. Rend., 1898, 126, 218; 1915, 160, 338 516,; Kotovic,/. Russ. Phys. Chem, Soc,, 

1908, 40, 16 (P); see the summary in Partington and Shilling, ” The Specific Heats of Gases,” 
1924, 99. 

9 Proc. Roy. Soc., 1928, 119, 553; Bourgin, Phil. Mag., 1929, 7, %1\', Phys. Rev., 1929, 34, 
521. 

10 Partington and Shilling, op. ciL, 101; Ivanescu, Ann. Sci. Univ. Jassy, 1941, 27, i, 167. 
Proc. Roy. Soc., 1925, 109, 561. 

12 Ann. Chim., 1899, 18, 433. 
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The influence of radiation on the velocity of sound has been examined.^ 
Okamura ^ found no influence of a magnetic field on Cp for air, O2, N2, and 
CO2 as measured by a flow method. 

§ 28. Specific Heat and Molecular Structure 
The following are some values of y^Cpjc^ found by modifications of the 

Desormes and Clement method (C.D.) or from the velocity of sound (V.): ^ 

A 1 -667 (V.) H2 1-4092(24°, CD.) 5 NH3 1*308 (14*5°, V.) 
Air 1-4034 (17°, C.D.) Cl 2 1*353 (16°, V.) HCN l-281(2r,V.)‘' 
N2 1-405 (20°, C.D.) H2S 1-340(18°, V.) SO2 1-290(13°, V.) 
CO I-404 (10°, V.) 4 CO2 1-3025(18°,C.D.,V.)6 C2H2 1-280 (20°, V.) 
O2 1*395(18°, CD., V.) N2O 1*303(12°, V.) C2N2 1*256(0°, V.) 
NO l-400(7-6°,V.) H2O 1-305 (108°, C.D.) C2H4 1*250 (12°, V.) 
HCl 1*404(0°, V.) CH4 1-307(0°,V.) C2H« 1-232 (10°, V.) 

The value y = 1 *40 was deduced by Boltzmann ^ for a rigid diatomic molecule 
and this is seen to be approximately true for many diatomic gases. Chlorine 
and iodine vapour show ® a much smaller value and this is certainly due to the 
vibration of the two atoms in the molecule, which increases the internal energy 
and hence reduces the value of y. The values for the halogen hydracids HCl, 
HBr, and HI are normal, but that for iodine chloride ICl is 1*315 at 100®. 
The value 1 *667 for argon (and other inert gases) was used by Rayleigh and 
Ramsay ^ to prove that the molecule is monatomic. Schweikert,^® from a 
peculiar characteristic equation, deduced the obviously incorrect result that 
the maximum value of y is 1*424, not 1*667. Press found for gases and 
vapours (y—l)r„M=const.c::^2 (M=mol. wt.); since y—l =(Cp—this 
is equivalent to which is approximately 2!. A strong dependence 
on temperature among diatomic gases is found only for hydrogen and deu¬ 
terium; at low temperatures y approaches that for a monatomic gas (for the 
reason, see § 23.IV). Brinkworth found y for H2: 

\TC. ... 14070 - 78° C. ... 14427 
0 C. ... 14099 ~118°C. ... 14800 

-21c. ... 14200 -183° C. ... 1-6054 

1 Kiipper, Ann. Phys., 1914, 43, 905; Westphal, Verhl d. D. Phys. Ges., 1914, 16, 613; 
Streider, 1914, 16, 615 (X-rays have no effect). Campetti, Nuov. Cim., 1919, 17, i, 143, 
found no change in specific heat of chlorine illuminated by light from a mercury lamp 
filtered through copper sulphate solution; the change of wave-length was shown to be due to 
temperature rise. 

2 Sci. Rep. Tdhoku Imp. Univ., 1933, 22, 519. 
3 Partington and Shilling, “ The Specific Heats of Gases,” 1924, 190 f, 
4 Partington and Carroll, Phil. Mag., 1925,49, 665. 
5 Partington and Howe, Proc. Roy. Soc., 1925, 109, 286. 

Partington, Phys. Z., 1913, 14, 969; Beckman, Arkiv Mat. Astron. Fys., 1912, 7, No. 
27, found 1 ‘3045 (V.) at 15° and examined the effect of pressure. 

7 Wien Ber., 1876, 74, II, 553; Ann. Phys., 1877, 160, 175; 1883, 18, 309; Z. phys. Chem., 
1893, 11, 751; ” Vorlesungen fiber Gastheorie,” 1898, 2, 128. 

8 Strecker, Ann. Phys., 1881,13, 20 (CI2,12); 1882, 17, 85 (HCl, HBr, HI, ICl). 
9 Phil, Trans., 1895,186,187 (228); the value 1 *667 was predicted for a monatomic molecule 

by Naumann, Ann., 1867,142,265. 
10 Z. Phys., 1934, 90, 355; the “ proof” by Burton, Phil. Mag., 1887, 24, 166, that y«5/3 

for all gases is falacious. 
Phil. Mag., 1928, 5, 832; the specific heat involved is (d£/dr)p, which is approximately 

equal to Cv (§ 54.11); the constant varied from 0*98 to 3 *0. 
12 Proc. Roy. Soc., 1925,107, 510. 
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Lewis and McAdams ^ found for the molecular heats of paraflin hydrocarbon 
vapours: 

C^=44+4*4w+(0*012+0*006w)/.(1) 

where «=no. of carbon atoms. For ozone, O3, Jacobs 2 calculated 7= 1 *29 by 
extrapolation. 

Clausius 3 assumed that the internal energy is a constant fraction ^ of the 
translational kinetic energy K, so that the total energy is: 

E=K{\+p)=^RT{\+p) . . . . ... (2) 

hence C,=fi?(l+/3), +jS)+/f, and hence: 

q,/Q=y=H-f[l/(l+i3)] . . . . ... (3) 
and 

i^/£=l/(H-j8)=|(y-l) . . . . ... (4) 

Thus the value of j8 can be found from the measured value of y. 
Trautz ^ gave an empirical formula for the specific heat of a gas or vapour: 

(C„-iR)IM^^h==^klz=:0-09l2V&.(5) 

where M=mol. wt., z=no. of valency bonds in molecule, 5'=reduced tempera- 
ture=77r^. For example, for a value ??=0*5, multiply the sum of the valency 
bonds by and add to the product. He believed that the ratios TJM 
for gases are in simple whole number ratios. 

Petrini ^ and Kolossowski ^ deduced the equation: 

y:=(2/i+3)/(2«+l) .(6) 

where i2=no. of atoms in the molecule, and Kolossowski also deduced: 

t//c=0-627V[(2//+3)/(2//+l)]=/i:.(7) 

where [/—velocity of sound, c—translational velocity of the molecules, and i^is 
a constant for any gas with a given value of n (the observed values of U he used 
are old ones): 

n 2 3 4 

-j 

5 6 9 15 

K 0-741 0-711 0-693 0-682 0-673 0-659 0-647 
Uje obs. 0-744 0-701 

1 
0-699 0-712 0-696 0-651 0-641 

Capstick *7 found that the chlorine derivatives of methane, all having five 

1 Chem. Met. Eng., 1929, 36, 336. 
2 Dissert.<, Marburg, 1904; Ann. Phys. BeibL, 1905, 29, 951. 
3 Ann. Phys., 1857, 100, 353; Phil. Mag., 1857, 14, 108; Kekule, Compt. Rend., 1865, 60, 

174; Lothar Meyer, Z. / Chem., 1865, 1, 250; J. J. Thomson, in Watts, “ Dictionary of 
Chemistry,” edit, Morley and Muir, 1890, 1, 87; Clausius, Die kinetische Theorie der Gase, 
“Die mechanische Warmetheorie,” 2nd edit., Brunswick, 1891, 3, 35; Cornelius, Z. 
Chem., 1893, 11, 403; van Laar, ibid., 1893, 11, 665; Kirchhoff, “Vorlcsungen iiber die 
Theorie der W^rme,” Leipzig, 1894, 168; Wiillner, “ Lehrbuch der Experimentalphysik,” 
5th edit., 1896, 2, 533; Girtler, Wien Per., 1907, 116, II A, 759; Bose, Ann. Phys., 1905, 16, 
155; Wassmuth, ibid., 1909, 30, 381; Jankowsky, Z. Elektrochem., 1917, 23, 368; Drucker, 
ibid., 1918, 24, 83. 

4 Ann. Phys., 1931, 8, 267, 433; 1931, 9, 465 (paraffins). 
5 Z. phys. Chem., 1895, 16, 97. 
/. Chim. Phys., 1925, 22,79. 

2 Phil. Trans., 1894, 185, 1; 1895, 186, 567 (also vapours); Peters, Z Elektrochem., 1907, 
13,'_657. 
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atoms ia the molecule, had different values of y, and this disproved the deduction 
of J. J. Thomson ^ that if the molecule is very symmetrical, the molecular heat 
is equal to a constant jS, the ratio of the total kinetic energy to the translatory 
energy of the centre of gravity, multiplied by the number of atoms in the mole¬ 
cule, jS being supposed to be a constant for different simple and compound 
gases: deviations were supposed to be due to the heat absorbed in breaking up 
molecular clusters. 

Trautz ^ believed that the internal heat capacity (Q—fi?) for a mol of gas is 
additively composed of atomic values, and the same extension of Kopp’s rule 
for solids (see § 16.1X M, Vol. II) was made for the values of (at zero pressure) 
for many organic vapours by Bennewitz and Rossner^ at 137° C., who also 
calculated them from Raman and vibration spectra: in g.cal./mol.: 

Benzene Toluene Cyclohexane Acetone 
Ethyl 

alcohol 
Ethyl 

acetate 

C^obs. 27*3 33-6 37-3 22-5 19-8 33*7 
Cpo. 25*1 31-2 

1 
1 35-0 20-3 17-6 31-4 

Cohen ^ found values of y for steam by Kundt’s method ranging from 
1 -252 at 144° to 1 *320 at 300° (air= 1 *4053). 

Naumann,^ by subtracting from C„ the energy fi?:^3 g.cal. for the trans¬ 
latory motion, obtained the value of the internal energy of the molecule, due to 
the motion of the atoms. He assumed that this is equally divided among the 
atoms, and for H2, NO, CO, HCl, H2S, NH3, CH4, and C2H4 it was found to 
be 0*90-1-09, or 0*98 in the average. For a gas containing n atoms he wrote 
C^=(3+«)xO*98, and C^=(5+«)x0*98, therefore: 

y=C,/Q=(5+/i)/(3+.0, 

which for n=l gives y= 1*667, for n=2, y= 1*400, and for n=3, y= 1*333. 
These are in general agreement with the observed values. 

Some values of y for vapours at the b.p. found by Lechner ^ were: 

C2H5OH M5, (C2H5)20 1 10, CsHiiOH 1 24, C6H6 1 *14, C4H9COOH(/i) 1 -20, 
C4H90H(«) 1*36, CCI4M7, CH30H1-28, CS2 1*26, HUBS. 

Calculations of for vapours, based on the change of latent heat with 
temperature (see § 9.VIII L, Vol. II), gave: 7 

(C2H5)0 1 *06 CeHe M2 CHCI3 M36 H2O 1 -46 (!). 

Olson and Brittain,® by the velocity of sound method, found the same specific 

1 Watts, “Dictionary of Chemistry,” edit. Morley and Muir, 1890, 1, 90; Jankowsky, 
Z. Elektrochem., 1917, 23, 368. 

2 Z. anorg. Chem., 1915, 93, 177; 1916, 95, 79; 1916, 96, 1; 1916, 97, 113, 127, 241; 1918, 
102, 81, 149; 1920, 110, Elster und Geitel Festschr., 1915, 333; Z. Elektrochem., 1916, 22, 
104; 1917, 23, 206. 

^ Z. phys. Chem., 1938, 39 B, 126; reduction to zero pressure by Berthelot's equation. 
^ Ann. Phys., 1889, 37, 629; Amagat, J. de Phys., 1896, 5, 114. 
5 Ann., 1867, 142, 265. 
6 Wien Ber.t 1909,118, II A, 1035 (organ pipe method). 
7 Leduc, Compt. Rend., 1911, 152, 1752; 1911, 153, 51; D6jardin, ibid., 1919, 168, 161; 

Ann. dePhys., 1919,11, 253 (benzene 1 *106 at 20°, cyclohexane 1*077 at 20°-90°). 
8 J.A.C.S., 1933, 55, 4063. 
27» 
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heat (C^«=12-14 at 20''~140”j independent of temperature) for cis- and trans- 
dichloroethylenes: 

H ‘ C • Cl H • C • Cl 
II II 

H • C • Cl Cl ■ C • H 

The kinetic energy of translation of a molecule as a whole is equal to f J?r 
per mol (§ 3.111) and hence that part of the molecular heat at constant volume 
due to the translational energy is dE/dT=j;Rc:::'3 g.cal., which is independent 
of temperature. This value of Q is shown only by monatomic gases; ^ for 
gases containing more than one atom in the molecule Q is always greater 
than jR and increases with the complexity of the molecule ^ and with the 
temperature. 

For diatomic molecules Q about room temperature is approximately 5, 
although such gases really fall into three groups.^ (a) One gas, hydrogen,^ 
having appreciably lower than 5 at room temperature and decreasing with 
fall of temperature fairly rapidly from 4*87 at O'" C. to 2*98 (approximately 3) 
at —200° C., remaining constant at this value to the lowest temperature investi¬ 
gated (about —240° C.). (b) A group of diatomic gases (O2, N2, CO, NO, 
HCl, HBr, HI) for which Q, is very nearly 5 over a wide range of temperature; 
the members of this group show small but well-established differences in C^. 
(c) The halogen gases CI2, Br2, and 12 (vapour) which have higher values of 
about 6 at ordinary temperature and more dependent on temperature than those 
of group (b),^ The effect of the introduction of a second atom of halogen into 
a molecule, exemplified by HX and X2, is also found in organic substitution 
products.^ 

§ 29. Boltzmann's Theory of Specific Heats of Gases 

The behaviour of diatomic molecules of type (6), for which g.cal., 
was ingeniously explained by Boltzmann,and since his results are still the basis 
of the modern theory, they will be explained in detail. Boltzmann followed up 
some earlier work on similar lines.^ 

The capability of motion of a body depends on the number of degrees of 

1 A supposed decrease of Cv for helium at low temperatures found by Eucken, VerhU d. D. 
Phys. Ges,, 1916,18, 4, 18, is certainly due to experimental error. 

2 Berthelot, “ Thermochimie,” 1897, 1, 47. 
3 Partington, Nature, 1921,107, 172; Trans, Faraday Soc., 1922, 17, 734; Rankine, Nature, 

1921, 107, 203. 
^ The case of deuterium is similar. 
5 Strecker, Ann. Phys., 1881,13, 20; 1882,17, 85; Partington, Phys. Z., 1914,15, 601, 775. 
6 CdLpsilck, Phil. Trans., 1894, 185, 1. 
7 Wien Per,, 1876, 74, II, 553; Ann. Phys., 1877,160, 175; ** Vorlcsungen liber Gastheorle,” 

1898, 2, 128; Kirchhoff, “ Vorlesungen uber die Theorie der Warme,” Leipzig, 1894, 168; 
a simple exposition is given by Ramsay, “ Gases of the Atmosphere,” 3rd edit., 1905,211. 

8 Maxwell,1875,13, 493; Nature, 1875,11, 357; 1877, 16, 242; ” Scientific Papers,” 
Cambridge, 1890, 2, 418; Watson, “Kinetic Theory of Gases,” Oxford, 1876, 27, 37; 2nd 
edit., Oxford, 1893, 82; Roiti, Mem. Accad. Lincei, 1877, 1, ii, 762; Nwov. dm., 1877, 2, 42; 
Viola, Mem. Accad. Lincei, 1883, 7, 112; Nuov. dm., 1883, 14, 183, 207; Petrini, Z. phys, 
Chem., 1895,16, 97; StaigmUllcr, Ann. Phys., 1898, 6S, 655, 670; Richarz, ibid., 1899, 67, 702; 
Leduc, Compt. Rend., 1898, 127, 659; Meyer* “ Kinetic Theory of Gases,” 1899* 139; Jeans, 
Phil. Mag., 1901, 2, 638; Ensrud, Z. phys. Chem., 1907, 58, 257; Crompton, ibid., 1907, 59, 
635; Girder, Wien Ber., 1907,116, II A, 759; Drucker, Z. Elektrochem., 1911,17,466; Thorhton, 
Elettritian, 1915, 75, 948; Ewing, Engineerir^, 1920, 109, 842; Rocard, Compt. Rend., 1924, 
178, 2068. Van der Waals, junr., Verslag. K. Akad. Wetens. Amsterdam, 1914, 22, 1131, 
argued that a diatomic molecule has 7, not 5, degrees of freedom. 
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freedom,^ f (Waterston, and Maxwell). A particle regarded as a point may 
move in three directions in space (x, y, z) and any motion may be specified in 
terms of these; it has three degrees of freedom. Boltzmann assumed that a 
monatomic molecule may be pictured as a small smooth sphere; any rotation it 
might have could not then be changed by collisions ^ and it has only three 
degrees of freedom (/s=3). 

A rigid diatomic molecule may be regarded as two smooth spheres at a fixed 
distance apart, like a small dumb-bell. This has three degrees of freedom for the 
translational motion of its centre of gravity; rotation 
about the axis could not be affected by collisions and 
is not effective, but the two rotations of the molecule 
about its centre of gravity in two planes at right 
angles (Fig. 14.VII E) can be changed by collisions, 
and hence the molecule has two effective rotational 
degrees of freedom. Such a rigid diatomic molecule 
has, therefore,effective degrees of freedom (/=5). 
Rotation about axis (1) is constant and ineffective; 
rotation about axis (2) is in the plane of the paper; 
rotation about axis (3) is at right angles to the plane 
of the paper. 

A rigid molecule containing more than two atoms ^ 
will have an additional effective rotational degree of freedom about the axis (1), 
making six degrees in all (/=6). 

Boltzmann assumed that the kinetic energy is shared equally among all the 
degrees of freedom, which is an extension of Maxwell’s theorem of equipartition 
of energy (§ 20.IV). Since in the above cases, all the energy is kinetic, the 
theorem is directly applicable. The energy of a monatomic gas being (from 
the kinetic theory, § 3.Ill) \RT per mol, the kinetic energy per degree of free¬ 
dom for all molecules will be hence the contribution to Q per 
degree of freedom will be ^Rcriil g.cal., and Q=|J?/g.cal. per mol. 

Fjg. 14.VI1E. Axes of 
Rotation of a Rigid 
Diatomic Molecule 

Molecule 

1 

/ transl. / rotational w C» obs. 

monatomic 3 0 fR=3 3 
diatomic rigid ... 3 2 fi?=5 5 
polyatomic rigid 3 3 1^=6 >5 

Most polyatomic gases have Q values greater than 6: 

C02(17°) ... 6-76 NH3(14'5°) ... 6-71 
S02(13°) ... 7*27 N20(12") ... 6*76 

and diatomic gases of group (c) (§ 28) have Q greater than 5. The abnormally 
small value for hydrogen cannot be explained on Boltzmann’s theory, but cases 

1 This must not be confused with the number of degrees of freedom of a system as con¬ 
sidered by the Phase Rule. For a different definition see Roberts, “ Heat and Thermo¬ 
dynamics,” 1940, 147. Staigmiiller {op, cit,) called 6(/i—1), for a molecule having 3/i coor¬ 
dinates (degrees of freedom), the “ heat dimension 3(«—1) is the number of non-transla- 
tional coordinates, and as Staigmuller assumed that the kinetic and potential energies are 
equal in these, the total energy due to them will be 6(n—1)5, where i is the mean kinetic ener^ 
per degree of freedom* 

2 For the mechanical vibrations of atoms, see Sutherland, Phil, Mag., 1910, 20, 657. 
3 Sackur, Ann. Phys., 1913,40, 87. 
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where Q is abnormally large (CI2, Br2, and I2 vapours) can be explained by 
assuming that the molecules are not rigid but the atoms are vibrating, the 
molecule will then have vibrational energy as well as translational and 
rotational. 

For a simple harmonic motion, in which the restoring force is proportional 
to the displacement (Hooke’s law) and the frequency is independent of the 
amplitude (for small displacements), the classical theory (§ 52.1) shows that 
the average kinetic and potential energies are equal, so that the total energy 
(kinetic+potential) is twice the average kinetic energy, i.e. 2x\RT per mol. 
If it is assumed that in the chlorine molecule the two atoms are vibrating, the 
total energy will be fJfr (transl.)+2^7’ (rotl.)+f/?r (kinetic and potential of 
vibr.)=^jRr, and hence g.cal. This is higher than the observed 
value, 6 g.cal. By assuming that/=3 at low temperatures, a theoretical value 
of d//dr may be found on the basis of classical theory which will explain 
qualitatively the variation of Q with temperature.^ The necessity of assuming 
motions of translation, rotation, and vibration, in general, in the case of poly¬ 
atomic molecules was pointed out by Clausius.^ Bateman ^ proposed the rule 
that the number of degrees of freedom of an atom is equal to the sum of 3 and 
its valency, and the number of degrees of freedom of a molecule is the sum of 
the numbers for the atoms, less the number of conditions which must be satisfied 
in order that the geometrical relations peculiar to a stable configuration or state 
of motion may remain permanent. 

Boltzmann’s theory encountered considerable opposition in Britain,"^ but 
it is now recognised as essentially correct for classical conditions, and the 
apparently arbitrary assumptions about constancy of rotation about the axis of 
diatomic molecules, etc., are now explicable by the quantum theory. For 
particles in Brownian movement, the theorem of equipartition as applied to 
translation and rotation was experimentally verified by Perrin.^ 

When Strecker showed that Q for chlorine and for bromine and iodine 
vapours is abnormally high for a diatomic gas, and concluded that “ neither 
Maxwell’s nor Boltzmann’s assumption about the kind of motion of the 
atoms in the gas molecule have a general validity,” Boltzmann ^ remarked 
that spectra show that even monatomic atoms (e.g. Hg) “ are not material 
points but must be complex (zusammengesetzt); ” his assumptions were 
only approximate, “ and in default of a better founded hypothesis.” The 
halogen atom might be an ellipsoid of revolution, which would lead to the 
value y=1*333 found. 

1 Todd, Phil, Mag,, 1920, 40, 357; cf. Todd and Owen, ibid,, 1919, 37. 224; 1919, 38, 655. 
2 Phil. Mag., 1857, 14,108. 
3 Manch. Mem., 1908, 53, No. 3. 
4 At the British Association meeting at Aberdeen in 1885, Crum Brown, Lord Kelvin, 

J. J. Thomson, Liveing, Hicks, and Osborne Reynolds, all urged objections against it; see 
Nature, 1885, 32, 352, 533; J. J. Thomson, Watts “ Dictionary of Chemistry,” edit. Morley and 
Muir, 1890, 1, 89; Stoney, Proc. Roy. Soc., 1895, 58, 177; Lord Kelvin, “Baltimore Lec¬ 
tures,” 1904, Appendix B; Peddie, Proc. Roy. Soc. Edin., 1906, 26, 130; 1907, 27, 181; Magie, 
Science, 1906, 23, 161; Ehrenfest, Proc. Roy. Soc. Edin., 1907, 27, 195; Brillouin, J. de Phys,, 
1907, 6, 32. This attitude persisted till quite recent times; see, e.g. Trans. Faraday Soc., 
1922, 17, 734. 

5 Compt, Rend,, 1909,149, 549; Ann. Chim., 1909,18, 5; “ Les Atomes,” 1914,93,163. 
^ 6 Ann.Phys.,\m,n,2i:i. 

2 J.C.S., 1875, 13,493; Maxwell assumed that all the a atoms in the molecule were mobile, 
which gives y^l+2/(30+/), where / is the internal energy, whilst Boltzmann assumed that 
ysal +2/0, where /i=3, 5, 6; see Jeans, Phil. Mag., 1901, 2, 638. 

8 Ann. Phys., 1881,13, 544; 1883,18, 309. 
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§ 30. Quantum Theory of Specific Heats of Gases 

Although, as mentioned above, the variation of with temperature may be 
explained, at least qualitatively, on the basis of the acquisition of additional 
degrees of freedom, this is not generally successful, and in the case of hydrogen 
it is necessary to assume that the two degrees of rotational freedom disappear 
at lower temperatures, a result quite incompatible with the classical theory. 
It is only by abandoning the general validity of the theorem of equipartition 
that the specific heats of gases can be satisfactorily explained; it must be replaced 
by the quantum theory. 

In lecturing in 1900, Lord Kelvin ^ said that “ the beauty and clearness of 
the dynamical theory which asserts heat and light to be modes of motion, 
is at present obscured by two clouds,” which he called ” nineteenth-century 
clouds over the dynamical theory of heat.” One of these concerned radiation 
(§ 12.VI B), the other was concerned with the theory of equipartition of energy, 
which Lord Kelvin did not accept. Both clouds were dissipated by the quantum 
theory, which came into being in the same year as Lord Kelvin’s lecture 
(§ 15.IV). 

Planck 2 in 1900 concluded that the energy of a linear resonator, consisting of 
a mobile electric charge which may be set in vibration, is a whole multiple of a 
quantum €=/rv, where A is a universal constant (6*61x10"^^ erg sec.) and v 

the frequency of vibration. The theory was extended by Einstein ^ to vibrating 
ponderable charged atoms (ions), and by Nernst ^ to vibrating or rotating 
neutral atoms and molecules. 

It is assumed that the material particles contain linear oscillators of fre¬ 
quency V, so that the energy of any particle is nhvy where n is an integer. Calcu¬ 
lation (§ 16.IV) then shows that the mean energy of the oscillator (omitting 
zero-point energy) is: 

c=^^//(e^—1) .(1) 

where x^hvjkT, A:=Boltzmann’s constant, R/N; or by multiplying by Avo- 
gadro’s number A, the energy per g. atom or mol is: 

M=£'=iVAv/(e^-l) .(2) 

which is Einstein’s formula. Nernst put A/A=j3, Nk=R, 

E:=A^*i3i//(e^‘'/’^-I)=l?i3v/(e^‘^/^~l) .... (3) 

The heat capacity per mol for one degree of freedom is found by differentiating 
(3) with respect to T: 

C,=d^/dr==/f03v/r)2[e^‘'/^/(e^*'/^~l)2^ .... (4) 

These equations may be applied to calculate the vibrational energy. The 
rotational energy is also quantised (§ 18.IV), but deviations from the equi¬ 
partition value \RT per degree of freedom are very small at and above room 
temperature for all gases except hydrogen and deuterium; the last case can be 
dealt with only by the use of wave mechanics (§ 23.IV). 

For a diatomic ideal gas with fully excited translational and rotational 

1 Royal Institution lecture, Friday, April 27, 1900; Phil, Mag., 1901, 2, 1; “Baltimore 
Lectures,” 1904,486 f.; Jeans, “ Dynamical Theory of Gases,” 3rd edit., 1921, 13. 

2 Verhl, d. D, Phys, Ges„ 1900, 2, 202, 237; Ann. Phys., 1901, 4, 553, 564; 1901, 6, 818; 
1902 9 629. 

3 Ann. Phys., 1907, 23,197; Jeans, “ Dynamical Theory of Gases,” 3rd edit., 1921, 371. 
*Z. Elektrochem., 1911, 17, 265. 
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energies (i.e. the equipartition or maximum values) the true molecular heat at 
constant volume is: 

Q==f/?+iif+E(@/r)=4*963 + E(@/r) .... (5) 

where E denotes the Einstein function (3), and @=j3p. Values of E may be 
obtained from tables. ^ Formulae involving Einstein functions arc not very 
convenient in practice, and Fugassi and Rudy ^ found that the experimental and 
calculated results can be represented with suflBcient approximation by a power 
series (§ 1.11), q,=a+Z?r+cr2+^/r3+. . . . 

The mean molecular heat is: 

c,==(i/r) f c,dr-4*963+^3</r.(6) 
Jo 

where £/• is the vibrational energy given by (3) for the temperature T. The 

following table gives some observed and calculated values of Qfor hydrogen 
chloride: ^ 

Q=4-963+(£j.-F:29i)/(r-291); 0=3420. 

T Ct, obs. Ct, for e=»=3420 C, fore=4220 

1955 5*808 5*818 5*623 
2115 5*898 5*881 5*688 
2135 5*916 1 5*890 5*696 
2318 5*943 5*953 5*764 

The values calculated with 0=3420 (found by trial) are moderately good; 
the value found from the infra-red spectrum ^ is 0=4220, for which the cal¬ 

culated Q values are not so good. 
Some approximate values of 0 for diatomic gases are: ^ 

H2 ... 5000(6140) CO ... 3100(3120) Br2 ... 510(470) 
N2 ... 3800(3380) NO... 2720(2740) I2 .■ 350(310) 
O2 ... 3300(2260) CI2 ... 830(810) HCl... 4150(4300) 

Godnev ^ used the empirical formula: 

C^^C^^+SE{eiT)+aT+bT^.(7) 

where E is an Einstein function for two degrees of freedom, and a and b are 
constants. Usually b may be taken as zero. For example, for nitrogen: 

Cp=ll?4.E(3360/r)+0‘4x lO-^r. 

For triatomic and more complex molecules, coupling occurs between the 

1 Nernst, “ The New Heat Theorem,” 1926,246 f.; Simon, in Geiger and Scheel, ” Handbuch 
der Physik,” 1926,10, 364. 

2 Ind. Eng. Chern,, 1938, 30, 1029. 
3 Wohl, Z. Elektrochem., 1924, 30, 47; Wohl and Kadow, Z. phys. Chem., 1925, 118, 460; 

no more recent experimental values at high temperatures are available. 
4 Hettner, Z. Phys., 1920, 1, 345; Hicks and Mitchell, J.A.C.S., 1926, 48, 1520; Giauque 

and Overstreet, ibid., 1932, 54, 1731. 
3 Eucken, in Wien-Harms, “Handbuch dcr Experimcntalphysik,” 1929, 8, 422; Eucken 

and Fried, Z. Phys., 1924, 29, 36; quite different values (in brackets) are given by Slater, 
Introduction to Chemical Physics,” New York, 1939, 142; for several equations of this type 

see Yamaga, Proc, Imp, Acad, Japan, 1928, 4, 102. 
6 J.A.C.S., 1936, 58, 180. 



QUANTUM THEORY OF SPECIFIC HEATS OF GASES f 3a Ml 

atomic vibrations, and the theory becomes more complicated. The first 
attempt to deal with such molecules was by Bjerrum.^ For a triangular mole¬ 
cule (Fig. 15.VII E) three kinds of vibrations were assumed: (i) the vibration of 
the atom A at right angles to the line BC, with the frequency vi, (ii) symmetrical 
vibrations of B and C along AB and AC (1^2) i (ih) an unsymmetrical vibration 
of A in the direction of AC (v^). The problem 
was dealt with in greater detail by Hund.^ In cases 
where overtones and combination vibrations occur, 
e.g. with ammonia,^ the problem is more difficult. 

The quantum theory gives an explanation for 
the ineffective rotation of monatomic molecules 
and of diatomic molecules about the axis, assumed 
in Boltzmann’s theory, since on account of the 
small moment of inertia the rotational quantum 
is very large and practically no energy is taken up. 

Linear triatomic molecules such as OCO and NNO have been considered, 
the fundamental frequencies being known.^ 

The number of vibrational degrees of freedom of a molecule containing N 
atoms is calculated as follows. If all the atoms were free the number would be 
3N; from this is subtracted the translational degrees of freedom (3) for the 

molecule as a whole, and the rotational 
degrees of freedom (0 for N=l, 2 for 
A=2, and 3 when A is 3 or more): 

4 for monatomic gas =:3x 1—3—0=0 

Fig. 15.V1IE. Modes of 
Vibration of Triangular 
Triatomic Molecule 

F^g. 16.VII E. Modes of Vibration of 
Water Molecule 

diatomic 

triatomic 

A-atomic 

=3x2~3-2=l 

=3x3-3-3=3 

= 3 A-6. 

The water molecule has three modes 
of vibration, shown in Fig. 16.VII E, 

the characteristic temperatures 0 for the Einstein functions E(@/r) being 
given below them. The contributions to the value of Q due to these three 
vibrations are shown in the table; to these are added the value 7'95 for B 
and the translational and (fully excited) rotational motions, and the total 
(not CJ calculated is shown. The last column gives the value of calcu¬ 
lated with small corrections (not discussed here), which include interaction 

1 Z. Elektrochem., 1911, 17, 731; 1912, 18, 101; Nernst Festschrift, 1912, 90; Verhl. d, D. 
Phys. Ges,, 1914, 16, 737; Eucken, Z. Elektrochem., 1920, 26, 377. 

2 Z. Phys,, 1925. 31. 81. 
3 Stuart, “ Molekiilstruktur,” Berlin, 1934,249; Slater, “ Introduction to Chemical Physics,” 

1939, 145. 
H See Teller, Hand w.- Jahrb. d, chem, Phys,^ 1934, 9, II, 43; a summary of the modes of 

vibration of polyatomic molecules was given by Bartholom^, Z. Elektrochem,, 1936, 42, 341; 
see also Dennison, Rev, Mod, Phys,, 1931, 3, 280; Penney and Sutherland, Proc, Roy, Soc„ 
1936,156, 654, 678 (vibration frequency, force constant and angles of triatomic molecules and 
groups); Wu, “Vibrational Spectra and Structure of Polyatomic Molecules,” Kun-Ming, 
China, 1939, Ann Arbor, Mich., 1946; El’yashcvich,/. Expth Theor,Phys, U,S,S,R., 1943,13, 
65; Herzberg, “ Infra-red and Raman Spectra of Polyatomic Molecules,” New York, 1945; 
a brief, highly abstract, summary is given by Margenau and Murphy, “ The Mathematics 
of Physics and Chemistry,” New York, 1943,280 f. 

5 Plyler and Barker, Phys, Rev,, 1931,38, 1827; Herzberg, Z,phys, Chem,, 1932,17 B, 68. 
« Mecke. Z. phys, Chern,, 1932,16 B, 409,421; 1932, 17 B, 1; Stull and Mayfield, Ind, Eng, 

Chern,, 1943,35, 639. 
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between vibration and rotation and (at high temperatures) electronic excitation 
(§21.IV): 

T a b c Cp calc. Cp corr. 

300 . 000 000 010 8*05 8-00 
400 . 000 000 0-25 8-20 8-16 
500 . 000 000 0*40 8-35 8-38 
600 . 002 0 02 0-66 8-63 8-64 
800 . 016 015 105 9*31 9-20 

1000 . 0-31 0*30 1-30 9-86 9-80 
1500 . 080 0-78 1-65 1M8 1M5 
2000 . M8 M5 1-79 1207 12-09 
3000 . 1-58 1-52 1-90 12-90 13-10 

F. VISCOSITIES OF GASES 

§ 1. Viscosity of Gases 

The kinetic theory of the viscosity of gases was first worked out by Maxwell.^ 
The following simplified treatment is based on that given by Stefan.^ 

Consider two large plates, parallel to the xy plane in the coordinate system 
X, y, z and at a distance z apart, and with gas between them (Fig. l.VII F). 
One plate is supposed fixed and the other moves from left to right with a constant 

velocity JJ, It is assumed that the gas in 
contact with the fixed plate is at rest, and 
that in contact with the moving plate is mov¬ 
ing with it with a mass velocity TJ parallel to 
the X axis. This assumption of the absence 
of “ slip ” requires modification at low 
pressures (see § 12). The velocity gradient 
in the gas is assumed to be linear, and hence 
is JJIz per unit length, and the force of resist¬ 
ance, i?, to the motion of the upper plate 

caused by the viscosity of the gas is assumed to be proportional to this: 

Rx=z per cm.2.(1) 
where t] is the coefficient of viscosity (or simply viscosity)^ a constant at a given 
temperature. The dimensions of t] in c.g.s. units are g.cm.“^sec.“*i. The 
negative sign in (1) indicates that the force exerted by the gas on the plate is 

1 Phil. Mag., I860, 19. 19; 1868, 35, 129, 185; Phil. Trans., 1866, 156, 249; 1867, 157, 49; 
“ Scientific Papers,” 1890, 1, 377; 2, 1, 26; Clausius, Die kinetische Theorie der Case, “ Die 
mechanische Warmetheorie,” Brunswick, 1889-91, 3, 84; Kitsler, /. Franklin Inst., 1929, 207, 
389; Kimball, Phil. Mag., 1935, 20, 97, 355; Smith, ibid., 1942, 33, 775. 

2 Wien Ber., 1872, 65,11, 323 (360); cf. O. E. Meyer, Ann. Phys., 1865,125, 564; “ Kinetic 
Theory of Gases,” 1899, 174; von Lang, Wien Ber., 1871, 64, IT, 485; Ann. Phys., 1879, 
145, 290 (simple deduction); Boltzmann, Wien Ber., 1872, 66, 11, 275; 1880, 81, II, 117; 
1881, 84, II, 40, 1230; 1887, 96, II, 891; “ W^iss. Abhl.,” 1909, 1, 316; 2, 388, 431, 523; 3, 293; 
Gemant, J. Appl. Phys., 1941,12, 626. For the general theory of viscosity, see Stokes, Trans. 
Cambr. Phil. Soc., 1845, 8, 107, 287; “Math, and Phys. Papers,” Cambridge, 1880, 1, 75; 
Tisza, Phys. Rev., 1942, 61, 531; on a supposed volume viscosity, see § l.VIIl E, Vol. 11, and 
for gases, Kohler, Naturwiss., 1946, 33,251. 

Moving plate 

__ •_ 
Fixed plate 

Fig. l.VIIF. Origin of a Velocity 
Gradient leading to a Viscous Force 
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in the opposite direction to the motion of the plate. Cox ^ developed a theory 
of fluid flow in which the velocity is assumed to increase exponentially (not 
linearly) with the distance from the wall or fixed plate. A theory of the viscosity 
and thermal conductivity of dense gases and liquids was developed ^ from Born 
and Green’s theory of liquids (see § l.VIII A, Vol. II). 

Suppose the gas between the plates divided into imaginary layers each of 
thickness dz, and assume that each layer offers a resistance to the adjoining 
layers of moving gas, all the layers being in motion with different velocities 
except the one at rest in contact with the fixed plate. The force per cm.^ 
between any two layers such as shown in Fig. l.VIl F is, from (1): 

i?=-,y(dt//dz).(2) 

Gas molecules are leaving and entering each layer. If the gas is at rest, the 
velocities are uniformly distributed in all directions, but if it is moving, the 
velocity component of each molecule is greater in the direction of the mass 
motion of the gas than in the opposite direction. Molecules enter the faster 
layers, and by collisions with the molecules there, the velocity component U 
of the entering molecules is increased. Thus, momentum is taken from the 
molecules in the faster layers. 

The velocity component in a plane parallel to the xy plane and distant z 
from it is: 

U^UQ+(AUIdz)z .(3) 

where Uq is the velocity in the xy plane. Since d[//dz>0 (the upper plate is 
moving) every layer of gas experiences a retardation from the layer below it, and 
this lower layer receives an acceleration from the layer above it. These accelera¬ 
tions give rise to the viscous forces, and thus the viscosity, a non-dynamical 
phenomenon in bulk, is explained molecularly by ordinary dynamics. 

The internal friction in the gas is equal to the momentum transmitted per sec. 
through 1 cm.2 of the xy plane. If there are n molecules per cm.^ with a 
velocity component w parallel to the vertical z axis, and having a total velocity 
component (mass-f molecular) u' parallel to the x axis, then of these molecules, 
the number nw pass through 1 cm.^ of the xy plane in a direction parallel to the 
z axis per second. Hence the momentum transported parallel to the x axis 
per sec. is nw . mu', and the total momentum transported parallel to the x axis 
per sec. is: 

R^Unmwu' 

where u' can vary from — oo to -foo. If « is the component of molecular 
velocity parallel to the x axis, then u'=^u+ U, and hence: 

R^Snmwu+EnmwU.(4) 

The term Snmwu is obviously zero, since on an average there will be as many 
molecules moving with a velocity u in a given direction as with a velocity —w 
in the opposite direction in the gas, hence: 

R^EnmwU=^EnmwU(^+I!nmwz{dUldz) .... (5) 

The term EnmwUo is again zero, for the same reason as before, and hence: 

R^m(dUldz)Enwz.(6) 

Now consider a molecule having a velocity c making an angle 0 with the 

1 /. Franklin Inst,, 1924, 198, 769. 
2 Yang. Nature, 1948,161. 523. 
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z axis (Fig. 2.VII F), then )v=e cos 6. Assume that every molecule has, on the 
average, the mass motion of the layer in which it last made a collision, then 
zas —A cos 6, where A is the free path of the molecule; hence 

R=—m(dUldz)SncXcos^ 6.(7) 

In (7) n is the number of molecules with a velocity c making an angle 6 with 
the axis of z which, after collision, have traversed a distance A before crossing the 
xy plane. First sum over all possible angles 6, with c and A fixed. Suppose the 
directions of the velocities are drawn from a fixed point and pass through the 
surface of a sphere drawn around this point as centre. The number of these 
lines making an angle with the z axis between 6 and 6+d6 is equal to the total 

number multiplied by ^sin 6dd (see (4), 
§ 8.1II); hence: 

BR= -(w/2)(dC//dz)2'rtcA 
cos^ d sin 6dd . (8) 

To find the total force, integrate between 
and d=n, when (see § 8.111): 

R— —(ml2)(dUjdz)SncX | cos^ 0 sin 0d6 
Jo 

^~iml2)idUldz)SncX[-cos^ 0/3]” 

= ~(w/3)(dt//d2)2JirA .... (9) 

Fig. 2.VII F In UncX, n is the number of molecules per 
cm.3 which have travelled a distance A since 

the last collision before passing the xy plane, and A can have all values from 
0 to 00. Hence 27«cA should be found by summing over all values of A 
from 0 to 00 for each value of c, and then summing over all values of c from 
0 to 00. The value of A for a given value of c will not, of course, be the ordinary 
“ free path ” (§ 20.III), which varies with c, but as a first approximation n 
may be equated to N, the total number of molecules per cm. 3, A to /, the mean 
free path,^ and c to c, the average velocity of the molecules; the summation 
sign is then omitted, and if A/7i=p=density: 

EncX==Ncl.(10) 

R=-\NmcKdVldz)=—q{dUldz) 

ri=^^Nmcl=^ipcl .(11) 

Equation (11) may be written in various other forms, e.g. by taking N= 
N’/V, where A'=total number of molecules in a volume V, giving: 

r,^iN'l3V)mcl^^Mi^l.(11a) 

where Af=molecular weight and ^=concentration in mols per cm.^ (or per 
lit. if V is in litres). 

A more exact calculation, in which the average value of A is found, gives: 

■qt^kpcl .   (12) 

where k is a numerical factor. This has been differently evaluated; O. £. 

1 Jager, Wien Ber., 1900,109, IT A, 74, took A as the mean free path plus half the diameter of 
the molecule. 
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Meyer ^ gave /c:=s0-30967, Boltzmann,2/c3=0*350271, Jager,^ i[^a=0*4166, Jeans,^ 
/:=0*461, and Chapman,^ for elastic spheres, /:=0-491 to 0*499, perhaps 
0‘500 (see below). Since Chapman’s value seems most probable: 

r)=:0^499pcl . ..(13) 

will be taken as the definitive equation in this section. 
If a typical molecule describes a free path with a momentum mu parallel to 

the X axis, and if the projection of the free path on the z axis is A', the increase 
in momentum at the end of the path will be wA'(dw/dr). If there are N mole¬ 
cules per cm.^ with an average velocity c, the number of molecules crossing one 
cm.^ of the plane z=0 per sec. is Nc^ and hence the transfer of momentum is: 

Nc. my(du/dz)sa:pcX'{duldz) 

if each free path has the same projection A' on the z axis. If the free paths are 
distributed equally in all directions at random, and are of average length A, 
the average value of A' is ^ A, and hence the transfer of momentum is: 

ipcX(du/dz), 

But this is equal to r)(dQ/dz), where rj is the coefficient of viscosity; hence: 

7]^^pcX.(14) 

which is practically the same as (13).^ 
By substituting / and c from (18), § 21.III, and (35), § lO.III, the equation 

(13) may be written in a form giving the molecular diameter a from the measured 
values of rj: 

r}^0^499Nmcl, /=:l/V(2A^rrcT2), 

c=2V(2RTI7tM), m^MIN, 

7^=2-715xl0~-2V(Afr)/a2.(15) 

where TV is Avogadro’s number, 6*02x1023, and /?=83*15xlO^ e.g.s. units. 
With Tait’s free path (44), § 22.III: 

77=l*051(ipc/)=0*350pc7.(16) 

§ 2. Effect of Pressure on Gaseous Viscosity 

Substitution of /in (12), § 1, from (18), § 21.III, gives: 

77==kArm^/V(2)iVw2==kmc7V(2)7ra2.(1) 

which shows that rj is proportional to \/m (since c is proportional to l/\/m) 
but is independent of the pressure, and depends only on the temperature 
(through c) and the molecular diameter a. The surprising independence of 

1 “ Kinetic Theory of Gases,” 1899, 176, 189, 451. 
^ ” Vorlcsungen uber Gastheoric,” 1896,1, 79; Dushman, Production and Measurement 

of High Vacuum,” Schenectady, 1922, 16, prefers this value; Clausius, Die kinetische Theorie 
der Gase, ” Die mechanische Warmetheoric,” Brunswick, 1889-91, 3, 101, gave 0*3501. 

3 Wien Ber., 1899,108, II A, 447. 
4 “ Dynamical Theory of Gases,” 3rd edit., 1921, 248, 287, 299, 316; “ Kinetic Theory of 

Oases ” 1940 163. 
5 FhiL Ttms., 1916, 217, 115-197; Chapman and Hainsworth, Phil, Mag., 1924, 48, 593; 

Chapman and Cowling, ” The Mathematical Theory of Non*Uniform Gases,” Cambridge, 
1939, 151 f.; Hcrzfcld, “Wegiange und Transporterscheinungen in Gasen,” Leipzig, 1939; 
Kirkwood, J. Chem. Phys., 1947, 15, 72, 155; Hirschfclder, Bird, and Spotz, ibid., 1948, 16, 
968. 

< Jeans, “ Kinetic Theory of Gases,” 1940,46. 
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pressure was confirmed by experiment and became one of the best arguments 
for the truth of the kinetic theory. ^ 

The figures below ^ give the relative viscosities {r]' at 750 mm. Hg pressure— 1) 
of air at 15° C. as measured by the oscillating disc method (§ 8; distance 
between plates = 1 *967 mm.), and the mean free paths /. The apparent decrease 
at low pressures is due to slip (§ 12): 

/)inm. Hg. 750 380 20-5 2*4 1-53 0-63 
. 1 1 01 1 004 0-978 0-956 0-908 

/mm.6x10-5 1.2x10-4 2*2x10-3 1 9x10-2 0-030 0073 

A “ commonsense ” view would have led one to think that the viscosity 
should increase with density, because the viscosity of liquids is much greater 
than that of gases. Another curious result is that for gases the viscosity 
increases with temperature, whilst for liquids it decreases. The reason for such 
differences may be roughly stated as a consequence of the negligible value of 
cohesive forces between gas molecules, and their large value in the case of 
liquids. Viscosity in liquids is largely determined by cohesive forces, which are 
weakened by rise of temperature, and it shows little dependence on molecular 
velocity or free path. 

Some consequences of the independence of viscosity on density are sur¬ 
prising. Stokes’s law ^ for the velocity of fall, w, of a sphere of radius a and 
mass AW in a fluid of viscosity r] is (g=acceleration of gravity): 

u=g(m—mo)l6Trr)a .(2) 

where /«o is the weight of fluid displaced. Since mo for gases is very small com¬ 
pared with m it may be neglected, so that the steady velocity of fall will be the 
same at all pressures. Similarly, the air-resistance of a pendulum should be 
independent of the density of the air, so that the oscillations should die out at the 
same rate at low pressure as at high, as was found experimentally by Boyle ^ 
in 1660. Maxwell^ found that when three movable discs oscillate between 
four fixed parallel discs on a torsion thread, the oscillations die away at the 
same rate whether the air between is at atmospheric or lower pressure. For 
very small spheres (e.g. oil drops), still large in comparison with the mean 
free path, falling in a gas, Stokes’s law no longer holds. Cunningham ^ then 
found that the denominator in (2) must be replaced by 67717^/(1+^/u), where 
A is an empirical constant, found by Millikan to be 0*864. This is important 
in the determination of the electronic charge by Millikan’s oil-drop method, 
probably one of the most exact methods.'^ The question of the validity of 

1 O. E. Meyer, Ann. Phys., 1865, 125, 177; 1866, 127, 253, 353; 1873, 148, 1; Maxwell, 
Phil. Trans., 1866, 156, 249; Crookes, ibid., 1881, 172, 387; for laboratory demonstration 
apparatus, Piwnikiewicz, Phys. Z., 1913, 14, 305. 

2 Quoted by Herzfeld, in H. S. Taylor, “ Physical Chemistry,” 1931, 1, 155. 
3 Trans. Cambr. Phil. Soc., 1850, 9, 8 (equation (126), p. 51); ” Math, and Phys. Papers,” 

Cambridge, 1901, 3, 1 (59). 
4 “ Works,” 1744, 1, 40. Quoted by Tomlinson, Phil. Trans., 1886,177, 767. 
5 Phil. Trans., 1866, 156, 249; “Scientific Papers,” 1890, 2, 1; Stokes, Phil. Trans., 1886, 

177, 786. 
6 Proc. Roy. Soc„ 1910, 83, 357; McKeehan, Phys. Rev., 1911, 33, 153; Phys. Z., 1911, 12, 

707; Millikan, Phys. Rev., 1913, 2, 109; 1923, 21, 217; Proc. Nat. Acad., 1923, 9, 67; Sexl, 
Ann. Phys., 1926, 81, 855; Herzfeld, in H, S. Taylor, “ Physical Chemistry,” 1931, 1, 183. 

7 It is amusing to find Cunningham saying that the method cannot give a reliable value of r, 
“ as at first sight seemed not impossible.” Some papers dealing with the use of Stokes’s 
law in calculating the electronic charge in Millikan’s method are: McKeehan, Phys. Rev., 
1911, 33, 153; Phys. Z., 1911, 12, 707 (finds Ac^l); Roux, Compt. Rend., 1912, 155 *1490; 
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Stokes’s law in cases where the particles are in Brownian movement was dis¬ 
cussed by Weyssenhoff.^ 

At higher pressures the viscosity is no longer independent of the density of 
the gas. Some values for carbon dioxide at 40° C. are: ^ 

/?atm. 1 24 100 
7)XW 1-57 1-69 4-83 

At 100 atm. rj is nearly proportional to the density. At very low pressures, 
when molecular collisions are infrequent, the viscosity should again be propor¬ 
tional to the density. In this case a molecule between two parallel plates at a 
distance apart which is small compared with the mean free path makes no 
collisions in the space between them. If one plate is fixed and the other moving 
with a constant velocity u, each molecule after striking one plate moves with 
constant velocity until it strikes the other. If the plates are rough the force on 
a plate per unit area is upl\^(27rRTIM) (see (1), § l.VII J). The coefficient multi¬ 
plying u has been called the free-molecule viscosity.^ The effect of density on 
viscosity at higher pressures was considered by Enskog,^ who used a method 
which is a generalisation of the one used in Lorentz’s electron theory of metallic 
conduction. He took account of the transport of momentum in collisions, 
assuming that a transport over the molecular diameter a occurs with practically 
infinite velocity. The transport for the free path should therefore refer to a 
distance A+acos 6 instead of A (§ 1), where 6 is the angle between the free 
path and the normal to the xy plane. The correction is expressed in terms of 
van der Waals’s equation (see § l.VII C): 

(p+a/v^)(v—b)':::ip(v’--b)^RT 
and takes the form: 

V^o=l/^+f6p+0-76I4fe2p2//  (3) 

where p=density, 7^0=viscosity of ideal gas=T016(5/16a2)\/(mAr/7r), b^fna^^ 
the molecular diameter a being calculated from rjo, and H is a, coefficient for the 
probability of one molecule being near another. Clausius and Boltzmann 
found: 

F=H-|6p+0*287i2p2+.(4) 

and when substituted in (1) this gives: 

V7?o=l+0-1756p-l-0*8662p2+.(5) 

The equation may also be written in the form: 

2-545{r}lp)^i7jlp)oivlb+0-im+0-161^^^ ... (6) 

where {r]lp)Q is the minimum value of 7]lp reached when z^=0*8726A. This 
formula gives satisfactory results at high densities, as is seen in a comparison 

Schidlof and Murzynowska, ibid., 1913, 156, 304; Shakespear, Phil. Mag., 1914, 28, 728; 
Parankiewicz, Phys. Z., 1917, 18, 567; 1918, 19, 280; Lassalle, Phys. Rev., 1921, 17, 354 
(/<«0-8249); Ishida, ibid., 1923, 21, 550; Eglin, ibid., 1923, 22, 161; Epstein, ibid., 1924, 23, 
710; Breit, ibid., 1924, 23, 608. 

1 Bull. Acad. Polon., 1925, 7 A, 219. 
2 Warburg and Babo, Ann. Phys., 1882, 17, 390; Phillips. Proc. Roy. Soc., 1912, 87, 48; 

Wildhagen, Z. angew. Math. Mech., 1923, 3, 181; Speyercr, Forschungsarb. Gebiet Ingenieur- 
ms., 1925,273 (steam); Kennard, “ Kinetic Theory of Gases,” 1938, 150. 

3 Kennard, “ Kinetic Theory of Gases,” 1938, 301. 
^ K. Svensk. Vet. Akad. Hand!., 1922, 63, No, 4 (in German); Arkiv Mat. Astron. Fys., 

1922,16, No. 16; 1928, 21 A, No. 13; Chapman and Cowling, ” The Mathematical Theory of 
Non-Uniform Gases,” Cambridge, 1939, 273 f. 
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of the calculated values with the experimental figures (by the capillary method) 
of Michels and Gibson ^ for nitrogen at 50° C. given in the table (values at 
25° and 75° were also found); a minimum value of rjlp is shown and the value 
v=0-i726b at which it should occur is reached at about 580 atm. 

p atm. 7)1 p obs. X105 
1 

7? X106 obs. 7; X106 calc. 

15-37 1179 191-3 181 
57-60 327-4 1981 190 

104-5 192*8 208-8 205 
212-4 114*8 237*3 224 
320-4 95*2 273*7 266 
430-2 88*7 312*9 308 
541*7 86*6 350-9 348 
630-4 85*9 378-6 380 
742-1 87*0 416*5 418 
854-1 88-9 455*0 455 
965-8 90-9 491-3 492 

Jager ^ used the equation: 

’?=’?o[(l+fi8+ ...)->+4i8].(7) 

where p=blv, and also introduced a correction for the intermolecular forces 
depending on the van der Waals a constant, 2alvRT=21^TJAT\ 

ri^m[\+ii\+9kTJ2Tm.(8) 

Dubief 3 connected the viscosity t] of an actual gas with that, of the gas in 
the ideal state by the equation rj^rjQVI(V--b), where b is van der Waals’s 
co-volume for the total volume V, and where c and d 
are constants. 

The results of Warburg and von Babo ^ for carbon dioxide at 77*2 atm. and 
p=: 0*450 g./cm.3 agree with Enskog's formula. Trautz ^ considered the effect 
of pressure on viscosity and the reduction to zero pressure. He assumed that 
by collision, two molecules may form a pair (dimer) and if A22!An is the ratio 
of the cross-sections of the dimer and simple molecule (approximately 5:3), P 
the total pressure in atm., a the van der Waals-van Laar constant (§ 34.VII C), 
if=0*0036618, and and rji the measured viscosity and that in the ideal state, 
respectively, then: 

ri„^Vi+[2aPI(RTmA22lAu)(rit2-rtJ .... (9) 

where 1J12 is the value for collisions between dimeric and monomeric molecules. 
Thus, r)„ is a linear function of pressure. 

Schroer and Becker ® found that the temperature coefficient of for ether 
vapour at various temperatures above the critical point changes with increas¬ 
ing pressure from a positive value, characteristic of a gas, to a negative value, 

» Proc. Roy. Soc., 1931,134, 288. 
2 men Ber., 1899,10«, 11 A, 447. 
3 Compt. Rend., 1925,180,1164; 1926,182, 688; 7. dePhys., 1926,7,402. 
* Berlin Ber., 1882, 509; Ann. Phys., 1882, 17, 390; corrected by Brillouin, '* Lemons sur la 

Viscosity,” 1907, 2, 49; Graetz, in Winkelmann, “ Handbuch dor Physik,” 1908, 1,11, 1399, 
1406. Warbui^ and von Babo used temperatures above the critical point. 

* Aim. Phys., 1931, 8, 797. 
« Z. phys. Chem., 1935,173, 178. 
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characteristic of a liquid (Fig. 3.VII F). Leipunsky ^ found that, at high densi¬ 
ties, the viscosity calculated by Enskog’s formula is higher than the observed, 
and connected this with the 
change of b with pressure. For 
mixtures, Enskog’s formula still 
gave satisfactory results, the value 
of b being calculated from: 

*= 1 *872 X 10-7r3/4/7yo^/2Af 
(M=mol. wt.). 

Measurements of viscosities of 
steam at high pressures (to 300 
atm.) and temperatures (600°) by 
the capillary method 2 gave values 
higher than those extrapolated 
by Sigwart.3 The pressure effect 
followed the equation given by 
Shirokov,4 7]=^ci{p-\-alv'^)[v'^j{v—b)]. Air at high pressures was investigated 
by Nasini and Pastonesi.^ Shugajew^ found r; for steam independent of 
pressure up to 93 atm.: 

. 100 200 300 350 400 
1; dynes sec. cm.-^i X106 125 5 163-5 202-4 221-4 241-2 

There is no effect of an electric field on the viscosity of a gas.^ The effect of 
a magnetic field on the viscosities of the paramagnetic nitric oxide and oxygen 
is to produce an apparent decrease of mean free path.*7 The viscosity of fog 
is nearly independent of the size of the droplets of water (5 x 10“^ to 10~^ 
cm. diam.) and is given at 0° by ^*=0*000171 +1 •59h^ where weight of water 
per cm.^ (1 -5 x 10^<^ to 1 *5 x lO""^ g,)} 

§ 3. Persistence of Velocities 

The simple viscosity equation (11), § 1, found by Maxwell (1860), is 
obviously in need of correction owing to over-simplification in the assumptions. 
The corrections modify the numerical factor as stated in § 1. 

One apparent correction is really non-existent. It might be thought that the 
mean free path from the last collision to the plane should not be /, as assumed, 

1 Acta Physicochim. U.R.S.S,, 1943, 18, 172; Gonikberg, /. Phys, Chem. U.S,S.R,, 1947, 
21,811. 

2 Speyerer, Forschungsarb, Gebiet Ingenieurwes,, 1925, 273; Shirokov, J, Phvs. Chem. 
U.SS.R., 1932, 3, 175; /. Exptl. Theor, Phys. U.S.S.R., 1933, 3, 237; Shugajew; J. Exptl. 
Theor. Phys. U.S.S.R., 1933, 3, 247; Sow. Phys. Z., 1934, 5, 659; Timrot, J. Phys. U.S.S.R., 
1940,2,419; Dorsey, “ Properties of Ordinary Water Substance,” New York, 1940, 61 (bibl.). 

3 Forschungsarb. Gebiet. Ingenieurwes., 1936, 7 B, 125; Rudorff, Eng. and Boiler House 
Rev., 1946,60,100. 

^ J. Exptl. Theor. Phys. U.S.S.R., 1933, 3, 237; Sage and Lacey, Amer. Inst. Min. Met. 
Eng. Techn. Publ., 1937, 845. 

3 Gazz., 1933, 63, 821 (200 atm.). 
6 Ray, Phil. Mag., 1922, 43, 1129; Sirk, Z. Phys., 1923, 13, 35; PhiL Mag., 1923, 45, 640 

«1 in 109). 
7 Engelhardt and Sack, Phys. Z., 1932, 33, 724 (Oa); Sack, Helv. Phys. Acta, 1934, 7, 639; 

Trautz and Froschl, Ann. Phys., 1935, 22, 223 (O2, NO); von Laue, ibid., 1935, 23, 1; Senft- 
teben and Gladisch, ibid., 1937, 30, 713; 1938, 33, 471; van Itterbeck and Claes, J. de Phys., 
1938 9 457. 

« Moknycki, /. de Phys., 1926, 7, 188* 

Fig. 3.VII F. Effect of Pressure and Tempera¬ 
ture on the Viscosity of Ether Vapour 
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but //2, leaving Ijl for the path from the plane to the next collision. A detailed 
consideration ^ shows that long free paths have a greater chance of crossing the 
plane than short ones, and with Maxwellian distribution the mean free path of 
molecules crossing the plane with velocity c is just double the mean free path 
for all molecules in the gas with that velocity; in all cases, regardless of velocity, 
the mean distance to the plane and the mean distance beyond it are each half 
the mean free path. The assumption, therefore, stands. 

The assumption that the mean free path is the same for all velocities requires 
correction, but Boltzmann ^ showed that this changes ^ only to 0*35, or by 
5 per cent., which is negligible. A further correction ^ for the change of collision 
rate because of the change in mass velocity of the gas through which the molecule 
is passing, changes 0*35 to 0*31, which still leaves the coefficient practically 
equal to 

Actually, the most important correction is for the fundamental assumption 
that the velocity distribution of the molecules which have just collided is a 
Maxwellian distribution, and this correction requires a completely new method 
of deduction, already foreshadowed by Maxwell, but first carried through by 
Chapman; ^ another line of approach, opened out by Boltzmann, was elaborated 
by Enskog.5 Both lead to the final equation, (13), § 1, for hard elastic spheres: 
rj=0‘499pcL The main cause for the large change of coefficient from 0-333 
to 0*499 is the persistence of velocities after collision, which was taken into 
account by Jeans.^ Molecules show a tendency to continue to move in their 
original direction after a collision, and in the case of elastic spheres the average 
component of velocity in the original direction after collision is found to be 
about 40 per cent, of the velocity before collision. This results in an apparent 
increase in /. 

Jeans calculated for two hard elastic spherical molecules of equal mass 
colliding with velocities c and c', the “ expectation ” a of velocity in the direc¬ 
tion of motion of the first molecule, and showed that the persistence of velocity 
a/c of the first molecule depends only on the ratio c/c'==#c according to the 
formulae: 

a/c=(15K4+l)/10/c2(3/c2+l) when Ac>n 

and a/c=(3K2+5)/5(Ac24.3) when k<1J 

eje' 00 4 2 1 0-66 0-5 0*25 0 
a/c 0-500 0-492 0-473 0-400 0-368 0-354 0-339 0-333 

For two molecules of unequal masses mj, m2, the value of a/c depends on the 
masses, and if (a/c), is the value for equal masses, its value for the first molecule is: 

a/c=(OTi-/M2)/(wi+m2)+[2w2/(mi+m2)](a/c), ... (2) 

mzlnti _ 0 0-1 0-2 0-5 1 2 5 10 oo 

average (a/c) 1-000 0-879 0-779 0-573 0-406 0-243 0-152 0-086 0-000 

1 Kennard, “ Kinetic Theory of Gases,” 1938, 141. 
2 “ Gastheorie,” 1896, 1, 79. 
3 O. E. Meyer, ” Kinetic Theory of Gases,” 1899, 446. 
4 Phil. Trans., 1912, 211, 433; 1916, 216, 279; 1917, 217, 115; Jones, ibid., 1922, 223, 1; 

for the integrals involved, see Jones, Manch. Mem., 1922, 66, No. 1; Hirschfelder, Bird, and 
Spotz, /. Chem. Phys., 1948,16, 968. 

5 Phys. Z., 1911, 12, 56, 533; Dissert., Uppsala, 1917; Arkiv Mat. Astron. Fys., 1922, 
16, No. 16. 

<5 Jeans, Phil. Mag., 1904, 8, 700; “Dynamical Theory of Gases,” 3rd edit., 1921, 260; 
“Kinetic Theory of Gases,” 1940, 148; Kuenen, Verslag. K. Akad. Wetens. Amsterdam, 
1913,21, 1088; Proc. K. Akad. Wetens. Amsterdam, 1913,15,1152; 1915,17,1068 (correction). 
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The persistence is positive, but it can have any value whatever, according to 
the ratio of the masses of the molecules. Jager ^ obtained a somewhat diflFerent 
numerical coefficient, a factor 1 -051 in his equation being omitted by Jeans. 

Since (35), § lO.III shows that c is proportional to ^JT it follows from (11), 
§ 1, that the viscosity should be proportional to the square root of the absolute 
temperature. This result is not confirmed by experiment, the viscosity increasing 
with temperature more rapidly than ^JT, This indicates that the mean free 
path must really be a function of temperature, and hence the hypothesis that 
the molecules are hard elastic spheres must be given up. Since the viscosity is 
proportional to the mean free path in the simple formula, it appears that the 
free path increases somewhat with temperature, i.e. the molecular centres 
approach more closely than they would if the molecules remained hard elastic 
spheres. This matter is taken up again in § 5. 

§ 4. Numerical Values of the Viscosities of Gases 

The following table ^ gives some values of 17 at 15° C., the values of / calcu¬ 
lated from equation (13), § 1,7?=0*499pc/, the molecular “ diameters ” a cal¬ 
culated on the assumption of elastic spheres by (18), §21.111, 1^\I‘\/(2)ttNip'^, 
and the coefficient n of temperature variation of rj from r]=kT’\ where k is a 
constant. The units are ri dyne sec. cm.*"^ / cm., o cm. Calculations of 
molecular diameters by four methods were given by Wheeler ^ (density of 
liquid, critical volume, viscosity, van der Waals’s equation). 

»)Xl07 /xl0« axlOS n qXW /xl06 aXlOS n 

H2 871 : 11*77 2*74 0*69 02 2003 6-79 3*61 0*81 
D2 1231 11*77 2*74 0*69(?) HCI 1397 4*44 4*46 (107) 
He 1943 18*62 2*18 0*64 A 2196 6*66 3*64 1 0*86 
CH4 1077 5*16 4*14 0*88 CO2 1448 4-19 4*59 0*95 
NH3 970 4*51 4*43 1*09 Kr 2431 ! 5*12 4*16 (0*85) 
H20 926 4*18 4*60 (1*07) CH^Br 1310 i 2*58 5*85 MO 
Nc 3095 13*22 2*59 0*67 Xe 2236 3*76 4*85 0*92 
N2 1734 6*28 3*75 0*77 Hg (219*4°) 4700 8*32 4*26 — 

C2H4 998 3*61 4*95 0*95 Air 1796 6*40 3*72 0*79 
C2H« 900 3*15 5*30 0*97 1 

Much attention has been given to the absolute viscosity of air at 23° C., 
which is important in the calculation of the electronic charge e from Millikan’s 
oil-drop method and is also used as a standard in the determination of gas 
viscosities. Millikan^ took this as 1824x10”'^. A critical survey of earlier 
values ^ gave 7723= 1825 X lO^'^; more recent determinations show a tendency to 
raise this value, the reason not being clearly understood, and a weighted mean 

(For continuation of text, see p. 863) 

1 Wien Ber., 1899,108,11 A, 447; 1918,127, II A, 849; see § 1. 
2 Kennard, “ Kinetic Theory of Gases,” 1938, 149; the figure for deuterium is from Van 

Cleave and Maass, Canad. J. Res,, 1935, 12, 57, who found -q x lO^ equal to 1181 at 0®, 1240 
at 20®, and 1242*5 at 22®, equal to VipnJPTii) times the values for H2, a result confirmed by 
Admur, J.A.C.S., 1935, 57, 588; the value for air is from Kjellstrdm, Nature, 1935, 136, 682 
(sec ref. 1, p. 863); see Jeans, Phil Mag., 1904,8, 692. 

3 Rec, Trav. Chim., 1932, 51, 1204. 
^ Ann. Phys., 1913,41, 759; 1938, 32, 34, 520; Phys. Rev., 1923, 21, 217; 1923, 22, I; Rapp, 

Phys. Rev., 1913,2, 363 (1837*5 X 10“7 at 29®). 
5 Anfilogoff, Thesis, London, 1932, 387. 
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1 Vogel, Ann. Phys., 1914, 43, 1235 (air, CO, CO2, He, H2. N2, CH4, CzHe, C2H2, CH3CI, 
CHCI3, CHjBr, (C2H5)20, C2H5CI). 

2 Rankinc, Proc. Roy. Soc., 1910, 83, 265, 516 (air, He, Ne, A, Kr, Xe). 
3 Rankine, Proc. Roy. Soc., 1911, 84, 181 (air. He, Ne, A, Kr, Xe). 
4 Rankine, Proc. Roy. Soc., 1912, 86, 162 (CJ2, Br2); for fluorine, F2, see Aoyama and 

Kanda, J. Chem. Soc. Japan, 1937, 58, 804 ((7=3 02x 10~8 cm.). 
5 Rankine, Proc. Roy. Soc., 1913, 88, 575 (Br2). 
6 Rankine, Proc. Roy. Soc., 1915, 91, 201 (12). 
7 Rankine, Proc. Roy. Soc., 1921, 99, 331 (C2N2). 
8 Rankine, Proc. Roy. Soc., 1926, 111, 219 (air). 
^ Rankine and Edwards, Proc. Roy. Soc., 1927, 117, 245 (air). 

10 Rankine and Smith, Phil. Mag., 1921, 42, 601, 615 (NH3, PH3, AsHj; CH4, H2S, C2N2, 
COS, CS2). 

Edwards, Proc. Roy. Soc., 1928, 119, 578 (Ne). 
12 Williams, Proc. Roy. Soc., 1926, 110, 141 (air). 
13 Nasini, Proc. Roy. Soc., 1929, 123, 692 (C6H6, C6H5CH3, cyclohexane), 
14 Trautz and Weizel, Ann. Phys., 1925, 78, 305 (SO2 and mixtures with H2). 
13 Trautz and Narath, Ann. Phys., 1926, 79, 637 (H2, HCl and mixtures). 
16 Trautz and Baumann, Ann. Phys., 1929, 2, 733 (H2, N2, CO). 
37 Trautz and Stauf, Ann. Phys., 1929, 2, 737 (H2, C2H4). 
18 Trautz. and Kipphan, Ann. Phys., 1929, 2, 743 (He, Ne, A). 
1® Trautz and Ludewigs, Ann. Phys., 1929, 3, 409. 
20 Trautz and Binkele, Ann. Phys., 1930, 5, 561 (H2, He, Ne, A, and mixtures). 
21 Keesom and Macwood, Physica, 1938, 5, 749. 
22 Trautz and Melster, Ann. Phys., 1930, 7,409 (H2, N2, O2, CO, C2H4, and mixtures). 
23 Trautz and Zink, Ann. Phys., 1930,1, 427 (air, H2, N2, O2, SO2, CO2, CH4, He, Ne, A). 
24 Trautz and Kurz, Ann. Phys., 1931, 9, 981 (H2, N2O, CO2, C3H8, and mixtures). 
25 Trautz and Sorg, Ann. Phys., 1931,10, 81 (H2, CH4, C2H6, CaHg, and mixtures^ 
26 Trautz and Heberling, Ann. Phys., 1931,10,155 (NH3, H2 ,N2,02, C2H4, and mixtures). 
27 Trautz and Winterkorn, Ann. Phys., 1931, 10, 511 (CI2, HI); Trautz and Freytag, ibid., 

1934,20, 135 (CI2, NO, NOCl); Trautz and Ruf, ibid., 1934, 20, 127 (CI2, HI). 
28 Trautz, Ann. Phys., 1931, 10, 263 (theoretical). 
29 Trautz, Ann. Phys., 1931, 11, 190 (theoretical). 
30 Trautz and Gabriel, Ann. Phys., 1931, 11, 606 (N2, NO, and mixtures). 
31 Trautz, Ann. Phys., 1932, 15, 198 (i^c, theory; calc, of a); Trautz and Heberling, ibid., 

1934, 20, 118 (Xe, and H2+Xe). 
32 Trautz, Ann. Phys., 1933,16, 751 (theory; calc, of J). 
33 Trautz and Freytag, Ann. Phys., 1934, 20, 135 (Cl2, NO, NOCl). 
34 Trautz and Zimmerman, Ann. Phys., 1935, 22, 189 (H2, He, Ne and mixtures \at low 

temperatures). 
35 Smith, Roy. Soc., 1924,106, 83; Braune and LinkQ, Z. phys. Chem,, 1930,148, 195. 
36 Braune, Basch, and Wentzel, Z. phys. Chem., 1928, 137, 176, 447 (Zn, Cd. Hg). 
37 Binkele, Ann. Phys., 1931, 9. 839; 1932, 15, 729 (calc. a). 
38 Titani, Bull. Chem. Soc. Japan, 1929, 4, 277 (air); 1930, 5, 98; 1933, 8, 255 (many organic 

vapours); Trautz and Ishaq Husseini, Ann. Phys., 1934, 20, 121 (butylene). 
39 Sutherland and Maass, Canad. J. Res., 1932,6,428 (air, H2, CO2). 
40 Stewart and Maass, Canad. J, Res., 1932, 6, 453 (SO2). 
41 AnfilogofiF, Thesis, London, 1932 (air. A, HCl); Partington, Phys. Z., 1933, 34, 289. 
42 Schugajew, Sow. Phys. Z., 1934,5, 659 (H2O vap. under pressure). 
43 Gy6z6 Z^mplen, Ann. Phys., 1905, 19, 783 (1? for air at 204® =*=0 031794). 
44 Sage and Lacey, Ind. Eng. Chem., 1938,30,829. See also Landolt-Bornstein, Tabellen,” 

5th edit., 1923, 171; 1931, Ergzb., 2, i, 137; Schudel, Schweiz. Verein Gas- u. Wasserfach,, 
1942, 22, 112. 

45 Lassalle, Phys. Rev., 1921, 17, 354 (17 CO2 at 23®=»1490x 10'"4 by falling oil drop). 
46 States, Phys. Rev., 1923, 21, 662 (He, O2, rotating cylinder). 
47 Harle, Proc. Roy. Soc., 1922,100, 429 (capillary). 
48 Speyerer, Z. techn. Phys., 1923, 4, 430 (H2O, capillary, 100°->350®, t; X108»127-92+ 

0*3785(/—100) in kg. sec. m.2 units). 
49 KJemenc and Remi, Monatsh., 1924, 44, 307. 
30 Carvalho, An. Assoc. Quim. Brasil, 1945, 4, 5. 
31 Dorsey, “Properties of Ordinary Water Substance,” New York, 1940, 61 (bibl.); 

Hawkins, Sibbitt, and Solberg, Trans. Amer, Soc. Mech. Eng., 1948, 70, No. 1, 19. 
32 Wobser and Milller, Koll. Beik„ 1941,52,165. 
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of values for air ranging from 1822*6to 1838*8 x 10*“^ was given ^ as 
T)23“*(1830*0db2*5)x 10”^. Hopper and Laby^ showed that e*=(4*8044± 
0-0007)x 10~^o^ from the X-ray results, requires a value of 7;23=*(1830*9dh 
0*5) X lO-^ for agreement with the oil-drop results. 

The table on pages 858-61 gives values of rj for several gases and vapours, 
and some values of Sutherland’s constant C (§ 5) are included.^ 

Some viscosity values at lower temperatures (1 atm. pressure) found by 
Sutherland and Maass ^ are (rj air at 20*8°= 1811 *6 x lO^^): 

r c. 77x107 / C. >7X107 PC. 7?XI07 

1 r 20-7 876-4 -62-6 700-6 -113-5 571-5 

H2^ 
1 0 835-1 -97-5 615-2 -123-7 547-5 
-31-6 

L 
766-9 -112-6 576-9 

i 

-183-4 
-198-4 

388-4 
336-0 

r 21-8 1470-8 -19-4 ^ 1259-9 -600 1060-8 
C02| 1-3 1361-1 -40-2 1154-5 -78-2 

-97-8 
971-6 
895-8 

Stewart and Maass ^ found for sulphur dioxide (17 air=1824 0x 10“'^ 
-4-93x10-7 (23-0): 

i^C. ... 29-8 20-5 0 -6-2 -17-9 ~19‘2 -35-6 -75 
pmtn. ... 760 760 760 733 474 450 105 8 
77x107 ... 1298 0 1255-0 1158 0 1132-0 1083-9 1080-6 1013-6 858-1 

Day 5 found at 25''C. for pentane gas 7;=(677-2—0-0084/7;,,^) X 10-7, ^nd 

1 Kaye and Laby, “ Tables of Physical and Chemical Constants,” 9th edit., 1941, 40; 10th 
edit., 1948, 136; including values from Kjcllstrom, Nature^ 1935, 136, 682; Bond, Phil Mag.^ 
1936,22, 624; Proc. Phys, Soc., 1937,49,205; Houston, Phys, Rev,, 1937,52, 751; Rigden, PhiL 
Mag,, 1938, 25, 961; Bearden, Phys, Rev,, 1939, 56, 1023; see also Hogg, Proc. Amer. Acad,, 
1905,40, 611 (method of oscillating spheres, 77=0-0001713 for air at 0°); Markwell, Phys. Rev,, 
1916, 8, 479 (capillary tube method, 77=0*00018273 for air at 23°); Harrington, ibid., 1916, 
8, 738 (77=0-00018226 for air at 23° by Gilchrist’s method, § 8); Fortier, Compt, Rend,, 1935, 
201, 1330; 1936, 203, 711; 1939, 208, 506, by a new capillary method found 77=1834*1 x 10~7 
for air at 23°; Majumdar and Vajifdar, Proc, Indian Acad,, 1938, 8 A, 171 (1834-38 x 10“7 
at 23°; capillary method); Banerjea and Plattanaik, Z. Phys., 1938, 110, 676 (1833-3 x 10~7 at 
23°; capillary method); for a discussion of values, see Harrington, Phys, Rev,, 1939, 55, 230; 
Hopper and Laby, Proc. Roy. Soc., 1941,178,243. 

2 Older values, see Fisher, Phys. Rev., 1907, 24, 385; Kuenen, “Die Eigenschaften der 
Gase” (Ostwald-Drucker, ” Handbuch der allgemeinen ChemiCj” 3), Leipzig, 1919, 105; 
AnfilogofF, Thesis, London, 1932; Schuil, Phil. Mag., 1939,28,679; Kaye and Laby, “ Tables,” 
9th edit., 1941,41; values in square brackets were computed by Schuil; viscosities not measured 
at the temperature at the head of the table were measured at temperatures shown in round 
brackets above the values. 77c is the viscosity at the critical temperature. 

3 Canad. J. Res., 1932, 6, 428; for viscosity of O2 and N2 at low temperatures (oscillating 
disc method) see Van Itterbeek and Claes, Physica, 1936, 3, 275; /. de Phys,, 1938, 9, 457; 
for H2 and D2, idem, Physica, 1938, 5, 938; Keesom and Macwood, ibid,, 1938, 5, 749; for 
oxygen, Van Itterbeek and Keesom, ibid,, 1935, 2, 97; Proc. K. Akad. Wetens. Amsterdam, 
1935, 38, 11; CH4 and CD4, Van Itterbeek, Physica, 1940, 1, 831 (r)CD4NoH4 independent of 
temperature). Van Itterbeek and Claes, Nature, 1938, 142, 793, found: 

rK. 293 90 75 20 17 14 
W»?H2 L39 1*34 1*35 1-24 1-24 1-25 

Viallard, Comp. Rend., 1946, 223, 1128, found i?d2/vh2*» 1*368 at —200°; the value at —30® 
to 4-25® is 1-395; this shows that the and D2 molecules have different diameters. 

4 Camd. J. Res., 1932, 6, 453. 
5 Phys, Rev., 1932,40,281. 
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for wopentane gas 77=(696-5—0-0077p^)x 10“^. Yen ^ found at 23®, 
Hi 882-16X10-7, Oi 2142-35X 10-7, N2 1764-80X10-7. Aoyama and Kanda^ 
determined the viscosity of fluorine by the oscillating disc method from 86-8® 
to 273® K. Hofsass ^ used the viscosity (by a capillary method) to find the 
composition of coal gas. 

O. E. Meyer ^ concluded that there is a relation between t] and the molecular 
weight; in certain groups of gases first rises with the molecular weight to a 
maximum and then falls; gases with a large number of atoms in the molecule 
have nearly equal viscosities. The following are values of 7; X 10^: 

He 1-65 A 208 Hg 1-62 NO 1*68 02 1-91 
H2 0-84 CO 1-67 N2 1-67 N2O 1*44 HCl 1*41 
H2O 0-97 H2S M8 CO2 1-45 SO2 1*25 02 1*28 

Weinstein^ also pointed out a periodic dependence on molecular weight. 
Onnes,^ from considerations of the law of corresponding states (§ 25.VII C), 
concluded that should have the same value for all substances in 
corresponding states; if d'^TjT^ and 7r=plp^ are the reduced temperature and 
pressure, then tt). Onnes and Weber concluded that 
\/(TM)==log r—log c, where /•=mean (collision) radius of the molecule and 
c is a constant for all substances. Smith and Brown 7 concluded that 
log (ri/'\/M) is a linear function of the reduced temperature for gases and 
vapours at normal pressure, a result based on the theorem of corresponding 
states. Nernst ® deduced that at very low temperatures, 7^=0'47(Afr)^^2x 10-7, 
a relation which is not even approximately followed at room temperature. 

§ 5. EflFect of Temperature on Gaseous Viscosity 

Many formulae for the effect of temperature on gas viscosity have been 
proposed; Stocke ^ lists fourteen. A commonly used formula was deduced by 
Sutherland,who assumed that the mean free path / increases somewhat with 
temperature. Since the number of collisions is larger the smaller the mean free 
path, this means that, for a fixed density, the collision number is larger at the 
lower temperatures than for the ideal case. Sutherland’s theory postulates 
forces between the molecules. The deduction of the equation is essentially by 
the method of planetary theory,and will not be repeated in full. 

1 PhU. Mag,, 1919, 38, 582. 
2 J, Chem, Soc. Japan, 1937, 58, 804. 
3 J, Gasbeleucht., 1919, 62, 776. 
4 “ Kinetic Theory of Gases,” 1899, 191 f., 195. 
5 ” Thermodynamik und Kinetik der Kdrper,” 1901, 1, 331; see also Sutherland, Phil. 

Mag., 1893, 36, 507; Smith, Proc. Phys. Soc., 1922, 34, 155; Schulz, Z. Elektrochem., 1944, 
50,122; on relation of a to van der Waals’s b, see Binkele, Ann. Phys., 1932,15, 729. 

<> Onnes and Weber, Proc. K. Akad. Wetens. Amsterdam, 1913, 15, 1399 {Comm. Leiden 
134 c); TT3LUtz,J.prakt. Chem., 1943,162, 218. 

2 Ind. Eng. Chem., 1943,35, 705; Licht and Stechert, J. Phys. Chem., 1944, 48, 23. 
8 Berlin Ber., 1919,118. 
5 Landolt-Bomstein, “ Tabellen,” 5th edit., 1923, 178. 

10 Phil. Mag., 1893, 36, 507; cf. O. E. Meyer, “ Kinetic Theory of Gases,” 1899, 166, 218, 
425. Reinganum, Ann. Phys., 1908, 28, 142, pointed out that similar ideas were proposed 
qualitatively by Lothar M^er, Ann. Phys., 1879,7,497 (533); 1882,16,394 (distance of closest 
approach decreases with rise of temperature). 
n See the deductions by Jager, ” Fortschritte der kinetischen Gastheorie,” 1906, 93; and 

Herzfeld, in H. S. Taylor, ” Physical Chemistry,” 1931, 1, 127. Keyes, J.A.C.S., 1928, 50, 
930, considered that the basis of Sutherland’s theory is ” rather illusoiy.” 
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Consider two molecules approaching one another in a gas. It can be sup¬ 
posed that one is at rest at O (Fig. 4.VII F) and the other approaching this with 
the relative velocity r. Let the second molecule describe the orbit ACB and let 
the asymptotes to this be drawn. Let there be an attractive force acting between 
the two particles which is some function of the distance p, represented by 
F(/o). For simplicity let the mass of the molecule be taken as unity. The 
X and y components of the force are (force=massxacceleration); 

d2x/d/2==^F(p)(x//>) 

d2;;/d/2=-.F(p)(y//>). 

The integration of these equations leads to a general equation (Principle of 
Surfaces) which holds for all central forces of this type: ^ d^/d/=A//t)2, where 
(f) is the surface swept out and his sl constant. For large values of p, when the 
attractive force is practically zero, 
h=rb, and r is equal to the rela¬ 
tive velocity c along the asymptote 
before the “ encounter ” begins. 
Then it is shown that: 

d2p/d/2 = Z,2;.2/p3_F(p). 

The smallest distance OC=/)o 
which the second molecule passes 
the first has the radius vector p at 
right angles to the path (since p is 
passing through a minimum value), 
hence d/>/df=0, and this leads to 
the equation: 

Fig. 4.V1I F. Path of a Molecule Approaching 
9 1,^ I *17/ 1 a Centre of Attraction 

b^^Po^^l+y^j F(p)dpj . (1) 

There will be a “ collision ” when />o==^»j the fictitious “ molecular diameter/’ 
i.e. when: 

.(2) 

The effect is the same as if there were no central force, and the real molecular 
diameter were bo instead of a„ 

This value bo^ may be substituted for in Maxwell’s equation (18), § 21.111, 
l=l/V(2)N7ra2. 

Since F(/j) has been assumed independent of temperature, and since r is 
proportional to v'/'Cfrom (36), § lO.III), it follows that: 

(2/r2)f F(p)d/,=C/r.(3) 
J Oco 

where C is called Sutherland's constant. Hence: 

/=[l/V(2)Af7ra«2](l + C/r).(4) 

According to Clausius: 

/=[l/V(2)7riVa2]/{l+(5/8)(6/t>)].(5) 

where 6=van der Waals’s volume correction.^ 

1 Gruner, Am, Phys.^ 1911, 35, 381. 
2 See Jellinek, ** Lehrbuch der physikalischen Chemie,” 1914,1, 381; 1915,2,151. 
A.T.P.C.—^28 
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The introduction of Keyes’ characteristic equation (§ 37.VII C) into viscosity 
calculations was considered by Phillips,i and the Beattie-Bridgcman equation 
(§ 38.VII C) by Boyd.2 

From (12), § 1: 
T] tszkpcl ssa kp^l \/ (2) VtTCT^ 

a'^^kpc|^/{2)N7Trj 

and with <j^bQ from (2) and (3): 

or2=a«2(l + C/T).(6) 

+ C/r).(7) 

If a'o9=;jo’oo=i^olecular radius, then: 

A7TaJ^^kpcl^/{2)Ny)(\ + CIT).(8) 

and TTdJ^ is the area of cross-section for a spherical molecule. Chapman’s 
value of k (equation (13), § 1) is /: =0*499. For ellipsoidal molecules the cal¬ 
culations ^ of the collision areas involve gamma functions (§ 54.1), but it is 
doubtful if these calculations have much significance in relation to the funda¬ 
mental equation connecting t] and a. 

Sutherland's formula, therefore, gives: 

V 

. V 

“ Vo 

=kpc/[V(2)N7Ta^^(l + CIT)] . 

— ^ /(riT\ li—^ 1+c/r VU/iol- i^dT 

(since pjN is constant). Sutherland’s equation may also (since c is proportional 
to \/T) be written in a form very convenient for the graphical treatment of 
experimental results: ^ 

.(11) 
where K is sl constant. A plot of against T then gives a straight line, from 
which K and C can be found. 

The experimental results are often in very good agreement with (11) over 
certain temperature ranges, so that Sutherland’s formula is much used in the 
study of the viscosities of gases. Zimmer ^ found good agreement with Suther¬ 
land’s equation at low temperatures with carbon monoxide, except a slight 
deviation at the lowest temperatures, but with ethylene the observed viscosity 
was greater than the calculated below —20'". Fortier ^ found that C for air 
depends on temperature. 

Maxwell considered a model of a gas consisting of elastic molecules with a 
repulsive force varying as the inverse power 5- of the distance r between the 
molecular centres: 

F=/ar-^.(12) 

? J, Math. Phys. Mass. Inst. Techn., 1921, 1, 4?. 
2 Phys. Rev., 1930, 35, 1284. 
3 Rankine, Proc. Roy. Soc., 1920^1, 98, 369; 192J, 99, 331; Edward®, ibid., 1927, 117, 

245; Rankine and Smith, Phii. Mag., 1921, 42, 601, 615; Smith, Proc. Phys. Soc., 1922, 34, 
155; on molecular models based on target areas, sec Maok,7./4.C.5'., 1925, 47,2468; Melavcn 
and Mack, ibid., 1932, 54, 888 (highly speculative); Hare and Mack, ibid., 1932, 54, 4272; 
on calculation of a by Sutherland’s equation, see Sutherland, Phil. Mag., 1909, 17, 320; 
1910, 19, 25; Binkele, Ann. Phys., 1931,9, 839; Muller, IViss. Veroffl. Siemens-Werke, 1938, 
17, No. iv, 33. 

4 Fisher, Phys. Rev., 1907, 24, 385; 1909, 28, 73. 
5 Verhl. d. D. Phys. Ges., 1912, 14, 471. 
6 Compt. Rend., 1936, 203, 711. 
7 Phil. 7>ans., 1867,157, 49; Scientific Papers,•• 1890, 2, 26. 
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where /x is a constant. It follows from this that the distance of closest approach 
of the molecular centres is: ^ 

(7= 
kTis-l) 

(13) 

Such molecules can be regarded as elastic spheres in the calculation of the pres¬ 
sure (§ 8.111) if or is given by (13) multiplied by a factor {r[l — 3/(s-‘l)]}, 
where F denotes the gamma function of the expression in square brackets.^ 
This is equivalent to a change of diameter for the two calculations (viscosity and 
pressure), except where the molecules are truly spherical. The divergence may 
be considerable when .s' is small; for the lowest probable value for any gas 
the factor is T5363, and for carbon dioxide (.s’=5*6) the divergence reaches 
50 per cent. According to Jeans: ^ 

.(14) 

n^i+2Ks-l) .(15) 

and k is a constant; for some gases, especially helium, the simple formula: 

7^=^o(77273T)« (16) 

where tjq is the viscosity at 0° C. and n is an empirical constant, gives very satis¬ 
factory results. Some values of « are: ^ 

Gas Hz D2 He Ne N2 CO Air O2 HCI A N2O CO2 CI2 

n 0-695 0-699 0-647 0-657 0-756 0-758 0-768 0-814 1-03 0-823 0-89 0-935 1*0 

Rayleigh,2 who deduced from (12) a proportionality of to where x=^(n+3)/ 
(2«—2), found that this does not agree with the results with argon. 

Since rj is proportional to \/{mkT)l(j\ if a is given by (13) it follows that: 

7ir=.AV{mkT)[kT{s--\)liif^^^^^.(17) 

where is a numerical constant. 
For elastic spheres attracting according to the law iJLr~\ Sutherland’s constant 

Kpr-omps * 

C= (217/615)fJiPlk(s- .(18) 
where jS has the values: 

5 3 4 5 7 9 
p 0-701 0-636 0-587 0*517 0*467 

The “ target area ” for collision of two rigid ellipsoids of semi-axes Oq and 
boiao^bo) has been worked out ^ as: 

TT a+bo 
[2(a+boy+ia-boy]+m^ia^boy+1 la^ol+iF^o" 

D^=:a, 
7r(a+bo)/4'i‘CiE 

(19) 

where a==mean semi-axis, a^^^(2ao^+bo^), and E and F are elliptic normal 

1 Jeans, “ Kinetic Theory of Gases,” 1940, 76,172. 
2 Rayleigh, Proc, Roy. Soc., 1900, 66, 68; 1900, 67, 137; Onnes, Dorsman, and Weber, 

Pro(^. K. Akad. We fens. AmSfehiam, 1913,15, 1386 (Comm. Leiden, 134a); Onnes and Weber, 
ibid., 1913, 15, 1396 (Conim. Leiden, 1346); Jeans, ” Kinetic Theory of Gases.’’ 1940, 172; 
n is related to the critical pressure pc atm. by the empirical equation /i*=:0-642+0-001 l6/>c-f 
0-04399pc2^ Partington, Trans. Faraday Soc., 1922,17, 734. 

3 Eirich and S\mhsi, Z. phys. Ckeiii., 1937,180, 447. 
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integrals of the first (I) and second (II) kind: ^ 

(I) E= fsin21^) (II) F= d^/\/(l sin^ <f>) 
Jo Jo 

€ being the ellipticity modulus. 
Chapman 2 gave for the effective collision radius <7 of rigid spherical molecules: 

(T2=0•491(l+€)poc74V(2)7^^7?(l + C/r) .... (20) 

which is equivalent to a mean collision area: 

A=0-0868/)oc(l +e)/N7j(l + C/T) .(21) 

where po=density at S.T.P., c=mean velocity of molecules at absolute tempera¬ 
ture T, N==no, of molecules per cm.^ at S.T.P., 7^=viscosity at T, C=Suther- 
land’s constant, and (1+c) is a correction factor, e being usually small (0-001- 
0-006). The results are in good agreement with the molecular diameters cal¬ 
culated by van der Waals’s equation. The applicability of this formula to 
non-spherical molecules is very problematical. Another equation was deduced 
by Enskog.3 

Uehling and Hellund ^ found that the elastic sphere model was not satis¬ 
factory for helium. 

Maxwell,^ in a mathematical investigation which is classical, had found that 
the equations for rigid spheres become simpler when an inverse fifth power 
repulsive force (^=5) is assumed; the decrease of effective cross-section with 
increasing velocity is then exactly compensated by the increased collision fre¬ 
quency resulting from the increasing relative velocity; on this theory the mean 
free path is proportional to \/T, which is not in agreement with experiment. 

Reinganum ^ assumed that molecular clustering occurs, the increased density 
in a region towards which attractive forces act being given by Boltzmann’s 
equation (§ 19.III), i.e. by a factor where is the potential energy. 
With rise in temperature this decreases. The average density po of the molecules 
in the gas is replaced by the density in the cluster: 

p:=PoQ~^-i^T^PoO-crr.(22) 

and the collision frequency is then given by a modification of Maxwell’s formula 
(20), §21.111, as 

Z==V(2)A^77a2c7p/po)=V(2)A^^<T2ce-^'/^ .... (23) 

1 See bibliography to Section I; tables of E and F elliptic integrals. Nagaoka and Sakarai, 
Sci. Pap, Inst, Phys. Chem. Res. TokyOy 1925, 2, suppl.; Burington, “ Handbook of Mathe¬ 
matical Tables and Formulas,” Sandusky (Ohio), 1941, 263, where F is denoted by K. 

2 Phil. Trans., 1912, 211, 433; 1916, 211, 279 (347); James, Proc. Cambr. Phil. Soc., 1921, 
20, 447; Lennard-Jones, Proc. Roy. Soc., 1924, 106, 441. Cf. Melaven and Mack, J.A.C.S., 
1932, 54, 888; Sperry and Mack, ibid., 1932, 54, 904 (CCU; C=335); Eberhart, Hare, and 
Mack, ibid., 1933,55,4894 (hydrocarbons); Kotani, Phys. Math. Soc. Japan, 1942,24, 76. 

3 Phys. Z., 1911, 12, 56, 533; Dissert., Uppsala, 1917; Arkiv Mat. Astron. Fys., 1922, 16, 
No. 16; Chapman and Cowling, “The Mathematical Theory of Non-Uniform Gases,” 
Cambridge, 1939, 151 f.; Amdur, J. Chem. Phys., 1947, 15, 482 (He at low temps.); for a 
statistical deduction of the Chapman-Enskog transport equations, see Kirkwood, J. Chem. 
Phys., 1947, 15, 72; for calculation of molecular diameter from viscosity, see Magat, Z. phys. 
Chem., 1932,16 B, 1; Vaillard, Compt. Rend., 1946, 223,1128. 

4 Phys. Rev., 1938, 54, 479. 
5 Phil. Mag., 1866, 32, 390; 1868, 35, 129, 185; Phil. Trans., 1867, 157, 49; “Scientific 

Papers,” 1890, 2, 26; Boltzmann, Ann. Phys., 1885, 24, 37; JSger, ibid., 1907, 24, 607; Boltz¬ 
mann, “ Gastheorie,” 1896, 1, 153; Jeans, “Dynamical Theory of Gases,” 3rd edit., 1921, 
231; “Kinetic Theory of Gases,” 1940, 225; Condon and van Amringe, Phil. Mag., 1927, 
3, 604. 

6 Phys. Z., 1901, 2, 241; Ann. Phys., 1902,10, 334; 1909,28,142. 
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If the ideal collision frequency is Zo=\/(2)A^?raV, then: 

Z/Zo=:/o//=e’^^'/^.(24) 

By expanding in a series of terms in CjT and neglecting squares and higher 
powers, Sutherland’s equation (4) is again obtained. Even for large intervals 
of temperature (4) and (24) give similar results.^ Licht and Stechert 2 wrote 
Reinganum’s viscosity equation in the form (C' and Kare constants): 

Iog(r^''2/7?)=C72-303r~log^' .(25) 

At low temperatures (20'" K.) a modification of Sutherland’s formula given by 
Chapman ^ holds; this is equivalent to: 

i+c/r~-(C7r)2 
'nr \T) i+c/ro-(C7ro)2 . 

Kassel ^ found that the collision number in a non-ideal gas is increased in 
the ratio (l-fC/r):l, but the meaning of C is “quite different from Suther¬ 
land’s ”: his paper should be consulted for details. 

The applicability of Sutherland’s equation (10) may be illustrated by the 
results of Breitenbach ^ for two gases: 

Ethylene, 'r;o=961 -3 x 10-7, C=225-9 

fC. 
107,^ obs. 
107.77 calc. 

-21*2 

891 
890 

+ 15*0 
1006 
1012 

99*3 
1278 
1278 

1 

182*4 
1530 
1519 

302*0 
1826 
1833 

Carbon dioxide, 770= 1387*9 x 10“7, C==239*7 

tC. -20*7 + 15*0 99*1 182*4 302*0 
107, obs. 1294 1457 1861 2221 2682 
107.7; calc.j 1284 1 1462 1857 2216 2686 

Hydrogen also agreed, with 7^0=^574x 10“'^, and C=71*7. Some values of 
Sutherland’s constant C collected by Jeans ^ from more recent experimental 
researches are: 

He i Ne 
1 

A : Kr Xe H2 N2 CO Air NO O2 

78*2 
70 
80*3 

(72*9) 

56 
(64*1) 

! 

174*6 
169*9 
142 

(148) 

188 i 
i 

252 
1 

83 ^ 
79 
72*2 
71*7 

(66*8) 

102*7 
118 

(104) 

100 
118 

(102) 

113 
119-4 
in-3 

(113) 

128 
(133) 

138 
(127) 

CI2 
1 

N2O CO2 C2H4 1 CH3CI 
1 

NH3 SO2 C2H2 CH4 C3H8 /1-C4H10 

325 
(345) 1 

i 

274 
260 

(263) 

274 
277 
239*7 

(253) 

225*9 
272 

454 (505) (404) 

1 

(320) (169) (288) (309) 

1 Rappenecker, Z. phys. Chem,, 1910, 72, 695. 
2 /. Phys. Chem., 1944, 48, 23. 
3 Phil. Trans., 1912, 211, 433 (459). 
4 /. Phys. Chem., 1930, 34, 1777. 
5 Ann. Phys., 1901, 5, 166. 
6 “ Kinetic Theory of Gases,” 1940, 178; see Anfilogoflf, Thesis, London, 1932, 307, 387; 

the values in brackets are from Wobser and Muller, Koll. Beih., 1941,52, 165. 
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The following table ^ shows the superiority for helium of equation (16) with 
A2=s 0-647 over Sutherland’s formula at low temperatures. 

PC. 183*7 18-7 -^22*8 -70 -102*6 -197*6 -253 -258*1 
107 , t; obs. . _ 2681 1980 1 1788 1564 1392 817*6 j 349*8 294*6 
107. ,(16) ... 2632 1783 1558 1389 821*3 348*9 288*7 
107., (Suth.) 2682 1979 1771 1513 1317 1 628 135 92 

§ 6. Viscosity Equations 

Sutherland’s formula, although it holds very well for argon over a wide 
range of temperature,^ fails for helium at low temperatures, and applies only 
over limited ranges of temperature for most gases.^ Trautz and Binkele 
replaced it by the empirical formula: 

^-ar7(i+c/r).(1) 

containing three constants, a, «, and C. This can be fitted within about 1 per 
cent, over the whole range of temperature for helium, neon, hydrogen, and 
nitrogen, but not for argon and carbon dioxide. 

Nernst^ suggested that, at very low temperatures^ where 
Aw=mass of molecule, c=velocity of molecule, A=P]anck’s constant. This 
gives: 

mh2HTilT2y^.(2) 
Van Cleave and Maass ^ proposed: 

.(3) 

where A and B are constants. A four-constant formula was deduced by 
Lennard-Jones ^ on the assumption of a molecular force field (§ 42.VII C): 

F=Klf^-Klr-.(4) 

1 Jeans, op, cit., 179, where other temperatures are also given. For earlier values, see 
Sutherland, Phil. Mag., 1909, 17, 320; 1910, 19, 25; for plots of t] and temperature, see 
Genereaux, Ind. Eng. them., 1930,22,1382; for other gases, see Miiller, H'iss, Veroffl. Siemens- 
Werke, 1938, 17, No. iv, 33; Wobser and Muller, Koll. Beih., 1941, 52, 165. 

2 Anfilogoff, Thesis, London, 1932; Partington, Phys. Z., 1933, 34, 289; Bremond, Compt. 
Rend., 1933,196, 1472; Vasilesco, Ann. de Phys., 1945, 20, 137, 292, found an increase in Cfor 
air, nitrogen, argon, and carbon dioxide with rise of temperature up to 1600®: 

0® C. 1627® C. 

air. 113 124 
N2. 110 120 
A. 142*3 168 
CO2 254 307 (1427® C.) 

3 Vogel, Ann. Phys., 1914, 43, 1235 (fails for H2 at 21® K.); Gunther, Z. phys. Chem., 
1924,110, 626 (fails at low temps.); Erk, Z. ges. Kdlte-Ind., 1924, 31, 49. 

^ Ann. Phys., 1930, 5, 561; Trautz, ibid., 1930, 5, 919; 1931, 11, 190; Trautz and Sorg, ibid., 
1931,10, 81; Licht and Stechert, J. Phys. Chem., 1944, 48, 23. 

5 Berlin Ber., 1919,118; Gunther, ibid., 1920, 720 (H2); Z. phys. Chem., 1924,110, 626. 
6 Canad. J. Res., 1935, 13 B, 140. 
7 Proc. Roy. Soc., 1924, 106, 441; 1925, 107, 157; Hasse and Cook, Phil. Mag., 1927, 3, 

911\Proc. Roy. Soc., 1929,125,196; Shames, Phys. Z., 1928,29,91, found for helium; 
Burnett, Proc. Cambr. Phil. Soc., 1937, 33, 363. A detailed critical discussion of the formula 
is given by Anfilogoff, Thesis, London, 1932, 327 f.; Kichara and Kotani, Proc. Phys. Math. 
Soc. Japan, 1943, 25, 602. 
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With m«fc3 for mathematical convenience this gives for a relatively weak 
attracting field: 

7^=ari/2/(r-2/(«-i)+fi/]r).. (5) 

where B is a constant. This gave good results with argon, but the fit was 
equally good with /2=21 and jB=62-45, and With n==l4^ and B=38'62. The 
virial coefficients (§ 6.V1I C) calculated from viscosities, however, do not agree 
very well with those calculated from compressibilities.^ 

Van Itterbeek and Van Paemel 2 found that the viscosity of argon, which 
follows Sutherland’s equation at high temperatures,^ can be represented by 
(16), § 5, in the form with ^90 (at 90" K.)=759‘2x 10^7, but 
not by any of Lennard-Jones’s potential functions. The viscosity of helium at 
1 *6" K. and above ^ agrees with a quantum theory of temperature dependence 
based on Bose-Einstein statistics (§ 36.IV). ^ 

Trautz ^ concluded that the viscosity of a gas at the critical temperature is 
related to the temperature by the formula: 

(dlnrijd\nT)T,^l .(6) 

Licht and Stechert 7 deduced from this the formula: 
7^=:Ar(;^3/4+^-3/4)-r  (7) 

where b and c are constants, and Another form is 
7^/7?,=^2^??(t?3/4^^-3/4)-r.(8) 

which they call Trautz’s equation. 
Dutta ^ found that the plots of T}/7)f, against where is the viscosity at 

the b.p. Tf, (abs.) for several gases, give a single universal ” curve, as pre¬ 
viously found for liquids.^ A relation between viscosity and vapour pressure 
is, therefore, not unexpected. Rankine found that Sutherland’s constant C 
is related to the critical temperature by the empirical equation: 

J]./C= T12 to 1T4 (or 045 for hydrogen) .... (9) 

Vogel,^2 the relation between and abs. b.p., (§ 7.VII B), 
concluded that: 

C=147r^ or CIT,=^0-9S.(10) 

Keyes ^3 found that Sutherland’s constant C is (except for He) approximately 
a linear function of the polarisation: 

P,^V^(D^mD+\).(11) 
1 Massey and Buckingham, Proc. Roy. Soc., 1938, 168, 378; Buckingham, Hamilton, and 

Massey, ibid., 1941, 179, 103. 
2 Physica, 1938, 5, 1009; 1940, 7, 273; the agreement is better with the energy value 

E=^-ar~6^bc-pr (§ 46.VII C) used by Herzfeld, Phys. Rev., 1937, 52, 374. 
3 AnfilOgoff, Thesis, London, 1932; Partington, Phys. Z., 1933, 34, 289. 
4 Van Itterbeek and Keesom, Physica^ 1938, 5, 257 {Comm. Leiden, 2S2a). 
5 Uehling and Uhlenbeek, Phys. Rev., 1933, 43, 552; Uehling, ibid., 1934, 45, 766; 1934, 

46, 917; Kahn and Uhlenbeek, Physica, 1938, 5, 399. 
6 Ann. Phys., 1931, 10, 263; 1931, 11, 190; 1932, 15, 198; 1933» 16, 751; A. W. Muller, 

IViss. Veroffl. Siemens-Werke, 1938, 17, No. iv, 33. 
7 J. Phys. Chem., 1944, 48, 23. 
8 Nature, 1943, 15l, 445. 
9 Nissan, Nature, 1943, 152, 630. 

10 Trautz, Ber., 1943, 75. 1750. 
11 Proc. Roy. Soc., 1910, 84, 181; Cuthbertson, Phil. Mag., 1911, 21, 69; Porter, Trans. 

Faraday Soc., 1928, 24, 108 (Ccs^Tc); Arnold, Ind. Eng. Chem., 1930, 22, 1091; Melaven and 
Mack, J.A.C.S., 1932, 54, 888. 

12 Ann. Phys., 1914, 43, 1235; Arnold, J. Chem. Phvs., 1933, 1, 170. 
13 Z.phys. Chem., 1927, 130, 709. 
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where 2)=dielectric constant, F„s=molar vol. Braune, Basch, and Wentzel ^ 
found that the mean electric moment of inertia of a molecule, 6>, related 
to Sutherland’s constant C in Debye’s 2 theory of quadrupole attraction 
(§ 43.VII C), is proportional to the volume of the atom for monatomic gases; 

■p ^2 
C=0*118^^=0*118^; @/(T3=const.(12) 

where or=atomic diameter, jR=molecular refraction for long waves, equal to 
the electron polarisation and Jf=gas constant. 

Hirota ^ used the quantum-mechanical method of Massey and Mohr ^ 
to calculate the viscosity cross-section for a rigid elastic sphere molecule; he 
found the agreement with helium and neon over a wide range of temperature 
was not good, but better than that with the classical method. Agreement was 
better if a Sutherland factor was introduced to take into account the inter- 
molecular potential. The Sutherland constant as calculated by quantum 
mechanics agreed with the Rankine and Vogel rules, (9) and (10), even for 
substances of low mol. wt., and the disagreement in the Debye formula between 
electric moment and Sutherland constant also disappeared. 

If the value of (d In T^/d In T) is unity at the critical temperature, and is m at 
any other temperature, Trautz ^ found that the limiting value of m is: 

m,=[/w~(2---m)(r,/r)3/2]/[i^(r,/r)^ .... (13) 

and is identical with the value of n in the equation the constant a 
being He called 'rjJV'^c ^^e “ specific critical viscosity.” Miiller,^ with 
a “ reduced viscosity ” found a linear relation between ViVrl^) 

where 
Trautz regarded the apparent molecular diameter a as variable with tempera¬ 

ture, and calculated it by using the formula if}=^aT*^ and the Enskog-Chapman 
formula. He found dlnor/dP=l—2w, where m is d\ti7]/d\nT, A calcula¬ 
tion * of critical volume from the relation of rj to the vapour-pressure curve, 
assuming proportionality between and the “ viscosity volume ” is on 
similar lines. Trautz ^ also found: 

7]XTJm^p^^y'^=consi.(14) 

and with Chapman’s equation (13), § 1, and the equation of Weber: 

Iog(a/2)=-ilog[r,/V(M70].(15) 

this gives the reduced value (where c2=2-7x 10"“2i): 

.. , .(16) 
Weng Wen Po found that 'q|^/T is a linear function of LJT, where Le=molar 
heat of evaporation. Rankine,12 for monatomic gases of atomic weight .4, found: 

77,2/^=3*93x 10-10  (17) 

1 Z. phys. Chem,, 1928, 138, 447. 
2 Phys, Z., 1920, 21, 178. 
3 Bull. Chem. Soc. Japan, 1944, 19, 102, 109. 
4 Proc. Roy, Soc., 1933,141, 434; 1934,144, 188. 
5 Ann. Phys., 1931,10,263; 1931, 11, 190; 1932,15. 198; 1933,16, 751. 

Wiss. Veroffl. Siemens Werke, 1938, 17, 395. 
7 Ann. Phys., 1933, 16, 751, 865. 
8 Trautz, Ann. Phys., 1934, 20, 313, 
9 /. prakt. Chem., 1943, 162, 218. 

10 Physica, 1939, 6, 551. 
n Phil. Mag., 1938, 25. 865. 

Proc. Roy. Soc., 1913, 88, 575. 
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A so-called “ general viscosity curve ” was devised by Van Itterbeek and Van 
Paemel.^ 

Fisher ^ found for Sutherland’s constant: 

C=0-058M2+74.(18) 

where M=mol. wt. Rankine ^ found the ratio of Sutherland’s constants for 
the following pairs of gases and vapours is constant, Cl2/A(325/142=2*3), 
Br2/Kr(460/188=24), l2/Xe(590/252=2*3). A supposed relation^ between 
Sutherland’s constant and the van der Waals constant b has been criticised. ^ 

Bradford ^ considered viscosity and thermal conductivity from the point of view 
of molecular attraction. Othmer and Josefowitz ^ represented viscosities by: 

log 7^=4 log/7+C •.(19) 

where A and C are constants, and p is the vapour pressure at the temperature of 
a reference substance. They gave a nomographic treatment. 

Cooper and Maass ® used the formula for dependence of viscosity on tem¬ 
perature (X= constant): 

7?=Vni+Xr).(20) 

Licht and Stechert ^ tested Sutherland’s, Reinganum’s, and Trautz’s equa¬ 
tions, and the exponential equation (14), § 5, with data for 24 gases and vapours, 
and found that the general overall percentage error is as follows: 

Exponential 1*8, Sutherland 1-3, Reinganum 2*6, Trautz 1*4. 

Hydrogen and helium do not agree at all with Sutherland’s equation, but do 
with Trautz’s; if they are omitted, Sutherland’s equation is decidedly better, 
the overall percentage errors being: 

Exponential 1*7, Sutherland 0*8, Reinganum 1*8, Trautz 1*4. 

Licht and Stechert recommended that Sutherland’s equation be used for gases 
except hydrogen and helium, for which Trautz’s equation should be used. 
They gave the following as the best values of the constants C and K of Suther¬ 
land’s equation (11), § 5: 

C KxW C KxW 

Acetone . 530 11*79 Helium . 97*6 15*13 
Acetylene . 206 10*07 Hydrogen. 70*6 6*48 
Ammonia . 472 15*42 Hydrogen chloride 359 18*66 
Argon . 133 19*00 Mercuric chloride 996 31*29 
Benzene . 403 10*33 Mercury. 996 63*00 
Bromine . 517 23*33 Methane. 155 9*82 
Carbon dioxide 233 15*52 Methyl chloride ... 390 14*45 
Carbon tetrachloride 335 12*17 Nitrogen. 102 13*85 
Cyclohexane 319 8*41 Nitrous oxide 273 16*36 
Ethyl acetate 425 10*60 Oxygen . 110 16*49 
Ethyl alcohol 400 11*67 Sulphur dioxide ... ‘ 362 16*53 
Ethyl ether. 349 9*43 Toluene . 365 9*09 
Ethylene . 232 10*54 Water . 659 18*31 

1 Physica, 1940,7,265; ViaUard, Compt, Rend., 1946, 223,1128. 
2 Phys. Rev,, 1907, 24, 385. 3 Phil, Mag,, 1915, 29, 552. 
4 Fowler, Phil, Mag,, 1922, 43, 785. 5 Core, Phil. Mag,, 1923, 45, 622. 
6 Phil, Mag,, 1943, 34, 433. 7 jnd. Eng, Chem., 1946, 38, 110. 
8 Canad. J, Res., 1932, 6, 596. 
^ J, Phys, Chem,, 1944, 48, 23; for data for many vapours of organic compounds, see 

Titani, Bull, Chem, Soc, Japan, 1929, 4, 277; 1930, 5, 98; 1933, 8, 255; Bleakney, Physics, 
1932, 3, 123 (pentanes, pentenes, CCI4). 

28* 
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Since hydrogen and helium do not follow Sutherland’s equation, the constants 
of Trautz’s equation (7) are given: hydrogen fc=0‘653x 10“^ c=0-464; helium 
6==2*790xl0-6,c=0470. 

They proposed a general viscosity-temperature equation for estimating the 
viscosity when no experimental data are available. The data required are 
critical temperature, critical pressure atm.), and molecular weight of the gas, 
and in general the experimental results are reproduced within 2 to 10 per cent, 
A nomograph is given for the evaluation of viscosity based on this equation: 

§ 7. Viscosity of Gas Mixtures 

The viscosity of a mixture of gases varies with the composition. Graham ^ 
found that the change may not be continuous, and for a certain composition 
the viscosity ot 2i mixture of two gases may be greater than either of the 
viscosities and y]2oi the pure gases. 

As a first approximation an additive relation^ based on (11), § 1, may be 
assumed: _ ^ 

V^ziPi^\h+• • •).(i) 

or for a binary mixture: 

.(2) 
By substituting for and 12 from (37) and (38) of § 22.111, the equation ^ 

due to Sutherland and Thiesen: 

.... (3) 

is found, where n2 are the concentrations in mols per cm.^ and ^21 

are constants depending on the molecular weights and diameters: 

(^i + cra)^ HM,+M2\ {01+02Y IIM,+M2\ 

'^*2“4V(2)aiV \ M2 /’ '"^*""4V(2)or2V I /• 

When Hi/rii is small this reduces to: 

Vi2=Vi+in2lndl{V2l'<2i)-Vi'<iz].(4) 

and if a small addition of the second gas (even if rjz^-Vi) increases 
the viscosity. If 172 is also less than iji the value of 7712 must first increase to a 
maximum as nifiti is increased and then fall to its final value 772. 

Schmick used the formula; 

Vl2^VllO+^P2lPl)+V2l(^+^PilP2) .... (5) 

» mi. Trans., 1846, 136, 573; “Researches,” 1876, 145; Schmitt, .4wi. Phys., 1909, 30, 
393 (He and A). 

2 Graham, loc, cit.; O. E. Meyer, Ann. Phys., 1861, 113, 383; Puluj, Wien Ber»^ 187?, 79, 
II, 97, 745; O. E, Meyer, “ Kinetic Theory of Gases,” 1899, 201; for a dissociating gas, see 
ibid., 230. 

3 Sutherland, Phil. Mag., 1895, 40,421; Thiesen, Verhl. d. D. Phys. Ges., 1902,4, 348; 1906, 
8, 236; Kleint, ibid., 1905, 7, 146; TSnzler, ibid., 1906, 8, 222; Schmitt, Ann. Phys., 1909, 
30, 393; Thomsen, ibid., 1911, 36, 815; Gille, ibid., 1915, 48, 799 (Ha-fHe); Kuenen, 
“ Die Eigenschaften der Gase ” (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,” 
3), Leipzig, 1919, IIQ; Schmick, Phys. Z., 1928, 29, 633; Druckcr, Z. Elektrochm.i 1929, 35, 
640; Nasini and Rossi, Gazz.y 1929, 58, 898, 912; Jung and Schmick, Z, phys. Chem^ 1930, 
7 B, 130; Herzfeld, in H. S. Taylor, “ Physical Chemistry,” 1931, 1, 157; Trftutz, Am. Phys., 
1931, 8, 797; 1933, 18, 816, 833; Azumi, ScL Pap. Inst. Phys. Chem. Res. Tokyp, 1932, 19, 
Suppi. 119; Bull Inst. Phys. Chem. Res. Tokyo, 1932, 11, 1103; Schroer, Z. phys^ Chem., 
1936, 34 B, 161. 
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where Px^Pz are the partial pressures, and A and B are complicated expressions 
given later in § 5.V11 G. 

Another formula, deduced by Puluj: ^ 

7?=r;i 
V[Pj4’(M2/M 1)^2] 

(6) 

where pu Pi are the partial pressures (Pi+P2==0 of two gases of mol. wts. 
Af], Mz and viscosities 7]i, 172, was found by Schmitt 2 to give less satisfactory 
results than Thiesen’s (3), whilst Klemenc and Remi ^ found it to give results 
within 2 to 3 per cent, for mixtures of nitric oxide and hydrogen. Equation (3) 
gives fairly satisfactory results for most binary mixtures, but a theoretically 
more exact formula deduced by Chapman ^ was confirmed experimentally by 
Trautz and co-workers,^ who also used ternary mixtures: 

a 1 t+^a 1 2^ 2^2^^ 2 

aini^+hnin2+ci2n2^ 
(1) 

where ax, ^12, ciz and b are constants depending on the molecular weights, the 
law of force, and the temperature. A similar equation had been given by 
Maxwell.^ 

Enskog,'^ by a generalisation of Maxwell’s equation, found: 

(1+^2«i/«2)(1+|Si«2/«i)-^^/4’?iT?2 

which differs from Maxwell’s only by the term --A^jArji7]2 in the denominator. 
For elastic spheres without attractive forces: 

2/(^1+W2)]^^2(5wi+3m2)/(mi+W2) 

^2=A[((^i+o-2)/a2]2[2wi/(/77i-fw2)]i^2(3^ni4-5w2)/(wi-bw 

>42=167^i7;2^i^2'^iW2/(15mi2+34mim2+15m2^). 

Jung and Schmick allowed for persistence of velocities (§ 3). They found a 
maximum viscosity in mixtures of methane and ammonia with about 25 per 
cent, of ammonia (a maximum in mixtures of ethylene and ammonia with 
40 per cent, of ammonia was previously known). They concluded from theo¬ 
retical considerations that the Sutherland constant of a binary mixture of gases 
is given by C=0'733V'(CiC2), which is of the same form as the van der Waals 
a equation (§ 35.V1I C), u=\/(a]a2), and for similar reasons, but Schroer 
found from London’s wave-mechanical theory of van der Waals forces 

1 Wien Ber„ 1879, 79, TI, 97, 745. 
2 Ann, Phys., 1909, 30, 393. 
3 Mohatsh., 1924, 44, 307. 
4 Phil, Trans., 1912, 211, 433; 19l6, II6, 279; 1916, 217, 115; Proc. Roy. Soc., 1916, 93, 1. 
5 Trautz, Heidelhetg Ber., 1929, No. 12 (bibl.); Trautz et al., Ann. Phys., 1925, 70, 305; 

1926, 79, 637; 1926, 80, 637; 1927, 82, 227; 1929, 2, 733, 737, 743; 1929, 3, 409; 1930, 5, 561} 
1930* 7, 409; 1931, 8, 797; 1931, 9, 981; 1931,10, 81, 155; 1931,11, 606; 1932, 15, 198; 1933, 
18, 816, 833; 1934,20,118,121; 1935,22,189; Ishikawa, Bull. Chem. Soc. Japan, 1929,4,288. 

6 Maxwell, Phil. Mag., 1868, 35, 185 (212); ” Scientific Papers,” 1890, 2, 72. 
7 Enskog, Phys. Z., 1911, 12, 56, 533; Dissert., Uppsala, 1917; Arkiv Mat. Asiron, Fys., 

1922i 16, No. 16; for review, see Schudel, Schweiz. Verein Gds^ u. WaSserfach. MonatS^Bull., 
1942* 22, 21; for relation to diffusion coefficient, see Kuenen, Proc. K. Akad. Wetens. Amster* 
ddtH, 1914,16,1162 {Comm. Leiden, Suppl., 36a); for binary mixtures of hydrogen and hydro¬ 
carbons, Adzumi, Bull. Chem. Soc. Japan, i937, 12, 199, 
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(§ 44.VII C) that the numerical factor is 0*95, i.e. C=0*95\/(C'iC2). He found 
qualitative, and sometimes quantitative, agreement with (7). 

§ 8, Determination of Gaseous Viscosity 

The experimental methods for the determination of the viscosities of gases ^ 
fall mainly into two groups. In the first, a solid disc, cylinder, or sphere is 
moved in the gas, in most cases very close to a fixed disc, cylinder, or concentric 
sphere, and the force exerted is measured in a suitable way. In the second 
method, the gas is forced through a capillary tube and the pressure difference 
between the ends of the tube is measured. The two methods are here called the 
viscous reaction and transpiration methods, respectively. 

The viscous reaction method was first used for gases by O. E. Meyer,^ with 
three parallel horizontal oscillating discs. Maxwell interposed four fixed 
discs very close to the three moving ones, and his apparatus was improved and 
used by Kundt and Warburg.'^ Allan ^ reports that Poynting in 1901 had used 
parallel discs, the upper disc being surrounded by a guard-ring (like the disc 
in a Thomson’s absolute electrometer) to eliminate the edge-effect. Gyozo 
Zemplen^ used concentric spheres (which avoid some end and side corrections), 
and other modifications of the method have been devised, some with quartz 
apparatus for use at high temperatures.*^ 

The oscillating disc method can also be used at low temperatures,^ when it 
has the advantages that only small quantities of pure gas are required and the 
apparatus can be accommodated in a constant-temperature bath of moderate 
dimensions. Oscillating cylinders have also been used.^ Gilchrist, in Milli¬ 
kan’s laboratory, used a rotating cylinder, inside which (protected at the top and 
bottom by short fixed guard-cylinders) was a cylinder suspended from a bifilar 
phosphor-bronze strip carrying a mirror, the deflexion of which was measured 
(Fig. 5.VII F). If 0=deflexion angle, /=moment of inertia of inner moving 

1 Summary by Graetz in Winkelmann, “ Handbuch der Physik/’ 1908, 1, ii, 1399 f.; 
Brillouin, “ Lemons sur la Viscosity des Liquides et des Gaz,” 2 vols., 1^7; Eucken, in Stabler, 
“ Arbeitsmethoden der anorganischen Chemie,” Leipzig, 1913, 3, i, 546; Kuenen, “Die 
Eigenschaften der Gase “ (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,” 3), 
Leipzig, 1919, 89; Barr, “Monograph of Viscometry,” 1931; Anfilogolf, Thesis, London, 
1932 (from the author’s laboratory) gave a critical review of the whole subject; Wobser and 
Muller, Koll. Beih., 1941, 52, 165. 

2 Ann. Phys., 1865, 125, 177; 1866, 127, 253, 353; 1887, 32, 642; Munich Ber., 1887, 
17, 343. 

3 Phil, Trans., 1866, 156, 249; Proc. Roy. Soc., 1866,15, 14. 
Ann. Phys., 1875, 155, 337, 525; 1876, 159, 399; Grossmann, ibid., 1882, 16, 619; 

Schumann, ibid., 1884, 23, 353. 
5 Phys. Z., 1909,10, 961 (equations for calculation of ij). 
6 Ann. Phys., 1906,19, 783; 1909, 29, 869; 1912, 38, 71; 1916, 49, 39; Allan, Phvs. Z., 1909, 

10,961. 
^ Hogg, Proc. Amer. Acad., 1905, 40, 611; 1906, 42, 115; 1909, 45, 1; Phil. Mag., 1910, 

19, 376; Braune, Basch, and Wentzel, Z. phys. Chem., 1928,137, 176, 447. 
8 Vogel, Dissert., Berlin, 1913; Ann. Phys., 1914, 43, 1235; Gunther, Z. phys. Chem., 

1924,110, 626; Braune, Basch, and Wentzel, ibid., 1928,137, 176,447; Sutherland and Maass, 
Canad. J. Res., 1932, 6, 428; van Itterbeek and Keesom, Physica, 1938, 5, 257; Weber, ibid., 
1939, 6, 551; Johnston and McClosky, /. Phys. Chem., 1940, 44, 1038; Johnston and GrDJy, 
ibid., 1942, 46, 948; van Paemel, Verhl. K. Vlaam. Acad. Wet., 1941, 3, No. 3; van Itterbeek, 
van Paemel, and van Lierde, Physica, 1947,13, 88. 

9 Tomlinson, Phil, Trans., 1887, 177, 767; Gilchrist, Phys. Z., 1913, 14, 160; Phys. Rev., 
1913, 1, 124; Timiriazev, Ann. Phys., 1913, 40, 971; States, Phys. Rev., 1923, 21, 662; Day, 
ibid., 1932, 40, 281; KJellstrom, Phil. Mag., 1937, 23, 313 (bibl.); Miiller, Ann. Phys., 1942, 
41, 335. 
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cylinder, T=period of oscillation, a=radius of inner moving cylinder, 6=radius 
of outer fixed cylinder, /=length of inner moving cylinder, a)=angular velocity 
of inner moving cylinder, then: ^ 

7j=z7Tcl>I{b^---a^)la^b'^r'^col , . (1) 

Weissweiler ^ compared the viscosities of 
gases and vapours by measuring the deflexion of 
a quartz fibre in a stream of the gas. Chella ^ 
used an oscillating cylinder between two fixed 
cylinders. 

The transpiration method was used as a com¬ 
parative method by Faraday, and later by 
Graham ^ in some remarkably accurate re¬ 
searches. It was improved by O. E. Meyer ^ 
and WarburgJ and was applied to steam and 
to mercury vapour by Puluj and by Koch ^ 
respectively. It was used by Lothar Meyer ^ 
and his pupils Schumann and Steudcl, for 
vapours of organic compounds (esters, acids) 
and steam. Important re^searches on the effect 
of temperature on viscosity were made by this 
method by Holman and Bestelmeyer,^! and 
very high temperatures (up to 1340') (with a 
platinum spiral capillary heated in an Argand 
petroleum lamp chimney) were used by Barus.^- 
The transpiration method was brought to a 
much more advanced stage by Breitenbach,^^ 
whose apparatus, with some modifications, was 

1 Poynting and Thomson, “ Properties of Matter,” 
1903, 213; Newman and Scarle, ‘‘General Properties 
of Matter,” 1928, 204; for Millikan’s deduction, see 
Yen, Phil. Mag., 1919, 38, 582. 

2 Phys. Z., 1929, 30, 364. 
3 Atti R. Accad. Lined, 1905, 14, ii, 23; 1906, 15, i, 

119 (low temperatures). 
4 Quart. J. ScL, 1817, 3, 354; 1819, 7, 106; “Experi¬ 

mental Researches in Chemistry and Physics,” 1859, 5, 6. 
5 Phil. Trans., 1846, 136, 573; 1849, 139, 349; 

“Elements of Chemistry,” 1850, 1, 82; “Researches,” 
1876, 88, 162. 

6 Ann. Phvs., 1866, 127, 253, 353; 1873, 148, 1, 203, 
526. 

7 Ann. Phys., 1876, 159, 399. 
8 Puluj, Wien Ber., 1878, 78, 11, 279 (steam); Koch, 

Ann. Phys., 1883,19, 857; for other vapours, see Noyes 

Fig. 5.VII F. Rotating Cylin¬ 
der Viscosity Apparatus of Gil¬ 
christ. XX rotating cylinder 
pivoted at E; gg guard cylinders 
fixed by brass rods EE and also 
fixed to tube carrying torsion- 
head S; F inner cylinder nearly 
filling space between g and g and 
suspended by bifilar strip a with 
mirror M 

and Goodwin, Z. phys. Chem., 1896, 21, 671; Phys. Rev., 1896, 4, 207; Pedersen, Phys. 
Rev., 1907, 25, 225; Rappenecker, Dissert, Freiburg i. B., 1909; Z. phys. Chem., 1910, 
72, 695. 

9 Ann. Phys., 1879,7,497; 1881,13,1; 1882,16, 369, 394; 1884,23, 353. 
to Proc. Amer. Acad., 1877, 12, 41; 1886, 21, \ ', Phil. Mag., 1886, 21, 199 (bibl); Schall, 

Ber., 1885,18, 2052; Schneebeli, Arch. Sci. Phys. Nat., 1885,14, 197. 
n Dissert., Munich, 1903; Ann. Phys., 1904, 13, 944; Fisher, Phys. Rev., 1907, 24, 385; 

1909, 28, 73 (air and CO2 to 500^); 1909, 29, 147. 
Amer. J. Sci., 1888, 35, 407; Ann. Phys., 1889, 36, 358; full account in U.S. Geol. Survey 

Bull., 1889, 8, No. 54, 242. 
13 Dissert., Erlangen, 1S9S; Ann.Phys., 1899,67,803; 1901,5,166. 
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used in a series of very accurate researches ^ on the inert gases in Professor 
Dorn’s laboratory at Halle. Until recently, these represented the last word in 
the experimental technique of the transpiration method. A typical arrange¬ 
ment of the apparatus (from Schultze, 1901) is shown in Fig. 6. VII F. 

More recent measurements by the transpiration method, some at high 
temperatures, have been made by Anfilogoflf ^ and by Trautz and collaborators; ^ 
low temperature measurements were made by workers in the Leyden Labora- 
tory.4 A crude apparatus for comparing viscosities by the transpiration 
method is described by Ubbelohde and Hofsass.^ Measurements at high 
pressures are mentioned in § 2. 

In the apparatus used by Anfilogoff and Partington, which was a modification 
of that used by Shilling and Laxton, the capillary, of clear fused silica k (Fig. 
7.VI1 F), 1 m. long and of very uniform bore of 0*026 cm. radius, was wound by 
the Thermal Syndicate into a close helix ^ without affecting the bore. This was 
fused on one side to a silica bulb p with a baffle-plate inside, and on the other 
side to a silica tube fitted by a ground joint to the gas exit X. The whole unit 
was fused together by silica bracing rods and discs, so that it could be inserted 
into the electrically heated tube furnace, the temperature of which could be 
closely controlled. The measured volume of gas, under a pressure measured 
by the manometer ju, was displaced from the bulb B by mercury run in from M 
by way of a constant level J, and electrical contacts indicated the arrival of the 
mercury surface just below the inlet tube H. The temperature of the capillary 
was measured by thermocouples. The mercury was raised from the vessel D 
to the upper vessel M by an air-lift K, and could be returned from AB to D by 
way of Q, attached to a vacuum line. 

Piwnikiewicz used a capillary joining two vessels containing gas at different 
pressures. Searle ^ measured the time / taken for the pressure in a vessel 

1 Schultze, Dissert., Halle, 1901; Ann. Phys., 1901, 5, 140; 1901, 6, 302 (He); Markowski, 
Dissert., Halle, 1903; Ann. Phys., 1904, 14, 742; Kleint, Dissert., Halle, 1904; Verhl. d. D. 
Phys. Ges., 1905, 7,146; Taenzler, Dissert., Halle, 1906; Verhl. d. D. Phys. Ges., 1906, 8, 222; 
Schierloch, Dissert., Halle, 1908; Schmitt, Dissert., Halle, 1SH)9; Ann. Phys., 1909, 30, 393; 
Kopsch, Dissert., Halle, 1909; Volker, Dissert., Halle, 1910; Zimmer, Dissert., Halle, 1911; 
Verhl. d. D. Phys. Ges., 1912, 14, 471; for simpler apparatus see Rapp, Phys. Rev., 1913, 
2, 363; Smith, Proc, Roy. Soc., 1924, 106, 83 (steam); Edwards and Worswick, Proc. Phys. 
Soc., 1925, 38, 16. 

2 Thesis, London, 1932; Partington, Phys. Z., 1933, 34, 289. 
^ For a list of the numerous papers, see § 4, and Schuil, Phil. Mag., 1939, 28, 679. See 

also Pedersen, Phys. Rev., 1907, 25, 225 (bibl.); Grindley and Gibson, Proc. Roy. Soc., 1908, 
80, 114; Fisher, Phys. Rev., 1910, 30, 269; Roberts, Phil. Mag., 1912, 23, 250; Piwnikiewicz, 
Phys. Z., 1913, 14, 305; Pochettino, Nuov. dm., 1914, 8, 5; Clark, Trans. Roy. Soc. Canada, 
1919, 13, III, 177; Harle, Proc. Roy. Soc., 1922, 100, 429; Mack, J.A.C.S., 1925, 47, 2468; 
Williams, Proc. Roy. Soc., 1926, 110, 141; 1927,113, 233; recalculated by Braune, Basch, and 
Wentzel, Z. phys. Chem., 1928, 137, 176; Nasini, Phil. Mag., 1929, 8, 596, 601 (vapours); 
Shilling and Laxton, Phil. Mag., 1930, 10, 721; Boyd, Phys. Rev., 1930, 35, 1284 (high pres¬ 
sures); Melaven and Mack, J.A.C.S., 1932, 54, 888; Bremond, Compt. Rend., 1933, 196, 1472 
(porcelain capillary); Comings and Egly, Ind. Eng. Chem., 1940, 32, 714 (high pressure); 
Schmid, Gas- u. Wasserfach, 1942, 85, 92; Sibbitt, Hawkins, and Solberg, Trans. Amer. Soc. 
Mech, Eng., 1943, 65, 401 (high temp, and press.); Comings and Mayland, Chem. Met. Eng., 
1945,52, No. 3,115 (high temps.); Yasilesco, Ann. dePhys., 1945,20,137,292 (air, A, N2, CO2). 

4 Onnes, Dorsman, and Weber, Proc. K. Akad. Wetens. Amsterdam, 1913, 15, 1386 {Comm. 
Leiden, 134d); Onnes and Weber, ibid., 1913, 15, 1399 {Comm. Leiden, 1346); van Itterbeek 
and Keesom, Physica, 1938, 5, 257; Weber, ibid., 1939, 6, 551. 

5 Z. Elektrochem., 1913, 19, 32. 
6 A spiral copper tube was used for steam by Speyerer, Z. techn. Phys., 1923, 4, 430. 
^ Phys.Z., 1913,14, 305. 
8 Proc. Cambr. Phil. Soc., 1913, 17, 183. 
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of volume F (c. 10 lit.) to fall from pi to pz by escape of gas through a 
capillary of length / and radius r into the atmosphere of pressure po, when 
7)=(nr^PolilV)itlX), where A=ln [(Pi-PoViPi-Po)] ■ [iP2+Po)KPi+Po)l 

A simple comparative method depending on the fall of a pellet of mercury 
in a tube, driving the gas through a capillary sealed above and below the tube,i 
is liable to error owing to leakage of gas past the mercury pellet, and the correc¬ 
tion for the effect of the surface tension of the mercury is also irregular.^ This 
method cannot be regarded as satisfactory; the accuracy claimed is about 
0*5 per cent. West ^ found that the pressure required to drive a mercury thread 
of length / upwards in a capillary of radius a, is given by: 

P=2o‘(cos a2—cos 0Li)la+^lrjvla'^ 

where v is the velocity of motion, and 1x2 are the lower and upper contact 
angles (independent of the velocity), a the surface tension, and rj the viscosity 
of mercury. For a 0*35-mm. tube, P=0-03^la+^l'r]vla^. 

In the rolling ball method ^ a steel ball is allowed to roll down inside a slightly 
inclined steel tube of polished bore (e.g. 10 in. long and 0-3 in. bore), the time 
taken being recorded electrically, and the tube rotated by trunnions in a 
thermostat. The theory will be mentioned in the section on liquid viscosity 
(see § 4.V1I1 E, Vol. II). 

§ 9, Poiseuille’s Law 

The principle of the transpiration method depends on Poiseuille's law: ^ 

v=(TTm)(pi-p2)ir^lI)t .(1) 
where v is the volume of gas in cm.^, measured at the given temperature and 
under the mean pressure ^(Pi+Pi)^ which flows in t secs, through a straight 
capillary tube of length / cm. and radius r cm. when the pressures at the begin¬ 
ning and end of the capillary, respectively, arepi and pi dynes/cm.^. Poiseulle’s 
equation (1) is easily deduced for an incompressible fluid as follows. In a tube 
of length / and circular cross-section of radius r let the fluid at a distance r=x 
from the axis, and measured at right angles to this, move with a velocity u. 
The cylinder of fluid of radius a' coaxial with the tube experiences a viscous 
drag —7y(dw/dA) per cm.2 over its whole surface, i.e. for its total area a drag of 
—liTxlri. dw/dx. 

In steady flow with uniform velocity, there is no resultant force on the fluid, 

1 Pedersen, Phys, Rev., 1907, 25, 225 (vapours); Rankine, Phys. Z., 1910, II, 497, 745; 
Proc. Roy. Soc., 1910, 83, 265, 516; 1911, 84, 181; 1912, 86, 162; 1913, 88, 575; 1915, 91, 
201; Phil. Mag., 1911, 21,45; 1921, 42, 601, 615;/. ScL Instr., 1924,1,105; KlemencandRemi, 
Monatsh., 1923, 44, 307; Nasini and Rossi, Gazz., 1928, 58, 433; Titani, Bull. Chem. Sac. 
Japan, 1929, 4, 277; 1930, 5, 98; 1933, 8, 255; Eyring and van Valkenburg, J.A.C.S., 1930, 
52, 2619; Nasini and Pastonesi, Gazz., 1933, 63, 821 (air at high press.); Adzumi, Bull. Chem. 
Soc. Japan, 1937,12,199; Comings and Egly, Ind, Eng. Chem., 1941, 33,1224 (under pressure). 

2 Kuenen and Visser, Proc. K. Akad. Wetens. Amsterdam, 1913, 16, 355 {Comm. Leiden, 
138); Roller and Woolridge, Proc. Oklahoma Acad. Sci., 1932, 12, 73 (error 2 per cent.); 
Shugajew, Sow. Phys. Z., 1934, 5, 659. 

3 Proc. Roy. Soc., 1911, 86, 20; Yarnold, Proc. Phys. Soc., 1938, 50, 540; 1940, 52, 191. 
^ Flowers, Proc. Amer. Soc. Testing Mater., 1914, 14, 565; Sage, Ind. Eng. Chem. Anal,, 

1933, 5, 261; Schroer and Becker, Z. phys. Chem., 1935, 173, 178; Wobser and Miiljer, Koll. 
Beih., 1941, 52, 165; Hubbard and Brown, Ind. Eng. Chem. Anal., 1943, 15, 212; Smith and 
Brown, Ind. Eng. Chem., 1943, 35, 705; Bicher and Katz, ibid., 1943, 35, 754. 

5 Poiseuille, Compt. Rend., 1840, 11, 961, 1041; 1841, 12, 112; 1842, 15, 1167; Ann. Chim.,, 
1843, 7, 50; 1847, 21, 76; M^m. div. Sav., 1846, 9, 433; see § 2.Vm E, Vol. II. Jean Uon 
Marie Poiseuille, 1799-1869, a practising physician in Paris. 
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SO that the viscous drag is equal and opposite to the force due to the pressure 
difference between the ends of the tube, and hence: 

—Ittxlri. diulAx=7Tx\pi—p-^. 

Divide by —Inxltj and integrate with respect to x: 

where C is the integration constant. If there is no slip (§ 12), wsa=0 when 
x=:r (on the walls of the tube), hence: 

o=--t7^V+c 
417] 

C=[(p,-P2)mr^.(2) 

«=[(/>! -P2)l4h](.r^-x2). 

The total volume of incompressible fluid flowing through the tube per sec. is: 

T-, j 7r(p,-/>2) 77(pi-P2V'‘ ,=J 
where ^/= diameter of tube==2r. 

In the case of a gas,^ v varies with the pressure along the tube and also changes 
with temperature, being different for isothermal and adiabatic flow.^ For a 
very small pressure difference dp, (3) can be written as dv=^(7Tr^l^lrj)dp. Also 
pdv^dnRT, where d«=number of mols in the volume dz^,therefore dv=^dnRT/p, 

dn^7Tr^pdpj%h]RT 

irr^ rpdp jnr^ f/ 
”“8«J r 

If T is constant (isothermal flow), rj is also constant, hence: 

7Tr* p' _ TTr* P\^-P2^_nr*iPi-P2) P1+P2 ... 
2" ~ ^ShjRT ' 2 * ^ ^ 

If (Pi+/’2)/2=?=average pressure: 

nRTIp^v=nr*(pi^P2)ISlr], 

showing that (1) applies also to this case ^ if t; is the volume measured under the 
average pressure (pi+P2)/2. 

For a given pressure difference (4) shows that the flow in g. per sec. is 

A/«=«const. x[(pi4‘P2)/2I?7’]M=const. Xp ... (5) 

where p=pMIRT is the mean density, M being the mol. wt. This was con¬ 
firmed experimentally by Graham ^ and Bunsen.^ 

A method of determining viscosity depending on the optical measurement 
of the rate of approach of two parallel plates by an interferometer was used by 

• Jellinck, “ Lehrbuch der physikalischen Chemie,” 1928, 1, 244. 
» Fisher, Phys. Rev., 1909,29, 147; 1910,30.269; 1910,31, 586; 1911,32,216,433; Holm, 

Am. Phys., 1914, 44. 81; 1914, 45,1165. 
3 On supposed deviations from Poiscuille’s law for gases, see Knodel, Ann. Phys., 1926, 

80, 533; Schiller, ibid., 1926, 81, 866. 
♦ Phil. Trans., 1849, 139, 349; “Researches," 1876, 88. 
5 “Gasometry,” transl. Roscoe, 1857, 122. 
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Fabry and Perot; * the amount of gas streaming out from between the plates 
per 1 cm. length per sec. is 

n^{d^in'nRT),[{p,^--P2^)l2].(6) 

where d is the distance between the plates. If cm., the volume of air 
measured at 1 atm. pressure flowing per sec. per 1 mm. Hg/cm. pressure gradient 
is only 0-6x10”^ cm,^ 

§ 10. Corrections to Poiseuille’s Law 

Poiseuille’s law holds only for so-called streamdineflow‘d through the tube; 
this is conditioned by the dimensions of the tube, the pressure difference, and 
the viscosity r] of the fluid, all of which regulate the linear velocity of the fluid 
flowing through the tube. If this velocity exceeds a certain value, turbulent 
flow sets in, and the equation breaks down. According to Osborne Reynolds,^ 
turbulent flow of a gas or liquid sets in when the linear velocity V exceeds the 
value given by: 

dpVIrj^lOOO.(1) 
where e/=diameter of circular tube, p==density. This value of V is called the 
Reynolds number, and equation (1) gives the criterion for streamline flow, v<CV. 
The equation applies also to gases.^ Dowling ^ found the Reynolds number for 
gases higher than for liquids. There is also a correction for the slip of the gas 
along the wall of the tube (see § 12): 

^'corr. = 'Z'obs.(l+W .(2) 

where ^=coefficient of slip; and a correction for the kinetic energy of the 
moving fluid (Hagenbach correction)',^ if rj' is the viscosity calculated from 
Poiseuille’s law, the value corrected for kinetic energy is: 

7^=7^'—f •10^;/)/87r/^  (3) 

For long and narrow tubes {t large) the Hagenbach correction is negligible. 
At the ends of the capillary, and particularly at the entry end, it is possible 

that the motion of the fluid is not streamline or parallel to the wall. The result 
will be the same as if, on account of the greater resistance, the gas has traversed 
a greater length of capillary than is actually the case, and the effect depends on 

1 Ann, Chim., 1898, 13, 275; Gaedc, Ann, Phys., 1915, 46, 357; Barus, Proc, Nat, Acad,, 
1923, 9, 71. 

2 In this, the velocity of flow along a cylindrical tube is constant for a given distance from 
the axis, and the velocity gradient is constant. On “ linear ” flow, see Villey, J. de Phvs., 
1942, 3, 79. 

3 Phil, Trans., 1883,174,935; 1886,177,157; 1895,186,123; “Papers,” Cambridge, 1900-03, 
I, 257; 2, 51, 535; Stanton and Pannell, Phil. Trans., 1914, 214, 199; Lees, Proc, Roy. Soc., 
1914, 91, 46. On turbulent flow, see, e.g., Wildhagen, Z. angew. Math,, 1923, 3, 181; Taimni, 
J. Phys. Chem., 1929, 33, 52; Trubridge, Sci. Progr., 1934, 29, 61; Ewald, Pdschl, and PrandtJ, 
“ The Physics of Solids and Fluids,” 1936, 250; Goldstein (edit.), ” Modern Developments in 
Fluid Dynamics” (Aeronautical Res. Committee), Oxford, 1938, 1, 319; for flow through 
packed aggregates (e.g. catalyst masses, and absorption towers) see Burke and Plummer, 
Ind. Eng. Chem., 1928, 20, 1196; Chilton and Colburn, ibid,, 1931, 23, 913 (bibl.); Damkdhler 
and Delcker, Z. Elektrochem., 1938, 44, 193. For literature from 1819-1907, see Fritzsche, 
Z. Verein D, Ing., 1908, 52, 81. 

^ Ruckes, Ann. Phys., 1908, 25, 983; Satterly, Trans. Roy. Soc. Canada, 1924, 18, III, 
261; Anfilogolf, Thesis, London, 1932, 224. 

5 Proc. Roy. Dublin Soc., 1912, 13, 375. 
<5 Hagenbach, Ann. Phys., 1860, 109, 385; Couette, Ann, Chim., 1890, Jtl, 433; J, de Phys., 

1890, 9, 560; Wilberforce, Phil. Mag., 1891, 31, 407; Knibbs, Proc. Roy. Soc. N.S. Wales, 
1895, 24, 77; see § 2.VIII E, Vol. II. 
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the form of the ends. Couette, to correct for this, added to the actual length 
/ of the tube a fictitious length A, which he found was approximately three times 
the diameter of the tube, A==3rf. 

Especially in the case of liquids, a jet leaving an orifice does not preserve 
the diameter of this, but contracts, the narrowest part being called the vena 
contracta. 

The end-correction for capillaries was discussed by Benton,^ who found 
Fisher’s method unsatisfactory and used a modification of a method proposed 
by Brillouin.^ The total resistance is H=kirilMlpR^+k2CM^IpR'^, where 
/=length of tube, A/=mass transpired per sec., /?=radius of tube, /E)=density 
of fluid, C=(radius of iuhe)/(vena contractd), and ki and ki are constants: 

pH R^=2 •580>^/M+0 • 1248M2. 

§ 11. Curved-pipe Flow 

An important correction, formerly overlooked, is involved when a spiral, as 
contrasted with a straight, capillary is used, and is due to an increased resistance 
caused by curved-pipe flow? The more rapidly flowing central parts of the 
fluid are forced outwards by centrifugal force, and the slower parts along the 
wall are driven inwards towards the axis of the tube. The resistance to flow 
in a curved pipe is f{D) times that in a straight pipe of the same length and bore, 
f(D) being a function of: 

D=(qrlvW(rlR).(1) 

where ^=average velocity of flow, r=radius of bore, jR=sradius of curvature of 
bent pipe (e.g. of a circle for a circular spiral coil), and v is the kinematic 
viscosity, v^r]lp, r] being the viscosity and p the density. The correction is 
applied by a graphical method. For £><20, f(£>) is approximately unity; 
for 20<£)<1000, f(£))=0*37£)0*^^ This correction also depends on the 
linear velocity of the fluid through the tube, and it is desirable to arrange the 
apparatus so that it becomes negligible. If measurements with gases at various 
temperatures are involved, this effect may come in at lower temperatures in an 
apparatus which does not show it at higher temperatures. 

Definite indications of curved-pipe flow of gases in spiral capillaries were 
found by Eger,^ Williams,^ Satterly,^ and Shilling and Laxton,’^ but its import¬ 
ance in viscosity measurements was first pointed out, on the basis of experi¬ 
ments, by Anfilogoff. If G is the ratio of the resistance to motion in a curved 
tube of internal radius r coiled into a circular helix of radius i?, to the resistance 
in a straight tube of the same length and internal radius, the gas being under the 
same pressure head and at the same temperature, then: 

logG=\ogf[(rpVM)(rm 

1 Phys. Rev., 1919, 14, 403. 
2 “ Legons sur la Viscosity,*’ 1907,1, 133; 2, 37. 
3 Eustice, Proc. Roy. Soc., 1910, 84, 107; 1911, 85, 119; Lechner, Am. Phys., 1913, 42, 

614; Dean, Phil. Mag., 1927, 3, 912; 1927, 4, 208; 1928, 5, 673; White, Proc. Roy. Soc., 1929, 
123, 645; Anfilogoff and Partington, B.A. Rep., 1931, 348; Anfilogoff, Thesis, l^ndon, 1932, 
78 f., 222 f.; Partington, Phys. Z., 1933, 34, 289; Ewald, Poschl, and Prandtl, “ The Physics 
of Solids and Fluids,” 1936, 280; Goldstein (edit.), “ Modem Developments in Fluid 
Dynamics ” (Aeronautical Res. Committee), Oxford, 1938, 1, 312. 

4 Ann. Phys., 1908, 27, 819 (attributed effect to centrifugal force). 
5 Proc. Roy. Soc., 1926, 110, 141; 1927, 113, 233. 

Trans. Roy. Soc. Canada, 1924,18, IH, 261. 
7 Phil. Mag., 1930,10,721. 
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where IrpVIrj is the Reynolds number, and f is a function of the argument in 
square brackets. If the Reynolds number is denoted by n, then experiments 
show that a value of IrfirjR greater than 280-300 causes an increased resistance 
due to curved-pipe flow. According to Anfilogoff and White a limiting value 
of log G of about 0*95, corresponding with a value of In^rjR of 158, corresponds 
with the onset of curved-pipe flow. 

Vasilesco,^ using a coiled platinum tube, confirmed Dean’s and White’s 
results up to 1600°, but found an increase in Sutherland’s constant for air, 
argon, and carbon dioxide with rise of temperature. 

§ 12. Slip 

Experiment shows that the flow of gas in very narrow tubes exceeds that pre¬ 
dicted by Poiseuille’s formula, and this would be explained if the gas ‘‘ slipped ” 
in contact with the walls, instead of being anchored there with zero velocity, as 
was assumed in the deduction. Such a slip was shown to occur with liquids by 
Helmholtz and Piotrowski,^ and with gases by O. E. Meyer ^ and Kundt and 
Warburg.'^ The theory was investigated by Maxwell.^ 

If «o is the velocity with which the gas slips along the walls of the tube, there 
will be a viscous drag on the gas which is proportional to Uq and to the area 
lirrl (x=r) over which slip occurs, i.e. the total drag will be lirrhu^, where e 
is a constant. This drag is equal to the driving force TTr'^{p\—p^, therefore 
2TTrkuQ=7rr^(pi—P2), hence: 

U(i=(Pi-P2)rl2l€.(1) 
The integration constant C in equation (2), § 9, must therefore be adjusted 

to give Mo when x=r, instead of zero, and the result shows that: 

«= [(Pi-P2)/^lv](>'^-X^+2rr}/e). 

Hence, by integration as before, the streamline flow per sec. is found to be: 

7rr*(pj-p2)/ 47]\ 

8(r"i . 
Thus, the flow is increased by slip by the fraction Arj/er, which is generally 

known as the Kundt and Warburg correction. It is negligible when r is large 
compared with 77/e, but becomes important with tubes of small radii; when r is 
very small the flow is largely controlled by slip, becoming proportional to r^ 
instead of as in slip-free flow. The fraction rj/e is called the coefficient of 
slip, and is denoted by It has the dimension of length, and the motion is the 
same as if the wall were moved back a distance I and the velocity gradient 
continued uniformly to zero in contact with the wall. 

Maxwell, in his discussion of slip, assumed that a fraction (1—/) of the 
molecules impinging on a surface is “ specularly ” reflected (angle of incidence^ 

1 Arm. dePhys., 1945, 20,137, 292. 
2 Wien Ber., 1860, 40, 607; Stacy, Phys. Rev., 1923, 21, 239. 
3 Ann. Phys., 1866,127, 253. 
4 Ann. Phys., 1875, 155, 337. 
5 Phil, Trans., 1879, 170, 231; “ Scientific Papers,” Cambridge, 1890, 2, 703; Hogg, Proc. 

Amer. Acad., 1905, 40, 611; 1906, 42, 115; Phil. Mag., 1910, 19, 376; Brillouin, Compt. Rend., 
1928, 186, 553; on the whole subject, see Bingham, J.A.C.S., 1914, 36, 1393; Anfilogoff, 
Thesis, London, 1932; Loeb, “Kinetic Theory of Gases,” 2nd edit., 1934, 285 f.; Kennard, 
“ Kinetic Theory of Gases,” 1938,291 f.; a good brief treatment is given by Dushman, “Pro¬ 
duction and Measurement of High Vacuum,” Schenectady, 1922, 30 f., and Gemant, /. Appl, 
Phys., 1941, 12, 626, 718. 
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angle of reflexion), and the fraction/ of the molecules leave at random angles 
independent of the previous motions (the so-called “ cosine law ”)• He con-^ 
sidered that Kundt and Warburg’s experiments indicated that approxi¬ 
mately. Knudsen,! however, concluded that f may often approach unity, i.e. 
nearly all the molecules fly off at random angles. Knudseii says: “ a gas mole¬ 
cule on striking the surface is repelled in a direction which is completely inde¬ 
pendent of the angle of incidence, and the distribution of directions of an 
infinitely large number of molecules after reflexion from a surface follows 
Lambert’s cosine law for the reflexion of light from a glowing body.” The 
measurements of Blankenstein ^ also showed that for helium, hydrogen, oxygen, 
and air, reflected from polished oxidised silver,/is 1*00, 1*00, 0*99, and 0*98, 
respectively, whilst for other solids it may be appreciably smaller. Millikan ^ 
gave the following values for/: 

air or CO2 on machined brass, old shellac, and mercury 1-00 
air on oil .0*895 
CO2 on oil .0*92 
air on glass .0*89 
air on fresh shellac.0*79 

If the gas flows through a tube at such a low pressure that the free path of 
the molecules is of the same order as, or greater than, the diameter of the tube, 
the rate of flow is independent of the viscosity and density.^ If the streaming 
velocity is small compared with the molecular velocities, and the latter con¬ 
form to Maxwell’s law for a gas with mass velocity equal to the velocity of flow, 
the mass of gas striking 1 cm.^ of tube per sec. is (see § 14.III) jpc. The 
average velocity along the tube is Wq, the same for all points of the gas, and the 
total momentum given to the walls per sec. is Inrlxdpcuo). This, as before, 
must be equal to TTr^iPi^-pz), so that: 

Uo=2r(pi-p2)llpc .(3) 

The total mass of gas flowing in 1 sec. is then: ^ 

■nr'^pUQ—2'nr\pi—p^llc.(4) 

independent of r} and p, and proportional to instead of /•■*. This agrees well 
with experiment, according to Knudsen. 

When gas streams slowly through a tube the number of molecules striking 
1 cm.^ of wall is (§ 14.III) \Nc, where number of molecules per cm.*, and 
S is the mean velocity of the molecules due to thermal motion in the gas. If 
the impinging molecules have a mass velocity u parallel to the surface, which is 
small compared with c, and if a fraction / of the impinging molecules are 
adsorbed and later re-emitted, the momentum given per sec. to the wall is 
\mNcJu, where u is the average tangential velocity of the impinging molecules.® 

1 Am. Phyi., 1909, 28, 75, 999; 1915, 48, 1113; “ Kinetic Theory of GaSes,” 1934, 26 f.; 
Timiriazeff, Ann. Phys., 1913,40,971; Knudsen’s results for flow through tubes at low pressures 
are further considered in § 2.VI1 J. 

2 Phys. Rev., 1923, 22, 582; cf. Stacy, ibid., 1923, 21, 239; Van Dyke, /W., 1923, 21,250, 
3 Phys. Rev., 1923, 21, 217; the following text is mainly based on this important paper, 

which greatly simplified the whole theory of the subject; see also Ishida, Phys. Rev., 1923, 
21, 550; Epstein, ibid., 1924, 23, 710; Brown, de Nardo, Cheng, and Sherwood, J. Appl. 
Phys., 1947,17, 802. 

4 Knudsen, Ann. Phys.^ 1909, 28, 75, 999; 1910, 32, 809; 1911, 34, 593; “ Kinetic theory of 
Gases,” 1934, 21 f. 

? Jeans, ” Kinetic Theory of Gases,” 1940, 170, omitting a factor 8w/3 given (erroneously?) 
by Knudsen; experiments agree with (4). 

6 Langmuir, J.A.C.S., 1915, 37, 417, 1139. 
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The average tangential velocity of the surface layer of molecules is Uq. This 
surface layer is made up of \Nc impinging molecules with tangential velocity 
u, of \Nc{\—f) returning molecules also with tangential velocity u, and 
returning molecules with zero tangential velocity. The total number of mole¬ 
cules in this layer is the sum of those entering and leaving, viz. \Nc, therefore: 

-/)]«+ilVc/x 0 

«=«o/(l-i/).(5) 

If/=1 (complete adsorption and re-emission) u=2uq, i.e. the surface layer is 
made up half of molecules entering the surface with tangential velocity u, and 
half of molecules leaving with tangential velocity zero. The tangential momen¬ 
tum given to 1 cm.^ of wall per sec. is then \NmcuQ dynes per cm.2, and this 
divided by Uq gives the coefficient of external friction e: 

€=^Nnic .(6) 
Jf/is not unity the average tangential momentum of the impinging molecules 

is (as shown above) ^Nmcfu, hence on substituting for u: 

iNmcf. «o/(l-i/)‘=e«o, 

and by using equation (12), § 1, font] with Boltzmann’s value for k, if /=mean 
free path: 

rj 0-3502Nmcl 

^^e^lNmcMl-if) 
0-7004/(2//-l) • (7) 

The factor 0 3502 is ^xl-051, derived from an integral evaluated by Tait.* 
Apart from the factor 0'7004 instead of f=0-667, this equation is the same as 
the one given by Maxwell,2 who inferred from Kundt and Warburg’s experi¬ 
ments that for air and glass, ^=2/, or /=^ (with his constant). Maxwell’s 
equation for the coefficient of slip is: 

^-'hV(2Tr/w)(2//-l).(8) 

where a fraction/ of molecules is reflected diffusely, and 1—y specularly. 
O. E. Meyer 3 deduced that l=l (mean free path), and Knudsen ^ that: 

^==0-81(8V2/3V^)[VV(/^p)].(9) 

Experiments show that cadmium and mercury atoms are specularly reflected 
from clean rock salt, but sodium atoms are not reflected at all,^ and that hydro¬ 
gen atoms are diffusely reflected from various crystal surfaces maintained at a 
sufficiently high temperature.^^ 

The effect of slip transforms the formula (1), § 8, for rotating cylinders into; '7 

States,^ with a rotating cylinder, found low slip values as compared with those 
calculated from Maxwell’s equation. 

1 Trans. Roy. Soc. Edin., 1887, 33, 251; “Papers,” edit. Knott, 2 vols, Cambridge, 1898- 
1900 2 153 

2 Phil. Trans., 1879,170, 231; “ Scientific Papers,” Cambridge, 1890, 2, 703. 
3 “ Kinetic Theory of Gases,” 1899, 211. 
< Ann. Rhys., 1908, 28, 75; Darbord, J. de Phys., 1932, 3, 345. 
5 EUett and Olson, Phys. Rev., 1928, 31, 643. 
« Johnson, J. Franklin fnst., 1928, 206, 301. 
7 Warburg, “ t)ber Warmeleitung und andere Ausgleichende Vorgfingc,” Berlin, 1924, 99. 
* Phys. Rev., 1923, 21, 662. 



888 THE PROPERTIES OF GASES VII G 

G. CONDUCTION OF HEAT IN GASES 

§ 1. Theory of the Conduction of Heat in Gases 

The unusually large thermal conductivity of hydrogen was noticed by 
Priestley ^ in 1781; whilst Achard ^ found that a body cools more slowly in 
hydrogen than in air. It is elegantly shown by an experiment due to Andrews,^ 
who found that a platinum wire heated to redness by an electric current in a 
tube which is exhausted or filled with air, has its glow either greatly diminished, 
or even removed, when the tube is filled with hydrogen. Magnus observed the 
effect in very narrow (1 mm.) tubes, so that it is not due to convection. Andrews 
gave comparative values for the currents required to maintain the same bright¬ 
ness in gases or vapours, that in air being taken as 1*00, and this is really the 
basis of Schleiermacher’s method for the determination of the thermal con¬ 
ductivities of gases (§ 4). Andrews gave: SO2 0-967, N2O 0-995, CO2 1*010, 
O2MO9, NH3MI8, H2 1*382. 

Dalton 5 measured the times taken by a heated thermometer to cool the same 
number of degrees in different gases. Leslie ^ also found that a hot body cools 
more rapidly in hydrogen than in air. The experiments of Magnus,Peclet,'^ 
and Buff ^ gave unsatisfactory results; Magnus used a gas at low pressure (15 
mm. or less) and arranged the apparatus so that the heat was propagated 
downwards, so minimising convection. 

The kinetic theory of heat conduction in a gas, first worked out by Maxwell,^ 
and later by Clausius,stefan,ii von Lang,^2 Boltzmann,and O. E. Meyer,^^ 
removed an apparent objection to the kinetic theory, viz. that the very swift 
molecules, either by unhindered motion or by the transfer of kinetic energy by 
head-on collisions with other molecules, might be expected to transfer heat 
rapidly through a gas.^ ^ The following treatment is based on that of Jager.^® 

1 “ Experiments and Observations on Natural Philosophy,” 1781,2, 375; “ Experiments and 
Observations on Air,” Birmingham, 1790, 2, 457. 

2 JVoi/v. Mdm. Acad. Berlin, 1783 (1785), 84. 
3 Proc. Roy. Irish Acad., 1840, 1, 465; “Scientific Papers,” 1889, 66; Grove, Phil. Mag., 

1845, 27, 442; Phil. Trans., 1847, 137, 1. 
4 Ann. Phys., 1861,112, 351,497; PM, Mag,, 1861,22,1. 
5 “ New System of Chemical Philosophy,” 1808 (2nd edit., 1842), 1,117. 
6 “ Experimental Inquiry into the Nature and Propagation of Heat,” 1804, 484. 
2 “ Trait6 de la Chaleur,” 3rd edit, 1861, 3, 418. 
8 Ann. Phys., 1876,158, 177. 
9 Phil. Mag., 1860, 20, 21; 1868, 35, 185; Phil. Trans., 1867, 157, 49; “ Scientific Papers,” 

Cambridge, 1890,1, 377 (403); 2,26 (74); Kirkwood,/. Chem.Phys., 1946,14,180. 
10 Am. Phys., 1862, 115, 1; Phil. Mag., 1862, 23, 417, 512; Die kinetische Thcorie der 

Case, “ Die mechanische Warmetheorie,” Brunswick, 1889-91, 3, 105, 
n Wien Ber., 1863, 47, H, 81; 1875, 72, II, 69. 
12 Wien Ber., 1871, 64, II, 485; 1872, 65, II, 415; Ann. Phys., mi, 145, 290. 
13 Wien Ber., 1872, 66, II, 275; 1875, 72, II, 458; 1887, 94, II, 891; “ Wiss. Abhl.,” 1909, 

1, 316; 2, 31; 3, 293; “ Vorlesungen fiber Gastheorie,” Leipzig, 1896,1, 86. 
14 “ Kinetic Theory of Gases,” 1899, 277, 461. 
15 See Clausius, Die kinetische Theorie der Gase, “ Die mechanische Warmetheorie,” 

Brunswick, 1889-91, 3, 105; on a “paradox” in the usual theory, see JafF6, Phys. Rev., 1942, 
61, 643; on the thermal conductivity of a moving gas, see Natanson, Bull. Acad. Folon., 
1902, 137. 

16 “ Fortschritte der kinetischen Gastheorie,” Brunswick, 1906, 43; idem, in Winkehnann, 
“ Handbuch der Physik,” 1906, 3, 747; Kuenen, “Die Eigenschaflten der Gase” (Ostwald- 
Drucker, “Handbuch der allgemeinen Chemie,” 3), Leipzig, 1919, 112; Warburg, “tJbcr 
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In considering the viscosity of a gas, the total momentum which a molecule 
transports through the xy plane per sec. was found (§ l.VII H) to be given by: 

m[Uo+z(dU/dz)].(1) 

When a gas is conducting heat along a temperature gradient, it may be assumed 
that in each plane parallel to the xy plane the temperature T is constant, and 
the change of temperature occurs only in the direction of the z axis; i.e. T is 
a function of z only. It is further assumed that T is a linear function of r, so 
that the temperature at any point distant z above the xy plane (2=0; T=^To) is 
(since dT/dz is constant) given by: 

r=ro+z(dr/dz).(2) 

If m is the mass of a molecule and the specific heat of the gas at constant 
volume per unit mass, then if z is the height of the layer in which the molecule 
made its last collision: 

mc^iTo+z . dT/dz) .(3) 

is the average heat content transported by this molecule in passing through the 
xy plane. ^ 

A comparison of (3) with (1) shows that if U is replaced by 7", and m by 
an equation is found which replaces the viscosity equation (12), § l.VII F 

k=^K)\ 
7)^KNmcl.(4) 

by one giving the coefficient of heat transport, i.e. the thermal conductivity 
coefficient k: 

k^KNmc^cl.(5) 

since, just as the viscosity rj is defined by (2), § LVII F: 

R=:^rj.dU/dz.(6) 

so the thermal conductivity is defined by: 

^=-it.dr/dz .(7) 

where ^=heat transport (corresponding with momentum transport R) per 
sec. per cm.^. The dimensions of k are cal. cm.“i sec.'^ degree'^^ Since 
Vw=density p, (5) can be written as: 

k=KpcIc^.(8) 

A comparison of (4) and (5) shows that 

k=r]C,.(9) 

Equation (9) is not accurately in agreement with the experimental results and 
according to O. E. Meyer ^ the equation : 

k^l^mirjc^ .(10) 

Warmeleitung und andere ausgleichende Vorgange,” Berlin, 1924; for some refinements, see 
Kimball, Phil. Mag., 1935,20, 97, 355; Smith, ibid., 1942, 33, 775. For a treatment by Gentile 
statistics (§ 37.IV), see Salvetti, Atti Accad. Ital. R. Sci./is. mat. not., 1942,13, 651. 

1 Maxwell calculated the coefficients of viscosity, thermal conductivity, and diffusion from 
a general “equation of transport”; see also Brillouin, Am. Chim., 1900, 20, 440; Jeans, 
“ Kinetic Theory of Gases,” 1940, 230; Schafer, Naturwiss., 1947, 34, 104. 

2 “Kinetic Theory of Gases,” 1899, 284, 466; in the first edition (1877) Meyer used the 
factor 1*537. Jeans, “ Dynamical Theory of Gases,” 3rd edit., 1921, 299, pointed out that 
the constant in equation (10), 1 -6027, given by Meyer is incorrect and appears to be the result 
of a faulty calculation, since the value of an integrd correctly calculated for Meyer by Conrau 
gives the constant as 1-395. Cf. Smoluchowsky, Ann. Phys., 1911, 35, 983; Haag, Compt. 
Rend., 1922,176, 32. 
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which he deduced from theory, gives better results. A combination of (10) 
and (5) enables the mean free path to be deduced from a measurement of the 
coefficient of thermal conductivity. In theory, also, a measurement of is 
possible from (9), c^^kjr], but this probably holds only for a monatomic gas 
(see below). 

A more general equation is: 

.(11) 

where is a constant which is found empirically to be independent of tempera¬ 
ture and pressure over a wide range, and seems to depend principally on the 
number of atoms in the molecule. ^ For molecules repelling one another with a 
force inversely proportional to the fifth power of the distance between their 
centres Maxwell ^ found ^^2=2*5. For monatomic gases Chapman ^ 
found for a law of force F^fir^ the value 2-500 as a first approximation (for 
5'=5 this is exact); further approximations alter this by only about 1 per cent., 
the greatest deviation being for elastic spheres, for which A^=2-522. Enskog ^ 
also obtained a general formula which gives Ar=2*500 for s^5; he gave the 
following values of A", and the theoretical value 2-5 is seen to decrease at low 
temperatures: 

He 0° C. 2-40 ~191-6® C. 2-33 -252.r C. 2 02 
A O^C. 2*49 182-5^ C 2*57 
Ne 10" C 2-501 

Eucken ^ suggested that Ar=l for the transport of the internal (non-transla- 
tional) energy of molecules. 

Jeans ^ suggested that the simple equation (9), k=^r}c^, might apply to the 
rotational energy, and Maxwell’s equation k^^c^ to the translational energy. 
If n is the total number of degrees of freedom, the specific heats are given (see 
§ 29.V1I E) by C^^\nR and Cp=y(«+2)i? per mol, hence CplC^^y={n+2)ln, 
The factor K for the thermal conductivity equation, on the above assump¬ 
tion, is: 

[3x|+(/7-3)]//i=[9(n+2)--5/r]/4wr=i(9y-5), 

an equation given by Eucken.^ 

Ha He Oa A CO COa NaO C2H4 

khcv obs. 1-89 2-38 1-93 2-49 1*88 1.52 1-72 1-55 
i{9y- -5) 1-90 2-44 1-90 2-44 1-91 1-72 1-73 1-55 

1 Eucken, Phys, Z., 1911, 12, 1101; 1913, 14, 324; Briiche and Littwin, Z. Phys., 1931, 
67, 362. 

2 Phil. Trans., 1867, 157, 49; “Scientific Papers,” Cambridge, 1890, 2, 26; Boltzmann, 
“ Voflesungen fiber Gastheoric,” Leipzig, 1896, 1, 176. By an arithmetical error, Maxwell 
gave 5/3 instead of 5/2=2*5 for K. Schleiermacher, Ann. Phys., 1889, 36, 346, found 3*15 
for mercury vapour. Pidduek, Proc. Roy, Soc,, 1922, 101, 101, concluded that 
for monatomic or non-rotating molecules; for deviations from 2*5 with dipole molecules, sec 
Chapman and Hainsworth, Phil, Mag., 1924, 48, 593; Schfifer, Z. phys, them,, 1943, 53 B, 
149. Trautz and Zundel, Ann. Phys., 1933,17, 345, found A=5/3 for propane. 

3 Phil, Trans., 1912, 211, 433; 1915, 216, 279; Jones, ibid,, 1923, 223, 1; Herzfeld, Ann, 
Phys., 1935, 23, 476. 

4 Phys.Z., 1911, 12, 56, 353; Dissert., Uppsala, 1917; Ubbink. Physica, 1947, 13, 629, 659; 
1948, 14, 165; Amdur, J, Chem, Phys., 1947, 15, 482; 1948, 16, 190; Hirsohfeldef* Bird and 
Spotz* ibid,, 1948,16,968. 

5 “ Kinetic Theory of Gases,” 1940,190. 
Phys. Z,, 1911, 12, 1101; 1913, 14, 324; the equation was ttot confirmed by Ubbink, 

Physica, 1948, 14, 165. 
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Hercus and Laby i gave the following table: 

Gas kxW 
at 0° C. Cp y 

r;Xl04 
at 0° C. K 

He 32*7 1-255 1-667 0-753 1 -883 2*31 
A 3*85 0-123 1-667 0-0744 2-108 2-47 

H2 36*3 3-407 1-399 2-406 0-852 1-76 
N2 514 0-244 1-401 0-175 1 -673 1-76 
Oi 5-35 0-218 1-401 0-1531 1-925 1*79 
Air 5-22 0-239 1-402 0-1715 1 -733 1-76 
NO 4-93 0-231 1-397 0-1654 1-737 1-73 
CO 5 05 0-246 1 405 0-1751 1-677 1*72 

CO2 ! 3-25 0-2015 1-300 0-160 1 -428 1-45 
N2O 3-34 0-220 1-317 0-1751 1-364 1-47 
H2S 2-81 0-2389 1-317 0-1814 1-154 1-34 
SO2 1-80 0-1527 1*258 0-1061 1-204 1-35 

Eucken,2 taking k for air as 0-0000566 at O'" C. and 1 atm., found the following 
values of k (which later measurements by Weber, quoted in § 4, show are 
often quite inaccurate); the other columns give the values for the viscosity 
(rj), specific heat (4), and the constant K of equation (11). 

^Xl07 7/X107 (’v K 

He . 3360 1876 0-746 2-40 
A . 390 2102 0-0745 2-49 
H2 . 3970 850 2-38 1*965 
Nz . 566 1676 0-177 1-905 
O2 . 570 1922 0-155 1-913 
CO . 542-5 1672 0-177 1-835 
NO . 555 1794 0-1655 1-870 
Clz . 182-9 1237 0-082 1-803 
SO2 . 195-0 1183 0-103 1-601 
CO2 .; 337-0 1380 0-1500 1*628 
N2O . 351-5 1362 0-1575 1-640 
CS2 . 161-5 924 0-11 1-59 
H2S . 304-5 1184 0-180 1-435 
H2O . 429 1006 0-342 1-25 
C2H2 . 440 943 0-295 1-58 
NH3 . 513-5 926 0-388 1-429 
CH4 . 714-5 1029 0-405 1-715 
C2H4 . 407 906-6 0-293 1-53 
C2H6 . 426 855 0-33 1-51 

The high thermal conductivities of hydrogen and helium are noteworthy. 
Equation (9) shows that k should be independent of pressure to the same degree 

1 Proc, Roy. Soc,, 1919, 95, 190; Hercus and Sutherland, ibid., 1934, 145, 599; for other 
values, see Kuenen, “ Die Eigenschaften der Case ” (Ostwald-Drucker, “ Handbuch der 
allgemcinen Chemie,** 3), Leipzig, 1919, 115; Landolt-Bomstein, “Tabellen,” 5th edit., 1923, 
2, 1304; Laby and Nelson, “ Internat. Crit. Tables,” 1929, 5, 213; Guareschi, Atti R. Accad. 
Lined, 1936, 23, 603, 690; 1938, 27, 92, 

2 Phys. Z., 1911,12,1101; 1913,14, 324. 
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as the viscosity (since is practically independent of pressure), and this is con¬ 
firmed experimentally.^ For actual gases and vapours there is some dependence 
of k on pressure.2 Schafer and Foz Gazulla ^ regarded pressure dependence of 
k as indicating dissociation of molecular aggregates. Schafer, Rating, and 
Eucken ^ explained the decrease of k for carbon dioxide at lower pressure as 
due to limitation of exchange of translational and vibrational energy. Ubbink ^ 
found 1-1 per cent, increase in k for 100 cm. Hg pressure increase for hydrogen 
at 20"" K.; for helium, k was independent of pressure at 20° K. but increased by 
5*2 per cent, at 4° K. between 0 and 100 cm. Hg pressure. 

Comings and Nathan ^ assumed that the correlation of viscosity data could 
be used as a first approximation to correlate conductivity data at high pressures 
by assuming that kJki^rjJrji, although this assumption (derived from trans¬ 
port theory based on the kinetic theory of gases) will not hold exactly for non¬ 
ideal gases. Enskog’s equation of state was used, p+ap^=^(RTIM)p(l+bpx), 
where p=density, and kJkx=hp(llbpx+l-2+0'1574bpx), a and b being 
constants. If x is a function of density only, bpx^{MIRp){ApjdT)^--\, 
Plots against reduced pressure were used, the graphs resembling those for 
viscosities (Fig. 2.V11 F). 

Curie and Lepape,'^ with results from the rate of cooling method (§ 4) found: 

He Ne A Kr Xe 
A:xl05 33-63 10-92 406 2-12 1-24 
ko/'^Cv 2-42 2-49 2*59 2'54 2-58 

Sherratt and Griffiths * found that kjric^ increased in the interval 0°-300° 
only from 1*68 to 1*70 for carbon dioxide, whilst for air it increased from 1*96 
to 2*06. Gregory and Dock ^ found that for hydrogen increased from 
2*0 at room temperature to 2*27 at liquid oxygen temperature. The value of 
klT]c^ for steam at 70°~250° depends somewhat on temperature; at 288°~476° 
the dependence is greater, the value rising from 1*416 at 288*8° to 1*546 at 
476*7°. 

Pollock,using Eucken’s results, found /k=7*32('}/—l)//!*^, where 
and K is the constant in (11). Laby and Hercus,!^ using better experimental 
data, found a linear plot of K against I/y, and Pollock i^ then gave the improved 
formula K^6-\5{\-y)ly. 

1 Gregory and Archer, Phil. Mag., 1926, 1, 593; 1933, 15, 301; Gregory and Dock, ibid., 
1938, 25, 129; Varghaftik, Techn. Phys. U.S.S.R., 1937, 4, No. 5, 341; Amer. Chem. Absir., 
1937, 31, 6958; Jeans, “ Kinetic Theory of Gases,” 1940,189. 

2 Enskog, K. Svensk. Vet. Akad. Handl., 1922, 63, No. 4; Arkiv Mat. Astron. Fys., 1922, 
16, No. 16; for steam, see Milverton, Proc. Roy. Soc., 1935, 150, 287; Varghaftik, Techn, 
Phys. U.S.S.R., 1937, No. 5,4, 341; Amer. Chem. Ahstr., 1937, 31, 6958. 

An. Fis. Quim., 1942, 38, 316; Foz Gazulla and Senet, ibid., 1943, 39, 399; Foz Gazulla 
and Schafer, Z. phys. Chem., 1942, 52 B, 299; Foz Gazulla and Perez, ibid., 1944, 193, 162 
{SO2). 

** Ann. Phys., 1942, 42, 176, 
5 Physica, 1948,14,165 ; cf. de Boer, ibid., 1943, 10, 348. 
6 Ind. Eng. Chem., 1947, 39, 964 (bibl.). 
7 Compt. Rend., 1931,193, 842; J. de Phys., 1931,2, 392. 
8 Phil. Mag., 1939, 28, 68. 
9 Phil. Mag., 1938, 25, 129. 

Varghaftik, Amer. Chem. Abstr., 1937, 31, 6957; Rudorff, Eng. and Boiler Home Rev., 
1946, 60,100; cf. Dorsey, “ Properties of Ordinary Water Substance,” New York, 1940,121. 

J. Roy. Soc. N.S. Wales, 1915, 49, 249. 
12 Proc. Roy. Soc., 1918, 95, 209. 
13 Proc. Roy. Soc. N.S. Wales, 1919, 53,116. 
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§ 2. Values of Thermal Conductivities 
The following values are all in g.cal. sec.~^ deg. C.“^ 

Air 0" 0-0000568 1 A 0° 0-0000385 3 
0-0000566 0 j 0-00003961 6 
0-00005777 5 D2 0° 0-0003031 5 

~59‘^ 0-00003678 2 1 O2 0° 0-00005889 5 
-149-5° 0-00002146 2 0-00005768 3 

H2 0° 0-0004245 5 CO2 0° 0-00003393 3 
0-0004165 3 0-00003375 6 

-59° 0-0002393 2 0-0000347 8 
-150° 0 0001175 2 -59° 0 00002645 2 

(2-14x10 <‘)ro-‘^38 7 ! N.O 0° 0-0000353 3 
He 0° 0-0003438 3 CH4 0° 0-0000770 3 
Ne 0° 0-0001087 3 0-00007205 

0-0001091 4 C3H8 0° 0-00003549 5 
-74-37° 0-0000879 3 CO 0° 0-00005399 6 

-181-43° 0-0000499 3 

Mann and Dickins ^ by the Schleiermacher method (§ 4), found the following 
values of A: x 10^ at O'", and the temperature coefficients a, where A:^=A'o(l +a/): 

A X 105 a AX105 a 

Air . 5'79 0-0028 w-butane .1 3-22 0-0074 
Methane . 7-21 ! 0-0049 /^(7-butane . 3-32 — 

Ethane . 4-36 0-0066 «-pentane . 3-12 — 

Propane . 3-60 0-0074 «*hexane . 2-96 — 

Both values appear to approach a limit with increasing number of carbon atoms. 
Ulsamer gave the following selected values of Arx 10^ at 0°: 

Air H2 O2 N2 CO2 

5-74 41-39 5-83 5-73 3-44 

Dickins,^ 1 by the Schleiermacher method, found the following values at 0° C., 
all higher than the average of previous values but in better agreement with these 
if only the Schleiermacher values are included; the values are xlO^ and the 
second figure is the temperature coefficient a X10^: 

He 351-0 21 CO 55-8 29 N2 58-1 29 SO2 20-6 39 
A 39-8 25 O2 59-0 30 N2O 36-4 47 NH^ 52-2 48 
H2 417 28 Air 58*4 29 CO2 35-1 47 

1 Winkclmann, Ann. Phys., 1893, 48, 180. 
2 Eckerlein, Ann. Phys., 1900, 3, 120. 
3 Weber, Ann. Phys., 1917, 54, 325, 437, 481; Proc. K. AkacL Wclens. Amsterdam. 1919, 

21, 342 {Comm. Leiden Suppl. 41b). 
^ Bennewitz, Ann. Phys., 1915,48, 577. 
5 Nothdurft, Ann. Phys., 1937, 28, 137, 157. 

Trautz and ZUndel, Ann. Phys., 1933, 17, 345. 
2 Gregory and Dock, Phil. Mag., 1938,25,129. 
8 Archer, Phil. Mag., 1935,19,901. 
^ Proc. Roy. Soc., 1931, 134, 77; for hydrocarbons, see Delaplace, Compt. Rend., 1936, 

203, 1505; 1937, 204, 263; 1938, 206, 1646. 
10 Z. Verein D. Ing., 1936, 80, 537. 
n Proc. Roy. Soc., 1934,143,517; Milverton, FM. Mag., 1934,17, 347, found 0 0000581 for 

air by this method. 
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Shushpanov ^ found the molar thermal conductivities {k x mol. wt. M) of 
vapours of normal aliphatic alcohols from methyl to amyl to be linear functions 
of the number n of CH2 groups in the molecule, Mk^an+b, Values of A: x lO”^ 
for dialkyl ether vapours found by Gribkova2 at IW are: CH3OG2H5 582, 
CH3OC3H7 539, CH3OC4H9 500, C2H5OC.H5 562, C2H5OC3H7 504, 
C2H5OC4H9 470, C3H7OC3H7 464, (/5(?-C3H7)20 483, C3H7OC4H9 425, 
C4H9OC4H9 401. From 50" to 130" the value of k increases linearly in all cases 
by about 45 per cent.; k decreases with increasing mol* wt. and is greater for 
iso- than for n-compounds, 

Gregory and Marshallfound for O2 /c=5*89xl0“-\ a=0*00289; N2 k^ 
5*80 X 10“^, a=0-00293. The results of Gregory and Archer ^ require correc¬ 
tion for the temperature discontinuity between the hot wire and gas^ (§ 4.VII J); 
this changes the values they found for air and hydrogen from 0*0000585 and 
0*000406 to 0*0000533 and 0 000379, respectively. Miiller ^ found that the 
thermal conductivity of air increased with temperature more slowly than the 
viscosity. 

§ 3. Effect of Temperature on Thermal Conductivities of Gases 

The investigations of the effect of temperature on the thermal conductivity 
of gases at first gave contradictory results. Graetz,'^ Winkelmann,® and 
Christiansen ^ found a much smaller increase with temperature than was 
the case with the viscosity, k being approximately proportional to y^T, 
Schleiermacher,^^ on the contrary, found a much larger dependence of k on the 
temperature, the coefficient being approximately the same as for the viscosity. 
Eucken found at the absolute temperatures stated, r;o and k^ being the values 
at 273" K.: 

r°K. k/ko vho IcrjolkoT] 

He . 81*5 0*441 0*474 0*930 
21 0*155 0*184 0-843 

A . 906 0*364 0-352 1*034 
H2 . 194*6 0*774 0*790 0*980 

81*5 0*335 0*444 0*754 
21 0*0813 0*107 0*760 

N2 . 81*6 0*322 0*333 0*965 
O2 . 194*6 0*745 0*754 0*988 

81*6 0*302 0*335 0*900 
CO . 194*6 0*730 0*764 0*957 

81*6 0*302 0*337 0*896 
CO2 . 194*6 0*656 0*745 0*88 
NH3 . i 215*5 0*764 0*817 0*936 
CH4 . 194*6 0*702 0*770 0*912 

91*5 0*314 0*340 0*924 

1 J. Exptl Theor. Phys. U.S.S.R., 1939, 9, 875; 1940,10, 674. 
2 J. ExptL Theor, Phys, U.S.S.R., 1941, 11, 364. 
3 Proc. Roy. Soc„ 1927, 114, 354; 1928, 118, 594. 
4 Phil. Mag., 1926,1, 593. 
5 Hercus and Laby, Phil. Mag., 1927, 3, 1061. 
6 Phys. Z., 1900, 2, 161. 
7 Ann. Phys., 1892, 45, 298; in Winkelmann, “ Handbuch der Physik,” 1906, 3, 528. 
8 Ann, Phys., 1883,19, 649; 1892,46, 322; 1893,48,180. 
9 Ann. Phys., 1881, 14, 23; Eichhom, ibid., 1890, 40, 697; Eckertein, ibid., 1900, 3, 120; 

Pauli, ibid,, 1907, 23, 907 (gases and vapours). 
10 See § 4. 
H Phys. Z., 1911, 12, 1101; 1913, 14, 324. 
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These figures show that the temperature coefficients of the thermal conduc¬ 
tivity and viscosity are not very different, but the first (except for argon) is less 
than the second. The accuracy of these results is not very high. 

Two theoretical equations for the temperature dependence of k make it 
proportional to \/r (Clausius),^ and proportional to T (Maxwell),^ Eeker- 
lein’s ^ experiments with carbon dioxide favoured Maxwell’s formula, and 
most modern results give a linear dependence on tem¬ 
perature. Gregory and Dock ^ found for hydrogen, 
A:=w(2-14x The theory of the thermal con¬ 
ductivity of a dissociating gas (N204^2N02) was 
developed by Nernst.^ 

§ 4* Determination of Thermal Conductivity of Gases 

The experimental methods ^ for the determination of ^ 
the thermal conductivity of a gas are principally two. 
The first or plate method was developed by Stefan.^ 
Fig. l.VII G shows Winkelmann’s modification of 
Stefan’s apparatus. An inner massive copper cylinder 
a, of mass m and specific heat c, was drilled at the top 
to receive a thermocouple tit2, and cemented by sealing 
wax into a supporting glass tube d, fixed by a rubber 
stopper covered by a screwed plate hi into the cover of 
an outer copper cylinder b, closed by a screwed lid fg 
and provided with an inlet tube for the gas, which filled 
the space between the two cylinders at low pressure (to 
avoid convection).® The apparatus was plunged into Fig. l.VII G. Winkel- 
ice-water and the rate of fall of the temperature of the mann’s Apparatus for 

inner cylinder determined. Thermal Conduc- 
If ^=mean of the areas of the two cylindrical surfaces, tivity of a Gas 

1 Ann. Phys.f 1862, 115, 1. 
2 Phil. Mag., 1860, 19, 19; 1860, 20, 21; “Scientific Papers,** Cambridge, 1890. 2, 377 

(403). 
3 See note 9 on p. 894. 
^ Phil. Mag., 1938, 25, 129. 
5 Ann. Phys., Boltzmann Festschr., 1904, 904; Riewe and Rompe, Z. Phys., 1937,105, 478. 
6 Graetz, in Winkelmann, “ Handbuch der Physik,” 1906, 3, 526; Eucken, in StMhler, 

“Arbeitsmethoden der anorganischen Chemie,” Leipzig, 1913, 3, i, 581; Kuenen, “Die 
Eigenschaften der Gase ” (Ostwald-Drucker, “ Handbuch der allgemeinen Chemie,” 3), 
Leipzig, 1919, 112;’jTrautz and Ziindel, Z. techn. Phys., 1931,12, 273 (bibl., 204 refs.). 

t Dulong and Petit, Ann, Chim., 1818, 7, 113, 223, 337; Magnus, Ann, Phys., 1861, 112, 
351; Narr, ibid., 1871, 142, 123; Stefan, Wien Ber., 1875, 72, II, 69; Plank, ibid., 1875, 
72,11, 269; 1876, 74, II, 215; Kundt and Warburg, Ann. Phys., 1875,156,177; Winkelmann, 
ibid., 1875, 156, 497; 1876, 157, 497; 1876, 159, 177; 1881, 14, 534; 1883, 19, 649; 1883, 
20, 350; 1886, 29, 68; 1891. 44, 177, 429; 1893, 43, 180; Graetz, ibid., 1881, 14, 232, 541; 
Eichhom, ibid., 1890, 40, 697; Muller, ibid., 1897,60, 82; Rayleigh,P/i//. Mag., 1899, 47, 314; 
Eckerlein. Ann. Phys., 1900, 3, 120; Pauli, ibid., 1907, 23, 907; Todd, Proc. Roy. Soc., 1909, 
33, 19; Qiacomini, Verhl. d, D. Phys. Ges., 1918, 20, 94; Hercus and Laby, Proc. Roy. Soc., 
1919, 95, 190; Hercus and Sutherland, ibid., 1934, 145, 599; Henderson, Phys, Rev,, 1920, 
15,46; Ubbink, Physica, 1947, 13, 629, 659; 1948,14,165 (low temperatures). For an elegant 
theory of the apparatus, based on conformal representation, see Kutta, Ann. Phys., 1895, 
54,104. 

8 WassiJjewa, Dissert., Gpttingcn, 1905; Phys,Z„ 1904,5, 737; Langmuir, Phys, Rev,, 1912, 
34, 401; below 150 mm. the effects of convection are small; Rundt and Warburg found the 
followmg figures for the times of equal cooling in air: 19*5 mm,, 277 sec.; 9 mm.* 277 sec,; 
4 mm., 278 sec.; 0*5 mm., 280 sec. 
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thickness of layer of gas, then the heat given up in a time element dt by 
the inner cylinder is 

-mcd0=kAie/d)di .(1) 

(since the temperature of the inner cylinder is 9° and that of the outer cylinder 
0°), this equation expressing the law that the loss of heat is proportional to the 
area of the surface, the time, and the temperature difference (0-0), and inversely 
proportional to the thickness of the conductor (the gas). Put: 

kAlmcd=const.=x .(2) 

(l/0)(d0/d/)=-a.(3) 

In 0=—al+const.(4) 

For 1=0, 0=0o=initial temperature of inner cylinder, 

In0=ln0o-at .(5) 

or d=0(p~‘“  (6) 

By measuring the rate of fall of temperature of the inner cylinder, the constant 
a is calculated from (5) or (6), and thence k is calculated by (2). If relative 

values only are re¬ 
quired, a need not be 
determined in terms of 
equation (2), since for 
the same apparatus and 
two different gases: 

ai/x2=ki/k2 (7) 

A correction for the 
conduction along the 
tube d, and one for 
heat transmitted by 
radiation, are necessary 
in the absolute determi¬ 

nations; the second is determined with the apparatus vacuous, since then heat 
is transmitted by radiation alone, and this is subtracted from the observed 
transfer when the apparatus contains gas. Curie and Lepape,^ by Dulong and 
Petit’s method of the rate of cooling of a thermometer in the gas, found the 
conductivities of the inert gases. 

Hercus and Laby used two plates of silvered copper with a guard ring, ac¬ 
curately separated horizontally by ivory spacers. The upper plate was elec¬ 
trically heated, and the lower cooled by flowing water, a temperature difference 
of about 28° being used. The distance between the plates was 6-28 mm. The 
temperatures were measured by thermocouples. The heat flow downwards 
(to avoid convection) was measured by the input of electrical heating energy 
and a correction for radiation was applied. 

The second general method is the hot-wire method, generally called Schlcier- 
macher’s method, although the principle goes back to Andrews 2 and the method 
was used for determination of thermal conductivity by Bottomley.^ The appa¬ 
ratus used is shown in Fig. 2.VII G (Wachsmuth, 1907). The glass tube GG' 

1 Compt. Rend., 1931, 193, 842. 
2 Proc. Roy. Irish Ac^., 1840,1,465; “ Scientific Papers,*^ 1889, 66. 
5 Proc. Roy. Soc,, 1884, 37, 177; Schleiennacher, Ann. Phys., 1885, 26, 287; 1888, 34, 623; 

1889, 36, 346; Eichhom, ibid., 1890, 40, 697; Graetz, ibid., 1892, 45, 298; dissertations flom 
Dorn’s laboratory (Halle) by Schwarze (1902), Ann. Phys., 1903, 11, 303; Pjtys. Z., 1903, 4, 

Fig. 2.VII G. Schleiermacher’s Apparatus for the Determi¬ 
nation of the Thermal Conductivity of a Gas. (The repre¬ 
sentation of the spring at S is simplified, the thin platinum 
wire being attached to the thicker platinum leads pg and 
p"g', and the stretched spiral spring being anchored at one 
end and attached to the wire at the other.) 



§4 DETERMINATION OF THERMAL CONDUCTIVITY OF GASES 897 

contains a thin platinum wire aa' stretched along the axis by a steel spring at 
S, and heated electrically by a current. The wire is sealed into the tubes rr 
through thicker platinum wires at the ends, and contact is made by mercury to 
the heating current. The thin platinum wires ee' communicate through the 
mercury contacts rr to a Wheatstone's bridge, where the resistance of the 
defined part of aa' is measured. The gas is admitted through p at reduced 
pressure, and the tube is immersed in a water bath at a constant temperature. 
A stationary state is reached when as much heat is lost by conduction and 
radiation from the wire as is supplied by the heating current, the radiation loss 
being separately determined with the apparatus vacuous. No heat is lost by 
conduction through the thin wires ee', as these are at the same temperature as 
the axial wire. 

If R is the resistance of the axial wire (from which the temperature 6i is 
calculated by the platinum resistance thermometer formula, § 7.VI A) and 
I the heating current, the Joule heat generated per sec. in the wire is q=PR. 
Let / be the length of the wire, ri its radius, ^2 the radius of the outer tube, and 
62 the temperature of the bath. The temperature gradient is radial, and 
dO/dx can be put equal to dd/dr. The surface of an imaginary cylinder of 
length I and radius r with the wire as axis is lirlr. The heat passing by conduc¬ 
tion only per sec. through this surface is A:. 277/*/. d0/dr, therefore 
q'drlr=—27Tkldd, Integrate on the left side from r=A*i to r=r2 and on the 
right from to 0=02» then q\lnr2—lnri)=^—27Tkl(d2’-0i), hence 
q'=27rkl(Oi — 02)/(in r2““In r|), and: 

^ = 27rA:/((9i-02)/(in '•2-ln r^)+S.(8) 

where S is the radiation loss, from which k may be calculated.^ The apparatus 
may be used to find relative values of in which case the value of 27T//(ln r2— 
In r{) is constant. The method requires careful attention to detail.^ 

Dickins ^ used the equation for heat transport: 

^=277A:/(0i-02)/[ln {r2lri) +Xjp], 

229; Gunther (1906); Wachsmuth (1907); and Krey (19J2); Goldschmidt, P/iys, Z., 1911, 12, 
417; Eucken, ibid,, 1911, 12, 1101; 1913, 14, 324; Vogel, Dissert,, Berlin, 1913; Ann. Phys., 
1914, 43, 1235; Langmuir, J.A.C.S,, 1912, 34, 860; Isnardi, Z. Elektrochem., 1915, 21, 405; 
Weber, Ann. Phys., 1917, 54, 325, 437, 481; 1927, 82, 479 (values 1 per cent, higher than 
previous); idem, Proc. K. Akad. Wetens. Amsterdam, 1919, 21, 342; Moeller, Whs. Abhl. 
SiemenS’Konzern, 1920, 1, 147; Busch, Ann. Phys., 1921, 64, 401; Hurst and Rideal, J.C.S., 
1924, 25, 694; Schneider, Ann. Phys., 1926, 79, 177; 1926, 80, 215; Hercus and Laby, Phil. 
Mag., 1927, 3, 1061; Gregory and Marshall, Proc. Roy. Soc., 1927, 114, 354; 1928, 118, 594; 
Gregory and Archer, Proc. Roy. Soc., 1928, 118, 594; Eucken and Suhrmann, “ Physikalisch- 
chemische Praktikumsaufgaben,” Leipzig, 1928, 95; Bonhoeffer and Harteck, Z. phys. Chem,, 
1929, 4 B, 113; Wilncr and Borelius, Ann. Phys., 1930, 4, 316 (N2 at 500°); Jenckcl, Z. phys. 
Chem., 1931, 155, 100; Kannuluik and Martin, Proc. Roy. Soc., 1934, 144, 496; Laby, ibid., 
1934, 144, 494; Dickins, ibid., 1934, 143, 517; Sachsse and Bratzler, Z. phys. Chem., 1934, 
171, 331; Milverton, Phil. Mag., 1934, 17, 397; Gregory, Proc. Roy. Soc., 1935, 149, 35; 
Farkas and Farkas, “ Orthohydrogen, Parahydrogen, and Heavy Hydrogen,” Cambridge, 
1935; Gregory and Dock, Phil. Mag., 1938, 25, 129; Sherrattand Griffiths, ibid., 1939,27, 68; 
Munch, Ind. Eng. Chem., 1945,37, No. 8, 85; Taylor and Johnston, J. Chem. Phys., 1946, 14, 
219; Johnston and Grilly, ibid., 1946,14, 233. 

1 Preston, “Theory of Heat,” 1894, 546; WUllncr, “ Lchrbuch der Experimentalphysik,” 
Leipzig, 1896, 2, 341; Christiansen, “ Elements of Theoretical Physics,” 1897, 301; for correc¬ 
tions for leads, see Busch, Ann, Phys., 1926, 80, 33; other corrections, Weber, ibid., 1926, 
82,479. 

2 Sherratt and Griffiths, Phil. Mag., 1939, 27, 68; for a modified method, see Delaplacc, 
Compt. Rend., 1936, 203,1505; 1937, 204,263; 1938, 206,1646; for low temperatures, Ubbink 
and de Haas, Physica, 1943,10,451. 

3 Proc. Roy. Soc., 1934,143, 517. 
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where XIp is the correction for accommodation coefficient (§ 5.V1I J) and 
temperature discontinuity. By plotting 1/^ against Ijp a straight line was 
obtained below certain values of p (when convection was negligible), and by 
extrapolation k could be found from the intercept. 

Trautz and Ziindel ^ found that the Schleiermacher apparatus used by Eucken 
gave unsatisfactory results, but they devised a form (“ block apparatus ”) 
which they claimed gave results accurate to 0*1 per cent. Fischer ^ also found 
that Eucken’s apparatus left much to be desired in accuracy. 

Thermal conductivity methods have been used in gas analysis.^ The Schleier¬ 
macher method has been used to determine the concentrations of ortho- and 
para-hydrogen, and of deuterium, in hydrogen,^ but very much more careful 
work is necessary than was at first used,^ and earlier results found by rather 
crude apparatus are of little value. One rather unexpected source of error ^ 
is that, in certain circumstances, especially at low pressures, the temperature 
gradient along an electrically heated wire in hydrogen may suddenly become 
unstable, and different parts of the wire then have different temperatures; some 
spots may even become red-hot. This effect is not found in vacuum or in 
other gases, but only in hydrogen—the gas which, it may be noted, is the one 
generally used with the method. The apparatus must be pumped out at 400° 
for some hours between each experiment. 

The thermal conductivity of a paramagnetic gas (like its viscosity, § 2.V1I F) 
is slightly affected by a magnetic field. 

§ 5. Thermal Conductivity of Gas Mixtures 

Deviation from additivity of thermal conductivity in gas mixtures is to be 
expected when there are differences in the attractive forces (or attractive poten¬ 
tials),* or in the masses,^ of the molecules of the components. The simple 
kinetic theory gives for a mixture of gases of conductivities ki, k2, and with 

1 Ann. Phys., 1933, 17, 345. 
2 Ann. Phys., 1939, 34, 669. 
3 Daynes, “Gas Analysis by Measurement of Thermal Conductivity,” Cambridge, 1933; 

Smith, Bur. Mines. Rep. Invest., 1934, 3250 (He in natural gas); Pieters, Chem. Weekbi, 
1940, 37, 316; Minter, J. Chem. Educ., 1947, 23, 237. 

^ l^nftleben, Z. phys. Chem., 1929, 4 B, 169; Farkas, ibid., 1933, 22 B, 344; Proe. Roy. Soc., 
1934, 144, 467; Gross and Steiner, Mikrochemie, 1935, 17, 43 (micro-app.); Eley and Tuck, 
Trans. Faraday Soc., 1936, 32, 1425; Holland and Melville, ibid., 1937, 33, 1316; Nature, 
1937,140, 63; Twigg, Trans. Faraday Soc., 1937, 33,1329; Burshtein, J.Phys, them. U.S.S.R., 
1937, 9, 870; Acta Physicochim. U.R.S.S., 1937, 6, 815; Trenner, /. Chem. Phys., 1937, 5, 
382; Gregory and Archer, Proc. Roy. Soc., 1938, 165, 474 (D2). 

5 Farkas et al., Proc. Roy. Soc., 1935, 152, 124; Nature, 1936, 137, 315; Fajans, Z. pkysi. 
Chem., 1935, 28 B, 239; Newell et al. Nature, 1936, 137, 69; Wirtz, Z. phys. them., 1936, 
32 B, 334. 

« Busch, Ann. Phys., 1921, 64, 401; 1926, 80, 33; Lenher and Taylor, J.A.C.S., 1929, 51, 
2741; Farkas and Rowley, Z. phys. Chem., 1933, 22 B, 335; Walton, Trans. Faraday Soc., 
1938, 34, 450. 

7 Senftleben, Phys. Z., 1930, 31, 961; Bonwitt and Groetzinger, Z. Phys., 1931, 72, 600; 
Senftleben and Pietzner, Ann. Phys., 1933, 16, 907; 1936, 27, 108, 117; 1937, 30, 541; Phys- 
Z., 1934, 35, 986; von Laue, Ann. Phys., 1935, 23, 1; 1936, 26, 474; Rieger, ibid., 1938, 31, 
453; Torwegge, ibid., 1938, 33, 459; B^ker, Z. Naturforsch., 1947, 2 A, 297. 

« Schmick, Phys. Z., 1928, 29, 633; Gruss and Schmick, Wiss. Veroffi. Siemens-Konzern, 
1928, 7, 202; Kornfeld and Hilferding, Z. phys. Chem., 1931, Bodenstein Festb., 792. 

^ Weber, Ann. Phys., 1917,54,481; Ibbs and Hirst, Proc. Roy. Soc., 1929,123,134; Sachsse 
and Bratzler, Z. phys. Chem., 1934, 171, 331; Rieph^m^ier, Senftleben, and Pastorff, Am- 
Phys., 1934, 19, 218. 

Wassiljewa, Phys. Z., 1904, 5, 737; Wachsmuth, ibid., 1908, 235; Enskog, Arktv Mat. 
Astron. Fys., 1922, 16, No. 16; Schmick, Phys. Z., 1928, 29, 633. 
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partial pressures p\, p2: 

k=-. 
1+Aip2lpi) \+B(pilp^ (1) 

(2) 

where mj, m2 are the masses of the molecules, and 171, '»]2 the viscosities. Weber 1 

found, however, that the experimental A and B values could be either greater or 
less than the theoretical, and varied with the proportions in the mixture. For 
example, with hydrogen and oxygen, A was 3*06 and 2*37 with one mixture, and 
1*38 and 0*92 with another; with argon and helium, values for one mixture 
were 0*38 and 1*62, and with another 2*92 and 1 *16; for hydrogen and carbon 
dioxide, ^*=1*01, B==2*56 (theor.), yi=2*70, ^=0*40 (obs.). 

Ishikawa and Yagi ^ found a rapid increase in thermal conductivity in 
mixtures of CO and CO2 as compared with the separate gases, at low pressures, 
reaching a maximum value. 

In Schmick’s formula, the coefficients A and B in (1) are: 

, , , , .,I-Wi©i/(/ni+W2) + 
A-{ajdi)2--V[("Ji+W2)/2w2] 

B=(ald2Y 

0-797 

1—W2@2/('”1+W2) 
V[(wi+m2)/2mil 

(l + Ci/J) 

(i + CnIT) 
0.797 viv-i . + 

where du d2 are the molecular diameters, o—\{di-\-d^. 

(9 _ , 1 _ , ■v/(mi+W2)+\//»2' 
^ 2(wj+/M2) y'{mi+ni-^—^/m2 

^_W2__m2^ V(wi+m2)+\/mi [ 

f3) 

(4) 

Cl, C2, and Cl2 are the Sutherland constants (§ 5.VII F), where C12 may be 
taken as If di=d2, the equation (1) can be used with the constants 
A and B as given. The same constants arc to be used in the formula for the 
viscosity of a gas mixture (§ 7.VII F). 

For most practical purposes the simpler quadratic formula 

k=ki(ni/nP+ki2(ni«2/«^)+^2(«2/«)^ .... (5) 

can be used, where ki, ^2 are the conductivities of the component gases, A:i2 

is an empirical constant; ni/« and «2//i are the fractional concentrations in 
mols or volumes {n—n\+n^^ Sometimes, but not always, the mixture rule 
applies: 

k—ki{niln)+k2{n2lri).(6) 

1 See note 9 on p. 898. 
2 Bull. Inst. Phys. Chem. Res. Tokyo^ 1943, 22, 12. 
3 Kennard, “ Kinetic Theory of Gases,” New York, 1938, 183. 
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H. DIFFUSION OF GASES 

§ 1. Diffusion 

One apparent objection to the kinetic theory was the slowness of the diffusion 
of one gas into another when the molecules are supposed to be moving with high 
speeds approximating to a mile a second. This was answered by Clausius,^ 
who showed that the moving molecules are constantly deflected by collisions, so 
that the free path is very short and zig-zags about in the gas; a molecule has to 
make an enormous number of collisions before it can move appreciably for¬ 
ward. At very low pressures, diffusion should be much faster. 

The kinetic theory of diffusion is one of the more complicated parts of the 
theory; Tait 2 said that “ the higher parts of the theory of this subject are very 
complex and difficult, and cannot yet be considered as at all satisfactorily 
developed.” In what follows the fairly straightforward treatment due essen¬ 
tially to O. E. Meyer ^ is given, but the subject still bristles with difficulties. 
Other more accurate treatments are given by Maxwell,^ Boltzmann,^ Jeans,<5 
Langevin,'^ and Chapman; ^ a brief statement of some of their main results is 
given at the end of this section. 

Consider ^ a non-uniform mixture of two gases containing Ni molecules of 
one gas and N2 molecules of the other per cm.*^; at constant temperature and 
total pressure the total number N=Ni+N2 per cm.^ is constant (Avogadro's 
hypothesis) throughout the diffusion. The ratio N1IN2 varies along the vertical 
z axis, but since N1+N2 is constant, d(Ni+N2)=^0 and hence: 

dNildz==-dN2l(iz .(1) 

Let the molecules have mean velocities cl and cl distributed at random as to 
direction, and a component Wq along the z axis corresponding to the diffusion. 
Let the mean free paths be Aj and A2 (the symbol / being used below for length 
in general). Consider a plane perpendicular to the direction of flow at the 
point z=Zo and itself moving with a velocity Wq- The number of molecules 
of the first gas crossing this plane will be proportional to (i) the solid angle 

1 Ann. Phys., 1858,105, 239; Phil. Mag., 1859,17, 81. 
2 “ Properties of Matter,” 4th edit., 1899, 280. 
3 “ Kinetic Theory of Gases,” 1899, 247; criticised by Chapman, Phil. Mag., 1928, 5, 630; 

for an improved elementary treatment, see Frankel, Phys. Rev., 1941, 57, 660; Furry, Amer. 
J. Phys., 1948,16, 63. 

4 Phil. Mag., 1860, 20, 21; 1868, 35, 129, 185; Phil. Trans., 1867, 157, 49; Nature, 1873, 8, 
298; “ Scientific Papers,” Cambridge, 1890,1, 377; 2, 26, 343, 501. ^ 

5 Wien Ber„ 1872, 66, II, 324; 1878, 78, II, 733; 1882, 86, II, 63; 1883, 88, II, 835; Ann. 
Phys., 1894, 53, 959; “ Ges. Abhl,” 1909, 3, 3, 38, 504, 598; ” Vorlesungen iiber Gastheorie,” 
Leipzig, 1896,1, 89, 194; Burbury, Phil. Mag., 1890,30, 298; 1907,14, 122; Gross, Ann. Phys., 
1890,40,424; Sutherland, Phil. Mag., 1894, 38,1; Nabl, Phys. Z., 1906, 7, 240. 

6 “ Dynamical Theory of Gases,” 4th edit., Cambridge, 1925, ch. xiii; “ Kinetic Theory of 
Gases,” Cambridge, 1940, 199. 

7 Ann. Chim., 1905, 5, 245; see also Brillouin, ibid., 1899, 18, 433; 1900, 20, 440; Thiesen, 
Verhl. d. D. Phys. Ges., 1902,4, 348; 1903,5, 130; Nabl, Phys. Z., 1906, 7, 240. 

8 Phil. Mag., 1917, 34, 146; Chapman and Dootson, ibid., 1917, 33, 248; Ibbs, Proc. Roy. 
Soc., 1921, 99, 385; 1925,107, 470; Elliott and Masson, ibid., 1925,108, 378; Ibbs and Under¬ 
wood, Proc. Phys. Soc., 1927, 39, 227; Chapman and Cowling, Proc. Roy. Soc., 1941,179,159. 

^ Brillouin, Ann. Chim., 1899, 18, 433; JSger, in Winkelmann, “ Handbuch der Physik,” 
1906, 3, 753; “ Fortschritte der kinetischen Gastheorie,” 1906, 45; Kuenen, Proc. K. Akad. 
Wetens. Amsterdam, 1913,15,1152 (Comm. Leiden, Suppl. 28); ” Die Eigenschaften der Gase ” 
(Ostwald-Drucker, ” Handbuch der allgemeinen Chemie,” 3), Leipzig, 1919, 121. 
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2tr sin Odd in which the direction of motion must lie, (ii) the component velocity 
parallel to the z axis, cos 0, and (iii) the number of molecules per cm.^, 
Ni±Xi cos 0{dNildz) at the average distance ±Ai cos 0 from which they have 
come since their last collision (see Fig. l.VIJ H). The net number of molecules 
passing per cm.^ per sec. in the direction of increasing values of z will be: 

dZi=(27rsin0dl9/47r)c^cos61.2AiCOs0(dA^i/dz) .... (2) 

This, when integrated for all possible values of 0 from 0 to 7r/2, gives: 

Zi = ~iF;Ai(diVi/dz).(3) 

(see (9), § 8.111), which is the number of molecules crossing the plane moving 
with a velocity Wq in the z direction. 

The corresponding number cross¬ 
ing a fixed plane is: 

Zi’=NiWo-^CiXi(dNi/dz) (4) 

Similarly, for molecules of the second 
gas: 

Z2 =A^2>Vo-i^lA2(di^2/d2) (5) 

The constancy of the total number of 
molecules on each side gives: 

_Zi'=-Z2' . . (6) 

Wo=fciAi(dA^i/dz) 
+F2X2(dN2/dz)]/3(Ni+N2) (7) 

Equations (4)-(7), and (1), give: ^ 

A^iA2C2+iV2AiCi dA^i -j 

HN1+N2) ' dz 

iVjA2C2“l”iV2AiCj dN2 

3iNi+N2) 'Tz\ 

Pick’s Law of Diffusion (see § 2) states that the mass of substance diffusing 
through ] cm.2 per sec. is related to the concentration gradient in the direction of 
diffusion by the equation: 

dM/dr=-/>(dc/dO (9) 
where D is the coefficient of diffusion (or the diffusivity). Its dimensions are 
cm.^ sec.“L By definition then, the coefficient of the concentration gradient in 
(8) is the diffusion coefficient L>i2 of the first gas into the second: 

N1C2X2+N2C1X1 

3(iV,+iV2)' 
(10) 

This must be the same for both gases in the mixture, since the constancy of 
N1+N2 per cm.^ implies that the molecules of one diffusing gas must have their 
places taken by an equal number of molecules of the other gas, hence f>i2=^2i- 
Since NiUNx+N'^^ni and A^2/(^i+^2)='^2==l"~'^i ^re the mol fractions 
of the two gases in the mixture, (10) may be written: 

'Ol2=i(«1^^2 + «2^Al) ..(11) 

1 In O. E. Meyer’s equation, “ Kinetic Theory of Gases,” 1899, 255, 458, the factor ^ is 
replaced by Btt/S, since an attempt was made to correct for the variation of A with velocity, 
but this is not claimed to be exact; see Winkelmann, Ann, Phys,, 1885, 24, 1; Weinstein, 
“ Thermodynamik und Kinetik der Korper,” 1901,1, 341, found 7r/i6, as the factor. 
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If A is identified with Maxwell’s mean free path /, rj^^pcl (§ l.VIl F), 

Di2^n2(y]i/p\)+rti(r]2/p2).(12) 

If nir=/z2=|-, Diz—liVilPi+VilPz)^ an equation given by Maxwell The 
interpretation of A, however, requires consideration. Maxwell’s equation 
(37), § 22.111, for the free path of one gas in a mixture of two gases gives: 

Ai = l/[v'(2)7rA/^lcrii2+7rA^2<^l2^\/(l+'Wl/'^2)] • * • (13) 

Since diffusion is not hindered by collisions of molecules of the same kind, 
which leaves the total momentum in the z direction unchanged, Stefan and 
Maxwell put Ni=0 in (13) and N2—O in the corresponding equation for A2. 
Hence: 

Ai = ]/[77A^2<^i2^\/(l+'Wi/m2)] and A2==l/[77iVio',2^\/(l+'W2/^i)] (14) 

\/miC2+\/^2^ 
D 12- 

■ 37r{N I+JV2V12^ V(^ 1+^H) 
. (15) 

But c=kl\/m, where k=const., from (35), § lO.IlI, hence: 

3n(Ni+N2)a7? ‘ ' 
. (16) 

This agrees reasonably with the experimental data, and better than if Aji and A2 

had been substituted in full. 
By substituting the values for the average velocities ^ and from (35), 

§ lO.IIl, and putting h=ll2kT, (16) becomes: 1 

D 12= 37r(yVi+iV2)cTi22- 

/n /1 1 \ 

a/ yrh\mi mil 
. (17) 

Langevin 2 by a different calculation, found the factor ^5 instead of f in (17). 
If /w^=/7i2, and cTi=a2, i.e. the molecules have identical (or nearly identical) 
masses and diameters, (16) gives: 

D=:}c/\/(2)N7rO^=:lcl^lf}/p.(18) 

for the coefficient of self-diffusion, this giving the rate of diffusion of a gas into 
itself,3 or of a gas into another of the same molecular weight and molecular 
diameter (c.g. N2 and CO) Winn and Ney ^ for self-diffusion of ^^CH4 into 
12CH4 found pD/rj^e— 1 -33 instead of (18) 

Equation (10) shows that the diffusion coefficient D12 should vary with the 
composition (Ni and N2) of the gas mixture to a comparatively large extent. ^ 
Earlier experiments seemed to disagree with this, and Stefan ^ deduced a 
formula not involving the composition, but by an assumption not depending on 
molecular theory and of questionably validity. Gross ^ deduced another 
formula which gave a dependence on composition but in the opposite direction 
to that predicted by O. E. Meyer’s formula (10). Careful experiments ^ show 
a dependence on composition in the direction predicted by (10) but much 
smaller, and the observed value is numerically of the order predicted by Gross’s 

1 Boltzmann, Gastheorie,” 1896, 1, 96; Jeans, ‘‘ Kinetic Theory of Gases,” 1940, 208. 
2 Compt, Rend., 1905, 140, 35. 
3 The formula has been applied to the diffusion of para-hydrogen into normal hydrogen 

by Harteck and Schmidt, Z.phys, Chem,, 1933,2J B, 447; and of carbon monoxide and nitrogen 
by Boardman and Wild, Proc. Roy, Soc., 1937, 162, 511. 

4 Phys. Rev., mi,12,11. 
s Cf. Tait, Proc. Roy. Soc. Edin., 1887, 33, 266; Phil. Mag., 1887, 23, 141. 
« Wien Ber., 1871, 63, II, 63; 1872, 65, II, 323. 
7 Ann. Phys., 1890,40,424; Stanzel, Wien Ber., 1901,110, II A, 1038. 
8 Lonius, Ann. Phys., 1909, 29, 664. 
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formula. An approximate calculation by the method of Enskog,i which is 
similar to Chapman’s,^ gives no dependence on composition; a second approxi¬ 
mation gives such a dependence, and the resulting very complicated equation 
represents ihe experimental results moderately well. The correcting coefficients 
have been worked out both for two different gases, and for self-diffusion. For 
the latter. Chapman gives instead of (18): 

Z)=1017xic/.(19) 

A correction for persistence of velocities (§ 3.VII F) was applied to Meyer’s 
calculation by Kuenen.-^ 

If (12) is true, the dependence of D on temperature would be expected to 
follow that of rj, and the dependence of D for one gas diffusing into a second 
has been represented by a Sutherland viscosity formula (§ S.VII F): 

/)= Dd(T,+ C)I{T+ C)](r/ro)5/2.(20) 

for CO2 diffusing into air from I?"" to 1260^ and H2O into air from 100° to 
1200°. The experimental values lie below the theoretical curve Do(TjTQY 
if «=1*96 and above it if «=T5, whilst the above equation, with C between 
those of the pure gases (C02-“air 125-130; H20~air 305-323) agrees Very well. 
The value of C can be found from the empirical formula Ci2^Mi2(Ci/Mi + 
C2IM2) where A/=mol. wt. 

It is possible to calculate the size of molecules from diffusion coefficients,^ 
but this method is probably less accurate than those depending on viscosity.^ 

The elementary result, due to Graham,that the rates of diffusion of gases 
are inversely proportional to the square roots of the densities, was successfully 
used by Soret ^ in deciding the formula O3 for ozone (interdiffusion through a 
small hole), but it should be clear from the preceding discussion that it is only 
quite approximate. Ethylene (C2H4) and nitrogen (N2), with the same density, 
have coefficients of diffusion into hydrogen of 0 486 and 0-674, respectively. 
The correct equations, derived from Maxwell’s theory, are complicated, but 
must be used in accurate work.^ For two gases, if C7i2==sum of radii of mole¬ 
cules, Ni+N2^N: 

Di2 = 
_i r_£1__C2 _ 
37rV[o-|22V(l+'Wi/W2)^0-i2^V'(l+W2/A71i). 

. . (21) 

1 Phys. Z., 1911, 12, 56, 533; Dissert., Uppsala, 1917; Arkiv Mat. Astron. Fys., 1922, 16, 
No. 16; K. Svensk. Vetensk. Handi, 1922, 63, No. 4. 

2 Phil. Trans., 1912, 211, 433; 1916,217,115; Proc. Roy. Soc., 1928,119, 34. 55; Chapman 
and Hainsworth, P/i/7. Mag., 1924,48, 593; Chapman and Cowling, Proc. Roy. Soc., 1941,179, 
159; cf. Jeans, “ Kinetic Theory of Gases,” 1940, 210; Hirschfelder, Bird, and Spotz, J. Chem. 
Phys., ms, 16,968. 

3 Verslag. K. Akad. Wetens. Amsterdam, 1913, 21, 1088; 1914, 22, 1158; 1915, 23, 1049; 
Proc. K. Akad. Wetens. Amsterdam, 1913,15, 1152; 1915,17, 1068 (correction). 

^ Pochettino, Nuov. dm., 1914, 8, 5; Klibanova, Pomerantsev, and Frank-Kamenetsky, 
J. Techn. Phys. U.S.S.R., 1942, 12, 14; Amer. Chem. Abstr., 1943, 37, 1310. 

5 Pochettino, Nuov. dm., 1914, 8, 5; Mack, 7./4.C.5., 1925, 47, 2468; Melaven and Mack, 
ibid., 1932, 54, 888. 

6 Pochettino, Nuov. dm., 1914, 8, 5. 
7 Quart. J. Sci., 1829, 28, 74; Ann. Phys., 1829,17, 341; Phil. Mag., 1833, 2, 175, 269, 351. 
8 Ann. Chim., 1868,13, 247; Maxwell, Phil. Mag., 1868, 35, 185; Partington, ” General and 

Inorganic Chemistry,” 1945, 661. 
^ Voss, Ann. dePhys., 1923,20, 66; Barter and Beckham,/./I.C.S,, 1933, 55, 3926, who give 

full examples of the calculations as applied to hydrocarbon mixtures. On diffusion theory 
generally, see Ricketts and Colbertson, J.A.C.S., 1931,53,4002. Lonius, Ann.Phys., 1909,29, 
664, concluded that Maxwell’s theory gave wrong results and O. E. Meyer’s was nearer the 
truth, but the diffusion coefficient is a function of composition; for the diffbsion of mixtures 
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in which mi!mi and mijmi can be replaced by the ratios of the molecular 
weights Ml!Ml and Mi!Mi, For .y gases, one of which is supposed to be 
diffusing in one direction and in the opposite direction: 

i),,=(l/37TAr)[4/f(m,^)+4/f(A:,^ . . . .(22) 

. .(23) 
1 

. .(24) 
1 

the subscript s referring to the gas diffusing in one direction, and the subscript k 
to the gas diffusing in the opposite direction, and m refers to the particular one 
of the s gases of which the diffusion coefficient is to be calculated; is the mol 
fraction of the gas .y calculated by omitting the gas m, the mol fraction of the 
gas s calculated by omitting the gas k, ocf^ the mol fraction of the gas k calculated 
by omitting the gas m, and the mol fraction of the gas m calculated by omitting 
the gas k, these mol fractions being average values taken over the whole diffusion 
column. 

The effect of a magnetic field on the diffusion of a paramagnetic gas (O2) is so 
small as to be doubtful. ^ Changes of temperature may occur locally in diffusion.^ 

§ 2. Methods of Measurement of Diffusion of Gases 
The earliest experiments on gaseous diffusion were made by Priestley.*^ 

Dalton ^ and Berthollet ^ -used a lighter gas and a heavier gas in two bottles 
joined by a vertical tube, the lighter gas being in the upper bottle; the gases were 
found to have mixed on standing. Quantitative measurements by Graham ^ 
led to the well-known law of diffusion that the rates of diffusion of two gases 
are inversely proportional to the square roots of the densities (§ 2.III). In 
Graham’s apparatus the gases were separated by a porous partition of plaster 
of Paris or graphite, and this apparatus is not adapted to the determination of 
the diffusion coefficient. 

The general law of diffusion was first stated by Fick,^ by analogy with the 
law of conduction of heat previously given by Fourier: ® 

dM=^-DA,((ic/dx).dt.(1) 
of gases, see Kuenen, Proc. K. Akad, Weiens, Amsterdam, 1913, 15, 1152 (important); Trautz 
and Ries, Ann. Phys., 1931, 8, 163; for three gases, Wretschko, Wien Ber., 1870, 62, II, 575; 
Bcnigar, ibid., 1870, 62, II, 687. 

1 Senftleben, Phys. Z., 1933, 34, 835. 
2 Geh^niau, Bull. Acad. Roy. Beige, 1942, 28, 283; Kramers and Kistemaker, Physica, 

1943, 10, 699 (Comm. Leiden, 26Sa) (slip of diffusing gas mixture along wall); Waldmann, 
Z. Naturforsch., 1946, 1, 59; 1947, 2 A, 358 (change of sign of thermal diffusion coefficient 
with temperature). 

3 “Experiments and Observations on Natural Philosophy,” Birmingham, 1786, 3, 390; 
“ Experiments and Observations on Air,” Birmingham, 1790, 2, 441; he found that air and 
carbon dioxide, and air and hydrogen, etc., in a cylinder ^came “ equally diffused ” on 
standing for a day. 

4 Manch. Mem., 1805, 1, 244 (“ On the tendency of elastic fluids to diffusion through each 
other ”); Ann. Phys., 1803, 13, 25, 122, 197; 1807, 27, 388. 

5 Mim. Soc. Arcueil, 1809, 2, 463 (“ Sur le melange r6ciproque des gaz ”); the results are 
tabulated by Thomson, “ System of Chemistry,” 5th edit., 1817, 3, 33. 

6 Quart. J, ScL, 1829, 28, 74; Ann. Phys., 1829, 17, 341; Phil. Mag., 1833, 2, 175, 269, 351; 
“Researches” 1876,28,44. , , . , » 

2 Ann. Phys., 1855, 94, 59. 
* Th6orie Analytique de la Chaleur,” Paris, 1822; “ Analytical Theory of Heat,” transl. 

Freeman, Cambridge, 1878, 55; see § 73.1. 
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where dAf=mass of substance diffusing in time dt through an area A in the 
direction of x (c constant over the area A), when the concentration gradient is 
dcjdx; D is the diffusion coefficient or diffusivity. The minus sign shows that 
diffusion occurs in the direction of diminishing concentration; dM and c must , 
be in the same units of quantity, e.g. grams or mols, and if x is in cm., c must 
be in grams or mols per cm.*^. Equation (1) applies both to gaseous and liquid 
diffusion. Since diffusion is a slow process, the unit of time is 
usually the hour. The e.g.s. dimensions of D are cm.^ sec.“^ 

The theory of diffusion on the basis of the kinetic theory was 
developed by Maxwell, ^ who defined the diffusion coefficient D 
as “ the volume of gas, reduced to unit of pressure, which passes 
in unit of time through unit of area when the total pressure is 
uniform and equal to p, and the pressure of either gas increases 
or diminishes by unity in unit of distance.” He says D “ varies 
directly as the square of the absolute temperature and inversely 
as the total pressure p.” There has been some discussion on 
the meaning of Maxwell’s definition and especially on the effect 
of total pressure,^ and the relation between Maxwell’s equation 
and Pick’s; the two are actually identical.^ 

In Fig. 2.VII H the gas [2] is shown stratified over an equal 
volume of the heavier gas [1], and diffusion occurs in the direc¬ 
tion of the X axis. Let A be the cross-section of the vertical cylinder and con¬ 
sider a volume Adx between two imaginary horizontal planes at x and x+dx 
above the base (jc=0). Let dcijdx be the concentration gradient at the section 
x\ that at the section x+dx will be: 

dc]^ldx+{dldx){dcildx)dx.(2) 

X 

[2] 

W 

0 

Fig. 2.VII H. 
Diffusion of 
one Gas into 
another 

The mass of gas [1] diffusing through the section x into the volume element 
Adx in time dr will be, by (1): 

dMx = - DA{dcildx)dt.(3) 

and the mass of gas [1] diffusing out of the volume element through the section 
x+dx in time dr will be: 

dMi'=-^ 
dci d 

D-^—1-~ 

dx dx 
dr . . (4) 

The diffusion coefficient D may depend on the composition of the mixture of 
gases, i.e. on x, hence it must follow the symbol d/dx. The mass of [1] added 
to the volume element in time dr is thus, by subtraction: 

.... (5) 

This is obviously also given by: 

AMx"=AAx(Acildt)At 

Equating (5) and (6), and simplifying, gives: 

dci d 

dt ~dx 

(6) 

(7) 

1 PML Mag., 1860, 19, 19; 1860, 20, 21; 1868, 35, 129, 185; Phil. Trans., 1867,157, 49. 
2 Trautz and MUller, Ann. Phys., 1935,22, 313, 329, 333, 353. 
3 Kuusinen, Ann. Phys., 1935, 24,445,447, 752; sec also Brillouin, Congris Inlemat. Phys., 

1901, 1, 512. 
29* 
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or, by replacing concentration by partial pressure, px^^CiRT'. 

.C7.) 
If D is constant, these equations become: 

dci/d/=i)(d2ci/d;c2).(8) 

dpilAt=^D{&^PilAx^).(8a) 

By considering the three pairs of opposite faces of a smalJ rectangular element 
with sides dx, dy, and dz, it is easy to show, similarly, that, for diffusion in 
space: 

dcJdi^D{d^Cildx^+d^Cildy^+d^Cxldz^)^DS7h'i ... (9) 

The integration of (8), and especially (9), can lead to some very complicated 
equations, sometimes involving Fourier’s series (§ 73, I), as in the case of the 
corresponding equations for the conduction of heat. 

The concentrations in (9) may, in the case of gaseous mixtures, be replaced 
by the partial pressures, pi^CiRT and where /?=total pressure; or 
(perhaps most conveniently) by the mol fractions ni^NiKNi+Ni) and 
/72=1—/Zi; then Ci=const.xw, and hence: 

dwi/d/=/)(d2/ii/dx2) .(10) 

If the diffusion tube of length / (97*5 cm. and 2*6 cm. diam. in Loschmidt’s 
experiments, see below) is divided into two equal parts //2, each initially filled 
with one of the pure gases, the differential equation (10) (involving two inde¬ 
pendent variables, and /) applied to one gas satisfies the following conditions: 

(i) ni=l for /=0 and x from 0 to //2; 

(ii) ni=0 for t=0 and x from //2 to /; 

(iii) drti/dx=0 for x==0 and x=/, for all values of /. 

In order to indicate that in differentiating with respect to x, the time t is held 
constant, and vice versa, partial differential coefficients, dnjdt and d^nildx^ 
may be used. 

§ 3. General Equations for Diffusion 

Since the mathematics applies to other problems, it will first be carried through 
generally, rti in (10), § 2, being replaced by v, called by Lord Kelvin ^ a quality 
at a time t and at a distance x from a fixed plane of reference, the conditions in 
each of the planes parallel to this being uniform, and change taking place only 
in the direction of x. The constant D is the dijfusivity. The equation applies 
e.g. to (i) one of the three components of velocity, relative to rectangular 
coordinates, of the viscous motion of a fluid; (ii) the density of an electric 
current per unit area perpendicular to the direction of flow; (iii) the temperature 
in heat conduction; (iv) the electric potential at any point of an isolated con¬ 
ductor; or (v) (as at present) the concentration (or its difference frpm some 
standard value) in a solution, including a gas mixture. The general equation to 
be solved is then: 

evidt^D{dHldx'^) .(1) 

1 “ Math, and Phys. Papers,’* 1884, 2, 41; 1890, 3, 428; on the integrals, see also Simmler 
and Wild, Am. Phys., 1857, 100, 217. 
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Two important cases will be considered. The cross-section of the tubes is 
supposed to be unit area in both. 

(1) A tube A of solution ^ of uniform initial concentration vq is immersed 
vertically in a large jar of pure solvent B, the open end of the tube, of length h, 
being just under the solvent surface (Fig. 3.VII H). The solution at the bottom 
of the tube A is supposed to remain constant in composition (e.g. it may be 
kept saturated with solid). The boundary (or limiting) conditions are: 

(i) when x=Q, dvldx=0, for all values of t; 

(ii) when x=h, w=0 (the solvent only) ^ for all values of /; 

(iii) when 1=0, v~Vq for all values of x from 0 to h. 
for x=h now refers to the solution in the lube.) 

(Note that v=vo 

A particular solution of (1) is (§ 70.1): 

.(2) 
where a and are constants. Substitution in (1) gives: 

P=f)a2.(3) 

for all values of a. Put where then: 
D = Da^t ___ 0^1^ Dfx2t Qj, ^ g ifix 

corresponding with the two roots of (3). The sum or 
difference of these values of v will also satisfy (1), hence: 

11 

Fig. 3.V1I H. Diffu¬ 
sion from a Solution 
in A into Solvent 
in B 

De Moivre’s theorem (§ 46.1) gives: 

=/ sin 2 and f (e’^+e"’^)« cos j, 

hence the solution: 

11=cos sin /xx=e'"^'"^Xn cos jjix+b sin jjlx) . (4) 

where a and b are constants, will satisfy (1). The constants a and b are deter¬ 
mined by the boundary conditions. Differentiate (4) with respect to x: 

dvldx^^i—fjia sin fix+jjib cos /xx)e“^^^^ 

When xs=s0, dv/dx^O, and since sin 0=0 and cos 0=1, it follows that 
fcstaO. When x=/z, ^;=0, therefore from (4), with the condition 6=0, a cos fih 
=0, or cos /x6=0. If n is any integer, cos l)7r=0, this being the cosine 
of every odd multiple of Hence must have the values 77/2, 377/2. 577/2, 
. . . (2n~ 1)77/2, and/X the values 77/2/1, 377/26, 577/2/z, . . . (2«—1)77/26. 

If these values are substituted in the cosine of (4) and the results added (since 
each multiplied by a constant satisfies the equation, their sum will do so): 

(77X/26)4-^2^”^^’'^^^^^^^cos (377x/26)+ ... . (5) 

is an infinite series satisfying boundary conditions (i) and (ii). 

1 A liquid solution, or a mixture of two gases, may be considered: in the second case, one 
gas is regarded as the solvent. Case (1) usually applies only to liquids, because of the boundary 
condition dvldx=0 when xs^O. 

2 The diffusate is supposed to be so dispersed into the large mass of pure solvent, that this 
remains practically pure solvent over the mouth of the tube: on this boundary condition, see 
Somers, Proc, Fhys* 5oc., 1913,25, 74j dc Groot, Physica, 1928, 8, 23; and for general diffusion 
calculations, Eversole and Doughty, J. Phys, Chem., 1935, 39, 289; 1937, 41, 663; Eversole, 
Peterson, and Kindsvater, ibid,^ 1941, 45, 1398; Dobrowsky, KolL Z.* 1944, 199, 137; Longs- 
worth et al.. Annals New York Acad, Sci.^ 1945, 46, 209; Crisp, Trans, Faraday Soc,^ 1946, 
42,619 (two dimensions); Hafned and Nutlall, J.A,C,S*, 1947,69,736; Lamm, J. Phys, Chem,, 
1947, 51. 1063. 
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To satisfy condition (iii) the values of Aj, (5) must be such that 
when /=0, Hence: 

VQ=^aiCOs(Trxl2h)+a2COs {37rx/2h)-^ . . . cos [(2/2—l)7rx/2/i]+ * . , 

for all values of a: from 0 to h. The coefficients are evaluated as for a Fourier’s 
series of cosines, and by § 73.1 (with f(A:)=zJo=const.): 

22^0 , IvoC'^ 

2Vor^ (2/2—l)7rA' 

cos -XT-dx . 
r. 2n 

. (2/2-l)7r;cf 

2/2 -/2 L(2/2-l)7r^"^ 2/2 Jo"^(2/2-l)7r ' 

By substituting in (5), and summing over all positive values of n from 0 to co, 

the final solution is found to be: 

_4z^oV__l 
^ ~7r 2^ 2/2- 

(2) A cylindrical vessel of total height H and unit cross-section contains 
initially a column of solution of concentration of height h covered with a 

layer of pure solvent (Fig. 4.VII H). 
-X=H boundary conditions are : 

(i) when x=0, dvjdx^^O for all values of /; 

(ii) when x^H, dvfdx^^O for all values of /; 

(iii) when /=0, v==vo for all values of x between 0 and h; 

(iv) when /=0, v==0 for all values of .x between h and H, 

-— The particular integral is again assumed to be: 

Fig. 4.VIIH giving 
v=^{a cos iix+b sin iix)t~^^\ 

and on differentiation with respect to jc, it is found again that condition (i) 
requires />=0. To satisfy condition (ii) with />=0, — a/x sin juif. e”^^'=0 
for all values of t, therefore sin therefore where w is a positive 
integer including zero, therefore By summing the particular 
integrals: 

VQ=ao+ai cos cos .... 
Ji H 

From condition (iii) v=vq for t=0 for x=0 to x=h, hence: 

VQ=aQ+aiCO^(jrxlH)+a2COsQ.'7TxjH)+ . . . cos (/J7tx///^)+ .... 

To find the coefficients, the results for the Fourier’s series are used, the in¬ 
tegrals being from 0 to A and from A to /f (§ 21.1): 

.. 1 r"i/f"„ .... ^ 1 1 / r* \ vtjt 

“"“Jsrj. -Tf 

2 mrx. 2vor^ rmx 2vor^ mrx 
“"“sj, CO, —d;c=-J^co, —J^co, = 

2vo . nnh 

rm ~H' 

The general solution is 

- sin -XT cos 
H rt H H 
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In Loschmidt’s experiment (see below), v=ni, and the boundary 
conditions are the same as before if A=i/, H=l, hence the solution is ^ seen 
to be: 

«i=i4— / ” sin cos -T-e .(9) 
^ TT^n 2 1 ^ 

where n is a positive integer varying from 1 to oo. In the experiments the 
diffusion is interrupted after a time the gases in each half of the tube are 
thoroughly mixed, and the average mol fraction of the first gas determined in 
the upper {U) and lower (L) parts, respectively: 

^ 8 
=-2(e-“+ie-'’“+^e-25“+ . . .) . (12) 

7T^ 
where a=7r2J[)///2. 

Obermayer (see § 4) gave a table of values of the series in (12) for various 
values of Dt, By comparison of the entries with the measured values of 

fhe values of Dt can be found, and hence, by dividing by the 
appropriate values of /, the values of D. The accuracy is about \ per cent. 
To complete the discussion of diffusion for later purposes, the following solu¬ 
tions are needed. 

(3) To find the amount Q of diffusate passing any horizontal section ^ in a 
time t, note that -~DA(dvldx)At is the transport in time dr; dvjdx is found 
from (5), and —DA{dvldx)dt is integrated from r=0 to r=r: 

dvjdx^^^^t sin ^+^~“e (3»r/2/i)2D/ 
2h 2h 2h 2h 

QIA 
=-4 Jo 

(dvldx)dt 

a\trD . ttxC‘ , , iOi^rD . 'iirx 
* sm -^ sin 
2h 2h 2h 

fg-OTr, 

Jo 
/2/i)2Dy^_ 

2aiA . Ttx^, , 2^2^ 
""sin^[l-e-“"”'‘"]+ . . . (13) 

(4) To find the amount of substance diffusing out of the tube in case (1) in 
a time t, put x=h in (13). Then sin (w/2)=1, sin (3w/2)= — 1, etc., 

••• eiM=—[l-e-™oi-^[l-e-'3-/2«^^+ ... . (14) 
TT jTT 

(5) To find the diffusion coefficient D, Since the series (14) converges 
rapidly, the higher terms may usually be neglected. If measurements are 

1 Schulze, Dissert,, Berlin, 1897; Z. phys, Chem., 1899, 28, 743; Thovert, Compt, Rend*, 
1905,141,7i7; Lemonde, Ann, dePhys,, 1938,9,539; Liebhafsky, J. Appl. Phys,, 1941,12,707; 
for tables of functions used in diffusion calculations, see McKay, Proc, Phys, Soc., 1930, 
42, 547. 
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made at xa=/;, the values of sin (nxllh), . . . then 
become unity. Since 

4/22 
D^-^\n(Q'nl2haiA--^\) 

2Vo Ih r* TTX ^ 
-r . — cos ^rd 
h ttJq 2h 

4^0 

TT 

/. D^iAh^jtTT^) In (Qn^ShvoA -1) . (15) 

§ 4. Measurement of Diffusion Coefficients 
The first accurate measurements of diffusion coefficients of gases ^ were made 

by Loschmidt,2 whose method was used by many later experimenters.^ In 

Fig. 5.V1I H. Schmidt’s Difl'usion 
Apparatus 

this method the arrangement is essentially 
that described above; the two gases are 
contained in a vertical steel tube AB 
(Fig. 5.VII H) of uniform bore, separated 
into two parts by a three-way steel stop¬ 
cock D of equal bore. The gases are 
filled through stopcocks O, U, and M, 
and after diffusion the gas in each 
half is displaced through M and O, 
respectively, by mercury from R. The 
apparatus is maintained at a constant 
temperature, and after diffusion has 
gone on for a measured time, the stop¬ 
cock is closed and the contents of the 
two parts of the tube analysed. The 
diffusion coefficient of hydrogen into 
air found by Barnes ^ is larger than the 
usual value. 

The diffusion of vapours can be investi¬ 
gated by a method due to Stefan.^ 

J Waitz, in Winkelmann, “ Handbuch der 
Physik,” 1908, 1, ii, 1415; Eucken, in Stabler, 
“ Arbeilsmethoden der anorganischen Chemie,” 
Leipzig, 1913, 3, i, 564; Kuenen, in “ Die Eigen- 
schaften der Case (Ostwald and Drucker, 
“Handbuch der allgemeinen Chemie,” 1919, 
3), 121. 

2 Wien Ber., 1870, 61, II, 367; 1870, 62, II, 468; Smith, Ind. Eng. Chem., 1934, 26, 1167. 
3 Wretschko, Wien Ber,, 1870, 62, II, 575; Benigar, ibid., 1870, 62, II, 687; von Obermayer, 

ibid., 1880, 81, 11, 1102; 1882, 85, II, 147, 748; 1883, 87, II, 188; 1887, 96, II, 546; Wajtz, 
Ann. Phys., 1882, 17, 201, 351 (optical method); Hausmaniger, Wien Ber., 1882, 86, II, 1073; 
Winkelmann, Ann. Phys., 1884, 22, 1, 152; 1884, 23, 203; 1885, 26, 105; 1886, 27, 479; Toepler 
and Hennig, ibid., 1888, 34, 790; Toepler, ibid., 1896, 58, 599; Brillouin, Congrds Internat. 
Phys., 1901, I, 512; Schmidt, Dissert., Halle, 1904; Ann. Phys., 1904, 14, 801; Jackmann, 
Dissert., Halle, 1906; Deutsch, Dissert., Halle, 1907; Lonius, Dissert., Halle, 1909; Ann. 
Phys., 1909, 29, 664 (summarising results found in Dorn’s laboratory at Halle); Foch, Ann. 
Chim., 1913, 29, 597; McKenzie and Melville, Proc. Roy. Sac. Edin., 1932. 52, 337; 1933, 53, 
225 (Br2 vap. in various gases); Trautz and Muller, Ann. Phys., 1935, 22, 313, 329, 333, 353 
(bibl); Coward and Georgeson, J.C.S., 1937,1085 (CH4 in air: D?coWs0196 cm.2 sec.-i)* 

^ Proc. Nat. Acad., 1924, 10. 153, 447. 
5 Wien Ber., 1871, 63, U, 63; 1872, 65, II, 323; 1874, 68, II, 385; 1889, 98, II, 1418; Am. 

Phys., 1882, 17. 551; 1890, 41, 725; Winkelmann, Ann. Phys., 1884, 22, 1, 152; 1884, 23, 203; 
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The liquid is contained in a small graduated glass tube, 90 mm. long and 6 mm. 
diam., supported in the lower constricted part of a wider tube 200 mm. high 
and 20 mm. diam., fitted with tubes g and I for passing a slow stream of an 
indifferent gas (Fig. 6.VII H). Just above the liquid meniscus the vapour is 
saturated at the given temperature, whilst at the mouth of the small tube the 
partial pressure of the vapour is reduced by the stream of gas 
practically to zero. The velocity of evaporation of the liquid, 
measured by observing the change of height of the meniscus 
through a reading microscope, depends on the rate of diffu¬ 
sion of the vapour through the length h of the inner tube 
which does not contain liquid, and a stationary state is set 
up. This part of the tube contains both vapour and the 
indifferent gas. Consider two sections of the tube, of area 
A and ix apart (Fig. 7.VII H). At the liquid surface O the 
vapour concentration corresponds with saturation, 
The amount of vapour in mols (concentration Ci mols/cm.^) 
diffusing upwards in time dt is: 

dMi=^-DA{dc^ldx)dt ... (1) 

The mass of indifferent gas (concentration C2) diffusing stefan's'DiffusVon 

downwards through A in time dt is (since ^1+^2=const., Apparatus 

therefore dc2=—dci): 

dM2^-DAidc2ldx)dt^DA{dc^ldx)dt .... (2) 

This indifferent gas is blocked by the liquid surface and unless there is com¬ 
pensation its concentration would increase in the lower volume element (1) and 

so would upset the stationary state. Thus an amount oi 
^ gas-vapour mixture containing the amount (2) of indifferent 

gas must diffuse upwards in the time dr, this containing the 
amount of vapour: 

dm^—{cilc2)DA{dcijdx)dt, 

Hence the total mass of vapour rising through A in the time 

diWi+dW=^-Z)^[(c,+C2)/C2](dCi/dv)d/ . (3) 

and since the state is stationary, the total mass diffusing in a 
finite time t is: 

^ Mi=-Z)^r[(ci+C2)/c2](dci/dx) . . (4) 

The value of dcj/dx varies along the tube (since the in- 
Fig. 7.VIIH different gas is at rest), and d^cjdx^ is not zero, although 

dci/dt is zero. It follows from (4) that (l/c2)(dci/dx)= 
•“(l/c2)(dc2/d.v)=i=iconst, therefore In Cz^kx+C, where k and C are con¬ 
stants, k being MijDAt{ci+C2)- When a:=0, Ci=Cj (the concentration of the 

Fig. 7.VIIH 

1885, 26, 105; 1888, 33, 445; 1888, 35, 401; 1889, 36, 93; Phookan, Z. anorg, Chem„ 1893, 5, 
69; Naccari, Atti Accad. Torino, 1909, 44, 791; Ann, Phys, BeibL, 1910, 34, 182; Wuppermann, 
Dissert.^ Leipzig, 1910; Vaillant, J. de Phys., 1911, 1, 877; Pochettino, Nuov, Cim., 1914, 8, 5; 
Le Blanc and Wuppermann, Z. phys. Chem., 1916, 91, 143; Mack, J.A.C.S., 1925, 47, 2468; 
Arnold, Ind. Eng, Chem,^ 1930, 22, 1091; Trautz and Ludwig, Ann. Phys., 1930, 5, 887; Trautz 
and Mtiller, ibid., 1935, 22. 329, 333, 353; Spier, Physica, 1940, 7, 381 (Hg vap. in N2); Klotz 
and Miller,1947,69,2557; Brookfield, Fitzpatrick, Jackson, Matthews, and Moelwyn- 
Hughes, Proc. Roy. Soc., 1947,190, 59. 
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saturated vapour), and when x=/i, Ci=0. Hence, if Ci+C2=c: 

Mi^{DAtclh) In [c/(c—c^)] 

D^{M^h|cAt)/ln [c/(c^c,)]=^(M^hRTIAtp)lln [p/ip-Ps)] . (5) 

where p is the total pressure and p^ the saturation pressure of the vapour of the 
liquid, and p=cRT, 

The height h will not remain quite constant during the interval /, since some 
liquid will evaporate and a mean value is to be used. Now let 8h be the fall of the 
meniscus, p i the density of the liquid and M the mol. wt. of the vapour. Then 

M^=^A,8h.pilM .(6) 

D^{h.8h.pi.RTIMpt)l2-3026\os[pl(p^p,^ . . (7) 

giving D in terms of the observed heights h and 8h, and known quantities. As 
used by Stefan, this method gave an accuracy of only 1 to 2 per cent., but it 
could be modified, e.g. by absorbing and weighing the vapour carried off* instead 
of using (6), to give more accurate results. A similar method was used for gases 
but it is less accurate than Loschmidt’s method. 

Winkelmann, and others, found an increase in diffusion coefficient with 
increasing height of the diffusion column, but Le Blanc and Wuppermann ^ 
found that this was due to the temperature drop at the liquid surface. When 
this was avoided, the diffusion coefficient remained constant. A hot-wire 
method of measuring diffusibilities was investigated by So; 2 the change of 
temperature is greater the greater the diffusibility. 

§ 5. Values of Diffusion Coefficients 

The experimental results show that the diffusion coefficient D depends on 
the nature of both gases diffusing, the total pressure of the mixture, the tem¬ 
perature, and to a small extent on the relative proportions of the two components 
in the mixture. The units are generally cm.2/sec. but sometimes m.2/hour; 
to convert D (m.2/hour) into D (cm.2/sec.) it is multiplied by 60 X 60/100X 100=s 
0*36. The results indicate that D varies inversely as the total pressure, and as 
a power of the absolute temperature between 1*75 and 2, at about atmospheric 
temperature and pressure. The variation with composition is about 8 per cent, 
of the mean value. 

The following table gives the experimental results for D as summarised by 
Lonius,3 and the calculated values from the formula of Chapman; ^ the mol 
ratio V1/V2 gives the composition in the order of the gases as stated. 

r NiiNi 3 1 
Hz-COz ^ D obs. 0-21351 0-21774 0-22772 

1 D calc. 0-212 0-222 0-226 

(N1IN2 2*65 2*26 1-66 1 0-477 0-311 
He-A i Dobs. 0-24418 0-24965 0*25040 0-25405 0-25626 0*26312 

1 D calc. 0-248 0*250 0-251 0-254 0-257 0-259 

J Z,phys. Chem„ 1916, 91, 143. 
2 Proc. Phys, Math. Soc. Japan, 1920, 2, 118. 
3 Ann. Phys., 1909, 29, 664; Landolt-Bomstein, “Tabellen,” 5th edit., 1923, 249; Locb, 

“ Kinetic Theory of Gases,” New York, 1934, 272; for NH3 in air, see Wintergerst, Ann, 
Phys., 1930, 4, 323 (bibl); H2 and D2, Harteck and Schmidt, Z. phys. Chem., 1933, 21 B, 
447; Kr and Xe, Groth and Harteck, Z. Elektrochenu, 1941, 47, 167; for water vapour in 
gases, Dorsey, “ Properties of Ordinary Water Substance. ” New York, 1940, 73. 

4 Phil. Trans., 1912, 211, 433. 
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Values given by Lonius in which the composition is expressed in terms of the 
mol fraction ni=NiliNi+N2) of the first named gas are: 

„ Jm 0-5 0-252 0-25 0-5 0-75 
W2-ti2 0-27335 0-27609 0 27616 0-28003 0-28934 

(the first two and the last three are by different experimenters). 

o,-N, / 
\ 2) 0-07304 0 07333 N2-H2 {’i; 0*5 

0-26565 
0-235 
0-26830 

The coefficient of self-diffusion of a gas into itself may be calculated ^ as 
follows. Three gases are taken for which the mutual coefficients of diffusion 
are Di27 ^3i- From these, the values of a|2, cr23, and (731 are calculated 
by (16), § 1, and hence 0-2, and 0-3 are known, since cri2=2(^i+o’2)> etc. 
These values inserted in (18), § 1 gave consistent results. In the table, the gases 
are numbered as follows: H2=l, 02=2, CO=3, C02=4; e.g. 12 means hydro¬ 
gen diffusing into oxygen, giving Z)]2> etc. 

Dll 
(12,13,23) ... 1-32 
(12,14,24) ... 1-35 
(13, 14, 34) ... 1-26 

D^y 
(12,13,23) ... 0-169 
(13,14,34) ... 0175 
(23,24,34) 0-178 

(12, 13, 23). 
D22 

0-193 
(12, 14, 24). 0-190 
(23, 24, 34). 0-183 

(12, 14, 24). 
£>44 

0-106 
(13, 14, 34). 0-111 
(23,24,34). 0-109 

Boardman and Wild 2 found at 15" C. H2 143, N2 0-203, CO 0-211, N2O 
0*107, CO2 0-121, but the results were not completely consistent. Chapman, 
Enskog, and Pidduck ^ gave the theoretical equation 1 -200r;//) (77=viscosity) 
for elastic spheres; Maxwell, for the repulsion law found 7)=l-5437y//). 
Jeans gave this as 1 •504rilp, but according to Kennard ^ the correct figure is 
1-543; Chapman’s value is 1-550. The observed values are intermediate be¬ 
tween the extreme values for the constant. 

§ 6. Rate of Evaporation of Liquids 

The rate of evaporation of a liquid from a free surface was studied by Stefan ^ 
and Winkelmann.^ Stefan deduced the equation: 

w^ADR\n[{P-ff')l{P-ff)].(1) 

1 Stanzel, Wien Ber,, 1901, 110, II A, 1038; Lord Kelvin, “Baltimore Lectures,” Cam¬ 
bridge, 1904, 294; Jeans, “ Kinetic Theory of Gases,” 1940, 214. 

2 Proc. Roy, Soc., 1937,162, 511; Wall and Kidder, J. Phys. Chew,, 1946, 50, 235. 
3 Quoted by Jeans, “ Kinetic Theory of Gases,” 1940, 211. 
4 “Kinetic Theory of Gases,” 1938, 195; for self-diffusion of UFe, Ney and Armistead, 

Phys, Rev., 1947, 71, 14; Hutchinson, Phys, Rev,, 1947, 72, 1256 (argon, ^^A in ^oA); Amdur, 
/. Chem. Phys,, 1947,15,482; 1948,16,190; Winn and Ney, Phys. Rev., 1948, 72, 77 (CH4). 

5 Wien Ber., 1874, 68. II, 385; 1881, 83, II, 545, 943; 1889, 98, II, 1418; Ann. Phys., 1882, 
17, 551; 1890, 41, 725; /. de Phys., 1882,1, 202. 

« Ann. Phys., 1888, 33, 445; 1888, 35, 401; 1889, 36, 93; see also Laval, /. de Phys., 1882, 
1, 560; Sresnewsky and Schuck, J. Russ, Phys. Chem. Soc. (P), 1882,14, 420, 487; 1883,15, 1; 
Phookan. Z. morg, Chem., 1892, 2, 7; 1894, 5, 69; Trabert, Meteorol, Z., 1896, 13, 261; von 
Pallich, Wien Ber., 1897, 106, II A, 384; Jablczynski and Przemyski, J. Chim. Phys., 1912,10, 
241; on evaporation and diffusion into gas bubbles passing through a liquid see Luther and 
MacDougall, Z. phys. Chem., 1908, 62, 206. 
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where ws»weight of liquid evaporating per sec. in a circular dish of radius R, 
Z)=the diffusion coeflScient, P^stotal atmospheric pressure (air+vapour), p' 
and p"=vapour pressures of the liquid at the surface and at a great distance 
from it, respectively. It should be noted that w is proportional to the radius 
of the surface and not (as was assumed by Dalton) ^ to its area. The rate of 
evaporation of a drop of liquid is also proportional to the radius rather than the 
surfhce.^ 

According to Schall,^ the velocities of evaporation of two liquids in contact 
with their own vapours are inversely proportional to their molecular weights, 
the velocities at equal pressures being nearly inversely proportional to the 
vapour densities; ^ and the times of evaporation are inversely proportional to 
the latent heats of evaporation.^ 

Trumbull found the rates of evaporation of water into different gases 
inversely proportional to the square of the density of the gas, and proposed to 
compare the molar weights of gases by this rule. A slow evaporation of drops 
of mercury in air saturated with mercury vapour was attributed to the displace¬ 
ment of mercury atoms in an adsorbed layer by colliding air molecules; if this 
is so, the effect should increase with increasing air pressure.'^ 

Thomas and Ferguson ^ found the rate of evaporation from a circular surface 
of radius r proportional to r”, where « is a constant, and Burger ^ found «=5/3. 
The rate of evaporation from a rectangular surface in the plane z=0 with the 
flow in the direction of the y axis was found by Burger to be proportional to 
^1/3 /)2/3 y2/3^ where =area and D=diffusion coefficient. Morse’s observa¬ 
tions on the evaporation of small solid spheres in air were calculated by Lang- 
muir.it Vaillant found the quantity of liquid evaporating per sec. in g. 
is given by where Af=mol. wt., /?=maximum vapour presssure, and 
a is a constant. Weber found the rate of evaporation of a metal in a gas 
inversely proportional to the square root of the pressure of the gas. 

The explanation that deviations from the theoretical Stefan equation value 
were due to local lowering of temperature at the evaporating surface was dis¬ 
proved experimentally by Mache.i^ Sutton had found that the rate of 

^ Ann. Phys., 1803, 15, 25, 122, 197; this may hold for evaporation in a draught of air. 
2 Morse, Proc. Amer. Acad., 1910, 45, 362; Langmuir, Phys. Rev., 1918, 12, 368; Topley 

and Whytlaw-Gray, Phil. Mag., 1927, 4, 873; Woodland and Mack, J.A.C.S., 1933, 55, 3149; 
Fuchs, Sow. Phys. Z., 1934, 6, 224; Stern, J. Techn. Phys. U.S.S.R., 1935, 5, 812; Bradley, 
Evans, and Whytlaw-Gray, Proc. Roy. Soc., 1946, 186, 368 (wide departure from Langmuir’s 
formula, but agreement with Fuchs); for summary and bibliography, Dorsey, “ Properties of 
Ordinary Water Substance,” New York, 1940, 622; for a maximum rate of evaporation in 
vacuum, Penner, J. Phys. Chem., 1948, 52, 367. 

3 Ber., 1883, 16, 3011; 1884, 17, 1044, 2199; 1885, 18, 2032, 2042; Z. phys. Chem., 1891, 
8, 158, 241. 

^ Despretz, Ann. Chim., 1823, 24, 323. 
5 Schall, Ber., 1884, 17, 2199; Sperber, “ Versuch eines allgemeinen Gesetz liber die speci- 

fische W^rme,” Ztirich, 1884, had deduced this theoretically. 
J.A.C.S., 1915, 37, 2662; Stefan, and Laval, J. de Phys., 1882, 1, 560, found the rate to 

vary with the gas. 
7 Schidlof, Arch. Sci. Phys. Nat., 1917, 43, 217; Targonski, ibid., 1917, 43, 29$. 389. 
8 Phil. Mag., 1917, 34, 308. 
^ Proc. K. Akad. Wetens. Amsterdam, 1919, 21, 271; cf. Jeffreys, Phil. Mag., 1918, 35, 270. 

Proc, Amer. Acad,, 1910, 45, 361. 
n Phys. Rev., 1918, 12, 368. 
*2 Compt. Rend., 1910, 150, 213, 689, 1048. 
13 K. Dansk, Vidensk. Selsk. Meddel. Mat.fys,, 1920, 3, No. 3. 
H z. Phys., 1937,107, 310. 
13 Proc. Roy. Dublin Soc., 1907, 11, 137 (bibl.). 
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evaporation of water does not follow the equations of Stefan or of Fitzgerald.^ 
He found that electrifying the surface had no effect. 

Lurie and Michailoff^ found the rate of evaporation from a free water 
surface in a current of air of velocity V m./sec. to be (22+16’8F)/J/? kg. hour’ll 
m.“2 where Ap is the partial pressure difference in mm. Hg from saturation. 
Alty 3 found the rate of evaporation of water only 0-04 that predicted by Knud- 
sen’s equation (§ S.VII J). 

De Heen^ gave for the velocity of evaporation in a current of dry air 
where K=air current (reduced to dry air) in centilit. per min., 

and V is the velocity referred to 100 for F=200. In moist air of percentage 
humidity /, i?=100 (dry air)--0*88/. This gives v—12 per cent, even for 
saturated air (/=1), which de Heen claimed to have found. Similar results 
were found for solutions. 

Sklyarenko and Baranaev,^ who pointed out that the velocity depends on the 
nature of the gas,^ found three empirical equations: 

(i) in moving air: 
^il^i^iPJPiWiiyibzID^b,).(2) 

where Pj, Pi are the vapour pressures, and Di the diffusion coefficients of 
two liquids, and 6=P—P/2, where P=barometric pressure; 

(ii) for a vapour heavier than the gas streaming over the liquid surface: 

Vilvo=V{DilDo).(3) 

where z>o=velocity in air, t)i=velocity in gas; 

(iii) for components of a mixture: 

ViIV2=(PiIP2W(DiID2).(4) 

where /?=partial pressure. 
The general aspects of air conditioning cannot be considered, but mention 

1 Trans, Amer. Soc. Civ. Eng., 1886, 15, 581; £’=0 0166 (K~z^)(l 4-W2), symbols not 
defined. 

2 Jnd. Eng. Chem., 1936, 28, 345; see also Schierbeck, Ov. K. Dansk. Vidensk. Selskab. 
ForhL, 1896, No. 1; Trabert, Meteorol. Z., 1896, 13, 261; Coffey and Horn, J. Amer. Soc. 
Refrig. Eng.y 1916, 3, No. 3, 32; Carrier, Ind. Eng. them., 1921, 13, 432; Allen, Proc. Nat. 
Acad., 1924, 10, 88; Himus and Hinchley, J.S.C.I., 1924, 43, 840 R; Carrier and Lindsay, 
Refrig. Eng., 1925, 11, 241; Mech, Eng., 1925, 47, 327; Thiesenhusen, Gesundh. Ing., 1930, 
53, 113; Rohwer, U.S. Dept. Agric. Techn. Bull., 1931, 271; Chakravorty, J. Imp. Coll. Chem. 
Eng. Soc., 1947, 3, 46; Marwedel and Hauser, Farbe u. Lack, 1948, 54, 115, 175 (organic 
solvents). 

3 Phil. Mag., 1933, 15, 82; Naccari, Atti Accad. Torino, 1908-9, 44, 791 (electrification has 
no effect); Vaillant, Compt. Rend., 1908, 146, 582, 811; 1909, 148, 1099 (solutions); 1910, 
150, 213, 689, 1048; J. de Phys., 1911, 1, 877; Mache, Wien Ber., 1910, 119, II A, 1399; 
Marcelin, Compt. Rend., 1912, 154, 587 (superheated liquid); Ann. de Phys., 1915, 3, 120; 
Schultze, Koll. Z., 1925, 36, 65; 1926, 39, 362 (from capillaries); Cummings and Richardson, 
Phys. Rev., 1927, 30, 527; Quilez, An. Fis. Quim., 1932, 30, 492; Starokadomskaya, J. Exptl. 
Theor. Phys. U.S.S.R., 1933, 3, 189 (in moving air); Quint, Compt. Rend., 1934, 199, 1023; 
Khudyakov, Bull. Acad. Sci. U.R.S.S. (ScLTech.), 1946, 533; Turrell, Science, 1947, 105, 
434 (sulphur); Blet and Blet, Compt. Rend., 1947, 225, 379. 

4 Bull. Acad. Roy. Belg., 1891, 21, 11, 214, 798; 1892, 23, 136; J. Chim. Phys., 1913, 11, 
204; Hine, Phys. Rev., 1924,24, 79; Himus and Hinchley, J.S.C.I., 1924,43, 840 R (air current); 
Sharpley and Boetter, Ind. Eng. Chem., 1938, 30, 1125; Ingels, ibid., 1938, 30, 980; Molstad, 
Farevaag, and Farrell, ibid., 1938,30, 1131. 

5 Z. phys. Chem., 1935, 175, 195, 203, 214; J. Phys. Chem. U.S.S.R., 1936, 8, 51; Mache, 
Z. Phys., 1937,107, 310. 

« Centnerszwer, Bull. Acad. Polon., 1932 A, 369; Preston, Trans. Faraday Soc., 1933, 
29,1188. 
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may be made of a few books and papers dealing with its more scientific aspects. ^ 
The rate of evaporation of salt solutions in air is, apparently, always less than 
that of pure water, some cases of greater rates given by Babington being due to 
experimental errors.^ The effect of a thin insoluble film on a liquid is to retard 
the rate of evaporation; ^ the action is specific. 

§ 7. Separation of Gases by Diffusion 
The theory of the separation of gases by diffusion through a porous septum 

(which has been applied in the separation of isotopes) was given by Rayleigh.^ 
If the gases diffuse into a vacuum and if x, y are the quantities in the 
residue at a given time, and —dx and —dy the further losses in a time d^ 
then dyjdx^vylfjix, where jx and v are the diffusion rates. Integration gives 
y^^''=zCx^^^, or where C is a constant. If X, Y are the initial 
amounts, then: 

{ylx)HYIX)^{xlXr^^^>-.(1) 

x^XliylxmiX)^^'--^.(2) 

y=^Y[{xly)l{XIY)r^^~'^^.(3) 

If (yjx)l(YIX)=r, the enrichment ratio, (2) and (3) give: 

(x+y)l(X+ Y)==[X/(X+ + [ Y/(X+ . (4) 

Equation (1) shows that as x decreases with time the enrichment tends to 
zero or infinity, indicating that the residue becomes purer without limit. If 
the vacuum is replaced by an atmosphere of fixed composition and the inside 
volume is given, then if x, y, and a, /3, are the partial pressures inside and outside 
the given volume, and C, D, and Eare constants: 

dx=/x(a—x)dr and dj=v08-~>»)d/, 

/. x=a+Ce“^^ and y=/3+Z)e“*'^ 

/. y-^^^E{x-(xY^ .(5) 

The effect of diffusing half the mixture, and repeating with the residue, was 
considered and other useful formulae given. 

1 Obermiller, Z, phys. Chem., 1923, 106, 178; 1924, 109, 145; Gilliland, Jnd. Eng. Chem,, 
1938, 30, 506; Downs, ibid., 1939, 31, 134; Carrier, Cheme, and Grant, “Modem Air 
Conditioning, etc.”, New York, 1940; Jennings and Lewis, “ Air Conditioning and Refrigera¬ 
tion,” 2nd edit., New York, 1944; Allen, Walker, and James, “Heating and Air Condition¬ 
ing,” 2nd edit., New York, 1946; H. and H. Herkimer, “Air Conditioning,” New York, 
1947; S. P. Brown, “Air Conditioning and Elements of Refrigeration,” New York, 1947; 
O’Brien, J. Sci. Instr., 1948, 25, 73; sec special journals, and Science Abstracts, B. 

2 Babington, Proc, Roy, Soc., 1859, 10, 127; Weiser and Porter, J. Phvs. Chem,, 1920, 24, 
333. 

3 Adam, J. Phys. Chem., 1925, 29, 610; Rideal, ibid., 1925, 29, 1585; contradicting Hede- 
strand, ibid., 1924, 28, 1245; Baranaev, J. Phys, Chem. U.S.S.R., 1937, 9, 69; Sklyarenko and 
Baranaev, ibid., 1938, 12, 271; Sklyarenko, Baranaev, and Mazhueva ibid., 1940, 14, 839; 
Sebba and Briscoe, J.C.S., 1940, 106; Powell, Trans. Faraday Soc., 1943, 39, 311; Alexander, 
Kitchiner, and Briscoe ibid., 1944, 40, 10; Tovbin and Schlosberg, J. Phys. Chem. U.S.S.R., 
1948, 22, 379. 

Phil. Mag., 1896, 42, 493; “ Scientific Papers,” Cambridge, 1903, 4, 261; abstr. in J. 
Phys. Chem., 1897, 1, 518; results of calculations do not agree with experimental results of 
Graham, Phil. Trans., 1863, 153, 385; see also Mulliken and Harkins, J.A.C.S., 1922, 44, 
37; Hertz, Phys. Z., 1922,23,433; Z. Phys., 1932, 79,108; Proc. K. Akad. Wetens. Amsterdam, 
1923, 45, 434; Wussow, Brennstoff Chem., 1924, 5, 65; Riesenfeld and Chang, Arkiv Kem. 
Min. Geol., 1937, 12 A, No. 19; Kammermeyer and Ward, Ind Eng. Chem., 1941, 33, 474; 
Braunc and Zehle, Z. phys. Chem., 1941,49 B, 247 (HCI and DCl, and HBr and DBr). 
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The rate of diffusion of a gas through a small opening in a thin diaphragm 
into another gas, which was used by Soret ^ in finding the density of ozone, and 
is of interest in the passage of carbon dioxide through the stomata of green 
leaves,2 is proportional, not to the area of the aperture (as might be expected) 
but to its diameter. The lines of flow in the stationary state converge towards 
the opening; adjacent openings influence one another, and there is a certain 
arrangement of openings of given diameter for which the diffusion is a maximum. 

The passage of gases by diffusion through porous solids was called diffusion 
or atmolysis by Graham,^ who was led to its study by some observations by 
Dobereiner ^ that hydrogen confined in a cracked flask escaped faster than air 
passed in. Bunsen ^ showed that the velocity of diffusion within certain limits 
is proportional to the difference of pressure on the two sides of the porous 
plate; Graham that the volumes of two gases diffusing through a porous 
(gypsum) plate are inversely proportional to the square roots of the densities. 
If S=density referred to air=l and the diffusion volume V is relative to 1 vol. 
of air, then Graham found the figures in the table. He used a glass tube, closed 
at one end by a thin plate of plaster of Paris, containing the gas and inverted 
over water or mercury in a cylinder, the tube being moved so as to keep the 
levels inside and outside equal; when no further change of volume occurred the 
volume of air (which alone was present) in the tube was read off, and by dividing 
this into the original volume of gas, V was found. 

Gas 8 (air=l) V(i/s) V 

H2 . 0 0694 3-7947 3-83 
CH4 . 0-555 1-3414 1-344 
C2H4 . 0-972 1-0140 1-0191 
CO . 0-972 1-0140 1-0149 
N2 . 0-972 J -0140 1-0143 
02 . Mil 0-9487 0-9487 
H2S . 1-1805 0-9204 0-95 
N20 . 1-527 0-8091 0-82 
C02 . 1-527 0-8091 0-812 
S02 . 2-222 0-6708 0-68 

The results were not confirmed for a plaster plug by Bunsen in more accurate 
experiments. Graham also used an apparatus he called a diffusiometer^ in 
which a current of air was passed over the outside of the plug by a T-tube, and 
he also failed to confirm the square-root law. The latter was, however, found 
by Graham ^ to apply with a plug of compressed powdered graphite, and it 

1 Ann. Chim., 1868, 13, 247; theory by Maxwell, Phil. Mag., 1868, 35, 185. 
2 Brown, Chem. News., 1900, 82, 161; Nature, 1901, 64, 171, 193; J.C.S., 1918, 113, 559; 

Brown and Escombe, Phil. Trans,, 1900,193 B, 223. 
3 Quart. J. ScL, 1829, 28, 74; Ann, Phys., 1829, 17, 341; 1833, 28, 331; 1863, 120, 415; 

Phil, Mag,, 1833, 2, 175, 269; Phil, Trans., 1846, 136, 573; 1849, 139, 349; “Researches,’^ 
1876, 28, 44, 88, 162; Winkelmann, “ Handbuch der Physik,” 1908, 1, ii, 1431; Barrer, 
“ Diffusion in and through Solids,” Cambridge, 1941, 65. 

^ “ Ober eine neu entdecktc, hdchst merkwurdige Eigenschaft des Platins und die pneu- 
matisch kapillare Tatigkeit gesprungener Glaser,” Jena, 1823; Ann, Chim., 1823, 24, 332; 
Faraday, Ann, Phys., 1826, 8, 124; Magnus, ibid., 1827, 10, 153. 

5 “Gasomctiy,” 1857, 198; Reusch, Ann. Phys., 1865, 124, 431; Stefan, Wien Ber., 1871, 
63, II, 63; Dufour, Arch. Sci. Phys. Nat., 1872, 45, 9; 1874, 49, 103; 1875, 53, 177; Hufner, 
Ann. Phys., 1882, 16, 253; Hansemann, ibid., 1884, 21, 545; Christiansen, ibid., 1890, 41, 

, 565; Rasmussen, ibid., 1937, 29,665 
6 Phil. Trms., 1863,153, 385; ** Researches,” 1876,210. 
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probably holds fairly accurately for a finely porous body,^ but not with a solid 
containing capillary holes, such as a plaster plug. 

The theory of dilfusion through porous bodies was developed by Stefan ^ 
on the basis of free diffusion, but the results of Hansemann were not in good 
agreement with it. Other experiments with porous cells, etc., were made by 
von Lang,^ Puluj,"^ and Prytz.^ 

Graham ^ distinguished three types of septa: (i) those behaving as assemblies 
of diffusion plates, with holes of molecular dimensions (compressed graphite; 
unglazed porcelain), (ii) those with relatively large interstices (most compressed 
powders), (iii) those with fine capillaries of large ratio length/diameter (plaster 
of Paris). Only (i) gave the square-root law. Compressed powdered graphite 
forms a suitable diffusion plug.'^ 

Bremond ^ also found disagreement with Graham’s law in the diffusion of 
gases through a porous septum at IT'-TOO'. Diffusion through paper and 
similar porous materials has been investigated.^ 

Sameshima used the formula: 

.(6) 
for flow of gas through a porous plate, where t is the time of flow for a given 
volume of gas of viscosity r/ and molecular weight Af, and n and k are constants, 
k depending on the nature of the plate and the pressure, and n is less than 1. 
For a very thin wall az->0 and i=kM^'^ (Graham’s law); for a very thick wall 
«->l and t=^k'q. A more complicated formula was used by Adzumi.^^ 

The free energy change on the isothermal mixing of gases (§ 28.11) was 
calculated by Rayleigh and Boltzmann: for rnols of gas [1] and «2 ^ols 
of gas [2] at a temperature 7’it is: 

-AF^niRTln[(vi+V2)lvi]+n2RTln[(vi + V2)/v2] . . (7) 

where the volumes vi and V2 are those of the unmixed gases at the same pres¬ 
sure, and V1 + V2 is the volume of the mixture. If the final volume is K, not 

this replaces Vi + V2in the formula. 
The well-known porous pot experiment for illustrating diffusion is due 

originally to Wohler; a neat apparatus in which the change in weight of a 
beaker containing CO2 or (inverted) H2 is shown by the change of level of a 
Nicholson’s hydrometer supporting it, is described by Rontgen.^^ The atmolyser 
of Graham, used for separating mixtures of gases, consisted of a porous clay 

1 Reusch, Ann. Phys., 1865, 124, 431; Hiifner, ibid., 1882, 16, 253. 
2 Wien Ber., 1871, 63* II, 63; KirchhofF, Ann. Phys.^ 1884^ 21,563, who dobs not compare his 

equations with experiment. 
3 Wien Ber., 1870, 61, II, 288; Bellamy, Compt. Rend., 1876, 83, 669. 
4 Carl’s Reperi. d. Phys., 1877, 13, 469, 533 (vapours); Graham’s 1/VS law was approxi¬ 

mately found. 
5 Ann. Phys., 1905, 18, 617. 
6 Phil. Trans., 1863,153,385; “ Researches,” 1876,210. 
^ Palmer, ” Experimental Physical Chemistry,” Cambridge, 1941, 27. 
8 Compt. Rend., 1933,196, 1651. 
9 Carson, Bur. Stand. J. Res., 1934,12, 567 (bibl.). 

10 /. Chem. Sot. Japan, 1923, 44, 671 (in Japanese); Bull. Chem. Soc. Japan, 1926,1, 5. 
n Bull. Chem. Soc. Japan, 1937, 12, 304. 
12 Phil. Mag., 1875, 49, 311; 1896, 42, 493; Woodward, ibid., 1883, 16, 375. 
13 Wien Ber., 1878, 78, II, 733; Maxwell, “Scientific Papers,” 1890, 2, 644; Mahsbn, 

Compt. Rend., 1947, 224,1548, 1816. 
Bet., 1871, 4, 10; for modifications, sea c.g. Roscoe and Schorleittmer, “Tmatise OH 

Chemistry,” 1920,1, 95; Viswanthan, /, Indian Chem. Soc.^ 1934,11, 79. 
15 Ann. Phys., 1890,40, 110, 
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Qhiirchwarden tobacco-pipe stem enclosed in a vacuous glass jacket, the lighter 
gas passing out through the pipe. The pipes made in Scotland are said by 
Harkins and Jenkins i to have the finest grain and to be most suitable. The 
separation of gaseous mixtures by diffusion or atmolysis was used by Graham, 
and frequently since. ^ Christiansen ^ found a continuous gradation from 
transpiration to diffusion; mixed gases can separate to some extent by streaming 
through narrow slits or tubes. 

§ 8. Diffusion of Gases through Films and Solids 

Diffusion of gases through thin liquid films, such as soap-bubbles, was ob¬ 
served by Draper ^ and Marianini,"^ and quantitatively investigated by Exner,^ 
who observed the movement of a film in a wide vertical glass tube open at one 
end and closed and filled with the gas at the other. If G and L are the gas and 
air volumes passing through, a the absorption coefficient of the gas in the soap 
solution, and S the density of the gas, then GjL was found to be proportional 
to a/VS. 

The theory for diffusion through thick liquid laminae was developed by 
Stefan ^ and tested by Hiifner; ^ the amount w of gas passing should be propor¬ 
tional to the square root of the time: 

w==^2pQAV(Dtl7T).(1) 

where po is the constant density of the diffusing gas on one side, A the area, and 
D the diffusion coefficient. For CO2, Stefan calculated D for water as O-OCiOOlb 
cm.^/sec., and for alcohol 0*000031 cm.^/sec., at 16°-17°. 

The literature on the passage of gases through metals, glass, silica, rubber, etc., 
is very extensive, and only a small selection can be given here.^ The permeation 

1 Rayleigh and Ramsay, Phil. Trans., 1895, 186, 187 (206); Urbain and Urbain, Compt, 
Rend., 1923, 176, 166, 304; Lorenz and Magnus, Z. anorg. Chew., 1924, 136, 97; Harkins 
and Jenkins, J.A.C.S., 1926,48, 58; Maier, Bur, Mines Bull,, 1940,431; Wicke and Kallenbach, 
Koll. Z., 1941, 97, 135; Grunberg and Nissan, J. Inst. Petrol., 1943, 29, 193. 

2 Ann. Phys., 1890, 41, 565. 
3 Phil. Mag., 1837, 11, 559; “Scientific Memoirs,” 1878, 342; Waitz, in Winkelmann, 

“ Handbuch der Physik,” 1908, 1, ii, 1439. 
4 Ann. Chim., 1843, 9, 382. 
5 Wien Ber., 1875, 70, II, 465; 1877, 75, II, 263; Ann. Phys., 1875, 155, 321, 443; Pranghc, 

Dissert., Bonn, 1877; Ann. Phys. Beibl., 1878, 2, 202; Wroblcwski, Ann. Phvs., 1877, 2, 481; 
1878, 4, 268; 1879, 7, 11; 1879, 8, 29. 

Wien Ber., 1878, 77, II, 371. 
7 Ann. Phys., 1897, 60, 134; Z. phys. Chew., 1898, 27, 227; cf. Miiller, Ann. Phys., 1891, 

43, 554; Hagcnbach, ibid., 1898, 65, 673 (moist gelatin); Ardelt, Dissert.. Munster, 1904; 
Ann. Phys. Beibl., 1904, 28, 905. 

8 See Barrer, “ Diffusion in and through Solids,” Cambridge, 1941 (copious bibliography), 
117 (glass), 144 (metals); Jost and Widmann, Z.phys. Chew., 1935,29 B, 247; 1940, 45 B, 285; 
Fast, Chem. Weekbl., 1940, 37, 342; 1941, 38, 2, 19 (metals; review); Kostitzin, Compt. Rend.., 
1940, 211, 62, Some selected individual researches are: 

(i) Rubber and fabrics: Mitchell, J. Roy. Inst., 1831, 2, 101, 307; Graham, Phil. Trans., 
1863, 153, 385; 1866, 156, 399; “Researches,” 1876, 210, 235; Ann. Phys. 1866, 129, 549; 
fC.S., 1867, 20, 235; Wroblewski, Ann. Phys., 1876, 158, 539; 1877, 2, 481; 1879, 8, 29; 
Htifher, ibid., 1888, 34, 1; Kayser, ibid., 1891, 43, 544; Rayleigh, Phil. Mag., 1903, 49, 220 
(argon); Gmnmach, Ver/il. d. D. Phys. Ges., 1905, 7, 355; Phys. Z., 1905,6, 795; Rodt, Chem. 
Ztg., 1914, 38, 1249; Dewar, Proc. Roy. Inst., 1916, 21, 813; Elworthy and Murray, Trans. 
Roy, Soc, Canada, 1919,13, III, 37; McLennan and Shaver, Phil. Mag., 1920, 40, 272 (H2, 
He; fabrics); Dayncs, Proc^ Roy. Soc., 1920, 97, 286; Edwards and Pickering, Bttr. Stand. 
BuILt 1920, 16, 327; Chew. Met. Eng., 1920, 23, 17; Venable and Fuwa, Ind. Eng;. Chem.^ 
1912, 14, 139; Schumacher and Ferguson, J.A.C.S., 1927, 49, 427 (various membranes)} 
Alexejeffand Matalsky, /. Chim. Phys., 1927, 24, 737; Hill, Science, 1928, 67, 374; Kanata, 
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of metals (palladium, platinum, iron) by hydrogen almost certainly occurs 
in the form of atoms or hydrogen nuclei protons), as was inferred by Winkel- 
mann ^ from the fact that the rate of permeation is proportional to the square- 
root of the hydrogen gas pressure, i.e. to the concentration of hydrogen atoms. 
Helium, which passes through silica glass even at room temperature, does not 
permeate metals, although its molecules are smaller than H2 molecules. The 
passage of oxygen through silver behaves similarly, being proportional to the 
square-root of the gas pressure.^ Richardson found the rate given by: 

A^=(C/rf);?i/2ri/2e~^/4r.(2) 

where C=constant, ^/=thickness, /?=pressure, T=abs. temp., and ^=heat of 
dissociation of the gas in the metal; Johnson and Larose for oxygen and silver 
found: 

X(cm.-^ per m,^ per hour)={l. . (3) 

Bull. Chem. Soc. Japan, 1928, 3, 183 (various); Sandri, Wien Ber., 1932,141, II A, 81; Dorsey, 
“Properties of Ordinary Water Substance,” New York, 1940, 75 (bibl.); Riehl, Roll. Z., 
1944, 106, 201; Todd, Paper Trade X, 1944, 118, No. 10, 32; Cartwright, Ind. Eng. Chem. 
Anal., 1947, 19, 393. 

(ii) Metals: Deville and Troost, Cornpt. Rend., 1863, 57, 897; Graham, Phil. Trans., 1866, 
156, 399; Proc. Roy. Soc., 1868, 16, 422; 1868, 17, 212, 500; ” Researches,” 1876, 253; Dorn, 
Phys. Z., 1906, 7, 312; Sicverts, Z. phys. Chem., 1907, 60, 129 (bibl.); Charpy and Bonnerot, 
Compt. Rend., 1912, 154, 592; Deming and Hendricks, J.A.C.S., 1923, 45, 2857; Spencer, 
J.C.S., 1923, 123, 2124 (O2 through Ag); Lombard, Compt. Rend., 1923, 177, 116; 1926, 
182, 463; 1927, 184, 1327 (Ni), 1557 (Pd); J. Chim. Phys., 1928, 25, 501, 587; Borelius and 
Lindblom, Ann. Phvs., 1927, 82, 201 (H2); Lombard and Eichner, Bull. Soc. Chim., 1932, 51, 
1462; 1933, 53, 1176; 1934, 1, 945. 954; 1935, 2, 1555 (Pd); Compt. Rend., 1932, 195, 322 (Pd); 
Ham, J. Chem. Phys., 1933, 1, 476; Trans. Amer. Soc. Metals, 1937, 25, 536 (H in Fe, Ni); 
Smith and Derge, Trans. Amer. Electrochem. Soc., 1934, 66, 253 (H through Pd); Duhm, 
Z. Phys., 1935, 94, 434 (H in Pd; bibl.); Lombard, Eichner, and Albert, Compt. Rend., 1936, 
202, 1777 (Pd); Bull. Soc. Chim., 1936, 3, 2203; Jouan, J. de Phys., 1936, 7, 101 (H2 and D2 

through Pt); Smithells and Ransley, Proc. Roy. Soc., 1936,155, 195 (CO through Ni); de Boer 
and Fast, Rec. Trav. Chim., 1939, 58, 984 (H through Fc); Betz,Z. phys., 1940,117,100 (Hin 
Fe); Chaudron and Moreau, Compt. Rend., 1941, 213, 790 (H in Fe); Fast, Chem. Weekbl, 
1941, 38, 2; 19 (theory, bibl.); Michel, B6nard, and Chaudron, Bull. Soc. Chim., 1945, 12, 
336 (H in Pd); Sutra and Darmois, Compt. Rend., 1948, 226, 177 ( H in Fe). 

(iii) Glass and quartz: Villard, Compt. Rend., 19(X), 130, 1752 (H2 and silica); Richardson 
and Ditto, Phil. Mag., 1911, 22, 704 (glass and quartz; bibl.); Mayer, Phys. Rev., 1915, 6, 
283; Johnson and Burt, J. Opt. Soc. Amer., 1922,6,734 (Hz, quartz glass); Williams and Fergu¬ 
son, J.A.C.S., 1922, 44, 2160 (bibl.); 1924, 46, 635 (He through silica glass); Boggio-Lera, 
Rend. Accad. Fis. Mat. Napoli, 1923, 29, 111; Mem. Accad. Lincei, 1923, 14, 125; Atti R, 
Accad. Lincei, 1924, 33, ii, 532; Voorhis, Phys. Rev., 1924, 23, 557 (He and glasses); Elsey^ 
J.A.C.S., 1926, 48, 16(X) (He permeates quartz glass at room temperature); Paneth et al., 
Z.phys. Chem., 1928,134, 353; 1931,152,110; 1928,1 B, 170. 253; Ber., 1929,62, 801; Baxter, 
Starkweather, and Ellestad, Science, 1928, 68, 316; Baxter and Starkweather, ibid., 1931, 73, 
618; McLennan and Wilhelm, Trans. Roy. Soc. Canada, 1932, 26, Ill, 119; Urry, J.A.C.S., 
1932, 54, 3887; 1933, 55, 3243; Liu Sheng T’sai and Hogness, J. Phys. them., 1932, 36, 2595; 
Burton, Braaten, and Wilhelm, Canad. J. Res., 1933, 8, 463; Alty, Phil. Mag,, 1933, 15, 1035; 
Barrer, J.C.S., 1934, 378; Rayleigh, Proc. Roy. Soc., 1936, 156, 350; Wang, Trans. Cambr, 
Phil. Soc., 1936, 32, 657; Braaten and Clark, J.A.t.S., 1936, 57, 2714; Taylor and Rast, 
J. Chem. Phys., 1938, 6, 612; Ledoux, J. tcole Polytechn., 1938, 36, 1; Baxter, J.A.C.S., 1939, 
61,1597; Smith and Taylor, J. Amer. Ceram. Soc., 1940, 23, 139; Kondratiev, J. Exptl. Theor. 
Phys. U.S.S.R., 1943,13, 59; Giauque, Rev. Sci. Instr., 1947, 18, 852 (Jena glass less permeable 
th^ Pyrex to He); Levi, Trans. Faraday Soc., 1946,42,152 (organic resins, etc.; theory only). 

2 Ann. Phys., 1901,6,104; 1902,8, 388 (Pt); 1905,16,773 (Pd); 1905,19,1045 (Pt); Schmidt, 
ibid., 1904, 13, 747 (Pd). 

3 Richardson, Phil. Mag., 1904, 7, 266; Richardson, Nicol, and Parnell, ibid., 1904, 8, 1; 
Spencer, /.C.B., 1923,123, 2124; Lombard, Compt. Rend., 1923,177, 116 ^i); Johnson and 
Larose, J.A.C.S., 1924, 46, 1377; 1927, 49, 313; Sieverts, Bauldoh, and Hofmaiin, MetaiF 
wirtsch., 1938,17, 655 (Hz in Fe). 
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where Assthickness of metal in mm., though they found Richardson’s equation 
approximately valid. Hendricks and Ralston ^ also verified it for hydrogen 
passing through hot zinc, copper, and nickel. Smithells ^ gave the following 
figures for the rate of diffusion of hydrogen in cm.^ per cm.^ per sec. at 760 mm. 
Hg pressure through a 1-mm. thick plate of the metal at the given tempera¬ 
ture ° C. : 

1000" 500" 0" 

Iron . 1 X10-3 1 X10-4 6x10-6 

Nickel . 2x10-3 3 X 10-«s 1 xio->i 
Molybdenum 4x10-3 5x10-6 2x10-16 

Platinum . 1 X 10-4 lx 10-5 5x10-15 

Copper . 1x10-4 1x10-6 4x10-15 

Aluminium. — 1x10-7 2x10-23 

Borelius and Lindblom ^ found for the diffusate m of hydrogen per dcm.^ 
per hour: 

.(4) 

where ^—thickness in mm., A and b are constants, /^—pressure, and Pt is a 
threshold value, of importance only for iron. Post and Ham ^ found the rate 
of diffusion of hydrogen through iron and nickel equal to: 

.(5) 

where yf, 2, y, and h are constants. The theory of degassing of metals by 
heating in vacuum ^ also involves the rate of diffusion. 

The general trend of recent theory is to assume that some kind of energy of 
activation is necessary to enable the gas molecules to pass through minute 
pores or fissures in the solid; this theory is considered in relation to diffusion 
through solids in § 4.IX A, Vol. II. 

A theory of diffusion of a gas through metals, developed by Lennard-Jones ^ 
did not agree with experiments on silica glass and was modified by Alty,'^ who 
gave the equation: 

.(6) 

where 3/=mass of gas diffusing through the solid per sec., ^ is a constant, 
iro=energy of entry of gas molecule into a crack or pore which is suflScient to 
overcome the protective barrier of two overlapping fields of force at the en¬ 
trance,^ J5'o=a small energy increment necessary for the diffusion of the atom 
along the crack or pore, i.e. for mobilising an adsorbed atom.^ 

1 JA.CS., 1929, 51, 3278; also verified by Khitrin, J, ExptL Theor, Phys. U.S.S.R,, 1934, 
4.1^. 

2 Smithells and Ransley, Proc, Roy, Soc.y 1935, 152, 706 (Al); Smithells, Nature^ 1937, 
139,1113. 

3 Tekn, Tidskr, (Kem,\ 1926, 56, 41. 
4 Chem, Phys,, 1937, 5, 913 (Fe); 1938, 6, 598 (Ni); Ham, ibid,, 1933, 1, 476; Trans, 

Amer. Soc, Metals^ 1937, 25, 536; see lost and Widmann, Z. phys, Chem,, 1935, 29 B, 285; 
1940, 45 B, 247 (H2 and D2 in Pd); Rast and Ham, Phys, Rev., 1937, 51, 1015 (Fc). 

5 Van Liempt, Rec, Trav, Chim., 1938,57, 871. 
6 Trans, Faraday Soc., 1928, 28, 333. 
7 Phil. Mag., 1933,15, 1035; Braaten and Qark, J.A.C.S., 1935,57,2714. 
8 Lennard-Jones assumed non-overlapping fields. 
* Bairer, Trans. Faraday Soc,, 1944,40, 374. 
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Rayleigh ^ found that helium does not pass through single crystals^ e.g* very 
thin sheets of mica up to 415°; Piutti and Boggio-Lera^ had previously found 
that helium, which passes through vitreous silica, does not penetrate crystalline 
quartz at 480°. 

J, GASES AT LOW PRESSURES 

§ 1. Knudsen’s Absolute Manometer 

Before leaving the special treatment of gases a brief account will be given of 
some important results which apply to gases at very low pressures.^ The first 
of these concerns the measurement of low pressures. 

A low-pressure manometer used by Knudsen ^ and by Dushman ^ for pres¬ 
sures of the order of 10-“^ mm. Hg, comprises a rotating disc with another disc 
suspended above it by a quartz fibre acting on the torsion balance principle. 
The torque (twisting couple) on the upper disc is measured. If the gas between 
the two discs, distant d cm. apart, is at such a low pressure that the molecules 
make hardly any collisions with one another between the plates in the short 
distance d, and if c is the mean molecular velocity, the mean velocity towards 
one disc is cjl, and a molecule makes cjAd return journeys per second between 
the plates; hence the total number of return journeys per sec. between one 
cm.2 of area of the plates will be: 

m{clAd)^NclA, 

where W=no. of molecules per cm.^ (AW=no. of molecules in the volume 
dx\ cm.^ between 1 cm.^ area on each plate.) 

If u is the velocity of the moving plate, it may be supposed that each molecule 
striking this plate acquires a tangential velocity u and a momentum mw, and 
gives up this momentum to the fixed plate on striking it. Hence the momentum 
given per sec. to one cm.2 of fixed plate is \Ncmu. This is the force exerted on 
the fixed plate per cm.2. Substitution of c from (35), § lO.IlI: 

c^V(^kT/frm) 

gives for the force per cm.2 which must be applied to the fixed plate to prevent 
it from moving: 

F={Nmul4W(^kTl7Tm)-upV(ml2nkT) .... (1) 

since p^NkT; hence the torque is proportional to: 

up^/imjkT).(2) 

1 Nature, 1935,135, 30; Proc. Roy, Soc., 1937,163, 376. 
2 Mem, Accad, Lincei, 1923, 14, 125; Atti R. Accad. Lincei, 1924, 33, ii, 532; R, Accad, 

Napoli {Fis, Mat,), 1923, 29, 111. 
A fuller account of the subject (which is rather involved and tedious) must be sought in 

the Original papers quoted in the references. Summaries are given by Jellinek, “ Lehrbuch 
der physikalischen Chemie,” 1928, 1, 261 f.; Knudsen, “Kinetic Theory of Gases,” 1934; 
Loeb, “ Kinetic Theory of Gases,” 1934, 278; Kennard, “ Kinetic Theory of Gases,” 1938, 
291; Dushman, “ Scientific Foundations of Vacuum Technique,” New York, 1949. 

^ A/im Phys., 1910,32, 809; 1914, 44, 525 (oscillating sphere); 1930, 6, 129; Fredlund, ibid, 
1932,13, 802; 1932,14, 617. 

5 Phys. Rev,, 1915,5, 212; “ Production and Measurement of High Vacuum,” Schenectady, 
1922, 101; cf. Dewar, Chem. News, 1907, 96, 97 (radiometer gauge); Langmuir, Phys. Rev,, 
1913, 1, 337; Rutherford, Engineering, 1924, 117, 365; Lockenvita:, Rev, Sci, Instr,, 1938, 9, 
417 (radiometer gauge); Klumb and Schwarz, Z. Phys., 1944,122,418 (radiometer type, bibi,); 
Weber, Kgl, Dansk. Vidensk, Selsk, Mat,fys, Medd., 1947* 24, No* 4. 
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In the absolute manometer devised by Knudsen,* which has a different con¬ 
struction, two plates are at two slightly different temperatures T\ and T2. In 
this case the force on one plate, suspended very close to a fixed plate is; 

F:^iApW(TtlT2)^l].(3) 

In the simplified deduction of Knudsen’s equation (3) given by Smoluchowski 
it was assumed that the mean free path is large compared with the dimensions 
of the vessel, so that the gas may be treated like black-body radiation in an 
enclosure (an idea due to Maxwell). The molecules are assumed to have two 

velocities Ci and C2 (really and and in each category «i and «2 

per cm.^ are supposed to move from below to above, and rii and rtz from above 
to below. It is then assumed that: 

n2C2^ni'ci, and niCi=«2'^2* 

The number of collisions v per sec. on the under side of the upper plate is 
equal to the number on the upper side. The upper plate is opposite to a 
constant temperature wall, and in the upper 
space all the molecules have a velocity C2 cor¬ 
responding with the temperature T2» Hence, 
if TV is the number of molecules per cm.^ 
moving both up and down in the upper space, 
WjCi-f The excess pressure from 
inside to outside per cm.^ of upper plate is: 

^ni(nxCi^+n2C2'^+niCi^+n2'c2'^’-Nc2^) 

which, with the previous equations, gives 
Knudsen’s formula (-^4 = 1): 

F=imNc2Kcilc2-l)=(p/2)[V(Ti/T2)-l]. 

A section of Knudsen’s absolute manometer 
is shown in Fig. l.VII J. A copper cylinder 
A' 1 -63 cm. diam., with a boring for a thermo¬ 
meter T', is contained in a blackened metal tube C, surrounded by an evacuated 
bell-jar J, The polished base of A' is heated electrically. The cylinder A' is 
surrounded by a copper guard-ring block B, with a clearance of 0-174 mm., and 
having an inserted thermometer T"'. A copper plate A”, with a thermometer 
T", is hung from a platinum wire of 0-1 mm. diam. The distance between A' 
and A" is 0-12 mm., the effective area is 2-1 cm.^, and the distance from the sup¬ 
porting wire to the central point of the hot base of A' is 1 -2 cm. The angular 
displacement of the suspended plate A" is measured. With a temperature 
difference of 46° in hydrogen at 0-002 mm. Hg pressure, a deflexion of a beam 
of light from a mirror on A" was 4 mm. Deviations from the formula (3) 
began at 0-006 mm. Hg pressure. 

Gaede ^ used a “ molvacuum meter ” depending on the thermal repulsion 

> Ann. Phys., 1910, 32, 809; Smoluchowski, ibid., 1911, 34, 182; von Angerer, ibid., 1913, 
41, 1; Woodrow, Phys. Rev., 1914, 4, 491; Phys. Z., 1914, 15, 868; Schrader and Sherwood, 
Phys. Rev., 1918, 11, 134; 1918, 12, 70; Sherwood, ibid., 1918, 11, 241; Todd, Phil. Mag., 
1919, 38, 381; Richardson, Proc. Phys. Soc., 1919, 31, 270; Martin, Phil. Mag., 1930, 9, 97; 
Spiwak, Sow. Phys. Z., 1932, 2, 101; Fredlund, Ann. Phys., 1932, 13, 802; 1914, 14, 617; 
Hu^ws, Rev. Sci. Instr., 1937,8,409; Weber, K. Danske Videos. Selsk. Mat. Fys. Medd., 1937, 
14, No. 13; Physica, 1939, 6, 551; Werner, Z. techn. Phys., 1939, 20, 13; Williams, J. Set. 
Instr., 1946, 23, 144 (10-*-10-« mm.). 

i Z. techn. Phys., 1934, 15, 664; Paraifipe, Proc. Indian Acad. Sci., 1946, 23 A, 233. 

Fig. l.Vll J. Knudsen’s Absolute 
Manometer 
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principle. A modified Knudsen gauge was described by Du Mond and 
Pickels.i Murman ^ used a “ hot wire ” manometer, the pressure being 
determined from the length of the wire. 

§ 2. The Flow of Gases at Very Low Pressure 

The flow of gas through a circular capillary tube of length L and radius r 
at very low pressure can be derived from equation (2), § 12.VII F (rj/e^C)- 

V=(7rr*ISr,L)(p,-p2)(l+4Clr).(1) 

where L is now used for the length of the tube. 
In this equation unity can be neglected in comparison with 4^/r, hence: 

v=(nCry2r]L)(pi-p2).(2) 

Substitute ri=0-'i50pcl from Boltzmann’s formula (12), § l.VII F, and 
^=0-700/(2-/)//from (7), § 12.VII F, giving: 

v=(-nrypcLXPi-P2)[(2-f)/f].(3) 
The number of mols of gas flowing per sec. is: 

«=pz;/i?r=(wVcL)(pi-p2)[(2-/)//]o/p)(i/«r) ... (4) 

which is independent of pressure (p/p=const.). From (35), § lO.III: 

c=2V(2RTl7TM)=V(^plnp).(5) 

(since pv—RTIM, where t)=vol. of 1 g., and v=llp), and if d=2r is the 
diameter of the tube: 

n= 
y/p 

VpRT L f ' 

Knudsen,^ by taking account of Maxwell's distribution law, found the factor 
instead of \/(^V512), hence he gave: 

n 
_L Pt-P2 2-f 
VpoRT L f (6) 

where p/p=po=density in g. per cm.^ under a pressure p=l dyne/cm.^. 
Knudsen’s formula for the mass Q in g. of gas flowing per sec. is obtained 

from (6) by putting /= 1, ^/=2r, g=Afw, where Af=mol. wt. Since z;=:specific 
volume, p{Mv)—RT, Ijv—p^MpIRT, pQ=plp=MIRT, By substitution in 
(6) it follows that: 

Q=^(SI3WOrl2)rWpol(Pi-P2)/L].(7) 

The transition between Poiseuille’s law, when the amount of gas passing is 
proportional to the pressure, and the case of very low pressures, when the 
amount is independent of the pressure, is represented by Knudsen by the 
formula: 

Q=ap+b(l+Cip)/{l+C2p).(8) 

1 Rev. Sci. Jnstr., 1935, 6, 362. 
2 Z. techn. Phys., 1933, 14, 538. 
3 Ann. Phys.y 1908-9, 28, 75, 999; Fisher, Phys. Rev.y 1909, 29, 325; Knudsen and Fisher, 

ibid.j 1910, 31, 586; cf. Hogg, Proc. Amer. Acad., 1905, 40, 611; 1906, 42, 115; Phil. Mag., 
1910, 19, 376; Bolza, Born, and von Kdrmdn, Gott. Nachr., 1913, 221; Onnes and Weber, 
Verslag. K. Akad. Wetens. Amsterdam, 1931, 21, 1530 {Comm. Leiden, 134 c); Dodd, Phys. 
Rev., 1918, 11, 242 (verified); Dushman, “ Production and Measurement of High Vacuum,” 
Schenectady, 1922, 30; Jellinek, “Lehrbuch der physikalischen Chemie,” 1928,1,275: Krase, 
Ann. Phys., 1931,11,73; Darbord, J. de Phys., 1932,3,345; Loeb, ” Kinetic Theory of Gases,” 
1934, 290; Jeans, “ Kinetic Theory of Gases,” Cambridge, 1940, 170; Brown, de Nardo. 
Cheng, and Sherwood, J. Appl. Phys., 1947,17, 802. 
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ia which Q is now the quantity of gas which, when divided by RT, gives the 
number of mols of gas passing at the mean pressure p and a pressure diiference 
(pi—P2) of 1 dyne per cm.2 between the ends of the capillary, and a, b, Cj, 
and cz are constants. At high pressures (of the order of atmospheric) the 
second term is negligible, and the constant a is Poiseuille’s constant (W‘‘/128ijL). 
At very small pressures (p->0) Q approaches b, which is Knudsen’s constant 
-v/(’r/18)(<^VI,)(l/\//)o)' At moderate pressures, unity is small compared with 
Cip and czP in (8); hence, by comparison with (1) with Q—pv: 

Q=ap+b{cilc^=ap{\+%tld).(9) 

X^dbidczWap).(10) 
For low pressures Weber ^ proposed to vary the viscosity according to the law 

7] ==i7oW(/^+^^o)> where tjq is the constant limiting value at higher pressures. The 
constant a is found for an oscillating disc apparatus to be: ^ 

a=k,V(2^)m+d2)/d,d2]il/^  (11) 
where di, d2 are the distances of the oscillating from two fixed discs, is the 
density of the gas at 7’"'K. and I dyne/cm.^ pressure, and ki is slightly less 
than 4/3, 

The equation: 

e/(/^i~/^2)=-(0 1472r//+Z)x(3048rV^/^\/^) • • • (12) 

where /7i--/?2=pressure difference in microns (10“^ mm. Hg) between the 
ends of a cylindrical tube of length L and radius r cm., /=mean free path at 
the average pressure 2=flow in micron litres {pv units) per sec., 
Z=a function of r// which increases from Z=0*81 for /•//>100 to 1-0 for 
r/Z^OT, is given by Dushman ^ for the whole range of pressure. 

At very low pressures the viscosity coefficient of a gas becomes abnormally 
small, since the molecules have not space available in the apparatus to describe 
free paths by collisions. If the mean free path / is less than some value /q, then 

=z^pcl cannot be greater than ^pclo, and should vanish along with />. Crookes ^ 
had found abnormally low viscosities at pressures of the order of 10“3 mm. Hg 
which tended to vanish as the density of the gas vanished. 

A practical point is the marked slowness of passage of a gas at low pressure 
through narrow tubes; Knudsen connected two 2f-lit. flasks, one containing 
hydrogen at 0-01 mm. Hg pressure and the other highly vacuous, by a tube 
30 cm. long and OT mm. diam., and found that it took about 15 hours for 
one-third of the gas to pass from one flask to the other. For this reason, all 
connecting tubes in high-vacuum apparatus must be of wide bore. The slow 
flow through small openings at very low pressures is utilised in the molecular 
pump of Gaede/ consisting of a metal cylinder rotating inside a fixed cylinder 
with a small clearance, and with a fixed deflecting vane on the latter; the inlet 
and outlet tubes are on opposite sides of the vane. This pump has been super¬ 
seded by vapour pumps (see § 12.YII A). 

Knudsen expressed his equation in the form: 

Q^(MVpo)\{Pi-P2)IW].(13) 

t Physica, 1939, 6. 551. 
2 Miyako, Proc. Phys. Math, Soc, Japan^ 1942, 24, 852 (t? and second virial coefficient of 

H2 at low temperature); van Itterbeek, van Paemel, and van Lierde, Physica, 1947,13, 88. 
3 Ind. Eng. Chem., 1948, 40, 778. 
4 PMl Trms., 1881, 172. 387. 
5 Ann. Phys., 1913, 41, 337; Dunoyer, “Vacuum Practice,” transl. Smith, New York, 

1928, 36. 
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where fV is the resistance to flow, given by: 

fr:*(3/8)V(W2) r(0/A2)dL.(14) 
Jo 

where Oa= circumference of tube, L=length of tube, /4=area of nominal section 
at a distance L (in the integral) from the end. The Knudsen flow for gaseous 
mixtures is additive. ^ 

Todd 2 proposed the general equation (<i=diameter of tube): 

.(15) 

which for small pressures gives rj=7]„kpd, agreeing with Knudsen’s formula if, 
in the equivalent form of the latter, V2(dp2l<it)—c{d^/l)(pi—p2), the constant 
c—n/kr)^-, and at high pressures 

The flow characteristics of a vacuum line may be expressed ^ by 

Q=C(pi-p2) .(16) 

where (2=quantity of gas in pv units passing any point per sec. and C=con- 
ductance of the line. For parts in series, 1/C=2^(l/Ci), and for parts in parallel, 
CtstSCi. The speed of pumping 5* of a pump, defined as the volume of gas, 
measured at inlet pressure, entering the pump per sec., is related to the rate 
S' of removal of gas from an attached chamber by the equation: 

From (7): 
1/S'==I/S+1/C.(17) 

C=M2^)V(RTIM)ir^lL).(18) 

The conditions of application at various pressures and with various types of 
pipes, including bends, etc., and semi-empirical formulae for transition cases, 
are given by Normand.^ 

§ 3. Effusion at Low Pressures 

The case of effusion through a very small hole of area A (e.g. 5 x 10“^ cm.2), 
in a plate separating two parts of a gas at the very low pressures pi and P2, was 
treated by Knudsen as follows. Since there are practically no collisions, the 
numbers of molecules passing through the hole per cm.^ per sec. are, from (8), 
§ 8.III, iVjc/4 and N2cl4, where Ni and N2 are the numbers per cm.^; hence the 
number of molecules passing through the hole per sec. from the pressure pi 

to the pressure P2 is; 
v=Ac(Ni-N2)l4.(1) 

If »ja=mass of a molecule, Nint=pi, N2m—p2, and vwa*g«mass of gas 
passing per sec., then: 

Q^Ad(ftr-p2)l4.(2) 
Put pi=PipQ, and pz—PzPOi whefe /9o=density at unit pressure (1 dyne per cm.*), 
and substitute c= \/(i/TTpo), then: 

Q=[AIV(2rr)Wpo(Pi-Pz).(3) 
Equation (3) was verified experimentally by Knudsen. 

> Adzuni, Bull. Chem. Soc. Japan, 1937, IZ, 199, 285, 292. 
2 Proe. Durham Phil. Soc., 1920, 6, 8. 
3 Normand, Ind. Eng. Chem., 1948, 40, 780. 
* Ann. Phys., 1909, 28, 75, 999; 1909, 29, 179; 1911, 34, 823; 1911, 35, 389; 1914, 44, 525; 

Smoluchowski, ibid., 1910, 33, 1559; Gaede, ibid., 1913, 41, 289; Qausitlg, Dissert., Amster¬ 
dam, 1918; Verslag. K. Akad. Wetens. Amsterddtn, 1926,35,1023; Physied, 1929,9, 65; Aim. 
Phys., 1930,7, 533, 567; 1930, 7, 569; 1932,12,961; 1932,14,129,134. 
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Clausing found for a low-pressure gas passing through a short or long round 
tube into a vacuous space: 

v^WANi.(4) 

where v=no. of molecules passing per sec., y4=area of section of tube, Ni^no, 
of molecules striking unit area of the gas-containing vessel per sec., and W is 
a probability coefficient calculated by Clausing. 

§ 4* Heat Conduction at Low Pressures. 
Kundt and Warburg t found that whilst, at suitably reduced gas pressures 

when convection is minimised, the thermal conductivity is independent of 
pressure, this is not the case at very low pressures, so small that the mean free 
path of the molecules is larger than the linear dimensions of the apparatus, 
when the molecules “ transport heat across the whole apparatus at a single 
bound.” 2 There is no temperature gradient and the whole gas is at a uniform 
temperature, which is different from that of the solid wall. This case was 
investigated by Knudsen.^ 

For such a “ molecular conduction ” between two parallel plates of area A 
at temperatures Ti and T2, he found for the quantity of heat passing in t secs.: 

q=^At(Ti-T2)p€ (1) 
where, for a complete exchange of energy on collisions of gas molecules with 
the plates (” absolutely rough ” surfaces): 

6 
2 

USttpqT )• 
Cp + C„ 

(2) 

If the observed heat transfer is q'^^Kqy then is a constant for the same gas 
and plates, but varies with the gas and the degree of roughness of the plates. 
The fact that K is not unity shows that the exchange of energy is not usually 
complete with a single collision. If is the mean square velocity of the 

molecules in the gas in temperature equilibrium with the solid, Ci^ the value for 
molecules approaching the solid, and C2^ for molecules leaving the solid, then 
the accommodation coefficient is defined as: 

C^2-C,2 Ti-Ti 
c2_Cj2 T-Ti (3) 

For hydrogen, Knudsen found this to vary from 0-26 for bright platinum or 
giass to 0-71 for platinised platinum * (see § 5). 

Knudsen deduced the above equations as follows. Call Ai and A 2 the 
plates at absolute temperatures Ti and T2. The molecules leaving Ai have a 
velocity ci and those leaving Az a velocity Cz. If there are dNi molecules per 
cm.^ with velocity components between Ci and ci+dci directed away from Aj, 

1 Ann, Phys.y 1875,156,177; Crookes, Proc, Roy. Soc., 1881, 31,239. 
2 Jeans, “ Kinetic Theory of Gases,” 1940, 190. 
3 Am. Phys.y 1910, 31, 205; 1910, 33, 1435; 1911, 34, 593, 823; 1911, 35, 389; 1911, 36, 

871; 1927,83,385,797; 1930,6,129; “The Kinetic Theory of Gases,” 1934,46; Smoluchowskl, 
Ann, Phys.y 1910, 33, 1559; 1911, 35, 983; Trowbridge, Phys. Rev., 1913, 2, 58 (air at O’OOl 
mm.); Bolza, Bom, and von Kdrmdn, Gdtt. Nachr.y 1913, 221; Loeb, Kinetic Theory of 
Gases,” 1927, 265, 2nd edit., 1934, 310; Gregory, Phil. Mag., 1936, 22, 257; 1943, 34, 120; 
Fredlund, Ann. Phys., 1937, 28, 319, 

4 Marcelin, Compt, Rend., 1914, 158, 1674; Knudsen, Ann. Phys., 1915, 47, 697; 1916, 
50, 472; Bennewitz, Ann. Phys., 1919, 59, 193; Vohner and Estermann, Z. Phys., 1921, 7, 1; 
Z.phys. Chem., 1921,99, 383; Czerny and Hottner, Z. Phys., 1924, 27,12; 1924, 30, 258. 
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these will strike one cm.^ of A2, and if there are dN molecules per cm.^ having 
velocities in all directions, then ^JdA^ci of these strike one cm.^ of A2 per sec. 
Since the dNi molecules move only in all directions in a hemisphere, but dN 
in all directions in a sphere, diVi=idA^; hence \dNiCi molecules strike one 
cm.2 of A2 per sec. Similarly, if there are dNi molecules per cm.^ with velocities 
between C2 and C2+dc2, directed away from A2, the number \dN2C2 of these 
will strike one cm.^ of Aj per sec. 

Knudsen first assumed the plates absolutely rough, i.e. that each molecule 
striking a plate adheres to it but can afterwards re-evaporate with a temperature 
appropriate to the plate it leaves. The plate A2 thus gains energy dEi=|^dJVi.Ci. 
^mci^ from the group of molecules striking it, and, from Maxwell’s distribution 
law (29), § lO.III: 

djVi=-7-i 
yn oiy 

it follows that the total gain of energy per cm.^ per sec. is: 

/•« 4^. foo 
£i=imJo 

f" 
V(7r)«lVo (4) 

where /3i=A'^i/w=density. By integration by parts (§ 19.1): 

J Ci5e"'‘^/“‘Mci=|^-Ci'*(ai2/2)e'^>*'“»^j -J — (al2/2)e""‘''‘“^4cl3dcl 

=2«i2f°ci3e-^>^'“‘'dci=ai6 . (5) 
Jo 

since, from (23), § lO.III, the last integral is equal to Hence, from (4) and 
(5), and the result from (24), § lO.III, ai=|^V(7T)ci, 

^i=(piai'/v'^)=(’^/8)/>r^i'=(W8)iVimFi2 .... (6) 

Similarly: _ 
E2=(frli)p2C2^—(TTji)N2mc2^.(®*) 

Since Ei is received by A2, and E2 given up by A2 to Aj, the net gain of transla¬ 
tional energy per cm.2 of A2 per sec. is: 

Ei-E2=(yrlSMNi7i^-N2T2^).(7) 

The number of molecules striking one cm.2 of per sec. is and the 
number striking Aj is and as the numbers arriving and leaving each 
surface per sec. are equal in equilibrium, and no molecules escape from between 
the plates, it follows that: _ 

iAiFI=iA2C2.(8) 

If the plates are surrounded by gas of density N molecules per cm.3 of average 
velocity c, the constancy of pressure implies that the number passing out per 
sec. per cm.2 between the edges is equal to the number entering; hence from 

(8). §8.111: _ , _ , 
^NiCi+iN2C2—iNc, 

iViCi=JV2C2“iiVc 
from (8), 

(9) 



929 $4 HEAT CONDUCTION AT LOW PRESSURES 

/. from (7) and (9): 
Ei-E2^i-rrl\6)Nmc(c^^-T2^).(10) 

From (5), § 2, c=2\^(2RTl7rM)=‘-\/(SplTrp), and if po is the density at 0°C. 
for unit pressure of one dyne per cm.^, p=pfP.l'ipjT), hence: 

V(8/7r)V(r/273). (1/Vpo).(11) 

c-2=(8/7r)(p/p) 

and substitution in (10), with Nm=p, gives; 

F-pII H-J-UBj-dX 
^ ^ 16^»J TT /J 273 \/po\n pi tt p^) 

=(* /- / 
2 /J TT . 

/- /■ 
aJ TT /sj . 

L. 
273 v/po M 

T 1 R 

' 273 

JL J 
273 VW 

hence the translational energy transferred, Ex—E2, is; 

pM 

''2RT, 

(T1-T2) 

(.T1-T2) 

£ 
'2f J~ J'77 (^1 “ ^2): 

1 T’l-T’s 

,’r/^v/po V(27fr) 

(12) 

(13) 

Equation (13) is equivalent to (1), except for the factor e. This enters the 
equation when a polyatomic gas is considered instead of a monatomic gas. 
Knudsen assumed in this case that if Ei is the internal energy of rotation, etc., 
the ratio k of the total energy E=Et+Ei to the translational energy Et is given 
by the equipartition theorem, (4), § 28.VII E: 

k=EIE,=icJ(Cp-c^)=il(y-l).(14) 
where y=c^/Q. The average internal energy is (A:—1) times the translational 
energy. 

The internal energy taken per sec. per cm.^ between the plates is thus: 

Ei-(k-. imcP—. imj^), 

or, from (9), if c is the average velocity in all directions: 

£,=imiVc(A:-l)(^2-^2).(15) 

From (11), (13), (14), and (15), § 8.III, ?=3«r/M=377273po. it foUows that 
the total energy transported per sec. per cm.2 is: 

E=^E,+E,=^V(2/F)[lH(k-mplVpo)liTi-WVi273T)] 

, c^/c„+l /2 1 Ti—T2 

V(273D 

=iV(2/2737rpor)[(c,+c^)/(c,-c,)](ri-7’2)p . . . (16) 

which is now equivalent to (1). The actual value of € is less than the theoretical, 
because of the intervention of the accommodation coefficient. Equation (16) 
was verified for hydrogen, nitrogen, helium, and neon at low pressures at 
12®-20° K. by Keesom and Schmidt, 1 who found an accommodation coefficient 
of approximately unity. 

1 Physica, 1936, 3, 590, 1085; 1937, 4, 825 {Comm. Leiden, 250a); Weber, Keesom, and 
Schmidt, Comm. Leiden, 1936, 246a-6. 

A.T.P.C,—30 
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§ 5. The Accommodation Coefficient 
The possible existence of a discontinuity of temperature between the wall of a 

vessel and a gas at a different temperature, analogous to slip in viscous flow 
(§ 12.VII F), was suggested by Poisson,^ but was first experimentally demon¬ 
strated, at Warburg’s suggestion, by Smoluchowski.^ He explained it as due to 
the decreased length of the free paths in the immediate neighbourhood of the 
walls, and to the imperfect equalisation of temperature on collisions between gas 
molecules and the molecules of the solid, of very different masses. The second 
effect seemed to be confirmed by the much larger effect found with hydrogen as 
compared with other gases with heavier molecules. 

The effect is now specified in terms of the so-called accommodation coefficient a, 
introduced by Knudsen,^ and defined in (3), § 4. If is the wall temperature 
and 7^ the extrapolated temperature of the gas at the wall on the assumption 
that the temperature gradient d77dz along the z axis normal to the wall con¬ 
tinues uniform up to the wall, Poisson ^ suggested that: 

Tj,^l\,^g{ATldz).(1) 

where the coefficient g is a length giving the temperature-spring distance, 
was shown ^ that: 

(2-~a) AK 

a (y+l)T}4 
(2) 

It 

where ik is a constant (approximately y=Cplc,„ /c=thermal conductivity, 
r;=viscosity, and / is the mean free path. If 1, then g is a little larger than /. 

Pioneer measurements of the accommodation coefficient a were made by Soddy 
and Berry, 5 and by Knudsen,^ and the results recalculated by Smoluchowski;'^ 
the determinations were refined by later experimenters,® using the same method. 

1 “ TMorie math^matique de la Chaleur,” 1835, 119. 
2 Am. Phys., 1898, 64, 101; Wien Ben, 1898, 107, II A, 304; 1899, 108, II A, 5; Phil. Mag., 

1898, 46, 192; Brush, ibid., 1898, 45, 31; Gehrcke, Ann. Phys., 1900, 2, 102 (introd. by 
Warburg); Langmuir, Z. Elektrochem., 1917, 23, 16. 

3 Ann. Phys., 1911, 34, 593. 
^ Kennard, “ Kinetic Theory of Gases,” 1938, 314. 
5 Proc. Roy. Soc., 1910, 83, 254; 1911, 84, 576; 1915, 46, 641. 
6 Ann. Phys., 1911, 34, 593; 1911, 36, 871. 
7 Ann. Phys., 1911, 35, 983; Phil. Mag., 1911, 21, 11. 
^ Lasareff, Ann. JPhys., 1912, 37, 233; Weber, ibid., 1927, 82, 479; Clausing, ibid., 1930, 

4, 533; Knudsen, ibid., 1930, 6, 129; Roberts, Proc. Roy. Soc.. 1930, 129, 146; 1932, 
135, 192; 1933, 142, 518; Blodgett and Langmuir, Phys. Rev., 1932, 40, 78; Michels, ibid., 
1932, 40, 472 (He and A on W; etc.); Zener, ibid., 1932, 40, 335 (theory); Dickins, Proc. 
Roy. Soc., 1933, 143, 517; Jackson and Howarth, ibid.. 1933, 142, 447; Rowley and 
Bonhoeffer, Z. phys. Chem., 1933, 21 B, 84; Mann, Proc. Koy. Soc., 1934, 146, 776; Loeb, 
“ Kinetic Theory of Gases,” 1934, 321; Archer, Phil. Mag., 1935, 19, 901; Proc. Roy. Soc., 
1938,165,474; Gregory, Proc. Roy. Soc., 1935, 149, 35; Eucken and BQXtxdxn, Z. phys. Chem., 
1935, 31 B, 361; Keesom and Schmidt, Proc. K. Akad. Wetens. Amsterdam, 1936, 39, 1048; 
Physica, 1936, 3, 590, 1085; 1937, 4, 828; Weber, Comm. Leiden, 1937, 7Mb; Michels, Phys. 
Rev., 1937, 52, 1067 (He and A on W, etc.); Mann and Newell, Proc. Roy. Soc., 1937, 158, 
397; Gregory and Stephens, Nature, 1937, 139, 28; Gregory and Dock, Phil. Mag., 1938, 
25, 129; Kennard, ” Kinetic Theory of Gases,” 1938, 322; Kistiakowski and Nazmi, J. Chem. 
Phys., 1938, 6, 18; Kistiakowski, Lacher, and Stitt, ibid., 1939, 7, 289; Roberts, “Some 
Problems in Adsorption,” Cambridge, 1939; “Heat and Thermodynamics,” 1940, 228; 
Weber, K. Dansk. Vidensk. Selskab. Mat. Fys. Meddel., 1942,19, No. li; Thomas and Olmer, 
J.A.C.S., 1942, 64, 2190; 1943, 65, 1036; Amdur, Jones, and Pearlman, J. Chem. Phys., 1944, 
12, 159; Amdur, ibid., 1946, 14, 339; Klumb and Schwarz, Z. Phys., 1944, 122, 418; Rolf, 
Phys. Rev., 1944, 65, 185; Grilly, Taylor, hnd Johnston, J. Chem. Phys., 1946,14, 435; Morri¬ 
son, ibid., 1946,14,466; Paranjpe, Proc. Indian Acad. Sci., 1946, 23 A, 233; Baranaev, J. Phys. 
Chem., U.S.S.R., 1946, 20, 399 (on liquids and solids); Bosworth, J. Proc. Roy. Soc. N.S. 
Wales, 1946, 79, 166,190 (N2, O2 on tungsten). 
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This depends on the measurement of the loss of heat from a wire, stretched along 
the axis of a cylinder kept at a constant temperature. Recent work indicates 
the need for a uniform temperature throughout the wire. The electrical resist¬ 
ance of the wire measures its temperature; the power expenditure measures the 
heat loss from the wire which is compared with the loss in high vacuum. The 
pressure of the gas is so low that the mean free path is at least six times the 
diameter of the wire. The temperature of the molecules impinging on the wire 
was assumed by Roberts to be that of the cylinder, but Blodgett and Langmuir 
took it as the mean temperature of the gas at a distance of one mean free path 
from the wire, the temperature drop from this point to the cylinder being 
calculated by the ordinary equation for mass heat conduction; this makes a 
difference of 5 to 10 per cent. The results should be extrapolated to a tempera¬ 
ture difference of zero. 

The results show, as might be expected, a great dependence on the state of the 
solid surface. Blodgett and Langmuir, with a tungsten filament 0*00779 cm, 
diam. and 40 cm. long in hydrogen at 0*2 mm. Hg pressure, in a tube 6*4 cm. 
diam. cooled in liquid air, found <3=0*54 above 1000° C., when the surface was 
supposed to be clean, but at lower temperatures a was as low as 0*14, when the 
wire was supposed to be covered with a film of adsorbed hydrogen. In presence 
of some oxygen, a was lowered to 0*2 to 0*1, when an oxide film was supposed to 
be formed. The lowering of a by an adsorbed gas film is hard to understand, 
and in experiments by Michels,^ and by Roberts,^ the effect was in the opposite 
direction, a being smallest for a clean tungsten surface, and increasing slowly 
with time (more rapidly at first). In the case of helium and tungsten an initial 
difference was also found between fresh tungsten and that after prolonged 
heating. This was found to persist, and was attributed by Roberts to fine¬ 
grained roughening of the metal surface caused by evaporation. Dickins used 
platinum and much higher pressures. The accommodation coefficients of 
hydrogen and deuterium are different.^ 

Baule,"^ on the basis of classical kinetic theory, deduced for elastic spherical 
gas molecules with random directions of motion: 

a=2mim2l(mi+m2)^.(3) 

where mi and m2 are the masses of the molecules of the gas and of the solid 
surface respectively; the assumption was made that only translational energy 
is concerned, and that a gas molecule makes only one collision with the solid 
before returning to the gas. This gives a maximum value when mi=m2; 
larger values would indicate multiple collisions. 

Knudsen claimed to have established that the internal energy of the gas 
molecule also has an accommodation coefficient, which seems to be about the 
same as that for the translational energy. 

A semi-classical theory of accommodation coefficients (using Compton’s 
theory of specific heats; see § l.IX N, Vol. II) was developed by Michels,^ who 
postulated a heat of adsorption. The theory was also developed ^ on the basis 

3 Phys. Rev., 1937, 52, 1067. 
2 Proc. Roy. Soc., 1930, 129, 146; 1932, 135, 192; 1933, 142, 518; “Some Problems in 

Adsorption,” Cambridge, 1939. 
3 Weber, K. Omsk. Vidensk. Selskab. Mat.fys. Meddel., 1947, 24. No. 4. 
^ Ann. Phys., 1914, 44, 145; Smoluchowski, ibid., 1914, 45, 623; Sexl, ibid., 1926, 80, 515; 

Polanyi and Wigner, Z. phys. Chem., 1928,139,439. 
5 Phys. Rev., 1937, 52, 1067. 
6 Zener, Phys. Rev., 1931, 37, 556; 1932, 40, 178, 335; Jackson, Proc. Cambr. Phil. Soc., 

1932, 28, 136; Jackson and Mott. Proc. Roy. Soc., 1932, 137, 703; Jackson and Howarth, 
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of wave mechanics; for details, reference must be made to the originals. Beeck ^ 
found for the accommodation coefficient of gaseous paraffin hydrocarbons on 
nickel: 

^==(Qo+^/2)/A/==const.=0*352 .(4) 
where M=mol. wt., C^=ideal state mol. ht. at const. vol. = l*80+0*352M. 

Soddy and Berry found fl[=0*37 for hydrogen on platinum at 110°, and 
Rowley and Bonhoeffer 0*22 at room temperature. Some values for the 
accommodation coefficient of various gases on platinum for pressures below 
5 X 10*“2 mm. found by Thomas and Olmer in the first line, and by Amdur, 
Jones, and Pearlman in the second, are: 

Hi D2 
■ 

He Ne 
1 

A Hg Oi 
i 

COi 1 CO j HiO N2 

0-220 
0-313 i 

_1 

0-295 0-238 0-57 
0-403 

0-89 
0-847 

1-00 

1 

0-74 
0-782 

0-76 0-75 0-72 
0-769 

Previous results are tabulated by these authors. At low temperatures the 
accommodation coefficient increases, and Keesom and Schmidt suggested that 
it may become unity at the critical temperature. Spivak ^ found that the 
accommodation coefficient on metals when an adsorbed film is present is 
related to temperature by the equation: 

a=6e'^^'^+a(r—p) .(5) 

The first term depends on the fraction of surface covered by the film and the 
second on the temperature. For helium, the equation of Landau: ^ 

a^kT^.(6) 

with /2=1*5, holds approximately. 
It is clear that the accommodation coefficient is sensitive to small changes in 

the nature of the solid surface, and may give valuable information as to the 
changes of state of a surface in many types of experiment; it thus promises to 
be a valuable adjunct to experiment in many lines of research, e.g. on contact 
catalysis. 

§ 6. Pirani and Ionisation Pressure Gauges 

Equation (1), § 4, shows that, at very low pressures, the heat transport is 
proportional to the pressure, and this has been applied in the measurement of 
low pressures. In the Pirani gauge,^ the heat conducted away from an electrically 

ibid,, 1933, 142, 447; 1935, 152, 515; Lennard-Jones and Strachan, ibid., 1935, 150, 442; 
Strachan, ibid., 1935, 150, 456; Landau, Sow. Phys. Z., 1935, 8, 489; Lennard-Jones and 
Devonshire, Proc. Roy. Soc., 1936, 156, 6; 1937, 158, 242; Devonshire, ibid., 1937, 158, 269; 
Jackson and Tyson, Manch. Mem., 193^7, 81, 87; Mann, Proc. Roy. Soc., 1937,161, 236. 

1 /. Chem, Phys., 1936,4, 680, 743; 1937, 5, 268, 
2 Amer. Chem. Abstr,, 1942,36, 3995. 
3 Sow. Phys. Z., 1935, 8, 489 (classical theory). 
^ Pirani, Verhl. (L D. Phys. Ges., 1906, 8, 685; Hale, Trans. Amer. Electrochem. Soc,, 1911, 

20, 243; Campbell, Proc. Phys. Sac., 1921, 33, 287; Daudt, Z. phys. Chem., 1923, 106, 255 
(bibl.); Schreiner, ibid., 1924, 112, 1; King, Proc. Phys, Soc., 1925, 38, 80; Knudsen, Atm, 
Phys., 1927, 83, 385; Skellett, J. Opt. Soc. Amer., 1927, 15, 56; de Vries, ibid., 1929, 18, 333; 
Stanley, Proc. Phys. Soc., 1929, 41, 194; Anderson, Ind. Eng. Chem., 1929, 21, 795 (0*25fi~ 
1 atm.); Tanner, J. Phys. Chem,, 1930, 34, 1113; Paneth and Urry, Z. phys. Chem., 1930,152, 
ilO; Ellett and Zabel, Phys. Rev., 1931, 37, 1102 (theory), 1112 (very sensitive gauge); Mur- 
mann, Z. Phys., 1933, 86, 14; Lannung, Z. phys. Chem., 1934, 170, 134; Z. anorg. Chem., 



§6 PIRANI AND IONISATION PRESSURE GAUGES 933 

heated wire in a gas at low pressure is measured by the input of electrical energy. 
Campbell ^ found that at low pressures, if the temperature of the Pirani gauge 
filament is kept constant by varying the potential across the bridge circuit: 

P^k(V2-Vo^)IVo^^f(V).(1) 

where Fq, V are the balancing potentials at zero pressure and pressure p. This 
holds only at such low pressures that the thermal conductivity of the gas is 
proportional to the pressure. At higher pressures, the thermal conductivity is 
independent of pressure, and the plot of l/f(F) against Ijp is found ^ to be 
linear at pressures of 0*05 to 0*5 mm. This relation can, as Foster showed, be 
used in calibrating the gauge, and is particularly useful in the region between 
OT and 1 mm. 

Nickel is said ^ to be better than tungsten wire in the Pirani gauge, and a 
narrow thread of mercury in a thin-walled glass capillary tube has been used."^ 
A Wollaston hot-wire manometer was used by Weber ^ in measuring the vapour 
presssure of ice. The heat loss from a metal strip,^ the change of temperature of 
a heated bimetallic strip due to the change of pressure in the surrounding gas,*^ 
and the bending of a bimetallic electrically heated strip owing to temperature 
changes caused by varying heat loss in a surrounding gas with variations of 
pressure,^ have been used to measure low pressures. A manometer for 10^^~ 
10“5 nim. depends on an electric glow discharge in a magnetic field.^ 

The latest type of high-vacuum gauge is the ionisation gaugedepending on 

1936, 228, 1; Holland and Melville, Trans, Faraday Soc,, 1937, 33, 1316; Twigg, ibid., 1937, 
33, 1329; Rogers, Robertson, and Davis, Gen. Elec. Rev., 1938, 41, 534; Fawcett, J.S.C.I., 
1939, 58, 43 T; Thomas and Olmer, J.A.C.S., 1942, 64, 2190; Rittner, Rev. Sci. Instr., 1946, 
17, 113. A different (thermocouple) type of gauge was described by Rohn, Z. Elektrochem., 
1914, 20, 539; Rumpf, Z. techn. Phys., 1926, 7, 224; Bartholomeyczyk, ibid., 1941, 22, 25; 
Berraz, Amer. Chem. Abstr., 1943,37,803; Smiley, Ind. Eng. Chem. Anal., 1946,18, 800; Picard, 
Smith, and Zollers, Rev, Sci. Instr., 1946, 17, 125; Mellen, Ind. Eng. Chem., 1948, 40, 787, 

1 Proc, Phvs. Soc., 1921, 33, 287. 
2 Dickins, Proc. Roy. Soc., 1934,143, 517; Foster, ibid., 1934, 147, 128; J.C.S., 1945, 360; 

Gregory, Proc. Roy. Soc., 1935, 149, 35; Phil. Mag., 1936, 22, 257; Archer, ibid., 1935, 19, 
446, 901. 

3 Ellett and Zabel, Phy.s. Rev., 1931, 37, 1102. 
4 King, Proc. Phys. Soc., 1925, 38, 80; Rollefson, J.A.C.S., 1929, 51, 804. 
3 Oversigt K. Danske Vidensk. Selskab. ForhL, 1915, 459. 
6 Haase, Klages, and Klumb, Phys. Z., 1936, 37, 440. 
7 Klumb and Haase, Phys. Z., 1936, 37, 27. 
8 Michclson, Phys. Z., 1908, 9, 18; Klumb and Haase, ibid., 1936, 37, 27. 
^ Penning, Physica, 1937, 4, 71. 

Buckley, Proc. Nat. Acad., 1916, 2, 683; Masamichi So, Proc. Phys. Math. Soc. Japan, 
1919,1, 76; Dushman and Found, Phys. Rev., 1920, 15, 133, 134; 1921,17, 7; 1924, 23, 734; 
Dushman, Gen. Elec. Rev., 1920, 23, 731, 847; Kaufmann and Serowy, Z. Phys., 1921, 5, 
319; Simon, Z. techn. Phys., 1924,5,221 (bibl.); Perucca, Nuov. dm., 1925,2, 287; Poindexter, 
Phys. Rev., 1925, 26, 859; 1926, 28, 208; Found and Reynolds, J. Opt. Soc. Amer., 1926, 
13, 217; Teichmann, Z. techn. Phys., 1928, 9, 22; Veil, Rev. G^n. Sci., 1928, 39, 10; Simon and 
Feher, Z. Elektrochem., 1929, 35, 162; Molthan, Z. techn. Phys,, 1930, 11, 522; Jaycox and 
Weinhart, Rev. Sci. Instr., 1931,2,401; Morgulis,/. Techn. Phys. U.S.S.R., 1931,1,51 (theory); 
Sow. Phys. Z., 1934, 5, 407; Oberbeck and Meyer, Rev. Sci. Instr., 1934, 5, 287; Hoag and 
Smith, ibid., 1936, 7, 497; Huntoon and Ellett, Phys. Rev., 1936, 49, 381 (3xl0"ii mm.); 
Ridenour and Lampson, Rev. Sci. Instr., 1937, 8, 162; Montgomery and Montgomery, ibid., 
1938, 9, 58; Nelson and Wing, ibid., 1942, 13, 215; Zielinski, Electronics, 1944, July, 112 
(also other methods); Dushman and Young, Phys. Rev., 1945, 68, 278; Van Valkenberg, 
Gen. Elec. Rev., 1946, 49, No. vi, 38 (<10~’7 atm.); Picard, Smith, and Zollers, Rev. Sci. 
Instr., 1946,17,125 (thermocouple type); Downing and Mellen, ibid., 1946,17, 218; Dushman, 
Instruments, 1947, 20, 234 (review); von Ubisch, Arkiv Mat. Astron. Fys., 1947,34 A, No. 14; 
1948,35 A,No. 28; Krusser,/. Techn.Phys. U.S.S.R., 1947,17,63; Roy-Pochon, JLe Vide, 1947, 
2, 333; Dayton, Ind. Eng. Chem., 1948,40,795 (calibration errors); Apker, ibid., 1948,40,846. 
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the positive ionisation of a gas at low pressure produced by a stream of electrons. 
This gauge comprises a diode or triode tube, the ion current in which is a definite 
function of the gas pressure. If the grid current is and the anode current 
Ij, the gas pressure is: 

P^KIJIa.(2) 

where the proportionality factor K depends on the tube, the applied voltage, 
and the gas, so that relative measurements are used. The measurable pressure 
goes down to 10~** mm. Hg. The radium source ionisation gauge * depends 
on the use of a radio-active source to produce the ion current, an amplifier 2 

being used. The thermoelectric valve manometer depends on a different 
principle, a resistance or capacity change brought about by a pressure difference 
being transmitted to the grid of the valve. 

§ 7. The Radiometer 

The so-called radiometer effect is demonstrated in Crookes’s radiometer,^ 
consisting of light metal vanes polished on one side and blackened on the other, 
mounted on an axis in an evacuated glass bulb and rotating on exposure to 
light. It may be used to measure radiant energy,'* but the theory is difficult and 
still not fully understood.^ The effect is almost certainly due to the thermal 
creep of residual gas over the unequally heated solid. Calculation of molecular 
diameters from the radiometer effect is possible.® Briiche and Littwin 
confirmed that at very low pressures the radiometer effect is a surface effect, 
and at higher pressures an edge effect. A modified radiometer has been used as 
a low-pressure gauge.® The thermal repulsion of droplets in air is a radiometer 
effect.® 

1 Downing and Mellen, Rev. Sci. Instr., 1946,17, 218; Mellen, Ind. Eng. Chem., 1948, 40, 
787. 

2 Roberts, Rev. Sci. Instr., 1939,10,181. 
3 Phil. Trans., 1874,164,501; 1876,166, 325; 1879,170, 87. 

Nichols, Ann. Phys., 1897,60,401; Phys. Rev., 1923,21, 587; Spence, J. Opt. Soc. Amer., 
1922, 6, 625; Marsh, Condon, and Loeb, ihiJ., 1925, 11, 257; Marsh, ibid., 1926, 12, 135; 
Sandvik, ibid., 1926, 12, 355. 

3 Einstein, Z. Phys., 1924, 27, 1; cf. Laski and Zerner, ibid., 1920, 3, 224; Rutherford, 
Engineering, 1929, 127, 319, 347, 381, 449; Herzfeld, in Taylor, “ Physical Chemistry,” 1931, 
1, 204; Loeb, “ Kinetic Theory of Gases,” 2nd edit., 1934, 364; Weber, Comm. Leiden, 
1937,2466; Kennard, “ Kinetic Theory of Gases,” 1938, 333. 

3 Brillouin, Ann. Chim., 1900,20,440; Debye, Phys. Z., 1910,11,1115; Czerny and Hettner, 
Z. Phys., 1924,27,12; 1924,30,258; Fredlund, Ann. Phys., 1937,30,99. 

7 Z. Phys., 1928, 52, 318. 
3 Klumb and Schwarz, Z. Phys., 1944,122, 418. 
’ Rosenblatt and La Mer, Phys. Rev., 1946, 70, 385 (bibl.); Paranjpe, Proc. Indian Acad. 

Sci., 1946,23 A, 233. 
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a priori weight, 308 
absolute boiling-point, 624 
absolute temperature, 169, 175, 238, 249 
absolute zero, 176, 600 
absorptive power, 472 
absorptivity, 472 
acceleration, 19, 67 
accommodation coefficient, 927, 930 
actinic balance, 471 
activity, 206 

coefficient, 720 
adiabatic change, 122, 171, 198, 240 

expansion, 505 
adsorption of air by solids, 781 
affinity, 212, 732 
air-conditioning, 915 

density of, 770 
-displacement, 782 
expansion by heat, 592 
material nature of, 546 
-pump, 551 

allotropic change, 779 
Amagat’s experiments on compressibility of 

gases, 554 
Amagat-Leduc law for mixed gases, 610 
amplitude, 66 
Andrews’ experiments, 624 
angle, circular measure, 53 
angular momentum, 329, 402 

velocity, 329 
anharmonicity constant, 341 
anticlastic, 64 
antinodes, 824 
approximations, 11 
area of integration, 27 

sign of, 30 
arithmetic mean velocity, 259 
assembly, canonical, 309 

micro-canonical, 308 
Assmann’s method, 813 
asymmetrical top, 346 
atmolysis, 917 
atmosphere, normal, 549 
atomic dimensions, 243 

number, 398 
theory, 785 
weights, 769, 786 

auditory limit of frequency, 829 
available work, 185 
average distribution, 302 

energy, 309 
Avogadro’s hypothesis, 238, 767 

number, 245 

balance, 781 
bar, 549 
barometer, 547 

formula, 275, 551 
barretter, 460 

barye, 549 
Beattie and Bridgeman’s characteristic equa¬ 

tion, 724 
Behn and Geiger’s method for velocity of 

sound, 827 
Bernoulli numbers, 324 
Bert he lot’s characteristic equation, 705 

principle, 213 
Berthollet on mass action, 213 
Berzelius’s volume theory, 767 
Bingham-Nernst plots, 698 
binomial coefficients, 48 

series, 45, 47 
black body, 469, 501 

departure from, 493 
blowpipes, 456 
Bohr’s atom model, 398 
boiling curve, 659 

-points, 432 
bolometer, 471 
Boltzmann’s constant, 249, 294, 299 

equation, 275 
Born and Jordan’s equation, 383 
Boscovich’s theory, 732 
Bose-Einstein statistics, 296, 352, 353, 355, 

359, 363, 368, 486 
bottling apparatus, 782 
Boyle point, 672 

temperature, 672 
Boyle’s law, 238, 551 

deviations from, 553 
Bridgman’s apparatus for gases under high 

pressure, 559 
Bunsen’s effusion apparatus, 265, 754. 

Cagniard de la Tour experiment, 623 
Cailletet’s method for liquification of gases, 

504 
tube, 558 

Cailletet-Mathias law of rectilinear diameter, 
639 

Callendar’s radiation formula, 483 
caloric, 131, 157 
calorie, 120 
Cannizzaro’s principle, 787 
canonical equation of state, 704 
carbon dioxide, solid, 503, 515 
Carnot’s cycle, 128, 167 

theorem, 168 
Cascade process for gas liquefication, 506 
catenap^, 62 
catenoid, 62 
centripetal force, 71 
Chapman’s equation for collision radius from 

viscosity of gas, 868 
characteristic equations, 121, 660, 682, 703, 

726,733,820 
temperature, 328 
values, 382 

t To save space, cross-references are not usually given, and in using the index alternative 
entries should be consulted. For example, for “ zero-point energy ” see “ energy, zero-point.” 
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Charles’s law, 238, 592 
chemical combination, law of, 784 

equilibrium, 204 
potential, 202, 206 

Clairaut’s equation, 82 
Clapeyron’s equation, 181 
Claude’s process for gas liquefaction, 507 
Clausius, 174 
Clausius’s characteristic equation, 704 
coefficient of evaporation, 271 
cohesion, 242 
collision frequency, 237, 242, 247, 279, 285, 

868 
combining weights, 784 
compensating globe, 747 

leads, 444, 814 
transformation, 163, 168 

complementary function, 80, 87, 91 
complex number, 60 
complexions, 354 
compound interest law, 23 
compounds, 779 
compressibility, 123 

coefficient, 772 
of gases, 553 

concentration, 199, 208 
condensation, Bose-Einstein, 366, 368, 370 

coefficient, 243 
conduction of heat in gases, 888 
conservation of mass, law of, 780 
conservative system, 314 
constant low-temperature baths, 515 
continuity, 9 

of states, 629 
convergency, 47 
cooling curve, 500 
corresponding states, law of, 688 

deviation from, 
702 

cosecant of an angle, 53 
hyperbolic, 61 

cosine of an angle, 53 
hyperbolic, 61 
law, 264, 886 

cotangent of an an^e, 53 
hyperbolic, 61 

Couette correction, 884 
CO-volume, 661 
crith, 769 
critical coefficient, 653 

constants, measurement of, 636 
relations among, 652 

data, 641, 672 
density, 629, 639 
phenomena, anomalies in, 630 
point, 623 
pressure, 629, 638, 652 

of mixtures, 657 
ratio, 696 
state, 623 
temperature, 628, 646, 648 

of solutions, 655 
volume, 629, 639, 650 

crunode, 84 
cryomagnetic anomaly, 534 
cryostats, 515 
Curie point, 521, 534 
Curie’s law, 520 
cusp, 84 

locus, 83 
curvature, 62 

cycle, 30, 127 
cyclic process—see cycle, 

D’Alembert’s principle, 312 
test of convergency, 47 
equation, 101 

Dalton’s law of partial pressures, 200, 250, 
609 

damping ratio, 90 
De Broglie’s equation, 378 
Debye’s equation, 737 
degenerate states, 308, 357, 362, 365 
degree value of Beckmann thermometer, 429 
degrees of freedom, 314, 317, 843 
De Moivre’s theorem, 60 
densities of gases, 755 
density of organic compounds, 435 
derivative, 12 

partial, 35, 37 
derived function, 12 
Desormes and Clement’s method, 811 
dew curve, 658 
Dewar vessel, 509 
diamagnetic substances, 519 
diathermancy, 468 
diatomic gases, 348 
Dieterici’s characteristic equation, 709 
differential calculus, 8 

coefficient, 11 
partial, 34 

equations, 78 
linear, of first order, 79 

higher orders, 
95 

second order, 
86 

ordinary, 78 
partial, 79, 97 

differentials, 11 
complete, 36, 38 
of higher orders, 18 
partial, 35 
perfect, 36, 38, 80, 85 
total, 36, 38 

differentiation, 12 
of a definite integral, 52 

exponential function, 21 
a function of a function, 16 

logarithmic, 24 
of a logarithm, 23 

power of jc, 15 
rules for, 13 
of trigonometric functions, 57 

diffusiometer, 917 
diffusion of gases, measurement of, 904 

theory of, 900 
through films and solids, 

419 
vapours, 910 

self-, 902, 913 
diffusivity, 901, 905, 906 

values of, 912 
dipole fields, 737 
direction cosines, 70, 113 
Dirichlet’s theorem, 197 
discontinuity, 9, 106 
discriminant, 82 
disgregation, 163,168 
dissociation of hydrogen, 375 

iodine, 376 
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distribution function, angular, 414 
electron, 412 

Draper’s law, 466 
dynamics, equation of general, 312 
dyne, 136 

efficiency, 168 
effusion, 264, 754 

at low pressures, 926 
effusiometer, 754 
eigen functions—see proper functions 

values—see proper values 
Einstein’s equation of mass and energy, 781 

formula for specific heat, 845 
elasticity, modulus of, 123 
electron orbits, 398, 400 

spin, 401 
theory of metals, 361 
volt, 143 
wave nature of, 378, 382 

elements, 779 
elliptic paraboloid, 64 
emergent stem correction, 426 
emission (radiation) intensity, 473, 493 
emissivity (radiation), 494 
end-correction, 84 
energetics, 158, 298 
energy, 135, 136, 184 

actual, 137 
available, 163, 185, 186, 187, 222, 

333, 337, 346, 372, 374 
average, 71 
cells, 303 
conservation of, 150 
density, 474 
dissipation of, 163 
dissociation, 342 
distribution in spectrum, 478 
element, 322 
factors, 158 
Fermi, 361 
forms of, 147 
free, 162, 169, 184, 185,187,214,222, 

330 
internal, 149 
intrinsic, 149 
kinetic, 70, 137, 313 
levels, 311, 399 
of oscillator, 70, 322, 324, 385 
potential, 70, 137, 313 
rotational, 330 
of system, 149, 152 
total, 149 
unavailable, 163 
units, 142 
vibrational, 70, 844, 845 
zero-point, 311, 323, 328, 362, 370, 

374 
enkaumy, 151 
ensemble—see assembly 
enthalpy, 151 
entropy, 157, 169, 172 

calculation of, 221, 345, 350 
changes in irreversible processes, 

192 
constant, 319 
diagram, 178 
of diatomic g^, 337 
electromagnetic, 321 
formulae, 231 
of hydrogen, 340 

entropy, in magnetic field, 554 
of mixing, 201 

oscillator, 325 
and probability, 295, 298, 299 
of rotor, 330 
standard, 221 
statistical calculation of, 305, 345 
tables of, 225, 347 

envelope locus, 82 
equation of state—sec characteristic equation 
equilibrium, 161, 213, 372 

box,372 
conditions of, 195 
constant, 205, 208, 373 
in gaseous systems, 204 
neutral, 196 
stable, 196 
unstable, 196 

cquipartition of energy, 250, 331, 843 
equivalent, 784 

proportions, law of, 784 
erg, 136 
crgodic hypothesis, 300, 301 
ergon, 322 
Euler’s criterion, 38 

equation, 60, 102 
theorem of homogeneous functions, 

44 
evaporation, 271 

rate of, of liquids, 913 
exact equations, 85 
exchanges, theory of, 467 
expansibility tension, 721 
expansion of a gas, 125, 129 

coefficient of, 160, 592 
measurement, 596 
values, 597 

exponential function, 19 
series, 22, 48 
values of trigonometric functions, 

60 
extensive property, 151, 158, 209 
external friction coefficient, 887 

Faraday cement, 588 
effect, 525 
tube, 503 

Fcrmi-Dirac statistics, 296, 352, 354, 356, 
359, 364 

Fick’s law oi'diffusion, 901, 904 
first law of thermodynamics, 131, 149 
fixed proportions, law of, 784 
flow, curved-pipe, 884 

stream-line, 883 
turbulent, 883 

fluctuations, 300, 309 
fluxion, 15 
force function, 187 
forces between atoms, molecules and ions, 

743 
Fourier’s integral, 108 

series, 103, 110, 908 
free enthalpy, 185 

heat function, 185 
frequency of vibration, 66 

diatomic molecule, 327 
fugacity, 720, 729 
functional determinant, 43 
functions, 8 

algebraic, 10 
analytical, 50 
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functions, angular, 413 
beta, 72 
characteristic, 186, 382 
conjugate, 60 
continuous, 9 
discontinuous, 9 
eigen—see proper 
even, 30, 380 
explicit, 9 
gamma, 72 
Gomperz, 23 
Hermitian, 387 
holomorphic, 50 
homogeneous, 44 
hyperbolic, 61 
implicit, 9 
inverse trigonometric, 59 
Lagrangian, 314 
Laguerre, 410 
Legendre, 393, 396 
multiform, 9, 50 
multi-valued, 9, 50 
odd, 30, 380 
orthogonal, 58, 383 
proper, 379, 382 
rational, 10 

integral, 10 
regular, 50 
single-valued, 9, 50 
singularities of, 50 
of state, 170 
transcendental, 10 
trigonometric, 53, 59 
uniform, 9, 50 
wave, for hydrogen-like atom, 413 

furnace, arc, 462 
burning glass, 463 
cathode ray, 462 
combustion, 455 
electric, 457 
induction, 462 
vacuum, 461 

gamma space, 318 
gas balance, 753 

constant, 607 
degeneracy, 365 
law, general, 606 
mixtures, 609, 717, 723, 724, 745 
viscosity—see viscosity 
volume, correction to S.T.P., 608 

gases compressibilities, 553 
at high pressures, 570 

low pressures, 579 
densities, 745, 771 

acoustical methods, 755 
globe method, 747 
limiting, 771 
manometric and buoyancy 

methods, 752 
table of, 755 
volumeter method, 751 

diffusion of—see diffusion 
drying, 750 
flow at low pressures, 924 
ideal—see ideal gas 
liquefaction, 502-15 
at low pressures, 922 
mixing of, 163, 200, 918 
molar weights, 745 
perfect—see ideal gas 

gases properties of, 546 
separation of, by diffusion, 916 
specific heats of—see specific heats 
thermal conductivity of—see thermal 

conductivity 
gasogen molecules, 631 
Gaudin’s diagrams, 768 
gauge, ionisation, 932 

McLeod, 589 
Pirani, 932 

Gay-Lussac’s law of volumes, 766 
vapour density apparatus, 760 

generalised coordinate, 158, 182, 191, 313 
force, 158, 182, 191 
momenta, 314 

Gentile statistics, 354, 368 
Gibbs’s canonical assembly, *363 

paradox, 164 
Gibbs-Duhem equation, 210 
Gibbs free energy—see energy, available 
Gibbs-Helmholtz equation, 182 
glass, coloured, 493 

smoked, 493 
tubes, bursting strength, 637 

glassy solids, 230 
gradient of a curve, 12 
Graham’s law of diffusion, 238, 903 

effusion, 265 
grand canonical assembly, 363 
gravimolecular pressure, 277 
gravity, acceleration due to, 548 
ground state, 328, 342 
gudermannian, 61 
Guldberg’s rule, 646 

H-theorem, 274 
Hagenbach correction, 883 
Hamilton’s canonical equations of motion, 

315 
principle, 315 

Hamiltonian function, 314 
Hampson’s gas liquefaction apparatus, 509 
Hartree units, 143 
heat, atomic, 120 

capacity, 119 
conduction—see thermal conductivity 
content, 151 
of dilution, 211 

dissociation, 328 
function, 151, 187 
of idealisation, 721 
latent, 121, 156 
molecular, 120 
nature of, 131 
quantity of, 118, 122 
radiant, 466 
of reaction, 152, 225 (table) 

solution, 211 
specific, 118 
unit of, 120 

Heisenberg’s uncertainty principle, 317 
helium liquefaction, 512 
Helmholtz equation, 182 

-Kirchhoff equation, 832 
Hermite polynomials, 387 
Hertz-Knudsen equation, 264 
Hertzian oscillator, 321, 385, 388 
hessian, 43 
Hess’s law, 152 
heterogeneous system, 211 
hohlraum, 469 
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homogeneous substances, 779 
hybridisation, digonal, 418 

tetrahedral, 416 
trigonal, 417 
of wave functions, 415 

hydrogen-deuterium equilibrium, 376 
-like atom, 405, 412 
liquefaction of, 510 

hyperbolic functions—see functions 
paraboloid, 64 

hyper-ellipsoid, 77 
-sphere, 77 

hysteresis, 533 

ideal gas, 197, 607, 660, 708 
available energy of, 199 
energy of, 199 
entropy of, 199 
free energy of, 199 
heat content of, 199 
mixture, 200 
statistical mechanics of, 316 

imaginary quantities, 60 
indeterminate forms, 10, 24 
indicator diagram, 126 
indicatrix, 64 
inequality of Clausius, 193 
infinitesimals, 11 
infinity, 10 

orders of, 10, 302 
integral calculus, 24 
integrals, corrected, 25 

definite, 25, 27, 30 
Diriclilet’s, 76 
double, 31 
elliptic, 868 
Eulerian, 72 
indefinite, 25 
important, 25 
in kinetic theory of gases, 259 
multiple, 31, 73 
particular, 80 
surface, 31 
triple, 32 
volume, 32 

integrating factor, 80, 86, 177 
integration, 24 

by parts, 26 
intensive property, 151, 209 
interaction of molecules, 718, 737, 741 
interference, 68 
internal heat capacity, 841 

pressure, 663, 683 
of liquids, 687 

work, 197, 508, 617, 841, 890 
inversion curve, 621 

point, 621 
irreversible changes, 161, 192 
isentropic change, 122 
isochore, 681 
isolated system, 195 
isomeric change, 779 
isoplere, 681 
isopycnic, 681 
isotherm, 626 
isothermal change, 123, 126 
isotopes, 268, 780, 786 

Jacobian, 43 
Jacobi’s symbols, 35 
James Thomson isotherm, 675 

Jeans’s viscosity equation, 867 
Joly’s steam calorimeter, 803 
joule, 120, 142 
Joule’s experiments, 138 

effect, 615 
law, 614 

Joule-Clausius velocity, 259 
-Thomson effect, 615—see liquefaction 

of gases 

Keesom’s equation, 737 
Kellogg’s equation, 709 
Keyes’s equation, 723 
kilojoule, 147 
kinetic potential, 314 

theory of gases, 234 
Kirchhoff’s equation, 153, 188 

law, 321, 468 
klepshydra, 546 
Knudsen’s absolute manometer, 922 
Kundt’s method for velocity of sound, 825 
Kundt and Warburg correction, 885 

Lag, 66 
in energy distribution in sound wave, 833 

Lagrange’s equations of motion, 314 
Laguerre polynomials, 410 
lambda-type doubling, 336 
lamps, standard, 491 
Lande splitting factor, 530 
Langevin’s formula, 532 
Laplace’s velocity of sound formula, 822 
Larmor precession, 403 
latent heat of evaporation, 701 

expansion, 156 
lattice of points, 114 
Le Chatelier’s principle, 180 
lead, 66 
Legendre’s coefficients, 396 

equation, 392 
Leibniz’s theorem, 50 
lemniscate, 84 
Lennard-Jones’s characteristic equation, 736 
Lenz’s law, 180 
Leslie cube, 468 
L’Hopital’s theorem, 24 
limiting density, 771 
limits, 10 
Linde’s gas liquefaction apparatus, 508 
linear harmonic oscillator, 385, 388 

molecules, 346 
Liouville’s theorem, 315 
liquefaction of gases, 502 

gas mixtures, 658 
liquidogen molecules, 631 
liquids, 242 
litre atmosphere, 127 
logarithmetric decrement, 90 

integral, 27 
logarithms, 19 
London forces, 740 
Loschmidt’s number, 243, 245 
low temperatures—see temperature 

properties of substances 
at, 232 

Lummer and Pringsheim’s experiment, 813, 
816 

Lux’s gas balance, 753 

Maclaurin’s theorem, 48 
magnetic induction, 519 
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magnetic intensity, 519 
moment, 528 
susceptibility, 518, 522 

magnetism, ferro-, 523 
molecular, 520 
orbital, 531 
quantum theory of, 526 
sp^ific, 520 
spin, 531 

magneto-caloric effect, 535 
thermal effect, 535 

magneton, Bohr’s, 415, 526 
Weiss’s, 450, 526 

manometer, 561 
absolute, 567 
Bourdon, 564 
Chattock, 562 
Desgoffe, 566 
disc, 565 
Holbom and Henning, 563 
Huygens, 562 
Kamerlingh Onnes, 563 
Knudsen, 922 
Kretz, 562 
low pressure, 588, 922 
membrane, 565 
optical lever, 566 
pendulum, 567 
Rayleigh, 591 
Rodebusli and Coons, 565 
spiral, 564 
spoon, 565 
Spurge, 564 
thermoelectric valve, 934 

manostat, 569 
marine glue, 588 
Mariotte’s law, 553 
Marquardt’s mass, 458 
mass action, law of, 205 
mathematics, 1, 5 
Mathieu’s equation, 349 
Matthiessen’s law, 444 
matrix method, 418 
maximum values of a function, 16, 51 

work, 162 
equation, 182, 191 
principle of, 212 

Maxwell’s demon, 164 
distribution law, 251,259,260,272 
equations, 189 
rule, 676 

Maxwell-Boltzmann statistics, 296, 303, 352, 
354, 359, 364 

mayer, 120 
mean free path, 237, 241, 279, 865 

relative velocity, 288 
square velocity, 238 
value theorem, 45 
velocity of gas molecules, 259 

mechanical equivalent of heat, 138, 147, 156 
similitude, principle of, 702 

megabar, 549 
meldometer, 464 
melting-points, 432, 649 

high-temperature, 498 
mercury levels, reading, 603 

meniscus correction, 561 
metacritical temperature, 655 
metastable states, 675 
Meunier’s theorem, 65 
microbalance, 753, 775 

microbar, 549 
micron, 550 
micropyrometer, 464 
microstates, 293 
millibar, 549 
minimum values of a function, 16, 51 
mixing of gases, 163, 201 
mixtures of isotopes, 310 
mol, 607 

fraction, 207 
molality, 207 
molar volume, 770 

at absolute zero, 697 
weight, 607, 769 

molarity, 207 
molecular chaos, 250 

clustering, 710, 744 
collisions, 280, 289 
diameter, 865 
force field, 731 
heat—see specific heat 
magnitudes, 245 
rays, 283 
shower formulae, 261 
velocities, 239 
vortices, 297 
weight—see molar weight 

molecules, 768 
sizes of, 243, 865, 903 

Mollicr chart, 179, 799 
moment of inertia, 329, 799 

momentum, 329, 402 
momentum, 312 

operator, 383 
monatomic gases, 347, 358 
monocyclic systems, 298 
Morse equation, 325 
most probable distribution, 302 

energy, 309 
velocity, 254, 259 

Moutier’s theorem, 166 
mu space, 318 
Mueller bridge, 445 
multiple point, 84 

proportions, law of, 784 
multiplets, 401, 528 
multiplici^, 308 

Naumann-Clausius equation, 841 
negative pressures, 676 
nephelometer, 790 
Nernst heat theorem, 215, 218, 221, 229 

mass, 459 
net work, 185 
Newton’s law (of radiation), 477 

velocity of sound equation, 820 

Olszewski’s gas liquefaction apparatus, 507 
opalescence at critical point, 632 
operators, 24, 49; D, 87; del, 41, 389 

theta, 95 
orbital, 382, 413 
orders of smallness, 11 
orthogonality, 383 
ortho-hydrogen, 339 
orthometric density, 683 
oscillating disc method, 876 
oscillation, 324, 385; see linear harmonic 
osculating circle, 63 

paraboloid, 64 
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Para-hydrogen, 339 
paramagnetic substances, 519 
parameter, 35, 37 
partial fractions, 33 

molar quantities, 209 
pressures, 200 

law of, 609 
particular integral, 80, 87, 91 
Partington’s method (for CpICfi), 816 

and Shilling’s method (for Cpfcv), 
partition function—see state sum [828 
Paschen-Back effect, 404 
Pauli’s exclusion principle, 354 
Pawlewski’s rules, 647, 656 
period of vibration, 65 
permeability (magnetic), 519 
perpetual motion, 149, 159 
persistence of velocities, 855 
phase angle, 66 

integral, 318 
rule, 212 
volume, 316, 324 

photon, 355 
picein, 588 
Pictet’s method for gas liquefaction, 506 
plait point, 659 
Planck’s radiation formula, 356, 483 
plane wave, 70 
point of inflexion, 18 

osculation, 85 
Poiseuille’s law, 881 
Poisson bracket, 419 
polar coordinates, 41, 73, 246 

graph, 414 
pole, 50 
polyatomic gases, 348 
porous plug experiment, 616 
potential energy barriers, 349 

curve, 326 
function, 186 

Pressure balance (Stiickrath), 567 
coefficient of a gas, 594, 596 
of a gas, calculation, 246 
units, 549 
zero-point, 367 

Prevost’s theory of exchanges, 467 
primitive function, 78 
principle of similitude, 320 
Prinsep’s beads, 464 
probability of a state, 294 
proper values, 379, 382 
prout, 791 
Prout’s hypothesis, 790 
pyrometer, absorbing wedge, 492 

cat’s eye, 492 
Daniel 1, 464 
disappearing filament, 489 
Fery, 488, 496 
optical, 481, 486 
Wanner, 491 
Wedgwood, 463 
Wiborgh, 466 

Pythagoras mass, 458 
pumps, diffusion, 581 

Gaede, 925 
Geissler, 583 
molecular, 581, 925 
rotary, 580 
Sprengel, 585 
Topler, 584 
vacuum, 580 

Quadrupole field, 737 
quantum, 322, 355 

attraction, 741 
number, azimuthal, 400 

Bohr’s, 399 
inner, 401 
magnetic, 403, 407 
principal, 409 
radial, 409 
rotational, 334, 342, 390 
spin, 336, 401 
total, 409 
vibrational, 341 

theory, 293, 320 
weight—see statistical weight 

Quincke’s method 

Radial equation, 408 
function, 411 
graph, 397 

radian, 53 
radiation, 466 

black-body, 469, 476 
cavity, 469 
full, 469 
pressure, 475 

radiometer, 472, 934 
radiomicrometer, 471 
radius of curvature, 19 
Ramsauer effect, 283 
ratio of specific heats, 122 
Rayleigh’s radiation formula, 482, 484 
Rayleigh-Jeans equation. 111, 384, 484 
reaction, isochore, 205 

isotherm, 374 
law of, 180 

reciprocal proportions, law of, 784 
rectilinear diameter, 639, 651, 700 
reduced magnitudes, 689 

mass, 328, 389 
vapour-pressure equation, 697 

Reech’s theorem, 122 
reflective power, 472 
reflectivity, 472 
refractive index, of organic compounds, 435 

effect of, on radiation in¬ 
intensity, 473 

Regnault’s equation, 668 
Reinganum’s equation, 735, 868 
relative density, 746 
residue, 50 
resonance attraction, 739 
restricted rotation, 348 
retrograde condensation, 659 
reversibility, 129, 213 
reversible change, 129, 160 
Reynolds number, 883 
Rodrigue’s equation, 394 
Rolle’s theorem, 45 
root mean square velocity, 259, 263 
rotating cylinder method, 877 
rule of four volumes, 651 

three temperatures, 649 
Rumford’s experiments, 132 
Rydberg’s number, 399 

Sackur-Tetrode equation, 319 
sama effect, 276 
Scheel and Heuse, determination of specific 

heats of gases, 800 
Schleiermacher method, 896 
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Schrodinger wave equation, 378, 383 
secant of angle, 53 

curve, 13 
second law of thermodynamics, 157, 166, 178, 

194, 214 
sectorial harmonic, 398 
secular change, 425 
Seger cones, 4^ 
semipermeable diaphragm, 163 
separation of isotopes, 268 
shrinkage correction, 748 
silver, pure, 788 
simple harmonic motion, 65 
sine of angle, 53 

hyperbolic, 61 
singular point, 50, 84 

solutions, 82 
slip, 848, 885 
solid angle, 247 

solution, 233 
solids, 242 
solutions, 779 
somatology, 550 
Sommerfeld’s atom model, 400 
sorting demon, 164 
sound velocity, 124, 820 

in air, 823 
gases, 822, 837 

wave, 821, 824 
space quantisation, 405, 528 
specific heat of hydrogen, 337 

water, 143 
specific heats, 118 

difference of, 155, 188 
effect of pressure on, 190 

temperature on, 120, 
188 

mean, 118 
true, 119 

specific heats of gases, 239, 249,192 
Boltzmann’s theory of, 

842 
calculation of, 306,337, 

818 
at constant pressure, 

793 
at constant volume, 803 
continuous flow 

method, 800 
effect of pressure on, 

797, 803 
explosion method, 804 
at high temperatures, 

795,807 
and molecular struc¬ 

ture, 839 
quantum theory of, 845 
ratio of, 811, 818 
values of, 807 

spectroscopic notation, 341 
spherical harmonics, 391, 406 

rotors, 346 
tops, 346 

spinode, 84 
spoon gauge, 565 
standard state, 207, 371 

temperature and pressure, 608 
state, 121 
state sum, 305 

of atoms, 332 
diatomic molecules, 334, 343 

state sum of oscillator, 324 
polyatomic molecules, 345 
rotor, 330 

stationary waves, 824 
statistical mechanics, 293 

weight, 307 
statistics, types of, 294, 352 
Stefan constant, 475, 477 
Stefan-Boltzmann radiation law, 475 
Stern’s experiment, 272 
Stern and Gerlach’s experiment, 405 
Stirling’s theorem, 304 
Stokes’s law, 852 
stopcocks, 587 
Strauss-Pawlewski rule, 656 
substances, 779 
surd, 15 
surface spherical harmonic, 396 

zonal harmonic, 392 
susceptibility, magnetic, 519 
Sutherland’s constant, 865, 873, 899 

formula, 864 
symmetrical molecules, 335 
symmetry factor, 330, 346 
synclastic, 64 
system, 127 

Tac locus, 82 
Tait's free path, 291 
tangent of angle, 53 

curve, 13 
hyperbolic, 61 
to surface, 63 

tap grease, 587 
target area of molecules, 867 
Taylor’s theorem, 45 

symbolic form of, 49, 97 
temperature, 169, 175, 420 

brightness, 493, 495 
colour scale of, 467, 495 
critical, 504 
fixed, 430, 447 
flame, 496 
high, 455, 463 
low, 502, 515 
-scale, 446, 488, 605 
very low, 518, 537, 544 

terminal point, 85 
tesscral harmonics, 396 
therm, 143 
thermal conductivity of gases, 888 

determination 
of, 895 

effect of tem¬ 
perature on, 
894 

at low pres¬ 
sures, 927 

of mixtures, 
898 

relation to vis¬ 
cosity, 889 

thermal coefficients, 121, 124, 678, 707 
diffusion, 267 
effusion, 267 
transpiration, 267 

thcrmel, 449 
thermocouples, 448, 543 
thermodynamic functions, 186 

potential, 185 
probability,, 304 
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thermodynamic states, 293, 299 
symbols, 118 

thermodynamics, 115, 179 
mechanical interpretation 

of, 297 
and time, 295 

thermometers, acoustic, 464 
air, 601 
Beckmann, 429 
corrections, 425 
gas, 465, 602, 604 
low temperature, 539 
mercury, 424, 428 
metastatic, 429 
pentane, 539 
phosphor bronze, 543 
platinum, 442, 541 
vapour pressure, 539 

thermometry, 420 
thermopile, 449, 470 
thermoregulators, 420 

high-temperature, 423 
low-temperature, 515 

thermos flask, 510 
thermostats, 420 
third law of thermodynamics, 216 
Thomsen’s principle, 213 
Thomson’s equation, 182 
time of describing free path, 284 
torr, 549 
Torricelli’s experiment, 547 
Townley’s law, 553 
transfer of heat, 194 
translational energy of ideal gas, 384 

levels, 358 
transpiration balance, 465 

of gases, 877 
Trevelyan rocker, 148 
trigonometric formulae, 55 

functions, 53 
trigonometry, 53 
triple collisions, 292 
tube correction, 831 
Tuml irz’s equation, 715 

Ultimate rational units, 320 
undetermined coefficients, 80 
units (metric and other), 550 
unsymmetrical molecules, 335 

Vacuum calculations, 926 
technique, 585 

vacuoscope, 590 
Van der Waals attraction, 741 

equation, 660 
adiabatic, 680 
constants, 666, 684, 

686 
for liquids, 681 
reduced, 689 

Van Laar’s equation, 716 
vapour density, 745 

Dumas method, 758 
Hofmann’s method, 760 
Victor Meyer’s method, 762 

jackets, 761 
pressures and law of corresponding 

states, 692 

variables, 8 
velocity, 11, 67 

angular, 66, 329 
group, 69 
phase, 69 
of sound—see sound velocity 

vena contracta^ 884 
vibrating string, 379 
vibrational levels in molecules, 341 

quantum number, 341 
vibrations, 65, 101, 237 

damped, 89 
forced, 91 
free, 89 
of molecules, 847 
proper, 111, 379 

virial coefficients, 577, 718 
equation, 577, 671, 729 
integrals, 734 

vis mortua, 137 
viva, 137 

viscosity, 848 
coefficient, 848 
of a gas, 241, 848 

determination, 870 
effect of electric and 

magnetic fields on, 855 
effect of pressure on, 851 

temperature on, 
864 

equations, 870 
at high temperatures, 871 

low temperatures, 870, 
879 

mixtures, 874 
quantum-mechanical cal¬ 

culation, 872 
values of, 857 
volume, 872 

volume at absolute zero, 640 
volumes, law of, 766 

Wave equation, 100 
function of electron, 382 
-length, 66 
mechanics, 377 
number, 66, 341 
sound, 821 

Weber’s radiation formula, 483 
weights, calibration of, 782 

correction of, to vacuum, 782 
Weiss’s law, 521 
Wien’s displacement law, 478 

radiation equation, 356, 482 
Wilson-Sommerfeld rule, 331, 400 
Wohl’s characteristic equation, 715 
work, 140 

in cycle, 128 
of expansion, 125 

Wronskian, 42 

Young’s experiments on corresponding states, 
693 

Zeeman effect, 403 
zero depression correction, 427 






